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1. Introduction

Superstring theories offer ultraviolet completions of supersymmetric gauge theories and supergravity in D ≤ 10
spacetime dimensions (with D = 11 and D = 12 in closely related M- and F-theory, respectively). Since gauge and
gravity supermultiplets are realized through the massless vibration modes of open and closed superstrings, respectively,
their interactions are naturally unified: superstring scattering amplitudes are computed from a topological expansion in
terms of random fluctuating surfaces dubbed worldsheets that automatically incorporate the interplay of open and closed
strings via splitting and joining.

The worldsheet origin of string amplitudes is a rich source of structure and information. First, it realizes the connection
between gauge theories and gravity through the Bern–Carrasco–Johansson (BCJ) double copy in a geometrically intuitive
manner. Second, the computation of string-corrections to field-theory amplitudes from moduli spaces of punctured
worldsheets reveals intriguing mathematical structures and cross-fertilizes with string dualities. In order to bring these
appealing implications of string amplitudes to their full fruition, it is important to have detailed control over their explicit
form and hence efficient methods to organize their computation.

The worldsheet degrees of freedom underlying superstring theories and their amplitudes admit a variety of formula-
tions. The more recent pure spinor formalism developed by Berkovits since the year 2000 [1–3] led to the first manifestly
super-Poincaré invariant quantization of the superstring. The more traditional Ramond–Neveu–Schwarz (RNS) [4–7] and
Green–Schwarz (GS) [8,9] formalisms are for instance described in textbooks on string theory including [10–17] and
differ in the implementation of worldsheet and spacetime supersymmetry. The equivalence of these formalisms is widely
expected based on [18–20] and explicitly confirmed for leading orders in string perturbation theory but in general a
subject of ongoing research.

This is a comprehensive review of the state of the art regarding the computation of massless superstring tree-level
amplitudes in Minkowski spacetime with the pure spinor formalism. We will illustrate in detail how the manifest
spacetime supersymmetry of the pure spinor formalism simplifies computations and efficiently organizes the information
on the external gauge and gravity multiplets. The main results of this review include compact expressions for superstring
tree-level amplitudes with an arbitrary number of massless external states revealed by a pure spinor computation in
2011 [21]. These expressions will be shown to elegantly resonate with a web of double-copy relations between a wide
range of string- and field theories as well as number-theoretic properties of the low-energy expansion.

1.1. Summary of the main results

Throughout this review, the topics are presented in an order which emphasizes completeness rather than brevity. As
such, the topics are developed to a depth higher than what is usually necessary for a brief application of certain parts of
the formalism.1 This is unavoidable in a comprehensive review but it can be mitigated by jumping to the topic of interest
and choosing to pick up the minimal background as one goes along. This section aims to give an overview of the main
results in this review along with pointers that facilitate the identification of key passages on a given topic. References to
original work can be found in the main text.

1 We welcome the readers’ help in spotting typos or technical mistakes. Every correction in the arXiv version that is firstly brought to our
attention will be rewarded with 20 Euro Cent per numbered equation, to be paid in cash during the next in-person encounter with one of the
authors.
4



C.R. Mafra and O. Schlotterer Physics Reports 1020 (2023) 1–162

1

M

w

w

α

O
1

1

u
p
a

s

.1.1. Basics of the pure spinor formalism
We start by summarizing the worldsheet variables in the (minimal)2 pure spinor formalism in ten-dimensional

inkowski spacetime, based on selected aspects of Section 3. Center stage is taken by the worldsheet action in (3.50)

SPS =
1
π

∫
d2z

(1
2
∂Xm∂Xm + pα∂θα − wα∂λ

α
)

(1.1)

ith ∂ =
∂
∂z , ∂ =

∂
∂z and d2z =

i
2dz ∧ dz, and we shall now give a brief characterization of its main ingredients. Just like

the bosonic string and the RNS or GS formulation of the superstring, the embedding coordinates Xm (with vector indices
m, n, . . . = 0, 1, . . . , 9) enter (1.1) as free worldsheet bosons. In parallel to Siegel’s reformulation of the GS formalism [22],
the matter sector of the pure spinor worldsheet action (1.1) also features a pair of anticommuting spacetime spinors
(pα, θα) of holomorphic conformal weights hp = 1 and hθ = 0 (with Weyl-spinor indices α, β, . . . = 1, 2, . . . , 16 of
SO(1, 9)).

The main characteristic of the pure spinor formalism is the pair of commuting ghost variables (wα, λα) of holomorphic
conformal weights hw = 1 and hλ = 0. They are spacetime spinors in contradistinction to the anticommuting scalar
(b, c)-system of bosonic strings or RNS superstrings. Cancellation of conformal anomalies and nilpotency of the BRST
charge QBRST below requires λα to obey the pure spinor constraint

(λγmλ) = 0 , QBRST =

∮
dz λαdα , dα = pα −

1
2∂X

m(γmθ )α −
1
8 (θγ

m∂θ )(γmθ )α (1.2)

ith 16 × 16 Pauli matrices γm
αβ = γm

βα of SO(1, 9). Further details on the worldsheet ghosts and their contributions Nmn

to the Lorentz currents can be found in Section 3.3.
We have only displayed the left-moving spacetime spinors in (1.1). The pure spinor formulation of type II superstrings

involves right-moving counterparts (p̃α̃, θ̃ α̃) and (w̃α̃, λ̃α̃) with ∂ in the place of ∂ in the action. The Weyl-spinor indices
˜ are of the same (opposite) chirality as the indices α of the left-movers in (1.1) in case of the type IIB (type IIA) theory.
ne can also construct a pure spinor version of heterotic strings by incorporating right-moving bosons for compactified
6 extra dimensions into (1.1) instead of (p̃α̃, θ̃ α̃) and (w̃α̃, λ̃α̃), see Section 7.5 for a brief discussion of its amplitudes.

.1.2. The prescription for disk amplitudes
The physical spectrum of the pure spinor superstring is constructed from the cohomology of the BRST charge in (1.2). As

sual in worldsheet approaches to string theories, physical states are associated with vertex operators V and U , conformal
rimaries of weight hV = 0 and hU = 1 in the BRST cohomology. For massless states of the open superstring, the integrated
nd unintegrated representatives of the vertex operators are

V = λαAα ,
∫

dz U =

∫
dz

(
∂θαAα + AmΠ

m
+ dαWα

+
1
2NmnFmn) , (1.3)

ee the discussion around (3.60) and (3.63). They combine the worldsheet variables in (1.1), (1.2) and Πm
= ∂Xm

+
1
2 (θγ

m∂θ ) with linearized superfields Aα, Am,Wα, Fmn of ten-dimensional super Yang–Mills (SYM) reviewed in Section 2,
depending on the worldsheet variables Xm and θα but not on their derivatives.

The main subject of this review are the superstring disk amplitudes obtained from the vertex operators in (1.3) through
the prescription [1]3

A(1, 2, . . . , n) =

∫
−∞<zj<zj+1<∞

dz2 dz3 . . . dzn−2 ⟨⟨V1(z1)U2(z2)U3(z3). . .Un−2(zn−2)Vn−1(zn−1)Vn(zn)⟩⟩ , (1.4)

see Section 3.4.2. The integration domain informally refers to an ordering of the vertex-operator insertions on the disk
boundary parameterized by −∞ < z1 < z2 < · · · < zn < ∞ which is associated with the Chan–Paton trace in the
cyclic ordering Tr(ta1 ta2 . . . tan ). The correlators ⟨⟨. . .⟩⟩ arise from the path integral over the worldsheet variables, and
the contributions from their non-zero modes can be evaluated from the OPEs encoded by (1.1). The zero modes of the
variables λα, θα with conformal weight hθ = hλ = 0 require a separate prescription

⟨(λγmθ )(λγ nθ )(λγ pθ )(θγmnpθ )⟩ = 2880 (1.5)

which automatically fixes zero-mode correlators of arbitrary tensor contractions of λαλβλγ θ δ1θ δ2θ δ3θ δ4θ δ5 via simple
group-theoretic considerations (see also [23]). Consistency conditions on (1.4) and the extraction of three-point compo-
nent results for external gluons and gluinos are reviewed in detail in Section 3.4. Massless n-point tree-level amplitudes
of type II superstrings and heterotic strings are obtained by integrating double copies of the correlator in (1.4) over the
sphere, see Sections 7.2 and 7.5.

2 See [3] for the ‘‘non-minimal’’ pure spinor formalism with additional worldsheet variables.
3 The representation (1.4) of superstring disk amplitudes can be derived from the gauge-fixing procedure of [23].
5
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.1.3. The multiparticle formalism
The driving force for the simplification of the n-point disk amplitude (1.4) is the organization of the OPEs among

he vertex operators in (1.3) through multiparticle superfields. The local incarnations AP
α, A

m
P ,W

α
P , F

mn
P of multiparticle

superfields (with words or ordered sequences P = p1p2 . . . in external-state labels pi) are obtained from recursions
inspired by nested OPEs of vertex operators and an analysis of their equations of motion. The construction of Section 4.1.6
in so-called BCJ gauge leads to multiparticle superfields with generalized Jacobi identities under permutations of P , e.g.

Am
12 = −Am

21 , Am
123 = −Am

213 , Am
123 + Am

231 + Am
312 = 0 . (1.6)

More generally, the symmetries of Am
1234... and all the other local multiparticle superfields in BCJ gauge are those of

contracted structure constants f a1a2bf ba3c f ca4d . . . corresponding to the half-ladder graph

Accordingly, the multiparticle superfields inherit a diagrammatic interpretation that resonates with the BCJ duality
between color and kinematics in gauge theories and can be described in a combinatorial framework based on planar
binary trees, see Section 4.3.

By dressing the AP
α, A

m
P ,W

α
P , F

mn
P with the propagators of the associated cubic-vertex diagrams, one is led to non-

local superfields or Berends–Giele currents AP
α,A

m
P ,W

α
P ,F

mn
P in BCJ gauge. This is an alternative to the construction of

Berends–Giele currents in Lorenz gauge via perturbiner methods [24–27]: the wave equations (4.91) of ten-dimensional
SYM encode recursions for Lorenz-gauge currents such as

A12...p
α =

1
k212...p

p−1∑
j=1

[
Aj+1...p
α (kj+1...p · A12...j) + Am

j+1...p(γmW12...j)α − (12 . . . j ↔ j+1 . . . p)
]

(1.7)

ith kij... = ki + kj + · · · and similar ones for Am
P ,W

α
P and Fmn

P , see (4.94). These recursions terminate with the linearized
uperfields in the vertex operators (1.3) in the single-particle case, e.g. Aj

α = Aj
α . Berends–Giele currents in Lorenz and

CJ gauge obey the same multiparticle equations of motion (4.96) such as

DαA
12...p
β + DβA12...p

α = γm
αβA

12...p
m +

p−1∑
j=1

(A12...j
α Aj+1...p

β − Aj+1...p
α A12...j

β ) (1.8)

nd, through their BRST-invariant combinations to be reviewed in the next sections, both give rise to SYM and superstring
ree amplitudes.

.1.4. SYM tree-level amplitudes
Multiparticle superfields turned out to be invaluable to determine tree and loop amplitudes in string and field theory

rom first principles including locality and BRST invariance. As a simple manifestation thereof, color-ordered n-point tree
mplitudes of ten-dimensional SYM obey the compact formula presented in (5.13),

A(1, 2, . . . , n) =

n−2∑
j=1

⟨M12...jMj+1...n−1Mn⟩ . (1.9)

he M12...j may be viewed as non-local multiparticle vertex operators defined by the spinorial Berends–Giele currents in
1.7) and whose BRST variation follows from the multiparticle equations of motion (1.8)

MP = λαAP
α , QBRSTM12...p =

p−1∑
j=1

M12...jMj+1...p . (1.10)

ince the superfields in the zero-mode bracket of (1.9) are easily checked to be BRST invariant via (1.10), the component
mplitudes following from the zero-mode prescription (1.5) are guaranteed to be gauge invariant and supersymmetric.
n efficient Berends–Giele organization of the component amplitudes is described in Section 5.2.2 which follows from
1.9) and a combination of Lorenz and Harnad–Shnider gauge for AP

α . In particular, this implies the bosonic components
f (1.9) to reproduce the Berends–Giele formula [28] for n-gluon tree amplitudes.
The superspace formula (1.9) is a convenient starting point to prove the Kleiss–Kuijf (KK) and BCJ relations between

YM tree amplitudes in different color orderings, see Sections 5.2.4 and 5.2.5. The KK relations [29] can be written
s A(P ´ Q , n) = 0 ∀ P,Q ̸= ∅ with the shuffle operation defined in (C.5) and follow from the shuffle properties
P´Q = 0 ∀ P,Q ̸= ∅ of the currents in (1.10). The BCJ relations [30] take the form A({P,Q }, n) = 0 ∀ P,Q ̸= ∅

ith the so-called S-bracket {·, ·} defined in (4.141) and are derived from multiparticle superfields in BCJ gauge using the
anishing of BRST-exact expressions under the zero-mode prescription (1.5), ⟨Q (. . .)⟩ = 0.
6
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.1.5. Superstring disk amplitudes
As a key result of this review, color-ordered superstring disk amplitudes A(P) with any number of external gauge

ultiplets are reduced to SYM tree amplitudes A(Q ) in a BCJ basis of color orderings Q ,

A(1, P, n−1, n;α′) =

∑
Q∈Sn−3

FPQ (α′)A(1,Q , n−1, n) . (1.11)

n this simplified form of the string amplitudes, the entire α′-dependence resides in the disk integrals FPQ (indexed
y permutations P,Q of legs 2, 3, . . . , n−2) which are defined in (6.51) and depend on external momenta. The SYM
mplitudes A(Q ) in turn carry the complete polarization dependence of (1.11) for any combination of external bosons
nd fermions. Remarkably, the superspace structure of string tree amplitudes is captured by field-theory building blocks
(Q ) and separated from the string effects in the scalar disk integrals FPQ .
As detailed in Sections 6.1 to 6.3, the derivation of (1.11) starts from the opening line (1.4) and relies on the local

ultiparticle superfields to perform the OPEs among the vertex operators. After integration-by-parts reduction of the
isk integrals, the SYM amplitudes are identified through their superspace representation (1.9) in BCJ gauge.
The expression (1.11) for n-point superstring disk amplitudes turns out to line up with the Kawai–Lewellen–Tye

KLT) formula for supergravity tree amplitudes Mgrav
n once the integrals FPQ (α′) are rewritten in a Parke–Taylor basis

f Z-integrals defined in (6.62):

Mgrav
n = −

∑
Q ,R∈Sn−3

Ã(1,Q , n, n−1)S(Q |R)1A(1, R, n−1, n) (1.12)

↔ A(P) = −

∑
Q ,R∈Sn−3

Z(P|1,Q , n, n−1)S(Q |R)1A(1, R, n−1, n) .

he entries of the (n−3)! × (n−3)! KLT kernel S(Q |R)1 are degree-(n−3) polynomials in ki · kj, see (4.159). Since the
LT formula for Mgrav

n reflects the tree-level double copy of supergravity as a square of SYM, we interpret (1.12) as a
ield-theory double-copy construction of the open superstring from SYM and disk integrals Z(P|Q ).

As detailed in Section 6.4.3, the disk integrals Z(P|Q ) at fixed color ordering P obey field-theory KK and BCJ relations
etween different Parke–Taylor integrands specified by Q . By these relations and their appearance in a field-theory KLT
elation (1.12), the Z(P|Q ) are proposed to furnish (single-trace) tree-level amplitudes in a ultraviolet-completed theory
f bi-colored scalars dubbed Z-theory. This is furthermore supported by the emergence of doubly-partial amplitudes of
i-adjoint scalars in the field-theory limit

lim
α′→0

Z(P|Q ) = m(P|Q ) , (1.13)

ee Section 6.4.4 and in particular (6.80) for the definition of m(P|Q ).

.1.6. Color-kinematics duality and double copy
Another main result of Section 6 is the manifestly local (n−2)!-term representation (6.64) of superstring disk

mplitudes. By the field-theory limit (1.13) of the disk integrals therein, we obtain SYM amplitudes from a sum over
ermutations Q of legs 2, 3, . . . , n−1,

A(P) =

∑
Q∈Sn−2

m(P|1,Q , n)N1|Q |n . (1.14)

he kinematic factors N1|...|n are trilinears in local multiparticle superfields AP
α in BCJ gauge,

N1|P(n−1)Q |n = (−1)|Q |+1
⟨V1PVnQ̃Vn−1⟩ , VP = λαAP

α . (1.15)

he appearance of N1|...|n in (1.14) identifies them as BCJ master numerators that manifest the color-kinematics duality
f SYM at all multiplicities for any combination of external bosons and fermions. More precisely, by the discussion in
ection 7.1, the kinematic numerators in (1.15) are associated with the half-ladder diagrams in Fig. 8 and generate all
ther cubic-diagram numerators by kinematic Jacobi identities.
In the same way as the open superstring manifests the color-kinematics duality of n-point SYM tree amplitudes,

ection 7.2.3 reviews the derivation of the gravitational double copy in its cubic-diagram formulation from closed
uperstrings,

Mgrav
n =

∑
P,Q∈Sn−2

Ñ1|P|nm(1, P, n|1,Q , n)N1|Q |n , (1.16)

which is equivalent to the KLT formula for supergravity tree amplitudes Mgrav
n in (1.12). In both (1.14) and (1.16), the

key to realize the BCJ duality and double copy with manifest locality is the simplification of the correlator in (1.4) to the
(n−2)!-term combination (7.64) of local multiparticle superfields and Parke–Taylor factors. Moreover, the construction
relies on doubly-partial amplitudes m(P|Q ) from the field-theory limit (1.13) of disk integrals and closely related sphere
integrals (7.61).
7
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Similarly, we shall construct explicit BCJ numerators for the non-linear sigma model (NLSM) of Goldstone bosons in
ection 7.4 reflected in the amplitude representation

ANLSM(P) = in−2
∑

Q∈Sn−2

m(P|1,Q , n)S(Q |Q )1 (1.17)

nalogous to (1.14), with S(Q |Q )1 the diagonal entries of the KLT kernel in (1.12). Section 7.5 in turn is dedicated to
ouble-copy representations of Einstein–Yang–Mills tree amplitudes similar to (1.16) that are derived from the heterotic
ersion of the pure spinor superstring.

.1.7. α′-expansions of open- and closed-superstring tree amplitudes
The low-energy expansion of the n-point disk integrals FPQ and Z(P|Q ) in the open-string amplitudes (1.11) and (1.12)

ields infinite series in dimensionless Mandelstam invariants α′ki ·kj with multiple zeta values (MZVs) in their coefficients,

ζn1,n2,...,nr =

∑
0<k1<k2<···<kr

k−n1
1 k−n2

2 . . . k−nr
r , n1, n2, . . . , nr ∈ N , nr ≥ 2 . (1.18)

fter a brief review of mathematical background in Section 8.2, the f -alphabet description of (motivic) MZVs is shown
o determine the entire α′-expansion from the coefficients of the Riemann zeta values ζw (i.e. (1.18) at depth r = 1), see
8.38). This reflects a kind of closure of disk integrals under the motivic coaction ∆ of MZVs which has also been observed
n other areas of high-energy physics and can be expressed in terms of another KLT formula (8.41) for ∆Z(P|Q ).

On top of these structural results, we review two recursive methods to explicitly determine the polynomials in ki · kj
ithin the α′-expansion of n-point disk integrals. In Section 8.5, matrix representations of the Drinfeld associator relate
he (n−1)-point and n-point versions of the FPQ basis in (1.11). Section 8.6 is dedicated to a Berends–Giele recursion for
he Z(P|Q ) integrals in (1.12) which is generated by a non-linear field equation of bi-colored scalars in α′-expanded form
nd supports the interpretation of Z(P|Q ) as Z-theory amplitudes.
The α′-expansion of closed-string tree amplitudes only features the subclass of MZVs obtained from the so-called

‘single-valued’’ map sv. Even though the notion of single-valued MZVs is only well-defined in a motivic setting, we
nformally write the main result of Section 8.7.1 as

Mclosed
n (α′) = −

∑
P,Q ,R∈Sn−3

Ã(1, P, n, n−1)S(P|Q )1sv FQ R(α′)A(1, R, n−1, n) . (1.19)

he single-valued map acts on the MZVs order by order in α′, for instance sv ζ2k = 0 and sv ζ2k+1 = 2ζ2k+1 at depth one,
ut leaves the external polarizations and momenta inert. Similar to the expression (1.11) for open-superstring amplitudes,
he α′-dependence of (1.19) is isolated in a scalar quantity sv FQ R(α′) while all the superfield-polarizations are carried
y SYM amplitudes Ã(P) and A(R). With the SYM amplitudes in (1.9) one can access all multiplet components of type
IA and IIB amplitudes via (1.19). Moreover, the low-energy expansion of (1.19) can be made fully explicit through the
ingle-valued map of disk integrals FQ R within the reach of the expansion methods in Sections 8.5 and 8.6.
Note that (1.19) only applies to closed-string amplitudes on the sphere. Closed-string amplitudes on the disk in turn

re subleading in the string coupling and also involve MZVs beyond the single-valued ones in the α′-expansion. Mixed
mplitudes involving open and closed strings on the disk were studied from the perspective of the pure spinor formalism
n [31–33] and can be expressed in terms of those of only open-string insertions on the disk boundary [34,35].

.1.8. A web of field-theory double copies for string amplitudes
There is a steadily growing web of double-copy relations among field theories of different spins [36–38] which can

e formulated in terms of the KLT formula (1.12) with kernel S(P|Q )1. In case of supergravity and Einstein–Yang–Mills,
such double-copy relations can be derived from the string-theory KLT formula reviewed in Section 7.2.1. It expresses
closed-string tree-level amplitudes via bilinears in color-ordered open-string tree amplitudes with an α′-dependent kernel
Sα′ (P|Q )1 that depends trigonometrically on the external momenta.

The representations in (1.12) and (1.19) for open- and closed-string tree-level amplitudes in turn involve the field-
theory KLT kernel S(P|Q )1 = limα′→0 Sα′ (P|Q )1 and are still exact in α′. The emergence of a field-theory double-copy in a
string-theory context can be traced back to the KLT form (6.73) of the n-point correlation function of vertex operators in
the pure spinor formalism. This correlator including the field-theory KLT kernel therein also enters the tree amplitudes of
type II and heterotic superstrings upon pairing with right movers and for instance explains the factor of S(P|Q )1 in (1.19).
The latter can in fact be written as

Mclosed
n = −

∑
P,Q∈Sn−3

Ã(1, P, n, n−1)S(P|Q )1svA(1,Q , n−1, n) . (1.20)

identifying type II superstrings as a field-theory double copy of SYM with the single-valued open superstring. Field-theory
KLT formulae require BCJ relations of both double-copy constituents as a consistency condition which is met for the
svA(Q ) in (1.20) to all orders in α′, see the discussion in Section 8.4.1. As a commonality of (1.20) with the KLT form
8
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1.12) of open-superstring amplitudes, SYM building blocks are double-copied through the field-theory KLT kernel with
ne string-theoretic object — disk integrals or single-valued open-superstring amplitudes.
Also for heterotic strings reviewed in Section 7.5, n-point tree amplitudes obey a field-theory KLT formula

Mhet
n = −

∑
P,Q∈Sn−3

Ã(DF )2+YM+φ3 (1, P, n, n−1)S(P|Q )1svA(1,Q , n−1, n) (1.21)

ith one quantum-field-theory component Ã(DF )2+YM+φ3 and again svA(Q ) as a string-theoretic component. However, the
Lagrangian and tree amplitudes of the (DF )2+YM+φ3 field theory are more complicated than those of SYM by the lack of
supersymmetry and the two types of massive internal states, see Section 7.5.3. On the basis of (1.21), the tree amplitudes
of heterotic strings with external gauge and gravity supermultiplets reveal a field-theory double copy of (DF )2 +YM+φ3

with single-valued open superstrings.
Together with similar field-theory KLT formulae (8.108) for open- and closed-string amplitudes of the bosonic theories,

we arrive at the web of double-copy relations summarized in Table 4: tree amplitudes in various perturbative string
theories are intertwined with field-theory amplitudes and string-theoretic building blocks that share the KK and BCJ
relations of gauge theories.

1.1.9. Example of a possible shortcut
The above summary of selected main results in this review together with the pointers to equations and sections may

offer shortcuts to extract the key information on specific topics of interest. For instance, the expression (1.9) for SYM tree
amplitudes can already be defined through the Berends–Giele currents MP in Lorenz gauge. In this case, the consistency
conditions and component evaluations can already be understood from the non-linear theory of ten-dimensional SYM
using only non-local superfields, i.e. independently of string-theory methods and the local multiparticle superfields in BCJ
gauge in Section 4.1.

However, important aspects such as the BCJ amplitude relations or the kinematic Jacobi identities among SYM
numerators require the notions of local multiparticle superfields and BCJ gauge as well as the associated formalism.
Therefore the theory of multiparticle superfields is given an exhaustive discussion in Section 4 before their applications
in scattering amplitudes. Here and in other contexts, the reader should be aware that the years of development led to a
healthy growth in the amount of connections between a variety of subjects which caused the review to grow beyond the
page limits envisioned in earlier stages.

1.2. Related topics beyond the scope of this review

There is a variety of related topics that fruitfully resonate with superstring tree amplitudes but could not be covered
in this review. As a small sample, we shall make a few comments on the Cachazo–He–Yuan (CHY) formalism, string
field theory, the hybrid formalism and strings in AdS spacetimes here, and a more detailed account on loop-level string
amplitudes covering references up to fall 2022 can be found in Section 9.

1.2.1. The CHY formalism
An alternative worldsheet approach to double-copy representations of field-theory amplitudes is offered by the CHY

formalism [39–41]. It may be viewed as an uplift of the Witten–RSV [42,43] and Cachazo–Skinner [44] formulae to generic
spacetime dimensions D ̸= 4 and is underpinned by ambitwistor string theories in RNS [45,46] and pure spinor [47,48]
formulations. The reader is referred to the review [49] and the white paper [38] for the wealth of developments in the
CHY formalism and its interplay with double copy and superstring amplitudes.

CHY formulae directly compute field-theory amplitudes from moduli-space integrals for punctured Riemann surfaces
similar to those in superstring amplitudes. These CHY integrals are completely localized via so-called scattering equations
and, in case of Parke–Taylor integrands seen in the main formulae for superstring tree amplitudes such as (1.12), coincide
with the field-theory limits of disk and sphere integrals, see for instance (1.13). In fact, our main result in (6.73) or (7.64)
for the n-point correlation function of massless vertex operators in the pure spinor superstring can be readily exported
to the pure spinor version of the ambitwistor string [50].

1.2.2. String field theory
Perturbative string theories admit an alternative formulation in terms of string field theory where scattering amplitudes

including their exact α′-dependence are computed from Feynman-type rules for a string field. The wavefunction of the
string field depends on the zero and non-zero modes of the worldsheet variables and may guide an extension of the
multiparticle formalism for massless vertex operators to the entire string spectrum. Recent lecture notes on string field
theory can for instance be found in [51–53].

On the one hand, string field theory may face more technical complications in a detailed evaluation of string amplitudes
than the worldsheet techniques described in this work. On the other hand, string field theory is widely considered
more promising to describe non-perturbative features of superstring theory including duality symmetries or background
independence. In particular, string field theory turned out to be a successful approach to tachyon condensation [54–58]
or mass renormalization [59–61] and is conjectured to provide an understanding of the AdS/CFT correspondence [62–65].
9
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.2.3. The hybrid formalism and strings in AdS spacetimes
As an alternative to the RNS, GS and pure spinor descriptions of the superstring, the so-called hybrid formalism admits

anifestly SO(1, 3)- or SO(1, 5)-super-Poincaré invariant quantization. The hybrid formalism was constructed in the 90’s
rom a series of field redefinitions in the RNS formalism to GS-like variables which manifest half- or quarter-maximal
pacetime supersymmetry [66–70].
Apart from manifestly supersymmetric amplitude computations in flat spacetime [71], a major appeal of the hybrid

ormalism is its aptitude for the description of superstrings in AdS3×S3 backgrounds [69] (also see [72] for AdS2×S2). The
ntricate physical-state conditions for the AdS3 × S3 superstring are for instance discussed in [73–77], also see [78] for a
hree-graviton amplitude. The hybrid formulation in [69] became a driving force for recent progress on type II superstrings
n AdS3×S3×T 4 spacetime with NS flux and clarified the gauge-theory dual under the AdS/CFT correspondence [76,79–81].

For superstrings in AdS5 × S5 with finite radius, the RNS formulation faces difficulties in incorporating Ramond flux
ackgrounds. The pure spinor formalism in turn preserves the full PSU(2, 2|4) symmetry of the coset description of
dS5 × S5 upon quantization [82], though a larger amount of computations has been performed in the GS formalism [83].
he reader is referred to the comprehensive review [84] and the white paper [85] for further references on both the
ure-spinor and GS approach to superstrings in AdS5 × S5; also see the white paper [86] for progress on relating string
erturbation theory with conformal correlators through the AdS/CFT correspondence.

.3. Conventions and notation

en-dimensional superspace. The ten-dimensional superspace coordinates are denoted {Xm, θα}, where m = 0, . . . , 9 are
he vector indices and α = 1, . . . , 16 denote the spinor indices of the Lorentz group SO(10). The spinor representation
s based on the 16 × 16 Pauli matrices γm

αβ = γm
βα satisfying the Clifford algebra γ (m

αβ γ
n)βγ

= 2δmnδ
γ
α . In this review,

unless stated otherwise, the (anti)symmetrization of k indices does not include a factor of 1
k! . For more details on gamma

atrices, see Appendix A.

ultiparticle index notation. In this review we will use a notation based on words to label multiparticle states. More
recisely, let N = {1, 2, 3, . . .} be the alphabet of external-particle labels. We will consider the vector space generated
y linear combinations of words P = p1p2 . . . with letters pi from the alphabet N. Capital letters from the Latin alphabet
re used to represent words (e.g. P = 1423) while their composing letters are represented in lower case (e.g. p = 3). The
ength of a word P = p1p2 . . . pk is denoted by |P| = k and it is given by the total number of letters contained in it. The
mpty word is denoted by P = ∅ and has length |P| = 0. The reversal of a word P = p1p2 . . . pk is P̃ = pk . . . p2p1. The
econcatenation of a word P into two words X and Y is denoted by

∑
P=XY , and it represents all the possible ways to

oncatenate two words X and Y (including the empty word) such that XY = P . This operation will often be used when
the words are labels of other objects (usually superfields such as MP ), for instance∑

XY=123

MXMY = M∅M123 + M1M23 + M12M3 + M123M∅ . (1.22)

More definitions can be found in the Appendix C.
The multiparticle momentum kmP for a word P with letters i from massless particles (ki · ki) = 0 and its associated

Mandelstam invariant are given by

kmP := kmp1 + · · · + kmp|P|
, sP :=

1
2
(kP · kP ) . (1.23)

or example km123 := km1 + km2 + km3 and s123 = s12 + s13 + s23.

2. Super Yang–Mills in ten dimensions

Super Yang–Mills (SYM) theory in ten dimensions is the simplest among D-dimensional SYM theories; its spectrum
contains just the gluon and gluino, related by sixteen supercharges [87] that form a Majorana–Weyl spinor of SO(1, 9). It
is perhaps not a coincidence that it is also the theory relevant to the low-energy limit of superstring theory [88]. Its super-
Poincaré covariant formulation [89,90] is, in particular, one of the pillars supporting the pure spinor description of massless
states of the open superstring. And indeed the SYM superfields of [89,90] and their multiparticle generalization [91–93]
reviewed in Section 4 played an essential role in the calculation of the general n-point superstring disk amplitude. It is
therefore beneficial to start this review by giving a detailed account of this beautiful field theory.

On top of the original superfields of [89,90] we will define additional superfields of arbitrary mass dimension and
study their non-linear equations of motion. This framework simplifies the θ-expansions of multiparticle superfields as
detailed in Appendix F and the expressions of kinematic factors in higher-loop scattering amplitudes, including the D6R4

interaction in the superstring three-loop amplitude [94] as discussed in [95].
It is also well-known that the dimensional reduction of the simple ten-dimensional SYM theory gives rise to various

maximally supersymmetric Yang–Mills theories in lower dimensions, including the celebratedN = 4 theory in D = 4 [87].
Therefore a better understanding of the D = 10 theory propagates to a variety of applications4 to any lower dimension.

4 The dimensional reduction of the multiparticle superfields appears to be unexplored territory so far.
10
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.1. Ten-dimensional SYM

To describe the gluon and gluino states of ten-dimensional SYM, one introduces Lie-algebra valued superfield
onnections Aα = Aα(X, θ ) and Am = Am(X, θ ), the supercovariant derivatives,

∇α := Dα − Aα , ∇m := ∂m − Am , (2.1)

nd imposes the constraint [89,90]{
∇α,∇β

}
= γm

αβ∇m. (2.2)

ote that ∂m =
∂
∂Xm , and the superspace derivative

Dα :=
∂

∂θα
+

1
2
(γmθ )α∂m (2.3)

satisfies {Dα,Dβ} = γm
αβ∂m, see Appendix A.1 for our conventions for the 16 × 16 Pauli matrices γm

αβ .

Non-linear equations of motion. The constraint (2.2) and the associated Bianchi identities imply the following non-linear
equations of motion [89,90]{

∇α,∇β

}
= γm

αβ∇m ,
[
∇α,∇m

]
= −(γmW)α , (2.4){

∇α,Wβ
}

=
1
4
(γmn)αβFmn ,

[
∇α,Fmn]

= (W[mγ n])α ,

where

Fmn := −
[
∇m,∇n

]
, Wα

m :=
[
∇m,Wα

]
, (2.5)

and we recall that our conventions for (anti-)symmetrizing k indices do not contain factors of 1
k! , e.g. T

[µν]
= Tµν − T νµ.

he superfields Fmn and Wα are the field strengths of the gluon and gluino, respectively.

auge invariance. The equations (2.4) are invariant under the infinitesimal gauge transformations of the superfield
onnections under a Lie algebra-valued gauge parameter superfield Ω = Ω(X, θ )

δΩAα =
[
∇α,Ω

]
, δΩAm =

[
∇m,Ω

]
(2.6)

hich in turn induce the gauge transformations of their field-strengths

δΩWα
=

[
Ω,Wα

]
, δΩFmn

=
[
Ω,Fmn] , δΩWα

m =
[
Ω,Wα

m

]
. (2.7)

emma 1. The equations (2.4) imply the (massless) Dirac and Yang–Mills equations,

γm
αβ

[
∇m,Wβ

]
= 0 ,

[
∇m,Fmn]

= γ n
αβ

{
Wα,Wβ

}
. (2.8)

roof. To obtain the Dirac equation, we use the constraint equation (2.2) to get

γm
αβ

[
∇m,Wβ

]
=

[
{∇α,∇β},Wβ

]
= −

[
{Wβ ,∇α},∇β

]
−

[
{∇β ,Wβ

},∇α

]
= −

1
4
(γmn)αβ

[
Fmn,∇β

]
=

1
4
(γmnγ nWm)α −

1
4
(γmnγmWn)α

=
9
2
γm
αβ

[
∇m,Wβ

]
, (2.9)

here we used γmnγ n
= 9γm, γmn

β
β

= 0 and (2.5) to arrive at the last line, implying that γm
αβ

[
∇m,Wβ

]
= 0. To obtain

the Yang–Mills equation, one evaluates the anti-commutator of the Dirac equation with γ αδn ∇δ and uses the Bianchi (or
Jacobi) identity,

0 = γ αδn γm
αβ

{
∇δ, [∇m,Wβ

]
}

= γ αδn γm
αβ

{
Wβ , [∇δ,∇m]

}
+ γ αδn γm

αβ

[
∇m, {Wβ ,∇δ}

]
= −γ αδn γm

αβ (γm)δσ
{
Wβ ,Wσ

}
+

1
4
γ αδn γm

αβ (γ
rs)δβ

[
∇m,Frs

]
= 8γ n

βσ

{
Wβ ,Wσ

}
− 8

[
∇m,Fmn] , (2.10)

here to arrive in the last line we used the Clifford algebra (A.28) and γmγm = 10 to obtain −(γmγ nγm)βσ = 8γ n
βσ and

sed the trace relation (A.24) to get 1Tr
(
γ γ γ rs

)
= 4(δrδs − δr δs ). □
4 m n n m m n

11
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on-linear equations of motion. The equations of motion (2.4) can also be rewritten as

{∇α,Aβ} + {∇β ,Aα} = γm
αβAm − {Aα,Aβ} , [∇α,Am] = [∂m,Aα] + (γmW)α ,

{∇α,Wβ
} =

1
4
(γmn) β

α Fmn , [∇α,Fmn
] = (W[mγ n])α . (2.11)

After using the definitions (2.1) these become

{Dα,Aβ} + {Dβ ,Aα} = γm
αβAm + {Aα,Aβ} , [Dα,Am] = [∂m,Aα] + (γmW)α + [Aα,Am] ,

{Dα,Wβ
} =

1
4
(γmn) β

α Fmn + {Aα,Wβ
} , [Dα,Fmn

] = (W[mγ n])α + [Aα,Fmn
] , (2.12)

which will be used later in Section 4.2.3 to obtain the Berends–Giele recursions for superfields from a perturbiner
expansion. For later convenience, we use the collective notation K referring to any element of the set containing these
superfields,

K ∈ {Aα,Am,Wα,Fmn
} . (2.13)

2.2. Linearized superfields

The asymptotic states for external gauge multiplets in scattering amplitudes are addressed through the linearized
description of ten-dimensional SYM. This is obtained by discarding the quadratic terms from the equations of motion
(2.11) and yields

DαAi
β + DβAi

α = γm
αβA

i
m , DαAi

m = (γmWi)α + ∂mAi
α ,

DαW
β

i =
1
4
(γmn) β

α F i
mn , DαF i

mn = ∂[m(γn]Wi)α . (2.14)

n addition, the linearized version of the gauge transformations (2.6) are given by

δΩAα = DαΩ , δΩAm = ∂mΩ , (2.15)

and they will play a role in the definition of massless vertices in the pure spinor formalism in Section 3.4.
In the context of scattering amplitudes, the linearized superfields are labeled by natural numbers i. These numbers

are the single-particle labels keeping track of the ith external state taking part in the scattering process. In addition, the
linearized equations (2.14) describe the motion of a single SYM particle with label i. More abstractly, i can be thought of
being a letter from the alphabet of natural numbers. As we will discuss in Section 4, the concept of labeling superfields
with a single letter i has been generalized for multiparticle states labeled by words P , the multiparticle superfields. It will
then be shown in Section 5 that SYM scattering amplitudes involving multiple particles can be compactly written in terms
of these multiparticle superfields. And in Section 6 we will see how they are utilized in the computation of superstring
amplitudes.

2.2.1. θ-expansions
The linearized version of the gauge transformations (2.6) can be used to attain Harnad–Shnider gauge θαAi

α = 0, where
the θ dependence is known in terms of fermionic power-series expansions from [96–98]. After peeling off the dependence
of linearized superfields on the bosonic coordinates Xm via plane waves5 eki·X with on-shell momentum k2i = 0, the
different orders in θ alternate between gluino wave functions χαi and gluon polarization vectors emi , or their associated
linearized field strength

f mn
i = kmi e

n
i − kni e

m
i . (2.16)

More precisely,

Ai
α(X, θ ) =

{
1
2
(θγm)αemi +

1
3
(θγm)α(θγmχi) −

1
32

(θγm)α(θγmnpθ )f
np
i (2.17)

+
1
60

(θγm)α(θγmnpθ )kni (χiγ
pθ ) +

1
1152

(θγm)α(θγmnpθ )(θγ p
qrθ )kni f

qr
i + · · ·

}
eki·X ,

Am
i (X, θ ) =

{
emi + (θγmχi) −

1
8
(θγm

pqθ )f
pq
i +

1
12

(θγm
npθ )kni (χiγ

pθ )

+
1

192
(θγm

nrθ )(θγ
r
pqθ )k

n
i f

pq
i −

1
480

(θγm
nrθ )(θγ

r
pqθ )k

n
i k

p
i (χiγ

qθ ) + · · ·

}
eki·X ,

5 We absorb factors of i into momentum factors km in order to attain plane-wave factors of ek·X subject to the simple conversion ∂m → km instead
f the more conventional eik·X with ∂m → ikm . The traditional conventions can be retrieved by replacing km → ikm and sij → −sij for Mandelstam
ariables defined in (1.23).
12
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Wα
i (X, θ ) =

{
χαi +

1
4
(θγmn)α f mn

i −
1
4
(θγmn)αkmi (χiγ

nθ ) −
1
48

(θγ q
m )α(θγqnpθ )kmi f

np
i

+
1
96

(θγ q
m )α(θγqnpθ )kmi k

n
i (χiγ

pθ ) −
1

1920
(θγ r

m )α(θγ s
nr θ )(θγspqθ )k

m
i k

n
i f

pq
i + · · ·

}
eki·X ,

Fmn
i (X, θ ) =

{
f mn
i − k[m

i (χiγ
n]θ ) +

1
8
(θγ [m

pq θ )kn]i f pqi −
1
12

(θγ [m
pq θ )kn]i kpi (χiγ

qθ )

−
1

192
(θγ [m

ps θ )kn]i kpi f
qr
i (θγ s

qrθ ) +
1

480
(θγ [m

psθ )k
n]
i kpi k

q
i (χiγ

rθ )(θγ s
qrθ ) + · · ·

}
eki·X ,

see (F.7) for the analogous θ-expansions of the non-linear fields K in (2.13). Terms in the ellipsis involve six or higher
orders in θ which will not be needed for the purpose of this review (the zero-mode prescription (1.5) annihilates
expressions with more than five θs) but can be obtained in closed form via expressions such as [97]

Am
i (X, θ ) =

{
(cosh

√
O)mqe

q
i +

(
sinh

√
O

√
O

)
m
q(θγ qχi)

}
eki·X , (2.18)

here

Om
q =

1
2
(θγm

qnθ )kni . (2.19)

2.3. Superfields of higher mass dimension

As the loop order of SYM amplitudes increases so does the mass dimension of the associated kinematic factors. In the
pure spinor formalism the maximum mass dimension for a four-point amplitude using only the standard SYM superfields
in (2.13) is k2F 4 obtained from the pure spinor superspace expression ⟨(λγmnpqrλ)(λγ sW )FmnFpqFrs⟩ at genus two [99].

Therefore it would be convenient to define SYM superfields of higher mass dimension as compared to the standard ones
n K. The obvious candidates of the form ∂m∂n . . .K are inadequate because the ordinary derivatives ∂m do not preserve
auge covariance at a non-linear level probed by higher-point amplitudes. So, instead, the connection ∇m in (2.1) guides
he subsequent definitions [95]

Wm1...mkα :=
[
∇

m1 ,Wm2...mkα
]
, (2.20)

Fm1...mk|pq :=
[
∇

m1 ,Fm2...mk|pq
]
,

here the vertical bar separates the antisymmetric pair of indices present in the recursion start Fpq.

2.3.1. Equations of motion at higher mass dimension
Similarly as in the standard SYM superfields of [89,90], the equations of motion for the superfields of higher mass

dimension (2.20) follow from
[
∇α,∇m

]
= −(γmW)α and

[
∇m,∇n

]
= −Fmn together with Jacobi identities among iterated

brackets. In general, one can prove by induction that{
∇α,WNβ}

=
1
4 (γpq)α

βFN|pq
−

∑
δ(N)=R⊗S

R̸=∅

{
(Wγ )Rα,W

Sβ} ,
[
∇α,FN|pq]

= (WN[pγ q])α −

∑
δ(N)=R⊗S

R̸=∅

[
(Wγ )Rα,F

S|pq] . (2.21)

The vector indices have been gathered to a multi-index N := n1n2 . . . nk with (Wγ )N := (Wn1...nk−1γ nk ) and δ(N) denotes
the deshuffle map defined in (C.10). The simplest examples of (2.21) are given by{

∇α,Wmβ}
=

1
4 (γpq)α

βFm|pq
−

{
(Wγm)α,Wβ

}
, (2.22)[

∇α,Fm|pq]
= (Wm[pγ q])α −

[
(Wγm)α,Fpq] ,{

∇α,Wmnβ}
=

1
4 (γpq)α

βFmn|pq
−

{
(Wmγ n)α,Wβ

}
−

{
(Wγm)α,Wnβ}

−
{
(Wγ n)α,Wmβ} ,[

∇α,Fmn|pq]
= (Wmn[pγ q])α −

[
(Wmγ n)α,Fpq]

−
[
(Wγm)α,Fn|pq]

−
[
(Wγ n)α,Fm|pq] ,

{∇α,Wmnpβ
} =

1
4 (γrs)α

βFmnp|rs
− {(Wmnγ p)α,Wβ

} − {(Wmγ n)α,Wpβ
} − {(Wmγ p)α,Wnβ

}

− {(Wnγ p)α,Wmβ
} − {(Wγ p)α,Wmnβ

} − {(Wγ n)α,Wmpβ
} − {(Wγm)α,Wnpβ

} ,

here we used δ(mnp) = mnp ⊗ ∅ + mn ⊗ p + mp ⊗ n + np ⊗ m + p ⊗ mn + n ⊗ mp + m ⊗ np + ∅ ⊗ mnp. One can also
how inductively that the Dirac- and Yang–Mills equations (2.8) generalize as follows at higher mass dimension:

[∇m, (γmWN )α] =

∑
δ(N)=R⊗S

[
FRm, (γmWS)α

]
, (2.23)
R̸=∅

13
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[∇m,FN|pm
] = δmn

∑
δ(N)=R⊗S

R̸=∅

[
FRm,FS|pn]

−

∑
δ(N)=R⊗S

{
WRα, (γ pWS)α

}
, (2.24)

here FRr for non-empty R := Qq is defined as FQqr
:= FQ |qr . For example,

[∇m, (γmWn)α] =
[
Fnr , (γrW)α

]
, (2.25)

[∇m, (γmWnp)α] =
[
Fn|pr , (γrW)α

]
+

[
Fnr , (γrWp)α

]
+

[
Fpr , (γrWn)α

]
,

[∇m,Fn|pm
] = [Fnm,Fp

m] − {Wnα, (γ pW)α} − {Wα, (γ pWn)α} ,

here we used the deshuffle map δ(np) = np ⊗ ∅ + n ⊗ p + p ⊗ n + ∅ ⊗ np.
Note that the linearized versions of higher-mass dimension superfields are simply the outer products of derivatives

Wm1...mkα
i = ∂m1 . . . ∂mkWα

i , Fm1...mk|pq
i = ∂m1 . . . ∂mkF pq

i , (2.26)

here i denotes a single-particle label. In this case, the equations of motion (2.23) and (2.24) translate into

∂m(γmWN
i )α = 0 , ∂mF

N|mp
i = 0 . (2.27)

n case of an empty multi-index N → ∅, this includes the linearized Dirac and Yang–Mills equations ∂m(γmWi)α = 0 and
mF

mp
i = 0.
The higher-mass-dimension superfields obey further relations which can be derived from Jacobi identities of nested

anti)commutators. For example, (2.5) determines their antisymmetrized components

W[n1n2]n3...nkβ =
[
Wn3...nkβ ,Fn1n2

]
, (2.28)

F[n1n2]n3...nk|pq =
[
Fn3...nk|pq,Fn1n2

]
.

imilarly, more antisymmetrized indices give rise to nested commutators, for instance

W[mn]β
= [Wβ ,Fmn

] , (2.29)

W[mnp]β
= [Wmβ ,Fnp

] + [Wnβ ,Fpm
] + [Wpβ ,Fmn

] ,

W[mnpq]β
= [[Wβ ,Fmn

],Fpq
] − [[Wβ ,Fmp

],Fnq
] + [[Wβ ,Fmq

],Fnp
]

+ [[Wβ ,Fnp
],Fmq

] − [[Wβ ,Fnq
],Fmp

] + [[Wβ ,Fpq
],Fmn

] ,

ith similar expressions at higher multiplicities.
Moreover, the definitions (2.20) via iterated commutators imply the generalized Jacobi identities of Section 4.1.5 on

he set of vector indices, of which first instances are

F[m|np]
= 0 , F[mn]|pq

+ F[pq]|mn
= 0 . (2.30)

. Pure spinor formalism and disk amplitudes

The discovery of the pure spinor formalism by Berkovits in [1] led to an efficient tool to compute superstring scattering
mplitudes in a manifestly super-Poincaré invariant manner. It combined numerous convenient aspects of the Ramond–
eveu–Schwarz (RNS) [4–7] and Green–Schwarz (GS) formulations [8,9] in a way that allowed computations of various
mplitudes previously out of reach.
In this section we will review the basic aspects of the formalism with a view towards the prescription to compute

isk amplitudes in the superstring; multi-loop aspects will not be covered, but a path through the recent literature can
e found in Section 9. The presentation will follow the ICTP lectures by Berkovits [100] as well as a combination of the
hD theses of the present authors [101,102].
We will now present some of the motivations that led to the development of the pure spinor formalism.

.1. Difficulties with the covariant quantization of the Green–Schwarz string

Type I superstrings [103], type II superstrings [104] and heterotic strings [105] are supersymmetric in ten-dimensional
pace–time and therefore it is natural to seek a manifestly 10d supersymmetric description of their worldsheet action.
his is traditionally achieved with the GS formalism [8,9] but unfortunately the classical action cannot be quantized while
aintaining Lorentz covariance.
The GS action for heterotic superstrings (or a chiral half of type II superstrings) in conformal gauge is given by [8]

SGS =
1
π

∫
d2z

[
1
2
ΠmΠm +

1
4
Πm(θγm∂θ ) −

1
4
Πm(θγm∂θ )

]
(3.1)

=
1
π

∫
d2z

[
1
2
∂Xm∂Xm +

1
2
∂Xm(θγm∂θ ) +

1
8
(θγm∂θ )(θγm∂θ )

]
,

14
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here we employ supersymmetric momenta

Πm
= ∂Xm

+
1
2
(θγm∂θ ) , Π

m
= ∂Xm

+
1
2
(θγm∂θ ) . (3.2)

he dependence of Xm, θ on the worldsheet coordinates z, z as well as the action of the gauge sector of the heterotic
tring is suppressed. Throughout this review, the integration measure is d2z = d Re z ∧ d Im z =

i
2dz ∧ dz, and derivatives

are denoted by the shorthands ∂ = ∂z and ∂ = ∂z . Holomorphic and antiholomorphic derivatives are related to those
.r.t. worldsheet coordinates σ 0

=
1
2 (z + z) and σ 1

=
1
2 (z − z) via ∂0 = ∂ + ∂ and ∂1 = ∂ − ∂ . Following the standard

closed-string conventions, we are setting α′
= 2 in Sections 3 to 5 (but will reinstate it in Sections 6 to 8).6

Covariant quantization of (3.1) is hindered by a technical challenge: the conjugate momentum to θα

pα = 2π
δSGS
δ(∂0θα)

=
1
2

(
Πm

−
1
4
(θγm∂1θ )

)
(γmθ )α (3.3)

depends on θα itself, so it gives rise to the GS constraint dα = 0 with

dα = pα −
1
2

(
Πm

−
1
4
(θγm∂1θ )

)
(γmθ )α . (3.4)

he variable dα associated with the GS constraint satisfies the Poisson brackets

{dα, dβ} = iγm
αβΠm . (3.5)

ue to the Virasoro constraint ΠmΠ
m

= 0, the relation (3.5) mixes first- and second-class types of constraints in a way
hat is difficult to disentangle covariantly [106].7 The standard way to deal with this situation is to go to the light-cone
auge [103,104,108,109], where the two types of constraints can be treated separately and quantization can be achieved.
owever, one obviously loses manifest Lorentz covariance in the process. These difficulties are universal to heterotic and
ype II string theories in their GS formulations.

.2. Siegel’s reformulation of the Green–Schwarz formulation

In 1986 Siegel [22] proposed a new approach to deal with the covariant quantization of the GS formalism. His idea
as to treat the conjugate momenta for θα as an independent variable, proposing the following action for the left-moving

variables

SSiegel =
1
π

∫
d2z

[
1
2
∂Xm∂Xm + pα∂θα

]
(3.6)

n which the variable dα

dα = pα −
1
2

(
∂Xm

+
1
4
(θγm∂θ )

)
(γmθ )α (3.7)

was assumed to be independent and not a constraint (the difference between the expressions (3.4) and (3.7) for dα is
proportional to ∂θα and vanishes by the equations of motion for pα). In this way, the mixing (3.5) of first- and second-class
constraints of the GS formulation is not an issue in Siegel’s approach.

Lorentz currents and energy–momentum tensor. The action (3.6) is easily checked to yield a Lorentz current of the spinor
variables8

Σmn
= −

1
2
(pγmnθ ) (3.8)

nd a holomorphic component T := T (z) of the energy–momentum tensor

T = −
1
2
∂Xm∂Xm − pα∂θα = −

1
2
ΠmΠm − dα∂θα . (3.9)

he supersymmetric momentum Πm
= ∂Xm

+
1
2 (θγ

m∂θ ) is defined as in Section 3.1 though its right-moving counterpart
Π

m
relevant for type II superstrings departs from (3.2) and is defined with separate θ-variables. For example, under the

Lorentz transformation with parameters εmn,

δpα =
1
4
εmn(γmn) βα pβ , δθα =

1
4
εmn(γmn)αβθ

β , (3.10)

6 The α′-dependence of the worldsheet CFT and the associated scattering amplitudes can be reinstated based on dimensional analysis. For instance,
demanding worldsheet actions to be dimensionless and Xm,

√
α′ to have dimensions of a length, we retrieve SGS →

1
πα′

∫
d2z∂Xm∂Xm + · · · .

7 Recall that first-class (second-class) constraints are defined by the vanishing (non-vanishing) of their Poisson bracket [107]. The constraint
Π2

= 0 then implies that one half of the Poisson brackets (3.5) vanishes. We are grateful to Max Guillen for discussions on this point.
8 The double-colon notation for normal ordering of coincident operators, :A(z)B(z): , will be left implicit in this review.
15
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e define the variation of (3.6) to be δSSiegel = −
1
π

∫ 1
2Σ

mn∂εmn. The calculation using Noether’s method is straightforward

δSSiegel =
1
π

∫
d2z δ(pα∂θα) =

1
π

∫
d2z

[
1
4
εmn(γmn) βα pβ∂θα +

1
4
pα∂(εmn(γmnθ )α)

]
=

1
π

∫
d2z

[
1
4
∂εmnpα(γmn)αβθ

β

]
= −

1
π

∫
d2z

1
2
Σmn∂εmn , (3.11)

here we used the antisymmetry (γmn)αβ = −(γmn)βα , see (A.16).

CFT. The action (3.6) defines a conformal field theory in which the holomorphic conformal weights of ∂Xm, pα and θα are
h∂X = hp = 1 and hθ = 0, respectively. See [110] for an in-depth review of conformal field theory. The operator product
expansions (OPEs) among the variables in SSiegel follow from standard path-integral methods [22]

Xm(z, z)Xn(w,w) ∼ −δmn ln |z − w|
2 , pα(z)θβ (w) ∼

δ
β
α

z − w
, (3.12)

dα(z)dβ (w) ∼ −
γm
αβΠm(w)

z − w
, dα(z)Πm(w) ∼

(
γm∂θ (w)

)
α

z − w
, (3.13)

here here and throughout this review, ∼ indicates that regular terms as z → w are dropped on the right-hand side.

ertex operator. Siegel also proposed a supersymmetric integrated vertex operator for massless open-string states labeled
y i as follows

USiegel
i =

∫
dz

(
∂θαAi

α(X, θ ) + Ai
m(X, θ )Π

m
+ dαWα

i (X, θ )
)
, (3.14)

here {Ai
α, A

m
i ,W

α
i } are the linearized SYM superfields reviewed in Section 2.2.

.2.1. Difficulties with Siegel’s approach
There are three types of difficulties with Siegel’s approach which will be addressed by the pure spinor formalism to

e introduced in Section 3.3 below.

on-vanishing central charge. According to the bc-system calculations [4] with conformal weight hp = 1, each spinor
omponent of the fermionic pair (pα, θα) in the energy–momentum tensor (3.9) contributes −3(2hp − 1)2 + 1 = −2 to
he central charge for a total of 16 × (−2) = −32 while the Xm contribute +10 [12]. Therefore the central charge of the
nergy–momentum tensor (3.9) is cX + cpθ = 10 − 32 = −22. This non-vanishing result for the central charge leads to
n anomaly when quantizing the theory, raising a first major difficulty in Siegel’s approach to the GS formalism.

nequivalence of massless vertex operators. As emphasized in [1], the vertex operator (3.14) cannot reproduce the same
esults for amplitudes computed in the RNS formalism as it does not satisfy the same OPEs. More explicitly, after using
he θ-expansions (2.17) of the linearized SYM superfields, the gluon vertex operator obtained from (3.14) is

USiegel
i,gluon =

∫
dz

(
emi ∂Xm −

1
4
(pγmnθ )f imn + · · ·

)
eki·X (3.15)

up to terms of order θ3 in the ellipsis. The vertex operator for a gluon with polarization vector emi in the RNS formalism,
n the other hand, is given by (see (7.3.25) in [10]9)

URNS
i,gluon =

∫
dz

(
emi ∂Xm −

1
2
ψmψnf imn

)
eki·X , (3.16)

here ψm are the RNS worldsheet spinors of conformal weight hψ =
1
2 , and f imn = kime

i
n − kine

i
m denotes the linearized

ield strength of the gluon.
Comparing (3.16) with (3.15) one notices that the operator multiplying 1

2 f
i
mn is the Lorentz current for the fermionic

ariables in each formalism,

Σmn
RNS = −ψmψn, Σmn

Siegel = −
1
2
(pγmnθ ) . (3.17)

he difficulty arises because their OPEs are different. On the one hand, in the RNS formalism we get

Σmn
RNS(z)Σ

pq
RNS(w) ∼

δp[mΣ
n]q
RNS(w) − δq[mΣ

n]p
RNS(w)

z − w
+
δm[qδp]n

(z − w)2
, (3.18)

9 The relative factors of the contributions from ∂Xm and ψmψn to (3.16) depart from most references for the following reason: for plane waves
ik·X , the RNS vertex operator at superghost picture zero is proportional to em(i∂Xm + (k ·ψ)ψm), and our conventions including (3.16) are obtained
by rescaling k → −ik.
16
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here the double-pole term has coefficient +1 which can be identified with the level of the Kac–Moody current algebra.
n the other hand, using the OPE (3.12) we get

Σmn
Siegel(z)Σ

pq
Siegel(w) ∼

1
4
pα(w)(γmnγ pq

− γ pqγmn)αβθβ (w)
z − w

+
1
4
Tr(γmnγ pq)
(z − w)2

=
δp[mΣn]q(w) − δq[mΣn]p(w)

z − w
+ 4

δm[qδp]n

(z − w)2
, (3.19)

where in the second line we used γmnγ pq
−γ pqγmn

= 2δnpγmq
−2δnqγmp

+2δmqγ np
−2δmpγ nq following from (A.32) and

Tr(γmnγpq) = 16(δmq δ
n
p − δmp δ

n
q ) from (A.24).

The discrepancy in the coefficient of the double pole between (3.18) and (3.19) leads to analogous discrepancies in the
computations of gluon scattering amplitudes using the RNS vertex operators (3.16) and those of Siegel in (3.15).

Missing constraints. Finally in Siegel’s formulation (3.6) one would need to include an appropriate set of first-class
constraints to reproduce the superstring spectrum: the Virasoro constraint T and the kappa symmetry generator G of
the GS formalism

T = −
1
2
ΠmΠm − dα∂θα , Gα = Πm(γmd)α (3.20)

n terms of the supersymmetric momentum and GS constraints should certainly be elements of that set of constraints.
ven though there was a successful description of the superparticle using Siegel’s approach [111,112], the whole set of
onstraints was never found for the superstring case. Nevertheless, Siegel’s idea was not lost as it was used by Berkovits
n his proposal for the pure spinor formalism [1].

.3. Fundamentals of the pure spinor formalism

We have seen above that while Siegel’s approach circumvented the difficulties associated to the GS constraint, the
on-vanishing central charge cX +cpθ = −22 and the level +4 of the Lorentz current algebra presented serious challenges
o this new formulation. This motivated Berkovits to modify Siegel’s approach by introducing pure spinor ghost variables
ontributing +22 to the central charge of the energy momentum tensor and −3 to the double pole in the OPE of the
orentz currents, thereby fixing the most pressing issues with the formulation by Siegel and leading to Berkovits’ pure
pinor formalism [1]. Let us briefly review below some of the central elements in this reformulation.

orentz currents for the ghosts. Berkovits’ idea was to modify the Lorentz currents (3.8) by the addition of a contribution
mn coming from ghosts,

Mmn
= Σmn

+ Nmn. (3.21)

he newly defined Mmn would satisfy the same OPE (3.18) as in the RNS formalism if the contribution to the double pole
rising from the ghosts Nmn had a coefficient −3,10

Nmn(z)Npq(w) ∼
δp[mNn]q(w) − δq[mNn]p(w)

z − w
− 3

δm[qδp]n

(z − w)2
,

Σmn(z)Npq(w) ∼ regular . (3.22)

This would fix the issue with the Lorentz current OPE and set the level of the overall Lorentz currents Mmn to 4 − 3 = 1,
in lines with the level of the RNS currents in (3.18).

Energy–momentum tensor for the ghosts. To fix the problem with the non-vanishing central charge of the energy–
momentum tensor in Siegel’s approach, one would need these same ghosts to have a central charge cλ = +22. Fortunately,
the right solution to both problems was found when a proposal for the BRST charge was put forward and the need for
pure spinors became evident.

The BRST operator. The next step in the line of reasoning which led to the pure spinor formalism is the proposal of the
BRST operator

QBRST =

∮
dz λα(z)dα(z) , (3.23)

where λα are bosonic spinors and the Siegel variable dα corresponding to the GS constraint has been defined in (3.7).
The BRST charge (3.23) must satisfy the consistency condition Q 2

BRST = 0, otherwise the BRST charge itself would not be
invariant under a variation of the gauge constraint [12]. Using (3.23) and the OPE (3.13) we obtain

Q 2
BRST =

1
2
{QBRST,QBRST} = −

1
2

∮
dz (λγmλ)Πm . (3.24)

10 See [113] for a discussion of how to derive these OPEs from the decomposition of Nmn in terms of λα and w .
α
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herefore imposing that the BRST charge is nilpotent

Q 2
BRST = 0 (3.25)

mplies that the bosonic fields λα must satisfy the pure spinor constraints

λγmλ = 0 , (3.26)

hich were first studied by Cartan from a geometrical perspective [114].

.3.1. U(5) decompositions
The formalism discovered by Berkovits is based on the properties of the pure spinor λα , and it is important to identify

he number of degrees of freedom which survive the constraints (3.26). Naively, one could think that those ten constraints
ssociated with m = 0, 1, . . . , 9 would imply a pure spinor of SO(1, 9) to have only 16 − 10 = 6 degrees of freedom.
owever, this not the case; we will see below that a pure spinor has eleven degrees of freedom.

(5) decomposition of pure spinors. In order to see that a pure spinor has eleven degrees of freedom, it is convenient to
ick rotate SO(1, 9) to SO(10) and to break manifest SO(10) symmetry to its U(5) subgroup [1]. The explicit calculations

re shown in Appendix B, with the result that a Weyl spinor decomposes into irreducible U(5) representations as

λα −→ (λ+, λab, λ
a) (3.27)

orresponding to 16 −→ (1, 10, 5) with λba = −λab. The solution to the pure spinor constraint (3.26) further implies that

λa =
1

8λ+
ϵabcdeλbcλde , a, b, c, d, e = 1, . . . , 5 (3.28)

for λ+
̸= 0, where ϵabcde is totally antisymmetric with ϵ12345 = 1. In this language, λab parameterize a SO(10)/U(5) coset.

The pure spinor constraint therefore only eliminates the 5 ∋ λa in favor of λ+
∈ 1 and λab ∈ 10. Hence, there remains

+ 10 = 11 degrees of freedom in a pure spinor of SO(10).
Note that in absence of Wick rotation the λab parameterize the compact space SO(1, 9)/(U(4) × R9) with R9

epresenting nine light-like boosts [18,115,116].

(5) decomposition of the Lorenz currents. To solve the pure spinor constraint (3.26) it was convenient to break the
anifest SO(10) symmetry to its subgroup U(5), so a pure spinor is written in terms of U(5) = SU(5) ⊗ U(1) variables.
onsequently, the Lorentz currents must also be decomposed to their irreducible U(5) representations

Nmn
−→ (n, nb

a, nab, nab) , (3.29)

ith corresponding U(1) charges (0, 0, + 2, − 2) in a manner specified in Appendix B. In the remainder of this section,
hese SU(5) Lorentz currents will be constructed out of elementary ghost variables to be denoted by s(z), uab(z) and their
onjugate momenta t(z), vab(z) such that the required condition (3.22) is met. To do this we will first state how the OPE
3.22) decomposes under SO(10) → SU(5) ⊗ U(1) given by (3.29):

roposition 1. The SO(10)-covariant OPE of the Lorentz currents

Nmn(z)Npq(w) ∼
δmpNnq(w) − δnpNmq(w) − δmqNnp(w) + δnqNmp(w)

z − w
− 3

(
δmqδnp − δmpδnq

)
(z − w)2

, (3.30)

mplies that the SU(5) ⊗ U(1) currents (n, nb
a, nab, nab) satisfy the following OPEs:

nab(z)ncd(w) ∼ regular , nab(z)ncd(w) ∼ regular , (3.31)

nab(z)ncd(w) ∼

−δc
[an

d
b](w) + δd

[an
c
b](w) −

2
√
5
δc
[aδ

d
b]n(w)

z − w
− 3

δcbδ
d
a − δcaδ

d
b

(z − w)2
, n(z)na

b(w) ∼ regular ,

na
b(z)n

c
d(w) ∼

−δcbn
a
d(w) + δadn

c
b(w)

z − w
− 3

δadδ
c
b −

1
5δ

a
bδ

c
d

(z − w)2
, n(z)nab(w) ∼ +

2
√
5

nab(w)
z − w

,

nab(z)nc
d(w) ∼

−δadn
bc(w) + δbdn

ac(w) −
2
5δ

c
dn

ab(w)
z − w

, n(z)nab(w) ∼ −
2

√
5

nab(w)
z − w

,

nab(z)nc
d(w) ∼

−δcbnad(w) + δcanbd(w) +
2
5δ

c
dnab(w)

z − w
, n(z)n(w) ∼ −

3
(z − w)2

.

roof. See Appendix B.2 and also [117,118]. □
18
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(5) decomposition of spinors. There is one more consistency condition to be obeyed when constructing the U(5) Lorentz
urrents. The pure spinor λα must obviously transform as a spinor under the action of the total Lorentz current Mmn in
3.21),

δλα =
1
2

[∮
dz εmnMmn, λα

]
=

1
4
εmn(γmnλ)α . (3.32)

ince the OPE of λα with the Lorentz currents Σmn of (3.8) is regular we conclude that the pure spinor must satisfy (3.33)
iven below. Given the solution of the pure spinor constraint (3.28) in U(5) variables we need to know the group-theoretic
ecomposition of how a SO(10) spinor transforms in terms of its U(5) representations.

roposition 2. The SO(10)-covariant transformation of a spinor

Nmn(z)λα(w) ∼
1
2

(γmn)α βλ
β (w)

(z − w)
, (3.33)

implies that the OPEs among the SU(5) representations (n, na
b, nab, nab) and (λ+, λcd, λ

c) are given by

n(z)λ+(w) ∼ −

√
5
2
λ+(w)
z − w

, n(z)λcd(w) ∼ −
1

2
√
5

λcd(w)
z − w

, (3.34)

n(z)λc(w) ∼
3

2
√
5

λc(w)
z − w

, na
b(z)λ

+(w) ∼ regular ,

na
b(z)λcd(w) ∼

δadλcb(w) − δacλdb(w)
(z − w)

−
2
5
δabλcd(w)
(z − w)

, na
b(z)λ

c(w) ∼
1
5
δabλ

c(w)
(z − w)

−
δcbλ

a(w)
(z − w)

,

nab(z)λ+(w) ∼
λab(w)
z − w

, nab(z)λcd(w) ∼
ϵabcdeλ

e(w)
z − w

,

nab(z)λc(w) ∼ regular , nab(z)λ+(w) ∼ regular ,

nab(z)λcd(w) ∼ −
δ

[a
c δ

b]
d λ

+(w)
z − w

, nab(z)λc(w) ∼ −
ϵabcdeλde(w)
2(z − w)

.

Proof. See Appendix B and also [117]. □

It turns out that all these OPEs can be reproduced from an action involving the ghost variables s(z), uab(z), t(z) and
vcd(z) below that serve as the ingredients of the Lorentz currents (n, nb

a, nab, nab) and pure spinor (λ+, λcd, λ
c). The pure

pinor formalism crucially hinges on the existence of such a construction.
Before moving on, note the consistency between the OPE (3.33) and the simple pole of (3.30) arising from a twofold

pplication of the spinorial transformation. That is, if [Nmn, λα] =
1
2 (γ

mn)αβλβ then [Npq, [Nmn, λα]] =
1
4 (γ

mn)αβ (γ pq)βδλδ
hich implies,

[[Nmn,Npq
], λα] = [Nmn, [Npq, λα]] − [Npq, [Nmn, λα]] =

1
4

[
(γ pqγmn)αβ − (γmnγ pq)αβ

]
λβ (3.35)

= δmp
[Nnq, λα] − δnp[Nmq, λα] − δmq

[Nnp, λα] + δnq[Nmp, λα] ,

here we used the gamma-matrix identity γ pqγmn
− γmnγ pq

= 2δmpγ nq
− 2δnpγmq

− 2δmqγ np
+ 2δnqγmp which follows

rom the product relation (A.31). These OPEs play a crucial role in evaluating the CFT correlation functions for string
mplitudes and will for instance be used in the derivation of the multiparticle vertex operators at multiplicity two in
ection 4.1 [91,119].

.3.2. The pure spinor ghosts
In this section we will display the solution to the above problems found by Berkovits with the introduction of a specific

(5) parameterization of pure spinors, Lorentz currents and the energy–momentum tensor.
The action for the ghosts appearing in the pure spinor constraint is given by [1,18,100]

Sλ =
1
2π

∫
d2z

(
−∂t∂s +

1
2
vab∂uab

)
, a, b = 1, . . . , 5 , (3.36)

here t(z) and vab(z) are the conjugate momenta for s(z) and uab(z). Furthermore, s(z) and t(z) are chiral bosons, so one
must impose their equations of motions by hand, ∂s = ∂t = 0. The OPEs are given by

t(z)s(w) ∼ ln (z − w) , (3.37)

vab(z)ucd(w) ∼
δac δ

b
d − δadδ

b
c .
z − w
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atching group theory with CFT. The fundamental result allowing the construction of the pure spinor formalism is given
y the explicit construction of the U(5) Lorentz currents (n, na

b, nab, nab) and pure spinors (λ+, λab, λ
a) in terms of the

host variables s(z), t(z), vab(z) and uab(z) from the action (3.36). This has to be done in such a way as that their U(5)
OPEs among themselves satisfy all the group-theoretic relations (3.31) and (3.34). The solution found by Berkovits is given
by11 [1,18,100]

n = −
1

√
5

(1
4
uabv

ab
+

5
2
∂t −

5
2
∂s

)
, λ+

= es , (3.38)

na
b = −ubcv

ac
+

1
5
δabucdv

cd , λab = uab ,

nab
= −esvab , λa =

1
8
e−sϵabcdeubcude ,

nab = −e−s
(
2∂uab − uab∂t − 2uab∂s + uacubdv

cd
−

1
2
uabucdv

cd
)
.

he unusual normalization of n(z) was chosen such that the coefficient of its double pole is −3. Straightforward but long
alculations show that their OPEs among themselves reproduce all OPEs in (3.31) and (3.34), provided that the ghost
ariables s(z), t(z), vab(z) and uab(z) satisfy the OPEs (3.37). For instance, two sample calculations are

n(z)nab(w) =
1

√
5

(1
4
ufg (z)vfg (z) +

5
2
∂t(z) −

5
2
∂s(z)

)
es(w)vab(w) (3.39)

=
1

√
5

1
4
es(w)vfg (z)ufg (z)vab(w) −

√
5
2
∂t(z)es(w)vab(w)

∼
1

√
5

1
4
es(w)vfg (z)

(−δaf δ
b
g + δagδ

b
f )

z − w
−

√
5
2

1
z − w

es(w)vab(w)

∼ −
2

√
5

nab(w)
z − w

and

nab(z)λc(w) = −
1
8
es(z)ϵcdefg

(
vab(z)ude(w)ufg (w) + ude(w)vab(z)ufg (w)

)
e−s(w) (3.40)

∼ −
1
8
es(z)

(
2ϵcabfgufg (w) + 2ϵcdeabude(w)

)
z − w

e−s(w)

∼ −
1
2
ϵabcde

λde(w)
z − w

,

where we used the OPEs ufg (z)vab(w) ∼
−δaf δ

b
g+δag δ

b
f

z−w and ∂t(z)es(w)
∼

1
z−w e

s(w) that follow from (3.37) and discarded non-
singular terms coming from Taylor expansions of fields at z around w. The above results reproduce two of the OPEs in
(3.31) and (3.34) that were obtained from a group-theoretic decomposition of the parental SO(10)-covariant OPEs. All the
other OPEs can be verified similarly. Therefore, even though the action for the ghosts Sλ is not manifestly Lorentz covariant,
all OPEs involving Nmn and λα descend from manifestly SO(10)-covariant expressions. So the pure spinor formalism has
manifest Lorentz covariance.

Energy–momentum tensor. We will show that the central charge of the energy–momentum tensor for the ghosts

Tλ =
1
2
vab∂uab + ∂t∂s + ∂2s , (3.41)

following from the ghost action (3.36) is +22. This is indeed the required value for it to annihilate the total central charge
when added to Siegel’s matter variables. The derivation of (3.41) follows from Noether’s procedure using

δSλ =
1
2π

∫
d2z

[
∂εTλ(z) + ∂εT λ(z)

]
, (3.42)

under the conformal transformations of (vab, uab, ∂s, ∂t) whose conformal weights are (1, 0), (0, 0), (1, 0) and (0, 1),
respectively,

δvab = ∂εvab + ε∂vab + ε∂vab , δuab = ε∂uab + ε∂uab , (3.43)

δ∂s = ∂ε∂s + ε∂2s + ∂ε∂s + ∂ε∂s , δ∂t = ε∂∂t + ∂ε∂t + ∂ε∂t + ε∂
2
t ,

and requiring the Lorentz currents (n, na
b, n

ab, nab) to be primary fields [1,100] (see also [117] for the explicit calculations).

11 Note the sign flip of the Lorentz generators and of λa with respect to [100]. This ensures that the conventions of Appendix B.2 are respected.
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roposition 3. The central charge of the energy–momentum tensor for the ghosts (3.41) is cλ = 22.

roof. The central charge is determined from the fourth-order pole in Tλ(z)Tλ(w) ∼
(cλ/2)
(z−w)4

+ · · · . There are two
contributions

1
4
vab(z)∂uab(z)vcd(w)∂uab(w) =

1
4
δ

[a
c δ

b]
d δ

[c
a δ

d]
b

(z − w)4
=

10
(z − w)4

, (3.44)

∂t(z)∂s(z)∂t(w)∂s(w) =
1

(z − w)4
,

whose sum implies that cλ = +22. □

Therefore, as there are no poles between the ghosts and matter variables, the total central charge of the energy–
momentum tensor in the pure spinor formalism

TPS = −
1
2
∂Xm∂Xm − pα∂θα +

1
2
vab∂uab + ∂t∂s + ∂2s , (3.45)

vanishes; cX + cpθ + cλ = 10 − 32 + 22 = 0. Therefore there will not be a conformal anomaly in the formalism.

3.3.3. The action of the pure spinor formalism
U(5)-covariant action. From the discussion above we learn that adding the pure spinor ghost action of (3.36) to the Siegel
action (3.6) implies that the energy–momentum tensor of the theory has vanishing central charge, as cX + cpθ = −22
from the matter variables is neutralized by cλ = 22 from the ghosts. Furthermore, the Lorentz currents of the combined
actions have the same OPE as in the RNS formalism. Berkovits then proposed that the pure spinor formalism action for
the left-moving fields is given by [1]

SPS =
1
π

∫
d2z

(1
2
∂Xm∂Xm + pα∂θα − ∂t∂s +

1
2
vab∂uab

)
. (3.46)

Spacetime supersymmetry transformations are generated by

Qα =

∮
dz

(
pα +

1
2
(γmθ )α∂Xm +

1
24

(γmθ )α(θγm∂θ )
)
, (3.47)

and their action on the variables in the pure spinor formalism with Weyl-spinor parameter εα is given by

δXm
=

1
2

(
εγmθ

)
, δθα = εα , (3.48)

δpβ = −
1
2
(εγm)β∂Xm +

1
8
(εγmθ )(∂θγm)β ,

δs = δt = δuab = δvab = 0 .

The action (3.46) is found to be supersymmetric by exploiting that the total derivatives

∂
[
(εγmθ )∂Xm]

− ∂
[
(εγmθ )∂Xm]

= (εγm∂θ )∂Xm
− (εγm∂θ )∂Xm

∂
[
(εγmθ )(θγm∂θ )

]
− ∂

[
(εγmθ )(θγm∂θ )

]
= 3(εγmθ )(∂θγm∂θ ) (3.49)

from the variation of ∂Xm∂Xm and the θ2-contribution to δpβ integrate to zero under d2z.

SO(10)-covariant action. The action (3.46) in the pure spinor formalism can be written covariantly as

SPS =
1
π

∫
d2z

(
1
2
∂Xm∂Xm + pα∂θα − wα∂λ

α

)
, (3.50)

where wα is the conjugate momentum to the pure spinor. The dependence on α′ can be reinstated from the following
ength dimensions of all these variables [120,121]12

[α′
] = 2 , [Xm

] = 1 , [θα] = [λα] =
1
2
, [pα] = [wα] = −

1
2
. (3.51)

Inspired by the approach of Siegel, this action needs to be supplemented by the definitions of the supersymmetric
momentum Πm, the GS constraint dα and the supersymmetric derivative Dα which we repeat here for the reader’s
convenience:

Πm
= ∂Xm

+
1
2
(θγm∂θ ) ,

12 We omitted all factors of α′ for brevity and maximum flexibility. For the open- and closed-string they can be restored from the conventions
′ ′
α = 1/2 and α = 2 respectively.
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dα = pα −
1
2

(
∂Xm

+
1
4
(θγm∂θ )

)
(γmθ )α , (3.52)

Dα =
∂

∂θα
+

1
2
(γmθ )α∂m .

In addition, the BRST charge is given by13 (dropping the subscript BRST henceforth)

Q =

∮
dz λα(z)dα(z) . (3.53)

The SO(10)-covariant versions of the energy–momentum tensor (3.45) and the fermionic Lorentz currents derived from
the action (3.50) are given by

TPS = −
1
2
ΠmΠm − dα∂θα + wα∂λ

α , Mmn
= −

1
2
(pγmnθ ) +

1
2
(wγmnλ) . (3.54)

.3.4. Operator product expansions
We shall now summarize the SO(10)-covariant form of the OPEs that govern the CFT of the pure spinor formalism. The

asic worldsheet matter variables obey14

Xm(z, z)Xn(w,w) ∼ −δmn ln |z − w|
2 , dα(z)θβ (w) ∼

δ
β
α

z − w
, (3.55)

dα(z)dβ (w) ∼ −
γm
αβΠm(w)

z − w
, dα(z)Πm(w) ∼

(
γm∂θ (w)

)
α

z − w
,

Πm(z)Πn(w) ∼ −
δmn

(z − w)2
,

the OPEs involving the Lorentz currents are

Mmn(z)Mpq(w) ∼
δp[mMn]q(w) − δq[mMn]p(w)

z − w
+
δm[qδp]n

(z − w)2
, (3.56)

Nmn(z)Npq(w) ∼
δp[mNn]q(w) − δq[mNn]p(w)

z − w
− 3

δm[qδp]n

(z − w)2
,

Nmn(z)λα(w) ∼
1
2

(γmn)α βλ
β (w)

(z − w)
,

and generic superfields K (X, θ ) that do not depend on any derivatives ∂kXm, ∂kθα with k ≥ 1 obey

dα(z)K
(
X(w,w), θ (w)

)
∼

DαK
(
X(w,w), θ (w)

)
z − w

, (3.57)

Πm(z)K
(
X(w,w), θ (w)

)
∼ −

∂mK
(
X(w,w), θ (w)

)
z − w

.

Using these OPEs one can check that the supersymmetry currents (3.47) satisfy the supersymmetry algebra

{Qα,Qβ} = γm
αβ

∮
∂Xm , (3.58)

nd that all of {∂θα,Πm, dα,Nmn
} are conformal primary fields of weight +1,

TPS(z)
{
∂θα,Πm, dα,Nmn}(w) ∼

{
∂θα,Πm, dα,Nmn

}
(w)

(z − w)2
+
∂
{
∂θα,Πm, dα,Nmn

}
(w)

z − w
, (3.59)

crucial fact in the construction of the integrated massless vertex operator below.

.4. Scattering amplitudes on the disk

We shall now review the opening line for superstring disk amplitudes along with the dictionary between superspace
xpressions and component amplitudes.

13 In recent years this BRST charge has been derived from first principles [122]. For previous attempts, see [123–126].
14 Note that we have not written a SO(10) covariant OPE for wα(z)λβ (w) since the pure spinor constraint implies that these are not free fields. The

way around this issue is to decompose these fields into U(5) variables and to notice that the naive OPE wα(z)λβ (w) ∼
δ
β
α

z−w receives non-covariant
U(5) corrections needed to make the OPE of (λγmλ) with w non-singular [1].
α
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.4.1. Massless vertex operators
In order to compute scattering amplitudes in superstring theory using conformal-field-theory methods, first we need to

escribe the vertex operators containing the information about the string states. The integrated massless vertex operator
3.14) proposed by Siegel led to the discrepancy of double-pole coefficients due to the Lorentz currents of the fermionic
ariables. The integrated massless vertex operator proposed by Berkovits adds a correction to USiegel(z) proportional to
he Lorentz current Nmn of the pure spinor ghost [1]

U(z) = ∂θαAα(X, θ ) + Am(X, θ )Πm
+ dαWα(X, θ ) +

1
2
NmnFmn(X, θ ) , (3.60)

here the linearized SYM superfields Aα(X, θ ), Am(X, θ ),Wα(X, θ ) and Fmn(X, θ ) were introduced in Section 2.2 and the
ependence θα = θα(z) and Xm

= Xm(z, z) on the vertex insertion points is left implicit. The superfields have the following
ength dimensions [120,121]

[Aα] =
1
2
, [Am] = 0 , [Wα

] = −
1
2
, [Fmn] = −1 , [V (z)] = [U(z)] = 1 , (3.61)

and the superfields K (X, θ ) are decomposed into plane waves as

K (X, θ ) = K (θ )ek·X . (3.62)

Using the θ-expansions (2.17) in Harnad–Shnider gauge, the gluon vertex operator following from (3.60) features the
complete Lorentz current Mmn(z) = Σmn(z) + Nmn(z) of (3.21) as the coefficient of the component field strength. In this
way, the issue with the double-pole mismatch with the RNS vertex operator is absent from (3.60). In addition, given that
U has conformal weight + 1, it has to appear in the amplitude prescription integrated over (parts of) the worldsheet
boundary, i.e. in the conformally invariant combination

∫
dzU(z).

The prescription to compute tree-level amplitudes will also require a massless vertex operator with conformal weight
zero to be used at fixed locations on the Riemann surface to remove the redundancy of the Möbius transformations. The
proposal by Berkovits for this unintegrated vertex is

V = λαAα(X, θ ) . (3.63)

Furthermore, the massless vertex operators represent the physical states of gluons and gluinos and must be in the
cohomology of the BRST operator Q of (3.53).

Definition 1. A state Ψ is said to be in the cohomology of the BRST operator if it is BRST-closed, QΨ = 0, and not
BRST-exact, Ψ ̸= QΩ for some Ω .

Recall that the BRST charge satisfies Q 2
= 0 due to the pure spinor condition (3.26) and the OPE (3.13).

Proposition 4. The unintegrated vertex operator V (z) = λα(z)Aα(X, θ ) for massless particles k2 = 0 is BRST closed QV = 0
when the linearized superfield Aα(X, θ ) is on-shell and has zero conformal weight.

Proof. An on-shell linearized superfield Aα satisfies the equations of motion (2.14). In particular D(αAβ) = γm
αβAm, so

QV (w) =

∮
dz λα(z)dα(z)λβ (w)Aβ

(
X(w), θ (w)

)
= λαλβDαAβ =

1
2
(λγmλ)Am = 0 , (3.64)

here we used the OPE (3.57) and the pure spinor constraint (3.26). To show that V has conformal weight zero, first
ecall that in a conformal field theory the OPE of the energy–momentum tensor with a conformal primary φh of weight
is given by [12,110]

T (z)φh(w) ∼
hφh(w)
(z − w)2

+
∂wφh(w)
(z − w)

. (3.65)

sing the total energy–momentum tensor TPS from (3.54) and the OPEs (3.57) we get

T (z)V (w) ∼ −
1
2
∂m∂mV
(z − w)2

+
(Πm∂m + ∂θαDα)V + ∂λαAα

(z − w)
=

∂V
(z − w)

, (3.66)

here we used the massless condition and the chain rule for ∂w

(Πm∂m + ∂θαDα)V + ∂λαAα = λα∂Aα(X, θ ) + (∂λα)Aα(X, θ ) = ∂V (X(w), θ (w)) = ∂V (w) (3.67)

since

(∂θβDβ +Πm∂m)K (X, θ ) = (∂θβ∂β + ∂Xm∂m)K (X, θ ) = ∂K (X, θ ) (3.68)

for an arbitrary superfield K (X, θ ) that is independent on λα and on the worldsheet derivatives of Xm, θα , as can easily
be checked using the expressions for D and Πm in (3.52). □
α
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As can be seen from (2.15), a BRST-exact vertex operator of the form QΩ is interpreted as capturing the gauge variation
f the super Yang–Mills fields QΩ = λαDαΩ = λαδΩAα . In this sense, viewing V as a representative in the cohomology

of Q excludes pure-gauge superfields.
The synergy between pure spinors and the SYM equations of motion seen in (3.64) was already anticipated by Howe

and Nilsson in [127,128], also see [129,130] for a more recent overview articles on the importance of pure spinors for
off-shell supersymmetric actions. An early application of ten-dimensional pure spinors to the classical superstring can be
found in [131].

Relating integrated and unintegrated vertices. In the RNS formalism, the integrated vertex operator URNS is related to the
nintegrated vertex operator VRNS = cURNS via QURNS = ∂VRNS [132]. This can be checked by recalling that URNS =

{
∮
b, VRNS} and T = {Q , b}, where (b, c) is the ghost system used to fix the reparametrization invariance of the worldsheet.

The proof then follows from the Jacobi identity

QURNS = [Q , {
∮

b, VRNS}] = −[VRNS, {Q ,
∮

b}] − [

∮
b, {VRNS,Q }] = ∂VRNS (3.69)

because the cohomology condition requires {VRNS,Q } = 0 and the conformal weight h=0 of VRNS implies that [
∮
T , VRNS] =

∂VRNS by (3.65).
While the pure spinor formalism does not feature any direct analogue of the (b, c) system15 – that is why the forms of

the unintegrated (3.63) and integrated (3.60) vertex operators are very different – the vertex operators V ,U still satisfy
the relation (3.69) of their analogues in the RNS formalism (see also [137]):

Proposition 5. The massless integrated and unintegrated vertex operators (3.60) and (3.63) are related by

QU = ∂V . (3.70)

Proof. Using the OPEs (3.55) and (3.57) as well as the equations of motion for the linearized SYM superfields (2.14) we
get

Q (∂θαAα) = (∂λα)Aα − ∂θαλβDβAα , (3.71)
Q (ΠmAm) = (λγm∂θ )Am +Πmλα(DαAm) ,

Q (dαWα) = −(λγmW )Πm − dβλαDαW β ,

Q
(1
2
NmnFmn

)
=

1
4
(γmnλ)αdαFmn

+
1
2
Nmnλ

αDαFmn .

umming them up yields

QU = (∂λα)Aα − ∂θβλα(DαAβ − γm
αβAm) + λαΠm(DαAm − (γmW )α)

− λαdβ
(
DαW β

+
1
4
(γmn) β

α Fmn

)
+ Nmn(λγ n∂mW )

= (∂λα)Aα + λα∂θβDβAα + λαΠm∂mAα , (3.72)

where Nmn(λγ n∂mW ) vanishes due to a combination of the pure spinor condition (λγ n)α(λγn)β = 0 proven in (A.45) and
the linearized equation of motion γm

αβ∂mW
β

= 0,

Nmn(λγ n∂mW ) =
1
2
(wγmγnλ)(λγ n∂mW ) − (wλ)(λγm∂mW ) = 0 . (3.73)

herefore, using (3.67) the BRST variation QU in (3.72) becomes

QU = (∂λα)Aα + λα(∂θβDβAα +Πm∂mAα) = (∂λα)Aα + λα∂Aα = ∂(λA) = ∂V , (3.74)

as we wanted to show. □

Corollary 1. The integrated vertex operator
∫
dzU(z) is BRST invariant up to surface terms.

As we will see below, surface terms do not contribute to open- or closed-string amplitudes by the so-called canceled-
propagator argument. The cancellation of surface terms is also used to demonstrate linearized gauge invariance of
the massless vertex operators: under the linearized variations δΩAα = DαΩ and δΩAm = ∂mΩ of (2.15) with some
gauge-scalar superfield Ω , the variation δΩV = λαDαΩ = QΩ vanishes in the cohomology, whereas

δU = ∂θαDαΩ +Πm∂mΩ = ∂Ω (3.75)

reduces to vanishing surface terms after using the chain rule (3.68).

15 See [3,133–135] for a composite b ghost in the non-minimal pure spinor formalism (see also [136]).
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Superspace vertex operators for massive open-string states ϕ can be constructed by following the same principle:
dentifying a BRST-closed unintegrated vertex operator Vϕ of conformal weight zero and then engineering its integrated
counterpart Uϕ of weight one such that QUϕ = ∂Vϕ . By the conformal weight h(ek·X ) = −N at the N th mass level,
he combinations of Πm, dα, . . . accompanying the plane waves accumulate more and more conformal weight and
orentz indices at growing N . That the pure spinor cohomology contains all massive states of the superstring was shown
n [138,139] (see also [140]). The vertex operators at the first mass level are known in superspace from [141–143], and
t is an open problem to pinpoint their explicit form at higher levels.

.4.2. Scattering-amplitude prescription at genus zero
The prescription to compute n-point tree amplitudes of open-superstring states is given by the following correlation

unction of vertex operators on a disk worldsheet [1]

A(P) =

∫
D(P)

dz2 dz3 . . . dzn−2 ⟨⟨V1(z1)U2(z2)U3(z3). . .Un−2(zn−2)Vn−1(zn−1)Vn(zn)⟩⟩ , (3.76)

here ⟨⟨. . .⟩⟩ refers to the path integral over the variables in the pure spinor action (3.50) and Möbius invariance of
he correlator was used to fix the insertion points of the three unintegrated vertex operators. We adopt the particularly
onvenient choices to parameterize the disk boundary by the compactified real line zj ∈ R and to place the unintegrated
ertex operators at

(z1, zn−1, zn) → (0, 1,∞) . (3.77)

or a general n-point disk ordering characterized by a cyclic permutation P := p1p2 . . . pn, the formal definition of the
ntegration domain P in (3.76) reads

D(P) := {(z1, z2, . . . , zn) ∈ Rn
| − ∞ < zp1 < zp2 < · · · < zpn < ∞} . (3.78)

or example, with the three fixed positions as in (3.77), a domain specified by the canonical ordering P = 123 . . . n
mounts to the disk ordering 0 < z2 < z3 < · · · < zn−2 < 1 of the integrated vertex operators at the boundary of the

disk such that the cyclic ordering 1, 2, . . . , n in P is preserved.
The prescription (3.76) is tailored to color-ordered amplitudes A(P) and can be color-dressed by weighting each disk

rdering D(P) with a trace of Chan–Paton factors tai in the same cyclic ordering,

M(1, 2, . . . , n) =

∑
ρ∈Sn−1

A
(
1, ρ(2, 3, . . . , n)

)
Tr(ta1 taρ(2) taρ(3) . . . taρ(n) ) , (3.79)

here ρ is in the set of permutations Sn−1 of the n−1 legs 2, 3, . . . , n. Cyclicity of the trace propagates to the color-ordered
mplitudes, A(1, 2, . . . , n) = A(2, 3, . . . , n, 1), and the prescription (3.76) furthermore implies reflection properties
(1, 2, . . . , n) = (−1)nA(n, . . . , 2, 1).
As will be reviewed from several perspectives, the 1

2 (n−1)! cyclically and reflection inequivalent permutations of
(1, 2, . . . , n) are not linearly independent. First, the monodromy relations [34,144] in Section 7.3 only leave an (n−3)!-
imensional basis of disk orderings. Second, these relations among the disk amplitudes can be refined according to the
ultiple zeta values in the α′-expansions, see Section 8.4: Parts of the string corrections obey field-theory relations of SYM

ree amplitudes [145,146] and others obey KK-like symmetries [147] related to permutations in the (inverse) Solomon
escent algebra [148–152].

FT calculation and zero modes. In order to evaluate the tree-level correlation function ⟨⟨. . .⟩⟩ in (3.76), one first integrates
ut the non-zero modes using the OPEs (3.55) to (3.57) to obtain its dependence on the positions zi carried by the
onformal-weight-one variables [∂θα(z),Πm(z), dα(z),Nmn(z)]. As explained in [12], this unambiguously determines the
orrelator as a function of the positions zi on a genus-zero surface. After using the OPEs in this way, the correlation
unction (3.76) will still contain the zero modes of λα and θα , as they are variables of conformal weight zero with a single
ero mode at genus zero [5]. These zero-mode correlators are denoted by ⟨. . .⟩ (as opposed to the above double brackets
⟨. . .⟩⟩ including the non-zero modes), and one needs an ad-hoc rule to integrate them. Using the shorthand

(λ3θ5) := (λγmθ )(λγ nθ )(λγ pθ )(θγmnpθ ) , (3.80)

he only non-vanishing contributions in ten-dimensional16 zero-mode correlators is proportional to (3.80) [1]

⟨(λ3θ5)⟩ = 2880 , (3.81)

here the normalization 2880 was chosen in [154] in order to match the RNS tree-level amplitude conventions. As we
ill see in (3.95), the scalar (3.80) is unique since the tensor product of three pure spinors and five θs only features a
ingle scalar representation of SO(10).

16 For the dimensional reduction of the condition (3.81) to D = 4, see [153].
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roposition 6. The combination (λ3θ5) is in the cohomology of the pure spinor BRST operator.

roof. It is BRST closed

Q (λγmθ )(λγ nθ )(λγ pθ )(θγmnpθ ) = 3(λγmλ)(λγ nθ )(λγ pθ )(θγmnpθ ) (3.82)
− 2(λγmθ )(λγ nθ )(λγ pθ )(λγmnpθ ) = 0 .

The first term vanishes by the pure spinor constraint (3.26), while the vanishing of the second term (λγm)α(λγ n)β
(λγ p)γ (λγmnpθ ) = 0 can be seen by decomposing γmnp

= γmγ np
− δmnγ p

+ δmpγ n and using (A.45), (λγm)α(λγm)β = 0.
Moreover, (3.80) is not BRST exact,

(λγmθ )(λγ nθ )(λγ pθ )(θγmnpθ ) ̸= QΩ(λ, θ ) , (3.83)

because there is no scalar built from two λs and six θs. If there was aΩ(λ, θ ) such that QΩ = (λ3θ5), it would necessarily
be a scalar function containing two λs and six θs since Q θα = λα and the ∂m-admixture of λαDα can be dropped for
functions of only λ and θ . The SO(10) representation of two pure spinors λα is characterized by Dynkin labels (00002)
while six antisymmetric thetas are represented by (01020) ⊕ (20100), see Appendix D. However, their product [155]

(00002) ⊗

(
(01020) ⊕ (20100)

)
= (00011) ⊕ (00022) ⊕ 2(00120) ⊕ · · · (3.84)

has no scalar representation (00000). This shows that the putative BRST ancestor Ω(λ, θ ) in (3.83) cannot be constructed,
finishing the proof. □

In the formulation of the prescription (3.76), we have chosen legs 1, n−1 and n to be represented by an unintegrated
ertex operator Vj at fixed locations z1, zn−1, zn. It remains to verify that any other choice of three legs to appear in the
nintegrated picture leads to the same result for each color-ordered amplitude.

roposition 7. The disk amplitude prescription (3.76) does not depend on which triplet {i, j, k} of the external legs enters via
nintegrated vertex operators Vi(zi)Vj(zj)Vk(zk) at fixed punctures zi, zj, zk on the compactified real line.

Proof. Following the strategy of [154], it is sufficient to show that the representation Vi,
∫
dzi+1 Ui+1 of neighboring states

i and i+1 can always be swapped to
∫
dzi Ui, Vi+1, i.e.⟨⟨

V1(0)
∫ 1

0
dz2 U2(z2)

n−2∏
j=3

∫ 1

zj−1

dzj Uj(zj)Vn−1(1)Vn(∞)

⟩⟩

=

⟨⟨ ∫ 0

−∞

dy U1(y)V2(0)
n−2∏
j=3

∫ 1

zj−1

dzj Uj(zj)Vn−1(1)Vn(∞)

⟩⟩
. (3.85)

Since QUj(w) =
∮
dz λαdα(z)Uj(w) = ∂Vj(w), we can rewrite the left-hand side via

V1(0)Vn(∞) =

∫ 0

−∞

dy ∂V1(y)Vn(∞) =

∫ 0

−∞

dy Q
(
U1(y)

)
Vn(∞) . (3.86)

In the first step, we have discarded V1(∞)Vn(∞) by the so-called ‘‘canceled-propagator argument’’ [12] which states that
terms with colliding vertex operators Vi(z)Vj(z) or Vi(z)Uj(z) identically vanish. As a next step, we deform the integration
contour of the BRST current λαdα such that it encircles all the vertex operators apart from U1:⟨⟨

V1(0)
∫ 1

0
dz2 U2(z2)

n∏
j=3

∫ 1

zj−1

dzj Uj(zj)Vn−1(1)Vn(∞)

⟩⟩

= −

⟨⟨∫ 0

−∞

dy U1(y)
∫ 1

0
dz2 Q

[
U2(z2)

n∏
j=3

∫ 1

zj−1

dzj Uj(zj)Vn−1(1)Vn(∞)
]⟩⟩

= −

⟨⟨∫ 0

−∞

dy U1(y)
∫ 1

0
dz2 ∂V2(z2)

n∏
j=3

∫ 1

zj−1

dzj Uj(zj)Vn−1(1)Vn(∞)

⟩⟩

= +

⟨⟨∫ 0

−∞

dy U1(y)V2(0)
n∏

j=3

∫ 1

zj−1

dzj Uj(zj)Vn−1(1)Vn(∞)

⟩⟩
(3.87)

n passing to the third line, terms where Q acts on the Uj vertices with 3 ≤ j ≤ n−2 were discarded due to the
anceled-propagator argument: it forces both boundary terms of the

∫ 1
zj−1

dzj ∂Vj(zj) integrals to vanish,( )

. . . Uj−1(zj−1) Vj(1) − Vj(zj−1) . . . Vn−1(1) . . . = 0 . (3.88)
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n the other hand, the integral over QU2 = ∂V2 contributes non-trivially to the last line of (3.87): while the upper
integration limit z2 = 1 cancels due to V2(1) . . . Vn−1(1) = 0, the lower one z2 = 0 generically does not coincide with the
position y of U1, i.e. U1(y)V2(0) ̸= 0. □

As we have seen in (3.48), the worldsheet action in the pure spinor formalism is spacetime supersymmetric. This
means that the OPEs among its worldsheet fields have the appropriate transformations under the generators Qα in (3.47)
and will not violate supersymmetry. However, one still needs to show that the zero-mode integration rule (3.81) for the
disk-amplitude prescription (3.76) preserves the supersymmetric nature of the formalism.

Proposition 8. The disk-amplitude prescription (3.76) is supersymmetric [1].

Proof. We will show that the supersymmetry variation of the amplitude under δθα = ϵα vanishes, i.e. that δA(1, . . . , n) =

0. Note that the only possibility of getting a non-vanishing result after the supersymmetry transformation δθα = ϵα is if
the correlator in the amplitude (3.76) contains a term of the form

A(P) =

∫
D(P)

dz2 · · · dzn−2 ⟨(λγmθ )(λγ nθ )(λγ pθ )(θγmnpθ )(θαΦα(z, e, χ, k) + . . .)⟩ (3.89)

for someΦα(z, e, χ, k) depending on the worldsheet positions zi of all open-string vertex operators as well as polarizations
em, χα and momenta km. The zero-mode integration (3.81) would then imply the supersymmetry variation to be δA =∫
dz2· · ·

∫
dzn−2ϵ

αΦα(z, e, χ, k). To see why this variation must be zero, note that the result of the OPE calculation in
the amplitude prescription (3.76) leads to an amplitude that can be written as

∫
dz2· · ·

∫
dzn−2⟨λ

αλβλγ fαβγ (θ, e, χ, k)⟩
for some function f depending on the zero modes of θ and on the momenta and polarizations of the open-string states.
However, the amplitude must be BRST invariant, so its correlator must be such that∫

D(P)
dz2 · · · dzn−2 λ

αλβλγ λδDδ fαβγ (θ, e, χ, k) = 0 . (3.90)

Using the function f following from (3.89) and plugging it into (3.90) we conclude∫
D(P)

dz2 · · · dzn−2 λ
αλβλγ λδΦδ(z, e, χ, k) = 0 . (3.91)

This vanishing is only possible if Φδ is a total worldsheet derivative, Φδ = ∂(. . .), implying that the supersymmetry
variation of the amplitude vanishes after integration, δA = 0. □

3.4.3. The field-theory limit
Disk amplitudes of massless open-superstring states reduce to n-point tree-level amplitudes among the supermultiplet

of ten-dimensional SYM [87] when the dimensionless combinations α′ki ·kj are taken to be small [156–159]. We will refer
o this low-energy regime as the field-theory limit and informally write α′

→ 0. Since the scattering energies are small in
omparison to the inverse string-length scale, this limit can also be thought of as shrinking the string to a point particle.
Throughout this review, SYM tree-level amplitudes in the field-theory limit will be denoted by A(1, . . . , n) when they

ontain all states in the supermultiplet, i.e.

A(1, 2, . . . , n) = lim
α′→0

A(1, 2, . . . , n) . (3.92)

s will be illustrated in Section 3.4.5 below, the superstring-amplitude prescription (3.76) yields formal sums of
omponent amplitudes with external bosons and fermions since the pure spinor formalism is manifestly supersymmetric.
hen restricted to bosonic external states, the field-theory tree-level amplitudes will be denoted by AYM(1, 2, . . . , n).
he construction of SYM tree-level amplitudes A(1, 2, . . . , n) using pure spinor cohomology methods will be described
n Section 5.2, and the alternative derivation from the α′

→ 0 limit of the superstring amplitude will be reviewed in
ection 6.5 (see also (7.42)).

.4.4. Pure spinor superspace
Superfield expressions containing the zero modes of three pure spinors define pure spinor superspace [1,160]

λαλβλγ fαβγ (θ, e, χ, k) , (3.93)

here fαβγ (θ, e, χ, k) represents a function containing zero modes of θα as well as gluon and gluino polarizations and
omenta. It is easy to see that such expressions necessarily arise from the amplitude prescription (3.76) after integrating

he non-zero modes via OPEs as outlined above. For example, the massless three-point disk amplitude A(1, 2, 3) =

V1V2V3⟩ leads to the pure spinor superspace expression fαβγ (θ, e, χ, k) = A1
α(θ )A

2
β (θ )A

3
γ (θ ), see (2.17) for the θ-expansion

f the SYM superfields Ai
α(θ ).

As seen above, the final step in the computation of string disk amplitudes boils down to integrating out the zero modes
f three pure spinors and five θs using the prescription (3.81). These zero-mode integrations result in the component
27
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xpansion of the amplitude under consideration written as a scalar function of polarizations and momenta. Let us write
he most general form of a pure spinor superspace expression containing five θs as

λαλβλγ θ δ1θ δ2θ δ3θ δ4θ δ5 fαβγ |δ1δ2δ3δ4δ5 (e, χ, k) , (3.94)

where (e, χ, k) indicates a dependence on gluon and gluino polarizations as well as their momenta. We need to extract
the Lorentz contractions of polarizations and momenta from pure spinor superspace expressions like (3.94). This can be
done on the basis of the group-theory statement that there is only one scalar built from three pure spinors λα and five
unconstrained θs.

Lemma 2. There is only one scalar representation in the decomposition of three pure spinors and five unconstrained fermionic
Weyl spinors of SO(10).

Proof. This follows from the tensor product of SO(10) representations (00003) corresponding to three pure spinors λαλβλγ

and (00030) ⊕ (11010) corresponding to θ δ1θ δ2θ δ3θ δ4θ δ5 [155]

(00003) ⊗
(
(00030) ⊕ (11010)

)
= 1 × (00000) ⊕ 2 × (00011) ⊕ · · · , (3.95)

where the scalar (00000) occurs with multiplicity one. □

The above Lemma means that any expression containing three λs and five θs can be reduced to its scalar component
(λ3θ5) with proportionality constants given entirely in terms of Kronecker deltas, gamma matrices and Levi-Civita ϵ10
tensors. This will be exploited in Appendix E to build up a catalog of various pure spinor correlators.

For example, suppose we have the pure spinor superspace expression ⟨(λγmθ )(λγ nθ )(λγ pθ )(θγabcθ )⟩ with free vector
ndicesm, n, p and a, b, c. In order to use the rule (3.81) one needs to extract its scalar component (λ3θ5). Because we know
from the Lemma above that there is only one scalar representation in this product, this is easily done using symmetry
arguments alone. The result is

⟨(λγmθ )(λγ nθ )(λγ pθ )(θγabcθ )⟩ = 24δmnp
abc , (3.96)

where δmnp
abc is the generalized Kronecker delta (A.9). To see this, observe that the right-hand side is the unique term

that is antisymmetric in both [mnp] and [abc], as required by the symmetries of the left-hand side. The proportionality
constant can be fixed by contracting the vectorial indices on both sides with δamδ

b
nδ

c
p: On the left-hand side we get ⟨(λ3θ5)⟩,

while the right-hand side reduces to 24 × 120 = 2880 (using δmnp
mnp =

(10
3

)
= 120, see (A.11)). Therefore we recover the

normalization (3.81), and the Lemma guarantees that this is the correct tensor.
For another example, consider ⟨(λγmθ )(λγ nθ )(λγ pθ )(χγnθ )(ψγpθ )⟩, for two arbitrary Weyl spinors χ and ψ . Based on

the Fierz identity (A.18), θαθβ =
1
96γ

αβ
rst (θγ rstθ ), we obtain

⟨(λγmθ )(λγ nθ )(λγ pθ )(θγnχ )(θγpψ)⟩ = −
1
96

(χγnγ rstγpψ)⟨(λγmθ )(λγ nθ )(λγ pθ )(θγrstθ )⟩

= −
1
4
(χγnγmnpγpψ) = 18(χγmψ) , (3.97)

here we used (3.96) and γnγmnpγp = −72γm. For an alternative derivation, see [154]. And for a more in-depth excursion
on the evaluation of pure spinor superspace zero-mode correlators, see Appendix E.

3.4.5. Component expansion from pure spinor superspace
As an illustration of the above steps, the supersymmetric three-point tree amplitude following from (3.76) is given by

A(1, 2, 3) = ⟨(λA1)(λA2)(λA3)⟩ (3.98)
= A(1b, 2b, 3b) + A(1b, 2f , 3f ) + A(1f , 2b, 3f ) + A(1f , 2f , 3b) ,

where the subscripts b or f refer to the bosonic or fermionic component polarizations, corresponding to the gluon or
gluino at the massless level of the open superstring. Note that the tree-level prescription (3.76) for less than four massless
external states does not involve any conformal fields of weight h = 1. Hence, the massless three-point amplitude does not
receive any contributions from OPEs and is entirely determined by the zero modes of λα , θα and their correlator (3.81).
Component amplitudes with an odd number of fermions (say A(1b, 2b, 3f ) or A(1f , 2f , 3f )) are absent from (3.98) due to
the zero-mode prescription (3.81).17

17 Contributions to ⟨(λA )(λA )(λA )⟩ from an odd number of fermions reside at even orders in θ which are annihilated by the prescription (3.81).
1 2 3
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hree-gluon amplitude. Evaluating the explicit component expansion for the three-gluon amplitude is a matter of plugging
n the θ-expansions (2.17) in Harnad–Shnider gauge and selecting the components with five θs which contain the gluon
ields. Doing this for the spinorial superpotential Aα , the only terms in the bosonic θ-expansion that can contribute are

Aα(X, θ ) →

{1
2
em(γmθ )α −

1
32

fmn(γpθ )α(θγmnpθ )
}
ek·X . (3.99)

It is easy to see that the term containing a gluon with θ5 in Aα(X, θ ) does not contribute because it leads to superspace
expressions of the form λ3θp≥7 once the terms from the other two vertex operators are taken into account, and this is
annihilated by the pure spinor bracket rule (3.81). There are three ways to saturate θ5 with bosonic contributions (3.99)
from each vertex, namely (θ1, θ1, θ3), (θ1, θ3, θ1) and (θ3, θ1, θ1). This results in the three-gluon component amplitude

A(1b, 2b, 3b) = −
1

128
em1 f

pq
2 en3⟨(λγ

mθ )(λγ rθ )(λγ nθ )(θγpqrθ )⟩ + cyc(1, 2, 3) , (3.100)

where the Koba–Nielsen factor from the plane waves eki·X evaluates to a constant (chosen as 1 together with an implicit
momentum-conserving delta function δ10(k1+k2+k3)) due to the on-shell condition k2i = 0 of massless external states.
As discussed above, symmetry arguments and the normalization condition (3.81) fix all pure spinor correlators and we
find (using (3.96) and δrr = 10)

⟨(λγmθ )(λγ rθ )(λγ nθ )(θγpqrθ )⟩ = 24δmrn
pqr = −64δmn

pq . (3.101)

Hence, the three-gluon amplitude (3.100) is given by

A(1b, 2b, 3b) =
1
2
em1 f

mn
2 en3 + cyc(1, 2, 3) (3.102)

= (e1 · k2)(e2 · e3) + cyc(1, 2, 3) ,

here we have applied transversality ei · ki = 0 and momentum conservation k1+k2+k3 = 0 in passing to the second
ine.

ne-gluon and two-gluino amplitude. There are three possible distributions of θ variables governing the contribution
rom the external states as one gluon and two gluinos: (1f , 2f , 3b), (1f , 2b, 3f ) and (1b, 2f , 3f ). For instance, to obtain
the amplitude with one gluon and two gluinos distributed as (1b, 2f , 3f ), we use the fermionic component expansion
λαAi

α(θ ) → −
1
3 (λγmθ )(θγ

mχi)eki·X in (2.17) for the external states i = 2, 3 and λαA1
α(θ ) →

1
2 e

1
m(λγ

mθ )ek1·X for the
xternal state i = 1 to get

A(1b, 2f , 3f ) =
1
18

em1 ⟨(λγmθ )(λγnθ )(λγpθ )(θγ nχ2)(θγ pχ3)⟩ = em1 (χ2γmχ3) , (3.103)

sing (3.97) in the last step.

upersymmetric three-point amplitude. Assembling all the different external-state contributions to the three-point ampli-
ude (3.98) yields

A(1, 2, 3) =
1
2
em1 f

mn
2 en3 + em1 (χ2γmχ3) + cyc(1, 2, 3) . (3.104)

iven the systematic nature of the above procedure, an implementation using FORM [161] has been written which
erforms these expansions automatically [162] (see also [163]).
In contrast to the three-gluon amplitude of the open bosonic string, the three-point superstring amplitude (3.104) is

ndependent on α′ and therefore coincides with the SYM amplitude,

A(1, 2, 3) = A(1, 2, 3) =
1
2
em1 f

mn
2 en3 + em1 (χ2γmχ3) + cyc(1, 2, 3) . (3.105)

For both color-ordered and color-dressed amplitudes of ten-dimensional SYM,

A(1, 2, . . . , n) = lim
α′→0

A(1, 2, . . . , n) , M(1, 2, . . . , n) = lim
α′→0

M(1, 2, . . . , n) (3.106)

we will use non-calligraphic letters to distinguish them from the analogous superstring quantities, see (3.79) for the
color-dressed open-string amplitude.

3.4.6. Preview of higher-point SYM amplitudes
In the same way as the single term V1V2V3 in the superspace expression for A(1, 2, 3) produces the six terms in (3.105)

upon component expansion, higher-point string and SYM amplitudes take a particularly compact form in pure spinor
superspace. For instance, we will see later that the six-point SYM tree-level amplitude can be written in pure spinor
superspace as

A(1, 2, . . . , 6) =
1 ⟨V12V34V56⟩

+
1 ⟨( V123

+
V321

)(V45V6
+

V4V56
)⟩

+ cyc(1, 2, . . . , 6) , (3.107)

3 s12s34s56 2 s12s123 s23s123 s45 s56
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n terms of multiparticle vertex operators VP subject to beautiful combinatorial properties that will be introduced below.
he expression (3.107) can be checked to be gauge invariant and supersymmetric in a couple of lines with pen and paper.
oreover, it evades BRST-exactness for purely kinematic reasons and lines up with a recursive structure of n-point SYM

ree amplitudes in pure spinor superspace. Here and below, our normalization conventions for Mandelstam invariants for
assless particles are

s12 = k1 · k2 =
1
2
(k1+k2)2 , s12...p =

p∑
1≤i<j

sij =
1
2
(k1+k2+ . . .+kp)2 . (3.108)

lready for the purely bosonic terms, the component expansion of (3.107) in terms of single-particle polarizations and
omenta produces more than 6700 terms. Still, we will see later that the complete component expansion of (3.107) can
e arranged in the compact form

A(1, 2, . . . , 6) =
1
2
em12f

mn
34 e

n
56 +

1
4

[
em123f

mn
45 e

n
6 + em45f

mn
6 en123 + em6 f

mn
123e

n
45 + (4 ↔ 6)

]
(3.109)

+ (X12γmX34)em56 +
1
2

[
(X123γmX45)em6 + (X45γmX6)em123 + (X6γmX123)em45 + (4 ↔ 6)

]
+ cyc(1, 2, . . . , 6)

n terms of recursively defined multiparticle Berends–Giele polarizations emP , X
α
P of (4.116) and field strengths fmn

P of (4.119)
nstead of single-particle polarizations and momenta. Similar objects also drive compact representations of supersymmet-
ic loop amplitudes in string and field-theory, and they are excellently suited for numerical computations [164].

The ten-dimensional polarization vectors in the bosonic components of expressions in pure spinor superspace
an be straightforwardly dimensionally reduced. In this way, one obtains scalar and gluon amplitudes in maximally
upersymmetric SYM in lower dimensions, say N = 4 in four dimensions. Upon insertion of spinor-helicity expressions,
3.107) and (3.109) then reproduce all the six-point MHV and NMHV components of N = 4 SYM at tree level. Hence,
ure spinor superspace elegantly unifies all the MHV, NMHV, NkMHV components upon reduction to four dimensions and

captures all the different functional forms of color-ordered amplitudes with particles of alike helicities in neighboring or
non-neighboring legs. The number of terms in the pure spinor superspace representations of n-point SYM amplitude
grows moderately with n thanks to the multiparticle formalism to be introduced below.

4. Multiparticle SYM in ten dimensions

OPEs among massless vertex operators of the pure spinor superstring feature rich patterns which led to a systematic
definition of multiparticle superfields of ten-dimensional SYM in [91–93], in both local and non-local forms. These
multiparticle superfields encompass arbitrary numbers of single-particle gluon and gluino states and can be constructed
independently of their OPE origins using field-theory methods, in particular Berends–Giele recursion relations [28] and
perturbiner methods [24–27]. The compatibility of OPE methods and field-theory methods follows from the fact that SYM
amplitudes are recovered from the α′

→ 0 limit of open-superstring amplitudes.18
Over time, the definition of multiparticle superfields led to an elegant symbiosis of an ever-increasing number of

related topics: their local version is at the heart of the local BCJ-satisfying numerators, and their non-local version is
used to relate the BCJ properties of the amplitudes as originating from standard finite gauge transformations. In addition,
multiparticle superfields appear in connection with planar binary trees leading to a combinatorial underpinning of the KLT
map [165,166] as well as the closely related S bracket [91] and contact-term map [93]. Ultimately, the use of multiparticle
uperfields simplifies the construction of expressions for scattering amplitudes of both SYM field theory and superstrings.

.1. Local superfields

The definition of local multiparticle superfields is inspired by OPE calculations of massless vertex operators (3.60)
nd (3.63) in the pure spinor formalism. These multiparticle superfields generalize in a natural way the single-particle
escription of ten-dimensional SYM theory reviewed in Section 2.2. For each of the standard four types of superfields
i
α(X, θ ), Ai

m(X, θ ), Wα
i (X, θ ) and F i

mn(X, θ ), the single-particle label i is generalized to labels for multiple particles,
haracterized either by words P such as P = 1234 or by nested Lie brackets as [[[1, 2], [3, 4]], 5]. As such, it will be
convenient to refer to their multiparticle counterparts collectively in a set KP

KP ∈ {AP
α(X, θ ), Am

P (X, θ ), Wα
P (X, θ ), Fmn

P (X, θ )} , (4.1)

ith obvious extension for K[P,Q ] where P and Q can themselves be nested brackets.
Calculations of superstring disk correlators revealed that there is a rich set of properties obeyed by the multiparticle

uperfields, reflected by the symmetry properties of their multiparticle labels. The symmetries in turn are attained
y various gauge transformations of the individual single-particle superfields and give rise to different definitions of

18 The detailed matching of multiparticle superfields constructed from OPEs and field-theory methods, up to non-linear gauge transformations,
relies on the propagator structure arising from the α′

→ 0 limit of the disk integrals (6.62), see Section 6.4.4.
30
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ultiparticle superfields, all related by gauge transformations. Of special importance is the gauge transformation leading
o Jacobi identities within the nested brackets characterizing the multiparticle state. We will see in Section 7.1 that this
auge leads to the color-kinematics duality of Bern, Carrasco and Johansson [30]. At the superfield level, this translates to
on-linear gauge transformations which act on multiparticle superfields defined recursively in the so-called Lorenz gauge.
The construction of the two-particle superfields is inspired by string-theory methods in the following way. The

nsertion of a gauge-multiplet state on the boundary of an open-string worldsheet is described by the pure spinor
ntegrated vertex operator (3.60),

Ui := ∂θαAi
α +ΠmAi

m + dαWα
i +

1
2N

mnF i
mn . (4.2)

n the computation of disk amplitudes with the prescription (3.76), the worldsheet fields of conformal weight one
∂θα,Πm, dα,Nmn

] contracting linearized superfields Ki with particle label i approach other linearized vertex operators
describing other particle labels. This is captured by OPE singularities (3.55) to (3.57) and lead to composite superfields at
their residues, dubbed multiparticle superfields.

The first example of a multiparticle superfield appears in [167] as the OPE residue of two massless vertex operators,
an integrated U2 describing SYM states with particle label 2 and an unintegrated V1 with particle label 1

V1(z1)U2(z2) ∼ z−k1·k2
21

L21(z1)
z21

, zij := zi−zj . (4.3)

n order to attain open-string conventions, we dropped the z ij dependence of the Koba–Nielsen factor,

⟨⟨

n∏
j=1

ekj·X(zj)⟩⟩ =

n∏
1≤i<j

|zij|−2ki·kj , (4.4)

i.e. extracted the disk correlator from the truncation |zij|−2ki·ki = z
−kj·ki
ji z

−kj·ki
ji → z

−kj·ki
ji of the n-point correlation

function (4.4) on the sphere. The Koba–Nielsen factor is most conveniently computed via path-integral methods as in
section 6.2.2 of [168], consistent with the OPE of plane waves ek1·X(z1)ek2·X(z2) ∼ |z21|−2k1·k2ek12·X(z2) and the equivalent

m(z1)ek2·X(z2) ∼ km2 z
−1
21 ek2·X(z2) of (3.57).

The superfield structure of the OPE is captured by

L21 = −Am
1 (λγmW2) − V1(k1 · A2) + Q (A1W2) (4.5)

hich has a simple BRST variation

QL21 = (k1 · k2)V1V2 , (4.6)

here Q = λαDα denotes the action of the BRST operator (3.53) of the pure spinor formalism on superfields independent
f ∂k≥1θ . The BRST-exact term Q (A1W2) in (4.5) does not contribute to the variation (4.6) and will be removed in passing
rom L21 to the two-particle superfield V12 below. In the context of (n ≥ 5)-point disk amplitudes, replacing L21 → V12
n the contribution from the V1(z1)U2(z2) anticipates the cancellation of terms ⟨−(A1W2)Q (U3 . . .)⟩ under integration by
arts in zj which are studied in detail at n = 5 [119] and n = 6 [169] and conjectural at higher n ≥ 7, cf. Section 6.1.
Proceeding recursively and defining higher-rank superfield building blocks [170]

L2131...(p−1)1(z1)Up(zp) ∼ z
−(k1+k2+...kp−1)·kp
p1

L2131...(p−1)1p1(z1)
zp1

(4.7)

ields BRST transformations such as

QL2131 = (k12 · k3)L21V3 + (k1 · k2)(L31V2 + V1L32) ,

QL213141 = (k123 · k4)L2131V4 + (k12 · k3)(L21L43 + L2141V3) (4.8)
+ (k1 · k2)(L3141V2 + L31L42 + L41L32 + V1L3242)

with a suggestive recursive structure. The collection of L2131...p1 is said to be BRST covariant since their Q -variation is
xpressible in terms of products of lower-rank building blocks (with Vj as their rank-one version) along with factors of
i · kj. Here and below, we are using the notation

k12...p = k1+k2+ . . .+kp (4.9)

or multiparticle momenta. However, a major shortcoming of the OPE residues L2131...p1 defined above is their lack of
ymmetry under exchange of labels 1, 2, 3, . . . , p. Luckily, the obstructions to having symmetry properties conspire to
RST-exact terms and can be removed by redefinitions that do not affect the desired amplitudes [21,91,171]. As a simple
xample of this phenomenon, the symmetric part of the rank-two OPE is BRST exact

L21 + L12 = Q
{
(A1W2) + (A2W1) − (A1 · A2)

}
. (4.10)

he spinor and vector superfields Aα and Am of D = 10 SYM can be distinguished by identifying the superfields that they
ontract — above these are Wα or A (and we only use the · for vector-index contractions, i.e. not for spinor indices). Using
m
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he BRST transformation properties of L2131..., these BRST-exact admixtures have been identified in [21] up to rank five,
nd their removal leads to a redefinition of the OPE residues that satisfy generalized Jacobi identities (see Section 4.1.5 for
heir definition). The outcome of this removal procedure is an improved family of multiparticle superfields V123...p dubbed
RST building blocks.
This approach was streamlined and further developed in [91] where all multiplicity-two superfields K12 were extracted

rom the OPE between two integrated vertices as the coefficients of the conformal fields in the OPE, following earlier
alculations in [119]

U1(z1)U2(z2) ∼ z−k1·k2−1
12

(
∂θα

[
(k1 · A2)A1

α − (k2 · A1)A2
α + DαA2

βW
β

1 − DαA1
βW

β

2

]
+Πm[

(k1 · A2)A1
m − (k2 · A1)A2

m + k2m(A2W1) − k1m(A1W2) − (W1γmW2)
]

+ dα
[
(k1 · A2)Wα

1 − (k2 · A1)Wα
2 +

1
4 (γ

mnW1)αF 2
mn −

1
4 (γ

mnW2)αF 1
mn

]
+

1
2
Nmn[(k1 · A2)F 1

mn − (k2 · A1)F 2
mn − 2k12m (W1γnW2) + 2F 1

maF
2
na

])
+ (1 + k1 · k2)z

−k1·k2−2
12

[
(A1W2) + (A2W1) − (A1 · A2)

]
. (4.11)

The superfields multiplying z−k1·k2−2
12 in the last line are located at Ki = Ki(zi), and the position of the Ki multiplying

z−k1·k2−1
12 is immaterial in the two-particle context of (4.11) since less singular terms z−k1·k2

12 are not tracked. Using the
relation ∂K = ∂θαDαK +ΠmkmK for superfields K independent of non-zero modes ∂θα and λα , cf. (3.68), we can absorb
the most singular piece ∼ z−k1·k2−2

12 into total z1, z2 derivatives and rewrite

U1(z1)U2(z2) → −z−k1·k2−1
12

(
∂θαA12

α +ΠmA12
m + dαWα

12 +
1
2
NmnF 12

mn

)
(4.12)

+ ∂1

(
z−k1·k2−1
12

[ 1
2 (A1 · A2) − (A1W2)

])
− ∂2

(
z−k1·k2−1
12

[ 1
2 (A1 · A2) − (A2W1)

])
.

traightforward calculations using the linearized SYM equations of motion (2.14) yield the following multiplicity-two
uperfields,

A12
α =

1
2

[
A2
α(k2 · A1) + Am

2 (γmW1)α − (1 ↔ 2)
]
,

Am
12 =

1
2

[
Am
2 (k2 · A1) + A1

pF
pm
2 + (W1γ

mW2) − (1 ↔ 2)
]
,

Wα
12 =

1
4 (γmnW2)αFmn

1 + Wα
2 (k2 · A1) − (1 ↔ 2) , (4.13)

Fmn
12 = Fmn

2 (k2 · A1) +
1
2F

[m
2 pF

n]p
1 + k[m

1 (W1γ
n]W2) − (1 ↔ 2) ,

here we reiterate our conventions F [m
2 pF

n]p
1 = Fm

2 pF
np
1 − F n

2 pF
mp
1 for antisymmetrization brackets. An interesting

bservation is that the two-particle field strength Fmn
12 admits a more conventional form

Fmn
12 = km12A

n
12 − kn12A

m
12 − (k1 · k2)(Am

1 A
n
2 − An

1A
m
2 ) (4.14)

ith a non-linear extension as compared to the linearized field-strength superfield Fmn
i = kmi A

n
i −kni A

m
i . More importantly,

the covariant nature of the BRST transformations observed in (4.8) generalizes to the whole set of superfields in K12. In
fact,

DαA12
β + DβA12

α = γm
αβA

12
m + (k1 · k2)(A1

αA
2
β + A1

βA
2
α) , (4.15)

DαAm
12 = γm

αβW
β

12 + km12A
12
α + (k1 · k2)(A1

αA
m
2 − A2

αA
m
1 ) ,

DαW
β

12 =
1
4 (γmn)αβFmn

12 + (k1 · k2)(A1
αW

β

2 − A2
αW

β

1 ) ,

DαFmn
12 = k[m

12 (γ
n]W12)α + (k1 · k2)

[
A1
αF

mn
2 + A[n

1 (γm]W2)α − (1 ↔ 2)
]
.

This set of superspace derivatives for the multiparticle superfields K12 mimic the single-particle case (2.14). The difference
involves contact-term corrections proportional to the Mandelstam invariant k1 · k2 = s12. We will see below that these
contact terms admit a generalization and can be compactly described by the so-called contact-term map acting on Lie
polynomials. In this review a ‘‘Lie polynomial’’ is understood to be any linear combination of terms that can be written in
terms of nested commutators. For a more mathematical definition, see [152].

The definition of multiplicity-two superfields can be formalized by

U12(z2) := −

∮
dz1 (z1 − z2)k1·k2U1(z1)U2(z2) (4.16)

= ∂θαA12
α +ΠmA12

m + dαWα
12 +

1
2N

mnF 12
mn ,

where the contour integral extracts the singular behavior of the approaching vertex operators as z1 → z2 and annihilates
the total derivatives w.r.t. z1, z2 spelled out in (4.12). Similar to the earlier remark below (4.6), the OPE of U1(z1)U2(z2)
in the context of (n ≥ 5)-point string amplitudes gives rise to additional contributions where the total derivatives act
32
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n z3, z4, . . .-dependent terms. By discarding BRST-exact terms and additional total derivatives, such contributions were
ound to cancel from five-point [119] and six-point [169] amplitudes, and their conjectural cancellation at higher points
s used in Section 6.

As we shall see below, these singularities on the worldsheet translate into propagators k−2
12 = 2s−1

12 of the gauge-
theory amplitude after performing the field-theory limit. In other words, OPEs in string theory govern the pole structure
of tree-level subdiagrams in SYM field theory obtained from the point-particle limit.

In addition to the multiplicity-two integrated vertex U12, we define the multiplicity-two version of the unintegrated
vertex as

V12 = λαA12
α . (4.17)

he two-particle equations of motion (4.15) imply that the single-particle relations QV1 = 0 and QU1 = ∂V1 generalize
as follows at multiplicity two [91]:

QV12 = (k1 · k2)V1V2 (4.18)
QU12 = ∂V12 + (k1 · k2)(V1U2 − V2U1) .

Note that the total derivatives in the last line of (4.12) are in one-to-one correspondence to the BRST-exact difference

V12 = L21 + Q
{

1
2 (A1 · A2) − (A1W2)

}
. (4.19)

The higher-multiplicity extensions of V12 and U12 to be constructed below also enjoy covariant BRST transformations
among multiparticle vertex operators such as

QV123 = (k1 · k2)
[
V1V23 + V13V2

]
+ (k12 · k3)V12V3 , (4.20)

QU123 = ∂V123 + (k1 · k2)(V1U23 − V23U1 + V13U2 + V2U13) + (k12 · k3)(V12U3 − V3U12) ,

whose systematics are accurately described by the contact-term map in the subsequent section.

4.1.1. The contact-term map
We will see in the discussion below that many formulae simplify if we have a general formula to associate contact

terms
∑

(kR · kS)(. . .) with general nested brackets of the form [P,Q ]. The algorithm to do this is called the contact-term
map and it was defined for the first time in [93] and further analyzed in [166]. This map encodes in a systematic manner
many properties that were implicitly used and assumed in several papers. Among its many useful properties, we will
see that the contact-term map C gives rise to the various contact terms in the local equations of motion of multiparticle
superfields. In addition, its combinatorial properties will allow us to prove that the later equations of motions of non-
local superfields exhibit a ‘‘deconcatenation property’’ in their non-linear terms, based on fine-tuned cancellations of the
contact terms and associated kinematic poles.

The contact-term map acting on a letter i and on Lie monomials [P,Q ] is defined by the following recursion [93,166]

C(i) := 0 , (4.21)
C([P,Q ]) := [C(P),Q ] + [P, C(Q )] + (kP · kQ )

(
P ⊗ Q − Q ⊗ P

)
,

where the Lie bracket in the space L of all Lie polynomials is extended canonically to L ⊗ L as

[A ⊗ B,Q ] := [A,Q ] ⊗ B + A ⊗ [B,Q ] , (4.22)
[P, A ⊗ B] := [P, A] ⊗ B + A ⊗ [P, B] ,

and we have kP = k1+k2+ · · · +kp for P = 12 . . . p according to the definition (4.9) for multiparticle momenta. To illustrate
the definition, some examples can be worked out to give

C([1, 2]) = (k1 · k2)(1 ⊗ 2 − 2 ⊗ 1) , (4.23)
C([[1, 2], 3]) = (k1 · k2)

(
[1, 3] ⊗ 2 + 1 ⊗ [2, 3] − [2, 3] ⊗ 1 − 2 ⊗ [1, 3]

)
+ (k12 · k3)

(
[1, 2] ⊗ 3 − 3 ⊗ [1, 2]

)
,

C([1, [2, 3]]) = (k2 · k3)
(
[1, 2] ⊗ 3 + 2 ⊗ [1, 3] − [1, 3] ⊗ 2 − 3 ⊗ [1, 2]

)
+ (k1 · k23)

(
1 ⊗ [2, 3] − [2, 3] ⊗ 1

)
,

C([[[1, 2], 3], 4]) = (k1 · k2)
(
[[1, 3], 4] ⊗ 2 + [1, 3] ⊗ [2, 4] + [1, 4] ⊗ [2, 3] + 1 ⊗ [[2, 3], 4]

− [[2, 3], 4] ⊗ 1 − [2, 3] ⊗ [1, 4] − [2, 4] ⊗ [1, 3] − 2 ⊗ [[1, 3], 4]
)

+ (k12 · k3)
(
[[1, 2], 4] ⊗ 3 + [1, 2] ⊗ [3, 4] − [3, 4] ⊗ [1, 2] − 3 ⊗ [[1, 2], 4]

)
+ (k123 · k4)

(
[[1, 2], 3] ⊗ 4 − 4 ⊗ [[1, 2], 3]

)
,

C([[1, 2], [3, 4]]) = (k · k )
(
[1, [3, 4]] ⊗ 2 + 1 ⊗ [2, [3, 4]] − [2, [3, 4]] ⊗ 1 − 2 ⊗ [1, [3, 4]]

)

1 2
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+ (k3 · k4)
(
[[1, 2], 3] ⊗ 4 + 3 ⊗ [[1, 2], 4] − [[1, 2], 4] ⊗ 3 − 4 ⊗ [[1, 2], 3]

)
+ (k12 · k34)

(
[1, 2] ⊗ [3, 4] − [3, 4] ⊗ [1, 2]

)
,

where the expression for C([[1, 2], 3]) for instance encodes the Mandelstam invariants in QU123 previewed in (4.20). By
definition, the contact-term map produces the antisymmetrized combinations P ⊗Q −Q ⊗P of Lie monomials. Therefore
t is convenient to consider the image of the contact-term map as being in the wedge product of Lie polynomials

P ∧ Q := P ⊗ Q − Q ⊗ P , (4.24)

hich implies that (4.22) becomes [A ∧ B, C] = [A, C] ∧ B + A ∧ [B, C]. Using this notation streamlines the output of the
contact-term map, for example

C([1, [2, 3]]) = (k2 · k3)
(
[1, 2] ∧ 3 + 2 ∧ [1, 3]

)
+ (k1 · k23)

(
1 ∧ [2, 3]

)
. (4.25)

Contact-term map and BRST charge. A definition, implicit in [93,166], extends the action of the contact-term map to L∧L
as

C(P ∧ Q ) = C(P) ∧ Q − P ∧ C(Q ) . (4.26)

From this definition it follows that

Lemma 3. The contact-term map is nilpotent,

C2
= 0 . (4.27)

Proof. See Appendix H.

The condition (4.27) turns out to be an important consistency check, as the contact-term map will be related to the
pure spinor BRST charge in the discussions below,

C ↔ QBRST . (4.28)

In addition, when acting on a left-to-right Dynkin bracket ℓ(P) = [[. . . [[p1, p2], p3], . . .], pn] defined in (C.1), it gives rise
to the deshuffle sums, as proven by induction [93]

C(ℓ(P)) =

∑
XjY=P

δ(Y )=R⊗S

(kX · kj)
[
ℓ(XR) ⊗ ℓ(jS) − ℓ(jR) ⊗ ℓ(XS)

]
=

∑
XjY=P

δ(Y )=R⊗S

(kX · kj)ℓ(XR) ∧ ℓ(jS) (4.29)

here the deshuffle map δ(Y ) is defined in (C.10) and the effect of the swap X ↔ j is to replace ⊗ → ∧ since the deshuffle
ap δ(Y ) = R ⊗ S is symmetric sum over R and S. For example,

C(ℓ(123)) = (k1 · k2)
(
1 ∧ ℓ(23) + ℓ(13) ∧ 2

)
+ (k12 · k3)ℓ(12) ∧ 3 . (4.30)

s we will see later, this is the same structure of the BRST variation of V123 seen in (4.72) and will play an important role
n motivating the correspondence (4.175) below.

The synergy between the contact-term map and multiparticle superfields will become more natural once we define
ow the Lie polynomials P and Q in the image of the contact-term map become labels of generic superfields19 K and T

(K ⊗ T )P⊗Q := KPTQ , (K ∧ T )P∧Q := KPTQ , (4.31)

nd extended by linearity. For example,

(Am
⊗ V )[[1,2],3]⊗[4,[5,6]] = Am

[[1,2],3]V[4,[5,6]] , (V ∧ V )s121∧2 = s12V1V2 . (4.32)

.1.2. Multiparticle superfield in the Lorenz gauge
The generalization of the single-particle linearized superfields of (2.14) to an arbitrary number of labels naturally leads

o a Lie-polynomial structure for the multiparticle labels. For a simplified definition sufficient for this review, P is a Lie
olynomial if it is a linear combination of words generated by nested Lie brackets acting on non-commutative letters
epresenting the particle labels. For example, P = [[1, 2], 3] = 123 − 213 − 312 + 321 is a Lie polynomial.

Initially defined by consistency of the resulting equations of motion in [91], the following recursive definition of
ultiparticle superfields was identified in [92] to correspond to a multiparticle version of superfields in the Lorenz gauge:

Â[P,Q ]

α =
1
2

[
ÂQ
α (kQ · ÂP ) + Âm

Q (γmŴP )α − (P ↔ Q )
]
, (4.33)

Âm
[P,Q ]

=
1
2

[
Âm
Q (kQ · ÂP ) + ÂP

n F̂
nm
Q + (ŴPγ

mŴQ ) − (P ↔ Q )
]
,

19 This notation deviates from the one used in [93].
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Ŵα
[P,Q ]

=
1
4
F̂ rs
P (γrsŴQ )α +

1
2
(kQ · ÂP )Ŵα

Q +
1
2
Ŵmα

Q ÂP
m − (P ↔ Q ) ,

F̂mn
[P,Q ]

=
1
2

[
F̂mn
Q (kQ · ÂP ) + F̂ p|mn

Q ÂP
p + F̂ [m

Q r F̂
n]r
P − 2γ [m

αβ Ŵ
n]α
P Ŵ β

Q − (P ↔ Q )
]
,

where the momentum indexed by a Lie polynomial is understood to be stripped of brackets, for example km
[1,[2,3]] = km123.

The hat in K̂[P,Q ] above distinguishes this definition in the Lorenz gauge from other definitions of multiparticle superfields
in other gauges, as we will see shortly. In order to complete (4.33) to a recursion, we define the multiparticle instances
of the higher-mass-dimension superfields in Section 2.3

Ŵmα
[P,Q ]

= kmPQ Ŵ
α
[P,Q ]

− (Âm
⊗ Ŵα)C([P,Q ]) , (4.34)

F̂m|pq
[P,Q ]

= kmPQ F̂
pq
[P,Q ]

− (Âm
⊗ F̂ pq)C([P,Q ]) ,

where the contact-term map C is defined in (4.21) and we are using the notation (4.31), for instance

F̂m|pq
[1,2] = km12F̂

pq
[1,2] − (k1 · k2)(Âm

1 F̂
pq
2 − Âm

2 F̂
pq
1 ) ,

F̂m|pq
[1,[2,3]] = km123F̂

pq
[1,[2,3]] − (k2 · k3)

(
Âm

[1,2]F̂
pq
3 + Âm

2 F̂
pq
[1,3] − Âm

[1,3]F̂
pq
2 − Âm

3 F̂
pq
[1,2]

)
(4.35)

− (k1 · k23)
(
Âm
1 F̂

pq
[2,3] − Âm

[2,3]F̂
pq
1

)
.

Like in the multiplicity-two case (4.14), the multiparticle field strength can be rewritten in a more conventional form as

F̂mn
[P,Q ]

= kmPQ Â
n
[P,Q ]

− kmPQ Â
m
[P,Q ]

− (Âm
⊗ Ân)C([P,Q ]) . (4.36)

The recursions (4.33) terminate with the single-particle superfields K̂i = Ki, and the resulting two-particle superfields in
Lorenz gauge turn out to match the expressions (4.13) obtained from OPEs, i.e. K̂[i,j] = Kij.

It is important to emphasize that the above recursions apply to arbitrary bracketing structures encompassed by P and
Q . For example,

Âm
[1,2] =

1
2

[
Âm
2 (k2 · Â1) + Â1

nF̂
nm
2 + (Ŵ1γ

mŴ2) − (1 ↔ 2)
]
, (4.37)

Âm
[[1,2],3] =

1
2

[
Âm
3 (k3 · Â[1,2]) + Â[1,2]

n F̂ nm
3 + (Ŵ[1,2]γ

mŴ3) − ([1, 2] ↔ 3)
]
,

Âm
[[1,2],[[3,4],5]] =

1
2

[
Âm

[[3,4],5](k345 · Â[1,2]) + Â[1,2]
n F̂ nm

[[3,4],5] + (Ŵ[1,2]γ
mŴ[[3,4],5]) − ([1, 2] ↔ [[3, 4], 5])

]
.

In addition, from the contact-term terms in C([[1, 2], [3, 4]]) as in (4.23), namely

C([[1, 2], [3, 4]]) = (k1 · k2)
(
[1, [3, 4]] ⊗ 2 + 1 ⊗ [2, [3, 4]] − [2, [3, 4]] ⊗ 1 − 2 ⊗ [1, [3, 4]]

)
+ (k3 · k4)

(
[[1, 2], 3] ⊗ 4 + 3 ⊗ [[1, 2], 4] − [[1, 2], 4] ⊗ 3 − 4 ⊗ [[1, 2], 3]

)
+ (k12 · k34)

(
[1, 2] ⊗ [3, 4] − [3, 4] ⊗ [1, 2]

)
, (4.38)

the field-strength (4.36) for P = [1, 2] and Q = [3, 4] becomes

F̂mn
[[1,2],[3,4]] = km1234Â

n
[[1,2],[3,4]] − kn1234Â

m
[[1,2],[3,4]] (4.39)

− (k1 · k2)
(
Âm

[1,[3,4]]Â
n
2 + Âm

1 Â
n
[2,[3,4]] − (1 ↔ 2)

)
− (k3 · k4)

(
Âm

[[1,2],3]Â
n
4 + Âm

3 Â
n
[[1,2],4] − (3 ↔ 4)

)
− (k12 · k34)

(
Âm

[1,2]Â
n
[3,4] − Âm

[3,4]Â
n
[1,2]

)
.

Identifying the pair of words P and Q for the superfields on the right-hand side of the above examples leads to further
applications of the recursions in (4.33) until eventually all superfields are of single-particle nature. Naturally, the number
of terms in the multiparticle superfields increases very rapidly when expanded down to single-particle superfields.
Fortunately, there is rarely the need for doing so as even component expansions using the top cohomology factor (3.81)
of pure spinor superspace can be performed efficiently at a multiparticle level, see Appendix F.

OPE channels and Catalan numbers. In presence of more than two vertex operators, different orders of performing the
OPEs lead to different multiparticle superfields. One can intuitively understand the different bracketings of the definition
(4.33) of multiparticle superfields in the Lorenz gauge and the associated vertex operators

V̂P := λα ÂP
α , ÛP := ∂θα ÂP

α +ΠmÂP
m + dαŴα

P +
1
2N

mnF̂ P
mn , (4.40)

n this way: three vertex operators U1(z1)U2(z2)U3(z3) admit two20 possible ways of performing two OPEs in sequence
hile preserving the order of zi on the disk: z2 → z1 and z3 → z1 or z3 → z2 and z2 → z1. These two possibilities lead

20 Of course, in a correlation function, the ordering of operators is arbitrary and will lead to index permutations of the multiparticle vertices. But
in the end, the BCJ-gauge counterpart U of Û will still be expressible in terms of U ,U , see Section 4.1.5.
[2,[1,3]] [2,[1,3]] [1,[2,3]] [[1,2],3]
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Û[[1,2],3](z1) , Û[1,[2,3]](z1) . (4.41)

In general, for a string of p vertex operators there will be Cp−1 bracketings, where Cp−1 is the (p−1)-th Catalan number.21
For example, the C3 = 5 bracketings corresponding to the different OPE orderings among neighboring vertices in the
correlation U1(z1)U2(z2)U3(z3)U4(z4) give rise to the following vertex operators at z1:

Û[[[1,2],3],4](z1) , Û[[1,[2,3]],4](z1) , Û[[1,2],[3,4]](z1) , Û[1,[[2,3],4]](z1) , Û[1,[2,[3,4]]](z1) . (4.42)

For example, the first vertex in (4.42) corresponds to performing the OPEs as z2 → z1 first, then z3 → z1 and z4 → z1.

4.1.3. Equations of motion of local multiparticle superfields in Lorenz gauge
The equations of motion satisfied by the local multiparticle superfields given in the recursive definition (4.33) can

be written in a similar fashion as their single-particle counterparts of (2.14). To see this we define an analogue of
∇α := Dα − Aα at the level of local multiparticle superfields as

∇
(L)
α K̂[P,Q ] := DαK̂[P,Q ] − (Âα ⊗ K̂ )C([P,Q ]) (4.43)

in terms of the contact-term map (4.21) and the notation (4.31).
With this definition, the equations of motion for the Lorenz-gauge superfields K̂[P,Q ] can be written as

∇
(L)
(α Â

[P,Q ]

β) = γm
αβ Â

[P,Q ]

m , ∇
(L)
α Âm

[P,Q ]
= kmPQ Â

[P,Q ]

α + (γmŴ[P,Q ])α , (4.44)

∇
(L)
α Ŵ β

[P,Q ]
=

1
4
(γmn)αβ F̂ [P,Q ]

mn , ∇
(L)
α F̂mn

[P,Q ]
=

(
Ŵ [m

[P,Q ]
γ n])

α
,

which assume exactly the same form as their non-linear counterparts (2.11). After expanding out the derivatives ∇
(L)
α in

(4.43), the local equations of motion for the Lorenz-gauge superfields (4.44) are given by

D(α Â
[P,Q ]

β) = γm
αβ Â

[P,Q ]

m + (Âα ⊗ Âβ )C([P,Q ]) , (4.45)

Dα Â[P,Q ]

m = (γmŴ [P,Q ])α + kPQm Â[P,Q ]

α + (Âα ⊗ Âm)C([P,Q ]) ,

DαŴ
β

[P,Q ]
=

1
4
(γmn)αβ F̂ [P,Q ]

mn + (Âα ⊗ Ŵ β )C([P,Q ]) ,

Dα F̂mn
[P,Q ]

=
(
Ŵ [m

[P,Q ]
γ n])

α
+ (Âα ⊗ F̂mn)C([P,Q ]) .

In the simplest case P = 1 and Q = 2, the contact-term map produces a factor of k1 · k2 and we recover the two-particle
equations of motion (4.15) upon noting that K̂[i,j] = Kij. To illustrate the above equations, consider the equation of motion
Dα Â

[P,Q ]

m for [P,Q ] = [[1, 2], 3]. Using the contact-term map C([[1, 2], 3]) from (4.23) leads to

Dα Âm
[[1,2],3] = (γmŴ[[1,2],3])α + km123Â

[[1,2],3]
α (4.46)

+ (k1 · k2)
(
Â[1,3]
α Âm

2 + Â1
α Â

m
[2,3] − Â[2,3]

α Âm
1 − Â2

α Â
m
[1,3]

)
+ (k12 · k3)

(
Â[1,2]
α Âm

3 − Â3
α Â

m
[1,2]

)
,

hus recovering equation (3.20) from [91].

.1.4. Local multiparticle superfields in the BCJ gauge
The explicit calculations of string disk amplitudes at multiplicities five [119,170] and six [169] revealed a truly

ascinating pattern arising from a conjunction of factors: first, the double poles in the OPEs among massless vertex
perators can be integrated by parts within the full string integrand containing the Koba–Nielsen factor ∼

∏n
1≤i<j |zij|

−ki·kj ,
see (4.12) for a two-particle example. This amounts to redistributing the superfields in the double-pole terms among
various single-pole terms in the OPEs of the vertex operators. Second, the superfields in the numerators of the double poles
have the precise form that, once redistributed to single-pole terms via integration by parts, lead to effective single-pole
numerators that satisfy improved symmetry properties within their multiparticle labels — so-called generalized Jacobi
identities [172]. This mechanism hinges on the fact that the BRST-exact terms in (4.19) match the total derivatives in
(4.12).

Unfortunately, doing these calculations in practice is tedious, and currently the best justification for this mechanism is
the total-derivative distribution seen at the two-particle OPE (4.12) and extensive explicit cancellations in the six-point
disk amplitude of [169], see section 3.2 and appendix B.3 of the reference. Luckily after these patterns were understood
in [91] these integration-by-parts steps could be bypassed by the recursive procedure to be described below. However, it
remains a challenging open problem to rigorously prove the recursions from the OPE approach.

21 Catalan numbers are given by C =
1 (2n), and the simplest examples are C = 1, C = 2, C = 5 and C = 14.
n n+1 n 1 2 3 4
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Fig. 1. The symmetry mapping between a half-ladder cubic graph and the local SYM multiparticle superfields K ∈ {Aα, Am,Wα, Fmn
}.

4.1.5. Generalized Jacobi identities
In Section 4.1.6 below, we will introduce a gauge-transformed version KP of the multiparticle superfields K̂P in Lorenz

auge defined in (4.33). Before spelling out these redefinitions due to double-pole terms in OPEs, we shall here describe
he resulting symmetries of the multiparticle labels in KP . These symmetries can be summarized by

KAℓ(B)C + KBℓ(A)C = 0 , A, B ̸= ∅ , ∀ C , (4.47)

where ℓ(A) is the left-to-right Dynkin bracket,

ℓ(123 . . . n) := ℓ(123 . . . n−1)n − nℓ(123 . . . n−1) , ℓ(i) := i , ℓ(∅) := 0 , (4.48)

or instance ℓ(12) = 12 − 21 and ℓ(123) = 123 − 213 − 312 + 321. The symmetries (4.47) are known as the generalized
acobi identities in the mathematics literature [172] (see also section 8.6.7 of [152]).

These are the same symmetries obtained by a string of standard structure constants [173], or equivalently, by a Dynkin
racket

ℓ(1234 . . . p) ↔ K1234...p ↔ f 12a2 f a23a3 f a34a4 . . . f ap−1pap , (4.49)

ee Fig. 1. A few examples of generalized Jacobi identities are as follows

K12C + K21C = 0 , ∀ C ,

K123C + K231C + K312C = 0 , ∀ C , (4.50)
K1234C + K2143C + K3412C + K4321C = 0 , ∀ C .

Let A be a word and ℓ(A) its Dynkin bracket defined in (4.48). The generalized Jacobi identities correspond to the elements
in the kernel of ℓ. The simplest examples

ℓ(12 + 21) = 0 , ℓ(123 + 231 + 312) = 0 (4.51)

are tantamount to the antisymmetry and Jacobi identity of the Lie bracket.
Using Baker’s identity ℓ(Pℓ(Q )) = [ℓ(P), ℓ(Q )] [152], it is easy to see that Aℓ(B) + Bℓ(A) is in the kernel of ℓ for any

air of words A and B. In addition, due to the recursive definition of ℓ, if ℓ(P) = 0 it also follows that ℓ(PQ ) = 0 for the
oncatenation of P with any word Q . Therefore the generalized Jacobi identities can be encoded by an abstract operator
k

£k ◦ KABC := KAℓ(B)C + KBℓ(A)C , ∀ A, B ̸= ∅ and ∀ C such that |A| + |B| = k . (4.52)

We emphasize the arbitrary partition of non-empty words A and B in the above definition (while C can be empty), leading
to a non-unique operator £ . For instance

£3 ◦ K123 = K123 − K132 + K231 , for A = 1, B = 23 and C = ∅ , (4.53)
£3 ◦ K123 = K123 + K312 − K321 , for A = 12, B = 3 and C = ∅ .

However, if £2◦K123 = 0 then the right-hand sides of the above expressions agree and both are equal to K123+K231+K312.
For reasons to become clear later, multiparticle superfields that satisfy £kKP = 0 for all k ≤ |P| are said to be in the

BCJ gauge. When KP is in the BCJ gauge we use the notation

Kℓ(P) := KP . (4.54)

For example K[[1,2],3] in the BCJ gauge (not to be confused with the Lorenz gauge) is represented by K123. In particular,
with this notation we can write Baker’s identity for superfields in the BCJ gauge as

K[P,Q ] = KPℓ(Q ) . (4.55)

or example, K[12,34] = K1234 − K1243. The expansion of more general bracketings works similarly, and it amounts to
ewriting an arbitrary Lie monomial [Γ ,Σ] in the Dynkin bracket basis of ℓ(1P), for instance:

K = K − K − K + K − K + K + K − K . (4.56)
[[12,34],[5,67]] 1234567 1234576 1234675 1234765 1243567 1243576 1243675 1243765
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n addition, if KP with P = AiB and i a single letter satisfies generalized Jacobi identities, then it follows from (4.47) that

KAiB = −Kiℓ(A)B , A ̸= ∅ , ∀ B , (4.57)

s ℓ(i) = i for a letter i. This relation implies that there is an (p−1)! basis of permutations Ki1...ip of K12...p.

.1.6. Multiparticle superfields in the BCJ gauge
As mentioned above, explicit calculations of superstring disk amplitudes with the pure spinor formalism in [119,169,

70] led to the discovery that the superfield numerators of single-pole integrands were being redefined by the double-
ole terms under integration by parts.22 The end result of these redefinitions is an improved symmetry property of the
omposite superfields, which turns out to be the same as the generalized Jacobi identities of the previous section.
These calculations and observations led to the definition of multiparticle superfields in the BCJ gauge. Later computa-

ions in [91,92] suggested that these multiparticle superfields in the BCJ gauge could be computed by an intrinsic recursive
ethod – culminated in [93] – independent on the (fortuitous) interference between superstring OPEs and integration
y parts when multiplied by the Koba–Nielsen factor.23 The recursive method can be approached in two ways, each one
onvenient for different situations. Let us now review these.

rom a hybrid gauge to BCJ gauge. It is convenient to encode the redefinitions needed to attain the BCJ gauge by defining an
ntermediate set of multiparticle superfields in a hybrid gauge, denoted by Ǩ[P,Q ]. The definition of multiparticle superfields
n the hybrid gauge Ǩ[P,Q ] assumes that all superfields of lower multiplicities KP and KQ have been redefined to satisfy all
he generalized Jacobi identities, i.e. £kKP = 0 for k ≤ |P| (and similarly for Q ). We then define

Ǎ[P,Q ]

α =
1
2
[AQ
α (kQ · AP ) + Am

Q (γmWP )α − (P ↔ Q )] , (4.58)

Ǎm
[P,Q ]

=
1
2
[Am

Q (kQ · AP ) + AP
nF

nm
Q + (WPγ

mWQ ) − (P ↔ Q )] ,

W̌α
[P,Q ]

=
1
4
F rs
P (γrsWQ )α +

1
2
(kQ · AP )Wα

Q +
1
2
Wmα

Q Am
P − (P ↔ Q ) ,

F̌mn
[P,Q ]

=
1
2

[
Fmn
Q (kQ · AP ) + F r|mn

Q AP
r + F [m

Q rF
n]r
P − 2γ [m

αβW
n]α
P W β

Q − (P ↔ Q )
]
,

nd Ǩi = Ki, where the superfields KP and KQ on the right-hand side satisfy the generalized Jacobi identities £kKP = 0 for
≤ |P| and

Wmα
[P,Q ]

= kmPQW
α
[P,Q ]

− (Am
⊗ Wα)C([P,Q ]) , (4.59)

Fm|pq
[P,Q ]

= kmPQ F
pq
[P,Q ]

− (Am
⊗ F pq)C([P,Q ]) ,

re the local form of the multiparticle superfields of higher mass dimension defined in [92] involving the contact-term
ap C([P,Q ]) in (4.21) and the notation (4.31).
In contrast to the definitions (4.33) of Lorenz-gauge superfields K̂[P,Q ], in the hybrid gauge their definitions (4.58) are

ot recursive: The superfields Ǩ[P,Q ] on the left-hand side of (4.58) have to be redefined Ǩ[P,Q ] → K[P,Q ] before qualifying
as input on the right-hand side in the next step of the recursion.

The hybrid gauge leads to more convenient explicit expressions to arrive at multiparticle superfields in the BCJ gauge.
One can show that the following redefinitions

K[P,Q ] := Ǩ[P,Q ] −

∑
P=XjY

δ(Y )=R⊗S

(kX · kj)
[
H[XR,Q ] KjS − (X ↔ j)

]
(4.60)

+

∑
Q=XjY
δ(Y )=R⊗S

(kX · kj)
[
H[XR,P] KjS − (X ↔ j)

]
−

⎧⎨⎩
DαH[P,Q ] : K = Aα
kmPQH[P,Q ] : K = Am

0 : K = Wα

imply that the left-hand side satisfies all generalized Jacobi identities. Note that δ(Y ) in (4.60) denotes the deshuffle map
defined in (C.10) and the superfields H will be defined below. To illustrate the above redefinitions we write down explicit
examples for Am

[P,Q ]
up to multiplicity five (recall that Ǎm

i := Am
i and Ǎm

[i,j] := Am
ij )

Am
[12,3] = Ǎm

[12,3] − km123H[12,3] , (4.61)

22 The simplicity arising from integration by parts hinges on the fact that the double-pole terms in superspace are proportional to factors of
(1 + sijk...). Explicit computations up to six points show that this is the case in the pure spinor formalism.
23 The recursive construction in [91–93] of multiparticle superfields in the BCJ gauge in principle has no limitation in terms of multiplicity. Whether
the superfields in the BCJ gauge resulting from the recursive method agree with the result from manipulations of superstring integrands is not yet
mathematically proven beyond six points and is taken as an assumption in the calculations of Section 6.
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Am
[12,34] = Ǎm

[12,34] − km1234H[12,34]

− (k1 · k2)
[
H[1,34]Am

2 − H[2,34]Am
1

]
+ (k3 · k4)

[
H[3,12]Am

4 − H[4,12]Am
3

]
,

Am
[123,4] = Ǎm

[123,4] − km1234H[123,4]

− (k1 · k2)
[
H[13,4]Am

2 − H[23,4]Am
1

]
− (k12 · k3)H[12,4]Am

3 ,

Am
[1234,5] = Ǎm

[1234,5] − km12345H[1234,5]

− (k1 · k2)
[
H[134,5]Am

2 + H[14,5]Am
23 + H[13,5]Am

24 − (1 ↔ 2)
]

− (k12 · k3)
[
H[124,5]Am

3 + H[12,5]Am
34 − (12 ↔ 3)

]
− (k123 · k4)H[123,5]Am

4 ,

Am
[123,45] = Ǎm

[123,45] − km12345H[123,45]

− (k1 · k2)
[
H[13,45]Am

2 + H[1,45]Am
23 − (1 ↔ 2)

]
− (k12 · k3)

[
H[12,45]Am

3 − (12 ↔ 3)
]

+ (k4 · k5)
[
H[4,123]Am

5 − (4 ↔ 5)
]
.

The explicit expressions for the new superfields H[P,Q ] were obtained up to multiplicity five in [92] and for arbitrary
multiplicity in [93]:

H[i,j] = 0 , H[A,B] = (−1)|B|
|A|

|A| + |B|

∑
XjY=ȧB̃

(−1)|Y |H ′

Ỹ ,j,X
− (A ↔ B) , (4.62)

here ȧ and ḃ denote the letterifications of A and B as defined in (C.12) and

H ′

A,B,C := HA,B,C +

[1
2
H[A,B](kAB · AC ) + cyc(A, B, C)

]
(4.63)

−

[ ∑
XjY=A

δ(Y )=R⊗S

(kX · kj)
[
H[XR,B]H[jS,C] − (X ↔ j)

]
+ cyc(A, B, C)

]
,

HA,B,C := −
1
4
Am
A A

n
BF

mn
C +

1
2
(WAγmWB)Am

C + cyc(A, B, C) . (4.64)

t is straightforward to check that the superfields H[A,B] satisfy generalized Jacobi identities within A and B. This justifies
sing the notation where nested brackets are flattened, e.g. H[[[1,2],3],4] = H[123,4] in accordance with the notation (4.54).

The combination of (4.62), (4.63) and (4.64) reduces all the redefinitions (4.60) from hybrid gauge to BCJ gauge to products
of building blocks HA,B,C and (kAB · AC ).

The superfields H[P,Q ] in (4.62) up to multiplicity seven are given by

H[12,3] =
1
3

(
H ′

1,2,3

)
, (4.65)

H[123,4] =
1
4

(
H ′

12,3,4 − H ′

1,2,43

)
,

H[12,34] =
1
4

(
2H ′

1,2,34 − 2H ′

3,4,12

)
,

H[1234,5] =
1
5

(
H ′

123,4,5 − H ′

12,3,54 + H ′

1,2,543

)
,

H[123,45] =
1
5

(
2H ′

12,3,45 − 2H ′

1,2,453 − 3H ′

4,5,123

)
,

H[12345,6] =
1
6

(
H ′

1234,5,6 − H ′

123,4,65 + H ′

12,3,654 − H ′

1,2,6543

)
,

H[1234,56] =
1
6

(
2H ′

123,4,56 − 2H ′

12,3,564 + 2H ′

1,2,5643 − 4H ′

5,6,1234

)
,

H[123,456] =
1 (

3H ′
− 3H ′

− 3H ′
+ 3H ′

)
,

6 12,3,456 1,2,4563 45,6,123 4,5,1236
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H[123456,7] =
1
7

(
H ′

12345,6,7 − H ′

1234,5,76 + H ′

123,4,765 − H ′

12,3,7654 + H ′

1,2,76543

)
,

H[12345,67] =
1
7

(
2H ′

1234,5,67 − 2H ′

123,4,675 + 2H ′

12,3,6754 − 2H ′

1,2,67543 − 5H ′

6,7,12345

)
,

H[1234,567] =
1
7

(
3H ′

123,4,567 − 3H ′

12,3,5674 + 3H ′

1,2,56743 − 4H ′

56,7,1234 + 4H ′

5,6,12347

)
,

and the simplest non-vanishing instances of the primed superfields in (4.63) are

H ′

1,2,3 = H1,2,3 , (4.66)

H ′

12,3,4 = H12,3,4 +
1
6

[
H1,2,3(k123 · A4) − (3 ↔ 4)

]
.

or example, the explicit expressions for the first two superfields above are given by

H[12,3] = −
1
12

Am
1 A

n
2F

mn
3 +

1
6
(W1γmW2)Am

3 + cyc(1, 2, 3) , (4.67)

H[123,4] =
1
4
(H12,3,4 + H34,1,2) +

1
24

[
H1,2,3(k123·A4) − H1,2,4(k124·A3) + H3,4,1(k134·A2) − H3,4,2(k234·A1)

]
.

t is interesting to observe that the expressions for the superfields H[A,B] that lead to the BCJ gauge are not unique. In fact,
simpler explicit expressions can be derived using the Bern–Kosower formalism [174].

To complement the definition (4.60), the field strength in the BCJ gauge is defined using the contact-term map (4.21)

Fmn
[P,Q ]

= kmPQA
n
[P,Q ]

− knPQA
m
[P,Q ]

− (Am
⊗ An)C([P,Q ]) , (4.68)

ee the definition (4.31). Concretely, the above superfields can be explicitly checked to satisfy the generalized Jacobi
dentities. For example, using the notation (4.54) as Am

[1234,5] = Am
12345, one can see that

Am
12345 + Am

21435 + Am
34125 + Am

43215 = 0 , (4.69)

corresponding to the third identity in (4.50) with C = 5. In addition, long calculations demonstrate that

Am
12345 − Am

12354 + Am
45123 − Am

45213 − Am
45312 + Am

45321 = 0 , (4.70)

in agreement with the expansion (4.55) applied to Am
[123,45] + Am

[45,123] = 0.
As an alternative to the method above to obtain multiparticle superfields in the BCJ gauge, one can choose to go directly

from the Lorenz gauge to the BCJ gauge. The process is more or less the same, but the explicit formulae make it more
evident that the whole process corresponds to a finite gauge transformation of the corresponding perturbiner expansion
of Berends–Giele currents to be reviewed shortly. The discussion of these redefinitions is left for the Appendix G.

4.1.7. Equations of motion of multiparticle superfields in the BCJ gauge
Written in terms of the BRST charge Q = λαDα , the equations of motion for the multiparticle superfields in the BCJ

gauge become (k∅ := 0) [91]

QVP =

∑
P=XjY

δ(Y )=R⊗S

(kX · kj) VXRVjS , (4.71)

QAm
P = (λγmWP ) + kmP VP +

∑
P=XjY

δ(Y )=R⊗S

(kX · kj)
[
VXRAm

jS − VjRAm
XS

]
,

QW β

P =
1
4
(λγmn)βF P

mn +

∑
P=XjY

δ(Y )=R⊗S

(kX · kj)
[
VXRW

β

jS − VjRW
β

XS

]
,

QFmn
P = (λγ [nWm]

P ) +

∑
P=XjY

δ(Y )=R⊗S

(kX · kj)
[
VXRFmn

jS − VjRFmn
XS

]
,

where VP = λαAP
α is the multiparticle unintegrated vertex operator and the last line involves the superfield Wmα

P of higher
mass dimension defined in (4.59). In addition, the sum over P = XjY assembles the |P|−1 deconcatenations of the word
P into a word X , a single letter j, and a word Y . Moreover, δ(Y ) = R ⊗ S denotes the deshuffle (C.10) of the word Y into
the words R and S. A few examples help to illustrate the above formulae,

QV1 = 0 , (4.72)
QV12 = (k1 · k2)V1V2 ,

QV = (k · k )
[
V V + V V

]
+ (k · k )V V ,
123 1 2 1 23 13 2 12 3 12 3
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QV1234 = (k1 · k2)
[
V1V234 + V13V24 + V14V23 + V134V2

]
+ (k12 · k3)

[
V12V34 + V124V3

]
+ (k123 · k4)V123V4 ,

QV12345 = (k1 · k2)
[
V1V2345 + V13V245 + V134V25 + V1345V2

+ V135V24 + V14V235 + V145V23 + V15V234
]

+ (k12 · k3)
[
V12V345 + V124V35 + V1245V3 + V125V34

]
+ (k123 · k4)

[
V123V45 + V1235V4

]
+ (k1234 · k5)V1234V5 .

Note that the instances at rank ≤ 4 can be formally obtained from the BRST variations (4.6) and (4.8) of the OPE residues
upon promoting L2131...p1 → V123...p. In other words, the chain of redefinitions in (4.19) and generalizations to higher rank
preserve the form of the covariant BRST algebra.

Recalling the notation (4.54) Kℓ(P) := KP for superfields in the BCJ gauge, the BRST variations in (4.71) for the left-
to-right nested commutator ℓ(P) can be obtained as the special case [R, S] := ℓ(P) of the BRST variations for general
commutators

QV[R,S] =
1
2
(V ⊗ V )C([R,S]) , (4.73)

QAm
[R,S] = (λγmW[R,S]) + kmRSV[R,S] + (V ⊗ Am)C([R,S]) ,

QW β

[R,S] =
1
4
(λγmn)βFmn

[R,S] + (V ⊗ W β )C([R,S]) ,

QFmn
[R,S] =

(
λW [m

[R,S]γ
n])

+ (V ⊗ Fmn)C([R,S]) ,

here we are employing the notation (4.31) for the contact-term map. The fact that

(V ⊗ K )C(P) =

∑
P=XjY

δ(Y )=R⊗S

(kX · kj)
[
VXRKjS − (X ↔ j)

]
(4.74)

or superfields in the BCJ gauge was proven in Lemma 1 of [93].24
The multiparticle versions of the on-shell constraints km1 (γmW1)α = 0 = k1mF

mn
1 take a form similar to (4.71),

kmP (γmWP )α =

∑
P=XjY

δ(Y )=R⊗S

(kX · kj)
[
Am
XR(γmWjS)α − Am

jR(γmWXS)α
]
, (4.75)

kPmF
mn
P =

∑
P=XjY

δ(Y )=R⊗S

(kX · kj)
[
γ n
αβW

α
XRW

β

jS + AXR
m Fmn

jS − (X ↔ j)
]
,

or instance

km12(γmW12)α = (k1 · k2)
[
Am
1 (γmW2)α − Am

2 (γmW1)α
]
, (4.76)

k12m Fmn
12 = (k1 · k2)

[
2(W1γ

nW2) + A1
mF

mn
2 − A2

mF
mn
1

]
.

sing the multiparticle SYM superfields in the BCJ gauge, it is natural to define the multiparticle massless vertices in the
ure spinor formalism as

V[P,Q ] = λαA[P,Q ]

α , U[P,Q ] = ∂θαA[P,Q ]

α +ΠmA[P,Q ]

m + dαWα
[P,Q ]

+
1
2N

mnF [P,Q ]

mn , (4.77)

where [P,Q ] denotes an arbitrary Lie monomial, e.g. [[1, [2, 3]], [4, 5]]. The multiparticle equations of motion (4.73) and
the non-linear Dirac equation (4.75) imply the relations

QU[P,Q ] = ∂V[P,Q ] + (V ⊗ U)C([P,Q ]) (4.78)

between the two types of vertex operators, in lines with QU1 = ∂V1 and the rank-two example (4.18).

4.2. Non-local superfields and Berends–Giele currents

In addition to the local multiparticle superfields reviewed above, the pure spinor formalism naturally leads to another
class of multiparticle superfields containing kinematic poles in generalized Mandelstam invariants [91,171]. These non-
local SYM superfields are denoted collectively by KP and were dubbed Berends–Giele currents25 [171] due to their relation

24 The replacement Kℓ(P) → KP was left implicit in the proof of [93].
25 The story is longer than this since in [171] the relation with the standard Berends–Giele current JmP was observed from a structural similarity
etween the appearance of the superfield Berends–Giele current M in the pure spinor cohomology formula for SYM tree-level amplitudes and in
P
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ith the standard gluonic currents JmP defined by Berends and Giele in the 80s [28]. Specifically, they share the same
huffle symmetries, and the θ = 0 term in the Berends–Giele superfield current Am

P (θ ) in a suitable gauge is equal to JmP ,
ee Section 5 for a review.
Each local superfield representative in KP ∈ {AP

α, A
m
P ,W

α
P , F

mn
P } admits a corresponding Berends–Giele current with

ultiparticle label P = 12 . . . p denoted by calligraphic letters

KP ∈ {AP
α,A

m
P ,W

α
P ,F

mn
P } , (4.79)

tarting with K1 := K1 and

K12 =
K12

s12
, (4.80)

K123 =
K123

s12s123
+

K321

s23s123
,

K1234 =
1

s1234

(
K1234

s12s123
+

K3214

s23s123
+

K3421

s34s234
+

K3241

s23s234
+

K[12,34]

s12s34

)
,

ith generalized Mandelstam invariants defined in (1.23), s12...p =
1
2k

2
12...p. In contrast to the bosonic Berends–Giele

urrents in [28], the supercurrents KP also contain fermionic degrees of freedom as required by supersymmetry, and their
onstruction does not include any quartic vertices. Note that for historical reasons the Berends–Giele currents associated
o the local multiparticle unintegrated vertex VP = λαAP

α is denoted by MP rather than VP ,

MP = λαAP
α . (4.81)

More explicitly, M1 = V1 and

M12 =
V12

s12
, (4.82)

M123 =
V123

s12s123
+

V321

s23s123
,

M1234 =
1

s1234

(
V1234

s12s123
+

V3214

s23s123
+

V3421

s34s234
+

V3241

s23s234
+

V[12,34]

s12s34

)
.

n the early stages of unraveling the cohomology properties of multiparticle superfields with the pure spinor formalism,
he Berends–Giele currents KP were defined case by case to encompass all tree subdiagrams compatible with the ordering
f the external legs in P in such a way as to transform BRST covariantly [21,171]. For instance, from the equations of motion
4.72) we get

QM1 = 0 , (4.83)
QM12 = M1M2 ,

QM123 = M12M3 + M1M23 ,

QM1234 = M123M4 + M12M34 + M1M234 .

n contrast to QV123...p as given by (4.72), there are no explicit Mandelstam variables in (4.83) as the propagators s−1
i...j in

4.80) absorb the appearance of explicit momenta in the contact terms of the equations of motion of the local superfields.
rigorous proof of this statement from a combinatorial perspective can be found in (4.155). The generalization of (4.83)

o higher rank is given by [171]

Q MP =

∑
XY=P

MXMY (4.84)

nd it was proven in [92]. The sum involves all the |P|−1 deconcatenations XY=P of P into non-empty26 words X, Y , e.g.
= 12 . . . j and Y = j+1 . . . p with j = 1, 2, . . . , p−1 in case of P = 12 . . . p. These deconcatenations will be later on

ssociated with partitions of the p on-shell legs on two Berends–Giele currents while preserving the color ordering. For a
ombinatorial proof of (4.84) from the perspective of BRST variations of the composing local numerators VQ , see (4.178).
It is useful to define a BRST-exact superfield EP as

EP =

∑
XY=P

MXMY (4.85)

the role played by JmP in the standard Berends–Giele setup. It was much later in [92,175] that a rigorous relation between the superfield version
f the Berends–Giele currents KP and the standard bosonic JmP was established via Am(θ ). So in fact, the non-local superfields KP generalize the
erends–Giele currents in a supersymmetric manner and may also be named Berends–Giele supercurrents.
26 Defining M := 0, the restriction to non-empty words may be lifted and the general definition (1.22) may be applied.
∅
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hich will be used in the pure spinor cohomology formula for SYM tree-level amplitudes in Section 5.2. One can show
hat EP is conditionally BRST exact

EP = QMP if sP ̸= 0 , (4.86)

rovided that sP ̸= 0 is true as MP contains the propagator 1/sP . We will see later that this condition of the momentum
hase space is of crucial importance.
The connection between Berends–Giele currents subject to the deconcatenation equation (4.84) and the cubic tree

ubdiagrams compatible with a color ordered amplitude is supported by the following consistency check: the number
f terms or kinematic pole channels in M12...p is the Catalan number Cp−1 (see (5.19) below for a proof) which counts

the number of cubic diagrams in a color-ordered (p+1)-point tree amplitude. As the relation with the Catalan number
suggests, the definition of Berends–Giele currents admits a beautiful combinatorial interpretation in terms of planar binary
trees and is connected with the KLT matrix in many surprising ways [165,166,176]. We will return to this point later in
Section 4.3.

4.2.1. Non-linear wave equations and Berends–Giele currents
In [92] the definition of Berends–Giele currents was shown to arise from solutions of the non-linear wave equations

of ten-dimensional SYM theory in the Lorenz gauge

[∂m,Am
] = 0 . (4.87)

To show this one first needs to derive the non-linear wave equations obeyed by the superfields K ∈ {Aα,Am,Wα,Fmn
}.

This can be done starting from

□K = [∂m, [∂m,K]] (4.88)

and using the Jacobi identity together with ∂m = ∇
m

+ Am. That is,

□K = [∇
m

+ Am, [∂m,K]] (4.89)
= [[∇

m, ∂m],K] + [Am, [∂m,K]] + [Am, [∇m,K]] + [∇
m, [∇m,K]] .

The first term in the second line vanishes in Lorentz gauge (4.87) as [∂m,∇
m
] = −[∂m,Am

]. For the simpler choices of
superfields K → {∇α,∇m}, the last term of (4.89) can be converted to quadratic expressions in the non-linear fields using
the Dirac and super Yang–Mills equations (2.8). In the case of K → {Wα,Fmn

}, the analogous conversion necessitates the
equations of motion,27[

∇m,Wmα]
=

1
2

[
Fmn, (γmnW)α

]
, (4.90)[

∇p,Fp|mn]
= 2

[
Fmp,Fp

n]
+ 2

{
(W[mγ n])α,Wα

}
of the higher-dimension superfields Wmα

:= [∇
m,Wα

] and Fp|mn
:= [∇

p,Fmn
] from (2.20). Upon inserting (2.8) and (4.90)

into (4.89), one gets [92]:

□Aα =
[
Am, [∂

m,Aα]
]
+

[
(γmW)α,Am

]
, (4.91)

□Am
=

[
Ap, [∂

p,Am
]
]
+

[
Fmp,Ap

]
+ γm

αβ{W
α,Wβ

} ,

□Wα
=

[
Am, [∂

m,Wα
]
]
+

[
Am,Wα

m

]
+

1
2

[
Fmn, (γmnW)α

]
,

□Fmn
= [Ap, [∂

p,Fmn
]] + [Ap,Fp|mn

] + 2[Fmp,Fp
n
] + 2{(W[mγ n])α ,Wα

} ,

with the convention A[mBn]
= AmBn

−AnBm. We will see below that these equations are the precursors of supersymmetric
Berends–Giele recursion relations. In particular, the bosonic restriction of the equation for □Am will give rise to a
derivation of the standard Berends–Giele currents of [28].

4.2.2. Perturbiner solution
To solve the wave equations (4.91), it is convenient to use the perturbiner method of Rosly and Selivanov [24–27] by

expanding the superfields K ∈ {Aα,Am,Wα,Fmn
} as a series with respect to the generators t ij of a Lie algebra, summed

over all possible non-empty words P = p1p2 . . . p|P| [95] (note tP := tp1 tp2 · · · tp|P| )

K :=

∑
P

KP tPekP ·X
=

∑
i1

Ki1 t
i1eki1 ·X

+

∑
i1,i2

Ki1 i2 t
i1 t i2eki1 i2 ·X

+ · · · (4.92)

=

∞∑
p=1

∑
i1,i2,...,ip

1
p

Ki1 i2...ip [t
i1 , [t i2 , . . . , [t ip−2 , [t ip−1 , t ip ]] . . . ]]eki1 i2 ...ip ·X

,

27 The first line of (4.90) can be derived by applying the Clifford algebra [∇m,Wmα
] =

1
2 [∇m, [∇n, (γmγ nW)α + (γ nγmW)α]] followed by the Dirac

quation, Jacobi relations and the definition Fmn = −[∇m,∇n]. The second line of (4.90) in turn follows from [∇m,Fm|pq
] = [∇m, [∇

[p, [∇q],∇m
]]]

ombined with the super Yang–Mills equation and additional Jacobi relations.
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T
B
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ith coefficients given by KP , which will be identified with the Berends–Giele currents shortly. The second line follows
rom the shuffle symmetry (4.102) obeyed by the Berends–Giele currents and guarantees that K is Lie-algebra valued,
ee [177] for a proof. Note that we are implicitly considering the generators t i to be formally nilpotent28 t i . . . t i = 0 in
rder to avoid repetition of indices like in K112 or K121.
In order to derive recursion relations for the expansion coefficients KP ∈ {AP

α,A
m
P ,W

α
P ,F

mn
P }, we insert the series (4.92)

nto (4.91) and use the action of Box operator □ekP ·X
= 2sPekP ·X on the plane-wave factors of the superfields. By isolating

the coefficient of tP in the wave equations, one readily finds that

KP =
1
sP

∑
XY=P

K[X,Y ] , (4.93)

here the contribution from each deconcatenation of P into non-empty X, Y is a non-local version of (4.33)

A[P,Q ]

α =
1
2

[
AQ
α (kQ · AP ) + Am

Q (γmWP )α − (P ↔ Q )
]
, (4.94)

Am
[P,Q ]

=
1
2

[
Am

Q (kQ · AP ) + AQ
n F

mn
P + (WPγ

mWQ ) − (P ↔ Q )
]
,

Wα
[P,Q ]

=
1
2

[
Wα

Q (kQ · AP ) + Wmα
Q Am

P +
1
2
F rs

P (γrsWQ )α − (P ↔ Q )
]
,

Fmn
[P,Q ]

=
1
2

[
Fmn

Q (kQ · AP ) + Fp|mn
Q AP

p + F [m
Q rF

n]r
P + 2(WQγ

[mWn]
P ) − (P ↔ Q )

]
.

he definition Fmn
= −[∇

m,∇n
] and those of higher-mass-dimension superfields lead to the following Berends–Giele

urrents

Fmn
P = kmP A

n
P − knPA

m
P −

∑
XY=P

(
Am

X A
n
Y − Am

Y A
n
X

)
,

Wmα
P = kmP W

α
P +

∑
XY=P

(
Wα

XA
m
Y − Wα

Y A
m
X

)
, (4.95)

Fm|pq
P = kmP F

pq
P +

∑
XY=P

(
Fpq

X Am
Y − Fpq

Y Am
X

)
,

nd the above recursion terminates with the single-particle superfields Ki = Ki ∈ {Ai
α, A

m
i ,W

α
i , F

mn
i }. By comparing the

xpressions in (4.80) with the first few explicit expansions from (4.94) it is possible to recognize these expansions as the
erends–Giele currents obtained previously using BRST cohomology arguments.

.2.3. Equations of motion of Berends–Giele currents
By inserting the perturbiner expansions (4.92) of the SYM superfields in K into their non-linear equations of motion

2.12), one immediately obtains the equations of motion of the Berends–Giele currents in the form

DαAP
β + DβAP

α = γm
αβA

P
m +

∑
XY=P

(
AX
αA

Y
β − AY

αA
X
β

)
, (4.96)

DαAP
m = kPmA

P
α + (γmWP )α +

∑
XY=P

(
AX
αA

Y
m − AY

αA
X
m

)
,

DαW
β

P =
1
4
(γmn)αβFP

mn +

∑
XY=P

(
AX
αW

β

Y − AY
αW

β

X

)
,

DαFmn
P = (W [m

P γ
n])α +

∑
XY=P

(
AX
αF

mn
Y − AY

αF
mn
X

)
y comparing coefficients of the products of gauge generators tP on both sides. Apart from the deconcatenation sum
XY=P , these equations of motion have the same form as the linearized ones (2.14). For example the two- and

hree-particle equations of motion of A12
α and A123

α read

DαA12
β + DβA12

α = γm
αβA

12
m + A1

αA
2
β − A2

αA
1
β , (4.97)

DαA123
β + DβA123

α = γm
αβA

123
m + A1

αA
23
β + A12

α A3
β − A23

α A1
β − A3

αA
12
β .

hese equations lead to a simple proof of the deconcatenation property (4.84), based on the action of the pure spinor
RST charge on superfields via Q = λαDα . Therefore, multiplying the first equation of (4.96) by λαλβ and using the pure
pinor constraint λαλβγm

αβ = 0 together with anti-commutativity of the superfields, one recovers the variation (4.84).

28 In the original perturbiner discussion of [24], repeated indices are avoided by adjoining nilpotent symbols E i to each t i in the expansion (4.92).
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As we will review later, these simple equations of motion for KP play a key role in various proofs of BRST invariance
f scattering amplitudes in string and field theory, see [21,170,171] for examples at tree level and [173,178–182] at loop
evel. The need for superfields that represent multi-particle contact vertices on a skeleton graph was also observed in the
orldline version of the pure spinor formalism [183,184].
In addition, the Lorenz gauge as well as the Dirac and super Yang–Mills equations [95][

∂m,Am]
= 0 ,

[
∇m, (γmW)α

]
= 0 ,

[
∇m,Fmn]

= γ n
αβ

{
Wα,Wβ

}
(4.98)

imply, after using ∇m = ∂m − Am, that the Berends–Giele currents satisfy

kPmA
m
P = 0 , (4.99)

kPm(γ
mWP )α =

∑
XY=P

[
AX

m(γ
mWY )α − AY

m(γ
mWX )α

]
, (4.100)

kPmF
mn
P =

∑
XY=P

[
2(WXγ

nWY ) + AX
mF

mn
Y − AY

mF
mn
X

]
. (4.101)

While (4.100) and (4.101) have local counterparts (4.75) in BCJ gauge, the local multiparticle-superfields Am
P subject to

generalized Jacobi identities depart from Lorenz gauge and generically obey kPmA
m
P ̸= 0.

4.2.4. Symmetry properties of Berends–Giele currents
The symmetry properties of the KP can be inferred from their cubic-graph expansion and can be summarized in terms

of the shuffle product ´

KA´B = 0 , ∀ A, B ̸= ∅ , (4.102)

see (4.139) below for the proof. For example,

0 = K1´2 = K12 + K21 , (4.103)
0 = K1´23 = K123 + K213 + K231 ,

0 = K12´3 − K1´32 = K123 − K321 .

The shuffle symmetry (4.102) was proved for the gluonic currents JmP of Berends and Giele in [185], while a proof of
KA´B = 0 for their supersymmetric counterparts K ∈ {Aα,Am,Wα,Fmn

} can be found in the appendix of [92]. Since the
θ-independent component of the Berends–Giele current of the vector connection reduces to the gluonic Berends–Giele
current after setting the fermionic polarizations to zero, Am

P (θ = 0)|χj=0 = JmP , the supersymmetric proof of [92] yields an
alternative proof of the shuffle symmetry of the standard Berends–Giele current JmP .

The shuffle symmetry (4.102) implies that the Berends–Giele currents admit a (p−1)!-element basis of permutations
Ki1...ip of K12...p which can be taken as K1σ (23...p) with σ ∈ Sp−1 via Schocker’s identity [186]

KB1A = (−1)|B|K1(A´B̃) , (4.104)

where B̃ denotes the word reversal of B, see Section 1.3. In particular, for A = ∅ we get the alternating parity under
reversal of P ,

KP = (−1)|P|+1KP̃ , (4.105)

for example, K12 = −K21 and K123 = K321, as can be seen from (4.103).

4.2.5. Berends–Giele currents and finite gauge transformations
It was shown in [92,93] that in terms of the perturbiner series of Berends–Giele currents K, the local superfield

redefinitions reviewed in the previous section correspond to a finite gauge transformation of the superfields K satisfying
the non-linear field equations (2.11). To see this, one can explicitly check that the poles in the definition of the Berends–
Giele current cancel the contact terms present in the local redefinitions from Lorenz to BCJ gauge (this will be proven in
(4.155)). More explicitly, we first define a perturbiner series of the redefining superfields as (recall e.g. t123 := t1t2t3 etc.)

H :=

∑
P

HP tPekP ·X , (4.106)

as well as Lorenz KL and BCJ KBCJ perturbiner series in which the numerators are composed of local superfields in the
Lorenz or BCJ gauge, respectively. For example,

KBCJ
123 =

K[12,3]
+

K[1,23]
, KL

123 =
K̂[[1,2],3]

+
K̂[1,[2,3]]

, (4.107)

s12s123 s23s123 s12s123 s23s123
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ith K̂[P,Q ] = −K̂[Q ,P] from (4.33). The local redefinitions from Lorenz to BCJ gauge of the vector superpotential

Am
[12,3] = Âm

[[1,2],3] − km123Ĥ[12,3] , Am
[1,23] = Âm

[1,[2,3]] − km123Ĥ[1,23] (4.108)

with Ĥ[12,3] defined by (G.6)) imply that their perturbiner series are related by

Am,BCJ
123 = Am,L

123 − km123H123 , H123 =
Ĥ[12,3]

s12s123
+

Ĥ[1,23]

s23s123
, (4.109)

orresponding to the gauge transformation

ABCJ
m = AL

m − [∂m,H] + [AL
m,H] + · · · . (4.110)

he ellipsis indicates additional terms of a finite gauge transformation (see below) that do not contribute to (4.109) since
1 = H12 = 0 at multiplicities one and two vanish identically. In fact, the calculations of [93] using superfields up to
ultiplicity nine revealed that the relation between the Lorenz and BCJ gauges is given by a finite gauge transformation

ABCJ
m = UAL

mU
−1

+ ∂mUU−1 , U = exp(−H) (4.111)

whose expansion yields the omitted terms in (4.110) as an infinite series

ABCJ
m = AL

m + [H, ∂m] − [H,AL
m] −

1
2
[H, [H, ∂m]] +

1
2
[H, [H,AL

m]] +
1
3!

[H, [H, [H, ∂m]]] + · · · . (4.112)

Following [187], one can obtain the series (4.112) iteratively. To see this, define [188]

Lj(Am) = Am −
1
j
[∂m,H] −

1
j
[H,Lj+1(Am)] (4.113)

and evaluate

ABCJ
m = L1(AL

m) . (4.114)

The fact that it is the gauge transformation (4.112) that relates the superfields ABCJ
m and AL

m justifies the terminology of
their corresponding local superfields as being in the Lorenz (K̂[P,Q ]) or BCJ gauge (K[P,Q ]).

4.2.6. The multiparticle Berends–Giele polarizations
In Section 2.2.1 we have seen that the linearized superfields admit a θ-expansion where each component depends

on single-particle polarizations emi , χ
α
i and field-strengths, f mn

i . In principle, the recursive construction of multiparticle
Berends–Giele currents at the superspace level also determines the coefficients in their θ-expansion in terms of single-
particle polarizations. However, the tensor structure of the θ-expansion (2.17) in the single-particle case is not preserved
under the Lorenz-gauge recursion (4.93) and (4.94): generic orders in the θ-expansion of multiparticle KP in Lorenz gauge
will receive multiple contributions from different partitions of the θs over the lower-multiplicity superfields in (4.94).

A notable exception arises at the zeroth order in θ , where the Lorenz-gauge recursions in superspace have an
immediate echo at the level of components: the multiparticle polarizations emP ,X

α
P , f

mn
P defined by setting θ = 0 in

emP := Am
P (0) , X α

P := Wα
P (0) , fmn

P := Fmn
P (0) , (4.115)

obey the following recursions as a consequence of (4.93) and (4.94) (with emi := emi and X α
i := χαi for single-particle

labels),

emP =
1
sP

∑
XY=P

em
[X,Y ]

, X α
P =

1
sP

∑
XY=P

X α
[X,Y ]

, (4.116)

where

em
[X,Y ]

:=
1
2

[
emY (kY · eX ) + eXn f

nm
Y + (XXγ

mXY ) − (X ↔ Y )
]
, (4.117)

X α
[X,Y ]

:=
1
2
(kpX + kpY )γ

αβ
p

[
emX (γmXY )β − emY (γmXX )β

]
. (4.118)

Moreover, the non-linear component field-strength is given by

fmn
P := kmP e

n
P − knP e

m
P −

∑
XY=P

(
emX e

n
Y − enX e

m
Y

)
. (4.119)

Note that the transversality (ki · ei) = 0 of the gluon and the Dirac equation kim(γ
mχi)α = 0 of the gluino propagate as

follows to the multiparticle level,

(kP · eP ) = 0 , kPm(γ
mXP )α =

∑[
emX (γmXY )α − emY (γmXX )α

]
, (4.120)
XY=P
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here transversality of emP is a peculiarity of the Lorenz gauge (4.87) chosen in the derivation of the corresponding
uperspace Berends–Giele current Am

P (θ ).
In Lorenz gauge, the above emP ,X

α
P , f

mn
P are insufficient to describe higher orders ∼ θm of multiparticle KP with

1 ≤ m ≤ 5 which complicates the component expansions via (3.81). However, one can streamline these θ-expansions
by means of non-linear gauge transformation (2.6) with a perturbiner expansion of both the superfields K and the gauge
parameter Ω . As detailed in Appendix F, the non-linear version θαAHS

α = 0 of Harnad–Shnider gauge reorganizes the
θ-expansion of the KP to simple combinations of the emP ,X

α
P , f

mn
P . In particular, the orders θ≤3 of AP

α relevant for n-point
tree-level amplitudes take the same form as in the single-particle θ-expansion (2.17), see (5.30) below, which dramatically
simplifies the component expansions in Section 5.2.2.

One can similarly arrange the θ-expansions of local multiparticle superfields in Lorenz or BCJ gauge such that the
components relevant to tree-level amplitudes are built from three types of multiparticle polarizations. In case of BCJ
gauge, the construction of the superfields Am

P ,W
α
P , F

mn
P in Section 4.1.6 determines the local multiparticle polarizations

emP := Am
P (0) , χαP := Wα

P (0) , f mn
P := Fmn

P (0) (4.121)

via evaluation at θ = 0, for instance

em12 = em2 (e1 · k2) − em1 (e2 · k1) +
1
2
(km1 −km2 )(e1 · e2) + (χ1γ

mχ2) ,

χα12 =
1
2
kp12γ

αβ
p

[
em1 (γmχ2)α − em2 (γmχ1)α

]
, (4.122)

f mn
12 = km12e

n
12 − kn12e

m
12 − (k1 · k2)(em1 e

n
2 − en1e

m
2 ) .

The local multiparticle polarizations (4.121) obey generalized Jacobi identities in P by construction and compactly encode
the components of the local BCJ numerators to be reviewed in Section 7.1.3. Note that transversality of the multiparticle
polarizations emP at |P| ≥ 3 is violated in BCJ gauge, e.g.

km123e
m
123 = s123

(
1
6
em1 e

n
2f

mn
3 −

1
3
(χ1γmχ2)em3 + cyc(1, 2, 3)

)
. (4.123)

Further details on local multiparticle polarizations can be found in section 4.3 of [175].

4.3. Combinatorial framework of Berends–Giele currents

The definition of Berends–Giele currents encompassing all the Catalan number of poles in a color-ordered tree-level
amplitude suggests a combinatorial interpretation in terms of planar binary trees. We will see that this point of view
provides a rich mathematical framework to prove many assertions related to Berends–Giele currents and associated
topics [166].

4.3.1. Planar binary trees
In the appendix of [91] a construction of Berends–Giele currents exploited the fact that nested Lie brackets can be

interpreted as planar binary trees and vice versa [189]. A planar binary tree is a tree embedded in a plane in which each
vertex has three edges: one root and two (left and right) daughters. An edge is called a leaf if it has an end point. In the
context of tree-level amplitudes a planar binary tree is also called a cubic graph and we map each planar binary tree to
a product of inverse Mandelstam invariants (the Feynman propagators) and nested Lie brackets. In addition, each leaf is
indexed by a particle label and planarity implies that the labels are in a fixed ordering. For example the two planar binary
trees with three leaves labeled 1, 2, 3 are mapped to

It turns out that the sum over all possible bracketings, or cubic graphs, in a color-ordered tree-level amplitude can be
generated from the Lie-polynomial valued recursion proposed in [165] (inspired by [189])

b(P) :=
1
sP

∑
XY=P

[b(X), b(Y )] , b(i) := i , b(∅) := 0 . (4.124)

This recursion constructs combinations b(P) of non-commutative words with inverses of Mandelstam invariants sP in
(3.108) as their coefficients, i.e. the right-hand side of b(i) = i is not understood as i ∈ N, but as a letter in a non-
commutative word. From well-known combinatorial results, the number of terms in the recursion above is given by the
47
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Fig. 2. The planar binary trees generated by the recursion of b(1234) from (4.124).

Catalan numbers 1, 2, 5, 14, . . .29 and one gets, for example, the following Lie polynomials

b(1) = 1, b(12) =
[1, 2]
s12

, b(123) =
[[1, 2], 3]
s12s123

+
[1, [2, 3]]
s23s123

, (4.125)

b(1234) =
[[[1, 2], 3], 4]
s12s123s1234

+
[[1, [2, 3]], 4]
s123s1234s23

+
[[1, 2], [3, 4]]
s12s1234s34

+
[1, [[2, 3], 4]]
s1234s23s234

+
[1, [2, [3, 4]]]
s1234s234s34

.

he nested commutators in the numerators can be expanded in terms of formal words in letters 12 . . ., and the
iagrammatic representation of b(1234) can be found in Fig. 2.

emma 4. The b map (4.124) is self adjoint,

⟨b(P),Q ⟩ = ⟨P, b(Q )⟩ , (4.126)

here ⟨A, B⟩ = δA,B is the scalar product of words (C.11).

roof. This is easy to see when P = i is a single letter with b(i) = i, so we will use induction over the length the word
P| := k assuming that (4.126) is true for words of length up to k−1. Then, from the definition (4.124), the left-hand side
f (4.126) becomes

⟨b(P),Q ⟩ =
1
sP

∑
XY=P

⟨b(X)b(Y ),Q ⟩ − (X ↔ Y ) . (4.127)

Using the elementary property (see (1.5.12) in [152])

⟨AB, RS⟩ = ⟨A, R⟩⟨B, S⟩ , |A|=|R| , |B|=|S| , (4.128)

and noting that |b(X)|=|X | and |P|=|Q | we get

⟨b(X)b(Y ),Q ⟩ = ⟨b(X), q1q2 . . . q|X |⟩⟨b(Y ), q|X |+1q|X |+2 . . . q|Q |⟩ (4.129)
= ⟨X, b(q1q2 . . . q|X |)⟩⟨Y , b(q|X |+1q|X |+2 . . . q|Q |)⟩
= ⟨XY , b(q1q2 . . . q|X |)b(q|X |+1q|X |+2 . . . q|Q |)⟩ ,

here in the second line we used the induction hypothesis since |X | ≤ k−1 as the deconcatenation (4.127) vanishes if
ne of the words is empty due to the definition b(∅) := 0. Therefore,∑

XY=P

⟨b(X)b(Y ),Q ⟩ =

∑
XY=P

⟨P, b(q1q2 . . . q|X |)b(q|X |+1q|X |+2 . . . q|Q |)⟩ =

∑
XY=Q

⟨P, b(X)b(Y )⟩ , (4.130)

leading to the conclusion that ⟨b(P),Q ⟩=⟨P, b(Q )⟩, finishing the proof. □

Assuming linearity b(A + B) := b(A) + b(B), the expansion of b(P) satisfies the shuffle symmetry b(A ´ B) = 0 for
A, B ̸= ∅. We will prove this in two different ways.

Proposition 9. The planar binary tree expansion b(P) in (4.124) satisfies the shuffle symmetry

b(A´ B) = 0 , ∀ A, B ̸= ∅ . (4.131)

Proof 1. We will show this by induction on the length of the word in b(P) starting from b(1 ´ 2) = b(12) + b(21),
which is easy to verify. Assume that b(A ´ B) = 0 for |A|+|B| = k, and consider b(R ´ S) for nonempty words such that

29 This can for instance be seen from the recursion Cp−1 =
∑

x+y=p−2 CxCy for the number of terms in b(12 . . . p) with C0 = C1 = 1 and p ≥ 3. As
etailed in the discussion around (5.19) below, this coincides with the recursive definition of the Catalan numbers.
48



C.R. Mafra and O. Schlotterer Physics Reports 1020 (2023) 1–162

|

t

R|+|S| = k+1. The result will follow from the word identity (C.13), the antisymmetric nature of the deconcatenation in
he definition of the b map (4.124), and the induction hypothesis. That is,

sRSb(R´ S) =

∑
XY=R´S

[b(X), b(Y )]

= [b(∅), b(R´ S)] + [b(R´ S), b(∅)] + [b(R), b(S)] + [b(S), b(R)] (4.132)

+

∑′

XY=R

∑′

ZW=S

[b(X ´ Y ), b(Z ´W )] ,

where we used the identity (C.13) to expand the deconcatenation sum in the second line. The second line vanishes by
the antisymmetry of the Lie bracket, while the third line vanishes since |X |+|Y |=|R| ≤ k with nonempty X, Y implies, by
the induction hypothesis, b(X ´ Y )=0. Therefore b(P´R)=0 for P, R ̸= ∅. □

Proof 2. Recall Ree’s theorem [177] that a Lie polynomial Γ is orthogonal to shuffles with non-empty words (see Theorem
3.1 (iv) in [152])

⟨Γ , R´ S⟩ = 0 , R, S ̸= ∅ . (4.133)

Since b(P) is a Lie polynomial by the definition (4.124) and b is self-adjoint by (4.126), we have

0 = ⟨b(P), R´ S⟩ = ⟨P, b(R´ S)⟩ , R, S ̸= ∅ , ∀P , (4.134)

and the result follows. □

4.3.2. Berends–Giele currents from planar binary trees
Having the planar binary tree recursion (4.124), one can define Berends–Giele currents in BCJ gauge KP or Lorenz gauge

K̂P as

KP = Kb(P) , K̂P = K̂b(P) , (4.135)

where Kb(P) and K̂b(P) are defined by linearity. We are here departing from the notation in Section 4.2, where Berends–Giele
current in Lorenz gauge were denoted by KP or KL

P and those in BCJ gauge by KBCJ
P . For example, with K[P,Q ] = Am

[P,Q ]
we

get Am
1 = Am

1 and

Am
12 =

Am
[1,2]

s12
, (4.136)

Am
123 =

Am
[[1,2],3]

s12s123
+

Am
[1,[2,3]]

s123s23
,

Am
1234 =

Am
[[[1,2],3],4]

s12s123s1234
+

Am
[[1,[2,3]],4]

s123s1234s23
+

Am
[[1,2],[3,4]]

s12s1234s34
+

Am
[1,[[2,3],4]]

s1234s23s234
+

Am
[1,[2,[3,4]]]

s1234s234s34
,

Am
12345 =

Am
[[[[1,2],3],4],5]

s12s123s1234s12345
+

Am
[[[1,[2,3]],4],5]

s123s1234s12345s23
+

Am
[[[1,2],[3,4]],5]

s12s1234s12345s34
+

Am
[[[1,2],3],[4,5]]

s12s123s12345s45

+
Am

[[1,[[2,3],4]],5]

s1234s12345s23s234
+

Am
[[1,[2,[3,4]]],5]

s1234s12345s234s34
+

Am
[[1,[2,3]],[4,5]]

s123s12345s23s45
+

Am
[[1,2],[[3,4],5]]

s12s12345s34s345

+
Am

[[1,2],[3,[4,5]]]

s12s12345s345s45
+

Am
[1,[[[2,3],4],5]]

s12345s23s234s2345
+

Am
[1,[[2,[3,4]],5]]

s12345s234s2345s34
+

Am
[1,[[2,3],[4,5]]]

s12345s23s2345s45

+
Am

[1,[2,[[3,4],5]]]

s12345s2345s34s345
+

Am
[1,[2,[3,[4,5]]]]

s12345s2345s345s45
.

Since these expansions will be frequently used later we also write the expansions of the Berends–Giele currents

MP := Vb(P) (4.137)

using this algorithm to get (4.125)

M1 = V1 , M12 =
V[1,2]

s12
, M123 =

V[[1,2],3]

s12s123
+

V[1,[2,3]]

s123s23
, (4.138)

M1234 =
V[[[1,2],3],4]

s12s123s1234
+

V[[1,[2,3]],4]

s123s1234s23
+

V[[1,2],[3,4]]

s12s1234s34
+

V[1,[[2,3],4]]

s1234s23s234
+

V[1,[2,[3,4]]]

s1234s234s34
,

M12345 =
V[[[[1,2],3],4],5]

s12s123s1234s12345
+

V[[[1,[2,3]],4],5]

s123s1234s12345s23
+

V[[[1,2],[3,4]],5]

s12s1234s12345s34
+

V[[[1,2],3],[4,5]]

s12s123s12345s45

+
V[[1,[[2,3],4]],5]

+
V[[1,[2,[3,4]]],5]

+
V[[1,[2,3]],[4,5]]

+
V[[1,2],[[3,4],5]]
s1234s12345s23s234 s1234s12345s234s34 s123s12345s23s45 s12s12345s34s345
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+
V[[1,2],[3,[4,5]]]

s12s12345s345s45
+

V[1,[[[2,3],4],5]]

s12345s23s234s2345
+

V[1,[[2,[3,4]],5]]

s12345s234s2345s34
+

V[1,[[2,3],[4,5]]]

s12345s23s2345s45

+
V[1,[2,[[3,4],5]]]

s12345s2345s34s345
+

V[1,[2,[3,[4,5]]]]

s12345s2345s345s45
.

After using Baker’s identity (4.55) to expand the nested brackets in the basis of ℓ(1Q ) and adopting the notation (4.54),
e.g., V[[[1,2],3],4] = V1234, these examples reproduce the Berends–Giele expansions of KP → Am

P ,MP given before in (4.80)
nd (4.82).
The proof of (4.131) shows that any antisymmetric deconcatenation will satisfy the shuffle symmetry, as this is
property obeyed by the underlying words. Hence, the Berends–Giele supercurrents, defined by their antisymmetric

ecursion (4.93), and the BRST-closed superfield EP , defined by (4.85), both satisfy the shuffle symmetry. We therefore
btain the following corollary:

orollary 2. The Berends–Giele supercurrents KP (4.79) and the BRST-closed superfield EP (4.85) satisfy

KR´S = ER´S = 0 , ∀ R, S ̸= ∅ . (4.139)

.3.3. The S bracket
BCJ relations for SYM amplitudes were expressed in [91,175] using the so-called S map defined in [91] by its action

on Berends–Giele currents. The properties of this map provided the motivation for a more general definition in [165,166]
as a bracket {·, ·}, dubbed the S bracket, acting on words in the dual space of Lie polynomials L∗ and producing words in
the dual space L∗, i.e. {·, ·} : L∗

⊗ L∗
→ L∗. For our purposes, this space is defined by the equivalence classes of words

differing by proper shuffles, i.e.,

A ∼ B if A = B +
∑

R´ S with R, S ̸= ∅ . (4.140)

For instance {1, 2} ∼ −{2, 1} because {1, 2} = s1212 = −s1221 + s121 ´ 2 ∼ −{2, 1}. See the Appendix C.1 for more
information.

There are several equivalent definitions of the S bracket [91,165,166]. A recursive definition for letters i, j and words
A, B was given in [166] as

{iAj, B} = i{Aj, B} − j{iA, B} ,

{B, iAj} = {B, iA}j − {B, Aj}i , (4.141)
{i, j} = sij ij .

xample applications are given by

{1, 2} = s1212 , (4.142)
{1, 23} = s12123 − s13132 ,
{12, 3} = s23123 − s13213 ,

{1, 234} = s121234 − s131324 − s131342 + s141432 ,
{123, 4} = s341234 − s241324 − s243124 + s143214 ,
{12, 34} = s231234 − s241243 − s132134 + s142143 .

We note that the original definition of the S bracket in [91] is given in terms of a closed formula

{P,Q } =

∑
XiY=P
RjS=Q

ki · kj(X ´ Ỹ )ij(R̃´ S)(−1)|Y |+|R| , (4.143)

which, in particular, yields the following for one-letter words P → i

{i,Q } =

∑
RjS=Q

ki · kjij(R̃´ S)(−1)|R| . (4.144)

Several properties of the S bracket were proven in [166]:

Proposition 10. The S bracket satisfies:

i. {A´ B, C} = 0 for A, B ̸= ∅

ii. {·, ·} is a Lie bracket in the space of dual Lie polynomials (4.140)
iii. The binary tree map b of (4.124) acting on the S bracket satisfies [165]

b({P,Q }) = [b(P), b(Q )] . (4.145)

iv.
∑

{X, Y } ∼ s P
XY=P P
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The proofs of these statements can be found in [166], we will restrict ourselves to showcasing some examples. As a
imple illustration of the shuffle property, we consider:

{1´ 2, 3} = {12, 3} + {21, 3} = (s23123 − s13213) + (s13213 − s23123) = 0 , (4.146)

this is consistent with the fact that the S bracket operates on dual words (4.140), where A ´ B ∼ 0. For the Lie-bracket
property we explicitly verify the simplest cases, antisymmetry for two letters and the Jacobi identity:

{1, 2} + {2, 1} = s1212 + s2121 = s12(1´ 2) ∼ 0 , (4.147)
{{1, 2}, 3} + {{2, 3}, 1} + {{3, 1}, 2} = s12s13(3´ 12 − 2´ 13) + s12s23(23´ 1 − 3´ 21)

+ s13s23(2´ 31 − 32´ 1) ∼ 0 .

n example for the third property is given by

b({12, 3}) = s23b(123) − s13b(213)

= s23

(
[[1, 2], 3]
s12s123

+
[1, [2, 3]]
s23s123

)
− s13

(
[[2, 1], 3]
s12s123

+
[2, [1, 3]]
s13s123

)
=

[[1, 2], 3]
s12

= [b(12), b(3)] , (4.148)

where we used the third example from (4.142), s12 + s13 + s23 = s123 and the Jacobi identity. Note that there is no pole
1/s123 in the right-hand side of (4.148). An illustration of the fourth property is the following∑

XY=123

{X, Y } = {1, 23} + {12, 3} = s12123 − s13132 + s23123 − s13213 (4.149)

= (s12 + s13 + s23)123 − s13(2´ 13) ∼ s123123 .

rom the property (4.145) it is straightforward to conclude:

orollary 3. There is no 1/sPQ propagator in b({P,Q }), that is [166]

lim
sPQ →0

sPQ b({P,Q }) = 0 . (4.150)

CJ amplitude relations. We see that the S bracket in {P,Q } cancels the overall propagator 1/sPQ from the linear
combinations in b({P,Q }). From what we have seen in (4.86), this condition implies that the superfield E{P,Q } is a BRST
exact expression, E{P,Q } = QM{P,Q } as the divergent propagator 1/sPQ (in the context of an amplitude of |P|+|Q |+1
massless particles) is absent from M{P,Q }. This only happens when the numerators satisfy the Jacobi identity, and this
fact plays a key role in the proof of the BCJ amplitude relations using the cohomology of pure spinor superspace, see the
discussion in Section 5.2.5. A result we will need later is the following:

Lemma 5. The S bracket in the special case when one of the words is a letter admits the form

{i,Q } =

∑
RS=Q

ki · kSRiS . (4.151)

Proof. We will show that the right-hand side of (4.151) is shuffle equivalent to the expression (4.144). Using the shuffle
equivalence proven in (5.46) we get∑

RS=Q

ki · kSRiS ∼

∑
RS=Q

ki · kS i(R̃´ S)(−1)|R|

∼

∑
RjkS=Q

ki · kkS i(R̃j´ kS)(−1)|R|+1 (4.152)

∼

∑
RjkS=Q

[
ki · kkS ij(R̃´ kS)(−1)|R|+1

+ ki · kkS ik(R̃j´ S)(−1)|R|+1] ,
where to arrive at the second line we relabeled the summation variables as R → Rj and S → kS, and in the third line we
used (jR̃)´ (kS) = j(R̃´ kS)+ k(jR̃´ S) from the definition of the shuffle product (C.5). Now we relabel kS → S in the first
sum in the right-hand side of (4.152) and Rj → R, k → j in the second one (so that (−1)|R|+1

→ (−1)|R|). This implies that∑
RS=Q

ki · kSRiS ∼

∑
RjS=Q

−ki · kS ij(R̃´ S)(−1)|R| +

∑
RjS=Q

ki · kjS ij(R̃´ S)(−1)|R| (4.153)

∼

∑
RjS=Q

ki · kjij(R̃´ S)(−1)|R| ,

which is the same expression as (4.144), finishing the proof. □
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.3.4. The contact-term map and the S bracket
The S bracket is intimately related to the contact-term map discussed in Section 4.1.1. In fact, the recursive definition

f the contact-term map (4.21) admits an equivalent representation in terms of the S bracket. If Γ is a Lie monomial,
hen [166]

⟨P ⊗ Q , C(Γ )⟩ = ⟨{P,Q },Γ ⟩ , (4.154)

where the scalar product of words ⟨A, B⟩ takes values 1 for A = B and 0 for A ̸= B, see (C.11). This means that the adjoint
C∗ of the contact-term map is the S bracket; C∗(A ⊗ B) = {A, B}. Exploiting this interpretation allows one to prove that
C2

= 0 as stated earlier in (4.27), see Appendix H.
Important properties of the contact-term map relevant to the description of SYM in terms of local and non-local

multiparticle superfields were proven in [93,166]. For instance, the contact-term map deconcatenates the planar binary
tree map involving pole cancellations in a highly non-trivial manner:

Lemma 6. The contact-term map (4.154) satisfies

C
(
b(P)

)
=

∑
XY=P

(
b(X) ⊗ b(Y ) − b(Y ) ⊗ b(X)

)
:=

∑
XY=P

b(X) ∧ b(Y ) , (4.155)

where A ∧ B = A ⊗ B − B ⊗ A.

Proof. From the characterization (4.154) as the adjoint of the S bracket we obtain

⟨R ⊗ S, C(b(P))⟩ = ⟨{R, S}, b(P)⟩ = ⟨b({R, S}), P⟩ (4.156)
= ⟨[b(R), b(S)], P⟩ = ⟨b(R)b(S), P⟩ − (R ↔ S)

=

∑
XY=P

⟨b(R), X⟩⟨b(S), Y ⟩ − (R ↔ S)

=

∑
XY=P

⟨R, b(X)⟩⟨S, b(Y )⟩ − (X ↔ Y )

=

∑
XY=P

⟨R ⊗ S,
(
b(X) ⊗ b(Y ) − (X ↔ Y )

)
⟩ ,

where in the first line we used that b is self adjoint (4.126), in the second we used the property (4.145), and (4.128) in
the third. In the fourth line we used the self-adjoint property of the b map again and finally the definition ⟨A⊗B, R⊗S⟩ =

⟨A, R⟩⟨B, S⟩ in the last line. Since R, S are arbitrary, the result follows. □

For example, the simple identity C([1, 2]) = s121 ∧ 2 leads to the deconcatenation of b(12) =
[1,2]
s12

(note b(∅) := 0)

C
(
b(12)

)
= b(1) ∧ b(2) =

∑
XY=12

b(X) ∧ b(Y ) . (4.157)

However, it is already non-trivial to explicitly check using C([[1, 2], 3]) and C([1, [2, 3]]) given in (4.23) that C(b(123)) =

b(12) ∧ b(3) + b(1) ∧ b(23) with b(123) given in (4.125).
In [166,190], the definition (4.154) was used to show that the S bracket is in fact a Lie cobracket as defined in the

context of Lie coalgebras [191].

4.3.5. The KLT map
The KLT relation was derived in [192] as a way to express the closed-string tree-level amplitude as a sum over products

of color-ordered open-string tree amplitudes, see Section 7.2.1 for a brief review. In the field-theory limit α′
→ 0, it

readily implies the same type of squaring relations between n-point supergravity amplitudes Mgrav
n and color-ordered

SYM amplitudes A(. . .). In a modern language, the field-theory KLT relation can be written as

Mgrav
n = −

∑
P,Q

A(1, P, n, n−1)S(P|Q )1Ã(1,Q , n−1, n) , (4.158)

where the Ã(. . .) feature polarizations ẽi, χ̃i independent from the ei, χi in A(. . .) and S(P|Q )1 is the KLT matrix or the
momentum kernel indexed by permutations P,Q ∈ Sn−3 of legs 2, 3, . . . , n−2. In a series of papers [193–196] the algorithm
to obtain the precise form of the KLT matrix was sequentially simplified to a recursive definition [197]

S(Aj|BjC)i = kj · kiB S(A|BC)i , S(∅|∅)i := 1 , (4.159)

where i is some fixed leg, conventionally chosen i = 1. For example,

S(2|2)1 = k1 · k2 , S(23|23)1 = (k3 · k12)(k1 · k2) , (4.160)
S(23|32) = S(32|23) = (k · k )(k · k ) , S(32|32) = (k · k )(k · k ) .
1 1 1 2 1 3 1 2 13 1 3
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Fig. 3. Examples of the KLT map (4.163), where {·, ·} is the S bracket (4.141). Each planar binary tree is mapped to the expressions given in (4.162).

n the framework of twisted deRham theory, the entries of the inverse KLT matrix have been interpreted as intersection
umbers [198–200], see Section 7.3.2 for further details.
In recent years, the KLT matrix has been found in various relations involving the computation of string scattering

mplitudes. These relations can often be understood from a combinatorial/free-Lie-algebra perspective, usually intimately
elated to planar binary trees. For instance, we will see that the expression relating local multiparticle superfields VP
n the BCJ gauge and Berends–Giele currents in (4.181) descends from the free-Lie-algebra relation (4.179) below. In
ddition, the KLT matrix also plays a major role in the integration-by-parts identities used in the derivation of a closed
ormula for the massless n-point superstring disk amplitude in Section 6.3.1. Moreover, the KLT matrix is the inverse of
he Berends–Giele double currents from which the tree-level amplitudes of the bi-adjoint scalar theory are calculated.
hese in turn are related to the field-theory limit of the superstring disk integrals which, as we will see in Section 6.4.4,
dmit a combinatorial interpretation. In summary, the KLT matrix is indeed a central player connecting various objects
articipating in the calculation of string scattering amplitudes.

eneralized KLT matrix. In the pursuit of a combinatorial framework for understanding the standard KLT matrix and its
elations to multiparticle superfields, a generalized KLT matrix has been proposed in [165] and analyzed further in [166,190]
see also [201]). To see this more precisely, one defines a map that converts every Lie bracket [·, ·] in an arbitrary Lie
onomial Γ to a S bracket {·, ·}. This conversion is denoted by {Γ }

{Γ } : [·, ·] → {·, ·} , (4.161)

nd acts recursively in commutator depth, transforming a Lie polynomial to a dual Lie polynomial (see Appendix C for
he definitions). For example,

{[1, 2]} = {1, 2} = s1212 , (4.162)
{[[1, 2], 3]} = {{1, 2}, 3} = s12

(
s23123 − s13213

)
,

{[1, [2, 3]]} = {1, {2, 3}} = s23
(
s12123 − s13132

)
,

{[[1, 2], [3, 4]]} = {{1, 2}, {3, 4}} = s12s34
(
s231234 − s241243 − s132134 + s142143

)
.

he KLT map is defined as a map between planar binary trees Γ and its S bracket version

S : Γ → {Γ } . (4.163)

graphical illustration of the KLT map is given in Fig. 3.
The matrix elements of the KLT map with respect to a basis of Lie monomials Γ ,Σ are given by S(Γ ,Σ) = ⟨{Γ },Σ⟩

hich motivate the definition of the generalized KLT matrix for words P and Q [165]

Sℓ(P|Q ) = ⟨ℓ{P}, ℓ(Q )⟩ , (4.164)

here the dual Dynkin bracket ℓ{P} is defined as the conversion (4.161) of the Dynkin bracket (4.48),

ℓ{P} := {ℓ(P)} (4.165)

ith ℓ(P) defined in (4.48) and {Γ } defined in (4.162). Alternatively, a recursive definition is given by

ℓ{123 . . . n} = {ℓ(123 . . . n−1), n} , ℓ{i} = i , ℓ{∅} = 0 . (4.166)

he simplest examples of (4.164) include Sℓ(12|12) = s12, and Sℓ(12|21) = −s12, as well as

Sℓ(123|123) = s12(s13 + s23) , Sℓ(1234|1234) = s12(s13 + s23)(s14 + s24 + s34) ,

Sℓ(132|123) = s12s13 , Sℓ(1243|1234) = s12(s13 + s23)(s14 + s24) ,

Sℓ(312|123) = −s12s13 , Sℓ(3412|1234) = −s12s13s34 , (4.167)

Sℓ(231|123) = −s12s23 , Sℓ(3421|1234) = s12s23s34 ,

nd it is shown in [166] that Sℓ(P|Q ) is a symmetric matrix, Sℓ(P|Q ) = Sℓ(Q |P), see the reference for further details. One
f the main attributes of the above generalized KLT matrix Sℓ(P|Q ) is that it satisfies generalized Jacobi identities in both
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P
 and Q ,

Sℓ(Aℓ(B)|Q ) + Sℓ(Bℓ(A)|Q ) = 0 , ∀ Q . (4.168)

For example, with A = 12 and B = 34

Sℓ(1234|Q ) − Sℓ(1243|Q ) + Sℓ(3412|Q ) − Sℓ(3421|Q ) = 0 , ∀ Q . (4.169)

Moreover, the standard KLT matrix recursion (4.159) is obtained as the special case when the first letters in both words
coincide [165,166],

Sℓ(iP|iQ ) = S(P|Q )i . (4.170)

The unrestricted nature of the first letters in the permutations of the matrix (4.164) is the motivation for the qualifier
generalized.

An important interplay between the Lie-bracket conversion (4.161) from the space of Lie polynomials to the space of
dual Lie polynomials is summarized in:

Lemma 7. The planar binary tree map (4.124) satisfies

b(ℓ{P}) = ℓ(P) , (4.171)

where the dual Dynkin bracket is given by (4.166) and the Dynkin bracket by (4.48). In fact,

b({Γ }) = Γ (4.172)

for any Lie polynomial Γ .

Proof. Using the property (4.145) together with the recursive definition (4.166) yields

b(ℓ{123 . . . n}) = b({ℓ{123 . . . n−1}, b(n)})

= [b(ℓ{123 . . . n−1}), n] = · · · (4.173)
= [[. . . [[1, 2], 3], . . .], n] = ℓ(123 . . . n) ,

where we used that b(j) = j for a letter j. Since ℓ(P) is a basis of Lie polynomials, the result (4.172) follows by a basis
expansion. □

In effect, as ℓ{P} = {ℓ(P)} implies ℓ{P} = S(ℓ(P)) in terms of the KLT map (4.163), the result (4.172) is the b ◦ S = Id
part of a more general statement proven in [166]:

Proposition 11. The planar binary tree map b : L∗
→ L defined in (4.124) and the KLT map S : L → L∗ defined in (4.163)

are inverses to each other,

b ◦ S : L → L , S ◦ b : L∗
→ L∗ , (4.174)

Γ ↦→ Γ , P∗
↦→ P∗ .

Correspondence between multiparticle superfields and free Lie algebra. Over the years, it became clear that relations
governing multiparticle superfields discovered in pursuit of expressions for string amplitudes had a combinatorial flavor
of the type commonly studied within the free-Lie-algebra framework. This is particularly true in the context of the color-
kinematics duality [30], where the generalized Jacobi identities played a major role in the simple form of the general
massless disk amplitude of [21].

The correspondence suggested above can be made precise with the following mapping between free-Lie-algebra
structures on one side and multiparticle superfields in the pure spinor formalism on the other30:

C ↔ QBRST , ℓ(P) ↔ VP , b(P) ↔ MP , (4.175)

where the Dynkin bracket ℓ(P) is defined in (C.1). That is, the contact-term map C is identified with the BRST charge
Q as already hinted in (4.28), the Lie monomials encoded in the Dynkin bracket ℓ(P) correspond to the multiparticle
unintegrated vertex VP in the BCJ gauge, and the planar binary tree expansion b(P) corresponds to the Berends–Giele
current MP as in (4.137). As an immediate consistency check, note that both C and Q are nilpotent, see (3.25) and (4.27).
In addition, the symmetries on both sides agree: generalized Jacobi identities (4.47) for both ℓ(P) and VP as well as shuffle
symmetries for both the planar binary tree expansion b(P) in (4.131) and the Berends–Giele currents MP in (4.139) (or
more generally KP ).

30 The generalizations ℓ(P) ↔ KP and b(P) ↔ KP are immediate, where KP and KP are defined in (4.1) and (4.79), respectively. We chose the
representatives V and M for pedagogical reason.
P P
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For a more precise relation, the identities (4.29) and (4.71) illustrate the correspondence between VP and ℓ(P) as well
s the contact-term map C and the BRST charge Q . For example, note the parallels of these equations at multiplicity three:

C(ℓ(123)) = (k1 · k2)
(
ℓ(1) ∧ ℓ(23) + ℓ(13) ∧ ℓ(2)

)
+ (k12 · k3)ℓ(12) ∧ ℓ(3) , (4.176)

QV123 = (k1 · k2)
(
V1V23 + V13V2

)
+ (k12 · k3)V12V3 ,

here the fermionic property VPVQ = −VQVP is mapped to the antisymmetric wedge product ∧ of (4.24). Moreover, using
he notation defined in (4.31), the BRST variation of the unintegrated vertex operator VΓ for an arbitrary Lie monomial
can be written as

QVΓ = (V ∧ V )C(Γ ) , (4.177)

hich is extended to arbitrary Lie polynomials by linearity.
The precise cancellations between the contact terms in the equations of motion for local superfields and the

andelstam propagators featured in the definition of Berends–Giele currents constituted an early indication of a beautiful
nd rigorous underlying mathematical framework. See, for example, the discussions in [165] and several proofs in [166].
or instance, the proof that the Berends–Giele current MP deconcatenates under the action of the BRST charge over its
ocal numerators VQ easily follows in a free-Lie-algebra setting,

emma 8. The Berends–Giele current MP in the BCJ gauge satisfies QMP =
∑

XY=P MXMY .

roof. The Berends–Giele current MP is given by an expansion of local multiparticle vertices VR encoded in terms of
lanar binary trees as MP = Vb(P) given in (4.137). The deconcatenation property of C(b(P)) in (4.155) implies

QMP = QVb(P) = (V ∧ V )C(b(P)) =

∑
XY=P

(V ∧ V )b(X)∧b(Y ) =

∑
XY=P

Vb(X)Vb(Y ) =

∑
XY=P

MXMY , (4.178)

here we used the notation (4.31). □

This proof sheds light on the deconcatenation property (4.84) of the Berends–Giele current from a different perspective
ompared with the equations of motion (4.96) derived from the perturbiner expansion. The result arises from the use of
he equations of motion of the local multiparticle superfields yielding contact terms that cancel the propagators present
n the planar-binary-tree expansion, demonstrating that the patterns observed in (4.83) hold to all orders. The other
quations of motion for the currents in KP can be derived from their local counterparts in a similar fashion [93].
Finally, the relation between the local multiparticle superfields VP satisfying generalized Jacobi identities and the non-

ocal Berends–Giele supercurrentsMP in BCJ gauge satisfying shuffle symmetries follows from the identity proven in [166]:

emma 9. The Dynkin bracket (4.48) and the planar-binary-tree expansion (4.124) are related by

ℓ(R) =

∑
Q

Sℓ(R|iQ )b(iQ ) , (4.179)

here Sℓ(R|iQ ) is the generalized KLT matrix (4.164).

roof. Consider the dual Dynkin bracket ℓ{R}. Since it is a dual Lie polynomial it can be expanded in the Lyndon basis iQ
f the dual Lie polynomials using the formula (C.16)

ℓ{R} =

∑
Q

⟨ℓ{R}, ℓ(iQ )⟩iQ . (4.180)

cting with the b map (4.124) on both sides gives b(ℓ{R}) =
∑

Q ⟨ℓ{R}, ℓ(iQ )⟩b(iQ ). The left-hand side can be rewritten
sing (4.171), while the scalar product on the right-hand side is the definition of the generalized KLT matrix. Thus,
(R) =

∑
Q Sℓ(R|iQ )b(iQ ). □

After setting R = iP and using the definition (4.170) the generalized KLT matrix reduces to the usual matrix S(P|Q )i in
4.159). Replacing ℓ(iP) → ViP and b(iQ ) → MiQ as suggested by the correspondence (4.175) leads to the relation between
erends–Giele currents and multiparticle unintegrated vertex operators:

ViP =

∑
Q

S(P|Q )iMiQ . (4.181)

his identity was first explicitly mentioned in [176], but it had already played an implicit role in the derivation of the
losed formula of the massless n-point open-superstring amplitude in [21], see Section 6.3.1. The inverse of (4.181)
xpressing M as a linear combination of V will be given in (6.103).
iP iQ
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The relation (4.181) can be straightforwardly adapted to reproduce the local multiparticle superfields (see Section 4.1.6)
rom their respective Berends–Giele currents in BCJ gauge,

KiP =

∑
Q

S(P|Q )iKiQ . (4.182)

owever, plugging the Berends–Giele currents in Lorenz gauge into the right-hand side of (4.181) and (4.182) will lead
o a non-local outcome of the S(P|Q )i multiplication.31

. SYM tree amplitudes from the cohomology of pure spinor superspace

In this section we are going to review how to obtain supersymmetric expressions for SYM tree-level amplitudes. One
ould in principle start by computing the n-point superstring disk amplitudes and then take its α′

→ 0 limit [156–159].
owever, the construction in this section relies entirely on pure spinor cohomology considerations [171], following the
deas of [170], and predates the calculation of the n-point superstring disk amplitude in [21,202]. The alternative derivation
f SYM amplitudes from the α′

→ 0 limit of string amplitude was done later, see Section 6.5.
Inspired by progress in organizing string amplitudes, it was realized in the 1980’s that gauge-theory amplitude

alculations simplify tremendously by considering ordered gauge invariants depending only upon kinematics — called
olor-ordered or color-stripped partial amplitudes [203,204]. The full color-dressed S-matrix elements could be obtained
y summing over a product of these color-ordered amplitudes with appropriate color-weights, either somewhat redun-
antly in a trace basis, or more efficiently in the Del Duca–Dixon–Maltoni basis of [205]. The advantages in considering
tripped or ordered partial amplitudes are enormous; they grow exponentially rather than factorially in local diagram
ontributions. Thus here we only consider color-ordered amplitudes.
The pure spinor cohomology formula for n-point SYM tree-level amplitudes turns out to be the supersymmetrization

f the standard Berends–Giele recursion relations [28], as one might have correctly suspected from the discussion of the
erends–Giele currents in the previous section. Therefore we will first review the recursive method proposed by Berends
nd Giele to compute Yang–Mills amplitudes.

.1. Berends–Giele recursion relations

In the 80s, Berends and Giele proposed a recursive method to compute color-ordered gluon amplitudes at tree level
ith the formula [28]

AYM(1, 2, . . . , p, p+1) = s12...pJm12...pJ
m
p+1 . (5.1)

he Berends–Giele currents JmP are defined recursively in the number of external particles starting with the polarization
ector emi of a single-particle gluon, by (note Jm

∅
:= 0)

Jmi := emi , sP JmP :=

∑
XY=P

[JX , JY ]m +

∑
XYZ=P

{JX , JY , JZ }m , (5.2)

[JX , JY ]m := (kY · JX )JmY +
1
2
kmX (JX · JY ) − (X ↔ Y ) ,

{JX , JY , JZ }m := (JX · JZ )JmY −
1
2
(JX · JY )JmZ −

1
2
(JY · JZ )JmX ,

here the brackets [·, ·]m and {·, ·, ·}m are given by stripping off one gluon field (with vector index m) from the cubic
nd quartic vertices of the Yang–Mills Lagrangian. The deconcatenation of the word P into non-empty words X and Y is
enoted by

∑
XY=P , with obvious generalization to

∑
XYZ=P , and P = 12 . . . p encompasses several external particles, see

ection 1.3 for more details on the notation. In addition, the Mandelstam invariants sP and multiparticle momenta kmP are
efined as in (3.108) and (4.9).
In [28] the Berends–Giele currents JmP were shown to be conserved

kmP J
m
P = 0 , (5.3)

hich can alternatively be understood as the statement that the currents are in the Lorenz gauge [92].
As the simplest example of the recursion (5.2), the Berends–Giele current of multiplicity two is,

s12Jm12 = em2 (e1 · k2) − em1 (e2 · k1) +
1
2
(km1 − km2 )(e1 · e2) , (5.4)

31 This can be anticipated from the alternative form H123 =
H1,2,3
3s123

( 1
s12

−
1
s23

) of the gauge transformation (4.109) due to total antisymmetry of

Ĥ[12,3] =
1
3H1,2,3 . The KLT matrix renders the difference between the Lorenz- and BCJ-gauge variants of (4.182) for A123

α and Am
123 proportional to

(23|23) H + S(23|32) H =
H1,2,3 (s +s − 2s ) and therefore non-local.
1 123 1 132 3s123 13 23 12
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nd leads to the well-known three-point amplitude,

AYM(1, 2, 3) = s12Jm12J
m
3 = (e1 · e2)(k1 · e3) + cyc(123) , (5.5)

hose manifestly cyclic form is attained after using momentum conservation k1+k2+k3 = 0 and transversality ej ·kj = 0.
igher-point amplitudes are generated by a straightforward application of the recursion (5.2). The multiplicity-three
urrent

s123Jm123 = [J12, J3]m + [J1, J23]m + {J1, J2, J3}m (5.6)

ives rise to the four-point amplitude AYM(1, 2, 3, 4) = s123Jm123e
m
4 and so forth. These recursion relations are a very

fficient method to calculate tree amplitudes numerically, see e.g. [164,206]. While the Berends–Giele formula (5.1) is not
upersymmetric – it computes purely gluonic amplitudes – its supersymmetrization via uplift to pure spinor superspace
ill be given below.

.1.1. Kleiss–Kuijf amplitude relations
A crucial identity satisfied by the currents was also demonstrated by Berends and Giele in [185], the shuffle symmetries:

JmA´B = 0, ∀A, B ̸= ∅ . (5.7)

ogether with the amplitude formula (5.1), the shuffle identity (5.7) can be used to demonstrate that the Yang–Mills tree
mplitudes satisfy the Kleiss–Kuijf (KK) relations [29]

AYM(P, 1,Q , n) = (−1)|P|AYM(1, P̃ ´ Q , n) . (5.8)

To see this one exploits the mathematical literature of free Lie algebras [177,186]. More precisely, Ree’s theorem [177]
shows that a necessary and sufficient condition for a series of the form

∑
n>0 Ji1i2...inX

i1X i2 . . . X in with non-commutative
indeterminates X i to be a Lie polynomial is the shuffle symmetry (5.7) of its coefficients. In the context of Yang–Mills tree-
level amplitudes, the X ij are gauge-group generators which have to conspire to Lie polynomials and therefore contracted
structure constants f abc by Yang–Mills Feynman rules. Corollary 2.4 of [186] in turn states that

∑
n>0 Ji1 i2...inX

i1X i2 . . . X in

is a Lie polynomial if and only if

JPiQ = (−1)|P|JiP̃´Q . (5.9)

Since both results (5.7) and (5.9) are ‘‘if and only if’’ statements, they must be equivalent (for a proof of this, see (5.45)).
As a corollary of this equivalence together with the Berends–Giele amplitude formula (5.1) and the shuffle relation (5.7),
it follows that the KK relation (5.8) must be satisfied. An alternative proof of the KK relations appears in [205].

We are now going to recover the Berends–Giele recursion (5.2) and the amplitude formula (5.1) from the bosonic
components of a supersymmetric formula for SYM tree amplitudes derived from pure spinor cohomology considerations.

5.2. The pure spinor superspace formula for SYM tree amplitudes

In this subsection we will review the derivation of the recursive method in pure spinor superspace for the computation
of supersymmetric tree amplitudes of ten-dimensional SYM theory. The method first appeared in [171] and it relies on
the simple cohomology properties of multiparticle superfields in pure spinor superspace as suggested earlier in [170]. The
end result is a method based on the recursive nature of the BRST variations of the supersymmetric Berends–Giele currents
(4.83). When truncated to its bosonic components, the pure spinor formula was later shown in [175] to reproduce the
standard Berends–Giele gluonic formula of [28].

However, there are certain beneficial novelties in the pure spinor approach worth highlighting:

• the direct derivation of multiple currents for each type of superfield K ∈ {Aα,Am,Wα,Fmn
} using their non-linear

equations of motion,
• the usage of only cubic interactions as a result of identifying the natural superfields in the recursion32 – the quartic

interactions appear due to the quadratic terms in the field strength,
• the structural relation to planar binary trees and the construction using local numerators,
• the derivation of the shuffle symmetry of the currents using free-Lie-algebra methods,
• the identification of the different gauges associated to these local numerators and the subsequent derivation of local

BCJ-satisfying numerators.

Reasons for the cohomology method. In intermediate states of the calculations, the prescription to compute disk amplitudes
in the pure spinor formalism yields a superspace expression containing three pure spinors and the superfields of

32 See [207] for a reformulation of the purely gluonic Berends–Giele currents using cubic vertices.
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en-dimensional SYM as well as their covariant derivatives; in other words they constitute pure spinor superspace
xpressions. Superstring theory dictates that the field-theory SYM tree-level amplitudes must be recovered in the α′

→ 0
imit of the disk amplitudes. These, in turn, are obtained from the tree-level amplitude prescription (3.76), which requires
ultiple OPEs among the vertex operators of schematic form V1U2 . . .Un−2Vn−1Vn, see e.g. section 2.3 of [2]. Given that

SYM tree-level amplitudes are supersymmetric and gauge invariant, we know from [1] that their corresponding pure
spinor expressions must be in the BRST cohomology. It is important that the amplitudes are left written in pure spinor
superspace since integrating out the pure spinors and the fermionic theta variables via (3.81) would lead to a multitude
of terms in polarizations and momenta [97] where all the simple superspace patterns are no longer present.

Let us first review the explicit superstring calculations for low multiplicities that led to the general method for arbitrary
multiplicities, using the latest conventions for the notations.

Explicit results and the birth of the cohomology method. At low multiplicities the SYM amplitudes written in pure spinor
superspace were obtained from the field-theory limit of the corresponding superstring disk amplitudes: the three-point
case was known from the very start [1] while the four- and five-point amplitudes were computed in pure spinor
superspace in [119,167]:

A(1, 2, 3) = ⟨V1V2V3⟩ , (5.10)

A(1, 2, 3, 4) =
1
s12

⟨V12V3V4⟩ +
1
s23

⟨V1V23V4⟩ ,

A(1, 2, 3, 4, 5) =
⟨V123V4V5⟩

s12s45
+

⟨V321V4V5⟩

s23s45
+

⟨V12V34V5⟩

s12s34
+

⟨V1V234V5⟩

s23s51
+

⟨V1V432V5⟩

s34s51
.

urthermore, using pure spinor cohomology arguments, expressions for the six- and seven-point SYM tree amplitudes in
ure spinor superspace were proposed in [170]. The six-point amplitude was later reproduced from the field-theory limit
f the pure spinor superstring disk amplitude in [169].33 In possession of these results a general pattern was discovered
n [171] in terms of the Berends–Giele currents written with multiparticle versions of the unintegrated vertices VP in the
CJ gauge.34
The clue was to notice the composing factors in the above amplitudes satisfied a regular pattern under BRST variation

note s45 = s123 at five points)

QV1 = 0 , Q
V12

s12
= V1V2 , Q

( V123

s12s123
+

V321

s23s123

)
= V1

V23

s23
+

V12

s12
V3 . (5.11)

hese early computations together with six-points examples not shown led to the pattern of the Berends–Giele currents
n (4.83). In addition, the Catalan numbers govern both the number of cubic graphs in a color-ordered tree amplitude and
he number of kinematic poles in the Berends–Giele currents MP as derived in (5.19), so the assumption was that tree
mplitudes would be composed of MP .
Given that the SYM tree amplitudes are the α′

→ 0 field-theory limit of the superstring [156–159], whose correlator
n the pure spinor formalism is in the cohomology of the BRST charge, the proposal of [171] was based on finding a
uperfield expression in the cohomology of the BRST charge that was constructed using the Berends–Giele currents MP .
ewriting the low-multiplicity examples (5.10) as

A(1, 2, 3) = ⟨M1M2M3⟩ , (5.12)
A(1, 2, 3, 4) = ⟨M12M3M4⟩ + ⟨M1M23M4⟩ ,

A(1, 2, 3, 4, 5) = ⟨M123M4M5⟩ + ⟨M12M34M5⟩ + ⟨M1M234M5⟩

ot only simplifies their presentation but also suggests the n-point generalization [171]

A(1, 2, . . . , n) =

n−2∑
j=1

⟨M12...jMj+1...n−1 Mn⟩ . (5.13)

iven that the superspace current M12...j is associated with the cubic tree-level subdiagrams in a color-ordered (j+1)-point
mplitude, the sum in (5.13) gathers cubic n-point diagrams as shown in Fig. 4.
More generally, the color-ordered field-theory tree amplitudes are given by

A(P, n) = ⟨EP Vn⟩ (5.14)

n terms of the BRST-closed superfield EP in (4.85). This formula was later rigorously shown to match the α′
→ 0 limit

f the superstring amplitude in [21,202] and it was also shown in [175] to reduce to the standard Berends–Giele gluonic
ormula [28] reviewed in (5.1). In spite of these validations, let us now give a separate proof that the expression (5.14)
atisfies all the requirements of a color-ordered SYM tree amplitude.

33 The prior computations for five and six external bosons in the RNS formalism were performed in [208,209], respectively, with considerably
longer expressions in their final results.
34 It was later understood in [92] that the construction of Berends–Giele currents does not require any particular gauge of the associated local
superfields, so the requirement of BCJ gauge in [171] was stronger than necessary.
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P

Fig. 4. Berends–Giele decomposition of the color ordered SYM amplitude according to (5.13).

roposition 12. In the momentum phase of n massless states where s12...n−1 = 0 the superfield

E12...n−1Vn (5.15)

is in the cohomology of the BRST charge.

Proof. Since QVn = 0, to show that E12...n−1Vn is BRST closed it is enough to show that QEP = 0,

QEP =

∑
XY=P

Q (MXMY ) =

∑
XY=P

∑
RS=X

MRMSMY −

∑
XY=P

∑
RS=Y

MXMRMS

=

∑
RSY=P

(
MRMSMY − MRMSMY

)
= 0 , (5.16)

where in the last line we consolidated the sums and renamed the dummy words in the second term.
To show that (5.15) is not BRST exact we note that the relation (4.85) depends crucially on the momentum phase

space,

EP = QMP , if sP ̸= 0 (5.17)

EP ̸= QMP , if sP = 0 . (5.18)

This is because MP =
1
sP

(
. . .

)
contains a propagator 1/sP which makes the left-hand side of (5.18) ill defined in case of

sP = 0. Hence, in the momentum phase space of n massless particles where s12...n−1 = 0, the superfield E12...n−1 is not
exact and the expression E12...n−1Vn is in the cohomology of the BRST charge. □

Proposition 13. The number of kinematic poles from cubic graphs in the color-ordered n-point tree amplitude (5.14) with
n ≥ 4 is given by the Catalan number Cn−2.

Proof. The number of kinematic pole configurations in EP with P of length p ≥ 3 and MX of length x ≥ 2 are the Catalan
numbers Cp−1 and Cx−1, respectively.35 To see this note that all poles on the right-hand side of (4.85) are distinct, so it
implies the recursion relation

Cp−1 =

∑
x+y=p−2

CxCy , C0 = C1 = 1 , p ≥ 3 . (5.19)

The recursion (5.19) coincides with the recursive definition of the Catalan numbers with explicit solution Cn =
1

n+1

(2n
n

)
.

Therefore the number of poles in the n-point amplitude formula ⟨EPVn⟩ where |P| = n−1 is Cn−2. This is the same number
of cubic diagrams as in the color ordered n-point SYM amplitude, see e.g. [30]. With n = 4, 5, 6, 7, for instance, we get
Cn−2 = 2, 5, 14, 42. And since the deconcatenation in the expression (4.85) for EP is ordered, the kinematic poles in
E12...n−1 are the same as in the color-ordered n-point tree amplitude. □

Proposition 14. The color-ordered n-point tree amplitude (5.14) is cyclically symmetric,

A(1, 2, . . . , n−1, n) = A(2, 3, . . . , n, 1) . (5.20)

35 The difference in the initial lengths for p and x is related to the absence of the overall multiplicative pole 1/sP present in MP but not in EP , as
it is easy to verify.
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roof. By conveniently regrouping terms of QM12...j =

∑j−1
i=1 M12...iMi+1...j, we can recover the difference of cyclic images

23...nV1 and E12...n−1Vn from

Q
n−2∑
j=2

M12...jMj+1...n = M1

n−2∑
j=2

M2...jMj+1...n +

n−2∑
2≤i<j

M12...iMi+1...jMj+1...n

−

n−2∑
2≤j<k

M12...jMj+1...kMk+1...n −

n−2∑
j=2

M12...jMj+1...n−1Mn (5.21)

= M1
(
E23...n − M23...n−1Mn

)
−

(
E12...n−1 − M1M23...n−1

)
Mn

= V1E23...n − E12...n−1Vn .

The double sums in the first two lines are easily seen to cancel upon renaming the summation variables i, j, k, and
the contributions of M1M23...n−1Mn in the third line drop out in the last step. Given that all the M12...jMj+1...n in (5.21)
are perfectly valid in the momentum phase space of n massless particles (the highest-multiplicity currents contains
non-singular s−1

12...n−2 and s−1
23...n−1), we conclude that

⟨E12...n−1Vn⟩ − ⟨E23...nV1⟩ = −⟨Q
(
M12M34...n + M123M4...n + · · · + M12...n−2Mn−1n

)
⟩ = 0 , (5.22)

using the vanishing of BRST-exact expressions under the pure spinor bracket. We have thus shown equivalence of the
amplitude (5.20) to its cyclic image i → i−1 mod n

⟨E12...n−1Vn⟩ = ⟨E23...nV1⟩ (5.23)

which concludes the proof. □

For example, from the formula (5.14) and the definition (4.85), one can also verify directly in the momentum phase
space of the corresponding n-point amplitude that

A(1, 2, 3, 4, 5) − A(2, 3, 4, 5, 1) = ⟨M12M34M5 − M1M2M345 + M123M4M5 − M1M23M45⟩

= −⟨Q (M12M345 + M123M45)⟩ = 0 . (5.24)

5.2.1. Manifesting cyclic symmetry via BRST integration by parts
In the above discussion we have proven that the pure spinor cohomology formula (5.14) is cyclically symmetric, but

this is not manifest. We will now show how to exploit the cohomological properties of the pure spinor formula to derive
alternative expressions with manifest cyclic symmetry. In doing so, the multiplicity of the Berends–Giele currents featured
in the formulae is reduced which renders computations including component evaluations more efficient.

In order to manifest cyclic symmetry in the pure spinor cohomology formula (5.14), we exploit the decoupling of
BRST-exact terms ⟨Q (. . .)⟩ = 0 from the cohomology. Let us start with a simple example to understand the mechanism.
Consider the five point amplitude

A(1, 2, 3, 4, 5) = ⟨M1M234M5 + M12M34M5 + M123M4M5⟩ (5.25)

and note that there are BRST-exact factors of the form MiMj = QMij = Eij. So it can be rewritten as

A(1, 2, 3, 4, 5) = ⟨E51M234 + M12M34M5 + M123E45⟩ (5.26)
= ⟨M51E234 + M12M34M5 + E123M45⟩

= ⟨M51(M2M34 + M23M4) + M12M34M5 + (M1M23 + M12M3)M45⟩

= ⟨M12M3M45⟩ + cyc(12345)

with manifest cyclic symmetry in the last line. Note that in the second line we integrated the BRST charge by parts; by
(5.17) this amounts to

⟨EPMQ ⟩ = ⟨MPEQ ⟩ , (5.27)

for instance ⟨M123E45⟩ = ⟨E123M45⟩ = ⟨(M1M23 + M12M3)M45⟩. Notice the reduction of the highest-rank Berends–Giele
currents (M123, M234) on the left-hand side of (5.26) to rank-two Mij on the right-hand side.

Naively, in the pure spinor cohomology formula (5.13) for n-point SYM tree amplitudes one needs to know all Berends–
Giele currents MP with multiplicities up to n−2. For example, in the five-point amplitude (5.26) the first line contains
Berends–Giele currents of all multiplicities up to n−2 = 3. However, after BRST integration by parts, the maximum
multiplicity in the last line of (5.26) is two, and its cyclic symmetry is manifest.

In fact, using BRST integrations by parts it was shown in [171] that the highest multiplicity of currents can be lowered
to at most ⌊

n
2⌋ while at the same time yielding superspace formulae for n-point trees with manifest cyclic symmetry

A(1, 2, . . . , 3) =
1
⟨M1M2M3⟩ + cyc(123) , (5.28)
3
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A(1, 2, . . . , 4) =
1
2
⟨M12E34⟩ + cyc(1234) ,

A(1, 2, . . . , 5) = ⟨M12M3M45⟩ + cyc(12345) ,

A(1, 2, . . . , 6) =
1
2
⟨M123E456⟩ +

1
3
⟨M12M34M56⟩ + cyc(123456) ,

A(1, 2, . . . , 7) = ⟨M123M45M67⟩ + ⟨M1M234M567⟩ + cyc(12 . . . 7) ,

A(1, 2, . . . , 8) =
1
2
⟨M1234E5678⟩ + ⟨M123M456M78⟩ + cyc(12 . . . 8) ,

A(1, 2, . . . , 9) =
1
3
⟨M123M456M789⟩ + ⟨M1234(M567M89 + M56M789 + M5678M9)⟩ + cyc(12 . . . 9) ,

A(1, 2, . . . , 10) =
1
2
⟨M12345E6789;10⟩ + ⟨M1234(M567M89;10 + M5678M9;10)⟩ + cyc(12 . . . 10) ,

where the fractional coefficients are introduced to avoid overcounting due to the explicit sum over cyclic permutations.
For example, after summing the cyclic permutations, the four- and six-point instances of (5.28) can be rewritten as

A(1, 2, 3, 4) = ⟨M12M3M4⟩ + ⟨M23M4M1⟩ ,

A(1, 2, 3, 4, 5, 6) = ⟨M12M34M56⟩ + ⟨M23M45M61⟩ + ⟨M123(M45M6 + M4M56)⟩ (5.29)
+ ⟨M234(M56M1 + M5M61)⟩ + ⟨M345(M61M2 + M6M12)⟩ ,

via BRST integration by parts and/or the fermionic nature of MP , so the factors of 1
2 and 1

3 in the cyclic sums in (5.28) are
essential to not overcount these terms. The manifestly cyclic form of the n-point amplitudes (5.28) is free of fractional
coefficients when n is not divisible by 2 or 3.36

5.2.2. Component expansion of the pure spinor SYM tree amplitude
BRST invariance of the superfields implies gauge-invariant and supersymmetric components, see the discussion in

Section 3.4.2. The gauge invariance of the SYM tree-level amplitudes allows one to choose the Harnad–Shnider gauge at a
non-linear level to perform the θ-expansion of the multiparticle supersymmetric Berends–Giele currents, see Appendix F.
After stripping off the plane-wave factor ekP ·X as in (4.92), this leads to an expansion of AP

α

AP
α(θ ) =

1
2
(θγm)αemP +

1
3
(θγm)α(θγmXP ) −

1
32

(θγ p)α(θγmnpθ )fmn
P + · · · (5.30)

that takes the same form as the θ-expansion (2.17) of the linearized superfield Ai
α in the Harnad–Shnider gauge. The

Berends–Giele polarization currents emP ,X
α
P and fmn

P in the component formulation of D = 10 SYM are given by the
recursions (4.116) to (4.119). In this way, the simple λ3θ5 correlators (3.97) and (3.101) that govern the single-particle
orrelator ⟨M1M2M3⟩ in the three-point amplitude [1] (see Section 3.4.5)

A(1, 2, 3) = ⟨M1M2M3⟩ =
1
2
em1 f

mn
2 en3 + (X1γmX2)em3 + cyc(123) (5.31)

lso determine the multiparticle constituents ⟨MXMYMZ ⟩ of the n-point amplitudes (5.14),

⟨MXMYMZ ⟩ =
1
2
emX fmn

Y enZ + (XXγmXY )emZ + cyc(XYZ) =: MX,Y ,Z , (5.32)

which defines the shorthand MX,Y ,Z . The component expressions for the above cohomology formulae follow easily by
reducing any ⟨MXMYMZ ⟩ to the combinations MX,Y ,Z of emP , f

mn
P and X α

P in (5.32). For instance, the earlier representation
5.13) yields components

A(1, 2, . . . , n−1, n) =

∑
XY=12...n−1

MX,Y ,n , (5.33)

hile the manifestly cyclic representation in (5.28) gives rise to

A(1, 2, . . . , 4) =
1
2
M12,3,4 + cyc(1234) , (5.34)

A(1, 2, . . . , 5) = M12,3,45 + cyc(12345) ,

A(1, 2, . . . , 6) =
1
3
M12,34,56 +

1
2
(M123,45,6 + M123,4,56) + cyc(12 . . . 6) ,

36 More explicitly, because of the BRST identity ⟨MP1EP2 ⟩ = ⟨MP2EP1 ⟩, we note that the cyclic sum of ⟨MP1EP2 ⟩ leads to an overcounting by a factor
of two if and only if |P1| = |P2|, necessitating the symmetry factor of 1

2 in the contributions ⟨M12...kEk+1...2k⟩ at even multiplicity n = 2k. Similarly,
he cyclic sum of contributions ⟨MP1MP2MP3 ⟩ leads to an overcounting by a factor of three if and only if |P1| = |P2| = |P3| which necessitates the
ymmetry factors of 1 at multiplicities n ∈ 3N, e.g. at n = 3, 6, 9 in (5.28).
3
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A(1, 2, . . . , 7) = M123,45,67 + M1,234,567 + cyc(12 . . . 7) ,

A(1, 2, . . . , 8) =
1
2
(M1234,567,8 + M1234,56,78 + M1234,5,678) + M123,456,78 + cyc(12 . . . 8) .

Given the recursive nature of the definitions of the component Berends–Giele currents emP , f
mn
P and X α

P , the full component
expansion of the above amplitudes is readily available and reproduce the results for SYM tree amplitudes available on
the website [210]. Furthermore, as discussed in [164,206], the Berends–Giele currents lead to fast numerical evaluation
of the amplitudes.

Note that one can obtain matrix elements of the effective operators α′F3 and α′2F4 of the open bosonic string from
(5.34) by introducing α′-corrections of the gluonic components of MX,Y ,Z as detailed in [211].

5.2.3. Equivalence with the gluonic Berends–Giele recursion
Using the component field-strength (4.119), it follows that the gluonic three-point amplitudes of the Berends–Giele

and pure spinor formulae match.

Proposition 15. When restricted to its gluon components the pure spinor cohomology formula for SYM tree amplitudes (5.13)
is equivalent to the standard Berends–Giele formula (5.1).

Proof. The proof that the general n-point amplitudes agree was written in [175]. The outline of the proof is as follows:
first one shows that the lowest gluonic components of emP in the superfield (5.30) reproduce the standard Berends–Giele
current

emP
⏐⏐
χj=0 = JmP . (5.35)

Then using transversality (4.120) and momentum conservation in the form of kmX + kmY + kmZ = 0 one rewrites (5.32) as

⟨MXMYMZ ⟩ = (e[X,Y ] · eZ ) + emX (XYγmXZ ) − emY (XXγmXZ ) (5.36)

+
1
2

∑
RS=Z

[
(eR · eX )(eS · eY ) − (eR · eY )(eS · eX )

]
,

which simplifies as follows when Z is a single-particle label p+1:

⟨MXMYMp+1⟩ = (e[X,Y ] · ep+1) + emX (XYγmXp+1) − emY (XXγmXp+1) . (5.37)

he pure spinor superspace formula for tree-level SYM amplitudes (5.13) is given by the deconcatenation sum of the
orrelator (5.37) over XY = 12 . . . p and yields

A(1, 2, . . . , p, p+1) =

∑
XY=12...p

[
(e[X,Y ] · ep+1) + emX (XYγmXp+1) − emY (XXγmXp+1)

]
= s12...p(e12...p · ep+1) + km12...p(X12...pγmXp+1) , (5.38)

here in the second line the recursions (4.116) and (4.120) were used to identify em12...p and X α
12...p. Setting the fermions to

ero and using (5.35) yields the gluonic Berends–Giele formula [28] and finishes the proof that the pure spinor cohomology
ormula and the Berends–Giele formula (5.1) are equivalent. □

hort representations in the standard Berends–Giele formula. Despite missing the powerful BRST cohomology manipula-
ions, a reduction in the multiplicities of the currents was derived in the standard gluonic Berends–Giele method in [212]
o obtain ‘‘short’’ and manifestly cyclic representations of bosonic amplitudes up to eight points. For example, the six-point
mplitude was found to be

AYM(1, 2 . . . , 6) =
1
2
s123Jm123J

m
456 +

1
3
[J12, J34]mJm56 +

1
2
{J1, J23, J4}mJm56

+ {J1, J2, J34}mJm56 + cyc(123456) , (5.39)

see (5.2) for the brackets [. . .]m and {. . .}m, and similar expressions were written for the seven- and eight-point
amplitudes [212].

5.2.4. Kleiss–Kuijf amplitude relations
In [29] the color-ordered tree amplitudes were observed to obey the KK relations

A(P, 1,Q , n) = (−1)|P|A(1, P̃ ´ Q , n) , (5.40)

which singles out legs 1 and n leading to (n−2)! linearly independent amplitudes (w.r.t. constant rather than sij-dependent
coefficients). As a simple example with P = 2, 3 and Q = 4, we have

A(2, 3, 1, 4, 5) = A(1, 3, 2, 4, 5) + A(1, 3, 4, 2, 5) + A(1, 4, 3, 2, 5) . (5.41)
62



C.R. Mafra and O. Schlotterer Physics Reports 1020 (2023) 1–162

I
a
a
t
T
a

L

w

P
f

n [29] a proof of (5.40) was argued based on the shuffle symmetry (5.7) of the Berends–Giele currents derived by Berends
nd Giele in [185], see Section 5.1.1. The proof that the pure spinor cohomology formula (5.14) satisfies the KK relations is
nalogous, it follows as a corollary to the equivalence in the proofs of [177,186]. However, in this section we wish to see
his equivalence more explicitly and use it to prove the KK relations not as an indirect corollary but as a direct statement.
he explicit equivalence between [177,186] is given by the following lemma, first stated in [175] and proven in [213] (see
lso equation (41) of [214]):

emma 10. Let P,Q be arbitrary words and j a letter, then∑
XY=P

(−1)|X |X̃ ´ (YjQ ) = (−1)|P|j(P̃ ´ Q ) , (5.42)

here X and Y are allowed to be empty in the sums and P̃ denotes the reversal of P.

roof. The proof follows from an induction on the length |P| of the word P [213]. For the base case of length zero the
ormula is true as it reduces to jQ = jQ . Assume that the formula holds for |P| = p, then for |P| = p+1 set P = Ci for a
letter i and a word C of length p. Using the elementary property of summations∑

XY=Ci

f (X, Y ) = f (Ci,∅) +

∑
XY=C

f (X, Yi) (5.43)

we get∑
XY=Ci

(−1)|X |X̃ ´ (YjQ ) = (−1)|Ci|(iC̃)´ (jQ ) +

∑
XY=C

(−1)|X |X̃ ´ (YijQ ) (5.44)

= (−1)|P|(iC̃)´ Q ′
+ (−1)|C |i(C̃ ´ Q ′)

= (−1)|P|
(
(iC̃)´ (jQ ) − i(C̃ ´ jQ )

)
= (−1)|P|j(P̃ ´ Q ) ,

where we defined Q ′
= jQ to use the induction hypothesis in the second line, and we used the recursive definition of

the shuffle product (iC̃)´ (jQ ) = i
(
C̃ ´ (jQ )

)
+ j

(
(iC̃)´Q

)
in the fourth line. So the induction holds true when |P| = p+1

and (5.42) follows. □

It is convenient to rewrite the identity (5.42) such that there are no empty words in the sum on its left-hand side,∑
RS=P (−1)|R|R̃´ (SjQ ) + (−1)|P|P̃ ´ (jQ ) + PjQ = (−1)|P|j(P̃ ´ Q ) where R, S ̸= ∅. That is,

PjQ = (−1)|P|j(P̃ ´ Q ) −

∑
RS=P

(−1)|R|R̃´ (SjQ ) − (−1)|P|P̃ ´ (jQ ) , R, S ̸= ∅ , (5.45)

or

PjQ = (−1)|P|j(P̃ ´ Q ) + shuffles , (5.46)

giving rise to an equivalence relation in the dual of Lie polynomials [166].

Proposition 16. The pure spinor cohomology formula for SYM tree amplitudes (5.14) satisfies the KK relations (5.40)

A(P, 1,Q , n) = (−1)|P|A(1, P̃ ´ Q , n) . (5.47)

Proof. The Corollary 2 in (4.139) shows that the superfield EP in (4.85) also satisfies the shuffle symmetry

ER´S = 0 , ∀ R, S ̸= ∅ (5.48)

since the definition of EP =
∑

XY=P MXMY is also over an antisymmetric deconcatenation in view of the fermionic nature
of MX and MY . Since the words R and S in (5.48) must be non-empty, the identity (5.45) can be used to yield

EPjQ = (−1)|P|Ej(P̃´Q ) . (5.49)

Consequently, from the pure spinor cohomology formula (5.14) we obtain ⟨EPjQVn⟩ = (−1)|P|
⟨Ej(P̃´Q )Vn⟩ and therefore the

KK relation (5.47) is satisfied. □

5.2.5. Bern–Carrasco–Johansson amplitude relations
The SYM amplitudes from the pure spinor cohomology formula (5.14) are almost trivially zero due to the fact that

EP = QMP for generic values of all the si...j. The only reason why the superspace expression for the n-point amplitude is
not BRST exact is because MP with P = 12 . . . n−1 contains a propagator 1/sP which is ill-defined in a momentum phase
space of n = |P|+1 massless particles. The BCJ amplitude relations arise when certain linear combinations of sijEP become
BRST-exact expressions. Let us consider one simple example to understand the mechanism.
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our point BCJ relation. Let us review the argument of [175]. Consider the Berends–Giele current (4.138)

M123 =
V[[1,2],3]

s12s123
+

V[1,[2,3]]

s23s123
(5.50)

n the BCJ gauge, where the local superfields V[P,Q ] satisfy the generalized Jacobi identities (4.47). Now consider the linear
ombination s23M123 − s13M213

s23M123 − s13M213 = s23
(V[[1,2],3]

s12s123
+

V[1,[2,3]]

s23s123

)
− s13

(V[[2,1],3]

s12s123
+

V[2,[1,3]]

s13s123

)
=

V[[1,2],3]

s12
, (5.51)

where we used the generalized Jacobi identities of V[P,Q ] and s12 + s13 + s23 = s123. Note the crucial cancellation of the
verall pole in 1/s123, for which the Jacobi identity is an essential requirement. The identity (5.51) is the Berends–Giele
ounterpart of the planar binary tree relation (4.148) in terms of Lie polynomials.
Therefore, whileM123 andM213 are ill-defined objects for a four-point amplitude where s123 = 0, the linear combination

23M123 − s13M213 is not! This means that it is a valid object to use as a ‘‘BRST ancestor’’ to derive Q -exact expressions
ith vanishing components

E{12,3} = s23E123 − s13E213 = Q
(
s23M123 − s13M213

)
= Q

(
V[[1,2],3]

s12

)
. (5.52)

ultiplying by the BRST-closed V4 on the right and using the pure spinor SYM formula (5.14) we get

s23A(1, 2, 3, 4) − s13A(2, 1, 3, 4) =

⟨
Q

(
V[[1,2],3]

s12
V4

)⟩
= 0 . (5.53)

o summarize, the four-point BCJ amplitude relation [30]

s23A(1, 2, 3, 4) − s13A(2, 1, 3, 4) = 0 (5.54)

olds because the superspace expression underlying the left-hand side is BRST exact. This is a consequence of the
ancellation of the propagator 1/s123 in the linear combination (5.51) which is only true if V[P,Q ] satisfies the generalized
Jacobi identities. In other words, in the BCJ gauge of multiparticle superfields the four-point BCJ amplitude relation
is obtained due to the vanishing of BRST-exact expressions. Note, however, that the BCJ amplitude relations are valid
independently of the precise details of the numerators by non-linear gauge invariance of the cohomology formula (5.13)
for SYM amplitudes.37 Hence, there is no loss of generality in employing BCJ-gauge numerators in the discussions above
to identify BRST-exact combinations of the superfields EP in the cohomology approach.

BCJ amplitude relations in general. The strategy to derive n-point BCJ amplitude relations from the pure spinor cohomology
method hinges on linear combinations of Berends–Giele currents of multiplicity n−1 such that the leading propagator
1/s12...n−1 is absent, as illustrated by the example (5.51) at n = 4. These combinations can be found in BCJ gauge, and
their combinatorial structure is most conveniently encoded in the S bracket of Section 4.3.3 which was used in [166] to
rigorously prove the n-point statements of [175]. From the pure spinor cohomology discussion above, the property (4.145)
demonstrates that certain linear combinations of SYM trees vanish. More precisely,

Proposition 17 (BCJ Relations). The pure spinor cohomology formula for SYM tree amplitudes (5.14) satisfies BCJ relations

A({P,Q }, n) = 0 , (5.55)

for any possible distribution of the labels {1, 2, . . . , n−1} between P and Q . Moreover, the fundamental BCJ relations in the
terminology of [215] are obtained in the special case when P = 1, Q = 23 . . . n−1 as

− A({1, 23 . . . n−1}, n) =

∑
XY=23...n−1

k1 · kXA(X, 1, Y , n) = 0 . (5.56)

roof. Note from the prescription (4.137) and the corollary (4.150) that there is no propagator 1/sPQ in

M{P,Q } = Vb({P,Q }) . (5.57)

his implies, by a similar reasoning as in (4.86), that the superfield E{P,Q } for |P|+|Q | = n−1 is BRST exact in the
omentum phase space of n massless particles

E{P,Q } = QM{P,Q } , (5.58)

37 The perturbiner components of the non-linear gauge variation (2.6) with Berends–Giele currents ΩP of the gauge scalar lead to the variation
δΩMP = QΩP +

∑
P=XY (ΩXMY −ΩYMY ). The resulting non-linear gauge variation of the SYM amplitudes

∑
12...n−1=XY ⟨MXMYMn⟩ then conspires to

a BRST-exact expression after assembling the contributions from δ M , δ M and δ M .
Ω X Ω Y Ω n
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ven though sPQ = 0. Since QVn = 0, this means that the expression E{P,Q }Vn is BRST exact; Q (M{P,Q }Vn) and therefore
⟨E{P,Q }Vn⟩ = 0 vanishes in the cohomology of the pure spinor bracket. The pure spinor cohomology formula (5.14) implies
that A({P,Q }, n) = 0, proving the first claim in (5.55).

To prove that the fundamental BCJ relation of [215] is recovered as in (5.56) we use the lemma (4.151)

{i,Q } ∼

∑
XY=Q

ki · kYXiY . (5.59)

herefore the BCJ relation (5.55) implies

0 = −A({1,Q }, n) = −

∑
XY=Q

k1 · kYA(X, 1, Y , n) (5.60)

=

∑
XY=Q

k1 · kXA(X, 1, Y , n) +

∑
XY=Q

k1 · knA(X, 1, Y , n)

=

∑
XY=Q

k1 · kXA(X, 1, Y , n) ,

here we used that momentum conservation kY = −(kX+k1+kn) implies that k1 · kY = −k1 · kX − k1 · kn to obtain the
econd line and

∑
XY=Q X1Y = 1 ´ Q together with A((R ´ S), n) = 0 to obtain the third line. The last equality follows

rom ER´S = 0 for non-empty R, S as in (4.139). Choosing Q = 23 . . . n−1 finishes the derivation of the fundamental BCJ
elation (5.56) and the proposition is proven. □

For examples of the BCJ relations (5.55) generated by the S bracket, we consider

A({12, 3}, 4) = s23A(1, 2, 3, 4) − s13A(2, 1, 3, 4) = 0 ,

A({1, 23}, 4) = s12A(1, 2, 3, 4) − s13A(1, 3, 2, 4) = 0 , (5.61)
A({123, 4}, 5) = s34A(1, 2, 3, 4, 5) − s24A(1, 3, 2, 4, 5) − s24A(3, 1, 2, 4, 5) + s14A(3, 2, 1, 4, 5) = 0 ,
A({12, 34}, 5) = s23A(1, 2, 3, 4, 5) − s24A(1, 2, 4, 3, 5) − s13A(2, 1, 3, 4, 5) + s14A(2, 1, 4, 3, 5) = 0 .

ore generally, the distribution in −A({1, 23 . . . n−1}, n) = 0 is equivalent, via (5.60), to the fundamental BCJ relations

0 = k1 · k2A(2, 1, 3, . . . , n) + k1 · k23A(2, 3, 1, 4, . . . , n) + · · · + k1 · k23...n−1A(2, 3, . . . , n−1, 1, n) , (5.62)

hose permutations are known to leave (n−3)! independent partial amplitudes [30,34,144,215,216]. As will be briefly
eviewed in Section 7.1.2, the BCJ relations were derived in [30] from the color-kinematics duality, see [36,37] for reviews.
he emergence of (local) BCJ-satisfying numerators from the pure spinor superstring will be discussed in Sections 7.1.3
nd 7.1.6.

.3. The generating series of tree-level amplitudes

The SYM tree-level amplitudes from the pure spinor superspace expression (5.14) can be compactly described by a
enerating function [175]. To see this one uses the perturbiner series (4.92) of the unintegrated vertex operator expanded
n terms of the Berends–Giele currents (4.81)

V := λαAα =

∑
i1

Mi1 t
i1eki1 ·X

+

∑
i1,i2

Mi1 i2 t
i1 t i2eki1 i2 ·X

+

∑
i1,i2,i3

Mi1 i2 i3 t
i1 t i2 t i3eki1 i2 i3 ·X

+ · · · . (5.63)

One can show that the generating function of color-dressed SYM amplitudes is given by the natural generalization of the
three-point amplitude ⟨V1V2V3⟩ as

1
3
Tr⟨VVV⟩ =

∞∑
n=3

n − 2
n

∑
i1,i2,...,in

Tr(t i1 t i2 . . . t in )A(i1, i2, . . . , in) . (5.64)

It is reassuring to note that the generating function of tree-level amplitudes (5.64) reproduces the interaction term of
the ten-dimensional SYM Lagrangian of [217] evaluated on the generating series of (non-local) Berends–Giele currents in
superspace: Fmn(X, 0) and Wα(X, 0). To see this note from (4.115) that emP ,X

α
P and fmn

P are the θ = 0 components of the
generating series Am, Wα and Fmn. Therefore (5.32) implies that

1
3
Tr⟨VVV⟩ =

1
4
Tr([Am,An]Fmn) + Tr(WγmAmW)

⏐⏐⏐
θ=0

= Tr
(1
4
FmnFmn

+ (Wγm
∇mW)

) ⏐⏐⏐
θ=0

, (5.65)

here we have used the massless Dirac equation ∇mγ
m
αβW

β
= 0 as well as the field equation ∂mFmn

= [Am,Fmn
] +

n
αβ{W

α,Wβ
} and discarded a total derivative to rewrite (∂mAn)Fmn

= −An
(
[Am,Fmn

]+γ n
αβ{W

α,Wβ
}
)
. The matching of the

Lagrangian with the resummation of all tree-level amplitudes is of course a strong consistency check for the manipulations
with the perturbiner series, see e.g. [218].
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. Superstring disk amplitudes with the pure spinor formalism

In the previous section, we have derived the elegant expression (5.13) for n-point SYM tree-level amplitudes in
ure spinor superspace from locality and BRST cohomology considerations. In this section, we will review how this
epresentation of SYM amplitudes emerges from the CFT prescription (3.76) for superstring disk amplitudes through the
ield-theory limit α′

→ 0. This will in fact be a corollary of the key result of this review — a minimal and manifestly BRST
nvariant form of n-point open-superstring amplitudes: as will become clear from the final and exact-in-α′ result (6.49),
he entire polarization dependence of the string amplitude is carried by field-theory building blocks. The CFT computation
s guided by the local multiparticle superfields in Section 4.1 and their generalized Jacobi identities. The manifestly local
epresentation (6.8) of the n-point disk amplitude encountered in intermediate steps will be later on identified as the
rigin of the color-kinematics duality, see Section 7.1.
Both the local and manifestly BRST invariant representations of the string amplitude resonate with field-theory struc-

ures when expressed in a Parke–Taylor basis of disk integrals with characteristic cyclic denominators zi1 i2zi2i3 . . . zin−1 inzini1 .
On the one hand, the full α′-dependent open-superstring amplitude lines up with the field-theory KLT formula for
supergravity tree amplitudes, see (6.69). On the other hand, the field-theory limit α′

→ 0 of the Parke–Taylor integrals is
reviewed to reproduce tree amplitudes of bi-adjoint scalars which play a central role for the color-kinematics duality of
gauge theories and different formulations of the gravitational double copy. In fact, as will be argued in the present section
and the following, the α′-corrections to Parke–Taylor integrals admit an effective-field-theory interpretation in terms of
bicolored scalars with higher-derivative interactions.

6.1. CFT analysis

Tree-level scattering amplitudes of open-string states are determined by iterated integrals on the boundary of a
disk worldsheet, as can be seen in the pure spinor prescription (3.76). Using the prescription to compute n-point disk
amplitudes in the pure spinor formalism requires the evaluation of a CFT correlator

⟨⟨V1(z1)
n−2∏
j=2

Uj(zj)Vn−1(zn−1)Vn(∞)⟩⟩ =: ⟨Kn⟩

n∏
i<j

|zij|−2α′sij , (6.1)

with the massless vertex operators (3.60) and (3.63).
The definition of the tree-level correlators38 Kn on the right-hand side is such that it strips off the Koba–Nielsen factor∏n

i<j |zij|
−2α′sij from the path integral. We have re-instated the α′-dependence adapted to the correlation functions on a

disk worldsheet which differs from the Koba–Nielsen exponents on the sphere in (4.4) and Section 7.2.1.

6.1.1. Double poles versus logarithmic singularities
The computation of the correlators Kn from the CFT rules of the pure spinor formalism is guided by the OPE contractions

among the vertex operators in (6.1). Since the conformal h = 1 primaries [∂θα,Πm, dα,Nmn
] within the integrated vertex

(3.60) do not have any zero modes at tree level, the correlator (6.1) can be computed by summing all their OPE singularities
summarized in Section 3.3.4 and placing the fields in the residues at appropriate positions, see e.g. section 2.3 of [2]. As
shown in (4.11), these OPEs generically give rise to both single- and double-poles. However, as alluded to in (4.12) and
observed in explicit calculations for five [119] and six points [169], the role of the double-pole integrals is to correct the
numerators of the single-pole integrals such that any OPE residue Ljiki... as defined in (4.7) is transformed to the associated
multiparticle vertex operator in the BCJ gauge Vijk.... This is the consequence of a subtle interplay between integration-
by-parts identities among the disk integrals and the explicit form of the local superfields multiplying these integrals. In
particular, the double-pole residues feature factors of (1 + 2α′sij), as for instance seen in the last line of (4.11), which
cancel the tachyon poles (1+2α′sij)−1 that would arise from disk integrals over |zij|−2α′sij−2. As a rank-three example, the
relation between Vijk and the object Tijk obtained from OPEs and integration-by-parts corrections in [21,169] is spelt out
in Appendix I. The generating series of the Berends–Giele currents associated with Vijk and Tijk are related by a non-linear
gauge transformation that preserves BCJ gauge.

More generally, numerators (1+2α′sijk...) from nested OPEs cancel tachyonic poles of multiparticle channels in a highly
nontrivial way, see for instance appendix B.3 of [169]. In this way, all the singularities of the correlator ⟨Kn⟩ in (6.1)
become logarithmic: when visualizing all factors of z−1

ij by an edge between vertices i and j, logarithmic singularities are
characterized by obtaining a tree graph in the frame zn → ∞. Integration by parts removes loop subgraphs associated for
instance with z−2

ij or (zijzjkzki)−1, and the accompanying numerators of (1 + 2α′sij) or (1 + 2α′sijk) due to the superfields
ensure that no tachyon poles are generated in the coefficients of the logarithmic singularities. It follows from Aomoto’s
work [219] that non-logarithmic singularities can always be removed via integration by parts, but it is a peculiarity of
the superstring (as compared to bosonic or heterotic strings [220,221]) that the coefficients of the logarithmic integrands
become free of tachyon poles and in fact homogeneous in α′.

38 The context and the subscript clearly differentiates the n-point correlator Kn in (6.1) and the Berends–Giele current Kn in (4.79) for the
ingle-particle n of a generic superfield in K of (4.1).
n
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.1.2. Lie-polynomial structure of the correlator
After discarding total worldsheet derivatives and BRST-exact terms, the calculation of the correlator (6.1) can be

ummarized by an elegant pattern relating the symmetries of the kinematic factors and logarithmic integrands. By the
uperfield contributions from the double poles and more general non-logarithmic singularities, all kinematic factors can
e written in terms of the multiparticle vertex VP (4.77) subject to the generalized Jacobi identities (4.47). The logarithmic

singularities in turn are carried by the following worldsheet functions ZP satisfying shuffle symmetries

Z123...p :=
1

z12z23 . . . zp−1,p
, ZA´B = 0 , ∀ A, B ̸= ∅ . (6.2)

t rank p = 2, 3, shuffle symmetry is a consequence of antisymmetry Z12 = z−1
12 = −z−1

21 = −Z21 and the partial fraction
123 + Z213 + Z231 = (z12z23)−1

+ cyc(1, 2, 3) = 0, and a general proof can be found in Lemma 5.4 of [190].
At low multiplicities, the sum of OPEs involving one unintegrated and any number of integrated vertices is given by

(the symbol ∼= denotes equality up to total derivatives and BRST-exact terms in presence of the remaining vertex operators
Uj(zj) and Vn−1(zn−1)Vn(∞))

V1(z1)U2(z2) ∼= V12Z12 ,

V1(z1)U2(z2)U3(z3) ∼= V123Z123 + V132Z132 , (6.3)
V1(z1)U2(z2)U3(z3)U4(z4) ∼= V1234Z1234 + perm(2, 3, 4) ,

where already at rank two, we have discarded the term Q
( 1
2 (A1 · A2) − (A1W2)

)
in (4.19) to convert the OPE residue

21 defined by (4.3) into the two-particle vertex V12. In the context of multiparticle correlators, contributions such as
(A1W2)Q (U3 . . .)⟩ due to BRST integration by parts conspire to total derivatives which are discarded as well on the
ight-hand side of the symbol ∼= (see the earlier comments below (4.6) and (4.16)).

Given the generalized Jacobi symmetry of VP and the shuffle symmetry of ZP , the sums of terms on the right-hand
ide of (6.3) furnish Lie polynomials [177]. They are in fact permutation symmetric in the labels of V1 and all the Uai , say
V123Z123 + V132Z132 = V213Z213 + V231Z231, and generalize to

V1(z1)
n∏

i=1

Uai (zai ) ∼=

∑
|A|=n

V1AZ1A , (6.4)

here the summation range |A| = n refers to the n! words A formed by permutations of a1a2 . . . a|A|. The Lie-polynomial
tructure implies that the right-hand side of (6.4) is permutation symmetric in 1, a1, a2, . . . , a|A| even though only the
eaker symmetry in a1, a2, . . . , a|A| is manifest.39
Following this reasoning the correlator Kn can be assembled from two factors of (6.4) corresponding to sequences

of OPEs terminating on one of the unintegrated vertex operators V1(0) or Vn−1(1). OPE contributions involving the third
unintegrated vertex operator Vn(zn) are suppressed in our choice of SL2(R) frame with zn → ∞. These selection rules for
OPEs lead to n−2 deconcatenations AB = 23 . . . n−2 (including the ones with A = ∅ or B = ∅) and an overall permutation
over (n−3)! labels for a total of (n−2)! terms [21]:

Kn =

∑
AB=23...n−2

(
V1AZ1A

)(
Vn−1,B̃Zn−1,B̃

)
Vn + perm(2, 3, . . . , n−2) , (6.5)

where B̃ denotes the reversal of the word B. The first few expansions of (6.5) read (Zi := 1),

K3 = V1V2V3 ,

K4 = V12Z12V3V4 + V1V32Z32V4 ,

K5 =
(
V123Z123 + V132Z132

)
V4V5 + V1

(
V423Z423 + V432Z432

)
V5 (6.6)

+
(
V12Z12

)(
V43Z43

)
V5 +

(
V13Z13

)(
V42Z42

)
V5 ,

K6 = V1234Z1234V5V6 + V123Z123V54Z54V6 + V12Z12V543Z543V6 + V1V5432Z5432V6 + perm(2, 3, 4) ,

and we reiterate that, by the Lie-polynomial structure of the correlator, V123Z123 + V132Z132 is symmetric in 1, 2, 3 even
hough only two out of 3! permutations are spelled out.

One can verify that (6.5) can be obtained using the following two effective rules for multiparticle OPEs

VA(za)UB(zb) →
V[A,B](za)

zab
, UA(za)UB(zb) →

U[A,B](za)
zab

, (6.7)

where za and zb are the worldsheet positions corresponding to the first letters of the words A and B. The replacements are
gain valid upon discarding BRST-exact terms and total derivatives from the complete correlator (6.1), see the comments
elow (6.3). The nested brackets in V[A,B] or U[A,B] are expanded as in (4.55) by virtue of the generalized Jacobi identities
atisfied by VP and UQ .

39 This follows from the identity
∑ 1 Z V =

∑
Z V .
A |A| A A B iB iB
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Using the above results the n-point superstring disk amplitude computed with the pure spinor formalism becomes a
um over (n−2)! superfield numerators along with different worldsheet functions (6.2) [21],

A(1n) = A(1, 2, . . . , n)

= (2α′)n−3
∫
D(1n)

n−2∏
j=2

dzj
n−1∏
1≤i<j

|zij|−2α′sij
∑

AB=23...n−2

⟨(
V1AZ1A

)(
Vn−1,B̃Zn−1,B̃

)
Vn

⟩
+ perm(23 . . . n−2)

= (2α′)n−3
∫
D(1n)

n−2∏
j=2

dzj
n−1∏
1≤i<j

|zij|−2α′sij (6.8)

×

{n−2∑
p=1

⟨V12...pVn−1,n−2,...,p+1Vn⟩

(z12z23 · · · zp−1,p)(zn−1,n−2 · · · zp+2,p+1)
+ perm(23 . . . n−2)

}
.

Recall that the integration domain D(1n) = D(1, 2, . . . , n) defined in (3.78) in the present SL2(R)-frame with (z1, zn−1, zn) =

(0, 1,∞) amounts to the disk ordering 0 < z2 < z3 < · · · < zn−2 < 1.
In order to avoid cluttering, we adopt the notation∫

dµn
P :=

∫
D(P)

dz2 dz3 · · · dzn−2

n−1∏
1≤i<j

|zij|−2α′sij , (6.9)

where the superscript of the measure tracks the number |P|=n of external labels. This shorthand is suited for the choice
of SL2(R)-frame where the worldsheet positions (z1, zn−1, zn) are fixed to (0, 1,∞) (or to (1, 0,∞) to accommodate all
the (n−1)! cyclically inequivalent choices of P), and the translation into more general SL2(R)-frames will be discussed in
Section 6.4.1 below. The local form of the superstring amplitude then becomes

An(P) = (2α′)n−3
∫

dµn
P

∑
AB=23...n−2

⟨(
V1AZ1A

)(
Vn−1,B̃Zn−1,B̃

)
Vn

⟩
+ perm(23 . . . n−2) , (6.10)

where we write An(P) = A(P)
⏐⏐
|P|=n whenever the multiplicity is not obvious from the shorthand P for the color-ordering.

6.2.1. Four-point example
While the three-point amplitude (3.98) is completely determined by zero modes, the simplest instance of OPE

contributions occurs at four points. According to (6.1), the four-point correlator is defined by

⟨⟨V1(z1)U2(z2)V3(z3)V4(∞)⟩⟩ = ⟨K4⟩ |z12|−2α′s12 |z23|−2α′s23 (6.11)

and computed by integrating out the h = 1 fields in U2(z2):

K4 ∼=
V[1,2](z1)

z12
V3(z3)V4(∞) + V1(z1)

V[2,3](z3)
z23

V4(∞)

∼=
V12V3V4

z12
+

V1V32V4

z32
. (6.12)

he first line illustrates the origin of the four-point correlator from the OPE effective rules (6.7). The second line (which
s equivalent by Vij = V[i,j]) reproduces (6.6) and results from permutations of (4.3) and (4.19) while dropping BRST-exact
erms and OPEs involving the vertex V4 at infinity. The ⟨. . .⟩ bracket only refers to the zero modes of λα, θα , see (3.81),
that is why the positions of the Vi, Vij are no longer displayed. The integrals in the resulting amplitude

A(14) = A(1, 2, 3, 4) = 2α′

∫ 1

0
dz2

(
⟨V12V3V4⟩

z12
+

⟨V1V32V4⟩

z32

)
|z12|−2α′s12 |z23|−2α′s23

=

(
⟨V12V3V4⟩

s12
+

⟨V1V23V4⟩

s23

)
Γ (1 − 2α′s12)Γ (1 − 2α′s23)
Γ (1 − 2α′s12 − 2α′s23)

(6.13)

= A(1, 2, 3, 4)
Γ (1 − 2α′s12)Γ (1 − 2α′s23)
Γ (1 − 2α′s12 − 2α′s23)

can be straightforwardly identified with the Euler beta function
∫ 1
0 dx xA−1(1−x)B−1

=
Γ (A)Γ (B)
Γ (A+B) after fixing (z1, z3) = (0, 1)

which is the backbone of the famous Veneziano amplitude [222]. In passing to the second line, we have used the functional
identity Γ (A+1) = AΓ (A) to make the ratio −

s12
s23

of the integrals over z−1
12 and z−1

32 manifest (which is in fact a special
case of the integration-by-parts identities of Section 6.3.1). As a result, the four-point SYM amplitude in (5.10) has been
factored out in the last line of (6.13), and the remainder of this section is dedicated to the appearance of SYM amplitudes
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rom n-point correlators of the open superstring. Historically, explicit four-point tree-level computations in the pure spinor
ormalism date back to 2006 and 2008 [97,167].

.2.2. Five-point example
To illustrate the multiparticle techniques leading to the result (6.8) above, it is useful to consider the evaluation of the

ive-point disk correlator via multiparticle vertex operators and the effective OPE calculations (6.7). That is, consider

⟨⟨V1(z1)U2(z2)U3(z3)V4(z4)V5(z5)⟩⟩ = ⟨K5⟩ |z12|−2α′s12 |z13|−2α′s13 |z23|−2α′s23 |z24|−2α′s24 |z34|−2α′s34 , (6.14)

where we set (z1, z4, z5) = (0, 1,∞) at the end (this means that V5 does not participate in OPEs). First we eliminate z2
using the OPEs of U2(z2) to get

K5 =
V[1,2](z1)

z12
U3(z3)V4(z4)V5(∞) + V1(z1)

U[3,2](z3)
z32

V4V5(∞) + V1(z1)U3(z3)
V[4,2](z4)

z42
V5(∞) , (6.15)

followed by elimination of z3 via effective OPEs (6.7) of U3(z3)

K5 =
V[[1,2],3]

z12z13
V4V5 +

V[1,2]

z12

V[4,3]

z43
V5

+
V[1,[3,2]]

z32z13
V4V5 + V1

V[4,[3,2]]

z32z43
V5 (6.16)

+
V[1,3]

z13

V[4,2]

z42
V5 + V1

V[[4,2],3]

z42z43
V5 .

The contributions from the first, second and third term of (6.15) are organized into separate lines, and we are no longer
tracking the locations of the multiparticle vertex operators since only their zero modes remain at this point.

Using the generalized Jacobi identity (4.55) followed by the shuffle symmetry (6.2) we get

K5 =
V123

z12z23
V4V5 +

V132

z13z32
V4V5 +

V12

z12

V43

z43
V5 +

V13

z13

V42

z42
V5 + V1

V432

z43z32
V5 + V1

V423

z42z23
V5 , (6.17)

hich reproduces (6.6) and leads to

A(15) = (2α′)2
∫ 1

0
dz3

∫ z3

0
dz2 |z12|−2α′s12 |z13|−2α′s13 |z23|−2α′s23 |z24|−2α′s24 |z34|−2α′s34

×

[
⟨V123V4V5⟩

z12z23
+

⟨V12V43V5⟩

z12z43
+

⟨V1V423V5⟩

z42z23
+ (2 ↔ 3)

]
(6.18)

ith (z1, z4) = (0, 1).
In contrast to the single integral in the four-point amplitude (6.13), the double integrals in (6.18) cannot be expressed

n terms of Gamma functions but instead involve a hypergeometric 3F2 function [223] with sij-dependent parameters
at z = 1. Five-point tree-level computations in the RNS formalism with external bosons include [208,224] from the
perspective of low-energy effective actions and [225–227] in the spinor-helicity formalism upon dimensional reduction
to D = 4. The simplified five-point results in pure spinor superspace [119,170] address the entire gauge multiplet and
furnish key steps towards the representation in (6.18).

6.2.3. Six-point example
The six-point instance of (6.8) is given by

A(16) = (2α′)3
∫ 1

0
dz4

∫ z4

0
dz3

∫ z3

0
dz2

5∏
1≤i<j

|zij|−2α′sij (6.19)

×

[
⟨V1234V5V6⟩

z12z23z34
+

⟨V123V54V6⟩

z12z23z54
+

⟨V12V543V6⟩

z12z54z43
+

⟨V1V5432V6⟩

z54z43z32
+ perm(2, 3, 4)

]
with (z1, z5) = (0, 1) and builds upon the pure spinor computation in [169]. Earlier six-point tree-level computations in
the RNS formalism have been performed for D-dimensional external gluons in [209] and in the spinor-helicity formalism
upon dimensional reduction to D = 4 [225–228].

6.3. Non-local form of the disk correlator

The expression (6.8) for the massless n-point open-superstring amplitude is characterized by its total number of (n−2)!
terms, written in terms of local superfields VP in the BCJ gauge and (n−2)! worldsheet integrals. The integrands are given
n terms of combinations of ZPZQ functions (6.2) with logarithmic singularities and with a distinctive pattern of label
istributions among the words P and Q . We will now see how this form can be streamlined and rewritten using only
n−3)! terms.
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earranging worldsheet functions. The driving force in this rewriting is the judicious use of worldsheet integration by parts
n the presence of the Koba–Nielsen factor [21]. To do this, we will first introduce a new set of worldsheet functions XP ,
ndexed by a word P , whose integration-by-parts relations involve constant rather than sij-dependent coefficients. For
easons to become clear below, it is convenient to define XiP for a fixed label i as

XiP =

∑
Q

S(P|Q )iZiQ , (6.20)

here S(P|Q )i is the KLT matrix (4.159) and ZiQ is the shuffle-symmetric worldsheet function (6.2). For example, X12 =
s12
z12

nd

X123 = S(23|23)1Z123 + S(23|32)1Z132 = s12(s13 + s23)
1

z12z23
+ s12s13

1
z13z32

(6.21)

= s12s13

(
1

z12z23
+

1
z13z32

)
+

s12s23
z12z23

=
s12s13
z12z13

+
s12s23
z12z23

=
s12
z12

(
s13
z13

+
s23
z23

)
,

where we used partial fractions in the second line. In general, one can show that after using partial-fraction identities the
XP functions can be written recursively as

XPi = XP (Xp1 i + Xp2i + · · · + Xpki) , Xi = 1 , k = |P|−1 , (6.22)

here the base case for a letter i is set to one for later convenience. Solving the recursion leads to the simplest instances

X1 = 1 , X12 =
s12
z12

, X123 =
s12
z12

( s13
z13

+
s23
z23

)
, X1234 =

s12
z12

( s13
z13

+
s23
z23

)( s14
z14

+
s24
z24

+
s34
z34

)
(6.23)

nd more generally to

XP =

|P|∏
j=2

j−1∑
i=1

spipj
zpipj

. (6.24)

ne can also describe the worldsheet functions (6.20) in terms of the generalized KLT matrix (4.164) [165] satisfying
eneralized Jacobi identities in P and Q such that Sℓ(iA|iB) = S(A|B)i. The definition (6.20) then generalizes to arbitrary
ords (not necessarily starting with i) as

XP :=
1
|P|

∑
Q

Sℓ(P|Q )ZQ (6.25)

such that the factor 1
|P|

compensates the higher number of permutations being summed over objects that satisfy shuffle
ymmetry and generalized Jacobi identities.
The following property of (6.20) has been first experimentally observed in [173] and later proved in [165,166] from

he properties of Sℓ(P|Q ) in (6.25):

Lemma 11. The worldsheet functions XP satisfy the generalized Jacobi identities

XPℓ(Q ) + XQℓ(P) = 0 , (6.26)

or instance

X12 = −X21 , X123 + X231 + X312 = 0 , X1234 − X1243 + X3412 + X3421 = 0 . (6.27)

.3.1. Integration by parts
As observed in [21], the chain of sij

zij
factors that appear in XP is ideally suited for integration by parts (IBP) when

multiplied by the Koba–Nielsen factor of the disk. The key idea is to exploit the vanishing of boundary terms in the total
worldsheet derivatives∫ zb

za
dzk

∂

∂zk

∏n−1
1≤i<j |zij|

−2α′sij

zi1j1 · · · zin−4jn−4

= 0 (6.28)

elevant to arbitrary orderings D(. . . , a, k, b, . . .) of n-point disk amplitudes. The absence of boundary terms follows from
he contributions |zk−zb|−2α′sbk and |zk−za|−2α′sak to the Koba–Nielsen factor which evidently vanish as zk → zb and
zk → za if Re(sbk), Re(sak) < 0. Analytic continuations in the sij then imply the validity of (6.28) for generic complex
inematics which has already been used in the context of the canceled-propagator argument in (3.88).
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Particularly simple instances of (6.28) arise if zk does not appear in the denominator, i.e. if k /∈ {il, jl}. In these cases, the
erivative ∂

∂zk
only acts on the Koba–Nielsen factor and the resulting IBP identity is homogeneously linear in Mandelstam

invariants,∫
D(P)

dz2 dz3 · · · dzn−2

∏n−1
1≤i<j |zij|

−2α′sij

zi1j1 · · · zin−4jn−4

n−1∑
m=1
m̸=k

smk

zmk
= 0 , (6.29)

ith an arbitrary permutation P = p1p2 . . . pn of 12 . . . n characterizing the integration domain D(P) in (3.78). The simplest
xamples at n = 4∫

D(P)
dz2 |z12|−2α′s12 |z23|−2α′s23

s12
z12

=

∫
D(P)

dz2 |z12|−2α′s12 |z23|−2α′s23
s23
z23

(6.30)

reproduces the ratio −
s12
s23

between the four-point integrals in the first line of (6.13) without invoking any Gamma-function
identity. At five points, IBP implies∫

D(P)
dz2 dz3

4∏
1≤i<j

|zij|−2α′sij
s12
z12

(
s13
z13

+
s23
z23

)
=

∫
D(P)

dz2 dz3
4∏

1≤i<j

|zij|−2α′sij
s12
z12

s34
z34

. (6.31)

Using the notation (6.9), the four- and five-point instances of IBP identities (6.29) relevant to the local correlators (6.13)
and (6.18) are obtained by∫

dµ4
P X32 = −

∫
dµ4

P X12 ,∫
dµ5

P X12X43 = −

∫
dµ5

P X123 , (6.32)∫
dµ5

P X432 =

∫
dµ5

P X123

nd relabelings 2 ↔ 3 of the five-point cases. At six points, the set of master IBPs for the correlator in (6.19) is given by∫
dµ6

P X123X54 = −

∫
dµ6

P X1234 ,∫
dµ6

P X12X543 =

∫
dµ6

P X1234 , (6.33)∫
dµ6

P X5432 = −

∫
dµ6

P X1234

nd permutations in 2, 3, 4, while at seven points we get∫
dµ7

P X1234X65 = −

∫
dµ7

P X12345 ,

∫
dµ7

P X12X6543 = −

∫
dµ7

P X12345 ,∫
dµ7

P X123X654 =

∫
dµ7

P X12345 ,

∫
dµ7

P X65432 =

∫
dµ7

P X12345 , (6.34)

and permutations in 2, 3, 4, 5. In general, these IBP identities can be written as∫
dµn

P X1AX(n−1)B̃ = (−1)|B|
∫

dµn
P X1AB , (6.35)

where B̃ denotes the reversal of the word B, see the notation in Section 1.3. Recalling that we defined Xi = 1, the general
form (6.35) is valid even when one of A and B is empty. Note again that the labels i = 1 and i = n−1 are singled
out, reflecting the SL2(R)-frame implicit in the shorthand notation (6.9). Still, the IBP identity (6.35) holds universally
for any disk ordering P since any cyclically inequivalent domain D(P) in (3.78) is compatible with the SL2(R) frames
(z1, zn−1, zn) = (0, 1,∞) or (1, 0,∞) employed in (6.9).

Moreover, the |B|-dependent minus signs cancel out when the identity (6.35) is used together with the reflection
property (4.105) of the Berends–Giele supercurrents. This leads to the important identity,∫

dµn
P (M1AX1A)(Mn−1B̃X(n−1)B̃) =

∫
dµn

P X1AB M1AMB(n−1) , (6.36)

which will be used in the derivation of the non-local and manifestly BRST invariant form of the superstring n-point
scattering amplitude on the disk in the next section.
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.3.2. The trading identity
The IBP identity (6.36) will ultimately allow us to derive the non-local (n−3)!-term representation of the massless

-point superstring disk amplitude in an elegant manner. Before we do this there is one final important identity to prove,
he so-called trading identity [21].

roposition 18. The local superfields VP satisfying generalized Jacobi identities and the worldsheet functions ZP satisfying
huffle symmetries are related by∑

A

ViAZiA =

∑
A

MiAXiA (6.37)

o the Berends–Giele supercurrents MP satisfying shuffle symmetries and the worldsheet functions XP satisfying generalized
acobi identities.40

roof. Starting from ViA =
∑

B S(A|B)iMiB (see (4.181) and [166,176]), we have∑
A

ViAZiA =

∑
A,B

MiBS(A|B)iZiA =

∑
B

MiBXiB , (6.38)

where the second step is based on the symmetry S(A|B)i = S(B|A)i of the KLT matrix and the definition of XiB in (6.20).
Similarly, we could have used the relation ZiA =

∑
B⟨b(iA), iB⟩XiB, where the binary-tree map introduced in (4.124) inverts

the KLT matrix in the sense of (4.179), to obtain the same conclusion. □

6.3.3. The n-point disk amplitude
The identities derived above allow us to cast the massless n-point disk amplitude into a manifestly gauge invariant

form that contains (n−3)! terms [21]. Let us first write down explicit examples at low multiplicities before stating the
final result.

Four points. Starting from the rewriting

A4(P) = 2α′

∫
dµ4

P ⟨V12Z12V3V4 + V1V32Z32V4⟩ (6.39)

of the local form (6.12) of the four-point disk correlator, the trading identity (6.37) regroups the Mandelstam factors to

A4(P) = 2α′

∫
dµ4

P ⟨X12M12M3M4 + X32M1M32M4⟩ . (6.40)

Then, IBP using (6.32) and the shuffle symmetry of the Berends–Giele current M32 = −M23 yield

A4(P) = 2α′

∫
dµ4

P X12⟨M12M3M4 + M1M23M4⟩

= 2α′

∫
dµ4

P X12⟨E123M4⟩ (6.41)

= 2α′

∫
dµ4

P X12A(1, 2, 3, 4) ,

where we identified the four-point SYM tree amplitude (5.14). After unfolding the notation (6.9) we get the equivalent
of (6.13),

A4(P) = 2α′

∫
D(P)

dz2 |z12|−2α′s12 |z23|−2α′s23
s12
z12

A(1, 2, 3, 4) , (6.42)

for the massless four-point superstring amplitude on the disk.

Five points. Similarly, starting from the local form (6.18) of the five-point disk amplitude, the trading identity (6.37)
together with the IBP identities (6.32) yields

A5(P) = (2α′)2
∫

dµ5
P

[
⟨V123Z123V4V5⟩ + ⟨V12Z12V43Z43V5⟩ + ⟨V1V423Z423V5⟩ + (2 ↔ 3)

]
(6.43)

= (2α′)2
∫

dµ5
P

[
⟨X123M123M4M5 + X12X43M12M43M5 + X432M1M432M5⟩ + (2 ↔ 3)

]
40 As a side note, the interplay of the generalized Jacobi identity and shuffle symmetry in the trading identity (6.37) gives rise to a Lie-series
interpretation of the string disk correlator. This same structural behavior was argued to be present in the genus-one string correlator and exploited
to derive the genus-one correlators up to seven points (with partial results at eight points) in [181]. In fact, similar Lie-polynomial structures are
expected for correlators at all genera.
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∫

dµ5
P

[
X123⟨M123M4M5 + M12M34M5 + M1M234M5⟩ + (2 ↔ 3)

]
= (2α′)2

∫
dµ5

P

[
X123⟨E1234M5⟩ + (2 ↔ 3)

]
= (2α′)2

∫
dµ5

P

[
X123A(1, 2, 3, 4, 5) + (2 ↔ 3)

]
.

In passing to the third line, we have used the instances M43 = −M34 and M432 = M234 of the reflection identity (4.105).
We then identified the BRST-closed superfields EP using (4.85) and the five-point SYM amplitude from the pure spinor
cohomology formula (5.14). Finally, restoring the integrals from the shorthand notation (6.9), we obtain the massless
superstring five-point amplitude on the disk:

A5(P) = (2α′)2
∫
D(P)

dz2 dz3
4∏

1≤i<j

|zij|−2α′sij (6.44)

×

[
s12
z12

(
s13
z13

+
s23
z23

)
A(1, 2, 3, 4, 5) +

s13
z13

(
s12
z12

+
s32
z32

)
A(1, 3, 2, 4, 5)

]
.

Six points. The non-local form of the massless six-point disk amplitude can be derived in similar fashion. Starting from
the local form (6.19),

A6(P) = (2α′)3
∫

dµ6
P

[ ∑
AB=234

⟨(
V1AZ1A

)(
V5B̃Z5B̃

)
V6

⟩
+ perm(2, 3, 4)

]
, (6.45)

we use the trading identity (6.37) to obtain

A6(P) = (2α′)3
∫

dµ6
P

[
⟨
(
M1234X1234M5 + M123X123M54X54 (6.46)

+ M12X12M543X543 + M1M5432X5432
)
M6⟩ + perm(2, 3, 4)

]
.

The IBP identities (6.33) of the worldsheet functions multiplied by the Berends–Giele currents yield

A6(P) = (2α′)3
∫

dµ6
P

[
X1234⟨M1234M5M5 + M123M45M6 + M12M345M6 + M1M2345M6⟩ + perm(2, 3, 4)

]
= (2α′)3

∫
dµ6

P

[
X1234A(1, 2, 3, 4, 5, 6) + perm(2, 3, 4)

]
, (6.47)

where we easily recognize the expansion of E12345M6 from (4.85) in the first line, and consequently of the tree-level
six-point SYM amplitude (5.14) in the last line. So finally [21],

A6(P) = (2α′)3
∫
D(P)

dz2 dz3 dz4
5∏

1≤i<j

|zij|−2α′sij (6.48)

×

[
s12
z12

(
s13
z13

+
s23
z23

)(
s14
z14

+
s24
z24

+
s34
z34

)
A(1, 2, 3, 4, 5, 6) + perm(2, 3, 4)

]
.

Higher points. Since all the key formulae above generalize to any multiplicity – the local version of the open string disk
correlator (6.8), the trading identity (6.37), the IBP relations (6.36) and the pure spinor cohomology formula (5.14) for
SYM tree amplitudes – we propose the following generalization [21]: The massless n-point superstring disk amplitude is
given by

An(P) = (2α′)n−3
∫
D(P)

n−2∏
j=2

dzj
n−1∏
1≤i<j

|zij|−2α′sij

[n−2∏
k=2

k−1∑
m=1

smk

zmk
A(1, 2, . . . , n) + perm(2, 3, . . . , n−2)

]
. (6.49)

e therefore see that the multiparticle superfield techniques and several related combinatorial identities, all inspired by
he simplicity of the pure spinor formalism, lead to a striking simplification of the n-point superstring disk amplitude:

• All polarization dependence is carried by a linear combination of (n−3)! field-theory SYM amplitudes A(1,Q , n−1, n)
with Q = q2q3 . . . qn−2 a permutation of 2, 3, . . . , n−2. These (n−3)! permutations in fact form a basis under the
BCJ relations (5.55) or (5.62).

• All the α′-dependence of the n-point amplitude (6.49) resides in the disk integrals over permutations of X12...n−2 =∏n−2
k=2

∑k−1
m=1

smk
zmk

multiplying the SYM amplitudes. Hence, all the string corrections to SYM field-theory are carried by
scalar, i.e. polarization independent, integrals.
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dditional structures become visible when restricting the integration domains of (6.49) to the (n−3)!-family of D(1, P, n−1,
with P = p2p3 . . . pn−2 a permutation of 2, 3, . . . , n−2, see the definition in (3.78). This (n−3)!-vector of color-ordered
tring amplitudes

A(1, P, n−1, n;α′) =

∑
Q∈Sn−3

FPQ (α′)A(1,Q , n−1, n) (6.50)

an then be organized through the following square matrix of integrals

FPQ (α′) := (2α′)n−3
∫
0<zp2<zp3<···<zpn−2<1

dz2 dz3 . . . dzn−2

n−1∏
1≤i<j

|zij|−2α′sij
s1q2
z1q2

(
s1q3
z1q3

+
sq2q3
zq2q3

)
(6.51)

×

(
s1q4
z1q4

+
sq2q4
zq2q4

+
sq3q4
zq3q4

)
. . .

(
s1qn−2

z1qn−2

+
sq2qn−2

zq2qn−2

+ · · · +
sqn−3qn−2

zqn−3qn−2

)
,

ndexed by permutations P and Q of the n−3 labels 23 . . . n−2. On the one hand, there is no obstruction to extending
6.50) beyond the (n−3)! disk orderings D(1, P, n−1, n) — more general choices would simply place some of the
ntegration variables of (6.51) into the regions (−∞, 0) and (1,∞). On the other hand, as will be elaborated in Section 7.3,
he (n−3)! color-ordered open-string amplitudes (6.50) already form a basis of the complete (n−1)!-family of An(Q ) in
he color-dressed amplitude (3.79).

One can already anticipate from the symmetric footing of color-ordered open-string and SYM amplitudes in (6.50) that
he field-theory limit of FPQ (α′) yields a Kronecker delta in the permutations P,Q ,

FPQ (α′) = δ
Q
P + O(α′2) , (6.52)

nd we will study this relation and its α′-corrections from several perspectives.

.4. The open superstring as a field-theory double copy

We shall now relate the form of the disk integrand in the n-point open-string amplitude (6.49) to the structure of the
LT formula (4.158) for gravitational tree amplitudes. In the same way as KLT formulae in field theories are hallmarks of
ouble copy, the form of the disk amplitude is argued to identify the interactions of massless open-superstring excitations
s a double copy of SYM with a theory of bicolored scalars dubbed Z-theory.

.4.1. Parke–Taylor factors and Z-integrals
As pointed out above, the calculation of the string disk amplitudes was carried out in the SL2(R) frames where

z1, zn−1, zn) are fixed to one of (0, 1,∞) or (1, 0,∞) to account for the residual Möbius symmetry of the disk. In order
o generalize the n-point formula (6.49) to arbitrary SL2(R) frames, we need to undo the above fixing of z1, zn−1, zn. The
ask is to identify an SL2(R)-covariant uplift of the worldsheet functions Z1AZn−1,B̃ or X1Q in the amplitude representations
6.8) or (6.49). In other words, it remains to reverse the SL2(R)-fixing (D(P) is defined in (3.78))∫

D(P)

dz1 dz2 · · · dzn
vol(SL2(R))

= |z1,n−1z1,nzn−1,n|

∫
D(P)

dz2 dz3 . . . dzn−2 , (6.53)

and to identify a suitable function fA,B(z1, . . . , zn) such that,

lim
(z1,zn−1,zn)→(0,1,∞)

|z1,n−1z1,nzn−1,n| · fA,B(z1, . . . , zn) = Z1AZn−1,B

⏐⏐⏐z1=0

zn−1=1
, (6.54)

or z1 ↔ zn−1. The Jacobian |z1,n−1z1,nzn−1,n| on the right-hand side of (6.53) is part of the prescription 1/vol(SL2(R)) that
avoids an infinite overcount of zj-configurations that are related by Möbius transformations [10,12,16].41 The desired
uplift fA,B is uniquely determined by (6.54) and requiring SL2(R)-weight two in each variable: in the same way as

1
zi − zj

→
(czi + d)(czj + d)

zi − zj
under zk →

azk + b
czk + d

with
(
a b
c d

)
∈ SL2(R) (6.55)

s said to have SL2(R)-weight one in zi, zj, the uplift fA,B is required to transform as

fA,B(z1, . . . , zn) → fA,B(z1, . . . , zn)
n∏

j=1

(czj + d)2 (6.56)

41 One could alternatively fix any other triplet of punctures za, zb, zc and change the Jacobian and measure on the right-hand side of (6.53) to
z z z | and

∏n dz .
ab ac bc j̸=a,b,c j
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o yield well-defined integrals with the measure on the left-hand side of (6.53). The simplest (though not the only)
uantities with SL2(R)-weight two in all of z1, z2, . . . , zn are the so-called Parke–Taylor factors

PT(c1, c2, . . . , cn) =
1

zc1c2zc2c3 . . . zcn−1cnzcnc1
. (6.57)

After adapting the permutation C = c1c2 . . . cn to the target expression Z1AZn−1,B, it is easy to check that the
SL2(R)-covariant solution to (6.54) is given by

fA,B(z1, . . . , zn) = (−1)|B|−1 PT(1, A, n, B̃, n−1) (6.58)

with B̃ the reversal of B. In other words, the functions Z1AZn−1,B in the local representation (6.8) of the n-point amplitude
descend from Parke–Taylor integrals∫

D(P)

dz1 dz2 · · · dzn
vol(SL2(R))

PT(1, A, n, B̃, n−1) = (−1)|B|−1
∫
D(P)

dz2 dz3 . . . dzn−2 Z1AZn−1,B , (6.59)

and the simplest examples are given by

PT(1, 2, 4, 3) → −
1
z12

, PT(1, 4, 2, 3) →
1
z32

(6.60)

s well as

PT(1, 2, 3, 5, 4) → −
1

z12z23
, PT(1, 2, 5, 3, 4) →

1
z12z43

, PT(1, 5, 2, 3, 4) → −
1

z43z32
,

PT(1, 3, 2, 5, 4) → −
1

z13z32
, PT(1, 3, 5, 2, 4) →

1
z13z42

, PT(1, 5, 3, 2, 4) → −
1

z42z23
. (6.61)

pon dressing with the Koba–Nielsen factor of SL2(R)-weight zero in each variable, the gauge-fixed integrals in (6.8) and
6.49) are found to be expressible in terms of Parke–Taylor- or Z-integrals defined by

Z(P|q1, q2, . . . , qn) := (2α′)n−3
∫
D(P)

dz1 dz2 · · · dzn
vol(SL2(R))

∏n
i<j |zij|

−2α′sij

zq1q2zq2q3 . . . zqn−1qnzqnq1
. (6.62)

n this setting, Z-integrals are labeled by two permutations P,Q ∈ Sn up to cyclic identifications in P or Q : the
ermutation P := p1p2 . . . pn in the first entry encodes the integration domain D(P) in (3.78), while the second permutation
:= q1q2 . . . qn refers to a Parke–Taylor factor (6.57) in the integrand. In summary,

Lemma 12. The SL2(R)-covariant uplift of the worldsheet integrals appearing in the local form of the superstring amplitude
(6.8) is given by

(2α′)n−3
∫

dµn
P Z1AZn−1B̃ = −(−1)|B|Z(P|1, A, n, B, n−1) , (6.63)

here the measure dµn
P is defined in (6.9).

Thus, the local form (6.10) of the superstring amplitude can be rewritten as

An(P) = −

∑
AB=23...n−2

⟨
V1AVn−1,B̃Vn

⟩
(−1)|B|Z(P|1, A, n, B, n−1) + perm(23 . . . n−2) , (6.64)

or instance

A4(P) = −⟨V12V3V4⟩Z(P|1, 2, 4, 3) + ⟨V1V32V4⟩Z(P|1, 4, 2, 3) ,

A5(P) = −⟨V123V4V5⟩Z(P|1, 2, 3, 5, 4) + ⟨V12V43V5⟩Z(P|1, 2, 5, 3, 4) − ⟨V1V432V5⟩Z(P|1, 5, 2, 3, 4) (6.65)
− ⟨V132V4V5⟩Z(P|1, 3, 2, 5, 4) + ⟨V13V42V5⟩Z(P|1, 3, 5, 2, 4) − ⟨V1V423V5⟩Z(P|1, 5, 3, 2, 4) .

6.4.2. Open superstrings as a KLT formula
The FPQ -functions (6.51) in the n-point disk amplitude (6.50) are integrals of worldsheet functions X1Q as one can

readily check from their expressions in (6.24),

FPQ (α′) = (2α′)n−3
∫
D(1,P,n−1,n)

dz2 dz3 . . . dzn−2

n−1∏
|zij|−2α′sijX1Q . (6.66)
1≤i<j

75



C.R. Mafra and O. Schlotterer Physics Reports 1020 (2023) 1–162

I
(

w
Z
s
(

w

w

F

n (6.20), the integrands X1Q were related to the chains Z1R of simple poles through the KLT kernel S(Q |R)1 defined in
4.159). Accordingly, one can represent the FPQ (α′) via

FPQ (α′) = (2α′)n−3
∑

R∈Sn−3

S(Q |R)1

∫
D(1,P,n−1,n)

dz2 dz3 . . . dzn−2

n−1∏
1≤i<j

|zij|−2α′sij Z1R (6.67)

= −(2α′)n−3
∑

R∈Sn−3

S(Q |R)1

∫
D(1,P,n−1,n)

dz1 dz2 . . . dzn
vol(SL2(R))

n∏
1≤i<j

|zij|−2α′sij PT(1, R, n, n−1) ,

using (6.59) at B = ∅ in passing to the SL2(R)-covariant last line. This identifies the integrals FPQ to be linear combinations
of Z-integrals (6.62) selected by the KLT kernel [176],

FPQ = −

∑
R∈Sn−3

S(Q |R)1Z(1, P, n−1, n|1, R, n, n−1) . (6.68)

Hence, the n-point open-superstring amplitude (6.50) takes the form of the field-theory KLT relations [176]

An(P) = −

∑
Q ,R∈Sn−3

Z(P|1, R, n, n−1)S(R|Q )1A(1,Q , n−1, n) (6.69)

ith one of the two SYM factors in the supergravity tree amplitude (4.158) replaced by disk integrals A(1, R, n, n−1) →

(P|1, R, n, n−1). This is the case for any choice of the open-string color ordering P in (6.69) which is a spectator in the
um over permutations Q , R entering the KLT kernel. We have dropped the restriction of the disk integrals (6.49) to the
n−3)!-family of domains D(1, P, n−1, n) which was convenient to organize the FPQ in (6.51) into a square matrix.

Given that the KLT formula is a central tree-level incarnation of the double-copy structure in perturbative gravity, it is
tempting to interpret (6.69) as signaling the open superstring to be a double copy. Indeed, we support the interpretation
of the Z-integrals (6.62) as amplitudes in a theory of bi-colored scalars in Sections 6.4.4, 7.4 and 8.6.

We conclude by illustrating the KLT products (6.68) and (6.69) through their four- and five-point examples:

Four points. Since the permutation sums over Sn−3 trivialize at n = 4 and the KLT kernel becomes a scalar S(2|2)1 = s12,
e find the simple results

F22 = −s12Z(1, 2, 3, 4|1, 2, 4, 3) =
Γ (1 − 2α′s12)Γ (1 − 2α′s23)
Γ (1 − 2α′s12 − 2α′s23)

,

A4(P) = −Z(P|1, 2, 4, 3)s12A(1, 2, 3, 4) , (6.70)

here we have imported the Gamma-function representation of the four-point disk integral from (6.13) in the first line.

ive points. At five points, the permutation-inequivalent entries of the symmetric KLT kernel are S(23|23)1 = s12(s13+s23)
and S(23|32)1 = s12s13. The resulting functions FPQ and KLT representation of the disk amplitude are

F2323 = −s12(s13+s23)Z(1, 2, 3, 4, 5|1, 2, 3, 5, 4) − s12s13Z(1, 2, 3, 4, 5|1, 3, 2, 5, 4) (6.71)

F2332 = −s12s13Z(1, 2, 3, 4, 5|1, 2, 3, 5, 4) − s13(s12+s23)Z(1, 2, 3, 4, 5|1, 3, 2, 5, 4)

as well as

A5(P) = −

(
Z(P|1, 2, 3, 5, 4)
Z(P|1, 3, 2, 5, 4)

)T (
s12(s13+s23) s12s13

s12s13 s13(s12+s23)

)(
A(1, 2, 3, 4, 5)
A(1, 3, 2, 4, 5)

)
. (6.72)

6.4.3. KK and BCJ relations of Z-integrals
The KLT formula (4.158) does not manifest the permutation symmetry of the supergravity amplitude by the sum over

(n−3)! rather than (n−1)! color-orderings of the two types of SYM amplitudes.42 One can verify on the basis of the KK
and BCJ relations (5.40) and (5.62) of SYM amplitudes that different choices of the legs (1, n−1, n) ↔ (a, b, c) excluded
from the permutation sums yield equivalent KLT formulae.

In the context of disk amplitudes, the KLT formula in (6.69) ultimately applies to the n-point correlator (6.1) in the
amplitude prescription (3.76),

⟨Kn⟩ = −
dz1 dzn−1 dzn
vol(SL2(R))

∑
Q ,R∈Sn−3

PT(1, R, n, n−1)S(R|Q )1A(1,Q , n−1, n) mod ∇zk , (6.73)

42 See [192] for alternative versions of the KLT formula with manifest permutation symmetry and [229] for an early discussion thereof in the
mathematics literature.
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here the total Koba–Nielsen derivatives ∇zk f discarded in the IBP procedure are not tracked,

∇zk f = ∂zk f − 2α′f
n∑

j=1
j̸=k

skj
zkj
. (6.74)

By the discussion in Section 3.4.2, the integrated correlator does not depend on the distribution of external legs to
integrated and unintegrated vertices, so the KLT representation (6.73) of the correlator is bound to be permutation
invariant. In the same way as the permutation invariance of supergravity amplitudes originates from KK and BCJ relations
of its SYM constituents, the symmetry of the correlator requires KK and BCJ relations of the Parke–Taylor factors (6.57)
modulo total Koba–Nielsen derivatives. The factors of dz1dzn−1dzn on the right-hand side of (6.73) are merely a reminder
of the SL2(R) frame used to define Kn in (6.1) and lead to a permutation invariant measure upon insertion into (3.76).

For a fixed choice of the integration domain D(P), the Z(P|Q ) integrals (6.62) associated with different permutations
of Q = q1, q2, . . . , qn indeed satisfy the same relations as color-ordered SYM amplitudes. First, cyclic symmetry and
reflection parity immediately follow from the definition (6.57) of Parke–Taylor factors,

Z(P|q1, q2, q3 . . . , qn) = Z(P|q2, q3, . . . , qn, q1) , (6.75)
Z(P|q1, q2, . . . , qn) = (−1)nZ(P|qn, . . . , q2, q1) .

Second, partial-fraction rearrangements of the integrand imply,

Z(P|1, A, n, B) = (−1)|B|Z(P|1, B̃´ A, n) , ∀ A, B , (6.76)

which is the direct A(·) → Z(P|·) analogue of the KK relation (5.47). Third, IBP relations as in Section 6.3.1 take the form
of the BCJ relations (5.62) with A(·) → Z(P|·)

0 =

n−1∑
j=2

(kq1 · kq2q3...qj )Z(P|q2, q3, . . . , qj, q1, qj+1, . . . , qn) , (6.77)

see appendix B of [176] for a proof. By analogy with (5.55), an equivalent system of integration-by-parts relations is
furnished by

Z(P|{Q , R}, n) = 0 , (6.78)

see Section 4.3.3 for the S bracket. The fact that Z(P|·)-integrals at fixed choice of P obey direct analogues (6.75) to (6.78)
of field-theory amplitude relations supports the interpretation of disk integrals as amplitudes in a scalar theory.

Note that the expressions for n-point disk amplitudes in four-dimensional MHV helicities in [230] follow from the
relabeling of (6.73) involving the Parke–Taylor basis PT(1, 2, 3, R) with permutations R of 4, 5, . . . , n as well as the
Parke–Taylor formula [231] for the dimensional reduction of the SYM amplitudes.

6.4.4. Bi-adjoint scalars from the field-theory limit of Z-integrals
The interpretation of Z-integrals (6.62) in terms of scalar field theory is further substantiated by their low-energy limits

α′
→ 0, where tree-level amplitudes of bi-adjoint scalars are recovered. More specifically, we encounter the theory of

bi-adjoint scalars Φ := Φi|at i⊗ t̃a taking values in the tensor product U(N)×U(Ñ) of color groups with associated structure
constants fijk and f̃abc , i.e. [t i, t j] = fijktk and [t̃a, t̃b] = f̃abc t̃c . The Lagrangian defining the bi-adjoint theory features a cubic
interaction

Lφ3 =
1
2
∂mΦi|a∂

mΦi|a +
1
3!

fijk f̃abcΦi|aΦj|bΦk|c , (6.79)

and by the two types of adjoint indices of the scalars, its tree amplitudes can be expanded in terms of two species of
independent traces involving either t i or t̃a,

Mφ3

n =

∑
P,Q

Tr(t1P )Tr(t̃1Q )m(1, P|1,Q ) , t1P := t1tp1 tp2 . . . tpn−1 , t̃1Q := t̃1 t̃q1 t̃q2 . . . t̃qn−1 . (6.80)

This doubles the color-decomposition of open-string and gauge-theory tree amplitudes in (3.79), and the color-independent
building blocks m(A|B) are referred to as doubly-partial amplitudes [41]. From the Feynman rules of the Lagrangian (6.79),
the doubly-partial amplitudes solely depend on the sij...k via propagators of tree-level diagrams with cubic vertices or
cubic diagrams for short.

Also the field-theory limit of disk integrals (6.62) yields kinematic poles that correspond to the propagators of cubic
diagrams (or planar binary trees) [156,202,232]. These poles appear only in the planar channels of the associated planar
binary trees, corresponding to groups of adjacent external particles in the planar trees. Luckily, these adjacent poles in
the field-theory limits of the disk integrals43 (6.62) admit a nice combinatorial expansion encoded in the doubly-partial

43 The factor of (2α′)n−3 in the definition (6.62) of Z(P|Q ) guarantees that the leading term in the low-energy expansion is of order s3−n
ij , without

ny accompanying factors of α′ .
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lim
α′→0

Z(P|Q ) = m(P|Q ) . (6.81)

n other words, the bi-adjoint scalar theory (6.79) gives the field-theory limit of Z-integrals, as expected from the early
iscussions of [156,232]. Hence, bi-adjoint scalars furnish the low-energy limit of Z-theory.

erends–Giele double currents. While the kinematic poles in Z-integrals have been systematically studied at various
ultiplicities from several perspectives [176,202,226,233], the straightforward Feynman-diagram expansion and rich
ombinatorial structure of the doubly-partial amplitudes make (6.81) a rewarding shortcut for the computation of field-
heory limits. In particular, we shall now introduce Berends–Giele double currents that encode the planar-binary-tree
xpansion of m(P|Q ) and offer a highly efficient approach to the kinematic poles of Z-integrals.
The field equation following from the Lagrangian (6.79) can be written as

□Φ = [[Φ,Φ]] , (6.82)

here we define [[Φ,Φ]] := (Φi|aΦj|b − Φj|aΦi|b)t it j ⊗ t̃a t̃b for Φ := Φi|at i ⊗ t̃a. A solution to the non-linear field
equation (6.82) can be constructed perturbatively in terms of Berends–Giele double currents φP|Q with the ansatz [234],

Φ(X) :=

∑
P,Q

φP|Q tP ⊗ t̃Q ekP ·X , tP := tp1 tp2 . . . tp|P| (6.83)

which generalizes the perturbiner expansion (4.92) in SYM to two species of Lie-algebra generators. Since the ansatz (6.83)
contains the plane-wave factor ekP ·X (as opposed to ekQ ·X ), the coefficients φP|Q must vanish unless P is a permutation of
Q in order to have a well-defined multiparticle interpretation, i.e.

φP|Q := 0 , if P \ Q ̸= ∅ . (6.84)

Plugging the ansatz (6.83) into the field equation (6.82) leads to the following recursion [234]

φP|Q =
1
sP

∑
XY=P

∑
AB=Q

(
φX |AφY |B − (X ↔ Y )

)
, φi|j = δij , (6.85)

ee (3.108) for the definition of multiparticle Mandelstam invariants sP . The recursion terminates with the single-particle
ouble current subject to the linearized equation □φi|jeki·X = 0 such that k2i = 0, and we can pick normalization
onventions where φi|j = δij. Given that the two entries P,Q of the currents enter the recursion (6.85) on equal footing,
he symmetry φi|j = φj|i propagates to arbitrary rank,

φP|Q = φQ |P . (6.86)

ince the summands on the right-hand side of (6.85) are antisymmetric in both X, Y and A, B, the shuffle symmetry

φA´B|Q = 0 ∀ A, B ̸= ∅ , φA|P´Q = 0 ∀ P,Q ̸= ∅ (6.87)

ollows from the same type of combinatorial proof as given for the Berends–Giele currents of SYM below (4.131). In
articular, Schocker’s identity [186] can be applied to both slots to infer

φAiB|Q = (−1)|A|φi(Ã´B)|Q , φA|PiQ = (−1)|P|φA|i(P̃´Q ) (6.88)

rom (6.87), see (4.104) for the analogous identity for SYM currents. Upon setting B → ∅ in the first identity or Q → ∅

n the second, (6.88) specializes to the reflection identities

φAi|Q = (−1)|A|φiÃ|Q , φA|Pi = (−1)|P|φA|iP̃ . (6.89)

The symmetries (6.87) generalize the standard Berends–Giele symmetry to both sets of color generators and guarantee
that the ansatz (6.83) is a (double) Lie series [177], thereby preserving the Lie-algebra-valued nature of Φ(X) in (6.82)
w.r.t. both t i and t̃a.

Examples of Berends–Giele double currents. Based on φi|j = δij, the simplest application of the recursion (6.85) leads to
rank-two double currents:

φ12|12 =
1
s12

(
φ1|1φ2|2 − φ2|1φ1|2

)
=

1
s12

, φ12|21 =
1
s12

(
φ1|2φ2|1 − φ2|2φ1|1

)
= −

1
s12

. (6.90)

t rank three and four, it is straightforward to work out examples such as

φ123|123 =
1

s123

( 1
s12

+
1
s23

)
, φ1234|1234 =

1
s1234

( 1
s123s12

+
1

s123s23
+

1
s12s34

+
1

s234s23
+

1
s234s34

)
,

φ123|132 = −
1

, φ1234|1243 = −
1 ( 1

+
1 )

. (6.91)

s23s123 s1234 s12s34 s234s34
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erends–Giele double currents from planar binary trees. As pointed out in [165], the Berends–Giele double currents φP|Q
can be obtained from the planar-binary-tree expansions given by the b map (4.124) as

φP|Q = ⟨b(P),Q ⟩ = ⟨P, b(Q )⟩ , (6.92)

where ⟨·, ·⟩ denotes the scalar product of words (C.11), and the symmetry φP|Q = φQ |P of (6.86) is a consequence of the
self-adjoint property (4.126) of the b map. In addition, the shuffle symmetry (6.87) follows from the property b(R´S) = 0
proven in (4.131).

For an example application of (6.92), using the expansion (4.125) for b(123) we get

φ123|132 = ⟨b(123), 132⟩ =
1

s12s123
⟨[[1, 2], 3], 132⟩ +

1
s23s123

⟨[1, [2, 3]], 132⟩ = −
1

s23s123
(6.93)

s ⟨[[1, 2], 3], 132⟩ = ⟨123 − 213 − 312 + 321, 132⟩ = 0 and ⟨[1, [2, 3]], 132⟩ = ⟨123 − 132 − 231 + 321, 132⟩ = −1.
We will see later in (8.93) that there is a generalization of the relation (6.92) between planar binary trees and the

erends–Giele double current to a series expansion in α′.

erends–Giele formula for doubly-partial amplitudes. Similar to the Berends–Giele formulae (5.1) in gauge theory, the
ouble currents of bi-adjoint scalars yield their doubly-partial amplitudes via [234]44

m(P, n|Q , n) = lim
sP→0

sPφP|Q . (6.94)

We reiterate that φi|j = δij, and φP|Q vanishes unless P is a permutation of Q such that sP = sQ . By the cyclic symmetry
f m(R|S) in both words R and S, there is no loss of generality in assuming their n-point instances to take the form
(P, n|Q , n), where |P| = |Q | = n−1.45
It is easy to see using the symmetries (6.87) obeyed by the double currents that the m(P, n|Q , n) in (6.94) obey

K relations independently in both sets of color orderings. Moreover, the Cachazo–He–Yuan (CHY) representation of
oubly-partial amplitudes lead to BCJ relations in both entries [41],

m({A, B}, n|Q ) = m(A|{P,Q }, n) = 0 . (6.95)

s an earlier alternative to (6.94), doubly-partial amplitudes m(R|S) can be determined from the algorithm described
n [41] based on drawing polygons and collecting the products of propagators associated to cubic graphs which are
ompatible with both of R and S as planar orderings. Their overall sign, however, requires keeping track of the polygon
rientations.
As the main result of this section, by combining (6.81) with (6.94) we get

roposition 19. The field-theory limit of the n-point disk integrals (6.62) is given by

lim
α′→0

Z(P, n|Q , n) = lim
sP→0

sPφP|Q . (6.96)

xamples of field-theory limits. Typical expressions for doubly-partial amplitudes or field-theory limits of Z-integrals are
llustrated by the following examples at four points

lim
α′→0

Z(1234|1234) =
1
s12

+
1
s23

, lim
α′→0

Z(1234|1243) = −
1
s12

, lim
α′→0

Z(1234|1423) = −
1
s23

, (6.97)

t five points

lim
α′→0

Z(12345|12345) =
1

s12s34
+

1
s23s45

+
1

s34s51
+

1
s45s12

+
1

s51s23
, (6.98)

lim
α′→0

Z(12345|12354) = −
1

s12s45
−

1
s23s45

, lim
α′→0

Z(12345|13524) = 0

nd at six points

lim
α′→0

Z(123456|134256) = −
1

s234s34

(
1
s56

+
1
s61

)
. (6.99)

elation to the inverse KLT kernel. As another central result of [41], doubly-partial amplitudes of bi-adjoint scalars are
elated to the inverse of the KLT matrix (4.159). More specifically, bases ofm(P|Q ) under BCJ relations (6.95) form invertible
n−3)! × (n−3)! matrices with entries given by

m−1(1, R, n−1, n|1,Q , n, n−1) = −S(R|Q )1 . (6.100)

44 The convention for the sign of the Mandelstam invariants here is such that mhere(P, n|Q , n) = (−1)|P|mthere(P, n|Q , n) in comparison with the
normalization of [41].
45 While cyclic symmetry of m(R|S) is not manifest from the Berends–Giele formula (6.94), it is built in from the definition (6.80) of doubly-partial
amplitudes due to the cyclicity of the traces in t i and t̃a .
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he particular choices of BCJ bases on the left-hand side are consistent with the fact that the recursion (4.159) for the
LT matrix is tailored to the same BCJ bases of SYM amplitudes in (4.158). By (6.81), this implies that field-theory limits
f disk integrals can also be assembled from the KLT matrix as firstly pointed out in [176].
As another consequence of (6.100), the relation (6.68) between the disk integrals FPQ in terms of their Parke–Taylor

nalogues Z can be inverted to give [235]

Z(1, P, n−1, n|Q ) =

∑
R

m(Q |1, R, n−1, n)FP R , (6.101)

hich is for instance instrumental to convert results on the α′-expansions of both sides. Moreover, the appearance (6.81)
of doubly-partial amplitudes in the field-theory limit of Z-integrals can be derived from (6.101) and the field-theory limit
6.52) of FP R on the right-hand side. This is not a circular conclusion since (6.52) is a necessity for the consistent reduction
f open-string amplitudes to those of SYM under (6.50), and we will furthermore substantiate (6.52) through the method
or its α′-expansion in Section 8.5.

nverse KLT matrix and Berends–Giele double currents. In terms of the Berends–Giele double currents the statement in
6.100) translates to the observation in [165] (see also [234]) later proved in [166]:

emma 13. The matrix of Berends–Giele double currents φiP|iR of (6.92) is the inverse to the standard KLT matrix S(R|Q )i of
4.170)∑

R

φiP|iRS(R|Q )i = δP,Q . (6.102)

roof. Taking the scalar product with iP of the result ℓ(iR) =
∑

Q Sℓ(iR|iQ )b(iQ ) from lemma (4.179), we get ⟨iP, ℓ(iR)⟩ =

Q Sℓ(iR|iQ )⟨iP, b(iQ )⟩. That is, δP,R =
∑

Q S(R|Q )iφ(iQ |iP), where we used that Sℓ(iR|iQ ) = S(R|Q )i in (4.170) and
iP, b(iQ )⟩ = φ(iQ |iP) in (6.92). □

A positive aspect of the formula (6.102) identifying the Berends–Giele double current as the inverse of the KLT matrix
s that there is no need to choose the relative positions of 1, n−1, n like in (6.100) as no extraneous labels are present in
6.102). Moreover, this identity allows us to invert the relation (4.181),

ViP =

∑
Q

S(P|Q )iMiQ H⇒ MiP =

∑
Q

φiP|iQViQ , (6.103)

irectly without reference to extra labels.

.5. The field-theory limit of the superstring disk amplitudes

On the one hand, as reviewed in Section 5.2, a closed formula for SYM tree-level amplitudes can be obtained using
ure spinor cohomology methods as

A(1, 2, . . . , n−1, n) = ⟨E12...n−1Vn⟩ =

∑
XY=12...n−1

⟨MXMYMn⟩ . (6.104)

n the other hand, we know that the SYM tree-level amplitudes are obtained as the limit α′
→ 0 of the superstring

mplitude (6.64). In the non-local KLT-representation (6.69) of the string amplitude, this follows from the field-theory limit
6.81) together with the inverse relation (6.100) between the KLT matrix and a (n−3)!2 basis of doubly-partial amplitudes
f bi-adjoint scalars.
The goal of this section is to give an alternative proof and to recover the cohomology formula (6.104) of SYM amplitudes

rom the local representation of the string amplitude

A(1, 2, . . . , n) = −

∑
ρ∈Sn−3

∑
XY=ρ(23...n−2)

⟨
V1XVn−1,ỸVn

⟩
(−1)|Y |Z(1, 2, . . . , n|1, X, n, Y , n−1) . (6.105)

roposition 20. The field-theory limit of the pure spinor superstring amplitude in its local representation (6.105) yields the
YM tree-level formula (6.104)

lim
α′→0

A(1, 2, . . . , n) = A(1, 2, . . . , n) . (6.106)

roof. The field-theory limit of the Z-integral in (6.105) with the canonical ordering P = 12 . . . n in the domain is given
y (6.96),

lim Z(1, 2, . . . , n|Y , n−1, 1, X, n) = s12...n−1φ12...n−1|Y (n−1)1X , (6.107)

α′→0
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w
here we cyclically rotated 1, X, n, Y , n−1 → Y , n−1, 1, X, n to attain the form of Z(. . . , n| . . . , n) with matching end
labels. Note that when the domain is the canonical ordering, the deconcatenation formula (6.85) for φ12...n−1|Y (n−1)1X
simplifies due to the constraint (6.84) and we get s12...n−1φ12...n−1|Y (n−1)1X = −φ1A|1XφB(n−1)|Y (n−1) where AB = 23 . . . n−2
with |A| = |X |, |B| = |Y |. This means that we can write

lim
α′→0

Z(1, 2, . . . , n|Y , n−1, 1, X, n) = −

∑
AB=23...n−2

φ1A|1Xφ(n−1)B̃|(n−1)Ỹ , (6.108)

where we used the reflection property (6.89) to rewrite φB(n−1)|Y (n−1) = φ(n−1)B̃|(n−1)Ỹ , and only a single term contributes
to (6.108) where |A| = |X | and |Y | = |B|. Therefore the limit of the string tree amplitude (6.105) as α′

→ 0 becomes

lim
α′→0

A(1, 2, . . . , n) =

∑
ρ∈Sn−3

∑
XY=ρ(23...n−2)

∑
AB=23...n−2

⟨(
φ1A|1XV1X

)(
φ(n−1)B̃|(n−1)ỸVn−1,Ỹ

)
Vn

⟩
(−1)|Y |

=

∑
AB=23...n−2

⟨

(∑
C

φ1A|1CV1C

)
(−1)|B|

(∑
D

φ(n−1)B̃|(n−1)DV(n−1)D

)
Vn⟩ (6.109)

=

∑
AB=23...n−2

⟨M1A(−1)|B|M(n−1)B̃Vn⟩ =

∑
XY=12...n−1

⟨MXMYVn⟩

= ⟨E12...n−1Vn⟩ = A(1, 2, . . . , n) ,

where (6.84) implies that C and D in the second line only need to be summed over permutations of A and B, respectively.
We could therefore insert∑

C

φ1A|1CV1C = M1A ,
∑
D

φ(n−1)B̃|(n−1)DV(n−1)D = M(n−1)B̃ , (6.110)

from (6.103) followed by M(n−1)B̃ = (−1)|B|MB(n−1) which finishes the proof. □

The above proof is valid for the canonical ordering P = 123 . . . n due to (6.107). The generalization of the relation
(6.106) for a general color ordering P was proposed in [234], see (7.42).

7. String and field-theory amplitude relations

In this section, we review the rich interplay of the results in the previous section with amplitude relations in field and
string theory. Section 7.1 is dedicated to the color-kinematics duality in gauge theory and explicit realizations of kinematic
Jacobi identities through the local representation of disk amplitudes in the α′

→ 0 limit. We focus on gravitational
amplitudes in Section 7.2, briefly review the KLT relations between open- and closed-string tree amplitudes and extract the
cubic-diagram organization of the gravitational double copy from different representations of closed-string amplitudes. In
Section 7.3 we shall review the monodromy relations between open-superstring amplitudes with different disk orderings
which furnish an elegant derivation of the BCJ relations among gauge-theory amplitudes.

The structure of disk amplitudes has implications for field-theory double-copy relations beyond gauge theories
and gravity. In Section 7.4, we shall discuss different representations of Born–Infeld amplitudes and manifest the
color-kinematics duality of the non-linear sigma model of Goldstone bosons. Finally, the applications of the disk
correlator for heterotic string theories will be discussed in Section 7.5, along with the resulting amplitude relations for
Einstein–Yang–Mills theory.

The discussions of this section does not rely on the detailed structure of the low-energy expansion of string tree
amplitudes. As will be detailed in Section 8, the coefficients in the α′-expansion of disk and sphere integrals exhibit an
elegant pattern of multiple zeta values (MZVs). By organizing the string-corrections to SYM and supergravity amplitude
according to their MZV content, we will find echoes of the field-theory structures of this section at all orders in α′, see
Section 8.4.

7.1. Color-kinematics duality

This section is dedicated to an explicit realization of the color-kinematics duality in SYM tree amplitudes, based
on the α′

→ 0 limit of superstring disk amplitudes. As we will see, this field-theory limit will naturally generate
parameterizations of SYM amplitudes in terms of cubic diagrams whose kinematic factors obey the same Jacobi relations
as their color factors. The BCJ numerators we will derive are simple combinations of the local building blocks ⟨V1AVn−1,BVn⟩

in pure spinor superspace descending from the (n−2)!-term representation (6.8) of disk amplitudes.

7.1.1. Review of the color-kinematics duality
Our perspective on scattering amplitudes in gauge theories dramatically changed due to the seminal conjecture of

Bern, Carrasco and Johansson in 2008 that their kinematic dependence can be arranged to exhibit the same symmetries
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Fig. 5. Two possibilities of expanding a quartic vertex: the first line is compatible with a color factor f a1a2bf ba3a4 while the second line captures the
second term in rewriting the color factor as f a1a3bf ba2a4 − f a2a3bf ba1a4 via the Jacobi identity.

as the color factors [30]. This color-kinematics duality holds for a variety of tree-level amplitudes and loop integrands of
gauge theories with different numbers of supersymmetries. Together with the closely related gravitational double copy
to be reviewed in Section 7.2 below, the color-kinematics duality led to a large web of connections between field and
string theories, see [36,37] for reviews and [38] for a white paper.

Already at tree level, the color-kinematics duality is obscured in a Feynman-diagrammatic computation of (n ≥ 5)-
point amplitudes. The string-theoretic approach reviewed in this section led to the first explicit realizations of the
color-kinematics duality in multiparticle tree-level amplitudes in 2011 [236]. In the first place, these results apply to
ten-dimensional SYM, but they straightforwardly propagate to dimensional reductions including N = 4 SYM in four
dimensions. In fact, the manifestations of color-kinematics duality in this section also apply to pure Yang–Mills since its
gluon amplitudes are the same as in maximally supersymmetric gauge theories.

Cubic-diagram parameterization. The color-kinematics duality relies on an elementary observation on tree amplitudes
or loop integrands of pure or supersymmetric YM theory: any dependence on the adjoint degrees of freedom (or color
dependence in short) of the external states occurs via contractions of the structure constants f abc . In Feynman diagrams
with exclusively cubic vertices, these contractions are straightforwardly determined by dressing internal lines with δab
and vertices with f abc .

While any non-abelian gauge-theory Lagrangian features a quartic interaction ∼ Tr([Am,An
][Am,An]), its color

structure f abef ecd still resembles cubic diagrams. Each quartic vertex bypasses one of the propagators of the cubic diagrams,
but one can still enforce a uniform number of propagators for all gauge-theory diagrams by inserting 1 =

p2

p2
with

suitably chosen momenta p for each quartic vertex. As illustrated in Fig. 5, this amounts to expanding each quartic-vertex
contribution in a channel 1 =

si...j
si...j

that is compatible with the accompanying color factors.
Hence, it is always possible to parameterize gauge-theory trees and loop integrands in terms of cubic diagrams i

hose propagators Di and color factors ci can be straightforwardly read off from the cubic vertices and internal lines.
or color-dressed tree amplitudes, this parameterization reads46

Mgauge
n =

∑
i∈Γn

ciNi

Di
. (7.1)

he associated kinematic numerators Ni encoding all the dependence on momenta and polarizations receive contributions
rom various Feynman diagrams with different numbers of quartic vertices. The symbol Γn in the summation range of (7.1)
denotes the set of (2n−5)!! cubic tree diagrams with n external legs that are inequivalent under flips of cubic vertices.

However, the Jacobi identity

f abef ecd + f bcef ead + f caef ebd = 0 (7.2)

ntroduces ambiguities in the alignment of quartic-vertex contributions with the propagator structure of cubic diagrams.
hese ambiguities illustrated in Fig. 5 lead to immense freedom in moving terms between the Ni of different cubic

diagrams. This freedom was initially referred to as generalized gauge invariance [30,237,238] and later on related to non-
abelian gauge transformations of perturbiners [92], for instance the transformation (4.111) mediating between Lorenz and
BCJ gauge (see [93] for an all-order expression).

46 We depart from our notation Mn for color-dressed SYM amplitudes to later on compare Mgauge
n in (7.1) with gravitational amplitudes Mgrav

n and
hose of bi-adjoint scalars in (6.80).
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Fig. 6. Triplets of cubic graphs whose color factors ci and kinematic factors Ni are both related by a Jacobi identity if the duality between color and
inematics is manifest. The dotted lines at the corners represent arbitrary tree-level subdiagrams and are understood to be the same for all of the
hree cubic graphs.

inematic Jacobi identities. For all triplets of cubic diagrams i, j, k ∈ Γn that share all propagators except for one, see Fig. 6,
he Jacobi identity (7.2) implies that the associated color factors obey ci + cj + ck = 0. According to the color-kinematics
duality, one can choose the numerators Nl in (7.1) such that the kinematic Jacobi identity Ni + Nj + Nk = 0 holds for each
such triplet i, j, k. Moreover, the antisymmetry f abc = f [abc] implies that color factors ci change their sign upon flipping
any of the cubic vertices. Kinematic numerators with manifest color-kinematics duality are understood to also change
Ni → −Ni under flips of cubic vertices in diagram i. In other words,

manifest color-kinematics duality :

{
ci + cj + ck = 0 H⇒ Ni + Nj + Nk = 0 ∀ i, j, k ∈ Γn ,

ci → −ci H⇒ Ni → −Ni ∀ i ∈ Γn .
(7.3)

Examples up to four points. The three-point instance of the gauge-amplitude parameterization (7.1) in ten-dimensional
SYM reduces to a single diagram without any propagators Di → 1, with color factor ci → f 123 and kinematic numerator

Ni → ⟨V1V2V3⟩ = (e1 · k2)(e2 · e3) + em1 (χ2γmχ3) + cyc(1, 2, 3) . (7.4)

Here and below, we use the shorthand ai → i for the adjoint indices of the ith external state, e.g. write f 123 in the place
of f a1a2a3 .

The first instance of quartic-vertex contributions arises at four points. The parameterization (7.1) comprises three
diagrams in the s-, t- and u-channel associated with inverse propagators s = s12, t = s23 and u = s13 = −s − t ,

Mgauge
4 =

Nscs
s

+
Ntct
t

+
Nucu
u

. (7.5)

he color factors are indexed by the relevant channel, and their Jacobi identity literally matches (7.2)

cs = f 12af a34

ct = f 23af a14

cu = f 31af a24

⎫⎬⎭ H⇒ cs + ct + cu = 0 . (7.6)

One admissible choice of numerators in ten-dimensional SYM reads

Ns = ⟨V12V3V4⟩ , Nt = ⟨V23V1V4⟩ , Nu = ⟨V31V2V4⟩ , (7.7)

nd they obey the kinematic Jacobi identity by BRST exactness of [170]

Ns + Nt + Nu = ⟨(V12V3 + V23V1 + V31V2)V4⟩ = −
1
s12

⟨Q (V123V4)⟩ = 0 (7.8)

sing (4.72) and s13 + s23 = −s12 in the momentum phase space of four massless particles. Still, any other choice of
Ns,Nt ,Nu} besides (7.7) that yields the same amplitude (7.5) will obey kinematic Jacobi identities: this can be seen by
dding 0 = K ( scss +

tct
t +

ucu
u ) to Mgauge

4 with an arbitrary kinematic factor K which modifies the numerators in (7.5) by
Ns = sK , δNt = tK and δNu = uK . The modification to the triplet in the kinematic Jacobi identity (7.8) then vanishes by

momentum conservation,

δ(Ns + Nt + Nu) = K (s + t + u) = 0 . (7.9)

xamples at five points. At five points, the cubic-diagram parameterization (7.1) involves 5!! = 15 terms

Mgauge
5 =

N12|3|45c12|3|45
s12s45

+
N14|3|25c14|3|25

s14s25
+

N15|3|24c15|3|24
s15s24

+ cyc(1, 2, 3, 4, 5) (7.10)

with color factors cab|d|gh = f abif idjf jgh subject to Jacobi identities cab|[d|gh] = c[ab|d]|gh = 0. However, generic choices of
kinematic numerators Nab|d|gh – say a naive Feynman-diagram computation or a crossing symmetric choice Nab|d|gh →

⟨V V V ⟩ – will fail to obey kinematic Jacobi identities even though they yield the correct color-dressed amplitude (7.10).
ab d gh
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Still, reparametrizations of the amplitude (7.10) will generically modify the three-term sum of numerators that decide
bout kinematic Jacobi identities: adding 0 = K45(

s12c12|3|45
s12s45

+
s23c23|1|45

s23s45
+

s13c31|2|45
s13s45

) with some kinematic factor K45 modifies
three of the numerator factors, δN12|3|45 = s12K45, δN23|1|45 = s23K45 and δN31|2|45 = s13K45, while leaving the remaining
2 inert [239]. The sum of the three numerators which vanishes in a manifestly color-kinematics dual parameterization
s modified by the above reparametrization via

δ(N12|3|45 + N23|1|45 + N31|2|45) = (s12 + s23 + s13)K45 = s45K45 ̸= 0 . (7.11)

One can similarly check that, in the naive crossing-symmetric choice Nab|d|gh → ⟨VabVdVgh⟩, the superspace expression
(V12V3 + V23V1 + V31V2)V45 is not BRST closed. In this way, the validity of the kinematic Jacobi identity N[12|3]|45 = 0 is
seen to be gauge dependent. Hence, it is generically a matter of a suitable parameterization of the gauge-theory amplitude
whether the color-kinematics duality is manifest or not.

Relation to the color decomposition. In order to extract color-ordered gauge-theory amplitudes A(1, 2, . . . , n) from the
cubic-diagram representation (7.1) of the color-dressed amplitude, one relies on the unique expansion of the color factors
ci in terms of traces of gauge-group generators Tr(tP ) = Tr(tp1 tp2 . . . tpn ). The above four- and five-point examples give47

cs = Tr(t1t2t3t4 − t1t2t4t3 − t2t1t3t4 + t2t1t4t3) , (7.12)

c12|3|45 = Tr(t1t2t3t4t5 − t1t2t3t5t4 − t2t1t3t4t5 + t2t1t3t5t4) − (t1t2 ↔ t4t5) ,

see section 2.1 of [240] for a general algorithm for arbitrary color factors ci. Hence, the color-ordered amplitudes obtained
from (7.1) are sums of diagrams

A(P) =

∑
i∈Γn

Ni

Di
ci

⏐⏐
Tr(tP ) , (7.13)

here the coefficients take values in ci
⏐⏐
Tr(tP ) ∈ {0, 1,−1}. The four- and five-point instances in the above notation

A(1, 2, 3, 4) =
Ns

s
−

Nt

t
, (7.14)

A(1, 2, 3, 4, 5) =
N12|3|45

s12s45
+ cyc(1, 2, 3, 4, 5)

re clearly invariant under the reparametrizations ∼ K , K45 of the numerators in the color-dressed amplitude.

BCJ amplitude relations from the color-kinematics duality. The BCJ relations (5.62) among color-ordered gauge-theory
amplitudes were firstly derived in [30] by assuming the existence of color-kinematics dual numerators (7.3). For instance,
inserting Nu = −Ns − Nt into

A(1, 2, 3, 4) =
Ns

s
−

Nt

t
, A(2, 3, 1, 4) =

Nt

t
−

Nu

u
(7.15)

eads to the BCJ relation A(2, 3, 1, 4) =
s
uA(1, 2, 3, 4). However, BCJ relations are gauge-independent statements, i.e.

they affect color-ordered amplitudes which do not depend on reparametrizations of (7.1). Hence, the gauge dependent
kinematic Jacobi relations cannot be necessary conditions for BCJ amplitude relations. Instead, they are sufficient
conditions as shown in [30].

7.1.2. DDM form of YM and bi-adjoint scalar amplitudes
In preparation for our proof that the α′

→ 0 limit of disk amplitudes yields numerators Ni subject to all kinematic
Jacobi relations, we introduce the so-called Del Duca–Dixon–Maltoni (DDM) representation of color-dressed gauge-theory
amplitudes. The color decomposition of Mgauge

n in terms of (n−1)! color traces does not expose that the latter conspire to
roducts of n−2 structure constants as required by Feynman rules. Only after exhaustive use of KK relations (5.40) among
olor-ordered amplitudes, one can see that the color decomposition simplifies to contracted f abc in the coefficients of the
K independent A(1, P, n) with P ∈ Sn−2 a permutation of 2, 3, . . . , n−1. This kind of reduction by KK relations is known
s the DDM form [205]

Mgauge
n =

∑
P∈Sn−2

c1|P|nA(1, P, n) , c1|P|n := f 1p2af ap3b . . . f ypn−2z f zpn−1n , (7.16)

here the color factor c1|P|n with P = p2p3 . . . pn−1 corresponds to the cubic diagram of half-ladder topology in Fig. 7
elow. In fact, the collection of {c1|P|n, P ∈ Sn−2} furnishes an (n−2)!-element basis of all the (2n−5)!! color factors ci
nder Jacobi identities.48 Accordingly the (n−2)!-family of half-ladders in Fig. 7 is referred to as the master diagrams.

47 We are following normalization conventions [ta, tb] = f abc tc and Tr(tatb) = δab which leads to Tr(t1[t2, t3]) = f 123 at three points and the
coefficients ±1 in (7.12).
48 This is a consequence of the fact that arbitrary Lie monomials built from non-commuting t i1 , t i2 , . . . , t ik can be expanded in a Dynkin bracket
basis of [[. . . [[t1, tρ(2)], tρ(3)], . . . , tρ(k−1)

], tρ(k)], see Section 4.1.5.
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Fig. 7. Master diagrams whose color factors c1|P|n defined in (7.16) are independent under Jacobi relations.

In the same way as (7.16) follows from KK relations of the color-order amplitudes in Mgauge
n , one can start from

the double color decomposition (6.80) of bi-adjoint scalars and exhaustively insert KK relations of their doubly-partial
amplitudes m(A|B). After expanding both entries A and B in (n−2)!-term KK bases, (6.80) takes the form [41]

Mφ3

n =

∑
P,Q∈Sn−2

c1|P|nm(1, P, n|1,Q , n)c̃1|Q |n (7.17)

y analogy with (7.16), where c̃1|Q |n is the half-ladder in Fig. 7 with f̃ abc in the place of f ijk.
At the same time, color-dressed φ3 amplitudes can be written as

Mφ3

n =

∑
i∈Γn

cic̃i
Di

(7.18)

s one can see from the straightforward Feynman-diagram computation with only one cubic vertex ∼ f ijk f̃ abc in the
Lagrangian (6.79). While (7.18) involves the complete (2n−5)!!-element collection of ci, c̃i with i ∈ Γn related by Jacobi
identities, the equivalent form (7.17) of Mφ3

n only features the color factors c1|P|n, c̃1|Q |n of the master diagrams in Fig. 7
under Jacobi relations. Hence, by equating (7.17) and (7.18), the doubly-partial amplitudes m(1, P, n|1,Q , n) turn out to
summarize the net effect of solving all Jacobi relations.

The last observation can be used to rewrite the color-dressed gauge-theory amplitude (7.1): in a color-kinematics dual
representation with Ni obeying the same Jacobi identities as ci, the expansion of Mgauge

n in terms of color and kinematic
factors of master diagrams must take the form

Mgauge
n =

∑
P,Q∈Sn−2

c1|P|nm(1, P, n|1,Q , n)N1|Q |n . (7.19)

This can be understood from the fact that (7.17) follows from (7.18) solely by application of Jacobi identities among
ci, irrespective of their detailed form, and our assumption that the Ni obey the same Jacobi identities as the c̃i. The
(n−2)!-family of N1|Q |n in (7.19) is again associated with the half-ladder diagrams in Fig. 7 and referred to as master
numerators. Indeed, all the (2n−5)!! instances of Ni in a color-kinematics dual parameterization (7.1) must be combinations
of N1|Q |n with coefficients in {0, 1,−1} determined by (7.19). In other words, any parameterization (7.19) of gauge-theory
amplitudes implies all kinematic Jacobi relations of the cubic-diagram numerators since the same is evidently true in the
φ3 case (7.17) and (7.18).

In summary, we have encountered two representations of color-dressed tree amplitudes of gauge theories and bi-
adjoint scalars: cubic-diagram expansions (7.1) and (7.18) related by trading kinematic numerators for another species of
color factors c̃i ↔ Ni. While cubic-diagram expansions still exist if some of the kinematic Jacobi relations are violated, the
(n−2)!2-term representations (7.17) and (7.19) are tied to Jacobi relations reducing all of ci, c̃i,Ni to an (n−2)! basis. One
can again relate the gauge-theory amplitude (7.19) to the bi-adjoint scalar amplitude (7.17) by exchanging the kinematic
master numerators with corresponding color factors, N1|Q |n ↔ c̃1|Q |n.

7.1.3. Local BCJ numerators from disk amplitudes
We shall now take advantage of the representation (7.19) of color-dressed gauge-theory amplitudes to retrieve the

Jacobi relations of the kinematic numerators obtained from the α′
→ 0 limit of n-point disk amplitudes (6.8). By matching

the DDM form (7.16) of color-dressed gauge-theory amplitudes with the expansion (7.19) in terms of master numerators,
color-ordered n-point amplitudes are found to take the form

An(P) =

∑
Q∈Sn−2

m(P|1,Q , n)N1|Q |n . (7.20)

We also made use of the linear independence of the color factors c1|P|n associated with the master diagrams in Fig. 7 and
the fact that A(P) and m(P|1,Q , n) obey the same KK relations in P .

It turns out that (7.20) is precisely the form of A(P) obtained in the field-theory limit of disk amplitudes: as detailed
in Section 6.4.1, adapting (6.8) to a generic SL (R) frame leads to the (n−2)! term representation (6.64) of n-point disk
2
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Fig. 8. The mapping between master numerators and expressions in pure spinor superspace according to (7.25).

amplitudes in terms of Parke–Taylor or Z-integrals (6.62) [176]

An(P) =

∑
XY=23...n−2

(−1)|Y |+1Z(P|1, X, n, Y , n−1)⟨V1XV(n−1)ỸVn⟩ + perm(2, 3, . . . , n−2) , (7.21)

for instance

A4(P) = −Z(P|1, 2, 4, 3)⟨V12V3V4⟩ + Z(P|1, 4, 2, 3)⟨V1V32V4⟩ , (7.22)
A5(P) = −Z(P|1, 2, 3, 5, 4)⟨V123V4V5⟩ + Z(P|1, 2, 5, 3, 4)⟨V12V43V5⟩ − Z(P|1, 5, 2, 3, 4)⟨V1V432V5⟩ + (2 ↔ 3) ,
A6(P) = −Z(P|1, 2, 3, 4, 6, 5)⟨V1234V5V6⟩ + Z(P|1, 2, 3, 6, 4, 5)⟨V123V54V6⟩

− Z(P|1, 2, 6, 3, 4, 5)⟨V12V543V6⟩ + Z(P|1, 6, 2, 3, 4, 5)⟨V1V5432V6⟩ + perm(2, 3, 4) .

Here and in later equations, the sum over permutations of 2, 3, . . . , n−2 is understood to not act on the labels in the
integration domain P .

Given that the field-theory limit (6.81) of the Z-integrals yields doubly-partial amplitudes, the SYM amplitudes
resulting from (7.21) are given by

An(P) =

∑
XY=23...n−2

(−1)|Y |+1m(P|1, X, n, Y , n−1)⟨V1XV(n−1)ỸVn⟩ + perm(2, 3, . . . , n−2)

=

∑
Q∈Sn−2

m(P|1,Q , n−1)N1|Q |n−1 (7.23)

with master numerators [236]

N1|XnY |n−1 = (−1)|Y |−1
⟨V1XV(n−1)ỸVn⟩ , (7.24)

for instance

N1|23...jn(j+1)...n−2|n−1 = (−1)n−j−1
⟨V12...jVn−1,n−2...j+1Vn⟩ . (7.25)

The second line of (7.23) exposes the expansion of A(P) in an (n−2)! family of m(P|1,Q , n−1) (with Q a permutation of
2, 3, . . . , n−2, n) characteristic to color-kinematic dual representations of SYM amplitudes. Since (7.23) is related to the
color-kinematics dual form (7.20) via n ↔ n−1, we identify the local superfields (7.24) as the BCJ master numerators of
the half-ladder diagrams in Fig. 7 with n−1 in the place of n. In fact, by the diagrammatic interpretation of VP in Fig. 1,
the right-hand side of (7.24) organizes the master diagrams into three subdiagrams as visualized in Fig. 8.

We spell out the simplest examples at four points

N1|24|3 = −⟨V12V3V4⟩ , N1|42|3 = ⟨V1V32V4⟩ (7.26)

and at five points

N1|235|4 = −⟨V123V4V5⟩ , N1|253|4 = ⟨V12V43V5⟩ , N1|523|4 = −⟨V1V432V5⟩ , (7.27)
N1|325|4 = −⟨V132V4V5⟩ , N1|352|4 = ⟨V13V42V5⟩ , N1|532|4 = −⟨V1V423V5⟩ .

The superspace numerators (7.24) enter the representations (7.23) of color-ordered gauge-theory amplitudes that are
hallmarks of manifest color-kinematics duality by the discussion of Section 7.1.2. Hence, the master numerators (7.24)
determine all other cubic-diagram numerators in (7.1) by a sequence of kinematic Jacobi identities, and the coefficients
can be conveniently determined by isolating the propagators of interest from the doubly-partial amplitudes in (7.23).
Moreover, the master numerators are local, i.e. free of kinematic poles, by the construction of multiparticle superfields
AP
α in BCJ gauge that enter VP = λαAP

α , see Section 4.1. On these grounds, the superspace expressions (7.24) are referred
to as local BCJ numerators [236].
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.1.4. Component expansion of BCJ numerators
In order to extract the superspace components from master numerators ⟨VXVYVZ ⟩, it is convenient to combine BCJ

auge for the superfields with the non-linear version of Harnad–Shnider gauge for their θ-expansion, see section 4.3
f [92] and Appendix F. In this BCJ–Harnad–Shnider gauge, the relevant orders in θ are,

VP =
1
2
(λγmθ )emP +

1
3
(λγmθ )(θγmχP ) −

1
32

(λγmθ )(θγmnqθ )f
nq
P + O(θ4) , (7.28)

with local multiparticle polarizations emP , χ
α
P , f

mn
P defined by (4.121) in the place of the single-particle polarizations

emi , χ
α
i , f

mn
i in (2.17). Similar to the discussion in Section 5.2.2, this organization of the θ-expansion reduces the component

expansion at all multiplicities,

⟨VXVYVZ ⟩ =
1
2
emX f mn

Y enZ + (χXγmχY )emZ + cyc(XYZ) , (7.29)

to the λ3θ5 correlators (3.97) and (3.101) of the three-point amplitude [175].

7.1.5. The Möbius product
While the SYM amplitudes A(P, n) = ⟨EPVn⟩ satisfy the BCJ amplitude relations, a naive relabeling of P does not lead to

numerators that satisfy the color-kinematics duality. As discussed in [236] and reviewed above, the way string theory disk
amplitudes give rise to a local representation of numerators satisfying the color-kinematics duality is via the field-theory
limit of the pure spinor parameterization of the correlator with (n−2)! numerators of the form ⟨V1PV(n−1)QVn⟩ with each
multiparticle vertex VR in the BCJ gauge reviewed in Section 4.1.6. This parameterization is generated by (7.20), and its
essential feature is the distribution of the labels 1, n−1, n into three separate superfields VR within master numerators
(7.24). This splitting can be traced back to the fixing of the Möbius invariance of the disk correlator in (3.76).

The field-theory limit of the disk integrals with different disk orderings, given by bi-adjoint amplitudes (6.96), does
not modify this label distribution in the numerators, while relabeling the color ordering of A(P, n) in (5.14) does. Note,
however, that (5.14) and the field-theory limit of the string disk amplitude manifestly coincide for the canonical ordering
P = 12 . . . n (and in fact for a (n−3)! basis of color-orderings P = 1R(n−1)n), as demonstrated in (6.109). Let us illustrate
he above point with an example.

The pure spinor formula (5.14) for the ordering P = 12435 in A(1, 2, 4, 3, 5) = ⟨E1243V5⟩ yields

A(1, 2, 4, 3, 5) =
⟨V124V3V5⟩

s12s124
+

⟨V421V3V5⟩

s24s124
+

⟨V12V43V5⟩

s12s34
+

⟨V1V243V5⟩

s24s34
+

⟨V1V342V5⟩

s34s234
, (7.30)

hile the α′
→ 0 limit of the superstring amplitude (6.64) with the same ordering gives, after using (6.96),

lim
α′→0

A(1, 2, 4, 3, 5) =
⟨(V12V43 + V123V4)V5⟩

s12s124
−

⟨(V1V423 + V13V42)V5⟩

s24s124
+

⟨V12V43V5⟩

s34s12
(7.31)

−
⟨V1V432V5⟩

s34s234
−

⟨V1V423V5⟩

s24s234
.

These two amplitudes must be equal, but the numerators differ as only the latter preserves the superfield structure
V1AV(n−1)B̃Vn due to fixing (z1, zn−1, zn) → (0, 1,∞) by Möbius invariance. Comparing both amplitudes we see the
correspondence

V124V3 → V12V43 + V123V4 , V1V243 → −V1V423 , (7.32)
V421V3 → −V1V423 − V13V42 , V1V342 → −V1V432 .

In [234] an algorithm was proposed that reproduces the above correspondences. The idea is to guarantee that the two
labels i and j (usually i = 1 and j = n−1) always appear in two separate vertices.49 Therefore the algorithm redistributes
he labels i and j between two vertices if they originally appear inside a single vertex ViAjB and does nothing otherwise.
o this effect, we define the Möbius product ◦ij as [234]

ViAjB ◦ij VC :=

∑
δ(Bℓ̇(C))=R⊗S

ViARVjS , VAiB ◦ij VCjD := VAiBVCjD , (7.33)

where ℓ̇(C) denotes the letterification (C.12) of the Dynkin bracket ℓ(C) of (C.1) and δ(P) is the deshuffle map (C.10). Note
hat it is always possible to move label i to the front using (4.57), VPiQ = −Viℓ(P)Q , so these two rules are sufficient. In
ummary, the mapping (7.33) ensures that the labels i and j are split between the two vertices VA and VB in the product
A ◦ij VB. The choice i = 1 and j = n−1 corresponds to the usual fixing of the Möbius symmetry of the disk. For example
pplications of (7.33) we list

V124 ◦14 V3 = V12V43 + V123V4 , (7.34)

49 The third vertex V can always be fixed with label n by cyclic invariance.
n
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V142 ◦14 V3 = V1V423 + V12V43 + V123V4 + V13V42 ,

V421 ◦14 V3 = −V1V423 − V13V42 ,

V143 ◦14 V2 = V1V432 + V13V42 + V12V43 + V132V4 ,

V134 ◦14 V2 = V13V42 + V132V4 ,

V1235 ◦15 V4 = V123V54 + V1234V5 ,

V1253 ◦15 V4 = V12V534 + V123V54 + V1234V5 + V124V53 ,

V1523 ◦15 V4 = V1V5234 + V12V534 + V123V54 + V1234V5

+ V124V53 + V13V524 + V134V52 + V14V523 ,

V1235 ◦15 V46 = V123V546 − V123V564 + V12346V5 − V12364V5 ,

V152 ◦15 V34 = V1V5234 − V1V5243 + V12V534 − V12V543 + V1234V5

− V1243V5 + V134V52 − V143V52 .

From the translation VAVB → [ℓ(A), ℓ(B)] we obtain the free-Lie-algebra interpretation the above mapping: it is a rewriting
system of nested commutators from [ℓ(iAjB), ℓ(C)] to a basis50 of brackets of the form [ℓ(iP), ℓ(jQ )]. For instance, the first
example in (7.34) is equivalent to

[[[1, 2], 4], 3] = [[1, 2], [4, 3]] + [[[1, 2], 3], 4] , (7.35)

which can be explicitly verified by expanding the commutators. The correctness of the other examples can be checked
similarly. In [234], a similar interpretation was used to map the product ViAjBVCVn to a multi-peripheral color factor
composed from a string of structure constants. The map (7.33) was then shown to correspond to a closed formula to
rewrite the multi-peripheral factors in the DDM basis of Del Duca, Dixon and Maltoni [205].

7.1.6. Local BCJ numerators from the Möbius product
Using the Möbius product (7.33) it is easy to obtain local numerators for SYM tree amplitudes satisfying the color-

kinematics duality, and in fact the full tree amplitudes in BCJ form. To this end, for an n-point tree amplitude, we map
the planar binary trees in the expansion of b(P) in (4.124) with |P| = n−1 and the root identified as the nth leg to pure
spinor superspace numerators as follows [234]

[Γ ,Σ] −→ ⟨VΓ ◦ij VΣVn⟩ (7.36)

with superfields in the BCJ gauge and for arbitrary choices for i, j (usually i, j = 1, n−1). The graphical depiction is the
following:

where the blobs Γ and Σ represent arbitrary cubic trees. For example, the expression for the amplitudes A(1, 2, 3, 4, 5)
and A(1, 4, 3, 2, 5) are obtained from s1234b(1234) and s1234b(1432) from (4.124) using the prescription (7.36) with
i, j = 1, 4, see Fig. 9. More explicitly, after applying the Möbius product to the numerators one gets

A(1, 2, 3, 4, 5) =
⟨V123V4V5⟩

s12s123
+

⟨V123V4V5−V132V4V5⟩

s23s123
−

⟨V12V43V5⟩

s12s34
+

⟨V1V432V5⟩

s34s234
+

⟨V1V432V5−V1V423V5⟩

s34s234
,

A(1, 4, 3, 2, 5) =
⟨V1V432V5 + V12V43V5 + V13V42V5 + V132V4V5⟩

s14s134
+

⟨V1V432V5 + V12V43V5⟩

s34s134
(7.37)

+
⟨V1V432V5 − V1V423V5 − V123V4V5 + V132V4V5⟩

s14s23
+

⟨V1V432V5 − V1V423V5⟩

s23s234
+

⟨V1V432V5⟩

s34s234
,

hich agree with the results of [236]. For instance, the numerator of the pole 1/(s34s134) in the amplitude A(1, 4, 3, 2, 5)
s given by V[1,[4,3]] ◦14 V2V5, whose evaluation via (7.33) yields(

V143 ◦14 V2 − V134 ◦14 V2
)
V5 = V1V432V5 − V12V43V5 , (7.38)

50 Despite appearances, this is not a (n − 2)! dimensional basis of the free Lie algebra but a (n − 1)! one, even after the fixing of two letters i
nd j. The reason is that the lengths of P and Q are not fixed. The simplest example is the case n = 3 where the (n − 1)! = 2 dimensional basis is
ℓ(1), ℓ(23)] and [ℓ(13), ℓ(2)].
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Fig. 9. The amplitudes A(12345) and A(14325) parameterized with BCJ numerators according to the Möbius map (7.36) with i, j = 1, 4. The expanded
umerators after applying the Möbius product (7.33) are given in (7.37). See Fig. 2 for the binary tree expansion of b(1234).

where we used (4.54) and (4.55) to rewrite V[1,[4,3]] = V143 − V134 followed by the examples in (7.34). Comparing with
the parameterization of the five-point numerators nj=1,2,...,15 in [30]

A(1, 2, 3, 4, 5) =
n1

s12s123
+

n2

s23s234
+

n3

s34s12
+

n4

s123s23
+

n5

s234s34
, (7.39)

A(1, 4, 3, 2, 5) =
n6

s14s134
+

n5

s234s34
+

n7

s23s14
+

n8

s134s34
+

n2

s234s23
,

t is easy to verify that the BCJ triplet identity n3 − n5 + n8 = 0 is satisfied:

−⟨V12V43V5⟩ − ⟨V1V432V5⟩ + ⟨V1V432V5 + V12V43⟩ = 0 . (7.40)

ll the other BCJ numerator identities can be similarly verified.

.1.7. The field-theory limit of the superstring disk amplitude for arbitrary orderings
Finally, we define the Möbius product of Berends–Giele currents MX ◦ijMY by the action on the products VA◦ijVB arising

rom the expansion (4.82) of MX and MY which extends to

E(ij)
P :=

∑
XY=P

MX ◦ij MY . (7.41)

t was argued in [234] that the field-theory limit of the superstring amplitude with arbitrary color ordering can be written
s

lim
α′→0

A(P, n) = ⟨E(1,n−1)
P Vn⟩ =: A(1,n−1)(P, n) , (7.42)

uch that the right-hand side can be viewed as a closed-formula yielding field-theory amplitudes whose (local) numerators
atisfy the color-kinematics duality.

.1.8. Local BCJ numerators from finite gauge transformations
In [166] a straightforward parameterization of YM tree amplitudes satisfying the color-kinematics duality was obtained.

he idea is to map the Lie-polynomial numerators Γ = [Γ1,Γ2] of the planar-binary-tree-expansions b(P) generated by
(4.124) into kinematic numerators. This can be done using the θ=0 component of the local vector potential Am

[Γ1,Γ2]
in the

BCJ gauge of [92,93] after setting the external fermions to zero. In this gauge, the vector potential Am
Γ is associated to a

cubic-tree Lie polynomial Γ and satisfies the same Jacobi identities of the associated color factors but in kinematic space.51
The BCJ gauge at arbitrary multiplicity was shown in [93] to be equivalent to a standard finite gauge transformation of
the SYM field Am.

Starting from the binary-tree expansion b(P)b(n), where b(n)=n is a single letter, the YM tree amplitude AYM(P, n) is
obtained from the map52

N(Γ n) = (eΓ · en) , (7.43)

51 More recently, mapping binary trees to kinematic numerators was proposed in [241,242] exploiting a beautiful connection to free Lie algebras
via the quasi-shuffle product [243].
52 Similar maps were considered in [93].
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here emΓ is the local θ=0 component (4.121) of the superfield Am
Γ in the BCJ gauge reviewed in Section 4.1.6, and the

fermion wave functions such as the contribution (χ1γ
mχ2) to em12 in (4.122) are understood to be set to zero. More

precisely,

AYM(P, n) = lim
sP→0

sPN
(
b(P)b(n)

)
, (7.44)

where the expansion of the binary-tree map b(P) decorates the color-kinematics dual numerators with the cubic-diagram
propagators. While the earlier expressions (7.29) for the components of n-point BCJ numerators involve multiparticle
polarizations of rank ≤ n−2, the numerators in (7.43) involve rank-(n−1) building blocks.

For example, the four-point amplitudes in the KK basis of color ordering following from (7.44) are given by

AYM(1234) =

(
em
[[1,2],3]

s12
+

em
[1,[2,3]]

s23

)
em4 , (7.45)

AYM(1324) =

(
em
[[1,3],2]

s13
+

em
[1,[3,2]]

s23

)
em4 ,

from which all BCJ kinematic numerator identities map one-to-one to the Jacobi identities of the associated Lie polyno-
mials. Similarly, the five-point amplitudes

AYM(12345) =

(
em
[[[1,2],3],4]

s12s45
+

em
[1,[[2,3],4]]

s23s51
+

em
[[1,2],[3,4]]

s12s34
+

em
[[1,[2,3]],4]

s45s23
+

em
[1,[2,[3,4]]]

s51s34

)
em5 , (7.46)

AYM(14325) =

(
em
[[[1,4],3],2]

s14s25
+

em
[1,[[4,3],2]]

s43s51
+

em
[[1,4],[3,2]]

s14s32
+

em
[[1,[4,3]],2]

s25s43
+

em
[1,[4,[3,2]]]

s51s32

)
em5 ,

AYM(13425) =

(
em
[[[1,3],4],2]

s13s25
+

em
[1,[[3,4],2]]

s43s51
+

em
[[1,3],[4,2]]

s13s42
+

em
[[1,[3,4]],2]

s25s43
+

em
[1,[3,[4,2]]]

s51s42

)
em5 ,

AYM(12435) =

(
em
[[[1,2],4],3]

s12s35
+

em
[1,[[2,4],3]]

s24s51
+

em
[[1,2],[4,3]]

s12s34
+

em
[[1,[2,4]],3]

s35s24
+

em
[1,[2,[4,3]]]

s51s34

)
em5 ,

AYM(14235) =

(
em
[[[1,4],2],3]

s14s35
+

em
[1,[[4,2],3]]

s24s51
+

em
[[1,4],[2,3]]

s14s32
+

em
[[1,[4,2]],3]

s35s24
+

em
[1,[4,[2,3]]]

s51s32

)
em5 ,

AYM(13245) =

(
em
[[[1,3],2],4]

s13s45
+

em
[1,[[3,2],4]]

s23s51
+

em
[[1,3],[2,4]]

s13s24
+

em
[[1,[3,2]],4]

s45s23
+

em
[1,[3,[2,4]]]

s51s24

)
em5

ave kinematic numerators that manifestly satisfy the color-kinematics duality. Similar expressions can be written down
t arbitrary multiplicity, and their form closely resembles the form of the amplitudes in the Berends–Giele method, but
ow they arise from the planar binary tree expansion b(P).
The above BCJ representations are equivalent to

AYM(P) =

∑
Q∈Sn−2

m(P|1,Q , n)(e1Q · en) , (7.47)

where the propagators are now organized into doubly-partial amplitudes instead of b(P). This representation was studied
in section 5 of [211] and generalized to tree-level matrix elements for the effective operators α′Tr(F3) and α′2Tr(F4) of
he open bosonic string.

.1.9. An explicit solution to BCJ relations in KLT form
The process of obtaining the field-theory limit (7.23) from the local (n−2)!-term representation of disk amplitudes

7.21) can be repeated for the non-local form (6.69) with (n−3)! terms. From the low-energy limit (6.81), we arrive at an
xplicit representation of the BCJ amplitude relations in terms of (n−3)! SYM amplitudes,

A(P) = −

∑
Q ,R∈Sn−3

m(P|1, R, n, n−1)S(R|Q )1A(1,Q , n−1, n) , (7.48)

f both practical and conceptual appeal.
At the practical level, (7.48) is a closed-form solution to the entirety of BCJ relations (5.55) or (5.62), i.e. for the

xpansion of arbitrary color-ordered amplitudes in a prescribed (n−3)! BCJ basis. The BCJ relations by themselves do
ot offer any guidance on how to solve the huge equation system to rewrite the (n−1)! permutations of A(P, n) in terms
f the (n−3)! linearly independent A(1,Q , n−1, n). Hence, it is beneficial to have the closed formula for the expansion
oefficients in (7.48), in particular since the entries of m(·|·) and S(·|·)1 can be efficiently generated from the recursions
6.85) and (4.159), respectively. For example, using (7.48) to rewrite the SYM amplitude A(24315) in the BCJ basis
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A(12345), A(13245)} we get

A(24315) = −
(
m(24315|12354)S(23|23)1 + m(24315|13254)S(32|23)1

)
A(12345) (7.49)

−
(
m(24315|12354)S(23|32)1 + m(24315|13254)S(32|32)1

)
A(13245)

= −
s12
s134

A(12345) −
(s12+s23)

s134
A(13245) ,

where we used that m(24315|12354) = 0, m(24315|13254) = 1/(s13s134), as well as (4.160) for the KLT matrix.
At a conceptual level, the KLT form of (7.48) leads to the conclusion that SYM is a double copy of bi-adjoint scalars

with SYM itself. Since this statement carries over to any other field or string theory subject to tree-level BCJ relations,
bi-adjoint scalars can be viewed as the identity operator under taking double copies. This can of course be anticipated
from the identification (6.100) of doubly-partial amplitudes as the inverse KLT kernel [41]. The realization of SYM as a
double copy of bi-adjoint scalars with SYM is the α′

→ 0 limit of the double-copy formula (6.69) for disk amplitudes:
when interpreting open superstrings as a double copy of Z-theory with SYM, bi-adjoint scalars are recovered from the
low-energy limit of the more general Z-theory of bi-colored scalars, see Section 8.6 for an α′-expansion of their equations
of motion.

We conclude by mentioning a quick consistency check of (7.48): for permutations P → 1, A, n−1, n within the BCJ
basis on the right-hand side, (7.48) holds trivially since m(·|·) and S(·|·)1 are inverse to each other by (6.100). For any
other permutation P outside the BCJ basis of A(1,Q , n−1, n), SYM amplitudes A(P) obey the same BCJ relations in P as
m(P|B) at fixed B.

7.2. String-theory KLT relations and the double-copy form of gravity numerators

This section is dedicated to gravitational amplitudes in string and field theories. We review the string-theory
incarnation of the KLT formula, identify closed-string analogues of the Z-integrals along with their field-theory limits
and deduce the local form of the gravitational double copy with cubic-graph numerators given by perfect squares NiÑi.
This is the tree-level case [30] of the conjecture due to Bern, Carrasco and Johansson [238] that representations of gauge-
theory amplitudes with manifest color-kinematics duality induce explicit loop integrands in double-copy form for a variety
of gravitational theories. The BCJ double copy radically changed the computational reach for multiloop amplitudes in
supergravity and drives precision calculations of gravitational-wave observables, see [36,37] for reviews and [38] for a
white paper.

7.2.1. String-theory KLT relations
The opening line for closed-string tree-level amplitudes in the pure spinor formalism is given by

Mclosed
n =

(
−
α′

2π

)n−3 ∫
Cn−3\{za=zb}

d2z2 d2z3 . . . d2zn−2 ⟨⟨V cl
1 (z1)Ucl

2 (z2). . .U
cl
n−2(zn−2)V cl

n−1(zn−1)V cl
n (zn)⟩⟩ , (7.50)

here the integration of z2, z3, . . . , zn−2 over the Riemann sphere realizes the moduli-space integral over genus-zero
urfaces with n marked points in the SL2(C) frame with z1, zn−1, zn fixed to (0, 1,∞). In comparison to the disk-amplitude
prescription (3.76), the closed-string vertex operators V cl

i ,U
cl
i are double copies of the open-string ones Vi,Ui,

V cl
i = |λαAα(θ )|2eki·X , Ucl

i =
⏐⏐∂θαAα(θ ) + Am(θ )Πm

+ dαWα(θ ) +
1
2NmnFmn(θ )

⏐⏐2eki·X , (7.51)

where K (θ ) denote the SYM superfields without their plane-wave factor, see (3.62). Moreover, |λαAα(θ )|2 = λαAα(θ )λ̃β̂ Ãβ̂ (θ
ntroduces right-moving counterparts λ̃α̂, θ̃ β̂ of the left-moving worldsheet variables λα, θβ whose spinor indices α̂, β̂, . . .
ave same (opposite) chirality as α, β, . . . in the case of the type IIB (type IIA) theory. The θ̃-expansion of Ãβ̂ (θ̃ ) and all
he other superfields K̃ (θ̃ ) in Ucl

i again takes the form of (2.17) with independent gauge-multiplet polarizations ẽm, χ̃ α̂ in
he place of em, χα in Aβ .

The correlator ⟨⟨. . .⟩⟩ in (7.50) is adapted to the sphere rather than the disk: apart from the plane-wave factors eki·X
n (7.51), the OPEs for the left- and right-moving parts of V cl

i ,U
cl
i are performed separately, and the zero-mode integral

3.81) applies independently to λα, θβ and λ̃α̂, θ̃ β̂ . Hence, the sphere correlator in (7.50) factorizes into two copies of the
orrelators Kn on the disk defined by (6.1),

Mclosed
n =

(
−
α′

2π

)n−3 ∫
Cn−3\{za=zb}

d2z2 d2z3 . . . d2zn−2 ⟨Kn⟩ ⟨K̃n⟩

n∏
i<j

|zij|−α
′sij , (7.52)

where the closed-string polarizations are obtained from the tensor products of the superfields in Kn and K̃n. The OPE
singularities in K̃n are the complex conjugates z−1

ij of the z−1
ij in Kn.

At three points, the absence of integrated punctures immediately leads to the factorization of the string amplitudes
into color-ordered open-string ones

Mclosed
= A(1, 2, 3)Ã(1, 2, 3) , (7.53)
3
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here A(1, 2, 3) is the open-string three-point amplitude (3.98). At n ≥ 4 points, one can even decompose the closed-
tring Koba–Nielsen factor into products of meromorphic and antimeromorphic functions according to |zij|−α

′sij =

(zij)−
α′

2 sij (z ij)−
α′

2 sij . The integrand of (7.52) is a holomorphic square of a meromorphic but multivalued function
⟨Kn⟩

∏n
i<j(zij)

−
α′

2 sij with branch points at the diagonals za = zb. Hence, it requires care to extend the double-copy structure

of (7.52) to the sphere integrals: the multivaluedness of (zij)−
α′

2 sij introduces monodromy phases e±
iπ
2 α

′sij in relating
different integration contours which also take center stage in the discussion of monodromy relations in Section 7.3.

The monodromy phases in unwinding the sphere integrals (7.52) over closed-string Koba–Nielsen factors into products
of disk integrals (with open-string Koba–Nielsen factors at α′

→
α′

4 ) have been firstly determined by Kawai, Lewellen and
ye (KLT) in 1986 [192]. At four points, the phases conspire to a single trigonometric factor in

Mclosed
4 = −

α′

2π

∫
Cn−3\{0,1,∞}

d2z2 ⟨K4⟩ ⟨K̃4⟩ |z2|−α
′s12 |1−z2|−α

′s23

= −
α′

2π
sin

(
πα′

2
s12

)∫ 1

0
dz2 z

−
α′

2 s12
2 (1−z2)−

α′

2 s23 ⟨K4⟩ (7.54)

×

∫
−∞

0
dz2 (−z2)−

α′

2 s12 (1−z2)−
α′

2 s23 ⟨K̃4⟩

= −
2
πα′

sin
(
πα′

2
s12

)
A(1, 2, 3, 4; α

′

4 ) Ã(2, 1, 3, 4; α
′

4 ) ,

here the rescaling α′
→

α′

4 in the open-string amplitudes on the right-hand side can be seen by comparison with the
oba–Nielsen exponents in |zij|−2α′sij in (6.51). Note that one can employ the Gamma-function representation (6.13) of
pen-string amplitudes together with sin(πx) =

πx
Γ (1+x)Γ (1−x) and the field-theory KLT relations (4.158) to factor out the

supergravity amplitude Mgrav
4

Mclosed
4 = Mgrav

4
Γ (1− α′

2 s12)Γ (1− α′

2 s23)Γ (1− α′

2 s13)

Γ (1+ α′

2 s12)Γ (1+ α′

2 s23)Γ (1+ α′

2 s13)
, (7.55)

here Mgrav
4 is given in (4.158), but this is no longer possible at five points.

The analogous trigonometric phase factors in the n-point KLT formula furnish an α′-dependent generalization of the
ield-theory momentum kernel S(P|Q )i (4.159) involving n−3 trigonometric factors

Sα′ (Aj|BjC)i =
2
πα′

sin
(
πα′

2
kj · kiB

)
Sα′ (A|BC)i , Sα′ (∅|∅)1 = 1 , (7.56)

for example,

Sα′ (2|2)1 =
2
πα′

sin
(
πα′

2
k1 · k2

)
, (7.57)

Sα′ (23|23)1 =

( 2
πα′

)2
sin

(
πα′

2
k3 · k12

)
sin

(
πα′

2
k1 · k2

)
,

Sα′ (23|32)1 =

( 2
πα′

)2
sin

(
πα′

2
k1 · k2

)
sin

(
πα′

2
k1 · k3

)
= Sα′ (32|23)1 ,

Sα′ (32|32)1 =

( 2
πα′

)2
sin

(
πα′

2
k2 · k13

)
sin

(
πα′

2
k1 · k3

)
.

his generalizes the recursion (4.159) of the field-theory momentum kernel, and the normalization factors are engineered
o have Sα′ (P|Q )i = S(P|Q )i + O(α′2).

The n-point KLT formula for closed-string tree amplitudes then takes the compact form [192,194,195]

Mclosed
n = −

∑
P,Q∈Sn−3

A(1, P, n, n−1; α
′

4 )Sα′ (P|Q )1Ã(1,Q , n−1, n; α
′

4 ) (7.58)

and evidently reduces to the field-theory KLT relation (4.158) as α′
→ 0. The KLT formula (7.58) with type I amplitudes

n the right-hand side computes tree amplitudes of the type IIB (type IIA) superstring if the chiralities of the fermions in
(. . .) and Ã(. . .) are the same (opposite). Similarly (7.58) relates tree amplitudes of closed and open bosonic strings.
As will be discussed in Section 7.3, the (n−3)! permutations of A(. . .) and Ã(. . .) on the right-hand side of (7.58) furnish

ases under the monodromy relations of color-ordered open-string amplitudes. Accordingly, the four-point KLT relations
7.54) can be written in the alternative form

Mclosed
4 = −

2
′
sin

(
πα′

s23

)
A(1, 2, 3, 4; α

′

4 ) Ã(1, 3, 2, 4; α
′

4 ) . (7.59)

πα 2
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hese two equivalent forms stem from different ways of deforming integration contours in [192]. The systematic study
f the analogous n-point integration contours on the sphere led to the momentum-kernel formalism in [195].
One can also manifest the symmetry A ↔ Ã of the KLT formula by repeated use of monodromy relations, but already

he four-point example

Mclosed
4 = −

2
πα′

sin
(
πα′

2 s12
)
sin

(
πα′

2 s23
)

sin
(
πα′

2 s13
) A(1, 2, 3, 4; α

′

4 ) Ã(1, 2, 3, 4; α
′

4 ) (7.60)

hows that the locality of the KLT kernel in (7.56) is lost in this way. This motivates the choice of asymmetric bases for
and Ã in (7.58) which lead the simple and local entries (7.56) of the n-point KLT kernel.

.2.2. Sphere integrals and their field-theory limit
The derivation of the KLT formula is independent on the polarizations accompanying the sphere integrals and the

ational functions of zj, z j entering the correlators ⟨Kn⟩, ⟨K̃n⟩ in (7.52). Hence, one can rewrite it at the level of Parke–Taylor
integrals

J(P|Q ) :=

(
−
α′

2π

)n−3 ∫
Cn−3

d2z1 d2z2 · · · d2zn
vol(SL2(C))

n∏
i<j

|zij|−α
′sij PT(Q )PT(P) (7.61)

that furnish the closed-string counterparts of the Z-integrals (6.62): In both of Z(P|Q ) and J(P|Q ), the second entry refers
o the meromorphic Parke–Taylor factor PT(Q ) in the integrand. The role of first word P in turn changes in passing from the
isk to the sphere — instead of a disk ordering D(P), it refers to an antimeromorphic (i.e. complex conjugate) Parke–Taylor
actor PT(P) in the sphere integrand of (7.61) which does not arise in disk correlators.

The equivalent of the KLT formula (7.58) for the sphere integrals (7.61) takes a universal form for any pair of
arke–Taylor factors PT(Q )PT(P),

J(P|Q ) = −

∑
A,B∈Sn−3

Z(1, A, n, n−1|P)Sα′ (A|B)1Z(1, B, n−1, n|Q ) (7.62)

nd in fact for any other pair of rational functions in zj, z j of the same SL2(C)-weight. Here and below, the rescaling
α′

→
α′

4 within the disk integrals Z(1, A, n, n−1|P), Z(1, B, n−1, n|Q ) is implicit. This rescaling rule applies whenever
isk integrals are imported into closed-string computations as in (7.58) or (7.62).
The field-theory limit of (7.62) reveals another striking parallel between the Z(P|Q ) and J(P|Q ) integrals: Given that the

α′
→ 0 limit (6.81) of disk integrals introduces doubly-partial amplitudes m(P|Q ) and therefore the inverse field-theory

KLT matrix by (6.100), we conclude that [146]

lim
α′→0

J(P|Q ) = m(P|Q ) , (7.63)

i.e. the disk and sphere integrals Z(P|Q ) and J(P|Q ) have the same field-theory limit. As will be detailed in Section 8.7,
this parallel between Z(P|Q ) and J(P|Q ) even has an echo at all orders in their α′-expansions.

7.2.3. The local form of the gravitational double copy
The sphere integrals (7.61) of Parke–Taylor type and their field-theory limit (7.63) admit an elegant proof of the

gravitational double copy at the level of cubic tree diagrams, cf. Section 7.1. The starting point is the local representation
of the disk correlator in the form of (7.21)

⟨Kn⟩ =
dz1 dzn−1 dzn
vol(SL2(R))

∑
P∈Sn−2

N1|P|n−1 PT(1, P, n−1) mod ∇zk , (7.64)

where the superfield representation ∼ ⟨VXVYVZ ⟩ of the master numerators N1|P|n−1 (with P a permutation of 2, 3, . . . ,
n−2, n) can be found in (7.24). The rescaling α′

→
α′

4 in a closed-string context also applies to the expression (6.74) for
Koba–Nielsen derivatives ∇zk . The DDM-type formula (7.64) was already at the heart of deriving BCJ numerators from
isk amplitudes in Section 7.1.3. Upon insertion into the closed-string amplitude representation (7.52) and identifying
he J-integrals (7.61), it leads to the (n−2)!2-term expression

Mclosed
n =

∑
P,Q∈Sn−2

Ñ1|P|n−1J(1, P, n−1|1,Q , n−1)N1|Q |n−1 , (7.65)

here P,Q are again permutations of 2, 3, . . . , n, n−2 (our choice of SL2 frame led to a swap n ↔ n−1 relative to the
DM-type formulae in Section 7.1.2). With the field-theory limit (7.63) of the sphere integrals and relabeling of n ↔ n−1,
ne readily obtains gravity amplitudes in the form

Mgrav
n =

∑
Ñ1|P|nm(1, P, n|1,Q , n)N1|Q |n (7.66)
P,Q∈Sn−2
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nalogous to the color-dressed tree amplitudes of bi-adjoint scalars and SYM in (7.17) and (7.19). By Jacobi identities
f both color factors ci and kinematic numerators Ni, (7.17) and (7.19) were explained to be equivalent to the cubic-
iagram expansions (7.1) and (7.18). Since these rewritings solely depend on the properties of the universal building
lock m(1, P, n|1,Q , n), the same equivalence must hold for (7.66) and

Mgrav
n =

∑
i∈Γn

NiÑi

Di
, (7.67)

here both types of kinematic numerators Ni and Ñi obey Jacobi relations. Hence, we have derived the prescription
f [30,237,238] that kinematic Jacobi relations among the numerators are sufficient to obtain gravity amplitudes from
YM via

Mgrav
n = Mgauge

n

⏐⏐⏐
ci→Ñi

=

∑
i∈Γn

Nici
Di

⏐⏐⏐⏐
ci→Ñi

, (7.68)

i.e. by replacing color factors by another copy Ñi of kinematic numerators. In fact, the Jacobi identities of the color
factors ci imply that the cubic-diagram expansion (7.1) of gauge-theory amplitudes may still accommodate Jacobi-violating
numerators Ni, see the discussion below (7.10). Accordingly, the color-kinematics dual representation (7.67) of gravity
amplitudes is still valid if only one of the sets of numerator {Ni} or {Ñi} obeys Jacobi identities.

Note that (7.66) in combination with (7.20) yields another manifestly local formulation of the double copy

Mgrav
n =

∑
P∈Sn−2

Ñ1|P|nA(1, P, n) , (7.69)

which is obtained from the DDM form (7.16) through the same replacement c1|P|n → Ñ1|P|n as in (7.68).

7.2.4. Consistency check with the field-theory KLT relation
As exemplified in Section 7.1.9, it is rewarding to also insert the non-local form (6.73) of the disk correlator into the

field-theory limit of string amplitudes. In the closed-string case, (7.52) together with a relabeling of n ↔ n−1 in K̃n leads
o the amplitude representation

Mclosed
n =

∑
P,Q ,A,B∈Sn−3

Ã(1, P, n, n−1)S(P|Q )1J(1,Q , n−1, n|1, A, n, n−1)S(A|B)1A(1, B, n−1, n) , (7.70)

here both left- and right-moving correlators (6.73) contribute one copy of the field-theory KLT kernel. In order to make
ontact with the supergravity amplitude, we apply the field-theory limit (7.63) of the sphere integrals J and the inverse
elation (6.100) between m(1,Q , n−1, n|1, A, n, n−1) and S(A|B)1, leading to

S(P|B)1 = −

∑
Q ,A∈Sn−3

S(P|Q )1 lim
α′→0

J(1,Q , n−1, n|1, A, n, n−1)S(A|B)1 . (7.71)

pon insertion into the α′
→ 0 limit of (7.70), this reproduces the KLT formula (4.158) for gravity amplitudes. In this way,

e confirm the compatibility of the monodromy phases in manipulating integration cycles on the sphere and disk (which
mong other things led to the field-theory limit (7.63) of the sphere integrals J) with the expansion of disk correlators
6.73) in a basis of Parke–Taylor factors.

.3. Monodromy relations

Color-ordered open-string amplitudes A(P) associated with different orderings P of the vertex operators on the disk
oundary obey monodromy relations [34,144]. Similar to the KLT relations (7.58) for closed-string amplitudes, they
olely rely on analytic properties of the disk worldsheet and are therefore universal to the bosonic theory and type
superstrings. Monodromy relations can be equivalently formulated at the level of the Z(P|Q )-integrals (6.62): while
ection 6.4.3 featured relations between different ‘‘integrands Q ’’ at fixed ‘‘integration domain P ’’, monodromy relations
oncern different choices of the domain P at fixed integrand Q . To begin with, the procedure of fixing SL2(R) frames in
ection 6.4.1 leads to the following cyclicity and reflection properties,

Z(p1p2 . . . pn|Q ) = Z(p2p3 . . . pnp1|Q ) = (−1)nZ(pn . . . p2p1|Q ) , (7.72)

ielding a naive upper bound of 1
2 (n−1)! independent disk orderings. However, the actual basis dimensions for color-

rdered disk amplitudes identified by monodromy relations are considerably smaller with only (n−3)! choices of P at
ixed Q [34,144]. The proof relies on the following simple analytic property of the disk integrand and thereby extends
o integrands of suitable SL2(R)-weight beyond Parke–Taylor factors: the only non-meromorphic dependence on the
ntegration variables in (6.62) occurs through the Koba–Nielsen factor

∏n
1≤i<j |zij|

−2α′sij . The latter can be related to the
eromorphic but multivalued function

∏n (z )−2α′sij by monodromy phases e±2π iα′sij which differ from one ordering
1≤i<j ij
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to another. The same type of monodromy phases gives rise to the trigonometric factor in the four-point KLT relation
7.54). By applying Cauchy’s theorem as detailed in [34,144], one obtains,

0 =

n−1∑
j=1

exp
[
2π iα′(kp1 · kp2p3...pj )

]
Z(p2p3 . . . pjp1pj+1 . . . pn|Q ) , (7.73)

nd the associated relation among color-ordered amplitudes of open superstrings,

0 =

n−1∑
j=1

exp
[
2π iα′(kp1 · kp2p3...pj )

]
A(p2p3 . . . pjp1pj+1 . . . pn) , (7.74)

hich take an identical form for open bosonic strings. Since different choices of branches yield identical relations with
pposite phases as compared to (7.73) and (7.74), one can take sums and differences of both options and obtain [34,144]

0 = A(p1p2p3 . . . pn) +

n−1∑
j=2

cos
[
2πα′(kp1 · kp2p3...pj )

]
A(p2p3 . . . pjp1pj+1 . . . pn) ,

0 =

n−1∑
j=2

sin
[
2πα′(kp1 · kp2p3...pj )

]
A(p2p3 . . . pjp1pj+1 . . . pn) . (7.75)

or real kinematics, these are simply the real and imaginary parts of (7.74). At leading order in α′, the trigonometric
oefficients reduce to cos(α′x) → 1 and sin(α′x) → α′x, respectively. As a result, one obtains (special instances of) KK
elations (5.40) and the fundamental BCJ relations (5.62) as the low-energy limit of the first and second line of (7.75),
espectively [34,144]. Moreover, the fact that limα′→0 Z(P|Q ) obeys KK and BCJ relations in P at fixed Q is consistent with
he relations of m(P|Q ) obtained in the field-theory limit.

In the canonical ordering pj = j at four points, (7.75) reduce to

0 = A(1, 2, 3, 4) + cos(2πα′k1 · k2)A(2, 1, 3, 4) + cos(2πα′k1 · k23)A(2, 3, 1, 4) ,

0 = sin(2πα′k1 · k2)A(2, 1, 3, 4) + sin(2πα′k1 · k23)A(2, 3, 1, 4) . (7.76)

he second relation together with k1 · k23 = −s23 and A(2, 3, 1, 4) = A(1, 3, 2, 4) establishes the equivalence between
the two forms (7.54) and (7.59) of the four-point KLT relations (taking the usual rescaling α′

→
α′

4 into account). More
generally, one may view monodromy relations as a consistency condition for permutation invariance of the n-point KLT
formula (7.58): the (n−3)! × (n−3)! pairs of A(1, P, n, n−1)Ã(1,Q , n−1, n) on the right-hand side need to generate
ilinears A(X)Ã(Y ) with arbitrary orderings X, Y through linear combinations.
The monodromy relations of individual disk integrals

0 = Z(p1p2p3 . . . pn|Q ) +

n−1∑
j=2

cos
[
2πα′(kp1 · kp2p3...pj )

]
Z(p2p3 . . . pjp1pj+1 . . . pn|Q ) ,

0 =

n−1∑
j=2

sin
[
2πα′(kp1 · kp2p3...pj )

]
Z(p2p3 . . . pjp1pj+1 . . . pn|Q ) (7.77)

quivalent to (7.75) underpin our viewpoint on the disk integrals (6.62) as the doubly-partial amplitudes of Z-theory. By
6.76) and (6.77), Z-theory amplitudes Z(P|Q ) satisfy the color-kinematics duality in the integrand orderings Q at fixed P
o all orders in α′. The converse relations (7.77) among the integration domain orderings P at fixed Q , on the other hand,
xhibit additional trigonometric α′-dependence. These trigonometric functions imprint the monodromy properties of the
isk worldsheets on the S-matrix of Z-theory upon dressing with the relevant Chan–Paton factors

∑
P Z(P, n|Q )Tr(tP tn).

.3.1. The (n−2)! form of color-dressed open-string amplitudes
Since the first relation of (7.75) deforms the KK relations of gauge-theory amplitudes by cos(2πα′kP · kQ ), one may

onder about the string-theory uplift of the DDM decomposition (7.16) in gauge theory. By repeated use of monodromy
elations, one can express the color-dressed open-superstring amplitude (3.79) in terms of the (n−2)! color orderings
(1, P, n) with P = p2p3 . . . pn−1 [244],

Mn =

∑
P∈Sn−2

Tr([[. . . [[t1, tp2 ]α′ , tp3 ]α′ , . . . , tpn−2 ]α′ , tpn−1 ]α′ tn)A(1, ρ(2, 3, . . . , n−1), n) . (7.78)

heir coefficients generalize the color factors in the field-theory DDM formula (7.16)

c = Tr([[. . . [[t1, t2], t3], . . . , tn−2
], tn−1

]tn) (7.79)
1|23...n−1|n
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[tp, tq]α′ = eiπα
′kp·kq tptq − e−iπα′kp·kq tqtp . (7.80)

For matrix products in the entries of [·, ·]α′ or nested commutators, the exponentials are understood to involve multipar-
ticle momenta, e.g. [t1t2, t3]α′ = eiπα

′k12·k3 t1t2t3 − e−iπα′k12·k3 t3t1t2. At four points, for instance

M4 = Tr([[t1, t2]α′ , t3]α′ t4)A(1, 2, 3, 4) + (2 ↔ 3)

=
[
eiπα

′(k1·k2+k12·k3)Tr(t1t2t3t4) − eiπα
′(−k1·k2+k12·k3)Tr(t2t1t3t4) (7.81)

− eiπα
′(k1·k2−k12·k3)Tr(t3t1t2t4) + eiπα

′(−k1·k2−k12·k3)Tr(t3t2t1t4)
]
A(1, 2, 3, 4) + (2 ↔ 3)

= Tr(t1t2t3t4+t3t2t1t4)A(1, 2, 3, 4) − Tr(t2t1t3t4)
[
e−2π iα′s12A(1, 2, 3, 4)+e2π iα

′s13A(1, 3, 2, 4)
]
+ (2 ↔ 3)

can be checked to reproduce the conventional form (3.79) of the color-dressed amplitude by means of k12 ·k3 = −s12 and
the monodromy relation e−2π iα′s12A(1, 2, 3, 4) + e2π iα

′s13A(1, 3, 2, 4) = −A(2, 1, 3, 4).
By isolating the coefficient of a given Tr(tp1 tp2 . . . tpn ) on the right-hand side of (7.78), this DDM-type decomposition of

open-string tree amplitude generates the expansion of arbitrary A(P) in a prescribed (n−2)!-element set of disk orderings.
However, the expansion coefficients are not unique since the A(1, . . . , n) on the right hand side of (7.78) are still related
by monodromy relations. As we will see in Section 7.4, the specialization of (7.78) to abelian Chan–Paton generators
t i → 1 has valuable applications to Born–Infeld theory and its double-copy structure.

7.3.2. The (n−3)! form of color-dressed open-string amplitudes
The next step after identifying the string-theory uplift (7.78) of the (n−2)!-term DDM decomposition is to reduce

color-ordered string amplitudes to an (n−3)!-element basis under monodromy relations. As can be anticipated from the
reduction of gauge-theory amplitudes into a BCJ basis via (7.48), an elegant solution of the monodromy relations is offered
by the string-theory KLT kernel and its inverse.

In view of the interpretation (6.100) of the inverse field-theory KLT kernel as doubly-partial amplitudes of bi-adjoint
scalars, the inverse of the string-theory KLT kernel Sα′ has been firstly studied in [245]. Its entries w.r.t. the (n−3)!×(n−3)!
basis of Sα′ in (7.56) are given by

m−1
α′ (1, R, n−1, n|1,Q , n, n−1) = −Sα′ (R|Q )1 , (7.82)

and one can infer more general entries mα′ (A|B) by inverting the kernel in different representations of the KLT relations
(7.58) with other (n−3)! bases B1,B2 of A(. . .), Ã(. . .),

Mclosed
n =

∑
P,Q∈B1,B2

A(P)m−1
α′ (P|Q )Ã(Q ) . (7.83)

At four and five points, for example, we have,

mα′ (1, 2, 3, 4|1, 2, 4, 3) = −
πα′

2 sin
(
πα′

2 s12
) , (7.84)

mα′ (1, 2, 3, 4|1, 2, 3, 4) =
πα′

2

{
cot

(
πα′

2
s12

)
+ cot

(
πα′

2
s23

)}
,

mα′ (1, 5, 3, 2, 4|1, 2, 3, 5, 4) =

(πα′

2

)2 1

sin( πα′

2 s14)

{
cot

(
πα′

2
s23

)
+ cot

(
πα′

2
s35

)}
,

mα′ (1, 5, 3, 2, 4|1, 3, 2, 5, 4) = −

(πα′

2

)2 1

sin( πα′

2 s14)

1

sin( πα′

2 s23)
, (7.85)

nd permutations. The entries of higher-multiplicity mα′ are efficiently generated by the Mathematica notebook in the
ncillary file of [245].
At any multiplicity, mα′ (A|B) enjoys cyclicity and monodromy relations of open-string amplitudes in both slots A, B

(while holding the other one fixed) after performing the usual conversion α′
→ 4α′ between closed- and open-string

settings. This leads to the elegant formula to expand disk amplitudes or Z-integrals with an arbitrary integration cycle P
in a prescribed basis w.r.t. monodromy relations [245],

An(P) = −

∑
Q ,R∈Sn−3

m4α′ (P|1, R, n, n−1)S4α′ (R|Q )1A(1,Q , n−1, n) , (7.86)

Z(P|C) = −

∑
Q ,R∈Sn−3

m4α′ (P|1, R, n, n−1)S4α′ (R|Q )1Z(1,Q , n−1, n|C) ,

hich readily follows from the logic of Section 7.1.9. The first line of (7.86) furnishes the string-theory uplift of the BCJ
eduction of SYM amplitudes in (7.48), and the second line is valid for arbitrary Parke–Taylor orderings C in the Z-integrals
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see (6.101) for the converse formula for attaining a prescribed basis of Parke–Taylor factors at fixed disk ordering). For
xample, using the expansions of mα′ in (7.84) and the KLT matrix in (7.57) we get

A(1, 5, 3, 2, 4) =
sin(2πα′s12) sin

(
2πα′(s13+s23)

)
sin(2πα′s14) sin(2πα′s23)

A(1, 2, 3, 4, 5) +
sin(2πα′s12) sin(2πα′s13)
sin(2πα′s14) sin(2πα′s23)

A(1, 3, 2, 4, 5)

−

{
cot(2πα′s23) + cot(2πα′s35)

} sin(2πα′s12) sin(2πα′s13)
sin(2πα′s14)

A(1, 2, 3, 4, 5) (7.87)

−

{
cot(2πα′s23) + cot(2πα′s35)

} sin(2πα′s13) sin
(
2πα′(s12+s23)

)
sin(2πα′s14)

A(1, 3, 2, 4, 5) ,

consistent with the five-point examples in [34,144].
In fact, Mizera identified the entries of mα′ with intersection numbers of twisted cycles [198] and thereby opened

up a fascinating connection between string perturbation theory and twisted deRham theory. In this framework, the KLT
relations are a consequence of twisted period relations [246], and their representation (7.83) follows from elementary linear
algebra in twisted homologies and cohomologies [198]. Similarly, the field-theory KLT relations can be understood from
intersection numbers of twisted cocycles [199].

Since mα′ can be algorithmically computed from intersection numbers, there is no circular logic in solving monodromy
relations via (7.86): the entries of mα′ beyond the (n−3)! × (n−3)! basis in (7.82) do not necessitate any prior knowledge
of the solutions to the monodromy relations.

7.4. Double copies beyond gravity from string amplitudes

The color-kinematics duality and double copy apply to a much wider classes of theories beyond gauge theories and
(super-)gravity [36–38]. In this section, we will review the input of superstring tree amplitudes on the double-copy
structure of Born–Infeld theory and its supersymmetrizations. The reasoning will be based on the KLT-form (6.73) of
the disk correlator which implies that all tree amplitudes of Born–Infeld are double copies involving a BCJ basis of SYM
tree amplitudes. The other double-copy component of Born–Infeld amplitudes turns out to be a non-linear sigma model
(NLSM) of Goldstone bosons even though the latter are not part of the naive string spectrum (but can be engineered to
arise as massless excitations in the setup of [247]).

7.4.1. Born–Infeld and NLSM
The low-energy limit of abelian open-superstring tree-level interactions gives rise to the Born–Infeld theory [248], also

see [249] for a review and [250,251] for its supersymmetrizations to so-called Dirac–Born–Infeld–Volkov–Akulov theories.
Tree-level amplitudes MBI

n of Born–Infeld were identified as a field-theory double copy of SYM with scalar amplitudes in
the NLSM of Goldstone bosons [252] as can be stated through the KLT formula

MBI
n = −

∑
Q ,R∈Sn−3

ANLSM(1, R, n, n−1)S(R|Q )1A(1,Q , n−1, n) . (7.88)

n contrast to the gravitational KLT formula (4.158), the polarizations of the colorless spin-one multiplets in MBI
n stem

ntirely from those in the color-ordered SYM amplitudes A(R).
The study of the NLSM [253–257] and its tree-level amplitudes [258–261] has a long history. Within the modern

mplitudes program, the interest in the NLSM was fueled by the observation that its tree amplitudes obey KK and BCJ
elations [262] and qualify to enter field-theory double copies. Just like the Born–Infeld amplitudes, color-ordered tree
mplitudes of the NLSM vanish for odd multiplicity, and their simplest non-zero instances are

ANLSM(1, 2, 3, 4) = s12 + s23 , (7.89)

ANLSM(1, 2, 3, 4, 5, 6) = s12 −
(s12+s23)(s45+s56)

2s123
+ cyc(1, 2, 3, 4, 5, 6) .

In order to compute Born–Infeld amplitudes from the low-energy limit of abelian open-superstring states, we specialize
the color-dressed disk amplitude Mn in (3.79) to t i → 1 and insert the KLT formula (6.69) for color-ordered disk
amplitudes:

MBI
n = − lim

α′→0

1
(2πα′)n−2Mn

⏐⏐
t i→1

= − lim
α′→0

1
(2πα′)n−2

∑
Q∈Sn−1

An(Q , n) (7.90)

= −

∑
Q ,R∈Sn−3

(
lim
α′→0

1
(2πα′)n−2 Z×(1, R, n, n−1)

)
S(R|Q )1A(1,Q , n−1, n) ,

here we introduce the following shorthand for symmetrized disk integrals or abelian Z-theory amplitudes

Z×(P) =

∑
Z(Q , n|P) . (7.91)
Q∈Sn−1
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T
he inverse n−2 factors of 2πα′ in (7.90) compensate for the leading order ∼ α′n−2 in the low-energy expansion of the
abelian open-string amplitudes Mn

⏐⏐
t i→1

that will be exposed in the discussion below. Based on the reflection property
(7.72), the symmetrization in (7.91) annihilates Z×(P) of odd multiplicity.

Since the disk integrals Z× solely depend on Mandelstam invariants, the KLT formula (7.90) implies that Born–Infeld
is a double-copy involving SYM. For consistency with the alternative KLT formula (7.88) which identifies the NLSM as the
second double-copy component [252], the coefficients of the linearly independent A(1,Q , n−1, n) have to agree. Hence,
the conclusion from equating (7.88) with (7.90) is that NLSM amplitudes arise from the low-energy limit of symmetrized
disk integrals [197],

ANLSM(P) = lim
α′→0

1
(2πα′)n−2 Z×(P) . (7.92)

This adds support to the interpretation of disk integrals as tree-level amplitudes in a bi-colored scalar Z-theory: when
abelianizing the gauge-group generators t i → 1 dressing the disk ordering P of Z(P|Q ), the low-energy limit reproduces
the tree amplitudes of the NLSM, a well-known scalar field theory. The appearance of NLSM amplitudes in the low-
energy limit of abelian Z-theory is here deduced from the double copy (7.88) of Born–Infeld in [252] and does not
rely on Goldstone bosons in the superstring spectrum. On the other hand, toroidal compactifications of ten-dimensional
superstrings along with worldsheet boundary condensates indeed give rise to NLSM Goldstone bosons among the massless
excitations [247].

7.4.2. BCJ numerators of the NLSM from disk integrals
The definition (7.91) of symmetrized disk integrals does not manifest the leading term in its α′-expansion, so it may

appear surprising that the limit (7.92) does not diverge. In order to expose the leading order α′n−2 of the Z×(Q ), we
shall employ a variant of the DDM-type decomposition (7.78) of color-ordered open-string amplitudes. In reading this
decomposition at the level of the disk integrals and specializing to abelian gauge-group generators, we obtain

Z×(Q ) =

∑
P∈Sn−2

Tr([[. . . [[11, 1p2 ]α′ , 1p3 ]α′ , . . . , 1pn−2 ]α′ , 1pn−1 ]α′1
n)Z(1, P, n|Q ) . (7.93)

In slight abuse of notation, we have indicated through the superscripts of 1j that these unit matrices arose from the
abelianization of t j. In this way, the information about the momentum dependence in the α′-deformed bracket (7.80) is
preserved and we can evaluate

Tr([[. . . [[11, 1p2 ]α′ , 1p3 ]α′ , . . . , 1pn−2 ]α′ , 1pn−1 ]α′1
n) =

n−1∏
j=2

(eiπα
′k1p2 ...pj−1 ·kpj − e−iπα′k1p2 ...pj−1 ·kpj ) . (7.94)

Upon converting the exponentials to sine functions, this implies

Z×(Q ) = (2i)n−2
∑

P∈Sn−2

Z(1, P, n|Q )
n−1∏
j=2

sin
(
πα′k1p2...pj−1 · kpj

)
, (7.95)

which leads to vanishing Z×(Q ) of odd multiplicity and the following examples at even n:

Z×(q1, q2, q3, q4) = 4 sin2(πα′k1 · k2
)
Z(1, 2, 3, 4|q1, q2, q3, q4) + 4 sin2(πα′k1 · k3

)
Z(1, 3, 2, 4|q1, q2, q3, q4) ,

Z×(q1, q2, . . . , q6) = 16
∑
P∈S4

sin
(
πα′k1 · kp2

)
sin

(
πα′k1p2 · kp3

)
(7.96)

× sin
(
πα′k1p2p3 · kp4

)
sin

(
πα′k1p2p3p4 · kp5

)
Z(1, P, 6|q1, q2, . . . , q6) .

Given that the low-energy limit of Z(1, P, n|Q ) yields doubly-partial amplitudes m at order α′0 and each sine function
introduces leading low-energy order α′1, one can easily identify the low-energy limit of (7.95) to be

Z×(Q ) = (2iπα′)n−2
{ ∑

P∈Sn−2

m(1, P, n|Q )
n−1∏
j=2

(k1p2...pj−1 · kpj ) + O(α′)
}
. (7.97)

Hence, the representation (7.92) of NLSM amplitudes in terms of low-energy limits of symmetrized disk integrals is
non-singular and simplifies to

ANLSM(P) = in−2
∑

Q∈Sn−2

m(P|1,Q , n)
n−1∏
j=2

(k1q2...qj−1 · kqj )

=

∑
Q∈Sn−2

m(P|1,Q , n)NNLSM
1|Q |n . (7.98)
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n passing to the second line, we have manifested the formal similarity with the DDM form (7.20) of gauge-theory
mplitudes in a BCJ form. Given that the coefficients in the (n−2)!-term sum (7.20) over doubly-partial amplitudes
(P|1,Q , n) are BCJ master numerators of SYM (cf. Section 7.1.3), the analogous coefficients NNLSM

1|Q |n in the second line
f (7.98) are bound to be local BCJ numerators of the NLSM,

NNLSM
1|Q |n = in−2

n−1∏
j=2

(k1q2...qj−1 · kqj ) = in−2S(Q |Q )1 . (7.99)

n the second step, we have identified the BCJ master numerators of the NLSM as diagonal entries of the field-theory
LT matrix as initially conjectured in [197] and then derived as outlined above in [263]. A Lagrangian for the NLSM with
anifest color-kinematics duality was presented in [264] which reproduces the numerators in (7.99) from Feynman rules.
arlier explicit BCJ numerators for the NLSM in terms of the KLT kernel can be found in [196].

.4.3. Coupling NLSM to bi-adjoint scalars
The behavior of NLSM and Born–Infeld amplitudes under soft limits kj → 0 in the external momenta singles out

referred ways of coupling Goldstone bosons to bi-adjoint scalars and supersymmetric Born–Infeld theories to SYM [265].
hese extended theories to be referred to as NLSM+φ3 and BI+ SYM are related by KLT formulae

ABI+SYM
n (P) = −

∑
Q ,R∈Sn−3

ANLSM+φ3 (P|1, R, n, n−1)S(R|Q )1A(1,Q , n−1, n) , (7.100)

hich can also be studied from disk amplitudes in the pure spinor formalism:
The BI+ SYM theory of [265] results from the low-energy limit of open-superstring amplitudes where a subset of

he Chan–Paton generators is abelianized. This amounts to keeping some of the t j non-abelian in (7.90) and isolating an
ppropriate order in α′ as the low-energy limit. The non-abelian t j give rise to a color-decomposition w.r.t. |P| < n legs,
nd ABI+SYM

n (P) refers to the coefficient of Tr(tp1 tp2 . . . tp|P| ).
Similar to the doubly-partial amplitudes m(A|B) of bi-adjoint scalars defined by (6.80), the amplitudes

NLSM+φ3 (P|1, R, n, n−1) on the right-hand side of (7.100) are the coefficients of two types of traces — one over generators
t̃a shared by the bi-adjoint scalarsΦ = Φj|at j⊗t̃a and the Goldstone bosons of the NLSM as well as one over the t j exclusive
to the |P| external bi-adjoint scalars. The simplest examples that do not coincide with pure NLSM or φ3 amplitudes occur
at five points, where for instance [265]

ANLSM+φ3 (3, 4, 5|1, 2, 3, 4, 5) = 1 −
s51+s12

s34
−

s12+s23
s45

,

ANLSM+φ3 (2, 3, 5|1, 2, 3, 4, 5) = 1 −
s45+s51

s23
. (7.101)

Note that the coupling of Goldstone bosons to bi-adjoint scalars can be accommodated in the NLSM Lagrangian of [264]
with manifest color-kinematics duality.

In computing the SYM+ BI amplitudes (7.100) from the low-energy limit of the open superstring, the NLSM+φ3

amplitudes on the right-hand side arise via partially symmetrized disk integrals ZP (Q ) [263]. As detailed in the reference,
the latter can be defined by starting from Chan–Paton-dressed Z-theory in the DDM-type form (7.78)

Zn(Q ) =

∑
P∈Sn−2

Tr([[. . . [[t1, tp2 ]α′ , tp3 ]α′ , . . . , tpn−2 ]α′ , tpn−1 ]α′ tn)Z(1, P, n|Q ) (7.102)

and setting a subset of the generators t j to be unit matrices. We then obtain partially symmetrized disk integrals such as
the (|Q | = 5)-point example

Z345(Q ) = Z5(Q )
⏐⏐
Tr(t3t4t5)

= 4 sin(πα′k1 · k2) sin(πα′k12 · k4) cos(πα′k124 · k3)Z(1, 2, 4, 3, 5|Q )
+ 4 sin(πα′k1 · k4) sin(πα′k14 · k2) cos(πα′k124 · k3)Z(1, 4, 2, 3, 5|Q )

+ 4 sin(πα′k1 · k4) sin(πα′k134 · k2) cos(πα′k14 · k3)Z(1, 4, 3, 2, 5|Q ) (7.103)
− 4 sin(πα′k1 · k2) sin(πα′k12 · k3) cos(πα′k123 · k4)Z(1, 2, 3, 4, 5|Q )
− 4 sin(πα′k1 · k3) sin(πα′k13 · k2) cos(πα′k123 · k4)Z(1, 3, 2, 4, 5|Q )
− 4 sin(πα′k1 · k3) sin(πα′k134 · k2) cos(πα′k13 · k4)Z(1, 3, 4, 2, 5|Q )

from the color-decomposition of Zn(Q ) w.r.t. the non-abelian t j. In the low-energy limit where Z(P|Q ) → m(P|Q ) as well
as sin(πα′kP · kQ ) → πα′kP · kQ and cos(πα′kP · kQ ) → 1, we recover (2πα′)2 times the first line of (7.101) from (7.103).
A variety of further examples and the systematics for general numbers of abelianized and non-abelian t j can be found
in [263]. Among other things, the results in the reference give rise to local BCJ numerators for the NLSM+φ3 theory from
the monodromy properties of disk integrals along the lines of Section 7.4.2.
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By gradually converting some of the Chan–Paton dressings of the Z-amplitudes (7.102) to become abelian t j → 1,
he low-energy limits interpolate between pure φ3-amplitudes and pure NLSM amplitudes. In the ‘‘semi-abelian’’ case,
-theory can be viewed as an ultraviolet completion of the NLSM+φ3 theory in [265].

.5. Heterotic strings and Einstein–Yang–Mills

The (n−3)! form of the disk correlators in (6.73) also has crucial implications for massless tree amplitudes of heterotic
tring theories since their supersymmetric chiral halves can be described through the left-moving modes of the pure
pinor formalism. The massless sector of the heterotic string incorporates both gauge multiplets and the half-maximal
upergravity multiplet in ten dimensions. In contrast to the type I theory, heterotic strings already feature gauge-gravity
ouplings at tree level due to worldsheets of sphere topology. Hence, one can study Einstein–Yang–Mills amplitudes from
he correlators of the heterotic string and the field-theory limit of the sphere integrals in Section 7.2.2.

.5.1. Basics of heterotic-string amplitudes
The opening line for tree amplitudes of the heterotic string [266]

Mhet
n =

(
−
α′

2π

)n−3 ∫
Cn−3\{za=zb}

d2z2 d2z3 . . . d2zn−2 ⟨⟨V het
1 (z1)Uhet

2 (z2). . .Uhet
n−2(zn−2)V het

n−1(zn−1)V het
n (zn)⟩⟩ (7.104)

s almost identical to that of type II superstrings in (7.50) up to the choice of vertex operators for the gauge and gravity
ultiplet: both the integrated and the unintegrated variant involve a chiral half from the bosonic string

V het
i = λαAi

α(θ )e
ki·Xc ·

{
J ai

: gauge multiplets ,√
2
α′ ϵ̃

m
i ∂Xm : gravity multiplets ,

(7.105)

Uhet
i =

(
∂θαAi

α(θ ) +ΠpA
p
i (θ ) + dαWα

i (θ ) +
1
2NpqF

pq
i (θ )

)
eki·X ·

{
J ai

: gauge multiplets ,√
2
α′ ϵ̃

m
i ∂Xm : gravity multiplets ,

here J ai are Kac–Moody currents of antiholomorphic conformal weight h = 1, the c ghost known from bosonic strings
as conformal weight h = −1, and the polarization vectors of the gravity multiplets are transversal, ϵ̃i·ki = 0. The

tree-level correlators are determined by ⟨⟨c(z1)c(z2)c(z3)⟩⟩ = z12z13z23 and the OPEs

J a(z)J b(w) ∼
δab

(z − w)2
+

f abcJ c(w)
z − w

(7.106)

s well as

∂Xm(z)ek·X (w) ∼ −
α′km

2(z − w)
ek·X (w) , ∂Xm(z)∂Xn(w) ∼ −

α′δmn

2(z − w)2
. (7.107)

Similar to the organization of type II amplitudes in (7.52), the correlator in (7.104) is guaranteed to comprise the Koba–
Nielsen factor on the sphere and one copy of the disk correlator ⟨Kn⟩ in (6.73) from the supersymmetric chiral half,

Mhet
n =

(
−
α′

2π

)n−3 ∫
Cn−3\{za=zb}

d2z2 d2z3 . . . d2zn−2 K̃bos
n ⟨Kn⟩

n∏
i<j

|zij|−α
′sij . (7.108)

The bosonic chiral half in turn contributes the rational function K̃bos
n of the z i that depends on the color degrees of freedom

ai of the external gauge multiplets as well as the half-polarizations ϵ̃mi and momenta of the external gravity multiplets.
The non-vanishing three-point examples K̃bos

n (P|Q ) of the bosonic correlator in (7.108) with external gauge and gravity
multiplets in the sets P and Q are

K̃bos
3 (1, 2, 3|∅) = f a1a2a3 , K̃bos

3 (1, 2|3) = −

√
α′

2
δa1a2 (ϵ̃3 · k1) , (7.109)

K̃bos
3 (∅|1, 2, 3) =

√
α′

2

{[
(ϵ̃1 · ϵ̃2)(ϵ̃3 · k1) + cyc(1, 2, 3)

]
−
α′

2
(ϵ̃1 · k2)(ϵ̃2 · k3)(ϵ̃3 · k1)

}
,

nd the massless three-point amplitudes Mhet
3 are obtained upon multiplication with the supersymmetric correlator

K3⟩ = ⟨V1V2V3⟩, see Section 3.4.5 for its component expansion. As one can see from the appearance of the color factors
n these examples, the heterotic-string amplitudes in (7.108) are automatically color dressed. In fact, the OPEs (7.106) of
he Kac–Moody currents also introduce products of traces with a maximum of ⌊

n
2⌋ trace factors at n points as expected

from coupling between colored gauge multiplets and uncolored supergravity multiplets. One can still isolate color-ordered
single-trace amplitudes by picking up the antiholomorphic Parke–Taylor factors (6.57) in [267]

⟨⟨J a1 (z )J a2 (z ) . . .J an (z )⟩⟩
⏐⏐ = −PT(1, 2, . . . , n) . (7.110)
1 2 n Tr(ta1 ta2 ...tan )
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ccordingly, multi-trace amplitudes associated with Tr(tP1 )Tr(tP2 ) . . . Tr(tPk ) and tp1p2...p|P| = tp1 tp2 . . . tp|P| are determined
by isolating the product (−1)k PT(P1) PT(P2) . . . PT(Pk) from the current correlator.

7.5.2. Heterotic double copy and Einstein–Yang–Mills
The expansion (6.73) of the supersymmetric correlator ⟨Kn⟩ in terms of SYM trees can be readily applied to the

heterotic-string amplitude (7.108): in this way, all color-dressed tree amplitudes involving arbitrary combinations of gauge
and gravity multiplets conspire to a field-theory double copy with one SYM constituent,

Mhet
n = −

∑
Q ,R∈Sn−3

B(1, R, n, n−1)S(R|Q )1A(1,Q , n−1, n) , (7.111)

B(1, R, n, n−1) = −

(
−
α′

2π

)n−3 ∫
Cn−3\{za=zb}

d2z2 d2z3 . . . d2zn−2 K̃bos
n Z1R

n∏
i<j

|zij|−α
′sij .

Given that the rational functions Z1R on the right-hand side correspond to SL2(R)-fixed Parke–Taylor factors − PT(1, R, n,
n−1), see (6.59), one can uplift B(1, R, n, n−1) to a cyclic object B(P) by integrating over − PT(P) in the place of Z1R.

In order to understand the significance of the α′-dependent building block B(P) in the double copy (7.111), it
is instructive to compare with the Einstein–Yang–Mills amplitudes obtained from the low-energy limit of heterotic
strings: Einstein–Yang–Mills theories are double copies of SYM with the so-called YM+φ3 theory [268]. Similar to the
NLSM+φ3 theory in Section 7.4.3, YM+φ3 is characterized by a minimal coupling of bi-adjoint scalars to pure (i.e. non-
supersymmetric) Yang–Mills theory such that the BCJ relations are preserved. More precisely, in a color-decomposition
of YM+φ3 tree amplitudes w.r.t. the generators t̃ j common to the gauge bosons and the bi-adjoint scalars,

MYM+φ3

n =

∑
P∈Sn−1

Tr(t̃1P )AYM+φ3 (1, P) , (7.112)

the color-ordered amplitudes AYM+φ3 obey KK and BCJ relations. Accordingly, they qualify to enter the following KLT
formula that encodes the double copy of Einstein–Yang–Mills:

MEYM
n = −

∑
Q ,R∈Sn−3

AYM+φ3 (1, R, n, n−1)S(R|Q )1A(1,Q , n−1, n) . (7.113)

Similar to the bosonic correlators K̃bos
n and thereby the string-theory building blocks B in (7.111), the AYM+φ3 still depend

on the color-factors t j exclusive to the bi-adjoint scalars because only the t̃ j are stripped in (7.112). Since the KLT
formula (7.113) is obtained from the low-energy limit of (7.111) with all α′-dependence carried by B(P), we can identify
color-ordered YM+φ3 amplitudes as its low-energy limit

B(P) = AYM+φ3 (P)
⏐⏐
gYM→

√
α′

2

(
1 + O(α′)

)
. (7.114)

As exemplified by (7.109), the bosonic correlators K̃bos
n and hence the heterotic-string amplitudes (7.111) may already

carry integer powers of
√
α′

2 in their low-energy limits. These prefactors are interpreted as realizing the gravitational
coupling κ of the heterotic string which, in the double copy of [268], translates into the gauge coupling gYM of the YM+φ3

heory.53

.5.3. Heterotic strings as a field-theory double copy
By the bosonic origin of B(P) in (7.111), its α′-dependence can be further streamlined by expanding the bosonic

correlator K̃bos
n in a Parke–Taylor basis. Even though the computation of K̃bos

n is straightforward from the OPEs (7.106) and
(7.107), the Parke–Taylor decomposition relies on a way more intricate cascade of integrations by parts than encountered
in Section 6.3 for supersymmetric correlators, see for instance [220,269–271]. By the arguments in section 4.2 of [221], the
coefficients A(DF )2+YM+φ3 in an (n−3)!-term reduction (discarding total Koba–Nielsen derivatives ∇zk f = ∂zk f −

α′

2 f
∑n

j=1
j̸=k

skj
zkj

n the sphere)

K̃bos
n = −

dz1 dzn−1 dzn
vol(SL2(R))

∑
Q ,R∈Sn−3

PT(1, R, n, n−1)S(R|Q )1A(DF )2+YM+φ3 (1,Q , n−1, n) mod ∇zk (7.115)

re given by field-theory amplitudes in a massive gauge theory dubbed (DF )2 + YM+ φ3 [272], see the discussion below
6.73) for the dz i in the prefactor. Just like for YM+φ3 theory, the massless states of (DF )2 + YM + φ3 are bi-adjoint

53 In any other section of this review, we have stripped off the uniform prefactors gn−2
YM from n-point tree-level amplitudes of SYM. In the YM+φ3

heory, on the other hand, generic tree-level amplitudes mix different powers of gYM according to the trace structure of the color factors: only the
luon vertices and the minimal coupling of two scalars φ to gluons carry powers of gYM whereas the coefficient of the φ3 interaction is taken to be
ndependent on g .
YM
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calars and gauge bosons. The massive states in the (DF )2 + YM + φ3 theory are tachyons m2
= −

4
α′ as expected for

the open bosonic string, so the A(DF )2+YM+φ3 are still rational functions of α′ [221]. Similar to (7.114), the gauge coupling
of the (DF )2 + YM + φ3 theory is understood to be converted to the gravitational one in the double copy (7.115), i.e.
gYM → κ =

√
α′

2 .
The three-point amplitudes of the (DF )2 + YM + φ3 theory (with subscripts φ and g for external scalars and gluons)

eproduce the simplest bosonic correlators in (7.109),

A(DF )2+YM+φ3 (1φ, 2φ, 3φ) = f a1a2a3 , A(DF )2+YM+φ3 (1φ, 2φ, 3g ) = −

√
α′

2
δa1a2 (ϵ̃3 · k1) , (7.116)

A(DF )2+YM+φ3 (1g , 2g , 3g ) =

√
α′

2

{[
(ϵ̃1 · ϵ̃2)(ϵ̃3 · k1) + cyc(1, 2, 3)

]
−
α′

2
(ϵ̃1 · k2)(ϵ̃2 · k3)(ϵ̃3 · k1)

}
,

where the α′-correction in the last line can be traced back to the Tr(F 3) vertex in the (DF )2 + YM + φ3 Lagrangian [272].
External scalars φ in legs 1,3 and gauge multiplets g in legs 2,4 in turn give rise to

A(DF )2+YM+φ3 (1φ, 2g , 3φ, 4g ) = δa1a3
α′

2

{
(ϵ̃2·k1)(ϵ̃4·k3)

s12
+

(ϵ̃2·k3)(ϵ̃4·k1)
s23

+ (ϵ̃2·ϵ̃4) +
α′ f̃ mn

2 f̃ mn
4

2 + α′s13

}
. (7.117)

y the double copy with SYM in (7.111), the external states φ and g in (DF )2 + YM + φ3 amplitudes translate into gauge
multiplets g and gravity multiplets h in heterotic-string amplitudes.

The decomposition (7.115) is a useful way to disentangle the α′-dependence of (7.111) into the sphere integrals J(P|R)
in (7.61) with all the poles of massive-state exchange and the A(DF )2+YM+φ3 with only massless and tachyonic poles,

B(P) = −

∑
Q ,R∈Sn−3

J(P|1, R, n, n−1)S(R|Q )1A(DF )2+YM+φ3 (1,Q , n−1, n) . (7.118)

The sphere integrals J(P|Q ) have zeros at sij...k = −
2
α′ that prevent the tachyon poles of A(DF )2+YM+φ3 from entering the

heterotic-string amplitude. At four points, this can be anticipated from the Gamma functions in the denominator of (7.55).
By combining (7.118) with (7.111), heterotic-string amplitudes can be brought into the form

Mhet
n =

∑
P,Q ,A,B∈Sn−3

A(DF )2+YM+φ3 (1, P, n, n−1)S(P|Q )1J(1,Q , n−1, n|1, A, n, n−1)S(A|B)1A(1, B, n−1, n) , (7.119)

which is directly analogous to the representation (7.70) of type II amplitudes, with A(DF )2+YM+φ3 in the place of a second
copy Ã of SYM. External gauge and gravity multiplets in Mhet

n are represented by external scalars and gauge bosons in

A(DF )2+YM+φ3 , respectively, with the conversion gYM →

√
α′

2 of the gauge coupling as in (7.114). Given that the matrix
roduct

∑
Q ,A∈Sn−3

S(P|Q )1J(1,Q , n−1, n|1, A, n, n−1)S(A|B)1 reduces to S(P|B)1 in the field-theory limit, we arrive at the
ollowing refinement of (7.114)

A(DF )2+YM+φ3 (P) = AYM+φ3 (P)
(
1 + O(α′)

)
. (7.120)

In the four-point example (7.117), for instance, the last term α′

2 f̃
mn
2 f̃ mn

4 is subleading in α′, and the resulting YM+φ3

mplitude entering the Einstein–Yang–Mills double copy (7.113) is

AYM+φ3 (1φ, 2g , 3φ, 4g ) = δa1a3g2
YM

{
(ϵ̃2 · k1)(ϵ̃4 · k3)

s12
+

(ϵ̃2 · k3)(ϵ̃4 · k1)
s23

+ (ϵ̃2 · ϵ̃4)
}
, (7.121)

here g2
YM translates into the prefactor α′

2 of the corresponding (DF )2 + YM + φ3 amplitude.

.5.4. Einstein–Yang–Mills amplitude relations from string theories
As a key implication of the Einstein–Yang–Mills double copy (7.113), any tree amplitude of Einstein–Yang–Mills

regardless on the number of external gauge & gravity multiplets or traces in the t i) can be expanded in terms of SYM
rees. On top of the manifestly gauge invariant KLT form (7.113), one can explicitly realize the double copy with manifest
ocality,

MEYM
n =

∑
P∈Sn−2

ÑYM+φ3

1|P|n A(1, P, n) , (7.122)

ith BCJ master numerators ÑYM+φ3

1|P|n of YM+φ3. This DDM form of Einstein–Yang–Mills amplitudes is analogous to the

epresentation (7.69) of gravitational amplitudes. Field-theoretic computations of the master numerators ÑYM+φ3

1|P|n from
gauge invariance and color-kinematics duality as well as a discussion of the resulting Einstein–Yang–Mills amplitude
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elations (7.122) can be found in [273]. We shall here review the worldsheet approach to derive manifestly local
instein–Yang–Mills amplitude relations that amount to the DDM-type decomposition

K̃bos
n =

dz1 dzn−1 dzn
vol(SL2(R))

∑
P∈Sn−2

Ñ (DF )2+YM+φ3

1|P|n PT(1, P, n) mod ∇zk (7.123)

nalogous to (7.64). The YM+φ3 master numerators in (7.122) can then be simply read off from the leading α′-order of
he (DF )2 + YM + φ3 numerators or Parke–Taylor coefficients in (7.123):

• For single-trace amplitudes Ahet(1, 2, . . . , n; p) with one external graviton p as well as n external gluons and
associated trace Tr(t1t2 . . . tn), the bosonic correlator due to (7.107) and (7.110) is given by

K̃bos
n ∼ PT(1, 2, . . . , n)

n∑
j=1

ϵ̃p · kj
z jp

= PT(1, 2, . . . , n)
n−1∑
j=1

(ϵ̃p · k12...j)
z j,j+1

z j,pzp,j+1

=

n−1∑
j=1

(ϵ̃p · k12...j)PT(1, 2, . . . , j, p, j+1, . . . , n−1, n) , (7.124)

where we used PT(1, 2, . . . , j, p, j+1, . . . , n) =
zj,j+1

zj,pzp,j+1
PT(1, 2, . . . , j, j+1, . . . , n) in passing to the last line. By

matching with (7.123), one can read off master numerators

Ñ (DF )2+YM+φ3

1|23...jp(j+1)...(n−1)|n → ϵ̃p · k12...j ⇒ ÑYM+φ3

1|23...jp(j+1)...(n−1)|n → ϵ̃p · k12...j (7.125)

which result in the following amplitude relation (7.122) (with gravity multiplet p and single-trace ordering
Tr(t1t2 . . . tn))

AEYM(1, 2, . . . , n; p) =

n−1∑
j=1

(ϵ̃p · k12...j)A(1, 2, . . . , j, p, j+1, . . . , n−1, n) . (7.126)

This relation has been firstly derived from disk amplitudes of type I superstrings with one closed-string inser-
tion [274] and generalized to single-trace amplitudes with multiple external gravitons using CHY methods54 [276]
and heterotic strings [269]. For single-trace amplitudes with an arbitrary number of gravity multiplets, a decompo-
sition formula (7.122) in terms of intersection numbers of twisted cocycles can be found in [277]. Note that generic
(DF )2 + YM + φ3 numerators are rational functions of α′, so their α′-independent instances in (7.125) are rather
atypical.

• For n-gluon double-trace amplitudes associated with Tr(t1tP )Tr(tQ tn) and no external gravitons, the bosonic corre-
lator determined by the current algebra is

K̃bos
n ∼ PT(1, P) PT(Q , n) =

α′

2 + α′s1P
PT(1, {P,Q }, n) mod ∇zk (7.127)

= −
α′(−1)|P|

2 + α′s1P

|P|∑
i=1

|Q |∑
j=1

(−1)i−jsij
∑

A∈p1p2 ...pi−1
´p|P| ...pi+1

∑
B∈qj+1 ...q|Q |
´qj−1 ...q2q1

PT(1, A, pi, qj, B, n) mod ∇zk ,

where the second line is known from [269] and follows from expanding out the S-bracket via (4.143). The master
numerators (7.123) can be read off from the Parke–Taylor coefficients, and we now have a non-trivial α′-dependence
of the Ñ (DF )2+YM+φ3

1|P|n through the geometric series

α′

2 + α′s1P
=
α′

2

∞∑
n=0

(
−
α′

2
s1P

)n

. (7.128)

The master numerators of YM+φ3 are obtained from the leading terms α′

2+α′s1P
→

α′

2 and result in the following
expansion of the Einstein–Yang–Mills double-trace amplitude AEYM(1, P|Q , n) along with Tr(t1tP )Tr(tQ tn):

AEYM(1, P|Q , n) =
α′

2 A(1, {P,Q }, n) , (7.129)

for instance

AEYM(1, 2|3, 4) =
α′

2 s23A(1, 2, 3, 4) ,

AEYM(1, 2, 3|4, 5) =
α′

2

[
s34A(1, 2, 3, 4, 5) − s24A(1, 3, 2, 4, 5)

]
, (7.130)

54 The prescription for Einstein–Yang–Mills amplitudes in the CHY formalism has been given in [252,275].
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AEYM(1, 2, 3, 4|5, 6) =
α′

2

[
s45A(1, 2, 3, 4, 5, 6) − s35A(1, 2, 4, 3, 5, 6) + (2 ↔ 4)

]
,

AEYM(1, 2, 3|4, 5, 6) =
α′

2

[
s34A(1, 2, 3, 4, 5, 6) − s24A(1, 3, 2, 4, 5, 6) − (4 ↔ 5)

]
.

The prefactor is identified with the gravitational coupling in Einstein–Yang–Mills theory according to κ2
=

α′

2 and
signals two gravitational vertices as expected: each diagram contributing to double-trace amplitudes with external
gauge multiplets involves one gravitational propagator ending on vertices with one factor of κ each.

The double-trace relations (7.129) have been derived and extended to one external gravity multiplet via CHY
methods [276] and heterotic strings [269]. Their generalizations to arbitrary number of traces can be found in [278].

As illustrated by the tachyon pole (2+α′s1P )−1 in (7.127), the numerators Ñ (DF )2+YM+φ3

1|P|n feature propagators of the massive
states in the (DF )2 + YM + φ3 theory. Still, they are free of massless poles and therefore yield a local low-energy limit
ÑYM+φ3

1|P|n for the Einstein–Yang–Mills amplitude relations (7.122).

.5.5. Reducing heterotic-string amplitudes to the single-trace sector
In fact, the Einstein–Yang–Mills amplitude relations (7.122) uplift to exact-in-α′ relations for heterotic-string ampli-

udes in passing to the numerators of the (DF )2 + YM + φ3 theory

Mhet
n =

∑
P∈Sn−2

Ñ (DF )2+YM+φ3

1|P|n Ahet(1, P, n) , (7.131)

where Ahet(Q ) denote the single-trace amplitudes for |Q | external gauge multiplets. This follows from (7.123) in
combination with

Ahet(1, R, n, n−1) = −

(
−
α′

2π

)n−3 ∫
Cn−3\{za=zb}

d2z2 d2z3 . . . d2zn−2 Z1R ⟨Kn⟩

n∏
i<j

|zij|−α
′sij (7.132)

and its SL2(C) covariant uplift Z1R → −PT(1, R, n, n−1) in (6.59) [146],

Ahet(P) = −

∑
Q ,R∈Sn−3

J(P|1, R, n, n−1)S(R|Q )1A(1,Q , n−1, n) . (7.133)

ne may view (7.131) as an alternative to the double copy (7.119) with locality w.r.t. the massless propagators but not
.r.t. the massive ones. For instance, specializing (7.131) to double-trace amplitudes Ahet(1, P|Q , n) of the heterotic string
ields [269]

Ahet(1, P|Q , n) =
α′

2 + α′s1P
Ahet(1, {P,Q }, n) , (7.134)

ith the Einstein–Yang–Mills relation (7.129) in its low-energy limit. The only case where (7.131) is free of massive
ropagators is the following single-trace amplitude with one external gravity multiplet [269]

Ahet(1, 2, . . . , n; p) =

n−1∑
j=1

(ϵ̃p · k12...j)Ahet(1, 2, . . . , j, p, j+1, . . . , n−1, n) , (7.135)

hich is the α′-uplift of (7.126).

. α′-expansion of superstring tree-level amplitudes

In the previous sections, we have reviewed the derivation and structure of the expression (6.49) for the n-point disk
mplitude in terms of SYM tree amplitudes. By disentangling the contributions of left- and right-moving worldsheet
egrees of freedom, similar decompositions (7.70) and (7.119) were deduced for sphere amplitudes of type II and heterotic
trings. On the one hand, these genus-zero results only cover the leading order in string perturbation theory and still
eceive loop- and non-perturbative corrections. On the other hand, (6.49), (7.70) and (7.119) are exact in α′, i.e. they
ncorporate all orders in the low-energy expansion at genus zero.

This section is dedicated to the α′-expansion of n-point disk and sphere amplitudes, with a detailed review of the
tructure and explicit computation of the string corrections to the field-theory limits discussed in the previous sections.
hese string corrections are organized into infinite series in the dimensionless Mandelstam invariants α′ki·kj with rational
ombinations of multiple zeta values (MZVs) in their coefficients. The appearance of MZVs unravels elegant mathematical
roperties of and striking connections between tree-level amplitudes in different perturbative string theories. Moreover,
he interplay of MZVs with the accompanying polynomials in α′ki·kj identifies several echos of field-theory structures at
ll orders of the low-energy expansion including Berends–Giele recursions, color-kinematics duality and double copy.
The study of low-energy expansions in string perturbation theory has a long history. We focus on state-of-the-art

echniques to expand the n-point disk integrals (6.51) or their Z-basis (6.62) using the Drinfeld associator [279], see
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ection 8.5, or Berends–Giele recursions [235], see Section 8.6. Based on these results for the disk integrals of open
uperstrings, the analogous expansions of the sphere integrals in tree amplitudes of type II and heterotic string theories
ill be obtained as corollaries under the so-called single-valued map, see Section 8.7. At n ≤ 7 points, a variety of
arlier calculations have been successfully carried out before the advent of the all-multiplicity methods in Sections 8.5
nd 8.6, often exploiting synergies with hypergeometric functions [176,208,209,223,224,226,227,280–283]. The loop-level
xtensions of the results in this section are under active investigation, and a short summary of the state of the art as of
all 2022 can be found in Section 9.2.

Numerous developments related to the α′-expansion of string amplitudes have been crucially fueled by the recent
umber-theory and algebraic-geometry literature. As will be detailed below, the mathematical references underlying
he tree-level results of this section include [233,284–290]. Parts of the results of this section can also be found in
he reviews [291,292] from 2016, also see [293] for a helpful introductory reference on the Hopf-algebra structure of
enus-zero integrals in the particle-physics literature.

.1. Basics of α′-expansions

This subsection aims to set the stage for the main results of this section by reviewing four-point examples of
′-expansions and the connection with low-energy effective actions.

.1.1. Four-point α′-expansions
Similar to the computation and simplification of the correlators, the main efforts in determining low-energy expansions

ick in at five points. The four-point α′-expansion in turn has been known in closed form for decades from the simple
xpansion of the Gamma function

logΓ (1−z) = γ z +

∞∑
n=2

zn

n
ζn , (8.1)

here the Euler–Mascheroni constant γ = limn→∞(
∑n

k=1
1
k − log(n)) drops out from string tree-level computations, and

the Riemann zeta values are given by convergent infinite sums

ζn =

∞∑
k=1

k−n , n ≥ 2 . (8.2)

The α′-dependence of the four-point open-superstring amplitude (6.13) can be written as

F22 =
Γ (1−2α′s12)Γ (1−2α′s23)
Γ (1−2α′s12−2α′s23)

= exp
( ∞∑

n=2

ζn

n
(2α′)n

[
sn12+sn23 − (s12+s23)n

])
= 1 − (2α′)2ζ2s12s23 + (2α′)3ζ3s12s23s13 − (2α′)4ζ4s12s23

(
s212 +

1
4 s12s23 + s223

)
(8.3)

− (2α′)5ζ2ζ3s212s
2
23s13 +

1
2
(2α′)5ζ5s12s23s13(s212+s223+s213) + O(α′6) ,

here F22 is the scalar four-point instance of the (n−3)!×(n−3)! matrix FPQ of n-point disk integrals in (6.51). The Gamma
unctions in the numerators of F22 introduce poles at 2α′s12, 2α′s23 = 1, 2, . . ., i.e. at center-of-mass energies (ki+kj)2 ∈

N
α′ ,

hat signal the exchange of massive open-string vibration modes. After α′-expansions, say in the exponential of (8.3), these
poles are no longer manifest.

Also for closed superstrings, the α′-expansion of the four-point amplitude in the form (7.55) can be extracted from a
scalar combination of Gamma functions,

Γ (1− α′

2 s12)Γ (1− α′

2 s23)Γ (1− α′

2 s13)

Γ (1+ α′

2 s12)Γ (1+ α′

2 s23)Γ (1+ α′

2 s13)
= exp

(
2

∞∑
k=1

ζ2k+1

2k+1

(
α′

2

)2k+1[
s2k+1
12 + s2k+1

23 + s2k+1
13

])
(8.4)

= 1 + 2
(
α′

2

)3

ζ3s12s23s13 +

(
α′

2

)5

ζ5s12s23s13(s212+s223+s213) + O(α′6) .

he coefficients in this series are still exclusively built from Riemann zeta values (8.2), but there is no more reference
o the even zeta values ζ2k seen in the open-string expansion (8.3). While these cancellations at four points can still
e understood from Gamma-function expansions, their generalizations to n ≥ 5 points are governed by an elaborate
athematical structure known as the single-valued map, see Sections 8.2.3 and 8.7 for details.

.1.2. Low-energy effective actions
One of the traditional motivations for α′-expansions of massless string amplitudes is to determine the low-energy

ffective action of the gauge and gravity multiplets. An expansion around α′
→ 0 amounts to integrating out the massive
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Table 1
Schematic overview of gauge and gravity interactions and their MZV coefficients in the tree-level effective action of type
I and type II superstrings, respectively. Gauge-field operators D2kFm are understood to be traced over the gauge group,
and the shown operators in both the gauge and gravity sector are representatives for supersymmetry multiplets of
interactions. The crossed out operators�F3 and���D2kRm could in principle have been expected from their mass dimensions
but turn out to be absent from superstring effective actions, either by supersymmetry arguments or by the properties
of their MZV coefficients. The column on gauge interactions closely follows the presentation in [209], and the rightmost
column is a subset of table I in [280].
Order MZV Eff. gauge interactions Eff. gravity interactions

(α′)0 1 F2 R

(α′)1 × �F3 ��R2

(α′)2 ζ2 F4 ��R3

(α′)3 ζ3 D2F4
+ F5 R4

(α′)4 ζ4 D4F4
+ D2F5

+ F6 ��D2R4
+��R5

(α′)5 ζ5 D6F4
+ D4F5

+ D2F6
+ F7 D4R4

+ D2R5
+ R6

ζ3ζ2 D6F4
+ D4F5

+ D2F6
+ F7 ��D4R4

+��D2R5
+��R6

(α′)6 ζ 23 D8F4
+ D6F5

+ . . .+ F8 D6R4
+ D4R5

+ D2R6
+ R7

ζ6 D8F4
+ D6F5

+ . . .+ F8 ��D6R4
+��D4R5

+��D2R6
+��R7

vibration modes which become infinitely heavy in view of their mass-spectra M2
∈ N/α′ and M2

∈ 4N/α′ for open and
losed strings, respectively. This can be anticipated from the fact that the poles of the Gamma functions due to massive-
tate exchange in (8.3) or (8.4) are no longer manifest in the exponentials encoding the respective α′-expansions, let alone
n the individual orders in α′.

The joint effort of all massive string modes leads to effective string interactions of schematic form α′m+k−2Tr{D2kFm
}

nd α′m+k−1D2kRm (with m ≥ 4 powers of the non-linear gluon field strength F, Riemann curvature R and their respective
gauge- and diffeomorphism-covariant derivatives D) and their supersymmetrizations. Low-energy effective operators
α′m+k−2Tr{D2kFm

} or α′m+k−1D2kRm can be extracted from the α′-expansion of massless string amplitudes, i.e. by reverse-
engineering the Feynman rules that generate a given α′-order of the amplitude. This approach turns out to be cumbersome
in practice since55

(i) field redefinitions and relations of the schematic form D2F ∼= F2 or D2R ∼= R2 introduce ambiguities,
(ii) extracting the new information on D2kFn or D2kRn interactions from n-point amplitudes necessitates the subtraction

of reducible-diagram contributions with insertions of D2kFm or D2kRm at m < n,
(iii) operators with four or more field strengths F and in particular curvature tensors R admit a large number of

Lorentz-index structures, which can be alleviated via manifestly supersymmetric approaches.

In the non-abelian gauge sector of the type I effective action, there are no explicit results beyond the order of α′4 with
all the tensor structures spelled out. The purely bosonic terms at leading orders are given by [295,296]

Sopeneff =

∫
d10x Tr

{
−

1
4
FmnFmn

+ α′2ζ2

[
−2Fm

pFp
nFq

mFn
q − Fm

nFn
pFp

qFq
m (8.5)

+
1
2F

mnFmnFpqFpq +
1
4F

mnFpqFmnFpq

]
+ O(α′3)

}
+ fermions ,

ollowed by 8-term expressions α′3ζ3Tr{D2F4
+F5

} and 96-term-expressions α′4ζ4Tr{D4F4
+D2F5

+F6
}. At higher orders

′w≥5, one encounters multiple conjecturally Q-independent combinations of MZVs (say ζ5 and ζ2ζ3 at α′5, also see Table 2
elow), and the accompanying operators Tr{D2kFm

} typically cover powers 4 ≤ m ≤ w+2 of field strengths. A schematic
verview of effective gauge interactions up to α′6 is given in Table 1 as presented in [209].
A state-of-the-art method to determine the tensor structures of the effective gauge interactions in Table 1 can be

ound in [297],56 also see [209,223,224,299–301] for earlier results at the orders of α′≤4. The abelian gauge sector of type
superstrings incorporates supersymmetric Born–Infeld theory in its low-energy limit [248], see also [295,302,303].
The closed-string counterparts of the effective interactions of gauge multiplets in (8.5) are summarized in the rightmost

olumn of Table 1 as presented in [280]. The table illustrates that gravitational higher-derivative interactions are more
parse than gauge interactions: in contrast to the first higher-derivative operator α′2Tr{F4

} of the open superstring,
he first correction to the supergravity action of type II superstrings occurs at the third subleading order in α′, and its
ravitational α′3R4 contribution was firstly investigated in [296]. Moreover, the possible MZV coefficients are constrained

55 For a brief review and for the practical struggles associated with (i) and (ii), see [294].
56 The absence of tensor structures (ej · ki)n in n-point disk amplitudes, i.e. the appearance of at least one factor of (ei · ej) in each summand of the
luon components, was recognized as a valuable source of information on the open-string effective action [297] and properties of the amplitudes
hemselves [298].
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Table 2
Conjectural Q-bases of MZVs at weights w ≤ 11.
w 0 1 2 3 4 5 6 7 8 9 10 11

1 ζ2 ζ3 ζ 22 ζ5 ζ 32 ζ7 ζ 42 ζ9 ζ 52 ζ2ζ3,5 ζ11 ζ3,3,5

ζ2ζ3 ζ 23 ζ2ζ5 ζ3,5 ζ2ζ7 ζ3,7 ζ 22 ζ
2
3 ζ2ζ9 ζ 22 ζ7

MZV ζ 22 ζ3 ζ2ζ
2
3 ζ 22 ζ5 ζ 25 ζ3ζ7 ζ 32 ζ5 ζ 42 ζ3

ζ3ζ5 ζ 32 ζ3 ζ2ζ3ζ5 ζ 23 ζ5 ζ2ζ
3
3

ζ 33 ζ3ζ3,5

dimw 1 0 1 1 1 2 2 3 4 5 7 9

to be single-valued as will be detailed in Sections 8.2.3 and 8.7, leading to the absence of coefficients ζ2k in the rightmost
olumn of Table 1 [280].

.1.3. On the scope of four-point amplitudes
The polarization dependence of the four-point open- and closed-string amplitudes (6.13) and (7.55) enjoys a simple

ensor structure at all orders in α′: for the bosonic components, the polarization vectors in the prefactors A(1, 2, 3, 4) and
Mgrav

4 combine to linearized field strengths contracted by the famous t8-tensor

t8(f1, f2, f3, f4) = f mn
1 f np2 f pq3 f qm4 −

1
4
f mn
1 f mn

2 f pq3 f pq4 + cyc(2, 3, 4) , (8.6)

amely

s12s23A(1, 2, 3, 4) = −
1
2
t8(f1, f2, f3, f4) + O(χj) , (8.7)

s12s23s13M
grav
4 = −

1
4
t8(f1, f2, f3, f4)t8(f̃1, f̃2, f̃3, f̃4) + O(χj, χ̃j) ,

here A(1, 2, 3, 4) and Mgrav
4 are given in (5.34) and (4.158). Accordingly, the closed-form expressions for the four-point

′-expansions (8.3) and (8.4) can be used to swiftly propose operators Tr{D2kF4
} or D2kR4 which reproduce the four-

oint amplitudes. For instance, the first α′-correction in the open-superstring effective action (8.5) can be written as
α′2ζ2Tr

(
t8(F,F,F,F)

)
and readily reflects the subleading order of

A(1, 2, 3, 4) = A(1, 2, 3, 4)
(
1 − (2α′)2ζ2s12s23 + O(α′3)

)
. (8.8)

owever, the information from the four-point amplitudes does not fix any effective operators Tr{D2kFm
} or D2kRm with

m ≥ 5 required by non-linear supersymmetry. Moreover, the Mandelstam dependence of the four-point α′-expansion
oes not fix the order of the non-commutative covariant derivatives Dm acting on F4 or R4. At the time of writing, it

is not clear whether one can find a tensor structure analogous to t8 that governs the five-field operators Tr{D2kF5
} and

D2kR5 at all orders in α′.57
For closed-string effective actions, the complexity proliferates more drastically with the order in α′. As an additional

omplication as compared to open strings, already the simplest α′-correction α′3ζ3R4 to the ten-dimensional type
I supergravity action goes beyond the t8-tensor: The sixteen Lorentz indices of

∏4
j=1 R

mjnjpjqj are contracted with a
ombination of t8t8 and two ten-dimensional Levi-Civita tensors εabm1n1m2n2m3n3m4n4

10 ε
abp1q1p2q2p3q3p4q4
10 in the tree-level

ffective action of both type IIA and type IIB superstrings [306–308], where the ε10ε10 terms do not contribute to four-point
mplitudes.
Furthermore, the type II supergravity multiplets have a much richer structure than the gauge multiplet of ten-

imensional SYM. The multitude of superpartners of the type IIB tree-level interaction α′3ζ3(t8t8 + ε10ε10)R4 for instance
ncludes a sixteen-dilatino term [309]. More generally, the operators in the type IIB effective action are organized
ccording to their charges w.r.t. the U(1) R-symmetry of type IIB supergravity which is broken by the string corrections.
As an even more fundamental limitation of four-point open- and closed-string amplitudes, they fail to anticipate the

ffective operators whose coefficients are (conjecturally) indecomposable MZVs ζn1,...,nr of depth r ≥ 2 to be introduced
n Section 8.2. Their first open- and closed-string instances occur at the orders of [280,281]

(α′)8ζ3,5Tr{���D12F4
+ D10F5

+ · · · + F10
} , (8.9)

(α′)11ζ3,3,5(���D16R4
+ D14R5

+ · · · + R12) ,

ollowed by infinite families of operators Tr{D2kF≥5
} and D2kR≥5 with coefficients beyond the scope of the Riemann zeta

alues in Table 1. The absence of Tr{D2kF4
}- and D2kR4 interactions with higher-depth MZVs as coefficients follows from

he fact that Riemann zeta values capture all orders of the four-point α′-expansions (8.3) and (8.4).

57 See for instance [304,305] for explicit tensors t contracting r ≥ 16 indices in eight-derivative interactions related to superpartners of R4 .
r
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We finally note that also five-point string amplitudes feature dropouts of MZVs starting from the (α′)18-order [281,310].
s a result, certain combinations of MZVs firstly occur in six-point amplitudes and therefore in effective interactions
r{D2kF≥6

} or D2kR≥6 such as (α′)18Tr{���D32F4
+���D30F5

+ D28F6
+ · · · + F20

}.

8.1.4. Manifestly supersymmetric approaches
The manifestly supersymmetric form of the n-point disk amplitude in (6.49) severely constrains the effective action

of type I superstrings to all orders in α′: The amplitudes computed from reducible and irreducible diagrams at various
orders in α′ must conspire to linear combinations of SYM trees. It is an open problem to translate this property together
with the all-order results on the α′-expansion of disk integrals to be reviewed below into a new line of attack for the
effective action.

By the success of pure spinor methods to obtain compact expressions for n-point amplitudes, one can expect that the
pen questions on effective actions will benefit from superspace methods. The supersymmetrization of the F4 interaction
n (8.5) has a long history [311–314] and manifestly supersymmetric formulations of more general effective string
nteractions have for instance been discussed in [97,301,315–321].

.2. Multiple zeta values

The coefficients in the low-energy expansion of n-point string amplitudes and the associated low-energy effective
ction are rational linear combinations of multiple zeta values (MZVs) [284,286]

ζn1,n2,...,nr =

∞∑
0<k1<k2<···<kr

k−n1
1 k−n2

2 . . . k−nr
r , n1, n2, . . . , nr ∈ N , nr ≥ 2 (8.10)

hat generalize the Riemann zeta values (8.2) to depend on multiple integers nj. The infinite sum converges if nr ≥ 2, and
e refer to r and n1+n2+ . . .+nr as the depth and the weight of the MZV, respectively. While even zeta values ζ2k are
ational multiples of π2k (with B2k denoting the Bernoulli numbers58),

ζ2k = −
(2π i)2kB2k

2(2k)!
, (8.11)

he numbers π, ζ3, ζ5, ζ7, . . . are conjectured to be algebraically independent over Q. MZVs arise from iterated integrals
ver logarithmic forms d log(zj−aj) with aj ∈ {0, 1} ∀ j = 1, 2, . . . , w and a1 ̸= 0,

I(0; a1a2 . . . aw; z) =

∫
0<z1<z2<···<zw<z

dz1
z1−a1

dz2
z2−a2

. . .
dzw

zw−aw
,

ζn1,n2,...,nr = (−1)r I(0; 1 0 . . . 0  
n1−1

1 0 . . . 0  
n2−1

. . . 1 0 . . . 0  
nr−1

; 1) , (8.12)

.e. multiple polylogarithms at unit argument. The combined set of relations following from the iterated-integral and
ested-sum representations can be used to reduce any MZV of weight w ≤ 7 to products of Riemann zeta values ζn and
eave the conjectural bases over Q in Table 2. The first instances of irreducible MZVs at depth 2 and 3 are believed to
ccur at weight 8 (e.g. ζ3,5) and weight 11 (e.g. ζ3,3,5), respectively.
Comprehensive references on MZVs include [322,323], and a datamine of Q-relations with machine-readable ancillary

iles can be found in [324]. Any known relation among MZVs over Q preserves the weight, and the dimensions dimw of the
entative Q-bases at weight w are conjectured to obey the recursion dimw = dimw−2 + dimw−3 with dim0 = 1 = dim2
nd dim1 = 0 [325], see Table 2 for possible representatives.

.2.1. Motivic MZVs and the f alphabet
The conjectural counting of Q-linearly independent MZVs through the above recursion for dimw can be reproduced

rom a simple model, the so-called f-alphabet [287]: introduce non-commutative variables f3, f5, f7, . . . for each odd integer
3, a single commutative variable f2 and assign weight w to fw . It is easy to show that the number of weight-w

ompositions (non-commutative words in f2m+1 along with non-negative powers of f2) is counted by dimw in Table 2,
.g. {f5, f2f3} at weight five or {f 42 , f2f3f3, f3f5, f5f3} at weight eight. Note in particular that the first instance f3f5 ̸= f5f3 of
on-commutativity ties in with the first conjecturally irreducible MZV ζ3,5 beyond depth one.
It is tempting to map MZVs into the f -alphabet, i.e. the Hopf-algebra comodule U = Q⟨f3, f5, . . .⟩ ⊗Q Q[f2], in order to

manifestly mod out by their Q-relations. However, the unsettled transcendentality properties of MZVs currently obstruct
a well-defined map to U . As a workaround, one can consider motivic MZVs ζmn1,n2,...,nr instead of the ζn1,n2,...,nr ∈ R in (8.10).
By definition, motivic MZVs obey the complete set of Q relations among ζn1,n2,...,nr known up to date, and their elaborate
definition in the framework of algebraic geometry can be found in [285,287,326].

58 The generating function t
et−1 =

∑
∞

m=0
tm
m!

Bm leads to even Bernoulli numbers such as B2 =
1
6 , B4 = −

1
30 and B6 =

1
42 whereas the odd ones

anish, B = 0 ∀ k ∈ N, apart from B = −
1 .
2k+1 1 2

108



C.R. Mafra and O. Schlotterer Physics Reports 1020 (2023) 1–162

a
l
e

w

t

Q
w
(

8

D
I
d

w
I

O

By passing to motivic MZVs, one can set up an invertible map φ to the f -alphabet starting from the normalization

φ(ζm2k+1) = f2k+1 , φ(ζm2 ) = f2 . (8.13)

For motivic MZVs ζmn1,...,nr of weight w beyond depth one, the φ-image up to adding a Q-multiple of φ(ζmw ) can be
determined from the shuffle product ´ and deconcatenation coaction ∆ in U:

fA ´ fB =

∑
C∈A´B

fC , (8.14)

∆(f n2 fA) = f n2
∑
A=BC

fB ⊗ fC .

We employ the shorthand fA = fa1 fa2 . . . fa|A|
for A = a1a2 . . . a|A| (with f∅ = 1), and the sum over

∑
A=BC includes the

terms with B = ∅ or C = ∅, for instance

(f3f5)´ f7 = f3f5f7 + f3f7f5 + f7f3f5 , (8.15)
∆(f2f9f3) = f2 ⊗ f9f3 + f2f9 ⊗ f3 + f2f9f3 ⊗ 1 .

More specifically, the φ-images of motivic MZVs are required to preserve the product and coaction structure in the sense
of

φ(ζmn1,...,nr · ζmp1,...,ps ) = φ(ζmn1,...,nr )´ φ(ζ
m
p1,...,ps ) ,

∆
(
φ(ζmn1,...,nr )

)
= φ

(
∆(ζmn1,...,nr )

)
. (8.16)

The shuffle symbol in the first line is understood to act trivially on the commutative variable f2, e.g. φ(ζm2 ζ
m
3 ) = f2f3

nd φ
(
(ζm2 )k

)
= f k2 for any k ∈ N. In the second line of (8.16), the coaction ∆(ζmn1,...,nr ) can be obtained from [285] and

eaves the freedom to shift φ(ζmn1,...,nr ) at higher depth by the depth-one image φ(ζmn1+···+nr ) = fn1+···+nr .
59 As the simplest

xamples of this procedure, the (conjecturally indecomposable) MZVs beyond depth one in Table 2 are mapped to

φ(ζm3,5) = −5f3f5 , φ(ζm3,7) = −14f3f7 − 6f5f5 ,

φ(ζm3,3,5) = −5f3f3f5 − 45f9f2 −
6
5
f7f 22 +

4
7
f5f 32 , (8.17)

here we have chosen to exclude f8, f10 and f11 from φ(ζm3,5), φ(ζ
m
3,7) and φ(ζ

m
3,3,5), respectively. The coefficients of fw in

each other φ(ζmn1,...,nr ) at weight w = 8, 10 or 11 are determined by (8.13), (8.16), (8.17) and imposing that φ preserves
he Q-relations among motivic MZVs.

Examples of φ(ζmn1,...,nr ) at higher weight w can be found in [281], where the MZVs beyond depth one in the conjectural
bases of [324] are taken to have no fw in their φ-images (also see Section 8.2.4 for comments on the conventions). As
ill be reviewed in Section 8.3, the α′-expansion of the disk integrals FPQ in (6.51) takes a very compact form once the
motivic) MZVs in the coefficients are translated into the f -alphabet.

.2.2. The Drinfeld associator
As will be described in Section 8.5, the MZVs in the α′-expansion of n-point disk integrals can be derived from the

rinfeld associator, a generating series of MZVs. Besides the MZVs in (8.12) obtained from convergent iterated integrals
(0; 1 . . . 0; 1), the Drinfeld associator also involves so-called shuffle-regularized MZVs which descend from formally
ivergent integrals. For the iterated integrals I(0; a1 . . . aw; 1) in (8.12), we assign regularized values

I(0; 0; 1) = I(0; 1; 1) = 0 (8.18)

to the divergent cases at weight 1. At higher weight, the regularized values of integrals I(0; 0 . . . ; 1) or I(0; . . . 1; 1)
ith endpoint divergences are defined by (8.18) and by imposing them to obey the shuffle relations of convergent
(0; 1 . . . 0; 1),

I(0; A; 1)I(0; B; 1) =

∑
C∈A´B

I(0; C; 1) , also for a1, b1 = 0 and a|A|, b|B| = 1 . (8.19)

ne can recursively remove leading zeros by relating I(0; 0kD; 1) with d1 = 1 to I(0; 0k
; 1)I(0;D; 1) minus terms with ≤

k−1 leading zeros, for instance I(0; 01; 1) = I(0; 0; 1)I(0; 1; 1)− I(0; 10; 1) = ζ2. Similarly, subtracting I(0;D; 1)I(0; 1k
; 1)

from I(0;D1k
; 1) with d|D| = 0 yields terms with ≤ k−1 terminal ones, see for instance [328] for further details. The

resulting regularized values of I(0; A; 1) with a1 = 0 and/or a|A| = 1 are known as shuffle-regularized MZVs.

59 Strictly speaking, the second entry of the coaction ∆(ζmn1,...,nr ) involves deRham periods ζ drn1,...,nr , where the deRham version of ζ2 vanishes, see
for instance [327].
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The Drinfeld associator Φ(e0, e1) (not to be confused with the perturbiners for bi-adjoint scalars in Section 6.4.4)
s a generating series of shuffle-regularized MZVs, where the coefficient of I(0; A; 1) is a word eA = ea1ea2 . . . eaw of
on-commutative variables e0, e1,

Φ(e0, e1) =

∑
A∈{0,1}×

(−1)
∑|A|

j=1 aj I(0; A; 1)eA

= 1 + ζ2[e0, e1] + ζ3[e0−e1, [e0, e1]] (8.20)

+ ζ4

(
[e0, [e0, [e0, e1]]] +

1
4 [e1, [e0, [e1, e0]]] + [e1, [e1, [e0, e1]]] +

5
4 [e0, e1]

2
)

+ · · · ,

nd the summation range {0, 1}× denotes the set of words (of arbitrary length 0, 1, 2, . . .) in letters 0,1. The pairing of
I(0; A; 1)eA ensures that the length of the words in e0, e1 matches the weight of the accompanying shuffle-regularized
MZVs, and the ellipsis in the last line of (8.20) refers to words of length ≥ 5.

In the first place, the Drinfeld associator has been introduced as the universal monodromy of the KZ equation

dF (z)
dz

=

(
e0
z

+
e1

1 − z

)
F (z) , (8.21)

(with e0, e1 some non-commutative indeterminates) relating its regularized boundary values C0, C1 [329,330]:

C0 = lim
z→0

z−e0F (z) , C1 = lim
z→1

(1−z)e1F (z) ⇒ C1 = Φ(e0, e1)C0 . (8.22)

The equivalence of this definition to the generating series (8.20) was then shown by Le and Murakami [331]. The relevance
of the Drinfeld associator for open-string amplitudes will later on be illustrated by presenting (n−2)!-component vectors
subject to (8.21) and related to disk integrals, with matrix representations of e0, e1 linear in α′sij.

8.2.3. Single-valued multiple zeta values
In comparing the α′-expansions of the four-point disk and sphere integrals (8.3) and (8.4), we already noted the dropout

of even zeta values from the closed-string amplitude. The n-point systematics of dropouts in passing from open to closed
strings is captured by the notion of single-valued MZVs to be reviewed in this section.

The terminology is borrowed from the polylogarithms that specialize to MZVs at unit argument, see (8.12): while the
meromorphic polylogarithms are notoriously multivalued as the defining integration path is deformed by loops around
z = 0 or z = 1, one can form single-valued combinations by adjoining complex conjugates. For instance, the real part of
the multivalued I(0; 1; z) = log(1−z) yields the single-valued Isv(0; 1; z) = I(0; 1; z) + I(0; 1; z) = log |1−z|2.

At higher weight, single-valued polylogarithms Isv(0; A; z) can be systematically constructed from products of
(0; B; z)I(0; C; z) and MZVs as detailed in [332]. The guiding principle of the reference is to preserve the holomorphic
erivatives

∂z I(0; Ab; z) =
I(0; A; z)

z−b
↔ ∂z Isv(0; Ab; z) =

Isv(0; A; z)
z−b

(8.23)

n the expense of more complicated expressions for the antiholomorphic derivatives ∂z Isv(0; Ab; z). The weight-two
xample Isv(0; 10; z) = I(0; 10; z) + I(0; 0; z)I(0; 1; z) + I(0; 01; z) illustrates that shuffle-regularized versions of
olylogarithms (based on I(0; 0; z) = log(z)) are encountered even if the holomorphic part (in this case I(0; 10; z)) is
onvergent.
In the same way as meromorphic polylogarithms yield MZVs at z = 1, see (8.12), we define single-valued MZVs as

ingle-valued polylogarithms at unit argument [288,289],

ζ svn1,n2,...,nr = (−1)r Isv(0; 1 0 . . . 0  
n1−1

1 0 . . . 0  
n2−1

. . . 1 0 . . . 0  
nr−1

; 1) . (8.24)

At depth one, this annihilates even zeta values and doubles odd ones,

ζ sv2k = 0 , ζ sv2k+1 = 2ζ2k+1 , (8.25)

and the expressions for single-valued MZVs at higher depth are usually less straightforward, e.g.

ζ sv3,5 = −10ζ3ζ5 , ζ sv3,7 = −28ζ3ζ7 − 12ζ 25 , (8.26)

ζ sv3,3,5 = 2ζ3,3,5 − 5ζ 23 ζ5 + 90ζ2ζ9 +
12
5
ζ 22 ζ7 −

8
7
ζ 32 ζ5 .

t is clear by the constituents of Isv(0; A; z) that single-valued MZVs can be expressed in terms of Q-linear combinations
of MZVs.

The above constructions are formalized through the single-valued map that sends both meromorphic polylogarithms
and arbitrary MZVs to their single-valued versions. However, the single-valued map sv of MZVs is only well-defined in a
motivic setup, i.e. (8.25) and (8.26) are understood as

sv(ζm ) = 0 , sv(ζm ) = 2ζm , sv(ζm ) = −10ζmζm . (8.27)
2k 2k+1 2k+1 3,5 3 5
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s a major advantage of adapting the single-valued map to motivic MZVs, one can employ the f -alphabet where the
ingle-valued map follows a simple closed formula at arbitrary weight and depth [289],

sv(f n2 fi1 fi2 . . . fir ) = δn,0

r∑
j=0

fij . . . fi2 fi1 ´ fij+1 fij+2 . . . fir , (8.28)

here i1, i2, . . . , ir ∈ 2N+1, for instance

sv(fi1 ) = 2fi1 , sv(fi1 fi2 ) = 2fi1 ´ fi2 = 2(fi1 fi2 + fi2 fi1 ) , (8.29)
sv(fi1 fi2 fi3 ) = 2(fi1 fi2 fi3 + fi3 fi2 fi1 + fi2 fi1 fi3 + fi2 fi3 fi1 ) .

In slight abuse of notation, we are employing the same notation sv for the single-valued map of motivic MZVs and the
induced single-valued map φ svφ−1 in the f alphabet. Since fi1 fi2 and fi2 fi1 (with i1, i2 odd) are indistinguishable under the
single-valued map by (8.29), irreducible double zetas such as ζm3,5, ζ

m
3,7 in Table 2 factorize into products of odd Riemann

zeta values. Accordingly, ζ sv3,3,5 in (8.26) is the simplest indecomposable single-valued MZV beyond depth one.
Note that the single-valued map preserves the product structure,

sv(ζmn1,...,nr · ζmp1,...,ps ) = sv(ζmn1,...,nr ) · sv(ζmp1,...,ps ) , (8.30)

s one can check from its f -alphabet representation (8.28). In Section 8.7, we will apply the single-valued map to the
′-expansions of disk integrals which then acts on (motivic) MZVs at various weights.

.2.4. Comments on conventions
In comparing the material of this section with the literature on MZVs and their f -alphabet description, the reader

hould be warned about two sources of mismatching conventions. First, many references including [322–324] define the
ested sum on the right-hand side of (8.10) to be ζnr ,...,n2,n1 instead of ζn1,n2,...,nr , and our ordering conventions for the
rguments of MZVs agree with those of [146,281,284,286–289,291,292,310,325,326,333]. Second, our conventions for the
otivic coaction are those of [291,293,310] but differ from [146,281,287–289,292,323,326,333] by the swap A⊗B ↔ B⊗A.
In the above references with opposite conventions for the motivic coaction, the order of the non-commutative f2k+1

ill be reversed in comparison to the expressions in this work. In particular, the coaction of the commutative f2 becomes
⊗ f2 instead of f2 ⊗ 1 in translating to those references. Moreover, the single-valued map of f n2 fi1 fi2 . . . fir becomes

n,0
∑r

j=0 fi1 fi2 . . . fij ´ fir fir−1 . . . fij+1 in the place of (8.28) when changing the conventions to A ⊗ B → B ⊗ A.
For instance, the (conjectural) Q-bases of MZVs employed in the datamine [324] are related to those of this work

nd [281] by reversing ζn1,n2,...,nr → ζnr ,...,n2,n1 . However, in order to import the φ-images at weight ≤ 16 from [281] into
ur present conventions, the order of the non-commutative letters f2k+1 requires a separate reversal, i.e. fi1 fi2 . . . fir →

ir . . . fi2 fi1 with ij ∈ 2N+1.

.3. Patterns in the α′-expansion

In this section, we review the structure of the α′-expansion of the n-point disk integrals FPQ in (6.51) which has been
irstly described in [281]. First of all, the MZVs contributing to the order of α′w have total weight w, i.e. the α′-expansion
f FPQ is said to enjoy uniform transcendentality, see Section 8.5 for a proof.
Once the MZVs at given weight w are organized in the conjectural Q-bases of Table 2, the coefficients of the Riemann

eta values ζw are claimed to determine all other coefficients, say those of indecomposable higher-depth zetas ζ3,5 or
products such as ζaζb or ζaζb,c . These intriguing patterns are checked for a variety of weights & multiplicities and most
conveniently described in the f -alphabet of Section 8.2.1. They imply a remarkably simple formula for the coaction of
the integrals FPQ [310] that resonates with recent studies of Feynman integrals [334–337] and Lauricella hypergeometric
functions [338].

8.3.1. The pattern in terms of MZVs
For the four-point instance of the disk integrals FPQ in (6.51), the α′-expansion is given in closed form by the

exponential in (8.3). This expression manifests that the coefficients,

M2k+1
⏐⏐
n=4 = (2α′)2k+1 s

2k+1
12 +s2k+1

23 +s2k+1
13

2k+1
, P2k

⏐⏐
n=4 = (2α′)2k

ζ2k(s2k12+s2k23−s2k13)
2k(ζ2)k

, (8.31)

f ζ2k+1 and ζ2k determine those of products ζa1ζa2 . . . by expanding the exponential. In order to generalize this observation
o n ≥ 5 points, we shall consider the matrix-valued coefficients of Riemann zeta values

(M2k+1)PQ = FPQ
⏐⏐
ζ2k+1

, (P2k)PQ = FPQ
⏐⏐
ζ k2
, (8.32)

here the entries of the (n−3)! × (n−3)! matrices Pw and Mw are homogeneous degree-w polynomials in 2α′sij with
ational coefficients. A variety of examples at n = 5, 6, 7 is available for download from [339], where the conventions
111
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n this review are matched after rescaling sij → −2α′sij in the dataset of the website. At the leading orders in α′, the
expansion of n-point disk integrals is found to exhibit the following multiplicity-agnostic pattern [281]

F = 1 + ζ2P2 + ζ3M3 + ζ 22 P4 + ζ5M5 + ζ2ζ3P2M3 (8.33)

+ ζ 32 P6 +
1
2
ζ 23M

2
3 + ζ7M7 + ζ2ζ5P2M5 + ζ 22 ζ3P4M3 + O(α′8) ,

here we have suppressed the row and column indices of the FPQ in (6.51). The coefficients Pw,Mw of ζw defined in
8.32) turn out to determine those of ζ2ζ3 or ζ 23 via matrix products P2M3 or M2

3 . In other words, there is only one piece
f independent information Pw or Mw at each order α′w≤7 in (8.33).
Starting from weights w = 8, 10, 11, . . ., the Q-bases of MZVs are believed to contain indecomposable elements of

depth ≥ 2 which can be chosen as ζ3,5, ζ3,7, ζ3,3,5, . . . [324]. In the conjectural bases of Table 2, the simplest instances of
epth-two and depth-three MZVs are accompanied by the following matrix commutators [281]

F
⏐⏐
(α′)8 = ζ 42 P8 +

1
2
ζ2ζ

2
3 P2M

2
3 + ζ3ζ5M5M3 +

1
5
ζ3,5[M5,M3] ,

F
⏐⏐
(α′)9 = ζ9M9 + ζ2ζ7P2M7 + ζ 22 ζ5P4M5 + ζ 32 ζ3P6M3 +

1
6
ζ 33M

3
3 ,

F
⏐⏐
(α′)10 = ζ 52 P10 + ζ2ζ3ζ5P2M5M3 +

1
5
ζ2ζ3,5P2[M5,M3] +

1
2
ζ 22 ζ

2
3 P4M

2
3

+
1
2
ζ 25M

2
5 + ζ3ζ7M7M3 +

(
1
14
ζ3,7 +

3
14
ζ 25

)
[M7,M3] , (8.34)

F
⏐⏐
(α′)11 = ζ11M11 + ζ2ζ9P2M9 + ζ 22 ζ7P4M7 + ζ 32 ζ5P6M5 + ζ 42 ζ3P8M3 +

1
6
ζ2ζ

3
3 P2M

3
3

+
1
2
ζ 23 ζ5M5M2

3 +
1
5
ζ3,5ζ3[M5,M3]M3 +

(
1
5
ζ3,3,5 + 9ζ2ζ9 +

6
25
ζ 22 ζ7 −

4
35
ζ 32 ζ5

)
[M3, [M5,M3]] .

These expressions are consistent with the dropout of ζ3,5, ζ3,7 and ζ3,3,5 at four points, see (8.3), since the (n−3)!× (n−3)!
matrices M2k+1 then reduce to the scalars (8.31) with vanishing commutators. However, rational prefactors such as 1

5 of
ζ3,5[M5,M3] or −

4
35 of ζ 32 ζ5[M3, [M5,M3]] may appear surprising at first glance. As we will see in the next section, these

ational numbers conspire to unit coefficients once the MZVs in (8.34) are taken to be motivic ones and mapped into the
-alphabet reviewed in Section 8.2.1.

.3.2. The pattern in the f alphabet
In preparation for a well-defined map into the f -alphabet, we promote the MZVs in the α′-expansion of the matrix F

o their motivic versions,

(Fm)PQ = FPQ
⏐⏐
ζn1,...,nr →ζmn1,...,nr

. (8.35)

he image of (8.34) in the f -alphabet can be assembled from the action (8.13), (8.16) and (8.17) of the φ-isomorphism
n ζmw , ζ

m
3,5, ζ

m
3,3,5 and products thereof,

φ(Fm)
⏐⏐
(α′)8 = f 42 P8 + f2f3f3P2M2

3 + f3f5M3M5 + f5f3M5M3 ,

φ(Fm)
⏐⏐
(α′)9 = f9M9 + f2f7P2M7 + f 22 f5P4M5 + f 32 f3P6M3 + f3f3f3M3

3 ,

φ(Fm)
⏐⏐
(α′)10 = f 52 P10 + f2f3f5P2M3M5 + f2f5f3P2M5M3 + f 22 f3f3P4M

2
3 (8.36)

+ f5f5M2
5 + f3f7M3M7 + f7f3M7M3 ,

φ(Fm)
⏐⏐
(α′)11 = f11M11 + f2f9P2M9 + f 22 f7P4M7 + f 32 f5P6M5 + f 42 f3P8M3 + f2f3f3f3P2M3

3

+ f3f3f5M2
3M5 + f3f5f3M3M5M3 + f5f3f3M5M2

3 .

ach word in the non-commutative generators f2k+1 is accompanied by a matrix product of M2k+1 with a matching
ultiplication order, and powers of the commutative φ-image f2 of ζm2 occur with left-multiplicative f k2 P2k. Moreover,

all the unwieldy rational prefactors of 1
5 or −

4
35 in (8.34) have conspired to unit coefficients in passing to (8.36)! By

einstating the lower-weight results (8.33) in the f -alphabet,60 the orders of α′≤11 can be reconstructed from

φ(Fm) =
(
1 + f2P2 + f 22 P4 + f 32 P6 + f 42 P8 + f 52 P10

)
×

(
1 + f3M3 + f5M5 + f3f3M3M3 + f7M7 + f3f5M3M5 + f5f3M5M3 (8.37)

60 At the orders of α′w≤7 , the rational prefactors in (8.33) remain unchanged in passing to φ(Fm) apart from φ((ζm3 )2) = f3 ´ f3 = 2f3f3 . Similarly,
contributions of 1

n! (ζ
m
2k+1M2k+1)n at higher orders that resemble the expansion of a matrix-valued exponential are mapped to n-fold concatenation

roducts f f . . . f Mn under φ.
2k+1 2k+1 2k+1 2k+1
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T

+ f9M9 + f3f3f3M3M3M3 + f5f5M5M5 + f3f7M3M7 + f7f3M7M3

+ f11M11 + f3f3f5M2
3M5 + f3f5f3M3M5M3 + f5f3f3M5M2

3

)
+ O(α′12) .

his suggests the following all-order formula for the α′-expansion of n-point disk integrals [281],

φ(Fm) =

( ∞∑
k=0

f k2 P2k

) ∞∑
r=0

∑
i1,i2,...,ir∈2N+1

fi1 fi2 . . . firMi1Mi2 . . .Mir

=

( ∞∑
k=0

f k2 P2k

)
1

1 −
∑

∞

n=1 f2n+1M2n+1
, (8.38)

where the fraction in the last line is understood as a geometric series 1
1−x =

∑
∞

m=0 x
m. The only independent pieces of

information in (8.38) are the matrices M2n+1 and P2k along with f2n+1 and f k2 . The coefficients of any product f k2 f2n+1 or
higher-depth term f2n1+1f2n2+1 . . . are determined by (8.38) in terms of matrix multiplications among the P2k and M2n+1.

At multiplicities n = 5, 6, 7, (8.38) has been checked up to and including weight 21, 9, 7 [176] and is conjectural
beyond this.

8.3.3. Coaction
The coefficients Pw,Mw of ζw in (8.32) are defined w.r.t. a prescribed Q-basis of MZVs at weight w. At weights w ≤ 7,

we have employed the unique bases in (8.33) that are expressible in terms of Riemann zeta values. Starting from weight
w = 8, however, the choices of basis elements ζ3,5, ζ3,7, ζ3,3,5, . . . beyond depth one in Table 2 is somewhat arbitrary and
leaves various equally natural alternatives. One could for instance change the basis to include ζ5,3 = ζ3ζ5−ζ3,5−ζ8 instead
of ζ3,5 which would add commutator terms ∼ [M3,M5] to the coefficient P8 of ζ 42 =

175
24 ζ8 in the new basis. Similarly,

trading ζ3,3,5 for a different basis elements at depth ≥ 3 leads to a shift of M11 by a rational multiple of [M3, [M5,M3]].
We shall illustrate the basis dependence of M11 by rewriting the α′11-order in (8.34) in terms of ζ3,5,3 = −2ζ3,3,5 +

299
2 ζ11 + ζ3ζ3,5 +

8
7ζ

3
2 ζ5 −

12
5 ζ

2
2 ζ7 − 90ζ2ζ9 rather than ζ3,3,5,

F
⏐⏐
(α′)11 = ζ11

(
M11 +

299
20

[M3, [M5,M3]]

)
+ ζ2ζ9P2M9 + ζ 22 ζ7P4M7 + ζ 32 ζ5P6M5 + ζ 42 ζ3P8M3

+
1
6
ζ2ζ

3
3 P2M

3
3 +

1
2
ζ 23 ζ5M5M2

3 +
1
10
ζ3,5ζ3[M5,M2

3 ] −
1
10
ζ3,5,3[M3, [M5,M3]] . (8.39)

The coefficient of ζ11 became M11 +
299
20 [M3, [M5,M3]] in the place of M11 in (8.34). Hence, the definition (8.32) of M2k+1

requires the specification of a (conjectural) Q-basis of MZVs at weight 2k+1, and we will follow the choices of the
datamine [324] as done in [281]. It would be interesting if alternative choices of basis MZVs at higher weight may lead
to similar shortenings as seen in the more compact form (8.39) of the α′11 order with ζ3,5,3 in the place of ζ3,3,5 in (8.34).

These ambiguities in the definition of P≥8 and M≥11 are also reflected by the freedom to add f8 =
24
175 f

4
2 to φ(ζm3,5)

in (8.17) and more generally fw to the φ-image of indecomposable weight-w MZVs of depth ≥ 2 in a Q-basis. In other
words, the isomorphism φ is non-canonical starting from weight 8. Nevertheless, the form of the all-weight result (8.38)
is unaffected by the above choices.

The information of the all-order result (8.38) can be encoded in the following coaction formula without any reference
to basis dependent quantities Pw,Mw [310],

∆(Fm)PQ =

∑
R∈Sn−3

(Fm)P R ⊗ (F dr )RQ . (8.40)

Following the coaction of MZVs in [285], the MZVs in the second entry F dr are promoted to deRham periods ζmn1,n2,...,nr →

ζ drn1,n2,...,nr (see for instance [327]) with a net effect of modding out by ζ2 since ζ dr2 = 0. One can straightforwardly verify
(8.40) by insertion of (8.38) and using the simple form (8.14) of the deconcatenation coaction in the f -alphabet.

Based on Z(1, P, n−1, n|1,Q , n, n−1) = −
∑

R∈Sn−3
S−1(Q |R)1FP R with the KLT matrix S(A|B)1 in (4.159), the coaction

formula (8.40) can be readily translated to motivic and deRham versions Zm, Zdr of the Z-integrals (6.62). In the first place,
one arrives at the coaction of the (n−3)!× (n−3)! basis of Z(1, P, n−1, n|1,Q , n, n−1), but one can generalize to arbitrary
A, B ∈ Sn in

∆Zm(A|B) = −

∑
P,Q∈Sn−3

Zm(A|1, P, n, n−1)S(P|Q )1 ⊗ Zdr (1,Q , n−1, n|B) (8.41)

by noting that both sides of the equation obey the same monodromy relations in A and IBP relations in B.
Note that (8.40) and (8.41) are special cases of more general coaction formulae

∆

(∫
γ

ω

)m

=

d∑(∫
γ

ωj

)m

⊗

(∫
γ

ω

)dr

(8.42)

j=1 j
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or wider classes of integration cycles γ and differential forms ω that were studied in the context of Feynman integrals
334–337] and Lauricella hypergeometric functions [338]. The sum over j in (8.42) runs over d-dimensional bases of
wisted homologies {γj} and cohomologies {ωj}, respectively. Moreover, these bases are understood to be chosen as
rthonormal in the sense that the zero-transcendentality part of

∫
γi
ωj is given by δij. In our setting, the orthonormality

ondition is met by the Kronecker delta in the field-theory limit (6.52) of FPQ . The superscripts m and dr in (8.42) again
efer to the motivic and deRham periods with ζ dr2 = 0 in the second entry.

.4. KK-like and BCJ relations within the α′-expansion

We have seen in Section 7.4 that the monodromy relations obeyed by color-ordered open-string amplitudes deform
he KK and BCJ relations of field-theory amplitudes by trigonometric functions in α′sij. It will now be shown that certain
sectors in the α′-expansions of disk integrals in Section 8.3 preserve the field-theory BCJ relations of the SYM amplitudes
they multiply. Other sectors in the α′-expansion of open-superstring amplitudes will be reviewed to obey analogues of
KK relations where the coefficients are still integers independent on sij.

8.4.1. BCJ relations at all orders in α′

The organization (8.38) of the α′-expansion of FPQ can be used to generate solutions of the BCJ relations (5.55) or
(5.62) at arbitrary mass dimensions. This can be seen by inserting permutations of the string-amplitude formula (6.50)
into the monodromy relations (7.75) and expanding in α′. It is crucial to note that the trigonometric factors yield series
in even zeta values (8.11), i.e. exclusively the commutative generator f2 in the f -alphabet upon passing to motivic MZVs
and taking the φ-image,

sin(πx) = πx exp
(

−

∞∑
k=1

ζ2k

k
x2k

)
. (8.43)

ence, the only departures of the monodromy relations from the BCJ relations occur for non-zero powers of f2 – the
ppearance of the odd generators f2k+1 is unaffected by the sine functions.
In order to identify independent solutions of the BCJ relations, we impose (the motivic version of) the monodromy

elations to hold separately for the coefficient of any f k2 fi1 fi2 . . . fir with k, r ∈ N0 and ij ∈ 2N+1. The separation of different
ranscendentality structures has been firstly applied in [145] to demonstrate the KK and BCJ relations of the tree-level
atrix elements of the α′3ζ3Tr{D2F4

+ F5
} operator in the superstring effective action and the α′Tr{F3

} operator of the
pen bosonic string. By focusing on the f2 → 0 part of the monodromy relations, the coefficient of any fi1 fi2 . . . fir in

color-ordered open-string amplitude is found to obey KK and BCJ relations,

0 = Ai1,i2,...,ir (P ´ Q , n) , P,Q ̸= ∅ , (8.44)

0 =

n−1∑
j=2

(kp1 · kp2p3...pj )Ai1,i2,...,ir (p2p3 . . . pjp1pj+1 . . . pn) ,

where Ai1,i2,...,ir (P) is a shorthand for the coefficient of fi1 fi2 . . . fir in the φ-image of the motivic versions Am of superstring
amplitudes A, i.e.

Ai1,i2,...,ir (1,Q , n−1, n) := φ
(
Am(1,Q , n−1, n)

) ⏐⏐
fi1 fi2 ...fir

(8.45)

=

∑
R∈Sn−3

(Mi1Mi2 . . .Mir )Q
RA(1, R, n−1, n) .

y isolating the coefficients of fi1 fi2 . . . fir in last three lines of (8.37), we for instance arrive at the simplest independent
olutions to the BCJ relations at the orders of α′≤11 in Table 3. The table only tracks the solutions of BCJ relations that are
ealized in the α′-expansion of superstring disk amplitudes – a variety of further solutions multilinear in polarization
ectors can be systematically generated from tree-level amplitudes of bosonic or heterotic strings [220,221] or from
uilding blocks of loop-level string amplitudes [178]. Similarly, as will be detailed in Section 8.4.4, the α′-expansion of
(P|Q ) integrals can be used to generate rational functions in sij at various mass dimensions that obey BCJ relations in Q .
Note that permutations Ai1,i2,...,ir (P) outside the (n−3)!-element basis of Ai1,i2,...,ir (1,Q , n−1, n) in (8.45) can be

expanded via

Ai1,i2,...,ir (P) = −

∑
Q ,R∈Sn−3

m(P|1, R, n, n−1)S(R|Q )1Ai1,i2,...,ir (1,Q , n−1, n) , (8.46)

.e. by adapting the solutions (7.48) of BCJ relations to Ai1,i2,...,ir (P) in the place of SYM amplitudes.

.4.2. KK-like relations
Inspired by the Kleiss–Kuijf (KK) relations (5.8) among tree-level amplitudes in field theories, we shall now investigate

he α′-expansion of disk amplitudes in (8.38) for identities with constant coefficients. More precisely, we shall go beyond
114
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Table 3
The solutions Ai1,i2,...,ir of BCJ relations at the order of α′≤11 that can be read off from
the coefficient of fi1 fi2 . . . fir in the α′-expansion of open-superstring amplitudes.

w solutions w solutions

0 A = A∅ 6 A3,3
1 × 7 A7
2 × 8 A3,5, A5,3
3 A3 9 A9, A3,3,3
4 × 10 A3,7, A7,3, A5,5
5 A5 11 A11, A3,3,5, A3,5,3, A5,3,3

the coefficients (8.45) of the fB = fb1 fb2 . . . fbr with odd bj and identify KK-like relations among

Aℓ|B(1,Q , n−1, n) = φ
(
Am(1,Q , n−1, n)

) ⏐⏐
f ℓ2 fb1 fb2 ...fbr

(8.47)

=

∑
R∈Sn−3

(P2ℓMb1Mb2 . . .Mbr )Q
RA(1, R, n−1, n)

ssociated with arbitrary powers ℓ ≥ 0 of f2, following version 3 of [147]. For instance, the well-known cyclic and reflection
roperties of disk amplitudes hold separately along with each f ℓ2 fB,

Aℓ|B(1, 2, . . . , n) = Aℓ|B(2, 3, . . . , n, 1) , (8.48)
Aℓ|B(1, 2, . . . , n) = (−1)nAℓ|B(n, n−1, . . . , 2, 1) ,

leaving at most 1
2 (n−1)! independent permutations. However, the coefficients (8.47) of f ℓ2 fB at different values of ℓ obey

ifferent additional relations, so we will focus on the individual components. To this effect, following [340], we will refer
o relations of the form∑

σ

cσAℓ|B(σ ) = 0 , (8.49)

ith constant coefficients cσ ∈ Q as KK-like and study them separately at each ℓ ≥ 0. For simple examples of KK-like
elations, we have the permutation symmetry A1|B(1, 2, 3, 4) = A1|B(1, 2, 4, 3) as well as the six-term identity [173]

A1|B(1, 2, 3, 4, 5) + perm(2, 4, 5) = 0 (8.50)

universal to the coefficients of f2fB. These KK-like relations of A1|B clearly differ from the KK relations (8.44) of A0|B such
s the three-term identity A0|B(1, 2, 3, 4) + cyc(2, 3, 4) = 0 at four points or the four-term identity A0|B(1, 2´ 345) = 0
t five points.
Note that the simplest examples of A1|B up to and including the order of α′10 do not require an f -alphabet description

nd can be equivalently obtained from the coefficient of ζ2 or products ζ2ζ2k+1, ζ2ζ2k1+1ζ2k2+1, ζ2ζ3,5 in (8.33) and (8.34).
tarting from the order of α′11 with the MZV basis choice of (8.34), the coefficients of ζ2ζ2k+1 in the matrix F generically

receive admixtures of products Mi1Mi2 . . . with odd ij on top of the expected P2M2k+1 in (8.47). As illustrated by the
coefficient F |ζ2ζ9 = P2M9 + 9[M3, [M5,M3]] in (8.34), passing to the f -alphabet is necessary to isolate the matrix product
φ(Fm) |f2f9 = P2M9 in (8.36). The five-point KK-like relation (8.50) only holds if A1|9 is constructed from P2M2k+1 in (8.47),
i.e. defined by A1|9 = φ(Am) |f2f9 , but fails in presence of extra terms ∼ [M3, [M5,M3]] that would arise from A |ζ2ζ9 .

61

Note, however, that different MZV basis choices may push this issue to higher orders α′>11, as evidenced by the expansion
(8.39) in which F |ζ2ζ9 = P2M9.

8.4.3. Berends–Giele idempotents and BRST-invariant permutations
In order to write down the explicit form of KK-like amplitude relations, we need to specify a way to generate

permutations with the correct properties. As discussed in [147], the relevant permutations achieving this are related
to the descent algebra of permutations via the so-called BRST-invariant permutations62 γ1|P1,P2,...,Pk depending on a number
k of words P1, . . . , Pk

γ1|P1,...,Pk = 1
(
E(P1)´ E(P2)´ . . .´ E(Pk)

)
, (8.51)

where E(P) is the Berends–Giele idempotent defined in terms of the right-action multiplication P ◦ Q of permutations
by [147]

E(P) := P ◦ En , |P| = n , (8.52)

61 We would like to thank Ricardo Medina for email correspondence on this point.
62 The terminology of ‘‘BRST-invariant permutations’’ was coined in [147] by the analogy of γ1|P1,...,Pk in (8.51) with certain BRST invariants in the
pure spinor computation of one-loop amplitudes. However, we are not claiming that BRST transformations act on permutations.
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En =

∑
σ∈Sn

κσ−1σ , κσ =
(−1)dσ

|σ |
(
|σ |−1
dσ

) , (8.53)

nd dσ denotes the descent number of the permutation σ . Moreover, they were shown to satisfy the shuffle relations

E(R´ S) = 0 , R, S ̸= ∅ . (8.54)

his implies that the number of linearly independent BRST-invariant permutations at n points is given by

#(γ1|P1,...,Pk ) =

[
n−1
k

]
,

k∑
i=1

|Pi| = n−1 , (8.55)

here
[p
q

]
denotes the Stirling cycle numbers [344,345] (traditionally called Stirling numbers of the first kind) that count

he number of ways to arrange p objects into q cycles. For example,
[5
q

]
= 24, 50, 35, 10, 1 for q = 1, 2, 3, 4, 5. For

example permutations of the above definitions, see the Appendix J.

KK-like amplitude relations. The KK-like relations among the component amplitudes of (8.47) were observed to satisfy the
following decomposition according to the number of parts k in the partitions of n−1 legs [147]

A0|B(γ1|P1,...,Pk ) = 0 , k ̸= 1 ,

A1|B(γ1|P1,...,Pk ) = 0 , k ̸= 3 , (8.56)
Aℓ|B(γ1|P1,...,Pk ) = 0 , k ̸= 1, 3, 5, . . . , 2ℓ+1 , ℓ ≥ 2 .

In addition, it was demonstrated in [147] that the even cases when k = 2m encode the parity and cyclicity relations
(8.48). In this sense, the KK-like relations for even k are equivalent to (8.48).

For example, the case k = 3 for n = 5 with γ1|23,4,5 given in (J.3) leads to the 12-term relation after using (8.48):

A0|B(1, 2, 3, 4, 5) + A0|B(1, 2, 3, 5, 4) + A0|B(1, 2, 4, 3, 5) + A0|B(1, 2, 4, 5, 3)

+ A0|B(1, 2, 5, 3, 4) + A0|B(1, 2, 5, 4, 3) − A0|B(1, 3, 2, 4, 5) − A0|B(1, 3, 2, 5, 4) (8.57)
− A0|B(1, 3, 4, 2, 5) − A0|B(1, 3, 5, 2, 4) + A0|B(1, 4, 2, 3, 5) − A0|B(1, 4, 3, 2, 5) = 0 ,

which can be reduced to linear combinations of the KK relations (8.44).
In addition, given that the BRST-invariant permutations constitute a basis for permutations in the descent algebra,64

any other KK-like relation can be written as a linear combination of γ1|P1,...,Pk . For instance, using the decomposition

W12345 + perm(2, 4, 5) = 3γ1|2345 −
1
2
γ1|345,2 +

1
2
γ1|4,235 +

1
8
γ1|5,4,3,2 + (4 ↔ 5) , (8.58)

here a permutation σ is written as Wσ for typographical convenience, it follows that the KK-like relation (8.50) can be
ewritten as

3A1|B(γ1|2345) −
1
2
A1|B(γ1|345,2) +

1
2
A1|B(γ1|4,235) +

1
8
A1|B(γ1|5,4,3,2) + (4 ↔ 5) = 0 , (8.59)

or, equivalently after using the reflection relation (8.48), 3A1|B(γ1|2345) + 3A1|B(γ1|2354) = 0. Note the crucial absence of
1|P1,...,Pk with k = 3 in the decomposition (8.58), which provides a consistency check of (8.56). For another example, one
an check that the following 720-term (or 360 after using (8.48)) linear combination vanishes, A1|B(γ1|2,3,4,5,67) = 0, in
greement with the second line of (8.56) with k = 5.

asis dimensions. Using the counting (8.55) one can show that the number of linearly independent amplitudes under the
K-like relations is given by [147]

#
(
A0|B(1, 2, . . . , n)

)
=

[
n−1
1

]
= (n−2)! , (8.60)

#
(
A1|B(1, 2, . . . , n)

)
=

[
n−1
3

]
,

#
(
Aℓ|B(1, 2, . . . , n)

)
=

[
n−1
1

]
+

[
n−1
3

]
+ · · · +

[
n−1
2ℓ+1

]
, ℓ ≥ 2 ,

63 In fact, En is given by the inverse permutations of the Eulerian or Solomon idempotent [341–343].
64 This claim follows from the conjectural relation between the BRST-invariant permutations and the inverse of the idempotent basis [149] of the
escent algebra. See [147] for more details.
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ith the implicit assumption that
[p
q

]
= 0 for q>p. The counting of independent permutations of the amplitudes

1|B(1, 2, . . . , n) associated with f2fB yields
[n−1

3

]
= 1, 6, 35, 225, . . . at n = 4, 5, 6, 7, . . . and has been studied

in [173,340].
A consistency check on the claim that the cyclicity and reflection symmetries (8.48) are encoded in the even-k BRST-

invariant permutations follows from the counting (8.55) as
∑n−1

k even #
(
γ1|P1,...,Pk

)
=

1
2 (n−1)!. To see this, we note the

lementary identity
∑n−1

k even

[n−1
k

]
=

1
2 (n−1)! of Stirling cycle numbers. It furthermore follows from (8.60) that those

coefficients Aℓ|B(1, . . . , n) with ℓ ≥ 2 and n ≤ 2ℓ+3 obey no additional KK-like relations other than the cyclicity and
eflection symmetry (8.48): the counting of (8.60) yields

∑n−1
k odd

[n−1
k

]
=

1
2 (n−1)! independent permutations in these cases.

or instance, when ℓ = 2 the number of linearly independent permutations of Aℓ|B(1, 2, . . . , n) w.r.t. KK-like relations is
1
2 (n−1)! = 360 for n = 7 but 2519 =

1
2 (n−1)! − 1 for n = 8. This last prediction has been confirmed by a brute-force

search using [161].

8.4.4. BCJ and KK relations of Z-theory amplitudes
The BCJ and KK-like relations in specific sectors of the α′-expansion of string amplitudes can be traced back to

nalogous relations for the disk integrals Z(P|Q ) in (6.62). As before, the discussion hinges on the f -alphabet description
f the α′-expansion and the underlying motivic MZVs, and we employ the notation

Z(P|Q ) = φ
(
Zm(P|Q )

)
, Z×(Q ) = φ

(
Zm

×
(Q )

)
=

∑
P∈Sn−1

Z(P, n|Q ) (8.61)

or the φ-image of motivic Z-theory amplitudes Zm(P|Q ) = Z(P|Q ) |ζn1,...→ζmn1,...
to avoid cluttering.

As shown in Section 7.4, tree-level amplitudes of the NLSM of Goldstone bosons can be obtained from the symmetrized
ersions Z×(Q ) of the Z(P|Q )-integrals defined in (7.91). The color-ordering Q of the NLSM amplitude (7.92) is encoded
n the Parke–Taylor integrand PT(Q ) of the symmetrized integral Z×(Q ). Hence, KK and BCJ relations of the NLSM are a
imple consequence of partial-fraction and IBP relations of Parke–Taylor integrals, see Section 6.4.3.
This worldsheet derivation of amplitude relations of the NLSM is actually not tied to the low-energy limit in (7.92)

ince the KK and BCJ relations of Z(P|Q ) w.r.t. the Parke–Taylor orderings Q are valid at all orders in α′. In particular, KK
nd BCJ relations apply to every Q-independent combination of MZVs in the α′-expansion of abelian Z-integrals. After
eeling off the leading power of (πα′)n−2 exposed by the sine functions in (7.95), we expect all combinations f ℓ2 fi1 fi2 . . .
ith ℓ ∈ N0 and odd letters ij to appear in the α′-expansion of Z×(Q ) at sufficiently large multiplicity |Q |.65
Any combination of f ℓ2 fi1 fi2 . . . in the α′-expansion of Z×(Q ) can be interpreted as an effective interaction among scalars

with one color degree of freedom that preserves the KK and BCJ relation of the NLSM. By uniform transcendentality of
disk integrals, the wth subleading order of α′ features MZVs of weight w each of which signals scalar interactions with 2w
dditional derivatives beyond the NLSM. The subleading order ∼ ζ2(πα′)n−2 of Z×(Q ) for instance defines a four-derivative
eformation of the NLSM that preserves its amplitude relations and can also be described through the Lagrangian in
ection 3.3 of [346].
More generally, the f -alphabet images Z×(Q ) of symmetrized (motivic) disk integrals in (8.61) can be taken as

enerating functions of scalar effective-field-theory amplitudes subject to KK and BCJ relations,

Z×(A´ B, n)
⏐⏐
f ℓ2 fi1 fi2 ...

= Z×({A, B}, n)
⏐⏐
f ℓ2 fi1 fi2 ...

= 0 ∀ A, B ̸= ∅ , ℓ ≥ 0 , ij ∈ 2N+1 . (8.62)

he same type of reasoning applies to the Parke–Taylor orderings Q of non-abelian Z-integrals and their φ-images Z(P|Q )
in (8.61): each combination of MZVs in the α′-expansion corresponds to effective interactions of bi-colored scalars that
preserve the KK- and BCJ relations of bi-adjoint scalars in Q ,

Z(P|A´ B, n)
⏐⏐
f ℓ2 fi1 fi2 ...

= Z(P|{A, B}, n)
⏐⏐
f ℓ2 fi1 fi2 ...

= 0 ∀ A, B ̸= ∅ , ℓ ≥ 0 , ij ∈ 2N+1 . (8.63)

For the amplitude relations where P is varied at fixed Q in turn, the reasoning in Section 8.4.1 implies that only the f2 → 0
sector of the α′-expansion preserves KK- and BCJ relations. These field-theory relations of Z(P|Q ) at fixed Q then hold
independently for the coefficients of any fi1 fi2 . . . with odd ij,

Z(A´ B, n|Q )
⏐⏐
fi1 fi2 ...

= Z({A, B}, n|Q )
⏐⏐
fi1 fi2 ...

= 0 ∀ A, B ̸= ∅ , ij ∈ 2N+1 . (8.64)

For the coefficient of f ℓ2 fi1 fi2 . . . in Z(P|Q ) at ℓ ≥ 1, we obtain bi-colored scalar amplitudes subject to the KK-like relations
of Section 8.4.2 in P .

Based on a Berends–Giele recursion for the α′-expansion of Z-integrals, a proposal for the non-linear equations of
motion of the underlying non-abelian Z-theory can be found in [235] and Section 8.6. Explicit results up to and including
the order of α′7 are publicly available from the website [347].

65 Since the four-point α′-expansion (8.3) is expressible in terms of Riemann zeta values only, the onset of irreducible MZVs ζ3,5, ζ3,7, ζ3,3,5, . . .
at higher depth is relegated to Z (Q ) at multiplicities |Q | ≥ 6.
×
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.5. String corrections from the Drinfeld associator

We shall now review a recursive all-multiplicity method to determine the polynomial structure of the α′-expansion
f the disk integrals FPQ in (6.51). This methods generates all the MZVs from the Drinfeld associator (see Section 8.2.2)
hose non-commutative variables e0, e1 are identified with specific matrices with entries linear in α′sij. More specifically,
he recursive step in passing from n−1 to n points [279],

Fσi =

(n−3)!∑
j=1

[
Φ(e0, e1)

]
ij

(
Fσj

⏐⏐
kn−1=0

)
, (8.65)

s based on (n−2)! × (n−2)! matrices e0, e1 whose derivation will be described below. The Fσi are understood to be the
P
Q with P = 23 . . . n−2 the canonical ordering and Q the ith permutation σi of 2, 3, . . . , n−2 in lexicographical ordering.
he Drinfeld associator Φ is expanded in terms of shuffle-regularized MZVs as in (8.20). The soft limit on the right-hand
ide of (8.65) acts recursively in the sense that

Fσ (23...n−2)
⏐⏐
kn−1=0 =

{
Fσ (23...n−3)

: σ (n−2) = n−2 ,
0 : otherwise , (8.66)

hich terminates with the three-point integral F∅
= 1. The relevance of the Drinfeld associator for string amplitudes

as firstly pointed out in [310], among other things by relating its coaction properties with those of the FPQ in (8.40).
evertheless, it is an open problem to deduce (8.40) from the results of this section. The specific construction towards
he α′-expansion of the FPQ was given in [279] and is based on an expansion method for Selberg integrals from the
athematics literature [284]. Its description in terms of twisted deRham theory and intersection numbers of twisted

orms can be found in [348], where e0, e1 are identified as braid matrices.

.5.1. Construction of the matrices e0, e1
The recursion (8.65) can be derived from the deformation

F̂σν := (2α′)n−3
∫
0<z2<z3<···<zn−2<z0

dz2 dz3 . . . dzn−2

n−1∏
1≤p<q

|zpq|−2α′spq
n−2∏
r=2

|z0r |−2α′s0rωσν ,

ωσν = σ

{ ν∏
k=2

k−1∑
j=1

sjk
zjk

n−2∏
m=ν+1

n−1∑
n=m+1

smn

zmn

}
(8.67)

of the disk integrals Fσ = F23...n−2
σ (23...n−2) in (6.51) by additional Mandelstam invariants s0j and an auxiliary puncture

z0 ∈ (0, 1) on the disk boundary. The permutation σ acts on the labels of both sij and zij enclosed in the curly brackets of
the second line while leaving σ (1) = 1 and σ (n−1) = n−1 invariant. One can recover (8.67) from a basis of disk integrals
in the (n+1)-point open-string amplitudes (6.50) after removing the integration over z0 ∈ (0, 1) and the associated dz0/z0j.

The integer ν = 1, 2, . . . , n−2 in (8.67) labels different classes of integrands ωσν that were related by the IBP identities
from the Koba–Nielsen factor in the undeformed case (6.51). By the contributions |z0r |−2α′s0r to the Koba–Nielsen factor
in (8.67), the n−2 values of ν together with the (n−3)! permutations σ of 2, 3, . . . , n−2 yield a total of (n−2)! different
integrals F̂σν . The components of this (n−2)!-vector will be ordered as F̂ = (F̂σn−2, F̂

σ
n−3, . . . , F̂

σ
2 , F̂

σ
1 ) with lexicographic

rdering for the permutations σ indexing the (n−3)!-component subvectors F̂σ1 , . . . , F̂
σ
n−2. The examples of (8.67) at n = 4

nd 5 points are the two- and six-component vectors

F̂
⏐⏐
n=4 = 2α′

∫ z0

0
dz2 |z12|−2α′s12 |z23|−2α′s23 |z02|−2α′s02

(
X12
X23

)
, (8.68)

F̂
⏐⏐
n=5 = (2α′)2

∫ z0

0
dz3

∫ z3

0
dz2 |z23|−2α′s23

3∏
j=2

|z1j|−2α′s1j |zj4|−2α′sj4 |z0j|−2α′s0j

⎛⎜⎝
X12(X13+X23)
X13(X12+X32)

X12X34
X13X24

(X23+X24)X34
(X32+X34)X24

⎞⎟⎠ ,

ith the shorthand Xij =
sij
zij

as in Section 6.3. Since the entries of the n-point vectors F̂ form IBP bases, their z0-derivatives
re bound to yield homogeneous Knizhnik–Zamolodchikov (KZ) equations of the following form

d
dz0

F̂ =

(
ê0
z0

+
ê1

1−z0

)
F̂ . (8.69)

he entries of the (n−2)! × (n−2)! braid matrices ê0, ê1 are linear in α′sij with 0 ≤ i < j ≤ n−1 as can be seen from the
z0-derivative of the deformed Koba–Nielsen factor in (8.67). The same factors of |z0r |−2α′s0r suppress the boundary terms
z = z from d -action on the integration limits for z ∈ (z , z ). The explicit form of ê , ê follows from reducing
n−2 0 dz0 n−2 n−3 0 0 1
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he contributions
∑n−2

r=2
s0r
z0r
ωσν of the Koba–Nielsen derivatives w.r.t. the unintegrated variable z0 to a basis of ωσν /z0 and

ωσν /(1−z0).
In fact, the recursion (8.65) only requires the kinematic limit

e0 = ê0
⏐⏐
s0j=0 , e1 = ê1

⏐⏐
s0j=0 (8.70)

of the braid matrices ê0, ê1 in (8.69). The four- and five-point integrals (8.68) give rise to the following 2 × 2 and 6 × 6
examples:

e0
⏐⏐
n=4 = 2α′

(
−s12 s12
0 0

)
, e1

⏐⏐
n=4 = 2α′

(
0 0

−s23 s23

)
, (8.71)

e0
⏐⏐
n=5 = 2α′

⎛⎜⎜⎜⎜⎜⎝
−s123 0 s13+s23 s12 s12 −s12
0 −s123 s13 s12+s23 −s13 s13
0 0 −s12 0 s12 0
0 0 0 −s13 0 s13
0 0 0 0 0 0
0 0 0 0 0 0

⎞⎟⎟⎟⎟⎟⎠ ,

e1
⏐⏐
n=5 = 2α′

⎛⎜⎜⎜⎜⎜⎝
0 0 0 0 0 0
0 0 0 0 0 0

−s34 0 s34 0 0 0
0 −s24 0 s24 0 0

−s34 s34 −s23−s24 −s34 s234 0
s24 −s24 −s24 −s23−s34 0 s234

⎞⎟⎟⎟⎟⎟⎠ .

he explicit form of the braid matrices e0, e1 at n ≤ 9 points is available in machine-readable form [339] (where our
onventions are matched after rescaling sij → −2α′sij in the dataset of the website), and a graphical all-multiplicity
description can be found in [348].

8.5.2. Uniform transcendentality
The factorization of α′ in the braid matrices e0, e1 as exemplified by (8.71) persists to any multiplicity n. On these

grounds, the (n−2)!× (n−2)! matrix representations Φ(e0, e1) of the Drinfeld associator enjoy uniform transcendentality:
the words eA in e0, e1 of length |A| = w are of the order (α′)w and accompanied by MZVs I(0; A; 1) of transcendental
weight w in (8.20). It is then easy to show by induction that the recursion (8.65) propagates uniform transcendentality
from the (n−1)-point integrals Fσj |kn−1=0 on the right-hand side to the n-point integrals Fσi on the left-hand side.

Together with the α′-independent SYM amplitudes A(. . .) in (6.50), we conclude that n-point open-superstring
amplitudes are uniformly transcendental. Following the discussions of transcendentality properties in the field-theory
literature such as [349,350], the first string-theory references to observe and define uniform transcendentality of bases of
disk integrals are [202,228,230]. The KLT relations (7.58) together with the uniform transcendentality of the KLT kernel
in (7.56) imply that also type II amplitudes are uniformly transcendental. However, the α′-dependence of the kinematic
factors A(DF )2+YM+φ3 (. . .) in (7.119) obstructs uniform transcendentality of massless heterotic-string amplitudes (except
for single-trace gauge amplitudes with no or one graviton in (7.133) and (7.135) [146,269]). Massless amplitudes of open
or closed bosonic strings are in general non-uniformly transcendental for the same reason [220,221].

The factorization of α′ on the right-hand side of the KZ equation (8.69) can be viewed as a string-theory analogue of
the so-called ϵ-form of differential equations of Feynman integrals [351,352]: the dimensional-regularization parameter ϵ
of Feynman integrals in D0−2ϵ spacetime dimensions with D0 ∈ N serves as an expansion variable similar to α′ in string
amplitudes. Various families of Feynman integrals admit uniformly transcendental bases under IBP relations [349,350,353–
355], also see [356–360] for white papers and recent reviews. In a growing number of examples, uniform transcendentality
can be manifested by casting the differential equations of vectors I of Feynman integrals into ϵ-form dI = ϵAI , where the
matrix A of one forms no longer depends on ϵ [351,352].

8.5.3. Regularized boundary values
Given the braid matrices e0, e1 derived from the KZ equation (8.69) at s0j = 0, we shall now review the origin of the

recursion (8.65) for the α′-expansion of disk integrals. The key idea is to use the relation (8.22) between the regularized
oundary values C0, C1 of the solutions to a general KZ equation. For the (n−2)!-component vector F̂ in (8.67), the
egularized boundary value as z0 → 0 is given by [279]

C0
⏐⏐
s0j=0 →

(
Fσ

⏐⏐
sj,n−1=0, 0, 0, . . . , 0  

(n−3)(n−3)!

)
, (8.72)

where the (n−3)(n−3)! vanishing entries stem from the subvectors with ν = 1, 2, . . . , n−3. The (n−3)! undeformed
integrals Fσ |sj,n−1=0 realize the soft limit kn−1 → 0 in (8.65) and can be obtained from the subvector with ν = n−2 by
rescaling of the integration variables z = x z that transforms the integration domain in (8.67) to 0 < x < x < · · · <
j j 0 2 3
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n−2 < 1. The appearance of lower-point disk integrals from the soft limit in (8.66) is easiest to see from the following
BP rewriting of (6.51)

Fσ (23...n−2)
= (2α′)n−3

∫
0<z2<z3<···<zn−2<1

dz2 dz3 . . . dzn−2

n−1∏
1≤p<q

|zpq|−2α′spqσ

{
sn−2,n−1

zn−2,n−1

n−3∏
k=2

k−1∑
j=1

sjk
zjk

}
. (8.73)

f σ (n−2) ̸= n−2, then the denominator of σ {
sn−2,n−1
zn−2,n−1

} involves non-adjacent variables zσ (n−2), zn−1 in the integration
domain of (8.73). One can set sj,n−1 = 0 at the level of the integrand and reproduce the zeros on the right-hand side of
(8.66). If σ (n−2) = n−2 in turn, the Koba–Nielsen integral over |zn−2,n−1|

−2α′sn−1,n−2−1 results in a kinematic pole s−1
n−2,n−1

whose residue is obtained from setting zn−2 = 1 in the integrand. This residue is given by the (n−1)-point integral
Fσ (23...n−3) on the right-hand side of (8.66), and the soft limit sj,n−1 = 0 suppresses the regular terms in sn−2,n−1 beyond
the residue.

The second regularized boundary value (8.22) obtained from the (n−2)! integrals in (8.67) reproduces the undeformed
n-point disk integrals in its first (n−3)! components [279]

C1
⏐⏐
s0j=0 →

(
Fσ , . . .

)
. (8.74)

This can be intuitively understood from the fact that z0 → 1 restores the original integration domain 0 < z2 < · · · <

zn−2 < 1 of Fσ , and we are setting s0j = 0 in (8.74) to remove the deformation of the Koba–Nielsen factor. However,
the components in the ellipsis of (8.74) involve lower-multiplicity contributions from the difference between the regions
zn−2 ∈ (zn−3, z0) and zn−2 ∈ (zn−3, 1): for some of the components of the integrands ωσν in (8.67) with ν ≤ n−3, the
difference zn−2 ∈ (z0, 1) between the above regions contributes to the α′-expansion even though it shrinks to zero size
as z0 → 1. The detailed evaluation of these ν ≤ n−3 components of C1 is subtle and fortunately not needed to derive the
recursion (8.65).

Note that the field-theory limit [Φ(e0, e1)]ij = δij + O(α′2) of the associator in (8.65) together with the three-point
integral F∅

= 1 imply by induction in n that Fσj = δj,1 + O(α′2), i.e. that the α′-expansions of all the Fσj with j ̸= 1 start
at order α′2. This is one way of deriving the orthonormal field-theory limits (6.52) of the FPQ .

In summary, the relation (8.22) between regularized boundary values and their representations (8.72), (8.74) for the
specific solution F̂ of the KZ equation in (8.67) implies the recursion (8.65) for n-point disk integrals.

8.5.4. Connection with twisted deRham theory and outlook
The z0-deformed integrals (8.67) are special cases of more general Koba–Nielsen or Selberg integrals over the disk

boundary with an arbitrary number of integrated and unintegrated punctures [219,284,361]. They obey KZ equations
in multiple variables, and a recursion for the braid matrices in their differential operator has been given in [200]. The
discussion in the reference is tailored to specific fibration bases w.r.t. IBP, and the transformation matrices to the bases
(8.67) in the case of four unintegrated punctures can be found in [348]. This is how the all-multiplicity results for braid
matrices in [200] translate into the n-point instances of e0, e1 in [348].

The coaction properties (8.40) of the n-point disk integrals in string amplitudes generalize to the case of more than
three unintegrated punctures at (zi, zj, zk) → (0, 1,∞), for instance to the family of Selberg integrals (8.67) with an
(n−2)! basis of integration contours. The α′-expansions of Selberg integrals with an arbitrary number of integrated and
unintegrated punctures were investigated in [362]. Their coactions in the basis choice of the reference line up with
the master formula (8.42) that initially arose from studies of dimensionally regulated Feynman integrals [334–337]. It
is striking to see that the coaction formula (8.42) manipulating contours γj and differential forms ωj in twisted-(co-
)homology bases is compatible with that of the polylogarithms in the respective ϵ- or α′-expansions. A mathematical
proof for Lauricella hypergeometric functions can be found in [338].

Selberg integrals with arbitrary numbers of integrated and unintegrated punctures on a disk boundary have been
generalized to genus one and investigated from a multitude of perspectives in the mathematics [363,364] and physics
[365–369] literature. These references offer several lines of attack to expand the configuration-space integrals of one-loop
open-string amplitudes in α′. In particular, the construction of [367] can be viewed as a direct genus-one analogue of the
Drinfeld-associator method of this section.

8.6. Berends–Giele recursion for disk integrals

In this section we review the construction [235] of a Berends–Giele formula to compute the α′-expansion of Z(P|Q )
disk integrals (6.62) recursively in the length |P|, or alternatively in the number of points of the associated disk amplitude
(6.105). Given the interpretation of Berends–Giele currents as coefficients in the perturbiner solution of an equation of
motion, this method adds support to the introduction of Z-theory [197,235,263]; the scalar theory whose amplitudes
computed by the standard Berends–Giele method [28] are given by the integrals Z(P|Q ).
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.6.1. Extending the field-theory limit
The starting point behind the Berends–Giele method to evaluate disk integrals is the assumption that the Berends–Giele

ethod to evaluate their field-theory limit α′
→ 0 as [234]

lim
α′→0

Z(P, n|Q , n) = lim
sP→0

sPφ(P|Q ) , (8.75)

an be lifted to arbitrary α′ orders

Z(P, n|Q , n) = lim
sP→0

sPφα
′

(P|Q ) (8.76)

ia the introduction of an α′-corrected Berends–Giele current66 φα
′

(P|Q ). In the field-theory limit case of (8.75), the
erends–Giele current φ(P|Q ) is the coefficient of the perturbiner solution Φ(X) in (6.83) of the equation of motion

□Φ = [[Φ,Φ]] of the bi-adjoint scalar theory as reviewed in Section 6.4.4. Interpreting φ(P|Q ) = limα′→0 φ
α′

(P|Q ), the
required step to evaluate (8.76) is to obtain the α′-corrections to the equation of motion of the bi-adjoint theory and to
recursively generate α′-dependent Berends–Giele currents from its perturbiner solution

Φ(X) :=

∑
P,Q

φα
′

(P|Q ) tP ⊗ t̃Q ekP ·X , tP := tp1 tp2 . . . tp|P| (8.77)

with initial condition φα
′

(i|j) = δij in the single-particle case. The α′-corrected equation of motion found in [235] is written
in the following compact way

1
2
□Φ =

∞∑
p=2

(2α′)p−2
∫ eom p∏

i<j

|zij|−2α′∂ij (8.78)

×

( p−1∑
l=1

[Φ12...l,Φp,p−1...l+1]

(z12z23 . . . zl−1,l)(zp,p−1zp−1,p−2 . . . zl+2,l+1)
+ perm(2, 3, . . . , p−1)

)
= [Φ1,Φ2] + 2α′

∫ eom

|z12|−2α′∂12 |z23|−2α′∂23

(
[Φ12,Φ3]

z12
+

[Φ1,Φ32]

z32

)
+ (2α′)2

∫ eom

|z23|−2α′∂23

3∏
j=2

|z1j|−2α′∂1j |zj4|−2α′∂j4

(
[Φ123,Φ4]

z12z23
+

[Φ12,Φ43]

z12z43
+

[Φ1,Φ432]

z43z32
+ (2 ↔ 3)

)
+ · · · ,

ith z1 = 0 and zp = 1 which is obtained directly from the local representation of the disk amplitude (6.8) under the
ollowing mappings discussed at length in [235]. The unintegrated vertices in (6.8) are replaced as

⟨VPVQVn⟩ −→ [ΦP ,ΦQ ] , (8.79)

here ΦP is a shorthand for various linear combinations of φα
′

(R|S) as explained below. The contributions spelled out at
he end of (8.78) descend from A(1, 2, 3) = ⟨V1V2V3⟩ as well as the four- and five-point amplitudes in (6.13) and (6.18).
he ellipsis refers to permutations of [Φ12...l,Φp...l+1] with p ≥ 5 following the form of disk amplitudes (6.8) at six points
nd beyond.
The mapping denoted by

∫ eom encodes a series of rules meant to compute the regularized integrals over z2, . . . , zp−1
ppearing in (6.8) after fixing (z1, zp) = (0, 1) and expanding the Koba–Nielsen factor in a series of α′. The replacement

sij → ∂ij in the Koba–Nielsen exponents will be defined in (8.90) below. The technical details involving manipulations of
shuffle-regularized polylogarithms can be found in [235] and lead to rational combinations of MZVs at each order in the
α′-expansion of (8.78).

Even though the origin of (8.78) from a Lagrangian is unsettled, we interpret it as the non-linear equation of motion
of Z-theory.

The shorthand ΦP . The shorthand ΦP in the equation of motion (8.78) denotes an expansion of several factors of φα
′

(A|B)
according to the following rules. First, define

T dom
A1,A2,...,An ⊗ T int

B1,B2,...,Bn ≡ φα
′

(A1|B1)φα
′

(A2|B2) · · ·φα
′

(An|Bn) (8.80)

for arbitrary words Ai and Bj. Next, define linear combinations

T B1,B2,...,Bn
A1,A2,...,An

:= T dom
A1,A2,...,An ⊗ T int

ρ(B1,B2,...,Bn) , (8.81)

66 We adopt the notation φ(P|Q ) = φ whenever convenient.
P|Q
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here the map ρ on words is given in (C.3), and it is understood here to act on the labels i of the words Bi. It is
traightforward to see that T B1,B2,...,Bn

A1,A2,...,An
satisfies the recursion

T B1,B2,...,Bn
A1,A2,...,An

= T B1,B2,...,Bn−1
A1,A2,...,An−1

φα
′

(An|Bn) − T B2,B3,...,Bn
A1,A2,...,An−1

φα
′

(An|B1) , (8.82)

ith initial condition T B1
A1

= φα
′

(A1|B1) which can be taken as its alternative definition. The simplest examples of (8.82)
re,

T B1,B2
A1,A2

= φα
′

(A1|B1)φα
′

(A2|B2) − φα
′

(A1|B2)φα
′

(A2|B1) , (8.83)

T B1,B2,B3
A1,A2,A3

= φα
′

(A1|B1)φα
′

(A2|B2)φα
′

(A3|B3) − φα
′

(A1|B2)φα
′

(A2|B3)φα
′

(A3|B1)

− φα
′

(A1|B2)φα
′

(A2|B1)φα
′

(A3|B3) + φα
′

(A1|B3)φα
′

(A2|B2)φα
′

(A3|B1) ,

T B1,B2,B3,B4
A1,A2,A3,A4

= φα
′

(A1|B1)φα
′

(A2|B2)φα
′

(A3|B3)φα
′

(A4|B4) − φα
′

(A1|B2)φα
′

(A2|B1)φα
′

(A3|B3)φα
′

(A4|B4)

− φα
′

(A1|B2)φα
′

(A2|B3)φα
′

(A3|B1)φα
′

(A4|B4) + φα
′

(A1|B3)φα
′

(A2|B2)φα
′

(A3|B1)φα
′

(A4|B4)

− φα
′

(A1|B2)φα
′

(A2|B3)φα
′

(A3|B4)φα
′

(A4|B1) + φα
′

(A1|B3)φα
′

(A2|B2)φα
′

(A3|B4)φα
′

(A4|B1)

+ φα
′

(A1|B3)φα
′

(A2|B4)φα
′

(A3|B2)φα
′

(A4|B1) − φα
′

(A1|B4)φα
′

(A2|B3)φα
′

(A3|B2)φα
′

(A4|B1) .

y construction, the above satisfy the shuffle symmetries on the Bi slots

T
(B1,B2,...,Bj)´(Bj+1,...,Bn)
A1,A2,...,An

= 0 , j = 1, 2, . . . , n−1 , (8.84)

here the shuffle product is understood to act on the labels i of Bi. Surprisingly, the definition (8.82) satisfies the
eneralized Jacobi identities (4.47) on its Aj slots; i.e. T

B1,B2,...,Bn
A1,A2,...,An

at fixed order of the Bi slots satisfy the same symmetries
s the nested commutator [[. . . [[A1, A2], A3] . . .], An] such as T B1,B2

A2,A1
= −T B1,B2

A1,A2
and T B1,B2,B3

A1,A2,A3
+ T B1,B2,B3

A2,A3,A1
+ T B1,B2,B3

A3,A1,A2
= 0.

Finally, the shorthand ΦP for a word P = p1p2 . . . pn is defined as

ΦP := T B1,B2,...,Bn
Ap1 ,Ap2 ,...,Apn

, (8.85)

hat is, the word P captures the ordering of the labels i of the words Ai, while the labels j of the words Bj are in the
anonical order. For example, Φ2 = T B1

A2
as well as

Φ21 = T B1,B2
A2,A1

, (8.86)

Φ231 = T B1,B2,B3
A2,A3,A1

,

Φ4213 = T B1,B2,B3,B4
A4,A2,A1,A3

,

nd the properties of T B1,...,Bn
A1,...,An

readily imply generalized Jacobi identities of ΦP such as Φ21 = −Φ12 and Φ123 + Φ231 +

312 = 0. The commutators of ΦP and ΦQ in (8.78) yield the left-to-right Dynkin bracket (4.48),

[ΦP ,ΦQ ] = ΦPℓ(Q ) , (8.87)

or instance [Φ1,Φ32] = Φ132 − Φ123 = Φ231 or [Φ12,Φ43] = Φ1243 − Φ1234. In this way, the equation of motion (8.78)
eads to a recursion for the Berends–Giele currents φα

′

(P|Q ) that can be used to obtain the α′-expansion of the Z(P|Q )
ntegrals using the Berends–Giele formula (8.76).

he equation of motion up to α′3 order. Applying the integration rules discussed in [235] to (8.78) one obtains expansions
uch as

2α′

∫ eom

|z12|−2α′∂12 |z23|−2α′∂23
1
z12

=
1
∂12

(
Γ (1 − 2α′∂12)Γ (1 − 2α′∂23)
Γ (1 − 2α′∂12 − 2α′∂23)

− 1
)

= −(2α′)2ζ2∂23 − (2α′)3ζ3∂23(∂12+∂23) (8.88)

− (2α′)4ζ4∂23
(
∂212 +

1
4∂12∂23 + ∂223

)
+ O(α′5)

nd thereby the following equation of motion including α′-corrections
1
2
□Φ = [Φ1,Φ2] +

(
(2α′)2ζ2∂12 + (2α′)3ζ3∂12(∂12 + ∂23)

)
[Φ1,Φ32] (8.89)

−

(
(2α′)2ζ2∂23 + (2α′)3ζ3∂23(∂12 + ∂23)

)
[Φ12,Φ3]

+

(
(2α′)2ζ2 + (2α′)3ζ3

(
∂21 + 2∂31 + 2∂32 + 2∂42 + ∂43

))
[Φ12,Φ43]

−

(
(2α′)2ζ + (2α′)3ζ

(
2∂ + ∂ + 3∂ + ∂ + 2∂

))
[Φ ,Φ ]
2 3 21 31 32 42 43 13 42
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− 2(2α′)3ζ3
(
∂42 + ∂43

)
[Φ123,Φ4] + (2α′)3ζ3

(
3∂42 + ∂43

)
[Φ132,Φ4]

− 2(2α′)3ζ3
(
∂31 + ∂21

)
[Φ1,Φ432] + (2α′)3ζ3

(
3∂31 + ∂21

)
[Φ1,Φ423]

+ (2α′)3ζ3
(
[Φ12,Φ534] − 2[Φ12,Φ543] + 2[Φ123,Φ54] + 2[Φ13,Φ524] − [Φ132,Φ54]

− 2[Φ134,Φ52] − 3[Φ14,Φ523] + 2[Φ14,Φ532] − 2[Φ142,Φ53] + 3[Φ143,Φ52]

)
+ O(α′4) ,

here

∂ijΦP := (kAi · kAj )ΦP . (8.90)

or a simple example of a practical calculation using these definitions, the low-energy expansion of disk integrals up to
′2 at any multiplicity is determined from sAφα

′

(A|B) in (8.76) as follows (here φα
′

A|B := φα
′

(A|B), and the initial conditions
re φα

′

i|j = δij)

sAφα
′

A|B =

∑
A1A2=A
B1B2=B

(φα
′

A1|B1φ
α′

A2|B2 − φα
′

A1|B2φ
α′

A2|B1 ) (8.91)

+ (2α′)2ζ2
∑

A1A2A3=A
B1B2B3=B

[
(kA1 · kA2 )

(
φα

′

A1|B1φ
α′

A2|B3φ
α′

A3|B2 − φα
′

A1|B1φ
α′

A2|B2φ
α′

A3|B3

+ φα
′

A1|B3φ
α′

A2|B1φ
α′

A3|B2 − φα
′

A1|B3φ
α′

A2|B2φ
α′

A3|B1

)
+ (kA2 · kA3 )

(
φα

′

A1|B2φ
α′

A2|B1φ
α′

A3|B3 − φα
′

A1|B1φ
α′

A2|B2φ
α′

A3|B3

+ φα
′

A1|B2φ
α′

A2|B3φ
α′

A3|B1 − φα
′

A1|B3φ
α′

A2|B2φ
α′

A3|B1

)]
+ (2α′)2ζ2

∑
A1A2A3A4=A
B1B2B3B4=B

[
φα

′

A1|B1φ
α′

A2|B2φ
α′

A3|B4φ
α′

A4|B3 − φα
′

A1|B1φ
α′

A2|B2φ
α′

A3|B3φ
α′

A4|B4

+ φα
′

A1|B1φ
α′

A2|B3φ
α′

A3|B2φ
α′

A4|B4 − φα
′

A1|B1φ
α′

A2|B4φ
α′

A3|B2φ
α′

A4|B3

+ φα
′

A1|B2φ
α′

A2|B1φ
α′

A3|B3φ
α′

A4|B4 − φα
′

A1|B2φ
α′

A2|B1φ
α′

A3|B4φ
α′

A4|B3

− φα
′

A1|B2φ
α′

A2|B3φ
α′

A3|B1φ
α′

A4|B4 + φα
′

A1|B2φ
α′

A2|B4φ
α′

A3|B1φ
α′

A4|B3

− φα
′

A1|B3φ
α′

A2|B1φ
α′

A3|B4φ
α′

A4|B2 + φα
′

A1|B3φ
α′

A2|B2φ
α′

A3|B4φ
α′

A4|B1

+ φα
′

A1|B3φ
α′

A2|B4φ
α′

A3|B1φ
α′

A4|B2 − φα
′

A1|B3φ
α′

A2|B4φ
α′

A3|B2φ
α′

A4|B1

+ φα
′

A1|B4φ
α′

A2|B1φ
α′

A3|B3φ
α′

A4|B2 − φα
′

A1|B4φ
α′

A2|B2φ
α′

A3|B3φ
α′

A4|B1

− φα
′

A1|B4φ
α′

A2|B3φ
α′

A3|B1φ
α′

A4|B2 + φα
′

A1|B4φ
α′

A2|B3φ
α′

A3|B2φ
α′

A4|B1

]
+ O(α′3) .

For example, one can show from the above recursion that

Z(13524|32451) = −
1

s13s135
+ (2α′)2ζ2

( s35
s135

+
s25
s13

− 1
)

+ O(α′3) . (8.92)

rom the above example, it is not hard to imagine that these calculations, despite systematic, are long and tedious to
erform by hand. A FORM program that computes the α′-expansion of integrals of arbitrary multiplicity up to α′7 can be
ound in the git repository [347].

.6.2. Planar binary trees and α′-corrections
From the discussion above, the α′-expansion of string disk integrals is determined by the Berends–Giele formula (8.76)

hose currents φα
′

(P|Q ) are recursively generated by the equations of motion (8.78) of the non-abelian Z-theory [235].
As discussed in [166], one can promote this setup to the theory of free Lie algebras by assuming the existence of

′-corrections to the binary-tree expansion (4.124) as bα
′

(P) by defining

φα
′

(P|Q ) := ⟨bα
′

(P),Q ⟩ , (8.93)

here ⟨A, B⟩ = δA,B denotes the scalar product of words defined in (C.11). Using the explicit expressions of φα
′

(P|Q ) up
o α′7 order one can show that the Lie-polynomial form of the binary-tree expansion with α′-corrections becomes

sPbα
′

(P) =

∑
XY=P

[bα
′

(X), bα
′

(Y )] (8.94)

+ (2α′)2ζ2
∑

kX · kY [bα
′

(X), [bα
′

(Z), bα
′

(Y )]]

XYZ=P
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− (2α′)2ζ2
∑
XYZ=P

kY · kZ [[bα
′

(X), bα
′

(Y )], bα
′

(Z)]

+ (2α′)2ζ2
∑

XYZW=P

[[bα
′

(X), bα
′

(Y )], [bα
′

(W ), bα
′

(Z)]]

− (2α′)2ζ2
∑

XYZW=P

[[bα
′

(X), bα
′

(Z)], [bα
′

(W ), bα
′

(Y )]] + O(α′3) .

It is important to emphasize that the symmetries of the ‘‘domain’’ P and ‘‘integrand’’ Q are different, in particular
φα

′

(P|Q ) ̸= φα
′

(Q |P), unlike its field-theory version (6.86). The integrand Q satisfies shuffle symmetry as φα
′

(P|R´ S) =

⟨bα
′

(P), R´ S⟩ = 0 ∀ R, S ̸= ∅ because bα
′

(P) is a Lie polynomial, as a consequence of Ree’s theorem 3.1 (iv) in [152]. The
shuffle symmetries of the domain P are spoiled by the monodromy properties of the disk integrals.

The Lie polynomial (8.94) begs for a combinatorial understanding via free-Lie-algebra methods in combination with
the properties of MZVs following from the Drinfeld associator, whose logarithm is known to be a Lie series.

8.7. Closed strings as single-valued open strings

In this section, we review the relation between open- and closed-string α′-expansions through the single-valued map
of MZVs (see Section 8.2.3). In most parts of this section, we shall set α′

=
1
2 for open-string quantities and α′

= 2 for
losed strings in order to implement the rescaling of α′

→ 4α′ in (7.58) or (7.86).
On the one hand, one can already reduce (integrated) closed-string tree-level amplitudes to open-string computations

by means of the KLT formula (7.58) or (7.62). On the other hand, the KLT formula does not manifest if some of the MZVs
in open-string α′-expansions (8.38) cancel in between the amplitude factors and the sine functions. As will be reviewed
elow, the single-valued map reduces closed-string α′-expansions to those of open strings while exposing all the dropouts
f MZVs (including powers of ζ2 at low weights and certain indecomposable MZVs such as ζ3,5).
Some of the selection rules on MZVs can already be illustrated from the α′-expansions (8.3) and (8.4) of four-point

open- and closed-string amplitudes. It is easy to see at the level of the exponents of (8.3) and (8.4) that the expansions
of the disk and sphere integrals are related by

sv
(
Γ (1−s12)Γ (1−s23)
Γ (1−s12−s23)

)
=
Γ (1−s12)Γ (1−s23)Γ (1+s12+s23)
Γ (1+s12)Γ (1+s23)Γ (1−s12−s23)

, (8.95)

here the single-valued map is applied order by order in α′ and acts trivially on the sij. According to (8.27), sv annihilates
ven zeta values ζ2k while doubling the odd ones ζ2k+1. Note that we have eliminated s13 = −s12−s23 in (8.4) to expose the
ndependent variables. From the perspective of the four-point KLT formula (7.54), the trigonometric expansion of the KLT
ernel Sα′ in terms of even zeta values via (8.43) cancels all the ζ2k in the α′-expansion of A(1, 2, 3, 4) or Γ (1−s12)Γ (1−s23)

Γ (1−s12−s23)
and leads to the relation (8.95). In the rest of this section, we will study the n-point generalization of this observation from
everal perspectives and describe the cancellation of certain indecomposable MZVs at higher depth from closed-string
mplitudes in terms of the single-valued map.

.7.1. From the KLT formula to the single-valued map
The selection rules on MZVs in n-point closed-string amplitudes were firstly identified by combining the KLT

relations with the structure (8.38) of the open-string α′-expansion and exploiting conjectural properties of the Mw, Pw
atrices [281]. The construction in the reference starts from the general form (7.83) of the KLT relations with a symmetric
hoice of bases B1,B2 → (1, P, n−1, n) of permutations. With the expansion (6.50) of open-string amplitudes A(. . .) in
erms of SYM tree amplitudes A(. . .), we obtain

Mclosed
n =

∑
P,Q∈Sn−3

A(1, P, n−1, n)GPQ Ã(1,Q , n−1, n) , (8.96)

GPQ
=

∑
A,B∈Sn−3

(F t )P Am−1
α′ (1, A, n−1, n|1, B, n−1, n)FBQ .

he next step is to insert the α′-expansion (8.38) for both (n−3)! × (n−3)! matrices of disk integrals (F t )P A and FBQ as
ell as the observation [281]

(Pt )m−1
α′ P = m−1 , M t

2k+1m
−1

= m−1M2k+1 (8.97)

or P =
∑

∞

k=0 ζ
k
2 P2k in order to move all the Pw,Mw matrices to the right of m−1

α′ . We have suppressed the permutations
ndexing the (n−3)! × (n−3)! matrices m−1

α′ and m−1 which are simply the KLT kernels of string and field theory for the
ymmetric choice of bases B1,B2 → (1, P, n−1, n) in (7.83), for instance

m−1
α′ (1, 2, 3, 4|1, 2, 3, 4) =

sin(πs12) sin(πs23)
, m−1(1, 2, 3, 4|1, 2, 3, 4) =

s12s23 (8.98)

π sin(π (s12+s23)) s12 + s23
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t four points. By passing to motivic MZVs and applying the isomorphism φ to the f -alphabet, (8.97) leads to the following
implified form of (8.96) [281],

φ(Gm) = m−1
∞∑

r,s=0

∑
a1,a2,...,ar

∈2N+1

∑
b1,b2,...,bs

∈2N+1

Mar . . .Ma2Ma1Mb1Mb2 . . .Mbs (fa1 fa2 . . . far ´ fb1 fb2 . . . fbs )

= m−1
∞∑
r=0

∑
i1,i2,...,ir∈2N+1

Mi1Mi2 . . .Mir

r∑
j=0

(fij . . . fi2 fi1 ´ fij+1 fij+2 . . . fir ) , (8.99)

here the sums over words in odd aj, bj have been rearranged to expose the coefficients of a given matrix product in
he last line. At this point, one can recognize the form (8.28) of the single-valued map in the f -alphabet and obtain the
otivic version Mm,closed

n of the closed-string amplitude in the form [333]

φ(Mm,closed
n ) = −

∑
P,Q ,R∈Sn−3

A(1, P, n, n−1)S(P|Q )1

×

∞∑
r=0

∑
i1,...,ir∈2N+1

sv(fi1 fi2 . . . fir )(Mi1Mi2 . . .Mir )Q
RÃ(1, R, n−1, n) (8.100)

= −

∑
P,Q ,R∈Sn−3

A(1, P, n, n−1)S(P|Q )1
[
svφ(Fm)

]
Q
RÃ(1, R, n−1, n)

pon insertion into (8.96) and changing bases of left-moving SYM amplitudes to A(1, P, n, n−1).67 In passing to the last
ine, we have identified the series over words in sv(fij ) as the single-valued map of φ(Fm) in (8.38), where sv(f2) = 0
emoves all contributions from the P2k.

.7.2. Closed-string amplitudes as a field-theory double copy
Since the φ-map retains the complete information on the MZVs in its preimage, we can rewrite (8.100) as an amplitude

elation [333]

Mclosed
n = −

∑
P,Q∈Sn−3

A(1, P, n, n−1)S(P|Q )1 sv Ã(1,Q , n−1, n) , (8.101)

here the single-valued image of the entire open-superstring amplitude (6.50) can be presented in one of the following
orms:

sv Ã(1, P, n−1, n) =

∑
Q∈Sn−3

(sv F )PQA(1,Q , n−1, n) (8.102)

=

∞∑
r=0

∑
i1,...,ir∈2N+1

φ−1[sv(fi1 fi2 . . . fir )] ∑
Q∈Sn−3

(Mi1Mi2 . . .Mir )P
Q Ã(1,Q , n−1, n)

=

∑
Q∈Sn−3

(
1 + 2ζ3M3 + 2ζ5M5 + 2ζ 23M

2
3 + 2ζ7M7 + 2ζ3ζ5{M3,M5} + 2ζ9M9 +

4
3ζ

3
3M

3
3

+ 2ζ 25M
2
5 + 2ζ3ζ7{M3,M7} + 2ζ11M11 + ζ 23 ζ5(M

2
3M5 + 2M3M5M3 + M5M2

3 )

+ 2
( 1
5ζ3,3,5 −

4
35ζ

3
2 ζ5 +

6
25ζ

2
2 ζ7 + 9ζ2ζ9

)
[M3, [M3,M5]] + · · ·

)
P
Q Ã(1,Q , n−1, n) ,

with weight or α′-orders ≥ 12 in the ellipsis. The matrix anticommutators {Ma,Mb} = MaMb+MbMa along with ζ3ζ5 and
ζ3ζ7 are the remnant of applying the single-valued map to the contributions from ζ3,5 and ζ3,7, where the relevant terms
of (8.34) are mapped to

sv
(
ζ3ζ5M5M3 +

1
5
ζ3,5[M5,M3]

)
= 4ζ3ζ5M5M3 − 2ζ3ζ5[M5,M3] = 2ζ3ζ5{M3,M5} , (8.103)

sv
(
ζ3ζ7M7M3 +

1
14

(ζ3,7 + 3ζ 25 )[M7,M3]

)
= 4ζ3ζ7M7M3 − 2ζ3ζ7[M7,M3] = 2ζ3ζ7{M3,M7} ,

67 This has been done via∑
P∈Sn−3

A(1, P, n−1, n)m−1(1, P, n−1, n|1,Q , n−1, n) = −

∑
P∈Sn−3

A(1, P, n, n−1)S(P|Q )1 .
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ee (8.26) for sv ζ3,5 and sv ζ3,7. While ζ3,5, ζ3,7 and in fact all higher-depth MZVs with at most two odd letters fafb in
heir f -alphabet image drop out from closed-string amplitudes, the α′-expansion (8.102) retains ζ3,3,5 as the simplest
onjecturally irreducible higher-depth MZV in the image of the single-valued map.
Even though the derivation started out from the string-theory KLT formula (7.83), we brought the closed-string

mplitude into the form (8.101) of a field-theory KLT formula with the α′-independent kernel S(P|Q )1 in (4.159). At tree
level, the closed superstring is said to be a field-theory double copy of SYM with the single-valued open superstring. A
similar type of field-theory double copy was found for the open superstring in (6.69) with the scalar Z-integrals in the
place of the sv Ã: both double-copy formulae (6.69) and (8.101) for open and closed superstrings involve SYM trees as a
field-theory building block and carry the entire α′-dependence in a string-theoretic double-copy constituent Z or sv Ã.

Permutation invariance of the field-theory KLT formula hinges on the BCJ relations of the double-copy constituents
which are certainly satisfied for the SYM amplitudes A(. . .) on the left of the KLT matrix in (8.101). The single-valued
open-superstring amplitudes in turn obey BCJ relations [146] by the reasoning in Section 8.4.1 — the matrix products at
each order in the α′-expansion of (8.102) preserve the BCJ relations of the SYM amplitudes.

8.7.3. Sphere integrals as single-valued disk integrals
The relation between closed and single-valued open superstrings as well as the associated KLT relation (8.101) can be

rewritten at the level of Parke–Taylor-type sphere integrals J(P|Q ) defined in (7.61). This can be seen by inserting the
single-valued map of (6.69),

sv Ã(P) = −

∑
Q ,R∈Sn−3

sv Z(P|1,Q , n, n−1)S(Q |R)1̃A(1, R, n−1, n) , (8.104)

nto (8.101) and comparing with the representation (7.70) of Mclosed
n . The coefficients of the (n−3)!2 independent bilinears

(1, P, n, n−1)̃A(1,Q , n−1, n) have to agree in both representations of Mclosed
n , and we conclude that [146]

sv Z(P|Q ) = J(P|Q ) . (8.105)

n comparing the definitions (6.62) and (7.61) of the disk and sphere integrals, the single-valued map is seen to effectively
rade a disk integration over the domain D(P) in (3.78) for a sphere integration with an insertion of the antiholomorphic
arke–Taylor factor PT(P). This is natural from the connection between disk orderings and Parke–Taylor factors via Betti–
eRham duality [370,371], relating simple poles of PT(P) in z i−z j to inequalities zi < zj characterizing the integration
omain D(P).
Instead of relying on the α′-expansion (8.38) of open-superstring amplitudes and the properties (8.97) of the matrices

w,Mw , one can prove (8.105) at all multiplicities and orders in α′ via single-valued integration [288]. A simple ‘‘physicists’
roof’’ on the basis of the Betti–deRham duality between D(P) and PT(P) as well as standard transcendentality conjectures

on MZVs can be found in [372], and the reader is referred to [233,290] for a mathematically rigorous proof. Moreover, the
fact that the expansion coefficients of J(P|Q ) are single-valued MZVs can be explained from the study of single-valued
correlation functions [373].

As an important plausibility check of (8.105), we note that both sides obey BCJ relations in both P and Q . First, IBP
relations among Parke–Taylor factors readily imply the BCJ relations of Z and J in Q and those of J in P . Second, the
sv-action 1

π
sin(πx) → x on the trigonometric factors of Section 7.3 maps the monodromy relations of Z in P into BCJ

relations, see Section 8.4 and [146].

8.7.4. The web of field-theory double copies for string amplitudes
Single-trace amplitudes Ahet of gauge multiplets in heterotic string theories have been expressed in terms of SYM

trees and the sphere integrals J in (7.133). By the relation (8.105) between sphere and single-valued disk integrals, one
can identify [146],

Ahet(P) = svA(P) , (8.106)

i.e. single-trace amplitudes of the gauge multiplet in type I and heterotic string theories are related by the single-valued
map. Moreover, the field-theory double copy (7.119) together with (8.104) and (8.105) imply that all massless tree
amplitudes for the heterotic string reduce to single-valued type I amplitudes [221],

Mhet
n = −

∑
P,Q∈Sn−3

A(DF )2+YM+φ3 (1, P, n, n−1)S(P|Q )1 svA(1,Q , n−1, n) , (8.107)

where the amplitudes A(DF )2+YM+φ3 of the (DF )2 + YM + φ3 field theory [272] (see Section 7.5.3) are rational functions of
α′. Just like the expression (8.101) for type II amplitudes, (8.107) double-copies single-valued open superstrings with a
field theory (with A(DF )2+YM+φ3 in the place of SYM amplitudes in case of the heterotic string).

Similar double-copy formulae apply to bosonic strings: removing the bi-adjoint scalars from the (DF )2+YM+φ3 theory
leaves a simpler field theory (DF )2 + YM with the same massive states [272] which casts n-point tree-level amplitudes
Abos

n and Mbos
n of open and closed bosonic strings into the compact form [221]

Abos
n (R) = −

∑
A(DF )2+YM(1, P, n, n−1)S(P|Q )1Z(R|1,Q , n−1, n) , (8.108)
P,Q∈Sn−3
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Table 4
Double copy constructions of tree-level amplitudes in various string theories as presented in [221].
string ⊗ QFT SYM (DF )2 + YM (DF )2 + YM + φ3

Z-theory open superstring open bosonic string comp. open bosonic string
sv(open superstring) closed superstring heterotic (gravity) heterotic (gauge & gravity)
sv(open bosonic string) heterotic (gravity) closed bosonic string comp. closed bosonic string

Mbos
n = −

∑
P,Q∈Sn−3

Ã(DF )2+YM(1, P, n, n−1)S(P|Q )1 svAbos(1,Q , n−1, n) .

Moreover, the gravity sector of heterotic-string amplitudes admits an alternative form [221]

Mhet
n

⏐⏐
grav = −

∑
P,Q∈Sn−3

Ã(1, P, n, n−1)S(P|Q )1 svAbos(1,Q , n−1, n) , (8.109)

here the supersymmetries arise from the opposite double-copy constituent as compared to (8.107) — from the SYM
ield-theory amplitudes Ã instead of single-valued superstring disk amplitudes.

A summary of the field-theory double-copy formulae (6.69), (8.101) and (8.106) to (8.109) for tree amplitudes in various
tring theories can be found in Table 4. In all cases, the double copy refers to the KLT formula with α′-independent kernel
S(P|Q )1 and features a field-theory building block (SYM, (DF )2 + YM or (DF )2 + YM+ φ3) without any transcendentality.
he infinite tower of massive poles characteristic to string amplitudes occurs through the other double-copy constituent
either the universal basis of disk integrals Z for open strings or single-valued open-string amplitudes in case of type II,

eterotic or closed bosonic strings.
Note that the compactified versions of open and closed bosonic strings in the rightmost column of Table 4 refer to the

eometric realization of the gauge sector of the heterotic string: the Kac–Moody currents J a(z) in the vertex operators
f the gauge multiplet in Section 7.5.1 can be obtained from compactifying free bosons ∂zX I (z) on a torus, where I labels
he Cartan generators of the gauge group [105].

.7.5. Twisted KLT relations
An interesting variant of the sphere integrals J(P|Q ) in (7.61) arises in so-called chiral or twisted string theories

374–376]. These theories are characterized by finite spectra due to a flipped level-matching condition that can be
nformally identified with a relative sign flip of α′ between left- and right-moving worldsheet degrees of freedom. In
articular, the spectrum of twisted type II superstrings reduces to the associated supergravity multiplets.
At the level of the sphere integrals in the tree-level amplitudes of twisted string theories, the sign flip between left-

nd right movers applies to the antiholomorphic part of the Koba–Nielsen factor,

Ĵ(P|Q ) :=

(
−
α′

2π

)n−3 ∫
Cn−3

d2z1 d2z2 · · · d2zn
vol(SL2(C))

n∏
i<j

(
z ij
zij

) α′

2 sij
PT(Q )PT(P) , (8.110)

where the single-valued factors of |zij|−α
′sij in (7.61) from the correlators of conventional strings are replaced by ( zijzij )

α′sij/2.
Apart from these modifications of the Koba–Nielsen factors, the chiral correlators Kn among closed-string vertex operators
can be freely interchanged between the type II versions of twisted and conventional strings [376,377]. Hence, the
supergravity n-point function, computed from twisted type II strings, takes the form of (7.70) with the modified sphere
integrals Ĵ(P|Q ) in the place of J(P|Q ). In order to arrive at the field-theory KLT formula (4.158) for supergravity, the
sphere integrals of the twisted strings have to directly match the doubly-partial amplitudes m(P|Q ),

Ĵ(P|Q ) = m(P|Q ) . (8.111)

However, the sphere integrals (8.110) are ill-defined due of the multivalued factors of ( zijzij )
α′sij/2 in the integrand. Still,

one can formally define Ĵ(P|Q ) by a KLT formula, where the reversal of α′ along with the antiholomorphic z ij leads to a
ign-flipped version of standard Z-integrals

Ẑ(P|Q ) = Z(P|Q )
⏐⏐
α′→−α′ , (8.112)

amely

Ĵ(A|B) = −

∑
P,Q∈Sn−3

Z(1, P, n−1, n|A)Sα′ (P|Q )1Ẑ(1,Q , n, n−1|B) . (8.113)

pon comparison with the requirement (8.111), the KLT formula for the twisted sphere integral needs to reproduce the
′-independent doubly-partial amplitude,

m(A|B) = −

∑
Z(1, P, n−1, n|A)Sα′ (P|Q )1Ẑ(1,Q , n, n−1|B) . (8.114)
P,Q∈Sn−3
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ence, the conclusion is that a sign-flip in one of the Z-integrals in the conventional KLT formula (7.62) is enough to cancel
he entire tower of α′-corrections. In fact, (8.114) can be deduced from the twisted period relations [246] as introduced
nto the physics literature in [199].

Another way of understanding the dropout of α′-corrections from (8.110) is to revisit the simplification of the sphere
ntegrals in Section 8.7.1. The sign flip effectively reverses M2k+1 → −M2k+1 in one of the F-factors in the matrix GPQ of
sphere integrals in (8.96) and turns (8.99) into

φ(Gm) → m−1
∞∑
r=0

∑
i1,i2,...,ir∈2N+1

Mi1Mi2 . . .Mir

r∑
j=0

(−1)j(fij . . . fi2 fi1 ´ fij+1 fij+2 . . . fir ) . (8.115)

By the alternating signs (−1)j on the right-hand side, the coefficient of each non-trivial matrix product Mi1 . . .Mir with
r ̸= 0 cancels [376]. Hence, the matrix GPQ in (8.96) is mapped to the KLT kernel in passing to the twisted string, and we
obtain supergravity amplitudes as expected.

One can also turn the logic around and impose that the expression for GPQ in (8.96) reduces to

m−1(1, P, n−1, n|1,Q , n−1, n) =

∑
A,B∈Sn−3

(F t )P Am−1
α′ (1, A, n−1, n|1, B, n−1, n)̂FBQ (8.116)

with F̂BQ = FBQ
⏐⏐
α′→−α′ as in (8.112). The coefficients of f ℓ=0,1,2,3,...

2 or f2k+1 in (8.116) then imply the properties (8.97) of
the matrices Pw,Mw .

Finally, we note an amusing variant of (8.114): instead of obtaining doubly-partial amplitudes m(P|Q ) by contracting
Z(A|P )̂Z(B|Q ) with the string-theory KLT kernel Sα′ (A|B)1, one can instead contract the free indices P,Q with the
field-theory kernel S(P|Q )1. In this way, one arrives at the inverse mα′ of the string-theory KLT kernel [245]

mα′ (A|B) = −

∑
P,Q∈Sn−3

Z(A|1, P, n−1, n)S(P|Q )1Ẑ(B|1,Q , n, n−1) . (8.117)

Note that the heterotic and bosonic versions of twisted strings provide a worldsheet realization of the (DF )2 + YM and
(DF )2 +YM+φ3 theories [378]: up to the sign flip α′

→ −α′ between left- and right-movers, the Parke–Taylor expansion
(7.115) of bosonic correlators takes the identical form in twisted string theories. The massive modes in the (DF )2 + YM
and (DF )2 + YM + φ3 theories arise from asymmetric double copies of vertex operators for an open-string tachyon and
the first mass level of compactified open bosonic strings. Similarly, the spectrum of heterotic twisted strings contains a
colorless spin-two multiplet from a double copy of tachyons with the first mass level of the open superstring.

The generalizations of the correlators Kn,Kbos
n to massive states also take a universal form for conventional and twisted

strings up to α′
→ −α′. This was exploited in [379] to pioneer field-theory double-copy structures in tree-level amplitudes

involving massive open- and closed-superstring states based on tools from the heterotic twisted string.

9. Conclusion and outlook

This work aims to give a comprehensive review of string tree-level amplitudes in the pure spinor formalism. The
manifestly spacetime supersymmetric worldsheet description of the pure spinor superstring reviewed in Section 3
introduces massless open-string excitations in the framework of ten-dimensional SYM, see Section 2. The OPEs of
these superspace vertex operators give rise to the multiparticle formalism whose rich combinatorial structure has
been presented from different perspectives in Section 4. The multiparticle formalism connects conformal-field-theory
techniques with recursive organizations of Feynman diagrams and led to compact formulae for n-point tree amplitudes
of SYM, see Section 5.

The setup of the first sections is the key to find the decomposition (6.49) of n-point superstring disk amplitudes into a
basis of color-ordered SYM trees. This is the main result of this review whose derivation and interplay with disk integrals
and their field-theory limit is presented in Section 6. The structure of the disk amplitude together with its corollaries for
type II superstrings and heterotic strings have profound implications on field-theory amplitudes reviewed in Section 7
— the color-kinematics duality of gauge theories and Goldstone bosons as well as double-copy descriptions of gravity,
Born–Infeld and Einstein–Yang–Mills. The last Section 8 is dedicated to the low-energy expansion of superstring tree-level
amplitudes and the elegant mathematical structures of the multiple zeta values therein.

From the material in this review, both the moduli-space integrand for n-point string tree-level amplitudes and the α′-
expansion of the integrated expressions are available to any desired order. We have presented the strong connectivity of
both the integrands and the integrated results with the web of double-copies among field-theory amplitudes and various
areas of pure mathematics including combinatorics, number theory and algebraic geometry. The detailed control over
string tree amplitudes cross-fertilizes with ambitious questions on string dualities (say through the multiple zeta values
in multiparticle type IIB amplitudes) but also offers new connections between perturbative string theories beyond any
known duality (e.g. gauge amplitudes of heterotic strings as single-valued type I amplitudes).

The diverse insights unlocked by the results on string tree-level amplitudes in this review motivate a similar

investigation of loop amplitudes, where already the last years witnessed progress on several frontiers. We shall now

128



C.R. Mafra and O. Schlotterer Physics Reports 1020 (2023) 1–162

g
s
t
f
p

9

c
o
m
f
s
s

i
s
a
b
t
h
l

o
v
f
2
f

n
f
z

a
I

l
f
c
t
α

d
v

ive an overview of recent loop-level developments that generalize selected aspects of this review beyond tree level. The
ubsequent path through the literature is far from complete and may quickly become outdated after the time of writing
his review. The reader is referred to [380] for an overview of loop-level amplitude computations in the pure spinor
ormalism as of October 2022 and to the white paper [85] for a status report on a broader selection of topics in string
erturbation theory as of March 2022.

.1. Loop amplitudes in the pure spinor formalism

By the manifest spacetime supersymmetry of the pure spinor formalism, it automatically incorporates a variety of
ancellations in loop amplitudes between internal bosons and fermions. In the pure spinor prescription for loop-level
pen- and closed-string amplitudes, many of these cancellations can be traced back to the saturation of fermionic zero
odes. The loop-amplitude prescription in the ‘‘minimal’’ worldsheet variables of Section 3 dates back to 2004 [2],

ollowed by its extension to ‘‘non-minimal’’ variables in 2005 [3]. A central ingredient in loop amplitudes of the pure
pinor superstring is a composite b-ghost whose explicit form in the non-minimal variables [3] involves poles in the pure
pinor ghosts.
Just like at tree level, the loop amplitudes computed from these prescriptions automatically involve kinematic factors

n pure spinor superspace after integrating out the non-zero modes of the worldsheet variables. Moreover, the pure
pinor formalism is readily compatible with the chiral-splitting procedure [5,381] to express closed-string correlators
t arbitrary genus as a holomorphic square of chiral amplitudes that integrate to open-string amplitudes after specifying
oundary conditions for the endpoints. Accordingly, the subsequent status report on explicit loop-level computations in
he pure spinor formalism refers to both open- and closed-string amplitudes unless stated otherwise. In fact, the so-called
omology invariance of chiral amplitudes – their single-valuedness on higher-genus surfaces under suitable shifts of the
oop momenta – provided crucial input for recent loop-amplitude computations in the pure spinor formalism.

The constraints from zero-mode counting facilitated the derivation of non-renormalization theorems in string the-
ry [382,383] and led to multiloop results on the ultraviolet structure of maximal supergravity through a worldline
ersion of the pure spinor formalism [184]. The computation of non-vanishing string loop amplitudes with the pure spinor
ormalism was initiated with the one-loop four-point amplitude in 2004 [2] and the two-loop four-point amplitude in
005 [99]. The bosonic components of the two-loop result were later on confirmed [384] to reproduce the earlier two-loop
our-point computation in the RNS formalism [385].

The non-minimal pure spinor formalism has been used to compute one-loop five-point amplitudes [386], the exactly
ormalized four-point amplitudes at one loop [120] and two loops [121] as well as the low-energy limits of the three-loop
our-point [94] and two-loop five-point [387] amplitudes. In all of these cases, the b-ghosts only contribute through their
ero modes. However, the non-zero modes of the b-ghost and the complexity of its multiparticle correlators currently
cause a bottleneck in performing higher-order computations directly from the prescription. Still, consistency conditions
on loop amplitudes and in particular the multiparticle formalism of Section 4 often allowed to circumvent the most
daunting challenges from the b-ghost and led to many recent advances on higher-point amplitudes.

The multiparticle formalism spawned simplified expressions for one-loop open- and closed-string amplitudes in
an integral basis at five points [178] and at six points [388]. The latter reference also reconciles the hexagon gauge
anomaly of individual worldsheet diagrams in type I theories [389,390] with BRST cohomology techniques and derives
the anomaly kinematic factor [391] from an explicit amplitude representation. Based on additional input from locality,
chiral splitting and the associated homology invariance, a systematic procedure to derive one-loop correlators is described
in [181,392,393]. The resulting chiral amplitudes enjoy a double-copy structure [394] similar to the KLT-type formula
for the open-superstring correlator (6.73) at genus zero. However, the coefficients of holomorphic Eisenstein series in
(n ≥ 8)-point correlators have so far resisted a computation from this method.

Similarly, two-loop five-point amplitudes were constructed beyond their low-energy limit by a confluence of BRST
invariance, locality and chiral-splitting techniques [182]. Their parity-even bosonic components were later on verified from
a first-principles computation in the RNS formalism [395]. Finally, an exact-in-α′ expression for the three-loop four-point
mplitude was proposed in [396] based on input from the field-theory limit, ambitwistor strings and modular invariance.
t would be interesting to analyze this three-loop result from a pure spinor perspective.

The combined power of the multiparticle formalism, BRST invariance and locality has also been used to directly propose
oop integrands for ten-dimensional SYM, see [179] for one-loop integrands up to six points and [180] for two-loop
ive points. The five-point results at one and two loops readily manifested the color-kinematics duality and induced the
orresponding loop integrands for type II supergravity in pure spinor superspace via double copy as in [397]. Based on
he tropical-geometry methods of [398], these five-point field-theory amplitudes were independently derived from the
′
→ 0 limit of the corresponding string amplitudes at one loop [179] and at two loops [182].
However, the present pure spinor methods leave open questions on the loop-level realization of the color-kinematics

uality and double copy at n ≥ 6 points. The first superspace construction of one-loop six-point SYM numerators in [179]
iolated certain kinematic Jacobi identities. These violations disappear68 in passing to the linearized variant of Feynman

68 The violations of kinematic Jacobi identities in the one-loop six-point results of [179] also disappear in MHV helicity configurations upon
dimensional reduction to D = 4 [399].
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ropagators [400] that typically arise from ambitwistor strings [401]. The resulting supergravity integrands on linearized
ropagators are available in KLT- and cubic-diagram form [400,402] obtained from the forward limits of (7.67) and (4.158).
solution of all the one-loop kinematic Jacobi identities on quadratic propagators was offered in [403] by taking the field-

heory limit of the corresponding string amplitudes in different color orderings. However, the conventional cubic-diagram
ouble copy [238] of these color-kinematics dual SYM numerators conflicts with BRST invariance, so it is an open problem
o construct supergravity loop integrands on quadratic propagators at n ≥ 6 points.

Both the above subtleties in finding string-theory realizations of the gravitational double copy and the non-zero mode
ontributions of the b-ghosts kick in at the one-loop six-point level. One may speculate about a connection between
he two kinds of challenges, for instance whether an incorporation of the b-ghost into the multiparticle formalism is the
missing puzzle piece for n-point one-loop string amplitudes with manifest double-copy structure in the field-theory limit.
This scenario is supported by the role of the b-ghost for a kinematic algebra and its connection with tree-level multiparticle
superfields identified in [404]. Also higher-loop string amplitudes call for further investigations of the b-ghost since its
poles in the pure spinor ghosts necessitate regularization techniques such as [405,406] at genus g ≥ 3.

9.2. Worldsheet integrals in loop-level string amplitudes

A central line of tree-level results in this review is driven by the Parke–Taylor bases of disk integrals Z in (6.62) and
sphere integrals J in (7.61). First, their integration-by-parts relations and (n−3)! bases fruitfully resonate with the BRST
properties and BCJ relations of the accompanying kinematic factors in pure spinor superspace. Second, their logarithmic
singularities (including the absence of double poles) ensure that the α′-expansion is uniformly transcendental and in
fact realizes field-theory amplitude relations along with infinite families of multiple zeta values. These properties of
Parke–Taylor integrals at tree level motivate the goal of constructing similar kinds of integral bases at higher genus.

At genus one, generating functions Zη of open-string integrals in different string theories furnish conjectural (n−1)!-
lement bases with uniformly transcendental α′-expansions [365,366]. At suitable orders in the bookkeeping variables
2, η3, . . . , ηn, one can read off the combinations of theta functions for one-loop correlators of the pure spinor superstring
hat share the logarithmic singularities of the Parke–Taylor factors. More precisely, the function space to assemble the
ne-loop analogues of the tree-level correlators Kn in (6.73) is controlled by the loop momenta of the chiral-splitting
rocedure [5,381] and the coefficients g (k)(z, τ ) of the Kronecker–Eisenstein series [407],

θ ′

1(0, τ )θ1(z+η, τ )
θ1(z, τ )θ1(η, τ )

=
1
η

+

∞∑
k=1

ηk−1g (k)(z, τ ) . (9.1)

After integration over the loop momenta, the moduli-space integrand of open- and closed-string amplitudes is expressed
in terms of doubly-periodic versions f (k)(z, τ ) of the Kronecker-Eisenstein coefficients g (k)(z, τ ) which also manifest the
modular properties in the closed-string case.

In the same way as Parke–Taylor factors share the BCJ relations of gauge-theory tree amplitudes, the combinations
of g (k)(zij, τ ) and loop momenta seen in one-loop correlators [181,394] are observed to obey the same identities as the
BRST-invariant kinematic factors [393]. Up to and including seven points, this duality between kinematics and worldsheet
functions is fully established in the references and underpins a double-copy structure in the chiral amplitudes. Starting
from eight points, the chiral amplitudes involve holomorphic Eisenstein series Gk(τ ) = −g (k)(0, τ ) with k ≥ 4, and it is
n open problem to accommodate them into the duality between kinematics and worldsheet functions.
The loop-level analogue of the string-theory KLT relation of Section 7.2.1 is uncharted terrain at the time of writing.

owever, the tree-level monodromy relations whose vibrant interplay with KLT relations was illustrated in Section 7.3
ere generalized to loop level, investigated from several perspectives [408–412] and extended to one-loop amplitude
elations between mixed open-and-closed-string amplitudes and pure open-string amplitudes [413]. It would be very in-
eresting to relate properties of the Kronecker–Eisenstein-type functions in the chiral correlators to one-loop monodromy
elations as done for Parke–Taylor factors and disk orderings through the relations (6.76), (6.77) and (7.77) of the Z(P|Q )
integrals.

The dependence of integrated string loop amplitudes on α′ and the kinematic variables is more involved than at tree
level and features branch cuts in addition to the poles for the infinite tower of massive string modes. At one loop for
instance, the analytic continuations in the external momenta required by the integral representations and compatible
with the poles and branch cuts are discussed in [414–416]. Already the α′-expansion of one-loop string amplitudes
ontains logarithms in Mandelstam invariants on top of the Laurent series in sij...k seen in the tree-level α′-expansions of
ection 8. The logarithms in one-loop four-point closed-string amplitudes due to effective tree-level interactions D2kRm

ere pioneered in [417,418] and computed to all orders in α′ in [419]. Two recent lines of attack to determine the non-
nalytic sector of higher-point one-loop string amplitudes are based on one-loop matrix elements of tree-level effective
nteractions [420] and an implementation of Witten’s iϵ prescription [421].

A prominent motivation for the computation and low-energy expansion of string loop amplitudes stems from their
mplications for string dualities. In this context, the main interest is in the analytic contributions to the α′-expansion
hich reflect new interactions in the loop-level effective actions. For type IIB superstrings, the SL2(Z)-invariance w.r.t.

2k m
he axio-dilaton field [422] must be realized in the coefficients of all independent D R interactions. Perturbative string
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mplitudes carry important information on these modular invariant functions of the string coupling. Four-point string
mplitudes up to and including three loops were successfully matched with SL2(Z)-invariant coefficients of the R4, D4R4

nd D6R4 interactions [94,423–427].
Pure spinor methods gave rise to compact representations of loop amplitudes also beyond four points. Together with

low-energy expansion of the worldsheet integrals, the five-point amplitude computations at one loop [178] and two
oops [428] made a duality analysis of D2kR5 interactions tractable. Both references confirmed the duality properties of
supermultiplet components that violate the U(1) R-symmetry of type IIB supergravity [282,429,430] and cannot arise in
four-point string amplitudes [431]. Moreover, the loop-level effective actions will involve new superinvariants starting
with D6R5 that are absent in the tree-level effective action [178,428]. The classification of independent interactions and
SL2(Z)-invariant type IIB couplings necessitates precise control over the tensor structure of multiparticle loop amplitudes
as provided by pure spinor superspace.

A frequently used strategy towards low-energy expansions of string loop amplitudes is to first integrate over vertex
insertion points prior to the complex-structure moduli τ of the genus-g surface. In this way, the α′-expansions generate
infinite families of modular invariant functions of τ w.r.t. Sp2g (Z) on the worldsheet (rather than the SL2(Z) acting on the
xio-dilaton field in case of type IIB). These functions generalize the (single-valued) MZVs of Section 8 to higher genus
nd were dubbed modular graph forms in [432,433] after earlier case studies in [417,418,434]. Already at genus one,
odular graph forms stimulated interdisciplinary research lines at the interface of string theory, algebraic geometry and
umber theory, see e.g. [435] for an overview as of November 2020, [436] for lecture notes and [437] for the connection
ith Brown’s equivariant iterated Eisenstein integrals [438,439]. The study of higher-genus modular graph forms started
ith [427,440–444] and suggests a generalization to modular graph tensors [445].
From a string-theory perspective, a major appeal of modular graph forms is to investigate the loop-level gener-

lization of the tree-level relation (8.105) between closed-string and single-valued open-string integrals. In one-loop
mplitudes of open superstrings, the iterated integrals over vertex-operator insertions on a cylinder- or Möbius-strip
oundary were shown in [407,446] to yield elliptic MZVs [447] and elliptic polylogarithms [448]. There is a variety of
vidence [432,449–451] that modular graph forms may be viewed as single-valued elliptic MZVs. In particular, the closed-
tring counterparts [452,453] of the conjectural (n−1)! basis Zη of one-loop open-string integrals led to an explicit all-order
roposal [454] how to relate modular graph forms to single-valued elliptic MZVs in the respective α′-expansions. On the
ne hand, this line of reasoning aims to extract the more challenging configuration-space integrals over punctured tori
rom the simpler iterated integrals over cylinder- and Möbius-strip boundaries. On the other hand, this research direction
ay reveal loop-level manifestations of a deeper relation between closed and open strings beyond any known string
uality.
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ppendix A. Gamma matrices

Pure spinor calculations in ten dimensions often involve the handling of gamma matrices. In this appendix we review
ome of the most common manipulations involving ten-dimensional gamma matrices (for a computer implementation,
ee [455]). Most of this material can also be found in [456]. In particular, the book [457] contains a variety of discussions
n general dimensions and should be consulted for further reading.

.1. The Clifford algebra in R1,9

orentzian signature. The 32 × 32 Dirac matrices Γ m in ten-dimensional Minkowski space R1,9 with m = 0, . . . , 9 satisfy
the Clifford algebra

m n mn

{Γ ,Γ } = 2η 132×32 . (A.1)
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he signature of the metric is the mostly plus (− + + · · · +). In the Weyl representation of Γ m only the off-diagonal
6 × 16 blocks are non-vanishing, parameterized as

Γ m
=

(
0 (γm)αβ

(γm)αβ 0

)
, (A.2)

n terms of chiral gamma 16 × 16 matrices γm subject to

γm
αβ (γ

n)βδ + γ n
αβ (γ

m)βδ = 2ηmnδδα . (A.3)

umerical representation. An explicit representation of the 16 × 16 gamma matrices (A.2) is given by

(γ 0)αβ =

(
18×8 0
0 18×8

)
, (γ 0)αβ =

(
−18×8 0

0 −18×8

)
, (A.4)

(γ i)αβ =

(
0 σ i

aȧ
σ i
ḃb

0

)
, (γ i)αβ =

(
0 σ i

aȧ
σ i
ḃb

0

)
,

(γ 9)αβ =

(
18×8 0
0 −18×8

)
, (γ 9)αβ =

(
18×8 0
0 −18×8

)
,

here σ i with i = 1, 2, . . . , 8 are 8 × 8 matrices (1 := 12×2)

σ 1
aȧ = ε ⊗ ε ⊗ ε , σ 2

aȧ = 1 ⊗ σ 1
⊗ ε , (A.5)

σ 3
aȧ = 1 ⊗ σ 3

⊗ ε , σ 4
aȧ = σ 1

⊗ ε ⊗ 1 ,

σ 5
aȧ = σ 3

⊗ ε ⊗ 1 , σ 6
aȧ = ε ⊗ 1 ⊗ σ 1 ,

σ 7
aȧ = ε ⊗ 1 ⊗ σ 3 , σ 8

aȧ = 1 ⊗ 1 ⊗ 1 ,

and σ i with i = 1, 2, 3 are the Pauli matrices with ε = iσ 2

σ 1
=

(
0 1
1 0

)
, ε =

(
0 1

−1 0

)
, σ 3

=

(
1 0
0 −1

)
. (A.6)

While the gamma-matrix representations (A.4) are tailored to Minkowski-space R1,9, their Euclidean analogues can be
ound in (B.3) below.

harge conjugation and chirality matrices. The chirality matrix in ten spacetime dimensions is given by

Γ = Γ 0Γ 1 . . .Γ 9
=

(
116×16 0

0 −116×16

)
(A.7)

which splits a 32-component Dirac spinor into two 16-component spinors of opposite chiralities

λ =

(
λα

λα

)
(A.8)

called Weyl (λα) and anti-Weyl (λα). The charge conjugation matrix satisfying CΓ m
= −(Γ m)TC is C = Γ 0. Since it is

off-diagonal, the Weyl and anti-Weyl are inequivalent representations in ten dimensions (unlike in four).

Generalized Kronecker delta. It is convenient to define the generalized Kronecker delta as

δ
a1a2...an
b1b2...bn

=
1
n!
δ

[a1
b1
δ
a2
b2

· · · δ
an]

bn (A.9)

hich is totally antisymmetric in both sets of indices, e.g. δabmn =
1
2 (δ

a
mδ

b
n − δbmδ

a
n). Using the notation of words, in D

imensions we have

δPAQA =

(D−p
a

)(p+a
a

) δPQ , p := |P| , a := |A| , p+a ≤ D . (A.10)

or example in D = 10 we have δmna
pqa =

8
3δ

mn
pq . In particular, when D = 10 where δmm = 10, the identity (A.10) gives the

ull contraction when P = Q = ∅ as

δm1...mn
m1...mn

=

(
10
n

)
= 10, 45, 120, 210, 252 for n = 1, 2, 3, 4, 5 . (A.11)

.2. Fierz decompositions

Antisymmetric products of gamma matrices are defined by the n-forms

γm1m2...mn =
1
γ [m1γm2 . . . γmn] , (A.12)
n!
132
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nd they lead to four possible configurations of Weyl-spinor indices, namely (γ ...)αβ , (γ ...)αβ , (γ ...)αβ and (γ ...)βα . The
ixed combinations occur at ranks 2, 4, 6, 8, 10,

(γm1m2 )αβ , (γm1...m4 )αβ , (γm1...m6 )αβ , (γm1...m8 )αβ , (γm1...m10 )αβ , (A.13)

(γm1m2 )βα , (γm1...m4 )βα , (γm1...m6 )βα , (γm1...m8 )βα , (γm1...m10 )βα , (A.14)

and are related by (anti)symmetry, i.e. the matrices in (A.14) can be rewritten in terms of the matrices in (A.13), see
below. Ranks 1, 3, 5, 7, 9 give rise to spinor indices of alike chiralities

(γm1 )αβ , (γm1m2m3 )αβ , (γm1...m5 )αβ , (γm1...m7 )αβ , (γm1...m9 )αβ , (A.15)

(γm1 )αβ , (γm1m2m3 )αβ , (γm1...m5 )αβ , (γm1...m7 )αβ , (γm1...m9 )αβ ,

and their symmetry properties do not mix the two lines.
The symmetry properties of the four types of matrices with respect to their spinorial indices are

symmetric: (γm1 )αβ , (γm1...m4 )αβ , (γm1...m5 )αβ , (γm1...m8 )αβ , (γm1...m9 )αβ , (A.16)

antisymmetric: (γm1m2 )αβ , (γm1m2m3 )αβ , (γm1...m6 )αβ , (γm1...m7 )αβ , (γm1...m10 )αβ ,

where for example (γm1m2 )αβ = −(γm1m2 )βα , and the symmetry properties of the matrices with all upper spinorial indices
is the same as those with all lower indices, i.e. (γm1 )αβ = (γm1 )βα etc.

The Fierz decompositions of spinor bilinears reads

ψαχβ =
1
16
γ αβm1

(ψγm1χ ) +
1
96

(γm1...m3 )
αβ (ψγm1...m3χ ) +

1
3840

(γm1...m5 )
αβ (ψγm1...m5χ ) , (A.17)

ψαχ
β

=
1
16
δβα (ψχ ) +

1
32

(γm1m2 )α
β (ψγm1m2χ ) +

1
384

(γm1...m4 )α
β (ψγm1...m4χ ) .

or anticommuting spinors θα and bosonic pure spinors λα , important special cases of (A.17) are69

λαλβ =
1

3840
(λγmnpqrλ)γ αβmnpqr , θαθβ =

1
96

(θγmnpθ )γ αβmnp . (A.18)

A.3. Duality properties

In ten-dimensional Minkowski space R1,9, using the convention

ϵ01...9 = 1 , ϵ01...9 = −1 , (A.19)

with (in particular, ϵm1m2...m10ϵm1m2...m10 = −10!)

ϵn1...n10ϵ
m1...m10 = −10!δm1...m10

n1...n10 , (A.20)

the antisymmetric gamma matrices (n-forms) are related by the duality properties

(γm1...m5 )αβ =
1
5!
ϵm1...m5n1...n5 (γn1...n5 )αβ , (γm1...m5 )αβ = −

1
5!
ϵm1...m5n1...n5 (γn1...n5 )

αβ , (A.21)

(γm1...m6 )αβ =
1
4!
ϵm1...m6n1...n4 (γn1...n4 )α

β , (γm1...m6 )αβ = −
1
4!
ϵm1...m6n1...n4 (γn1...n4 )

α
β ,

(γm1...m7 )αβ = −
1
3!
ϵm1...m7n1...n3 (γn1...n3 )αβ , (γm1...m7 )αβ =

1
3!
ϵm1...m7n1...n3 (γn1...n3 )

αβ ,

(γm1...m8 )αβ = −
1
2!
ϵm1...m8n1n2 (γn1n2 )α

β , (γm1...m8 )αβ =
1
2!
ϵm1...m8n1n2 (γn1n2 )

α
β ,

(γm1...m9 )αβ = ϵm1...m9n1 (γn1 )αβ , (γm1...m9 )αβ = −ϵm1...m9n1 (γn1 )
αβ ,

(γm1...m10 )αβ = ϵm1...m10δβα , (γm1...m10 )αβ = −ϵm1...m10δαβ .

good exercise is to check them explicitly using the SO(1, 9) parameterization in (A.4). In ten-dimensional Euclidean space
here ϵ12...10 = ϵ12...10 = 1, the equations above are still valid after redefining the Levi-Civita epsilon tensor ϵ → iϵ.

.4. Traces of gamma matrices

In ten dimensions there are no invariant tensors with k antisymmetrized vector indices except when k = 10, so all
he k-forms with even 2 ≤ k ≤ 8 are traceless,

(γm1m2...mk )αα = 0 , k = 2, 4, 6, 8 . (A.22)

69 The first identity in (A.18) is sometimes incorrectly stated with a coefficient 1
1920 rather than 1

3840 . To see why the latter is correct, one has to
ay attention to the epsilon term in the trace (A.25) and the self-duality (A.21) of γmnpqr .
αβ
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hen k = 10 compatibility with the duality conditions (A.21) implies

(γm1...m10 )αα = 16ϵm1...m10 , (γm1...m10 )αα = −16ϵm1...m10 . (A.23)

he trace relations for the 1, 2, 3, 4 and 5 forms are given by [458]

Tr(γm1γn1 ) = (γm1 )αβ (γn1 )
βα

= 16δm1
n1 , (A.24)

Tr(γm1m2γn1n2 ) = (γm1m2 )αβ (γn1n2 )β
α

= −16 · 2!δm1m2
n1n2 ,

Tr(γm1...m3γn1...n3 ) = (γm1...m3 )αβ (γn1...n3 )
βα

= −16 · 3!δm1...m3
n1...n3 ,

Tr(γm1...m4γn1...n4 ) = (γm1...m4 )αβ (γn1...n4 )β
α

= 16 · 4!δm1...m4
n1...n4 ,

Tr(γm1...m5γn1...n5 ) = (γm1...m5 )αβ (γn1...n5 )
βα

= 16 · 5!δm1...m5
n1...n5 + 16ϵm1...m5n1...n5 , (A.25)

where Tr(γMγ N ) = γM
αβ (γ

N )βα or Tr(γMγ N ) = (γM )αβ (γ N )βα depending on the lengths of the multi-indices M and N . We
also note the vanishing of the traces with unequal lengths of M and N

Tr(γm1...miγn1...nj ) = 0 , i ̸= j . (A.26)

hese identities can be conveniently summarized using word notation as70

Tr
(
γ PγQ

)
= 16δp,q

[
p!δP

Q̃
+ δp,5ϵPQ

]
, |P| = p, |Q | = q . (A.27)

.5. Products of gamma matrices

The antisymmetrized products of gamma matrices form a basis in the space of bispinor indices, as evidenced by the
ierz identities. In order to freely move between upstairs and downstairs indices with the Euclidean metric, we consider
he Clifford algebra after a Wick rotation, {Γ m,Γ n

} = 2δmn. Since in the pure spinor formalism it is convenient to consider
Weyl representation leading to off-diagonal γm matrices as in (A.2), the Clifford algebra for the 32 × 32 matrices Γ m

educes to

{γm, γ n
} = 2δmn (A.28)

n terms of 16 × 16 chiral gamma matrices. The explicit construction of such matrices can be found in Appendix B.1.
We now want to convert products of gamma matrices into sums over antisymmetrized gammas in the spinorial index

asis. The starting point is the Clifford algebra (A.28) which implies

γmγ n
= γmn

+ δmn . (A.29)

his formula can be used iteratively when more indices are present, but the amount of generated terms grows quickly
hen doing so. General formulae and strategies to handle the combinatorics exist in the literature. For instance, a general

ormula for the product γm1...miγ
n1...nj has been written in [459] using a diagrammatic method, while in [460] an OPE-like

lgorithm was presented. A nice formula was given in [456] with the combinatorics conveniently organized as (note that
he convention here has 1/k! in [a1 . . . ak])

γa1a2...apγ
b1b2...bq =

min(p,q)∑
k=0

k!
(
p
k

)(
q
k

)
δ

[b1
[ap δ

b2
ap−1

· · · δ
bk
ap−k+1

γa1...ap−k]
bk+1...bq] , (A.30)

here all the signs in the sum (prior to antisymmetrization) are uniformly positive due to the reverse ordering chosen
or some indices on the right-hand side. This formula can be further decluttered using a notation based on words. If we
dopt the convention where a lower case letter corresponding to the word denotes the length of the word, |A| := a, we
an rewrite (A.30) more compactly as (here we have 1/k! in [a1 . . . ak])

γAγ
B

=

∑
XY=A
ZW=B
z=y

y!
(
a
y

)(
b
y

)
δ

[Z
[Ỹ
γX]

W ] , (A.31)

here Ỹ denotes the reversal of Y and we note the constraint y = z on the lengths of Y and Z due to the generalized
ronecker delta. The combinatorial coefficients compensate the overall 1/(a!b!) due to the antisymmetrizations over the
and B indices and the normalization of the generalized Kronecker delta (A.9) such that in the expanded result all terms

70 The reversal Q̃ in (A.27) is explained by noting [mn] = −[nm], [mnp] = −[pnm]. In general, [P] =

{
[P̃] : p = 0, 1mod 4
˜

.

−[P] : p = 2, 3mod 4
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ave a ±1 coefficient, as follows from the iterated use of (A.29). For example,

γa1a2γ
b1b2 = γa1a2

b1b2 + 4δ[b1
[a2
γa1]

b2]
+ 2δb1b2a2a1 (A.32)

= γa1a2
b1b2 + δb1a2 γa1

b2 − δb2a2 γa1
b1 + δb2a1 γa2

b1 − δb1a1 γa2
b2 + δb1a2 δ

b2
a1 − δb2a2 δ

b1
a1 .

Another example, which when fully expanded generates 136 terms in total, is given by

γa1a2a3a4a5γ
b1b2b3 = γa1a2a3a4a5

b1b2b3 + 15δ[b1
[a5
γa1a2a3a4]

b2b3]
+ 60δ[b1b2

[a5a4
γa1a2a3]

b3]
+ 60δb1b2b3

[a5a4a3
γa1a2] . (A.33)

he different coefficients in front of each term correspond to the numbers of terms (with ±1 coefficients) that are
enerated once the explicit antisymmetrization takes place (note 136 = 1 + 15 + 60 + 60).
Related formulas for the commutator of gamma matrices can be found in [461].

.6. Gamma matrix identities and pure spinors

A set of frequently used identities when manipulating pure spinor superspace expressions is listed below (repeated
ndices are contracted):

γm
α(βγ

m
γ δ) = 0 , (A.34)

γ
mnp
α[β γ

mnp
γ δ] = 0 , (A.35)

γ αβmnpγ
mnp
γ δ = 48(δαγ δ

β

δ − δβγ δ
α
δ ) , (A.36)

γ
mnp
αβ γ

mnp
γ δ = 12(γm

αδγ
m
βγ − γm

αγ γ
m
βδ) , (A.37)

γm
αβγ

m
δσ = −

1
2
γm
αδγ

m
βσ −

1
24
γ

mnp
αδ γ

mnp
βσ , (A.38)

γ
mnp
αβ γ

mnp
δσ = −18γm

αδγ
m
βσ +

1
2
γ

mnp
αδ γ

mnp
βσ , (A.39)

γ
mnp
αβ γ

mnp
δσ = −12γm

αβγ
m
δσ − 24γm

αδγ
m
βσ , (A.40)

(γmn) δα (γmn) σβ = −8δσα δ
δ
β − 2δδαδ

σ
β + 4γm

αβγ
δσ
m , (A.41)

(γmnpq)αβ (γmnpq)σ δ = 315δδαδ
β
σ +

21
2

(γmn)αδ(γmn)σ β +
1
8
(γmnpq)αδ(γmnpq)σ β , (A.42)

(γmnpq)αβ (γmnpq)σ δ = −48δβα δ
δ
σ + 288δδαδ

β
σ + 48γm

ασγ
βδ
m . (A.43)

They can be derived by using that the gamma matrices form a complete basis for the spinorial indices, see [462] for more
examples. Another important identity is the self-duality of the five-form that yields,

γ
mnpqr
αβ γ

mnpqr
δσ = 0 . (A.44)

Some of the above identities are particularly useful when contracted with pure spinors. The first identity of (A.34), for
instance, implies

(λγm)α(λγm)β = 0 . (A.45)

To see this it suffices to contract γm
α(βγ

m
γ δ) = 0 with λαλγ and use the symmetry (A.16) of the one-form γm

βγ = γm
γ β to

obtain (λγm)β (λγm)δ = −(λγm)δ(λγm)β − (λγmλ)γm
δβ = −(λγm)δ(λγm)β = 0 based on the pure spinor constraint (3.26).

An important corollary of (A.45) is

(λγm)α(λγmnpqrλ) = 0 , (A.46)

which can be proven by decomposing the five-form using (A.31) as (λγmnpqrλ) = (λγmγ npqrλ)+(λγ npqλ)δmr
−(λγ nprλ)δmq

+

(λγ nqrλ)δmp
− (λγ pqrλ)δmn and observing that all the three-forms contracted with two pure spinors vanish by the

antisymmetry (A.16). We can thus rewrite (λγm)α(λγmnpqrλ) = (λγm)α(λγmγ npqrλ) which vanishes by (A.45).

ppendix B. The U (5) decomposition of SO(10)

In this appendix we will list some of the formulae relevant for the decomposition of various SO(10) representations
nto their U(5) components. Some useful references are [463] and the appendices of [464–466].

.1. The Clifford algebra in R10

For convenience, we will consider the Wick-rotated version SO(10) of the Lorentz group SO(1, 9). The ten-dimensional
lifford algebra in Euclidean signature

{Γ m,Γ n
} = 2δmn , m, n = 1, 2, . . . , 10 (B.1)
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dmits a recursive construction [467] starting from the 2 × 2 representation in terms of Pauli matrices

σ1 =

(
0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
, (B.2)

atisfying {σi, σj} = 2δij for i, j = 1, 2, 3. To assemble the explicit 25
× 25 gamma matrices Γ m in ten dimensions we use

he Kronecker product of Pauli sigma matrices as follows [468] (1 := 12×2; also see (A.4) for the analogous numerical
epresentation of Γ m for Minkowski spacetime R1,9):

Γ 1
= σ2 ⊗ σ1 ⊗ 1 ⊗ 1 ⊗ 1 , Γ 6

= σ2 ⊗ σ2 ⊗ 1 ⊗ 1 ⊗ 1 ,

Γ 2
= σ2 ⊗ σ3 ⊗ σ1 ⊗ 1 ⊗ 1 , Γ 7

= σ2 ⊗ σ3 ⊗ σ2 ⊗ 1 ⊗ 1 ,

Γ 3
= σ2 ⊗ σ3 ⊗ σ3 ⊗ σ1 ⊗ 1 , Γ 8

= σ2 ⊗ σ3 ⊗ σ3 ⊗ σ2 ⊗ 1 , (B.3)

Γ 4
= σ2 ⊗ σ3 ⊗ σ3 ⊗ σ3 ⊗ σ1 , Γ 9

= σ2 ⊗ σ3 ⊗ σ3 ⊗ σ3 ⊗ σ2 ,

Γ 5
= σ2 ⊗ σ3 ⊗ σ3 ⊗ σ3 ⊗ σ3 , Γ 10

= −σ1 ⊗ 1 ⊗ 1 ⊗ 1 ⊗ 1 .

he properties of the Kronecker product, (A ⊗ B)(C ⊗ D) = (AC ⊗ BD) and (A ⊗ B)T = AT
⊗ BT , imply that the Clifford

lgebra (B.1) is satisfied. Moreover, the symmetry properties of the above gamma matrices are

Γ T
m =

{
−Γm , m = 1, . . . , 5
+Γm , m = 6, . . . , 10 .

(B.4)

n addition, the gamma matrices in (B.3) are purely imaginary for m = 1, . . . , 5 and real for m = 6, . . . , 10, as they are
onstructed with an odd or even number of σ2. This means that the representation (B.3) is hermitian

Γ †
m = Γm . (B.5)

harge conjugation and chirality matrices. Given the above symmetry property of Γm, the charge conjugation matrix C
atisfying

CΓm = −Γ T
mC (B.6)

s obtained by the product of all antisymmetric Γ ’s [469]

C = Γ1Γ2Γ3Γ4Γ5 = −σ2 ⊗ σ1 ⊗ σ2 ⊗ σ1 ⊗ σ2 . (B.7)

t is easy to see that C is antisymmetric, off-diagonal and satisfies C2
= 132×32. In addition, the chirality matrix is given

by

Γ11 = −iΓ1 . . .Γ10 = σ3 ⊗ 1 ⊗ 1 ⊗ 1 ⊗ 1 =

(
116×16 0

0 −116×16

)
, (B.8)

and has the same numerical value as in the Lorentzian version (A.7).

B.2. Vectors and Lorentz generators

The generators Mmn of the group SO(10) are antisymmetric Mmn
= −Mnm and satisfy the Lie-algebra relations

[Mmn,Mpq
] = δmpMnq

− δnpMmq
− δmqMnp

+ δnqMmp . (B.9)

The vector V p and spinor Ψ representations of SO(10) are defined by the following transformations71

[Mmn, V p
] = δmpV n

− δnpVm , (B.10)

[Mmn,Ψ ] =
1
2
Γ mnΨ . (B.11)

To decompose the vectorial representation SO(10) → U(5) we shall split the ten components of the SO(10) vector Vm

with m = 1, . . . , 10 into two vectors va, va labeled by an index a = 1, . . . , 5 as

va =
1

√
2

(
V a

+ iV a+5) , va =
1

√
2

(
V a

− iV a+5) , a = 1, . . . , 5 . (B.12)

71 Note the consistency between (B.9) and (B.10) as the transformation (B.9) can be viewed as the two-form version of (B.10) using [Mmn, V r
⊗V s

] =

[Mmn, V r
]⊗V s

+V r
⊗[Mmn, V s

] and setting Mpq
= V p

⊗V q
−V q

⊗V p . The sign on the right-hand side of (B.11) may naively appear to conflict with the
fact that the Lorentz algebra (B.9) is obeyed by Gamma matrices in the normalization of Mmn

→ −
1
2Γ

mn . However, repeated Lorentz transformations
ead to Gamma matrices in the opposite multiplication order [Mpq, [Mmn,Ψ ]] =

1
4 (Γ

mnΓ pq)Ψ such that [[Mpq,Mmn
],Ψ ] =

1
4 [Γ mn,Γ pq

]Ψ =

1
2 (δ

p[mΓ n]q
− δq[mΓ n]p)Ψ , and the normalization on the right-hand side of (B.11) is determined by consistency with (B.9). In case of the pure

pinor ghost Ψ → λα and its Lorentz current Mmn
→ Nmn , a more detailed version of this calculation can be found in (3.35), where (B.11) is

mplemented through the OPE (3.33).
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onsequently, the components of tensors of SO(10) are split following the tensor products of the vector decompositions
B.12) with the corresponding symmetry conditions. This implies, for example, that the generators Mmn split as follows:

mab
=

1
2

(
Mab

+ iMa(b+5)
+ iM (a+5)b

− M (a+5)(b+5)) , (B.13)

mab =
1
2

(
Mab

− iMa(b+5)
− iM (a+5)b

− M (a+5)(b+5)) ,
ma

b =
1
2

(
Mab

− iMa(b+5)
+ iM (a+5)b

+ M (a+5)(b+5)) .
Moreover, the trace of ma

b is given by

m =

5∑
a=1

ma
a = i

5∑
a=1

M (a+5)a . (B.14)

From the above it follows that

[mab, vc] = 0 , [mab, vc] = 0 , (B.15)

[mab, v
c
] = δcavb − δcbva , [mab, vc] = δacv

b
− δbc v

a ,

[ma
b, v

c
] = −δcbv

a , [ma
b, vc] = δacvb ,

[m, vc] = −vc , [m, vc] = vc .

To derive the above commutators, the decompositions (B.12) and (B.13) have been used to rewrite them in SO(10)
language, where (B.10) can be applied with its outcome cast back in U(5) variables using (B.12).

Similarly, the same strategy shows that the SO(10) Lie algebra (B.9) decomposes to U(5) as

[mab,mcd] = 0 , [mab,mcd
] = 0 , (B.16)

[mab,mcd
] = −δcam

d
b + δdam

c
b + δcbm

d
a − δdbm

c
a , [mab,mc

d] = −δcbmad + δcambd ,

[mab,mc
d] = −δadm

bc
+ δbdm

ac , [ma
b,m

c
d] = −δcbm

a
d + δadm

c
b ,

[m,mab] = 2mab , [m,mab
] = −2mab ,

[m,ma
b] = 0 , [m,m] = 0 .

This shows that ma
b are the generators of U(5) embedded in SO(10). Moreover mab and mab transform as two-forms under

U(5), and va, va transform in the defining representations 5 and 5 of U(5). The trace m is the U(1) generator in the
ecomposition U(5) = SU(5) ⊗ U(1). The U(1) charge qR of a representation R is defined by [m, R] = qRR and denoted
y a subscript NqR for an N-dimensional representation of SU(5). We conclude that the vector Vm and the antisymmetric

tensor Mmn transform as follows under the SU(5) ⊗ U(1) decomposition of SO(10),

Vm
→ va ⊕ va , Mmn

→ mab
⊕ mab ⊕ ma

b ⊕ m , (B.17)

10 → 5−1 ⊕ 51 , 45 → 10−2 ⊕ 102 ⊕ 240 ⊕ 10 .

Decomposition of the Lorentz currents OPE. In the pure spinor formalism the SO(10) to U(5) decomposition must be applied
to the OPE between the Lorentz generators for the pure spinor variables,

Nmn(z)Npq(w) ∼
δmpNnq(w) − δnpNmq(w) − δmqNnp(w) + δnqNmp(w)

z − w
− 3

(
δmqδnp − δmpδnq

)
(z − w)2

. (B.18)

tarting from the generators in (B.13) and (B.14), we perform the redefinitions

n =
m
√
5
, na

b = ma
b −

1
5
δabm , (B.19)

hich identify na
b as the traceless generator of SU(5). Using the same strategy as above leads to the following OPEs among

he SU(5) ⊗ U(1) decompositions

nab(z)ncd(w) ∼ regular , nab(z)ncd(w) ∼ regular , (B.20)

nab(z)ncd(w) ∼

−δc
[an

d
b] + δd

[an
c
b] −

2
√
5
δc
[aδ

d
b]n

z − w
− 3

δcbδ
d
a − δcaδ

d
b

(z − w)2
, n(z)na

b(w) ∼ regular ,

na
b(z)n

c
d(w) ∼

−δcbn
a
d + δadn

c
b

z − w
− 3

δadδ
c
b −

1
5δ

a
bδ

c
d

(z − w)2
, n(z)nab(w) ∼

2
√
5

nab

z − w
,

nab(z)nc
d(w) ∼

−δadn
bc

+ δbdn
ac

−
2
5δ

c
dn

ab

, n(z)nab(w) ∼ −
2

√
nab

,

z − w 5 z − w
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nab(z)nc
d(w) ∼

−δcbnad + δcanbd +
2
5δ

c
dnab

z − w
, n(z)n(w) ∼ −

3
(z − w)2

.

edefining the U(1) charge to [n, R] =
qR√
5
R in view of (B.19) we see that (n, na

b, n
ab, nab) transform as the (10, 240, 10−2, 102

epresentations of SU(5) ⊗ U(1).

.3. Spinors

To obtain the decomposition of the spinorial representation of SO(10) under SU(5) ⊗ U(1) it will be convenient to
onsider the linear combinations [463]

ba =
1
2

(
Γ a

+ iΓ a+5) , ba =
1
2

(
Γ a

− iΓ a+5) , (B.21)

where a = 1, 2, . . . , 5. The Clifford algebra (B.1) implies the fermionic oscillator algebra

{ba, bb} = δba , {ba, bb} = {ba, bb} = 0 . (B.22)

This means that the matrices ba and bb can be interpreted as annihilation and creation operators. To exploit this
interpretation we define a vacuum |0⟩ annihilated by all the ba operators, ba |0⟩ := 0 (also ⟨0| ba := 0) and normalized as
⟨0|0⟩ = 1. States are created by acting with the creation operators ba on the vacuum, for a maximum of 32 states. We
will also define ⟨ψ | = |ψ⟩

T . These operators also satisfy

b†
a = ba , (ba)† = ba , (B.23)

bTa = −ba , (ba)T = −ba ,

for a = 1, . . . , 5, as can be verified from (B.4) and (B.5). In this language, the charge conjugation and chirality matrices in
(B.7) and (B.8) become

C =

5∏
j=1

(bj + bj) , Γ11 =

5∏
j=1

(bjbj − bjbj) . (B.24)

To connect this description with the U(5) decomposition of SO(10) above, we write the generators Mmn for the spinor
representation as

Mmn
→ −

1
2
Γ mn

= −
1
4
[Γ m,Γ n

] , (B.25)

which satisfy the commutation relations (B.9). Therefore, from the expressions (B.13) and (B.14), the U(5) Lorentz
generators become

ma
b = −

1
2

(
babb − bbba

)
, m = −

1
2

(
baba − baba

)
= −baba +

5
2
, (B.26)

mab
= −babb, mab = −babb .

These expressions can be verified by plugging the spinorial representation (B.25) into the decompositions (B.13) and
using the inverse of (B.21). In this language, it is straightforward to verify the decompositions (B.16) using [bbba, bdbc] =

[bbba, bd]bc + bd[bbba, bc] and [bd, bbba] = {bd, bb}ba − bb{bd, ba}. Furthermore,

[ma
b, b

c
] = −δcbb

a , [ma
b, bc] = δac bb , (B.27)

[mab, bc] = 0 , [mab, bc] = δac b
b
− δbc b

a ,

[mab, bc] = δcabb − δcbba , [mab, bc] = 0 ,
[m, bc] = −bc , [m, bc] = bc .

These relations identify ma
b as the generators of U(5) and m as the generator of U(1). Moreover (B.27) implies that bc and

bc transform in the 5−1 and 51 representations of SU(5) ⊗ U(1), respectively.

Pure spinors. Recall that a ten-dimensional pure spinor was defined by Cartan as a bosonic Weyl spinor Λ satisfying the
equation [114]

ΛTCΓ mΛ = 0 , (B.28)

where C is the 32 × 32 charge conjugation matrix (B.7) and Γ11Λ = −Λ. From (B.8) we obtain ΛT
= (λ 0) for a 16

dimensional bosonic spinor λα , and this implies the familiar equation λαγm
αβλ

β
= 0. We will now describe the pure spinor

constraint using the creation and annihilation operators (B.21). To do this, first we will need to characterize a Weyl spinor
in this language.
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emma 14. The 16 ⊕ 16′ states of ten-dimensional Weyl |λ⟩ and anti-Weyl |Ω⟩ spinors satisfying Γ11 |λ⟩ = − |λ⟩ and
Γ11 |Ω⟩ = |Ω⟩ are created by

|λ⟩ = λ+
|0⟩ +

1
2
λabbbba |0⟩ +

1
4!
λaϵabcdebebdbcbb |0⟩ , (B.29)

|Ω⟩ =
1
5!
ω+εabcdebabbbcbdbe |0⟩ +

1
2!3!

ωabεabcdebcbdbe |0⟩ + ωaba |0⟩ .

hese expressions correspond to the following representation decompositions of SO(10) → U(5):

λα → (λ+, λab, λ
a) , ωα → (ω+, ω

ab, ωa) , (B.30)

16 → (1, 10, 5) , 16′
→ (1, 10, 5) .

roof. The chirality matrix in terms of the creation and annihilation algebra is given by (B.8) such that Γ11 |0⟩ = − |0⟩
nd {Γ11, ba} = 0. This means that states with an even (odd) number of creation operators acting on the vacuum have
igenvalue −1 (+1) under Γ11. This explains the expressions (B.29). The number of independent components of each U(5)

representation in (B.30) follows easily from the fermionic nature of the creation operators ba as #(ba1 . . . bak ) =
(5
k

)
. □

Note that the U(5) components of the Weyl and anti-Weyl spinors can be extracted as

λ+
= ⟨0|λ⟩ , λab = ⟨0| babb |λ⟩ , λa =

1
4!
ϵabcde ⟨0| bbbcbdbe |λ⟩ ,

ω+ =
1
5!
ϵabcde ⟨0| babbbcbdbe |ω⟩ , ωab

= −
1
3!
ϵabcde ⟨0| bcbdbe |ω⟩ , ωa = ⟨0| ba |ω⟩ . (B.31)

In order to obtain the number of degrees of freedom of a ten-dimensional pure spinor we will need the following results

⟨0| Cbabbbcbdbe |0⟩ = ϵabcde , Cba = baC , Cba = baC , (B.32)

which can be obtained from (B.8) and (B.22) together with the normalization ⟨0|0⟩ = 1. Using the Weyl spinor
decomposition (B.29) one can also show

⟨0| Cba |λ⟩ = λa , (B.33)

⟨0| Cbabbbc |λ⟩ = −
1
2
ϵabcdeλde ,

⟨0| Cbabbbcbdbe |λ⟩ = ϵabcdeλ+ .

We are now ready to show

Proposition 21. A ten-dimensional pure spinor has eleven complex degrees of freedom.

Proof. Under the decomposition of SO(10) → U(5), the constraint (B.28) generates two sets of independent equations
(with i = 1, 2, 3, 4, 5 each)72:

⟨λ| Cbi |λ⟩ = 0 , (B.34)

⟨λ| Cbi |λ⟩ = 0 . (B.35)

The transpose relation (bi)T = −bi in (B.22) implies ⟨λ| = ⟨0| λ+ +
1
2 ⟨0| babbλab +

1
24 ⟨0| bbbcbdbeλaϵabcde. So Eq. (B.34)

becomes

0 = ⟨λ| Cbp |λ⟩ = λ+
⟨0| Cbp |λ⟩ +

1
2
λij ⟨0| bibjCbp |λ⟩ +

1
24
λiϵijklm ⟨0| bjbkblbmCbp |λ⟩

= 2λ+λa −
1
4
ϵabcdeλbcλde , (B.36)

here we used baC = Cba from (B.32) and (B.33). Hence, (B.36) implies that we can write the five components λa in
erms of the others

λa =
1

8λ+
ϵabcdeλbcλde , (B.37)

hich solves the first equation (B.34). Moreover, the second equation (B.35) yields

⟨0| Cbb |0⟩ = 2λaλab , (B.38)

72 The constraint (B.28) for both Γ 1
= b1 + b and Γ 6

= −i(b1 − b ) implies ⟨λ| Cb |λ⟩ = 0 and ⟨λ| Cb1 |λ⟩ = 0 from suitable linear combinations.
1 1 1
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hich is automatically satisfied when inserting the solution (B.37) due to an over-antisymmetrization of five-dimensional
ndices. Therefore the pure spinor constraint in ten dimensions removes only the five components (B.37) from the
6-component Weyl spinor, leaving a total of eleven degrees of freedom. □

pinorial transformations in U(5) language. In the fundamentals of the pure spinor formalism it is necessary to know how
he U(5) components of the pure spinor transform under the SO(10) rotations. To do this we note the interpretation [463]
|v⟩ = |Ov⟩ for an arbitrary operator O that allows one to read off how the different tensor components transform under
. Straightforward calculations using the operators (B.26) imply that the right-hand side of the spinorial transformation
B.11), given by the action of 1

2Γ
mn

= −Mmn, decomposes as follows

mab |λ⟩ = −λab |0⟩ −
1
2
ϵabcdeλ

ebdbc |0⟩ ,

mab
|λ⟩ = −λ+babb |0⟩ −

1
2
λcdbabbbdbc |0⟩ , (B.39)

ma
b |λ⟩ =

1
2
δab |λ⟩ − λcbbabc |0⟩ −

1
3!
λcϵcdefbbabf bebd |0⟩ ,

m |λ⟩ =
5
2
λ+

|0⟩ +
1
4
λabbbba |0⟩ −

1
16
λaϵabcdebebdbcbb |0⟩ .

Note the factor of |λ⟩ instead of |0⟩ in the first term of (B.39).
Using the projections to the U(5) components (B.31) these transformations imply

mabλ
+

= −λab , mabλcd = −ϵabcdeλ
e , mabλ

c
= 0 , (B.40)

mabλ+
= 0 , mabλcd = −(δadδ

b
c − δac δ

b
d)λ

+ , mabλc =
1
2
ϵabcdeλde ,

ma
bλ

+
=

1
2
δabλ

+ , ma
bλcd = −δadλcb + δacλdb +

1
2
δabλcd , ma

bλ
c
= δcbλ

a
−

1
2
δabλ

c ,

mλ+
=

5
2
λ+ , mλcd =

1
2
λcd , mλc = −

3
2
λc .

or example, |mλ⟩ab := ⟨0| babbm |λ⟩ =
1
4λfg ⟨0| babbbgbf |0⟩ =

1
2λab, where |mλ⟩ab denotes the projection of |mλ⟩ into its

0 component of SU(5).
After identifying the SU(5) ⊗ U(1) Lorentz currents with a traceless na

b as

(n, na
b, n

ab, nab) = −

(
m
√
5
,ma

b −
1
5
δabm,m

ab,mab

)
, (B.41)

we arrive at the following SO(10) → SU(5) ⊗ U(1) decompositions

nabλ
+

= λab , nabλcd = ϵabcdeλ
e , nabλ

c
= 0 , (B.42)

nabλ+
= 0 , nabλcd = −δ[a

c δ
b]
d λ

+ , nabλc = −
1
2
ϵabcdeλde ,

na
bλ

+
= 0 , na

bλcd = δadλcb − δacλdb −
2
5
δabλcd , na

bλ
c
= −δcbλ

a
+

1
5
δabλ

c ,

nλ+
= −

√
5
2
λ+ , nλcd = −

1

2
√
5
λcd , nλc =

3

2
√
5
λc .

These are the coefficients of the single pole in the OPE Nmnλα in (3.33).
To find the U(1) charges of the anti-Weyl spinor we compute

m |Ω⟩ = −
1
48
ω+εabcdebabbbcbdbe |0⟩ −

1
24
ωabεabcdebcbdbe |0⟩ +

3
2
ωaba |0⟩ (B.43)

which implies, after projecting to the components via (B.31),

mω+ = −
5
2
ω+ , mωab

= −
1
2
ωab , mωa =

3
2
ωa . (B.44)

Appendix C. Combinatorics on words

In this appendix we list some of the most common maps on words used throughout this review. With the exception
of the letterification defined in [93], these definitions are standard and can be found in the books [152,470].

The left-to-right bracketing map ℓ(A), also called the Dynkin bracket, is defined recursively by

ℓ(123..n) := ℓ(123...n − 1)n − nℓ(123...n − 1) , ℓ(i) = i , ℓ(∅) = 0 . (C.1)
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or example,

ℓ(12) = 12 − 21 , (C.2)
ℓ(123) = 123 − 213 − 312 + 321 .

n addition, the map ρ(A) is defined by

ρ(123 . . . n) := ρ(123 . . . n−1)n − ρ(23 . . . n)1 . (C.3)

or example,

ρ(12) = 12 − 21 , (C.4)
ρ(123) = 123 − 213 − 231 + 321 .

he shuffle product ´ is defined recursively by

∅´ P = P ´ ∅ := P , iP ´ jQ := i(P ´ jQ ) + j(Q ´ iP) , (C.5)

here i and j are letters, P and Q are words while ∅ represents the empty word. For example,

1´ 2 = 12 + 21 , 1´ 23 = 123 + 213 + 231 , (C.6)
12´ 34 = 1234 + 1324 + 1342 + 3124 + 3142 + 3412 .

he deshuffle δ(P) = X ⊗ Y of P (sometimes denoted as P = X ´ Y ) is the sum of all pairs of words X, Y such that P is in
the shuffle of X and Y . An efficient algorithm to obtain the words X and Y in δ(P) = X ⊗ Y is given by [152]

δ(a1a2 . . . an) := δ(a1)δ(a2) . . . δ(an) , δ(ai) := ∅ ⊗ ai + ai ⊗ ∅ , δ(∅) := ∅ ⊗ ∅ , (C.7)

where the product is defined as

(A ⊗ B)(R ⊗ S) := (AR ⊗ BS) . (C.8)

For example,

δ(1) = ∅ ⊗ 1 + 1 ⊗ ∅ , (C.9)
δ(12) = δ(1)δ(2) = (∅ ⊗ 1 + 1 ⊗ ∅)(∅ ⊗ 2 + 2 ⊗ ∅) = ∅ ⊗ 12 + 1 ⊗ 2 + 2 ⊗ 1 + 12 ⊗ ∅ ,

δ(123) = δ(12)δ(3) = (∅ ⊗ 12 + 1 ⊗ 2 + 2 ⊗ 1 + 12 ⊗ ∅)(∅ ⊗ 3 + 3 ⊗ ∅)
= ∅ ⊗ 123 + 1 ⊗ 23 + 2 ⊗ 13 + 12 ⊗ 3 + 3 ⊗ 12 + 13 ⊗ 2 + 23 ⊗ 1 + 123 ⊗ ∅ .

n alternative characterization of the deshuffle map is

δ(P) =

∑
X,Y

⟨P, X ´ Y ⟩ X ⊗ Y , (C.10)

here ⟨·, ·⟩ denotes the scalar product on words73

⟨A, B⟩ := δA,B , δA,B =

{
1 , if A = B
0 , otherwise .

(C.11)

n addition, the letterfication maps a word Q to a letter q̇,

Q → q̇ . (C.12)

he purpose of this map is to avoid deconcatenation of q̇ since a letter cannot be deconcatenated. For example, suppose
hat the word Q = 12 has been letterified to q̇ = 12 and that P = 3. Then deconcatenating QP is different from
econcatenating q̇P . For example, one gets only one term

∑
XY=q̇P SXTY = Sq̇T3 = S12T3 instead of the usual two

(
∑

XY=Q̇ P SXTY = S1T23 + S12T3) if Q is not letterified.
In the proof of (4.131) we used a result that was already implicit in the proof of the shuffle symmetry of Berends–Giele

currents in the appendix A of [92]:

Lemma 15. For A and B non-empty words

∆(A´ B) = ∅ ⊗ (A´ B) + (A´ B) ⊗ ∅ + A ⊗ B + B ⊗ A +

∑′

PQ=A

∑′

RS=B
(P ´ R) ⊗ (Q ´ S) , (C.13)

where
∑

′ denotes deconcatenation over non-empty words.

73 Not to be confused with the pure spinor zero-mode measure.
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roof. The deconcatenation coproduct ∆(P) =
∑

XY=P X ⊗ Y is a homomorphism with respect to the shuffle product,
(A ´ B) = ∆(A) ´ ∆(B) (see Proposition 1.9 of [152]). Noting that (P ⊗ Q ) ´ (R ⊗ S) = (P ´ R) ⊗ (Q ´ S) we get for
, B ̸= ∅

∆(A´ B) = ∆(A)´∆(B) =

∑
PQ=A

∑
RS=B

(P ⊗ Q )´ (R ⊗ S) (C.14)

= ∅ ⊗ (A´ B) + (A´ B) ⊗ ∅ + A ⊗ B + B ⊗ A +

∑′

PQ=A

∑′

RS=B
(P ´ R) ⊗ (Q ´ S) ,

here the first four terms in the second line come from separating off the empty words in the sums such that the
econcatenation words in

∑
′ are not empty. □

.1. The dual Lie polynomials

The dual Lie polynomials in L∗ are characterized by the dual basis iQ satisfying

⟨iQ , ℓ(iP)⟩ = δQ ,P , (C.15)

here ℓ(iP) is the Lyndon basis of Lie polynomials when i is the minimum letter of iQ . Given a dual Lie polynomial P∗

nd a Lie polynomial P , their expansions in their respective bases are given by [471]

P∗
=

∑
Q

⟨P∗, ℓ(iQ )⟩iQ , (C.16)

P =

∑
Q

⟨P, iQ ⟩ℓ(iQ ) . (C.17)

sing Ree’s theorem (4.133) it is easy to see that dual Lie polynomials are unchanged by proper shuffles and therefore
efine equivalence classes P∗

+
∑

R´ S ∼ P∗. For related work, see [472] and also [190].

ppendix D. Dynkin labels of SO(10)

In this appendix we will very briefly summarize the representation theory of SO(10) in the language of Dynkin labels
hat was used in the main text. The practical calculations were done using [155]. For the mathematical background,
ee [473,474].
An irreducible representation of the Lie algebra of SO(10) is labeled by five indices (a1a2a3a4a5) characterizing its

ighest-weight vector. For instance a scalar of SO(10) is represented by (00000), while a vector is the (10000); see the
able below for more examples.

Dynkin label SO(10) content
(00000) 0-form A
(10000) 1-form Am

(01000) 2-form A[mn]

(00100) 3-form A[mnp]

(00011) 4-form A[mnpq]

(00020) ⊕ (00002) 5-form A[mnpqr]

(00010) anti-Weyl spinor ψα
(00001) Weyl spinor ψα

(0000n) λα1λa2 . . . λαn pure spinors

The dimension of the representation labeled by (a1 . . . a5) is given by [475]

87091200 dim(a1a2a3a4a5) = (1 + a1)(1 + a2)(1 + a3)(1 + a4)(1 + a5)(2 + a1 + a2)(2 + a2 + a3)
× (2 + a3 + a4)(2 + a3 + a5)(3 + a1 + a2 + a3)(3 + a2 + a3 + a4)(3 + a2 + a3 + a5)
× (3 + a3 + a4 + a5)(4 + a1 + a2 + a3 + a4)(4 + a1 + a2 + a3 + a5)
× (4 + a2 + a3 + a4 + a5)(5 + a1 + a2 + a3 + a4 + a5)(5 + a2 + 2a3 + a4 + a5)

× (6 + a1 + a2 + 2a3 + a4 + a5)(7 + a1 + 2a2 + 2a3 + a4 + a5) . (D.1)

For example, dim(00000) = 1, dim(10000) = 10, and dim(00001) = 16. From the formula above it is easy to be convinced
that these calculations are better handled by computers, see [155,475].

Many calculations in this review require to know the decomposition of product representations. A common example
is the familiar fact that two vectors decompose into a symmetric and traceless, antisymmetric and trace parts; VmW n

=
1
2 (V

mW n
+ V nWm

−
δmn

5 V · W ) +
1
2 (V

mW n
− VmW n) +

1
10δ

mnV · W . In terms of the Dynkin labels, this is represented by

(10000) ⊗ (10000) = (20000) ⊕ (01000) ⊕ (00000) , (D.2)
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here (20000) is the symmetric traceless and (01000) is the antisymmetric part. The dimensions match as 10 × 10 =

54 + 45 + 1.
Of special importance for us is the pure spinor representation. A single pure spinor λα is a Weyl spinor (00001), but

product of n pure spinors λα1λα2 . . . λαn is (0000n). The dimensions of the pure spinor representation λn = (0000n) are
6, 126, 672, 2772, 9504, 28314, . . . for n = 1, 2, 3, 4, 5, 6, . . ..

ppendix E. Pure spinor superspace correlators

The result (3.95) of Lemma 2 guarantees that any pure spinor superspace expression with three pure spinors and
ive thetas can be reduced to the unique scalar proportional to (λ3θ5) with coefficients carrying the tensorial structure
hose normalization is uniquely fixed by the condition (3.80). Therefore one can assemble a catalog of correlators
sing symmetry arguments alone. For instance, (in contrast to the rest of this work, the antisymmetrization brackets
m1m2 . . .mk] enclosing k indices here include 1/k!, e.g. V [mW n]

=
1
2 (V

mW n
− V nWm))

⟨(λγmθ )(λγ sθ )(λγ uθ )(θγfghθ )⟩ = 24δmsu
fgh , (E.1)

⟨(λγmθ )(λγsθ )(λγ ptuθ )(θγfghθ )⟩ =
288
7
δ

[p
[mηs][f δ

t
gδ

u]
h] ,

⟨(λγmθ )(λγ nrsθ )(λγ ptuθ )(θγfghθ )⟩ =
12
35
ϵfghm

nprstu
+

144
7

[
δ[n
m δ

r
[f η

s][pδtgδ
u]
h] − δ[p

m δ
t
[f η

u][nδrgδ
s]
h]

]
−

72
7

[
ηm[f η

v[pδtgη
u][nδrh]δ

s]
v − ηm[f η

v[nδrgη
s][pδth]δ

u]
v

]
,

⟨(λγmnpqrθ )(λγdθ )(λγeθ )(θγfghθ )⟩ = −
480
7

(
δ
mnpqr
defgh −

1
120

ϵ
mnpqr

defgh

)
,

⟨(λγmnpqrθ )(λγstuθ )(λγ vθ )(θγfghθ )⟩ =
576
7
ηv[mδn

[sδ
p
t ηu][f δ

q
gδ

r]
h] −

1152
7

δ
[m
[s δ

n
t δ

p
u]δ

q
[f δ

r]
g δ

v
h]

+
1

120
ϵ
mnpqr

abcde

(
576
7
ηv[aδb

[sδ
c
t ηu][f δ

d
gδ

e]
h] −

1152
7

δ
[a
[s δ

b
t δ

c
u]δ

d
[f δ

e]
g δ

v
h]

)
,

⟨(λγmnpθ )(λγqrsθ )(λγtuvθ )(θγ ijkθ )⟩ = −
1728
35

[
δ[i
a δ

j
[tδ

k]
u δ

[m
v] δ

n
[qδ

p]
r δ

a
s] − δ[i

a δ
j
[qδ

k]
r δ

[m
s] δ

n
[tδ

p]
u δ

a
v] + δ

[i
[qδ

j
rη

k][mηs][tδ
n
uδ

p]
v]

+ δa
[tη

b[iδjuη
k][mηv][qδ

n
r ηs]aδ

p]
b − δa

[qη
b[iδjrη

k][mηs][tδ
n
uηv]aδ

p]
b − δ

[i
[tδ

j
uη

k][mηv][qδ
n
r δ

p]
s]

]
,

where δmsu
fgh is the antisymmetrized combination of Kronecker deltas beginning with 1

3!δ
m
f δ

s
gδ

u
h , see (A.9). To justify the first

line of (E.1), note that its right-hand side is the only tensor antisymmetric both in [msu] and [fgh] and which is normalized
o yield 2880 upon contraction (because δmsu

msu = 120, see (A.11)), therefore respecting the normalization (3.81). The other
identities are justified by similar means.

Basis of zero-mode correlators. Using the Fierz identities (A.18) appropriately, all pure spinor superspace expressions can
be written as a linear combination of the following three correlators [391,476]

⟨(λγmnpqrλ)(λγ sθ )(θγfghθ )(θγjklθ )⟩ =
1152
7

δmf δ
n
g δ

h
j δ

p
kδ

q
l δ

r
s −

2304
7

δmf δ
n
g δ

p
hδ

q
j δ

r
kδ

s
l (E.2)

+
1

120
ϵ
mnpqr

abcde

[1152
7

δaf δ
b
gδ

h
j δ

c
kδ

d
l δ

e
s −

2304
7

δaf δ
b
gδ

c
hδ

d
j δ

e
kδ

s
l

]
+ [mnpqr][fgh][jkl] + (fgh ↔ jkl) ,

⟨(λγmnpqrλ)(λγ stuθ )(θγfghθ )(θγjklθ )⟩ =
6917
7

[
δvs δ

t
f δ

m
u δ

n
g δ

h
j δ

p
kδ

q
l δ

r
v − δsf δ

t
gδ

m
u δ

n
hδ

p
j δ

q
kδ

r
l

]
+

3456
1125

ϵ
mnpqr

abcde

[
δvs δ

t
f δ

a
uδ

b
gδ

h
j δ

c
kδ

d
l δ

e
v − δsf δ

t
gδ

a
uδ

b
hδ

c
j δ

d
kδ

e
l

]
+ [mnpqr][stu][fgh][jkl] + (fgh ↔ jkl) ,

⟨(λγmnpqrλ)(λγ stuvxθ )(θγ fghθ )(θγ jklθ )⟩ = 2880
[8
7
δms δ

n
t δ

p
f δ

q
gδ

r
hδ

u
j δ
v
k δ

x
l −

8
7
δms δ

n
t δ

p
uδ

q
f δ

r
gδ
v
j δ

x
kδ

h
l

+
16
7
δms δ

n
t δ

p
uδ

q
f δ

r
j δ
v
g δ

x
kδ

h
l −

24
7
δms δ

n
t δ

p
f δ

q
gδ

r
j δ

u
hδ
v
k δ

x
l

]
+ 24ϵmnpqr

abcde

[8
7
δas δ

b
t δ

c
f δ

d
gδ

e
hδ

u
j δ
v
k δ

x
l −

8
7
δas δ

b
t δ

c
uδ

d
f δ

e
gδ
v
j δ

x
kδ

h
l

+
16
7
δas δ

b
t δ

c
uδ

d
f δ

e
j δ
v
g δ

x
kδ

h
l −

24
7
δas δ

b
t δ

c
f δ

d
gδ

e
j δ

u
hδ
v
k δ

x
l

]
+ [mnpqr][stuvx][fgh][jkl] + (fgh ↔ jkl) ,
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here the notation +[i1 . . . ik] . . . instructs to antisymmetrize the indices i1, . . . , ik including the normalization 1/k!. In
he correlations above we obtained the epsilon terms by considering the duality (A.21) of the five-form gamma matrix,
xplaining their relative factors of the form (parity even) +

1
120ϵ10(parity even).

Suppose one wants to compute the following pure spinor correlator

⟨(λγmθ )(λγ nγ rsθ )(λγ pγ tuθ )(θγfghθ )⟩ . (E.3)

Using the gamma-matrix identity γmγ np
= γmnp

+ηmnγ p
−ηmpγ n, we obtain a linear combinations of correlators present

in the catalog above:

⟨(λγmθ )(λγ nγ rsθ )(λγ pγ tuθ )(θγfghθ )⟩ = ⟨(λγmθ )(λγ nrsθ )(λγ ptuθ )(θγfghθ )⟩ (E.4)

+ 2⟨(λγmθ )ηn[r (λγ s]θ )(λγ ptuθ )(θγfghθ )⟩

+ 2⟨(λγmθ )(λγ nrsθ )ηp[t (λγ u]θ )(θγfghθ )⟩

+ 4⟨(λγmθ )ηn[r (λγ s]θ )ηp[t (λγ u]θ )(θγfghθ )⟩ .

Proceeding in this way we can quickly calculate any zero-mode correlator, and a FORM implementation can be found
in [162].

Practicalities of pure spinor superspace component expansions. By virtue of Fierz identities, all possible pure spinor
superspace expressions can be written in the basis (E.2) of three fundamental zero-mode correlators: (λγ [5]λ)(λγ [n]θ )
(θγ [3]θ )(θγ [3]θ ) with n = 1, 3 or 5, where the notation γ [n] for an integer n means an antisymmetric gamma matrix with
n vectorial indices. The explicit form of this basis can be found in (E.2).

However, it is often more efficient to assemble beforehand a catalog of common correlators and use them out of
storage rather than performing the Fierz manipulations to go to the above basis. This avoids wasteful manipulations that
dramatically simplify in the end, such as computing the simple correlator (3.96) via

⟨(λγmθ )(λγ nθ )(λγ pθ )(θγabcθ )⟩ =
1
96

⟨(λγmrstnλ)(λγ pθ )(θγabcθ )(θγrstθ )⟩ , (E.5)

which, as can be seen in the expression (E.2), leads to many intermediate terms.
Another approach is to evaluate the correlators of three lambdas and five thetas by brute-force in terms of the

tensor [476,477]

⟨λα1λα2λα3θ δ1θ δ2θ δ3θ δ4θ δ5⟩ := Tα1α2α3;δ1δ2δ3δ4δ5 =
1

1792
γ α1δ1m γ α2δ2n γ

α3δ3
p γ

δ4δ5
mnp + [δ1δ2δ3δ4δ5] (E.6)

where +[δ1 . . . δ5] instructs to antisymmetrize over the indices δ1, . . . , δ5 including the normalization factor 1/5!.74 Note
that the right-hand side of (E.6) is found to be symmetric in (α1α2α3) after taking the antisymmetrizations over δ1, . . . , δ5
and m, n, p into account. In addition, it is straightforward to see that Tαβγ ;δ1δ2δ3δ4δ5γm

αδ1
γ n
βδ2
γ

p
γ δ3
γ

mnp
δ4δ5

= 2880 recovers the
normalization (3.81).

Evaluating pure spinor superspace expressions using this method follows from

⟨λαλβλγ θ δ1θ δ2θ δ3θ δ4θ δ5 fαβγ δ1δ2δ3δ4δ5 (e, χ, k)⟩ = Tαβγ ;δ1δ2δ3δ4δ5 fαβγ δ1δ2δ3δ4δ5 (e, χ, k) , (E.7)

but this usually leads to the calculation of many gamma-matrix traces, often with many free indices. While there are closed
formulae for these traces in the Appendix A.1, doing these calculations on demand tends to become a time-consuming
task. Therefore, to avoid any spurious inefficiencies, the catalog approach is used in the program [162]. As we have seen,
pure spinor superspace expressions with many external particles can be evaluated very efficiently using multiparticle
superfields in the Harnad–Shnider gauge.

Appendix F. θ-expansion of SYM superfields

A convenient gauge choice to expand the superfields of ten-dimensional SYM in theta is the Harnad–Shnider gauge [96],

θαAHS
α = 0 . (F.1)

At the linearized level, the gauge θαAi
α = 0 has been used in [97,98] to obtain the θ-expansions (2.17) of the single-

particle superfields Ki to arbitrary order. Since the recursive definition of multiparticle Berends–Giele currents AP
α in

(4.94) quickly generates many terms, it would be expensive to follow the recursion up to single-particle level and then
expand the multiparticle superfields using the Harnad–Shnider gauge fixing (F.1). Luckily it was shown in [92] that one
can exploit the gauge-transformation properties of multiparticle superfields to arrive at Berends–Giele currents satisfying
the Harnad–Shnider gauge (F.1).

74 For definiteness, the definition (E.6) has 60 terms starting with 1 γ
α1δ1γ

α2δ2γ
α3δ3γ

δ4δ5
− · · · .
107520 m n p mnp
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It is easy to see that Berends–Giele currents in Lorenz gauge do not satisfy the condition (F.1), i.e. θαAL

α ̸= 0. The idea
s to find a non-linear gauge transformation L

AHS
α = AL

α − [Dα,L] + [AL
α,L] (F.2)

such that θαAHS
α = 0. Assuming that the superfields have been brought to this gauge, the derivation of their θ-expansions

proceeds in a similar way as in their single-particle counterpart.
We start by contracting the non-linear equations of motion (2.11) with θα while assuming the Harnad–Shnider gauge

θαAα = 0. The result [96](
D + 1

)
Aβ = (θγm)βAm , DAm = (θγmW) , (F.3)

DWβ
=

1
4
(θγmn)βFmn , DFmn

= −(W[mγ n]θ )

is most conveniently expressed in terms of the Euler operator

D := θαDα = θα
∂

∂θα
(F.4)

that weights the kth order in θ by a factor of k. One can therefore use (F.3) to reconstruct the entire θ-expansion of all
SYM superfields from their zeroth orders K(θ = 0),

[Aα]k =
1

k + 1
(θγm)α[Am]k−1 , [Am]k =

1
k
(θγm[W]k−1) , (F.5)

[Wα
]k =

1
4k

(θγmn)α[Fmn]k−1 , [Fmn
]k = −

1
k
([W[m

]k−1γ
n]θ ) ,

where the notation [. . .]k instructs to only keep terms of order (θ )k of the enclosed superfields. The analogous relations
for the superfields at higher mass dimensions in (2.20) are

[Wα
m]k =

1
k

{
1
4
(θγ pq)α[Fm|pq]k−1 − (θγm)β

k−1∑
l=0

{[Wβ
]l, [Wα

]k−l−1}

}
, (F.6)

[Fm|pq
]k = −

1
k

{
([Wm[p

]k−1γ
q]θ ) + (θγm)α

k−1∑
l=0

[[Wα
]l, [Fpq

]k−l−1]

}
,

[Wα
mn]k =

1
k

{
1
4
(θγ pq)α[Fmn|pq]k−1 − (θγm)β

k−1∑
l=0

{[Wβ
]l, [Wα

n ]k−l−1}

− (θγn)β
k−1∑
l=0

(
{[Wβ

m]l, [Wα
]k−l−1} + {[Wβ

]l, [Wα
m]k−l−1}

)}
.

Using the notation KP (X, θ ) := KP (θ )ekP ·X , the recursions (F.5) and (F.6) were shown in [92] to yield the following
multiparticle θ-expansions,

AP
α(θ ) =

1
2
(θγm)αemP +

1
3
(θγm)α(θγmXP ) −

1
32

(θγm)α(θγmnpθ )f
np
P (F.7)

+
1
60

(θγm)α(θγmnpθ )(X n
P γ

pθ ) +
1

1152
(θγm)α(θγmnpθ )(θγ p

qrθ )f
n|qr
P

+

∑
XY=P

[AX,Y
α ]5 + · · · ,

Am
P (θ ) = emP + (θγmXP ) −

1
8
(θγm

pqθ )f
pq
P +

1
12

(θγm
npθ )(X n

P γ
pθ )

+
1

192
(θγm

nrθ )(θγ
r
pqθ )f

n|pq
P −

1
480

(θγm
nrθ )(θγ

r
pqθ )(X

np
P γ

qθ )

+

∑
XY=P

(
[Am

X,Y ]4 + [Am
X,Y ]5

)
+ · · · ,

Wα
P (θ ) = X α

P +
1
4
(θγmn)αfmn

P −
1
4
(θγmn)α(Xm

P γ
nθ ) −

1
48

(θγ q
m )α(θγqnpθ )f

m|np
P

+
1
96

(θγ q
m )α(θγqnpθ )(Xmn

P γ pθ ) −
1

1920
(θγ r

m )α(θγ s
nr θ )(θγspqθ )f

mn|pq
P

+

∑(
[Wα

X,Y ]3 + [Wα
X,Y ]4 + [Wα

X,Y ]5

)
+ · · · ,
XY=P
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Fmn
P (θ ) = fmn

P − (X [m
P γ

n]θ ) +
1
8
(θγ [m

pq θ )fn]|pqP −
1
12

(θγ [m
pq θ )(X n]p

P γ qθ )

−
1

192
(θγ [m

ps θ )fn]p|qrP (θγ s
qrθ ) +

1
480

(θγ [m
psθ )(X

n]pq
P γ rθ )(θγ s

qrθ )

+

∑
XY=P

(
[Fmn

X,Y ]2 + [Fmn
X,Y ]3 + [Fmn

X,Y ]4 + [Fmn
X,Y ]5

)
+

∑
XYZ=P

[Fmn
X,Y ,Z ]5 + · · · ,

with terms of order θ≥6 in the ellipsis. The non-linearities of the form
∑

XY=P [KX,Y ]l can be traced back to the quadratic
expressions in (F.6), e.g.

[AX,Y
α ]5 =

1
144

(θγm)α(θγmnpθ )(XXγnθ )(XYγpθ ) , (F.8)

[Am
X,Y ]4 =

1
24

(θγm
npθ )(XXγ

nθ )(XYγ
pθ ) ,

[Wα
X,Y ]3 = −

1
6
(θγmn)α(XXγ

mθ )(XYγ
nθ ) ,

[Fmn
X,Y ]2 = −(XXγ

[mθ )(XYγ
n]θ ) ,

and further instances as to make the complete orders θ≤5 available are spelled out in the appendix of [92]. It is easy
to see that these non-linear terms vanish in the single-particle case, and one recovers the linearized expansions (2.17)
of [97,98].

Analogous θ-expansions for the superfields of higher mass dimensions start with

Wmα
P (X, θ ) = ekP ·X

(
Xmα

P +
1
4
(θγnp)αf

m|np
P +

∑
XY=P

[
(XXγ

mθ )X α
Y − (X ↔ Y )

]
+ · · ·

)
, (F.9)

Fm|pq
P (X, θ ) = ekP ·X

(
f
m|pq
P − (Xm[p

P γ q]θ ) +

∑
XY=P

[
(XXγ

mθ )fpqY − (X ↔ Y )
]
+ · · ·

)
,

here the lowest two orders ∼ θ2, θ3 in the ellipsis along with generalizations to higher mass dimensions are spelled
ut in the appendix of [92].

ppendix G. Redefinitions from the Lorenz gauge to the BCJ gauge

As shown in [93], multiparticle superfields in the BCJ gauge can be generated by starting from the multiparticle
uperfields in the Lorenz gauge defined recursively in (4.33). In contrast to the hybrid gauge discussed in Section 4.1.6,
he redefinitions are more involved and require the following iterated redefinition,

K[P,Q ] = L1(K̂[P,Q ]) , (G.1)

here the operator Lj is defined as the local version of the perturbiner (4.113)

Lj(K̂[P,Q ]) := K̂[P,Q ] −
1
j

(
Ĥ ⊗ L(j+1)(K̂ )

)
C([P,Q ]) −

1
j

⎧⎨⎩
DαĤ[P,Q ] : K = Aα ,
kmPQ Ĥ[P,Q ] : K = Am ,

0 : K = Wα ,

(G.2)

where we used the notation (4.31) and Ĥ is defined below in (G.6). The action of Lj(K̂[P,Q ]) gives rise to L(j+1)(K̂[A,B]) on the
right-hand side with |A|+|B| < |P|+|Q |. Therefore this is a iteration over the index j, and it eventually stops as each step
involves splitting the nested brackets in [P,Q ]. The iteration built into the redefinition (G.1) yields the infinite series of
non-linear terms [187] present in the finite gauge transformation of the corresponding perturbiner series.

The examples (4.61) of redefinitions from the hybrid to BCJ gauge have the following Lorenz to BCJ counterparts:

Am
[1,2] = Âm

[1,2] , (G.3)

Am
[[1,2],3] = Âm

[[1,2],3] − km123Ĥ[[1,2],3] ,

Am
[[1,2],[3,4]] = Âm

[[1,2],[3,4]] − (k1 · k2)
(
Ĥ[1,[3,4]]Âm

2 − Ĥ[2,[3,4]]Âm
1

)
+ (k3 · k4)

(
Ĥ[[1,2],4]Âm

3 − Ĥ[[1,2],3]Âm
4

)
− km1234Ĥ[[1,2],[3,4]] ,

Am
[[[1,2],3],4] = Âm

[[[1,2],3],4] − (k1 · k2)
(
Ĥ[[1,3],4]Âm

2 − Ĥ[[2,3],4]Âm
1

)
− (k12 · k3)

(
Ĥ[[1,2],4]Âm

3

)
− (k123 · k4)

(
Ĥ[[1,2],3]Âm

4

)
− km1234Ĥ[[[1,2],3],4] ,

Am
= Âm

− (k · k )
(
Ĥ Âm

+ Ĥ Âm
+ Ĥ Âm
[[[[1,2],3],4],5] [[[[1,2],3],4],5] 1 2 [[1,3],4] [2,5] [[1,3],5] [2,4] [[1,4],5] [2,3]
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+ Ĥ[[[1,3],4],5]Âm
2 − (1 ↔ 2)

)
− (k12 · k3)

(
Ĥ[[1,2],4]Âm

[3,5] + Ĥ[[1,2],5]Âm
[3,4] + Ĥ[[[1,2],4],5]Âm

3 − ([1, 2] ↔ 3)
)

− (k123 · k4)
(
Ĥ[[1,2],3]Âm

[4,5] + Ĥ[[[1,2],3],5]Âm
4

)
− (k1234 · k5)

(
Ĥ[[[1,2],3],4]Âm

5

)
− Ĥ[[[[1,2],3],4],5]km12345 ,

Am
[[[1,2],3],[4,5]] = Âm

[[[1,2],3],[4,5]] − (k1 · k2)
(
Ĥ[1,[4,5]]Âm

[2,3] + Ĥ[[1,3],[4,5]]Âm
2 − (1 ↔ 2)

)
− (k12 · k3)

(
Ĥ[[1,2],[4,5]]Âm

3 − Ĥ[3,[4,5]]Âm
[1,2]

)
− (k123 · k45)

(
Ĥ[[1,2],3]Âm

[4,5]

)
+ (k4 · k5)

(
Ĥ[[[1,2],3],5]Âm

4 − Ĥ[[[1,2],3],4]Âm
5

)
− km12345Ĥ[[[1,2],3],[4,5]] . (G.4)

For an example of the redefinition (G.1) for more than one iteration of Lj, it is enough to consider the superfield Âm
[[12,34],56].

A long and tedious calculation yields [93]

Am
[[12,34],56] = Âm

[[12,34],56] − km123456Ĥ[[12,34],56] (G.5)

− (k1 · k2)
(
Âm
2 Ĥ[[1,34],56] + Âm

[2,34]Ĥ[1,56] + Âm
[2,56]Ĥ[1,34]

−
1
2
km234Ĥ[2,34]Ĥ[1,56] −

1
2
km256Ĥ[2,56]Ĥ[1,34] − (1 ↔ 2)

)
− (k12 · k34)

(
Âm
34Ĥ[12,56] − (12 ↔ 34)

)
− (k1234 · k56)Âm

56Ĥ[12,34]

− (k3 · k4)
(
Âm
4 Ĥ[123,56] + Âm

[12,4]Ĥ[3,56] + Âm
[4,56]Ĥ[12,3]

−
1
2
km124Ĥ[12,4]Ĥ[3,56] −

1
2
km456Ĥ[4,56]Ĥ[12,3] − (3 ↔ 4)

)
− (k5 · k6)

(
Âm
6 Ĥ[[12,34],5] − (5 ↔ 6)

)
.

he factors of 1/2 correspond to the appearance of quadratic terms of the redefining superfields H[A,B] in the finite gauge
ransformation given by the infinite series (4.112).

In the above redefinitions Ĥ[P,Q ] is given by

Ĥ[A,B] = Ĥ ′

[A,B] −
1
2
(Ĥ ⊗ Ĥ)C̃([A,B]) , (G.6)

Ĥ ′

[A,B] = H[A,B] −
1
2

[(
Ĥ ′

Ak
m
A − (Ĥ ⊗ Ĥm)C̃ ′(A)

)
AB
m − (A ↔ B)

]
,

Ĥ ′

i = Ĥ ′

[i,j] = 0 ,

here the H[A,B] are defined as they were in (4.62) to (4.64), and Ĥm
A := kmA ĤA. Furthermore, the maps C̃ and C̃ ′ in the

ubscripts of (G.6) are variants of the contact-term map C reviewed in Section 4.1.1 and introduced in [93],

C̃(i) = 0 , C̃([A, B]) = [C(A), B]r + [A, C(B)]r , (G.7)

see (4.21) for the definition of the C map on the right-hand side, and we use the notation

[P ⊗ Q , B]r = [P, B] ⊗ Q . (G.8)

The definitions in (G.6) furthermore involve the map

C̃ ′([A, B]) = C̃([A, B]) −
1
2
(kA · kB)(A ⊗ B − B ⊗ A) . (G.9)

In this way, iterative use of (G.6) will reduce any Ĥ[A,B] to combinations of Am
C , Mandelstam invariants and the superfields

H[A,B] defined in (4.62) to (4.64), for instance

Ĥ[[[[1,2],3],[4,5]],6] = H[[[[1,2],3],[4,5]],6] (G.10)

−
1
H[[[1,2],3],[4,5]](k12345 · A6) +

1
H[[1,2],3](k123 · A45)(k12345 · A6)
2 4
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−
1
2
(k1 · k2)

(
H[[1,3],6]H[2,[4,5]] − H[[2,3],6]H[1,[4,5]]

)
−

1
2
(k12 · k3)

(
H[[1,2],6]H[3,[4,5]]

)
−

1
2
(k123 · k45)

(
H[[4,5],6]H[[1,2],3]

)
.

Appendix H. The contact-term map is nilpotent

To show that the contact-term map in (4.21) is nilpotent75 we will first determine the action of the adjoint C∗ on
X1 ∧ X2 ∧ X3, where Xi ∈ L∗ are dual Lie polynomials (see Appendix C.1). From the definition (4.154) we know that the
adjoint of the contact-term map is the S bracket. For convenience we can use

⟨X1 ∧ X2, C(Γ1)⟩ = ⟨C⋆(X1 ∧ X2),Γ1⟩ (H.1)

for a Lie monomial Γ1 ∈ L and dual words X1, X2 ∈ L∗, and C⋆(X1 ∧ X2) = 2{X1, X2} is the S bracket. Recall that in (4.26)
the contact-term map C is extended to act on the antisymmetric product of Lie polynomials L∧L as a graded derivation
of grading +1 acting on Lie polynomials Γi of grading +1,

C(Γ1 ∧ Γ2) = C(Γ1) ∧ Γ2 − Γ1 ∧ C(Γ2) . (H.2)

To compute C⋆(X1 ∧ X2 ∧ X3) we use the definition

⟨C⋆(X1 ∧ X2 ∧ X3),Γ1 ∧ Γ2⟩ = ⟨X1 ∧ X2 ∧ X3, C(Γ1 ∧ Γ2)⟩ (H.3)

which exploits the fact that C(Γ1 ∧ Γ2) has grading +3. Using (H.2) we get

⟨C⋆(X1 ∧ X2 ∧ X3),Γ1 ∧ Γ2⟩ = ⟨X1 ∧ X2 ∧ X3, C(Γ1) ∧ Γ2⟩ − ⟨X1 ∧ X2 ∧ X3,Γ1 ∧ C(Γ2)⟩ . (H.4)

Defining ⟨A ⊗ B, C ⊗ D⟩ = ⟨A, C⟩⟨B,D⟩ we obtain

⟨A ∧ B, C ∧ D⟩ = 2⟨A, C⟩⟨B,D⟩ − 2⟨A,D⟩⟨B, C⟩ . (H.5)

To use this, we need to split the three-fold wedge product democratically into two factors:

X1 ∧ X2 ∧ X3 =
1
3

(
(X1 ∧ X2) ∧ X3 + X1 ∧ (X2 ∧ X3) + (X3 ∧ X1) ∧ X2

)
(H.6)

which exploits the cyclic symmetry of X1 ∧ X2 ∧ X3 and the parenthesis indicates the split. Therefore (H.4) becomes

⟨C⋆(X1 ∧ X2 ∧ X3),Γ1 ∧ Γ2⟩ =
1
3
⟨(X1 ∧ X2) ∧ X3, C(Γ1) ∧ Γ2⟩ − (Γ1 ↔ Γ2) + cyc(X1, X2, X3) (H.7)

=
2
3
⟨(X1 ∧ X2), C(Γ1)⟩⟨X3,Γ2⟩ − (Γ1 ↔ Γ2) + cyc(X1, X2, X3)

=
2
3
⟨C⋆(X1 ∧ X2),Γ1⟩⟨X3,Γ2⟩ − (Γ1 ↔ Γ2) + cyc(X1, X2, X3)

=
1
3
⟨C⋆(X1 ∧ X2) ∧ X3,Γ1 ∧ Γ2⟩ + cyc(X1, X2, X3) ,

here we used (H.5) in the second line, ⟨X1 ∧X2,Γ2⟩ = 0, and (H.5) again to identify the last line. Therefore we conclude

C⋆(X1 ∧ X2 ∧ X3) =
1
3
C⋆(X1 ∧ X2) ∧ X3 + cyc(X1, X2, X3) (H.8)

which resembles the action of the (nilpotent) homology operator ∂ of [478] (see also [479]). Noting that C⋆(X1 ∧ X2) =

{X1, X2} ∈ L⋆, the right-hand side is in L∗
∧ L∗ and therefore C⋆ can act again,

C⋆ ◦ C⋆(X1 ∧ X2 ∧ X3) =
4
3
{{X1, X2}, X3} + cyc(X1, X2, X3) = 0 (H.9)

by virtue of the Jacobi identity of the S bracket [166]. Therefore C⋆ ◦ C⋆ = 0 and we conclude

Proposition 22. The contact-term map is nilpotent

C ◦ C = 0 . (H.10)

Proof. Using that C ◦ C(Γ1) ∈ L ∧ L ∧ L we get

⟨X1 ∧ X2 ∧ X3, C ◦ C(Γ1)⟩ = ⟨C⋆(X1 ∧ X2 ∧ X3), C(Γ1)⟩ = ⟨C⋆ ◦ C⋆(X1 ∧ X2 ∧ X3),Γ1⟩ = 0 . (H.11)

75 We acknowledge illuminating discussions with Hadleigh Frost.
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herefore C2(Γ1) = 0 for any Lie polynomial Γ1. By induction if C2(Γ1) = C2(Γ2) = 0 we also get C2(Γ1 ∧Γ2) = 0 as (H.2)
mplies

C ◦ C(Γ1 ∧ Γ2) = C2(Γ1) ∧ Γ2 + Γ1 ∧ C2(Γ2) , (H.12)

here we used that C(Γ1) has grading +2. □

ppendix I. Different representation of multiparticle vertex

In [21,169], an alternative representation for the multiparticle vertex V123 was found closely following the OPE
alculation in the tree-amplitude prescription. Its expression was denoted by T123 and given by (note the shorthands
A
kj
i := (kj · Ai) or γ ki

= γmkmi , and repeated indices are summed)

T123 =
1
6

[
(λγ k2W 1)Am

2 A
m
3 − (λγ k1W 2)Am

1 A
m
3 − (λγ k3W 1)Am

2 A
m
3 + (λγ k3W 2)Am

1 A
m
3

]
(I.1)

+
1
3

[
(λγ k2W 3)Am

1 A
m
2 − (λγ k1W 3)Am

1 A
m
2

]
+

1
3

[
(λγmW 1)(W 2γmW 3) − (λγmW 2)(W 1γmW 3) − 2(λγmW 3)(W 1γmW 2)

]
+

1
6

[
(λγmW 1)Ak3

2 Am
3 − (λγmW 1)Ak1

2 Am
3 + (λγmW 2)Ak2

1 Am
3 − (λγmW 2)Ak3

1 Am
3

]
+

1
6

[
(λγmW 3)Am

1 A
k3
2 − (λγmW 3)Ak3

1 Am
2

]
+

5
6

[
(λγmW 3)Am

1 A
k1
2 − (λγmW 3)Ak2

1 Am
2

]
+

1
3

[
(λγmW 2)Am

1 A
k2
3 − (λγmW 1)Am

2 A
k1
3

]
+

2
3

[
(λγmW 2)Am

1 A
k1
3 − (λγmW 1)Am

2 A
k2
3

]
+

1
2
V1Ak1

2 Ak1
3 +

1
3
V1Ak1

2 Ak2
3 +

1
6
V1Ak3

2 Ak1
3 −

1
6
V1Am

2 A
m
3 s13 −

1
3
V1Am

2 A
m
3 s12

−
1
3
V2Ak2

1 Ak1
3 −

1
2
V2Ak2

1 Ak2
3 −

1
6
V2Ak3

1 Ak2
3 +

1
6
V2Am

1 A
m
3 s23 +

1
3
V2Am

1 A
m
3 s12

+
1
6
V3Ak2

1 Ak3
2 −

1
6
V3Ak3

1 Ak1
2 −

1
6
V3Am

1 A
m
2 s23 +

1
6
V3Am

1 A
m
2 s13 .

n [91] a new representation for this object was proposed based on an analysis of the equations of motion of a class of
uperfields. It was denoted by V123 and given by

V123 =
1
6

[
(λγ k1mnW 2)Am

1 A
n
3 − (λγ k2mnW 1)Am

2 A
n
3

]
+

1
12

[
(λγ k1mnW 3)Am

1 A
n
2 + (λγ k2mnW 3)Am

1 A
n
2 + (λγ k3mnW 1)Am

2 A
n
3 − (λγ k3mnW 2)Am

1 A
n
3

]
+

1
4

[
(λγ k2W 1)Am

2 A
m
3 − (λγ k1W 2)Am

1 A
m
3 − (λγ k1W 3)Am

1 A
m
2 + (λγ k2W 3)Am

1 A
m
2

]
+

1
12

[
(λγmW 3)Ak3

1 Am
2 − (λγmW 3)Am

1 A
k3
2

]
+

5
12

[
(λγmW 2)Ak2

1 Am
3 − (λγmW 1)Ak1

2 Am
3

]
+

1
3

[
(λγmW 2)Am

1 A
k2
3 − (λγmW 1)Am

2 A
k1
3

]
+

1
2

[
(λγmW 2)Am

1 A
k1
3 − (λγmW 1)Am

2 A
k2
3 − (λγmW 3)Ak2

1 Am
2 + (λγmW 3)Am

1 A
k1
2

]
+

1
6

[
(λγmW 1)(W 2γmW 3) − (λγmW 2)(W 1γmW 3) − 2(λγmW 3)(W 1γmW 2)

]
+

1
4
V1Ak1

2 Ak1
3 +

1
3
V1Ak1

2 Ak2
3 −

1
12

V1Ak3
2 Ak1

3 +
1
12

V1Am
2 A

m
3 s13 −

1
12

V1Am
2 A

m
3 s12 −

1
6
V1(W 2γ k1W 3)

−
1
3
V2Ak2

1 Ak1
3 −

1
4
V2Ak2

1 Ak2
3 +

1
12

V2Ak3
1 Ak2

3 −
1
12

V2Am
1 A

m
3 s23 +

1
12

V2Am
1 A

m
3 s12 +

1
6
V2(W 1γ k2W 3)

+
5
12

V3Ak2
1 Ak3

2 −
5
12

V3Ak3
1 Ak1

2 −
1
6
V3Am

1 A
m
2 s23 +

1
6
V3Am

1 A
m
2 s13 +

1
3
V3(W 1γ k3W 2) . (I.2)

oth of these building blocks satisfy the required generalized Jacobi identities:

T123 + T213 = 0 , T123 + T231 + T312 = 0 ,

V123 + V213 = 0 , V123 + V231 + V312 = 0 , (I.3)
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herefore both qualify as representatives of the unintegrated vertex at multiplicity three. A tedious calculation shows that
heir difference is BRST exact, namely

T123 − V123 = QΣ123 , (I.4)

here

Σ123 =
1
4

[
Ak1
2 (A1 · A3) + Ak3

2 (A1 · A3) − Ak2
1 (A2 · A3) − Ak3

1 (A2 · A3)
]

−
1
3
(W 1γmW 2)Am

3 −
1
6
(W 1γmW 3)Am

2 +
1
6
(W 2γmW 3)Am

1 . (I.5)

ppendix J. BRST-invariant permutations at low multiplicities

To help understanding the definition of the Berends–Giele idempotent given in Section 8.4.3, the first few permutations
f (8.52) read as follows

E(1) = W1 , (J.1)

E(12) =
1
2
(W12 − W21) ,

E(123) =
1
3
W123 −

1
6
W132 −

1
6
W213 −

1
6
W231 −

1
6
W312 +

1
3
W321 ,

E(1234) =
1
4
W1234 −

1
12

W1243 −
1
12

W1324 −
1
12

W1342 −
1
12

W1423 +
1
12

W1432

−
1
12

W2134 +
1
12

W2143 −
1
12

W2314 −
1
12

W2341 +
1
12

W2413 +
1
12

W2431

−
1
12

W3124 −
1
12

W3142 +
1
12

W3214 +
1
12

W3241 −
1
12

W3412 +
1
12

W3421

−
1
12

W4123 +
1
12

W4132 +
1
12

W4213 +
1
12

W4231 +
1
12

W4312 −
1
4
W4321 ,

where a permutation σ is written as Wσ in order to avoid confusion with the rational coefficients. Using these definitions
and examples, it is easy to generate the first few permutations of (8.51). For instance, at multiplicities three and four we
have

γ1|2,3 = W123 + W132 , γ1|23 =
1
2
W123 −

1
2
W132 , (J.2)

γ1|2,3,4 = W1234 + W1243 + W1324 + W1342 + W1423 + W1432 ,

γ1|23,4 =
1
2
W1234 +

1
2
W1243 −

1
2
W1324 −

1
2
W1342 +

1
2
W1423 −

1
2
W1432 ,

γ1|234 =
1
3
W1234 −

1
6
W1243 −

1
6
W1324 −

1
6
W1342 −

1
6
W1423 +

1
3
W1432 ,

here it suffices to list only the different partitions of labels as other permutations follow from relabeling due to the
otal symmetry of (8.51) under exchanges of any pair of words Pi ↔ Pj and the functional form of (8.52). Similarly, at
ultiplicity five the BRST invariant permutations are given by

γ1|2,3,4,5 = W1(2´3´4´5) , (J.3)

γ1|23,4,5 =
1
2
W12345 +

1
2
W12354 +

1
2
W12435 +

1
2
W12453 +

1
2
W12534 +

1
2
W12543

−
1
2
W13245 −

1
2
W13254 −

1
2
W13425 −

1
2
W13452 −

1
2
W13524 −

1
2
W13542

+
1
2
W14235 +

1
2
W14253 −

1
2
W14325 −

1
2
W14352 +

1
2
W14523 −

1
2
W14532

+
1
2
W15234 +

1
2
W15243 −

1
2
W15324 −

1
2
W15342 +

1
2
W15423 −

1
2
W15432 ,

γ1|234,5 =
1
3
W12345 +

1
3
W12354 −

1
6
W12435 −

1
6
W12453 +

1
3
W12534 −

1
6
W12543

−
1
6
W13245 −

1
6
W13254 −

1
6
W13425 −

1
6
W13452 −

1
6
W13524 −

1
6
W13542

−
1
W14235 −

1
W14253 +

1
W14325 +

1
W14352 −

1
W14523 +

1
W14532
6 6 3 3 6 3
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+
1
3
W15234 −

1
6
W15243 −

1
6
W15324 −

1
6
W15342 −

1
6
W15423 +

1
3
W15432 ,

γ1|23,45 =
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