HIGHER ORDER INTERPOLATIVE GEOMETRIES AND GRADIENT
REGULARITY IN EVOLUTIONARY OBSTACLE PROBLEMS
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ABSTRACT. We prove new optimal C1** regularity results for obstacle problems involving evolution-

ary p-Laplace type operators in the degenerate regime p > 2. Our main results include the optimal
regularity improvement at free boundary points in intrinsic backward p-paraboloids, up to the critical
exponent, o < 2/(p—2), and the optimal regularity across the free boundaries in the full cylinders up
to a universal threshold. Moreover, we provide an intrinsic criterion by which the optimal regularity
improvement at free boundaries can be extended to the entire cylinders. An important feature of our
analysis is that we do not impose any assumption on the time derivative of the obstacle. Our results
are formulated in function spaces associated to what we refer to as higher order or C*® intrinsic
interpolative geometries.

2010 Mathematics Subject classification. 35K85, 35K92, 35B65
Keywords and phrases: p-parabolic equation, obstacle problem, regularity, intrinsic geometry.

1. INTRODUCTION

This paper is devoted to the study of gradient regularity of solutions to obstacle problems involving
quasilinear parabolic operators of the type

(1.1) Hu = diva(Du) — uy,

in cylindrical domains of the form O = Q x (0,7) C R™ x R, where Q C R" is a bounded Lipschitz
domain, T > 0 and n > 2. The vector field a: R” — R" is assumed to be C! regular and satisfying
the growth and ellipticity conditions

ja(2)] + (12 + )2 |02a(2)| < L(|2 + 537,

(0:a(2)¢, ) > v(|=* + 537 ¢

whenever z,& € R”. Here 0 < v < L and s > 0 are fixed parameters. Occasionally, we shall also
require a to be C? regular on R” \ {0} and satisfying

(13) 02a()| < L'(J2 + 577, z € R\ {0},

for some fixed parameter L’ > 0. Throughout the paper we will assume p > 2. The prototype for
the operators considered is the p-parabolic, or evolutionary p-Laplace, operator

1.4 Ayu — up = div(|DulP~2Du) — uy.
P

In the following we let dpO = (Q x {0}) U (9 x [0,T]) denote the parabolic boundary of © and
we will often refer to O as a parabolic domain. Given a continuous boundary datum g : 9pO — R
and a continuous obstacle 1 : O — R such that g > 1 on dpO, we consider the obstacle problem

max{Hu,y —u} =0 in O,

u=g on 0p0O.
We are particularly interested in the optimal regularity of the solution u conditioned on the regularity
of g and 1. More precisely, the purpose of this paper is to establish (optimal) regularity for Du under

stronger reqularity assumptions on ¢ and g beyond Lipschitz reqularity in space. In fact, to the best
of our knowledge, this is the first paper where optimal Hélder estimates for the gradient of solutions to

(1.2)

(1.5)
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p-parabolic obstacle problems are established. The key novelty of our work arises in the introduction
of the intrinsic geometry that reflects the (non-)degeneracy of the solution at reference points.

To formulate our results it is inevitable to introduce some notation and our intrinsic functional
setting. It is a well established fact that due to the lack of homogeneity of the evolutionary p-
Laplace operator and its generalizations, the cylinders in which regularity is proved have to depend
intrinsically on the solution itself. The use of intrinsic geometry was pioneered in the work of E.
DiBenedetto, see [11], and the philosophy is that for the regularity problem at hand, one has to
unravel what cylinders to use, and one has to tailor the cylinders to the regularity one is aiming
for. As a result, any precise regularity theory for quasilinear parabolic operators of p-Laplace type
becomes inherently more complex compared to the corresponding (linear) theory in the case p = 2.

1.1. Modulus of continuity. Throughout the paper, we will consider a modulus of continuity
w: [0,00) — [0, 00), which is a concave and nondecreasing function satisfying w(0) = 0 and w(1) = 1.
More precisely, we will assume that there are constants A > 1 and « > 0 such that

(1.6) 1< wle) <A (0) ,  whenever o >r.
w(r) r

The growth condition in (1.6) obviously allows for Holder moduli of continuity, i.e., w(r) = %, but
the condition also allows for logarithmic type moduli of continuity which do not even satisfy the Dini
condition, e.g., w(r) = max{1/log(e/r),1}.

1.2. Intrinsic space-time cylinders and p-paraboloids. Let B, denote the ball in R™ with center
at the origin and with radius r. Given r and u > 0, we introduce the backward and forward intrinsic
space-time cylinders centered at (0,0),

(L.7) Qr (1) = By x (=1*77r%,0), Qf (1) = By x (0,° "1,
as well as the entire cylinders
Qul1) = By x (— 2712, y27r2).

For brevity, we shall write Q;, Q;F, and @, for the cylinders Q; (1), Q;" (1), and @, (1), respectively.
We also introduce the backward p-paraboloids

(18) P = {@) € @y 1 < o2}
Regularity will be measured in intrinsic cylinders and p-paraboloids of the type
(1.9) (0, t0) + Qy (Mp(r)),

and

(1.10) (o, to) + P ((r)),

respectively, where ¢(r) denotes a carefully chosen intrinsic scaling factor (in time).

1.3. Higher order intrinsic interpolative geometries. In Definitions 1.1, 1.2 and 1.3 below we
introduce the C» intrinsic function spaces C1* and C';,’S}ar' These spaces of functions are defined
in terms of pointwise approximations by time-independent affine functions. Our key estimates will
be built on these spaces. The definitions, which incarnate the higher order intrinsic interpolative
geometries, are quite involved due the intrinsic geometry, so it may at first glance be difficult to fully
grasp their meaning. For this reason, we here give a brief informal discussion of the higher order
intrinsic interpolative geometries which lead up to the definitions.

Let u be a continuous function on a parabolic domain O in R"*!, let w be a modulus of continuity,

and let s be a nonnegative constant. Assume, for the sake of simplicity, that
(z0,%0) + @1 C O,
and consider all time-independent affine functions ¢ such that

(1.11) l(x0) = u(zo,t0) and |Dl| + s < 1.
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In this setting, our intrinsic function spaces are stated, at (xo,tp) € O and for r < 1, in terms of the
existence of a time-independent affine functions ¢ satisfying (1.11) and such that |u — £]/(rw(r)) is
bounded by A, measured over the cylinder (zg,to) + @Qr(A¢(r)), where

o(r) = @(r; zo,to) = max{w(r), | Dl + s}, r > 0.

A posteriori, Du(xg,ty) exists and DI = Du(xo,to). Let us here assume w(r) = r®.

We start by considering two extremal cases. First, if |D¢| + s = 0, then ¢(r) = w(r) for r € (0,1)
and

(1.12) (0, t0) + Qr(A@ (1)) = (20, t0) + By x (=AFPp2=(P=Da \2=pp2=(p=2)a)
In this case, our function space measures the deviation of u from wu(zg, ty) according to
(1.13) sup lu — u(zo, to)| < Arite, Vr e (0,1).

(%0,t0)+Qr (Aw(r))
Second, if |Df| + s =1, then ¢(r) =1 for r € (0,1) and

(1.14) (w0, to) + Qr(Ap(r)) = (0, t0) + Br X (—A*7Pr? X*7Pr?).

The cylinders in (1.14) are the cylinders that naturally appear in the study of uniformly elliptic
second order parabolic equations. In this case, our function space measures the deviation of u from
{ according to
(1.15) sup lu — 0] < Xl te v € (0,1).
(zo,t0)+Qr(Aw(r))

In both these extremal cases Du(zo,t) exists, Df = Du(zq,tp), and X is a measurement of C'h%.

More generally, and going beyond the extremal cases, the function spaces we introduce interpolate
between the degenerate case, |Df| 4+ s ~ 0, and the nondegenerate case, |D{| + s ~ 1. Indeed, given
a threshold p = |D¢| + s € (0,1), we introduce the (smallest degenerate) scale 7, = w1 (p) = p/?,
and we let

(1.16)  @(r) = @(r; 20, t0) = X[ry,1) (1)@ (1) + X(0,00) (1)1 = Xur/a,1) (1) + X0 170y ()i, 7> 0,

where x; is the indicator function for an interval I C (0,1). Given ¢ as in (1.16) we then consider
the cylinders (xg,to) + Qr(Ap(r)) and we measure the deviation of u from ¢ according to

(1.17) sup lu — £ < Arlte
(w0,t0)+Qr (Aw(r))
Hence, A is a measurement of C%® which takes the level of degeneracy of |D¢| + s = |Du| + s at

(zo,to) into account by interpolating between the degenerate and the nondegenerate scales: this is
the essence of our higher order intrinsic interpolative geometries underlying our function space C‘sl“’

As it turns out, at free boundary points we will also consider measurements in (xg, to) + P, (¢(r)),
where again in the case of w(r) = r® we have two extreme cases

22 () . |glP < o211 _
(1.18) P (o(r) = {(z,t) € By x (= ,0) ¢ |zfP < —tr 1 if 1DE| + 5 = 0,
{(:B’t) € BT x (_T2?0) : |x’p < _t}a if |D£‘ +s = 17

for every r € (0,1). In general, given a threshold u = |D{| + s € (0,1), P (¢(r)) interpolates
between the above two geometries. This intrinsic geometry underlies our function space C'Sljfjar where
the subscript par refer to paraboloid.

1.4. Function spaces. We here give the formal definitions of the C® intrinsic function spaces C’L}w

and C;’gar which incarnate the higher order intrinsic interpolative geometries.

Definition 1.1 (Pointwise regularity). Let u be a continuous function on a parabolic domain O in
R"*! let w be a modulus of continuity, ¥ > 0, i > 0, and let s be a nonnegative constant. Assume
that

(zo0,t0) + Qr(j1) C O,
and consider all time-independent affine functions ¢ such that

(1.19) l(x0) = u(zo,t0) and |DLl| + s < f.
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Given ¢ we let

(1.20) o(r) = @(r;xo, to, 7, 1) = max {w(r), w;) (|De] + 3)} , > 0.

We say that u € C’sl,’i(:no,to; T, 1), if there exists a finite constant A and a time-independent affine
function ¢ as in (1.19), such that

sup lu — €] < Arw(r), Vr € (0,7),
(0,t0)+(Q5F (e (r)NQr (1))

with ¢ is as in (1.20). We let [u] denote the smallest such A\. We say that u €

C’; i(azo to;T,[)
Cl¥(zg,to;7, 1) if u € Cslji(xo, to; 7, i) N C’ “ (o, to; T, i) and we let

[U]C'sl’w(xoyto;ﬁﬁ) = min {[u]é;i (zo,to;7,)’ [u]é;,’f (Io,to;?ﬁ/ﬁ)} ’
To study estimates in backward p-paraboloids we introduce the following class of functions.
Definition 1.2 (Pointwise regularity in backward p-paraboloids). Let u be a continuous function

on a parabolic domain O in R™*!, let w be a modulus of continuity, ¥ > 0, i > 0, and let s be a
nonnegative constant. Assume that

(xo,t0) + Qr(n) C O.
We say that u € CL

s par(T0, to; 7, 1) if there exists a finite constant A and a time-independent affine
function /¢ as in (1.19), such that

sup lu— ) < Arw(r), Vr € (ry,T),
(zo,to)+ (P (w(r)NQr (i)
where r, = inf{r € (0,7] : ¢(r) = w(r)} € [0,7] and where ¢ is defined as in (1.20). We let

[u] EL (oot i) denote the smallest such A.

Note that in Definition 1.2, the definition of u € Clw

s,par

ments of u — £ over the sets (xo,t9) + P (w(r)), and especially if w(r) = r®, then
P (w(r) = {(z,t) € B, x (1?72 0) : |z < —roP=D)},

When 7 = ji = 1, then r, = inf{r € (0,1] : ¢(r) = w(r)} = w=(u), with u = |Df| + s € [0,1]. We
refer to 7, as the smallest degenerate scale. Note that for any degenerate scale r € (r,,1) (recall
7 =p=1), we have

(zo, to; 7, it) is stated in terms of measure-

(1.21) sup |lu— 2] — sup lu — u(xo,to)|| < r|DE| < rw(r).
(wosto)+ P (w(r)) (wosto)+ P (w(r))

We remark that the inequality in the last display may not be true for r < 7, when |D¢| > 0,
and this is the reason we call r, the smallest degenerate scale. In particular, in the definition of
o (0, to; 7, ji), the supremum of |u — £| is measured only for the degenerate scales, and (1.21)
shows that we get a definition equivalent to Definition 1.2, up to a multiplicative constant, if we
replace the supremum by
osc U.
(zo,t0)+Pr (w(r))

Here, and in general, given A C R"*! and a function f : A — R™, m > 1, we let

osc f := sup |f(x,t) — f({c,f)],

A (z,t),(Z,D)€A

denote the oscillation of f on A.
To study estimates in the entire domain we introduce the following class of functions.
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Definition 1.3 (Full regularity). Let u be a continuous function on a parabolic domain O in R
let w be a modulus of continuity, and let s be a nonnegative constant. We say that u € C'Sl""((’)), if
there is a finite constant A such that if (zg,t9) € O, then there is a time-independent affine function
¢ such that
(1.22) sup lu— £ < Arw(r),
((zo,t0)+Qr (Ap(r)))NO

for all » > 0 where

o(r) = o(r; zo, to) = max{w(r),|Dl| + s}.

We let [u] 1.4, denote the smallest A for which (1.22) holds uniformly for all (x,t9) € O.

(0)

We shall also use C%“(0) to denote the usual function space consisting of all continuous functions
on O with modulus of continuity w, and C**(0) to denote the usual function space consisting of all

k-times continuously differentiable functions whose k-th order derivatives (in both space and time)
belong to C%“(0).

1.5. Main results. We here collect our main results. Our first result concerns interior Holder
estimates for the gradient of solutions to the obstacle problem in terms of the intrinsic geometry.

Theorem 1.4 (Regularity in the interior). Let H be as in (1.1), with (a,s) as in (1.2) and (1.3), let
¥ be an obstacle in O, and let u be a weak solution to max{Hu,1® —u} =0 in O. Then there exists
ap = ap(n,p,v, L), ap € (0,1), such that if w verifies (1.6) with o € (0, ), and if

1
[Du(o, )| + 5 + w(P) ¥l +—fu—u(zo )l S in (wo,t0) + Qe(E) C O,

T0,t0;7, /1)
for some 7> 0 and i > 1, then u € C1¥(xg,to; 7, i), and

A
[l g1 (o sy = w(F)’

for some constant A = A\(n,p,v, L, L', A, «).

Remark 1.5. Note that the reference point (zg,tp) in Theorem 1.4 does not necessarily lie in the
coincidence set {u = ¥ }. In fact, if either (xo,t0) + Qr(it) C {u > ¥} or (xo,to) € {u = 9}, then
the assertion of Theorem 1.4 holds assuming only the basic structure condition (1.2), see Proposition
5.1 and Proposition 7.6. The additional condition (1.3) is only imposed to allow us to combine two
separate estimates in the intermediate case when (zg,%0) € {u > ¥}, but ((zo,t0) + Qr(it)) N{u =
¥} # 0. However, if we accept to lose some order of regularity of u relative to that of ¢, then we
are free to remove the additional assumption (1.3), see Remark 8.3 for more discussions. Finally, we
remark that the prototype for our operators, the evolutionary p-Laplace operator, A,u — uy, verifies
both (1.2) and (1.3).

Remark 1.6. Note that in Theorem 1.4 we prove optimal regularity in the entire intrinsic cylinders,
given the regularity of the obstacle, up to the threshold «y, (the implicit interior regularity exponent),
i.e., for less regular obstacles. As «y, is implicit, given the regularity of the obstacle, the optimal reg-
ularity in the full intrinsic cylinders remains unknown; more precisely, the sharp regularity threshold
up to which the estimate holds in the full intrinsic cylinders remains unknown. Theorem 1.4 (see also
Proposition 7.6) shows that the threshold has a lower bound «y,, and the example with the traveling
wave solutions outlined in Subsection 2.1 below yields the upper bound 1/(p — 2). It is an intriguing
problem to capture the optimal threshold.

Remark 1.7. A consequence of the main result in [22], see Corollary 1.1 in [22], is an endpoint result
which states that if Dy, g € L°°(0O), then any weak solution u to (1.5) satisfies Du € L (O).

loc

An important feature in the obstacle problem for the (stationary) p-Laplace operator, the p-
obstacle problem for short, is the improvement of the regularity at free boundary points. That is, for
the p-obstacle problem, the solution is as smooth as the obstacle, up to C1!, at every free boundary
point, though the solution is, independent of the smoothness of the obstacle, only of class C1®, for
some (small) universal «, inside the continuation domain (set). In our evolutionary setting, we obtain
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the optimal improvement of regularity at free boundary points, yet only in the intrinsic backward
p-paraboloids. In fact, the involvement of the p-paraboloids is sharp for regular obstacles, and we
shall come back to this important matter later. More specifically, we prove the following theorem.

Theorem 1.8 (Regularity improvement at free boundaries). Let H be as in (1.1), with (a,s) as in
(1.2), let ¢ be an obstacle in O, and let u be a solution to max{Hu, —u} =0 in O. Suppose that
u(zo,to) = Y (xo,to) at some (xo,to) € O, that w verifies (1.6) for some o € (0,2/(p — 2)], and that

DY (o, to)| + 5 + WPl gy gy B and  (z0,t0) + Qr(f1) C O,
for somer >0 and p > 1. Then u € é§,’§ar(xo,to; T, i) and
Al
[u]é‘sl:gar(zoio;"_Vﬁ) - w(f)7
for some X\ = X(n,p,v, L, A, ).

Remark 1.9. Note that we do not assume any upper bound of u — ¥(zo,to) in (zo,t0) + Q7 (i) in
the statement of Theorem 1.8 (a lower bound is given by the regularity of the obstacle ). Thus,
the regularity improvement is purely due to the presence of the obstacle. The restriction in the
backward p-paraboloids is natural, and cannot be improved in general, and as mentioned we shall
discuss this in more detail later, see Subsection 2.1. Roughly speaking, due to the lack of the strong
minimum principle in our setting, one cannot expect universal estimates over entire cylinders that
are independent of the boundary values.

Remark 1.10. In the proof of Theorem 1.8 the time-independent affine function ¢(z) = v (zo,%0) +
Dij(xo,to) - (x —x0) is central. Using this affine function, we note that in the nondegenerate scenario
|Dl] + s = |Diy(xo,to)] + s > 0, the corresponding estimate in Theorem 1.8 stops at the scale
re = inf{r € (0,7] : ¢(r) = w(r)} > 0 where the problem is no longer degenerate, see Definition 1.2.
However, by incorporating the boundary values of u — (o, to) at the scale ,, of the nondegeneracy?,
we manage to extend the optimal intrinsic estimate to the entire lower cylinders, see Lemma 6.7.
This being said, we could have given an alternative definition of the space C’Slj’gar(:co,to;f, i), and
hence an alternative formulation of Theorem 1.8, which captures the measurement of the supremum
of |[u—£|, over the backward paraboloids, for all scales r € (0,7) and not only for the degenerate scales
(ru, 7). However, a defect in such a formulation is the loss of the uniform bound on the corresponding
seminorm.

Theorem 1.8 shows that at free boundary points, the regularity threshold can be raised to 2/(p — 2)
in the backward p-paraboloids (P, ). To extend this result to the full intrinsic cylinders it is reasonable
to believe that the optimal regularity threshold may appear in an intrinsic way. In fact, the following
theorem states that there is another intrinsic quantity such that if the quantity stays bounded, then
the optimal regularity improvement holds in the intrinsic cylinders.

Theorem 1.11. Let H be as in (1.1), with (a,s) as in (1.2), let ¢ be an obstacle in O, and let u
be a solution to max{Hu,1 —u} =0 in O. Suppose that u(zo,to) = ¥(xo,to) at some (xo,to) € O,
that w verifies (1.6) for some a € (0,2/(p — 2)], and that

[ DY (xo,t0)| + 5 + w(F)[¥] a1 + %|U —u(zo, to)| < . in (wo,t0) + Qr(12) C O,
for some ™ >0 and i > 1. If there exists a constant 8 > 1 such that
inf{\ > 1: |u—u(xg,to)] < Arw(r) in (xo,t0) + Qr(w(r))} <9
inf{\ > 1: |u— u(zo, to)| < Arw(r) in (xo,to) + Qr(Aw(r))} =
for every r such that w(7)(|Dy(xo,to)| + s)/in < w(r), then
\i
(et o tosrm) < w(l;)’

x0,t0;7, 1)

(1.23)

for some A = A(n,p,v, L, A, «,0).

IT6 be explicit, 7, is the largest r € (0, 7] such that w(r)i < w(7)(|Dy(zo,to)| + s).
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Remark 1.12. We emphasize that the criterion in (1.23) is not redundant for the conclusion concerning
the optimal regularity in the intrinsic cylinders at free boundary points. This will be shown with an
example in Subsection 2.1 below. In fact, one can prove that the criterion in (1.23) is both sufficient
and necessary for the conclusion of Theorem 1.11.

Remark 1.13. The criterion (1.23) always holds (for some #) when |Dv(zo,t0)| + s > 0, i.e., in the
nondegenerate scenario. This justifies our comment in Remark 1.10 that our solution belongs to the
class C’;;;Jar even if we extend the definition to the nondegenerate scales; but again, we lack a uniform
bound on the corresponding norm, as we do not have a uniform control over 6.

At the initial (time) layer/state we obtain the optimal regularity in the forward intrinsic cylinders.
Moreover, the assertion holds even when the reference point is not necessarily a contact point. Our
proof relies on uniqueness results for homogeneous Cauchy problems. In this context we prove the
following theorem.

Theorem 1.14 (Regularity at the initial layer). Let H be as in (1.1), with (a,s) as in (1.2), let ¥

be an obstacle in (zo,to0) + Q7 (i), let g be an initial datum with g > (-, to) on Br(zo), and let u be
a continuous solution to

max{Hu, —u} =0 in (zo,to) + Q7 (1),
u=g on (zg,t9) + Br x {0}.

Suppose that w verifies (1.6) with a € (0,2/(p — 2)], that

1 _ -
[Dg(wo)| + [Dib(wo, to)| + 5+ —|u = g(wo)| < o in (o, t0) + Qr (),
for some v >0 and p > 1, and that

slere o + Wlets @i < 57

Then u € C’;’i(wo,tmﬁ [) and

>
=I

[U]C'Sl,’f:(xo,to;ﬁﬂ) = w(’ljy
for some A\ = X\(n,p,v, L, A, ).

One may also need a regularity theorem in the entire domain, rather than just the pointwise
approximation results. That is the content of our last theorem.

Theorem 1.15 (Regularity across free boundaries). Let H be as in (1.1), with (a,s) as in (1.2) and
(1.3), let w verify (1.6) with o € (0,0,), and let u be a solution to (1.5). Then, if » € C1¥(O), then
u € CL¥(0O") for every compact subset O of O. Moreover, if g(-,0) € C1¥(Q), then u € C1¥(O")
for every O' = Q' x (0,T") with ' C Q and T' < T.

Remark 1.16. As a byproduct of Theorem 1.15, we also get an regularity result at the initial (time)
layer/state for the (standard) p-parabolic problems Hu = 0, by simply applying Theorem 1.15 with
Y = —||gllL=(9,0), s0 that u > ¢ in O and Hu = max{Hu,9 —u} =01in O.

1.6. Proofs: arguing from the smallest degenerate scale. The main purpose of the function
spaces introduced is to be able to keep track, in a quantitative fashion, of the level of degeneracy of
| Du|+s in order to state and prove precise regularity estimates in a scale of C1® spaces. The common
theme in the proofs of our main results is that we identify a threshold at which the nondegenerate
features of the situation start to dominate, and we then subsequently divide the proof into two cases,
the degenerate and the nondegenerate case; we note that such an idea was exploited in [3] for the
elliptic p-obstacle problem.

To exemplify the philosophy, let us here briefly revisit the interior C1® estimates for the problem
Hu = 0 with the focus on our intrinsic geometry. Indeed, let u be a weak solution to Hu = 0 in @
such that |u| < 1 in @1, u(0,0) = 0, and let ¢(x) = Du(0,0) - z. Assume that u = |Dl| + s < 1,
and set ¢(r) = max{r®, |D{| + s}, a € (0,ay) where aj, € (0,1) is the implicit interior regularity
threshold just depending on (n, p, v, L), and appearing in Theorem 4.1 below.
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First, assume that g = 0. In this case ¢(r) = r* and it follows by an argument by contradiction,
using blow-up sequences, limiting arguments, and that o < «p, see Lemma 5.2, that for every
r € (0,1) we have the growth estimate

(1.24) lu| < Xrltein Q. (\r?),

for some constant A = A(n,p,v, L,a), A > 1.

Second, assume g > 0. In this case, the underlying philosophy is to rescale the solution such
that the rescaled gradient plus the new inhomogeneity constant is of order 1, in order to apply the
standard C'1® estimate as stated in Theorem 4.1 below. In this case, we again first use Lemma 5.2
below to conclude, for every r € (o,1), 0 = ul/o‘, that

(1.25) lu — €] < 22T in Q. (Ar%),

for some constant A = \(n, p, v, L, ), A > 1. Note that if r € (o, 1), then (r) = %, and g is exactly
the threshold below which the nondegenerate features of the situation start to dominate. At the
threshold ¢ we have, using (1.25),

(1.26) lu—£) < cApo  in Qu(Mu).
In particular, introducing the change of variables,

(y,7) = (2, 1P72t), Ay, ) = ulz, 1)/ p,
we see that Hii = 0 in Q,(\), where H is a degenerate parabolic operator verifying (1.2) with

structure constants v, L and the inhomogeneity constant § = s/u. In particular, from (1.26) we
deduce that

(1.27) i — 0] < cho in Qu(N),

where now £(y) = Di(0,0) - y and, importantly, i = |Df| + 5 = 1. After this rescaling we can apply
Theorem 4.1, see the proof of Lemma 5.4 for details, and conclude that for every r € (0, p) we have

(1.28) i — 0| < ehr (g)a in Qr(N).

Then, scaling back we are done. Basically all our proofs are structured in this way; based on the
threshold ¢ we distinguish between the degenerate case (|Df| 4+ s ~ 0), and the nondegenerate case
(|IDl| + s~ 1).

1.7. Organization of the paper. In Section 2 we review the literature on obstacle problems for
evolutionary p-Laplace type operators, we put our results into perspective, and we discuss the sharp-
ness of our results. Section 3 is of preliminary nature and we here introduce the concept of weak
solutions, we state the intrinsic Harnack inequality and we provide some technical lemmas. In Section
4 we collect the gradient estimates for the (standard) problem Hw = diva(Dw) —w; = 0. In Section
5 we revisit the interior O estimates for the standard problem, discussed in Section 4, with the
focus on intrinsic geometry. In Section 6, we establish optimal growth estimates for the obstacle
problem at (interior) contact points, and in particular in the intrinsic backward p-paraboloids (P,)
and in the full lower intrinsic cylinders (@, ). In this section we also prove Theorem 1.8. In Section 7
the analysis of Section 6 is modified to handle the initial layer/state, and Theorem 1.14 and Theorem
1.11 are proved. In Section 8 the key estimates established in Sections 5-7 are combined into the
proofs of Theorems 1.4 and 1.15.

2. REVIEW OF THE LITERATURE, OUR CONTRIBUTION AND A DISCUSSION OF SHARPNESS

To put our results into perspective, we note that when p = 2, then the operator appearing in (1.4)
coincides with the heat operator Au—uw;, and hence the obstacle problem in (1.5) becomes an obstacle
problem for the heat equation. In the case of linear uniformly parabolic equations we note that there
is an extensive literature on the existence and regularity of generalized solutions to the obstacle
problem in Sobolev spaces, and we refer to [15] for details. For obstacle problems involving the heat
equation we refer to [10], and for linear parabolic equations with not necessarily constant coefficients
we refer to [4, 5, 6, 7].
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In contrast, the obstacle problem for the evolutionary p-Laplace type operator is considerably less
understood in the case p # 2. In [22] the second author, together with Tuomo Kuusi and Giuseppe
Mingione, in the case p > 2 and by showing that solutions have exactly the same degree of regularity as
the obstacle, proved optimal regularity results for obstacle problems involving evolutionary p-Laplace
type operators with obstacles in intrinsic C%“ spaces, a € (0,1]. A main ingredient in [22] was a new
intrinsic interpolative geometry allowing for optimal linearization principles via blow-up analysis at
contact points. This also opened the way to the proof of a removability theorem for solutions to
evolutionary p-Laplace type equations. A basic feature of [22] was that no differentiability in time is
assumed on the obstacle; this is in line with the corresponding linear results.

In [3] some contributions to the theory of higher order regularity in the obstacle problems for the
evolutionary p-Laplace operator were established. More precisely, it is proved that solutions which
are Lipschitz in time have C*/(P=1 approximation at free boundary points in the spatial variables.
In [28], p-parabolic free boundary problems were considered, however the main arguments in [28] for
the optimal regularity of solutions are not correct and difficult to repair, see Remark 8 in [3].

As mentioned in the introduction, this seems to be the first paper where optimal Holder estimates
for the gradient of solutions to p-parabolic obstacle problems are established. The key novelty of
our work arises in the introduction of the intrinsic geometry that reflects the (non-)degeneracy of
the solution at reference points. Incorporating the intrinsic geometry, we prove the optimal growth
of the solution from the obstacle, see Theorems 1.8 and 1.14. Our work also gives new insights to
the well-established gradient estimates for the standard problems (i.e., those without obstacles), see
Theorem 1.4. As a matter for fact, our Holder estimates for the gradient at degenerate points hold in
much longer time-intervals than the standard ones, at a cost of losing arbitrarily small amount of the
Holder exponent. Our paper can be seen as a novel continuation of the study initiated in [22] where
optimal regularity for obstacle problems was considered in C% intrinsic interpolative geometries.

Finally, to establish versions of [22] and the results of this paper in the singular case, p < 2,
represent interesting projects for future research.

2.1. Optimal regularity and the intrinsic geometry: a discussion of sharpness. As briefly
mentioned, a key feature of obstacle problems involving the p-Laplace operator is the improvement
of the regularity of the solution at free boundary points. To exemplify, considering the stationary
problem
max{Apu,) —u} =0,

the solution u is as smooth as the obstacle ¢ at free boundary points, i.e., at points on d{u > 1},
see [26, 3]. In particular, for C2-obstacles v, solutions u have C'!!-expansions at the free boundary
points, which of course is optimal. However, in the continuation or non-coincidence set {u > 1},
the solutions are (weak) p-harmonic functions, hence they are only C'1® regular for some universal
«a € (0,1). Thus, the regularity is improved at free boundary points.

The improvement of regularity at free boundary points in the p-obstacle problem is mainly due
to the strong minimum principle and the Harnack inequality. The true character of the p-Laplace
operator only appears when the obstacle is degenerate (Dw(xo) = 0), since otherwise the linear
behavior of the obstacle dictates and makes the equation uniformly elliptic. However, if the obstacle
is degenerate, then the solution u is more or less nonnegative, up to an additive constant. Thus,
by the strong minimum principle, u cannot deviate too much from above from the obstacle either.
Moreover, one can quantify this information sharply by means of the Harnack inequality, see [26]
(and also [9] for the classical obstacle problem for the Laplace operator, p = 2).

In contrast to the stationary case, it is well-known that for p > 2, solutions to quasilinear parabolic
equations exemplified by the evolutionary p-Laplace equation do not satisfy the strong minimum
principle, and the Harnack inequality must incorporate intrinsic geometry. To keep our discussion
simple, let us consider the prototype case

max{Apu — u, ) —u} =0.

For those who are not familiar with the evolutionary p-Laplace equation A,u—u; = 0, we here present
some important nonnegative solutions in the degenerate case p > 2. For the sake of brevity, we here
skip to state the explicit form of the constants appearing in the explicit solutions stated below,
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instead we refer the interested reader to [11]. The following solutions to the degenerate evolutionary
p-Laplace equation can be found in [11].

e The Barenblatt solutions:

2] 71|
1 x|\ 1|7
+
for suitable constants 7, and A depending only on n and p.
e Traveling wave solutions: for every ¢ > 0, and each ¢ € {1,2,...,n},
p—1
(2.2) Ue(w,t) = ue(21, .oy T, t) = K(ct — a;) 777
for some K = K(c,p).
e Other self-similar solutions: for every T' € R,
_ (el
(2.3) ur(z,t) = ¢p <T — , t<T.

Note that all solutions listed above are nonnegative and do vanish in some part of the interior.
This rules out the strong minimum principle from our toolbox. Furthermore, note that nonnega-
tive solutions to p-parabolic problems can be considered as solutions to the corresponding obstacle
problems with zero obstacle. This is precisely the point that makes the analysis of the p-parabolic
obstacle problems so delicate.

Having these examples in mind, let us explain the optimality of the intrinsic geometry revealed in
Theorem 1.8. Theorem 1.8 states the optimal regularity improvement at free boundary points in the
intrinsically scaled backward p-paraboloids (of the form in (1.8)). The sharpness of the result can be
shown with the traveling wave solutions u, in (2.2) as follows.

e The origin (0,0) is a free boundary point of u., and
Ue < MTEE in QT()\TP%?).

This in particular shows that the regularity improvement in the intrinsic cylinders can not
go above the order 1+ a=1+1/(p — 2).
e Nevertheless, taking A = A\(c¢) larger if necessary, a direct computation shows that

142 . 2
Ue < Arv P2 in P (re-2).

Thus, the regularity is in fact improved in the intrinsic backward p-paraboloids to the order
1+a=142/(p—2). Moreover, such an improvement cannot be extended in the forward
time direction.

Let us close with some remarks concerning Theorem 1.11. To distangle the statement in (1.23), let
(zo,t0) = (0,0), u(0,0) = 0, and assume that = 1, and jz = 1, and let ¢(r) = max{w(r), |Dy(0,0)|+

s}. Let A(r) and A(r) be the numerator and denominator, respectively, of the ratio in the left-hand
side of (1.23), i.e.,

A(r) =inf{\ > 1: |u| < Mrw(r) in Q. (w(r))},

A(r) =inf{A > 1: |Ju| < rw(r) in Q,(Aw(r))}.

Note that as A(r) > 1 we have Q,(A(r)¢(r)) C Qr(v(r)). Consequently, we always have A(r) <
A(r), but in (1.23) we actually assume that these two quantities are (uniformly) comparable for all

degenerate scales r (|[D(0,0)|+ s < w(r)) as measured by 6. Considering the degenerate scales, and
w(r) =r®, we have

(2.5) Qr(Mw(r)) = By x (=A\27Pp2me0=2) \2pp2=alp=2))

(2.4)

and in this case the assumption in (1.23) implies that

ju] < {A(T) rw(r), i By x (—(A(r)2Pr2mo2), (\(r))2pr2-alr=2),

2.6 !
(26) ON(r)rw(r), in B, x (—r?=ep=2) p2-alp=2)),
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As noted in Remark 1.12, (1.23) is a nontrivial criterion to extend the optimal improvement of
regularity from the intrinsic backward p-paraboloids to the entire cylinders. To see this let us consider
the traveling wave solutions wu, in (2.2) for example. Again let A(r) and A(r) be as in (2.4). Note that
both A(r) and \(r) depend on the modulus of continuity w(r) for the obstacle 1, and recall that ..
solves the obstacle problem for the evolutionary p-Laplace operator with zero obstacle, as well as that
(z0,t0) = (0,0) is a degenerate point of u. on the free boundary, ct = z;. If we choose w(r) ~ 72/ (P=2),
then in the case of u, we have \(r) ~ r~Y®=2) and A(r) ~ r~2/(P=2), Hence, \(r)/\(r) ~ r~1/(P=2),
so the ratio diverges as r — 0%, that is, (1.23) fails to hold. In fact, the ratio A(r)/A(r) diverges
whenever we choose w(r) = r®* with @ > 1/(p — 2). Nevertheless, the ratio becomes bounded when

w(r) < r1/(P=2) Therefore, the criterion in (1.23) is not superfluous.

3. PRELIMINARIES

3.1. Concept of solutions. If U C R" is open and 1 < q < oo, then by W4(U), we denote the
space of equivalence classes of functions f with distributional gradient Df = (fuy,. .., fz,), both of
which are g-th power integrable on U. Let

I fllwra@y = 1 fllua@y + D flllLaqo

be the norm in Wh4(U) where | - [|q(1) denotes the usual Lebesgue g-norm in U. Given t1 < to we
denote by Ld(ty,ts, WH4(U)) the space of functions such that for almost every ¢, t; < t < to, the
function z +— u(x,t) belongs to WH4(U) and

1/q
st wawiaon = ([ (ute, 000+ 1Dute, ) dedt) - < oo
(tl,tQ)XU

In the following we first describe the concept of weak solutions to
(3.1) Hw = diva(Dw) — w; = 0,
when the underlying domain considered is not necessarily a cylinder.

Definition 3.1. Let H be as in (3.1) and assume (1.2). We say that a function w is a weak
supersolution (subsolution) to (3.1) in an open set = € R™! if, whenever =/ = U x (t1,t2) € E with
U C R" and t1 < to, then w € Lp(tl,tg; Wl’p(U)) and

(3.2) //: ({a(Dw), Dé) — wey) dadt > (<) 0,

=/

for all nonnegative ¢ € C3°(E’). A weak solution is a distributional solution satisfying (3.2) with
equality and without sign restrictions for the test functions.

Note that in Definition 3.1 no assumption on the time derivative of w is made. We are now ready
to give the definition of solutions to the obstacle problem in (1.5). In the following we assume that
the obstacle ¥ and boundary value function g are continuous on @ C R™*! and that g > v on the
parabolic boundary of O = Q x (0,T).

Definition 3.2. A function u is a solution to (1.5) if it satisfies the following three properties:
(i) w is continuous on O, u > ¢ in O and u = g on IpO,
(ii) u is a weak supersolution in O,
(iii) w is a weak solution in O N {u > ¥}.

As for the property (iii), we recall that u is a weak solution in O N {u > ¥} means that u is a
standard distributional solution in the sense of Definition 3.1 in every space-time cylinder contained
in O N{u > 1}. We note that a solution to the obstacle problem as in Definition 3.2 exists by the
results in [20]. To be precise, in [20] the boundary values were given by the obstacle itself but it is
straightforward to modify the argument in [20] to obtain the existence result for general boundary
values assuming g > v on the parabolic boundary. Moreover, the solution is easily seen to be unique
by an “elliptic” comparison principle for weak solutions, see Lemma 3.3 below. As outlined in [22],
there are naturally other ways to obtain existence. An argument arising from potential theory is
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given in [27] and by uniqueness arguments this solution coincides with the solution obtained in [20].
In fact, from [27] one finds an argument for an existence result when the obstacle belongs merely to
a parabolic Sobolev space. If the obstacle, on the other hand, belongs to parabolic Sobolev space
and has time derivative in L2, then the existence follows from [2] and by an approximation argument
this approach can be used to obtain the unique solution also in the case when the obstacle is merely
continuous; related existence results under regularity assumptions on the obstacle, such as in the
existence of 1y in suitable Lebesgue spaces, can be found in [8]. Furthermore, an additional approach
is given by viscosity solutions in which case the existence is rather easy to obtain. It turns out
that a viscosity solution to the obstacle problem is also a so-called a-superparabolic function in O,
see [18, 19, 17, 16], and a continuous weak solution in O N {u > ¢ }. Every bounded superparabolic
function is also a weak supersolution by [18, 19] and therefore any viscosity solution is a solution in
the above sense and hence unique.

3.2. Technical tools. Concerning the notion of solution considered above we will several time use
the following result (see for example [18] and [19, Corollary 4.6]).

Lemma 3.3 (“Elliptic comparison”). Let S C R"™! be an open and bounded set and let T € R.
Let Sy = SN{t <T}. Let u be a weak supersolution in St and let v be a weak subsolution in St.
Assume further that u and v are continuous on the closure of St. If v < w on 0SSt \ {t =T}, then
v <uin Sr.

The following Harnack estimate can be retrieved from [12, 13] and [21].

Theorem 3.4. Let w be a nonnegative weak solution to (3.1) in a space-time cylinder O in R™"+1,
Then there exist positive constants ¢ and vy, both depending only onn, p, v and L, such that whenever

c p—2
B to —0(4r)P tg +6rP) C O ith 0= ———
ar(z0) X (to — 0(4r)P to + OrF) , wi <w(:c0,to)) ;
then either
ysr > min{1, w(zg, to)},
or
7 sup w(-,tg — 0rP) < w(zo, to) < v inf w(-,tg+ OrP).
B'r(l’()) By (zo
Next we consider linear second order parabolic equations of the type

(3.3) Pv = div(b(z,t)Dv) — v = 0,

where b is a (n X n)-dimensional matrix coefficient satisfying

(3.4) (b(z,t)€,&) < LIEP,  (b(z,t)€, &) = v|¢f,

whenever £ € R™ and for almost every (z,t) € R® x R. Here 0 < v < L are fixed parameters. We will
use the following lemma which is an easy consequence of interior C%® regularity for weak solutions
and the strong minimum principle.

Lemma 3.5. Suppose that v is a continuous weak solution to Pv = 0 in Q,, and assume that
0<wv<1inQ,. Then, given ¢ € (0,1), there exists § € (0,1), depending only on n, v, L and ¢,
such that
v(0,0) <6 = supv<e.
Qr

4. GRADIENT ESTIMATES FOR WEAK SOLUTIONS

Here we present the gradient estimates for weak solutions to Hu = 0, in a form slightly different
compared to the standard formulations, see [11]. More specifically, we present them in terms of
pointwise approximation by time-independent affine functions. The Holder exponent «j appearing
below depends on the structure constants, i.e. on n, p, v, L, and «j will be fixed throughout the

paper.
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Theorem 4.1. Let H be as in (1.1), with (a,s) as in (1.2). Let ¢ be a time-independent affine
function, and let u be a weak solution to Hu = 0 in Quo(p), such that

lu—£] < Apo in Quo(Ap) with |DE|+s < p,
for some constant X > 1. Then there exists ¢ = c¢(n,p,v,L), ¢ > 1, such that
(4.1) Dul < ehirin Qu(M),
and there exists ap = ap(n,p,v, L), ap € (0,1) such that

anp
(4.2) 0SC Du < chu <T> ,
(z0,t0)+Qr (M) 0

whenever (zg,t0) + Qr(Ap) C Qo(Ap).
To prove Theorem 4.1 we will use the following lemma.

Lemma 4.2 (Caccioppoli estimate for differences). Let v and w be weak solutions to Hv =0 = Hw
in Qr(p). Then

(4.3) // (v—w )]pdxdt<—// |v—w\pdxdt+c// (1 + |Dw| + s)P dxdt,
7‘/2””

with ¢ = ¢(n, p,v, L).

Proof. Let n = (v — w)¢P, where ¢ is smooth and vanishes outside of @, (u). Furthermore, we
construct ¢ so that ¢ =1 on Q,2(1), D¢ < 4/r and [¢y] < 8uP~2/r% on Q,(n), and 0 < ¢ < 1 in
Qr(p). As Hv = 0 = Hw weakly in Q,(u) we have, formally,

0 ://T(M ((a(Dv) — a(Dw), Dn) — (v —w)om) dedt = I + Iy — I3,

where

I E// T(y)(a(Dv) —a(Dw), D(v — w))¢P dxdt,

I Ep//Qr(#)<a(DU) — a(Dw), D@) (v — w)P~ ! dx dt,

I3 :1 // (v — w)?0;¢P dz dt,
7‘(11')

after an integation by parts in time. The integration by parts argument can be made rigorous using
Steklov averages but we here omit the routine details. Using the assumptions in (1.2) on a(+),

1
> - // |D(v —w)|PeP dzdt.
¢ (1)
Using further structure of a(

| <c// (1Dv| + |Dw| + $)P~2 |D(v — w)|¢"~ v — w|| D| dz dt
gc// (IDw| + 572 D(v — w)| ¢ |v — w||De| du dt
+c// w)|P P o — w||Dg| da dt.

Using Young’s inequality repeatedly,
(|Dw| + 5)P7*[D(v — w)|¢"~ v — w|| D]
< (|Dw| + $)P7?|D(v — w) gl — w||D|
< e(p) ((|Dw| + $) + |D(v — w) P/¢#*[o — w]P/?| DG |P?)
< c(p)((1Dw] + )" + €?|D(v — w)[P¢P + e P|v — w|’| Do),
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where ¢ € (0,1) is a degree of freedom. Combining this with one more application of Young’s
inequality, in the second term in the estimate of |I5| above, we deduce

|I5] Scsp// |D(v — w)[PeP da dt + cé(e) // (|lDw| 4+ s)P dxdt
Qr(p) Qr(w)

—i—cr*p// lv —wl? dzdt,
(1)

with ¢ = ¢(n, p,v, L). Again, using Young’s inequality,

|I3] < 1// (v — w)?0ypP| do dt < cuP™2r—2 // (v —w)? dadt
2 JJQr(wy Qr(n)

< cr_p// v — w|P dz dt + P |Qr(p)],
Qr(p)

with ¢ = ¢(p). Collecting estimates leads to the statement of the lemma. O
We are now ready to prove Theorem 4.1.

Proof of Theorem 4.1. Let in the following ¢ be a positive constant, depending only on n, p, v, and L,
which is allowed change upon each occurrence. Applying Lemma 4.2 to the pair u and £ in Qu,(Apt),
recalling that |Df| + s < u, A > 1, we obtain

]§[ \Du— DOP dedt < iﬁ[ lu — £ dadt + ()P < c(A).
Q20(An) 0P JJQap(An)

Now, using the Minkowski and Holder inequalities we deduce
]5[ IDufP~! dzdt < e(Ap)P~L + [DEPT < e(Ap)P L.
Q20(A)

Employing the local boundedness for the gradient, e.g., Theorem 5.1 in Ch. VIII in [11], we obtain
|Du| < cAp in Qzp/2(Ap),

which proves (4.1). We can then use the well known Holder estimate for the gradient, e.g., Theorem
1.1 in Ch. IX in [11], to complete the proof. O

5. INTERIOR GRADIENT ESTIMATES REVISITED

In this section we revisit the interior C1'® estimates for the (standard) problem Hu = 0 with the
focus on intrinsic geometry. In the following we let oy denote the Holder exponent for the gradient,
appearing in Theorem 4.1, and we let a be any exponent satisfying

(5.1) 0 < a<a.
The purpose of this section is to prove the following proposition.

Proposition 5.1. Let H be as in (1.1), with (a,s) as in (1.2), and let u be a weak solution to Hu = 0
in Q1 such that |u] < 1 in Q1, u(0,0) = 0, and |Du(0,0)| +s < 1. Let a € (0,c4,) be given, set
©(r) = max{r®, |Du(0,0)| + s}, and let £ = Du(0,0) - x. Then for every r € (0,1),

(5.2) lu— 0] < M1 in Q. (Mp(r)),
for some constant A = A(n,p,v, L,a), A > 1.
5.1. The degenerate case. We first treat the degenerate case, |Du(0,0)| + s =~ 0.

Lemma 5.2. Under the assumptions as in the statement of Proposition 5.1, there exists A =
An,p,v, L,a), A > 1, such that if |Du(0,0)| + s < r* < 1, then

(5.3) lu| < A1t in Qp(Ar®).
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Proof. We are going to prove that if H, s, o, and u are as in the setting of the lemma, then there
exist A > 1 and 7, 0 < 7 < 1, both determined a priori by n, p, v, L and «a only, such that if for
some A > A, and for some r < 7, |Du(0,0)| + s < r* < 1, we have that

(5.4) lul < X' in Q,(No%),

for all o € (r,1), then the strict inequality in (5.4) continues to hold at ¢ = r. Once such constants
are found, the proof can be easily completed by our initial assumption that |u| < 1 in @1, and a
standard continuity argument, see Remark 5.3 below.

With this goal we instead assume, by way of contradiction, that there exist, for each j =1,2,...,
Hj, sj, uj as in the setting of the lemma, some 7; — 0 and A; — oo, such that |Du;(0,0)| +s; < 7,
and such that

(5.5) Jujl < Ajo'™ in Qp(Nj0%),
for all o € (r,1), but
(5.6) Juj (g, t5)] > Ajrj+e

for some (z;,t;) € Qr,;(A;r§). Using Theorem 4.1, with £ =0, A = A;, and p = ¢%, we see that (5.5)
implies that

AN
(5.7) Duj (1) — Duy(0,1)] < eAjo” (5) in By, |
whenever g € (87j,1) and [t| < (2r;)%(\j0*)* P
Define
- (ija 9 P ) . o
(5.8) a(y,7) = r]é] with  0; = A\jrf.

Then @; is a weak solution to
E[j’a]’ =0 in QQ(QQ),

where H; verifies (1.2) with v, L and s = s;/0; — 0. By (5.5) (with o = 2r;), we have
i) <27 in Qa(2%).

Hence, by the interior regularity theory, see [11], both {@;} and {D;} are uniformly Holder contin-
uous in Q. Then by the Arzela-Ascoli theorem, @; — @ and D@; — D@ uniformly in @ along a
subsequence, for some continuous function % : Q1 — R having continuous spatial derivatives.
Writing Hjw = div a;(Dw)—w,, it follows from (1.2) that {a,} is also a locally Lipschitz continuous
map in R". Hence, extracting a further subsequence along which #; — @ and Di; — Du, we have
a; — a locally uniformly in R", for some locally Lipschitz vector-field a : R™ — R"™. In particular,

aj(Da;) — a(Da) uniformly in Q.
Hence, we must have
Hi=0 inQ,
in the weak sense, where Hw = div a(Dw) — w.
Rewriting (5.7) in terms of ;,

(5.9) | D (-, 7) — Daj(0,7)] < erf™™* in By,

whenever |7| < 1. Since o < ap, and r; — 0, the uniform convergence of Du; — D1 (along some
subsequence) implies that

Da(-,7) = Da(0,7) in By,
whenever |7| < 1. Thus, for every test function ¢ € C§°(Q1),

// ugonydT—// (Da) - Do dydr = — / diva(Du)p dydr =0,
1
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which implies that a(y, )
assumption) and |D;(0,0)

= 4u(y,0) for every (y,7) € Q1. However, by (5.9), 4,(0,0) = 0 (by
<r% — 0, we have that @(-,0) = 0 on By, and hence

=0 in Q.
Nevertheless, rephrasing (5.6) in terms of @; and passing to the limit, there must exist a point
(yo, 7o) € Q1 such that |@(yo, 7o) > 1, and this gives a contradiction. O

Remark 5.3. In the proof of Lemma 5.2 we refer to a (standard) continuity argument. To outline the
argument, assume the hypotheses of Lemma 5.2 and that it is true that if

(5.10) ul <A™ in Qu(Ae),

for all p € (r,1), then also

(5.11) lu| < Xr!T® in Q.(\r®).

Let § € (0,1) be a given number, and let

(5.12) I={re[51]: |ul < '™ inQ,(\¢%), forallge[r1]}.

Observe that 1 € I, because we assume |u| < 1 in @)1, hence I is nonempty. If r € I, then by the
continuity of u, (r —e,r+¢) C I, for some £ > 0 (which can be very small, and dependent on u and
r), and hence I is open. We also claim that I is a closed. Indeed, suppose {r;} C I is such that
rr — ro. If rg > infy rg, then by definition, r¢ € I. Otherwise, if 79 = infy 7, then by continuity of
lul, |u| < X' in Q,, Yo € (ro,1]. This is true, because for any 7y > rg, we can find some 7y < 7o,
so |ul < X' in Q,, Vo € [rk, 1] D [fo, 1]. Now the implication in (5.10)-(5.11) applies and rg € I.
Thus, I is a closed set. Having proved that I is a nonempty, open and closed set, we can conclude
that I = [6,1].

5.2. The nondegenerate case. We here consider the nondegenerate case, | Du(0,0)| + s =~ 1.

Lemma 5.4. Assume, in addition to the assumptions in Proposition 5.1, that p = |Du(0,0)|+s > 0,
and that there exists o € (0,1), 0® < u, such that

lu =L < Ao in Qo(An),
for some X\ > 1. Then there exists a constant ¢ = c(n,p,v, L), ¢ > 1, such that if r € (0, 0), then
lu — €| < cApr (

. in Qr(Ap).

Proof. By Theorem 4.1 and the fact that D¢ = Du(0,0), we obtain

TO&

«
(5.13) |Du — Dl| < coAp (r) , Vre(0,0/4).
0
Also recalling that «(0,0) = £(0) = 0, that ¢ is time-independent, we deduce
sup |u—/{| < sup

][ (u(z,t) — u(x,0)) dz| + 2coAur <T) ,
Qr(Ap) —r2(Ap)2—P<t<r2(Ap)2—P - 0

whenever 4r < p. To estimate the first term on the right-hand side in the last display, we use the
weak formulation of Hu = 0 in Q,(An) and the divergence theorem. That is,

f o) i) as= f ao [ Do)

—/ dr div a(Du) / de[ a(Du) - ¥ doy,
B, OB,

where 7 denotes the outward unit normal to 0B,. Now we can make use of the structure condition
n (1.2), along with (5.13) and that pu = |D{| + s < 1, to deduce that

= ’]éBr(a(Du) —a(D?)) -V doy

a(Du) -V doy

OBy

1 [
< ][ |Du — DY| dax/ |0,a(nDu + (1 —n)DC)| dn < clcOL()\,u)p—l <T> ’
9By 0 e
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for some ¢; = ¢1(p). Thus, combining the last three displays, we observe that

r (03
sup |u — | < cacour <> ,
Qr(An) 0

with co = max{nci,2}. Recall that r was an arbitrary number in (0, o/4). Replacing cz with 417%c,,
we can extend the lasy estimate to all r € (0, p), as desired. O

5.3. Proof of Proposition 5.1. The idea underlying the proof is that once we rescale our solution
such that the rescaled gradient is of order 1, then we can apply the standard Ch® estimate as
formulated in Theorem 4.1. The only case in which such a rescaling is impossible is when the
gradient vanishes, and in that case we have, by Lemma 5.2, the intrinsically scaled C1'® estimate all
the way to the origin. A similar idea also appears in the setting of elliptic problems, see [3].

To start the proof, we first use Lemma 5.2. Indeed, if = |Du(0,0)|+ s = 0, then (5.3) gives (5.2)
directly. Thus, it suffices to consider the case 1 > 0. We choose £ = Du(0,0) - z. Then by (5.3),
(5.14) lu—£0 < osc u+oscl < (A4 1)r!T* in Q.(\r%),

Qr (Are) Br
for every r € (u/®,1), where A = X(n,p, v, L, ). Next, we invoke Lemma 5.4 (with A\ = A\r® and
o = p'/® there), which implies that

(5.15) lu— £ < creohr™ in QT (),

for every r € (0, ,ul/ @), with ¢; = ¢1(n,p,v, L). By combining these two estimates we get the desired
conclusion.

6. ANALYSIS AT CONTACT POINTS

This section is devoted to the study of optimal growth estimates at contact points. First, we
establish the optimal estimate, up to the critical exponent 2/(p — 2), in the intrinsic backward p-
paraboloids (P.).

Proposition 6.1. Let H be as in (1.1), with (a,s) as in (1.2), and let w verify (1.6) with o €
(0,2/(p —2)]. Let v be a continuous obstacle, let £ be a time-independent affine function, and let u
be a solution to max{Hu,v —u} = 0 in Q1 such that u(0,0) = 1(0,0) =0, and |Dl| +s < 1. Let
o(r) = max{w(r), |Dl + s}, and assume that

(6.1) [ =L <rw(r) in Qr(p(r)),
for every r € (0,1). Then there exists A = X(n,p,v, L, A,a)), X > 1, such that
(6.2) uf < Arg(r) in B (e(r)),

for every r € (0,1).

Second, we establish the optimal estimate, up to the critical exponent 2/(p — 2), in the full lower
intrinsic cylinders (@, ) but under an additional intrinsic assumption.

Proposition 6.2. Assume, in addition to the assumptions in Proposition 6.1, that |u| < 1 in Q,
and that there exists a constant 6 > 1 such that if |Df| + s < w(r) < 1, then

inf{\ > 1: |u| < Arw(r) in Q,(Aw(r))}
inf{\ > 1: |u| < Arw(r) in Qr(w(r))}

Then there exists X = X(n, p,v, L, A, ., 0) such that
(6.4) ju— €] < Xrw(r) in Qr (Ap(r)),
for every r € (0,1).

(6.3) <.

Third, we establish the optimal estimate, this time up to the universal exponent ¢y, in the full
lower intrinsic cylinders (@, ) but (essentially) without additional assumptions.
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Proposition 6.3. Assume, in addition to the assumptions in Proposition 6.1, that o € (0, avp,)), where
ay, is as in Theorem 4.1, and that |u| <1 in Q. Then there exists A = A(n,p,v, L, A, &) such that

(6.5) ju— €] < Xrw(r) in Qr (Ap(r)),
for every r € (0,1).
We emphasize that the conclusions of Propositions 6.1-6.3 are stated in the sets

P (e(r), @ (Ap(r)), and Q; (Ap(r)),
respectively. Furthermore, Proposition 6.1 and Proposition 6.2 are valid for a € (0,2/(p — 2)], while
Proposition 6.3 is valid for a € (0, ;). The proofs of Propositions 6.1-6.3 will be split into several
steps which we below present in subsections and we again divide the argument into the degenerate
case (|Df| + s =~ 0), and the nondegenerate case (|D¢|+ s~ 1).

For the degenerate scales |Df| + s < w(r) < 1, we actually prove more in the sense that the con-
clusions in Proposition 6.2 and Proposition 6.3 remain true with Q; (Ap(r)) replaced by Q,(Ap(r)).
In particular, in this sense, for degenerate scales stronger versions of Proposition 6.2 and Proposition
6.3 are valid. The restriction to the lower intrinsic cylinders Q; (Ap(r)) in the statement of these
propositions appears in our proofs for nondegenerate scales w(r) < |D/| + s, see Lemma 6.7. In fact,
in the context of Proposition 6.3 we in Lemma 6.7 prove, by a linearization of the problem, and by
making use of the strong minimum principle for linear second order parabolic equations, that Propo-
sition 6.3 holds for all o € (0,2/(p — 2)] for nondegenerate scales. Now the restriction to Q; (Ag(r))
arises in the use of the (strong) minimum principle. The proof of Proposition 6.2 for nondegenerate
scales is identical to the one for Proposition 6.3, and this explains our restriction to Q; (Ag(r)) in
the statements of these propositions.

As we will see, once we have proved Proposition 7.1 below, which concerns the regularity for our
problem at the initial (time) layer/state, then by Proposition 7.1, Proposition 6.2 and Proposition 6.3,
we can conclude that the latter two propositions also hold in the full intrinsic cylinders @, (Ap(r)),
we refer to Subsection 7.5 for details.

6.1. The degenerate case. We here study the degenerate case, |[Df| + s =~ 0. We first establish the
optimal estimate in the intrinsic backward p-paraboloids, for all exponents a < 2/(p — 2).

Lemma 6.4. Under the assumptions stated in Proposition 6.1, for every o € (0,2/(p — 2)] there
exists A\ = A(n,p,v, L, A, ), A > 1, such that if |Dl] + s < w(r) < 1, then

lu| < Arw(r) in P7(w(r)).

Proof. It is enough to handle the case w™!(|D¢|+s) < %, and hence we fix r < § such that [D¢|+s <
w(r). It then follows from (6.1), and that ¢(0,0) = 0, that

(6.6) || < 16rw(8r) in Qgp(w(87)).
As in [22] we now construct a comparison map. Consider the following auxiliary problem,
Hv=0 in Qg (w(8r)),
{v =u+ 167w(8r) on IpQs,(w(8r)).

Since u > ¢ in @1 and Qg,(w(8r)) C Q1 for any r < 1, it follows from (6.6) that
u > > —16rw(8r) in Qgr(cAu).
Since Hu < 0 in ()7 in the weak sense, we deduce from the comparison principle (Lemma 3.3) that
(6.7) 0<v<wu+16rw(8r) in Qg (w(8r)).
On the other hand, by (6.6) and (6.7),
v>0>u—16rw(8r) on {u=1}NQs (w(8r)),
and hence, in particular,

v+ 16rw(8r) > u  on (O{u > ¥} N Qs (w(8r))) \ (Bs, x {(87)%w(8r)*7F}).
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Since Hv = 0 = Hu in {u > ¢} N Qs (w(87)), v > u on IpQs,(w(8r)) and {u > 1} is an open set,
we can invoke the comparison principle (Lemma 3.3) again, to deduce that
v+ 16rw(8r) > u in {u > ¥} N Qs (w(87)).

Collecting the last three displays, we arrive at

(6.8) v>u—16rw(8r) in Qg (w(8r)).
Now since u(0,0) = ¢(0,0) =0, (6.7) implies
(6.9) v(0,0) < 16rw(8r) < 273 Arw(r),
where the last inequality is due to (1.6). We claim that
(6.10) v(0,t) < 273 Aqrw(r), Yt € [—r2w(r)*7P, 0],

where v = y(n,p,v, L), v > 1, comes from the intrinsic backward Harnack inequality, see Theorem
3.4.

To prove (6.10), it is sufficient to consider the case v(0,0) > 0, since otherwise one can first repeat
the following argument with v. = v + ¢, and then send e — 0. Thus, let us assume that v(0,0) > 0.
Then by the backward intrinsic Harnack inequality, see Theorem 3.4,

(6.11) supv(-, —00”) < ~yv(0,0) < 16yrw(8r),

e

provided that

c p—2
(6.12) Buy x (—0(40)",007) with 6 = (U 0 0)> ,

is contained in Qg,(w(8r)); here ¢ = ¢(n,p,v, L), ¢ > 1, is the waiting time constant for the intrinsic
Harnack inequality. We remark that we may increase the waiting time constant ¢ such that ¢ >
273 A by increasing the Harnack constant 7, see Ch. 5, paragraph 2.4 in [14]; clearly both v and
¢ will now depend further on A and «. Then by (6.9), we have

C

-2
) PP )

orf > (
Thus, given any ¢ € [—r2w(r)27P,0), we can choose o = o(t) € (0,7) such that —t = oP. With such
a choice of p = g(t), the set inclusion in (6.12) is satisfied, hence by (6.11),
supv(-,t) < 273 Ayrw(r).
B

e

Since t € [~r%w(r)?7P,0) was arbitrary, we obtain (6.10).
With (6.10) at hand, we can now prove that

(6.13) v(z,t) < yhrw(r), Y(z,t) € P (w(r)),

for some large constant A = A\(n,p,v, L, A,a), A > 1, where v > 1 again is the Harnack constant. To
prove (6.13), it suffices to consider points (zo,t) € P, (w(r)) such that

(6.14) v(xo, tg) > Arw(r).
In what follows, we redefine 6 as
c p—2
0= (> ,
v(zo, to)

where ¢ > 1 again is the waiting time constant in the intrinsic Harnack inequality. Let us choose
A > cin (6.14). Then as (zo,t0) € P (w(r)), we have

—2 —2
(6.15) to + 9|l‘0|p <ty + (C)p |l‘0|p <ty |1l— (C)p < 0.
Arw(r) A

Next, we select A even larger if necessary such that

C

(6.16) to — 0(4]zo|)? > — |1 + 47 <A>p2] Pw(r)2P > —(8r)2w(8r)2 7.
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Note that the first inequality in (6.16) is solely due to (6.14) and (zo,t0) € P (w(r)) C Q; (w(r)).
In view of (6.15) and (6.16), we can employ the forward intrinsic Harnack inequality, which along
with (6.10) yields that

(6.17) v(xo,tg) < yBinf v(-, to + bo|zo|P) < 27+3O‘A72rw(7“).

[zl
Thus, (6.14) implies (6.17). Then by dichotomy, we arrive at (6.13) with A\ = 2773* Ay. Finally, our
assertion in the statement of the lemma follows by combining (6.13) with (6.8). O

Next, we establish the extension of the result in Lemma 6.4 to entire cylinders under the additional
assumption stated in Proposition 6.2.

Lemma 6.5. Under the assumptions stated in Proposition 6.2 (hence in particular we assume that
(6.3) holds for some 0 > 0), there exists A = A(n,p,v, L, A, «,0) such that if |Dl| + s < w(r) <1,
then

lu] < Arw(r) in Qr(w(r)).

Proof. To prove the lemma we argue by way of contradiction. Indeed, let Hj, s;, w;, u;, 1;, £; be as
in the setting of this lemma, assume that |D/;| + s; < w;(r;), that

(6.18) |uj] < Ajow(e) in Qo(w;(e)),

for all p € (rj,1), for some \; — oo and r; — 0, but that

(6.19) |uj (5, 1)| = Ajrjw; (r5),

for some (Z;,;) € Qr,;(w;(r;)). That is, \; is the value of the numerator in (6.3) at r = r;, and hence
(6.20) [ (), )] > 07" Njrjus ().

for some (z;,t;) € Qp, (Ajw;(r5))-
As r; — 0, we can choose {p;} to be a sequence satisfying

. 1 N e
(6.21) lim g; =0, lim % =00, and lim — (‘g’J) — 0.
j—o0 j—oo T j—o0 Aj
Let us now consider an auxiliary problem
{Hﬂ’j =0 in Qq, (w;(e;)),
vj = uj + 205w;j(ej) on IpQy, (w;(ey))-
Repeating, almost verbatim, the argument for the proof for (6.7) and (6.8), we also deduce that

(6.22)

(6.23) max{0,u; — 20jw;(0j)} < vj < uj+20jwj(ej) I Qg (wj(e;))-
Now utilizing (6.18), and considering large j, we have from (6.23) that
(6.24) 0 <wvj <2Xj0wi(0)  in Qg (wj(0)),

for every o € [rj, 0;), but by (6.20) and (6.21),

_ 1
(6.25) v, 85) 2 07 Ay (ry) = 205w5(05) = 55 A5 (1),
for all large j. On the other hand, by u;(0,0) = %;(0,0) = 0 (from assumption) and (6.23),
(6.26) v;(0,0) < 20;w;(0;)-
We now introduce the change of variables

— — -2 ~ v '($, t) :
(y,7) = (rj 1x,Tj 20? t), oi(y,7)= ]7“3'7]" with  6; = A\jw;(rj),
which maps @, (\jw;(r;)) onto Q1, thus Q. (w;(r;)) to Ql()\j_l). Since A\; — oo, Ql(/\j_l) approxi-
mates the infinite strip By X (—00,00). To simplify the notation, we let
=% and ok = 4
rj wj(75)
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Since w; verifies (1.6) with A and «, so does @;.
We observe that

Hjvj =0 in Qr, (A, ' @5(kj)),

where ﬁj is a degenerate parabolic operator verifying (1.2) with structure constants v, L and the
inhomogeneity constant s = s;/0;. We remark that as s; < w;(r;) (from the setting), we have
5;/0; — 0 as j — oo.

By the compactness argument already detailed in the proof of Lemma 5.2, we can now deduce
from (6.24) that 9; — © and D?; — D% locally uniformly in R” x R along a subsequence (since any
compact subset of R" x R is contained in Q; (A;le(k:j)) for every large j), for some nonnegative
weak solution ¥ to

Ho=0 inR"xR.
Writing by @ the vector-field associated with H, one can observe by passing to the limit in (1.2) that
(a(z),2) > v|z|P, |a(z)| < L|z|P~! and that (a(z) — a(¢),z — &) > 0 for every z,£ € R™, z # €.
Now we are in a position to derive a contradiction. Rephrasing (6.24) at 0 = r; in terms of ¥;
yields 0 < 9; <2 1in By x (—)\j_l, Aj). By the locally uniform convergence, we obtain

0<9<2 in Bj X (—00,00).

Using this it follows from a Liouville theorem for the degenerate parabolic equations, see Ch. 5,
Proposition 5.3 and Remark 5.2 in [14], that © is constant in R"™ x R. However, we know from (6.26)
and (6.21) that 9;(0,0) — 0, so the Liouville theorem ensures

v=0 inR"” xR.

On the contrary, by (6.25) and recalling that (z;,t;) € Qy,;(A\jw;(r;)), we have ¥;(y;, ;) > 1/(20) for
some (y;,t;) € @1, so the uniform convergence yields © > 1/(260) > 0, and this is a contradiction.

In conclusion, we observe that if H, s, w, u, ¥, £ are as in the setting of the lemma, then there
exist large A > 1 and small ¢ € (0,1), such that if |D¢| + s < e, |Dl| + s < w(r) < 1, and if

ul < Agw(e) in Qplw(e)),

for every p € (r,1), then the strict inequality continues to hold at ¢ = r. Thus, by the (standard)
continuity argument previously outlined, the strict inequality holds whenever |D¢|+ s < o < 1. This
concludes the proof of the desired estimate. O

Next, we establish the extension of the result in Lemma 6.4 to entire cylinders, without the
additional assumption stated in Proposition 6.2, but only for a € (0, ap,), where vy, is as in Theorem
4.1.

Lemma 6.6. Under the assumptions stated in Proposition 6.3, there exists A = A(n,p,v, L, A, a)
such that if |Dl| + s < w(r) < 1, then

lu| < Arw(r) in Qr(Aw(r)).

Proof. The proof here is analogous with that of Lemma 5.2. In fact, most of the argument there can
be repeated with r{" replaced with w;(r;). The key difference is that we cannot play directly with
u; as it is not a solution to the standard problem. For this reason, we shall construct an auxiliary
function as in the proof of Lemma 6.4.

Let Hj, sj, uj, v, {j, wj be as in the setting of this lemma such that |D/;| + s; < w;(r;), and
such that

(6.27) luj| < Ajow(e) in Qo(Ajw(o)),
for all p € (rj,1), for some A\j = oo and r; — 0, but
(6.28) |uj (), )] = Ajrjw;(rs),

for some (xj,t;) € er(/\jwj(rj))'
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As r; — 0, we can choose {gj} as in (6.21). Consider the following auxiliary problem
{vaj =0 in Qo (Ajw;(05));
v; = uj +205wj(e;) on IpQy; (Njwi(ej))-
Repeating, almost verbatim, the argument for the proof for (6.7) and (6.8) we also deduce that

(6.29)

(6.30) max{0,u; — 20jw;(0j)} < vj < uj +20jwj(0j) in Q;(Ajw;(e)))-

Now utilizing (6.27), we have from (6.30) that

(6.31) 0 <wv; < 2Xjowj(e) in Qu(Ajw;(0)),

for every o € (rj, 0;), but by (6.28) and (6.21),

(6.32) vj(xj,t5) > A\jrjw;(ry) — 205w;(05) > %)\jrjwj(rj),

for all large j. On the other hand, by ;(0,0) = 1;(0,0) = 0 (from the setting) and (6.30),
(6.33) vj(0,0) < 20;w;(0;)-

By Theorem 4.1, (6.31) (at 0 = o;) implies

ap
(6.34) |D’Uj(',t) — DUj(O,t)| < C)\jwj'(gj) (g) in Brj7
j
whenever [¢| < 75 (Ajw;(0;))* 7.

With the last four displays at hand, we can now repeat the proof of Lemma 5.2. The only notable
difference here is that we do not know a priori that |Dv;(0,0)| — 0, where 9; is the scaled version of
vj as in (5.8) with 6; now given by \jw;(r;). However, as v; is nonnegative and satisfies (6.33), v;
is also nonnegative and, due to (6.21), 9;(0,0) — 0. Thus, the limit of {0;}, if we call it 0, satisfies
|D9(0,0)] =0, as © > 0 and 9(0,0) = 0. We should also remark that as w; is assumed to verify (1.6)
with a < oy, (6.34) together with (6.21) shows that |Dv;(y,t) — D9;(0,7)| — 0 for every (y,7) € Q1.
Therefore, the same contradiction arises as in the proof of the aforementioned lemma. We omit
further details. O

6.2. The nondegenerate case. We here study the nondegenerate case, i.e., |Df| + s ~ 1. It is
worth noting that in this case, the intrinsic C1'® estimate holds for any a < 2/(p — 2). This will be
proved by a linearization of the problem, and by making use of the strong minimum principle, the
latter now being available due to the nondegeneracy of the obstacle.

Lemma 6.7. Let a € (0,2/(p — 2)] in (place of (0,ap)) the assumptions in Proposition 6.3, and
assume in addition that pu = |D{| + s > 0 and that there exists o € (0,1), w(p) < p, such that

(6.35) lu—£] < Apo  in Qu(Ap),

for some X\ > 1. Then there exist \ = X(n,p,v, L, A,a, \) and ¢ = ¢(n,p,v, L), such that
< w(r) . _

6.36 u—Ll < Aur in Q, (cAw),

(6.36) ut < 3 in @ (ew)

for every r € (0, 0).

Remark 6.8. Our estimate in (6.36) depends on the two-sided bounds in (6.35) at the scale where
the nondegeneracy is detected by the modulus of continuity of the obstacle. Such dependence cannot
be removed, even at nondegenerate points, due to the presence of the self-similar solutions in (2.3).
This is also a key difference from the obstacle problems for uniformly parabolic equations, where the
lower bound given by the obstacle implies the upper bound by the strong minimum principle.

Proof of Lemma 6.7. By (6.1), and that ¢(0,0) = £(0) = 0, |D{| < u, we have
[ < 2pr in Qr(p),

for all r € (0, ¢). Due to (6.35) and that «(0,0) = 1(0,0) = 0, we see that

(6.37) lul < Apo in Qp(Ap).
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Furthermore, using also [22, Lemma 4.4] gives a large constant ¢ = ¢(n, p, v, L) such that
(6.38) lu] < edur  in Q(cAu),

for every r € (0, 0). We shall use (6.38) later.
Let r € (0, 0/4) be given, and suppose that

< w(dr) .

6.39 u— L < 4 ur in Qu-(cAp),
(6.39) u— L] < 4Ap 2(0) ar(CAp)
for some large constant A € (0, %) to be determined later. Consider the auxiliary function problem

Hv = i r(cAp),
(640) v 0 m Q4 (C ,LL)

v=u+4rw(dr) on OpQu (cAu).
Arguing as in Lemma 6.6, we can deduce from Lemma 3.3, (6.39) and w(p) < p, that

- w4
(6.41) 0<v—1< SA/LTM in Qur(cAp),
w(o)

and that
(6.42) v —u| <4rw(dr) in Qur(cAp).

By (6.38), (6.42) and that 4r < o < w™! (), we also have
|v| <dedpr  in Qg (cAp).
Hence, Theorem 4.1 implies that
(6.43) |Dv| < 4decpep  in Qor(cAp),

for some ¢y = ¢o(n, p,v, L).
We define an auxiliary function
(v — 0)(ra, r2(cAp)?>~Pt)

(6.44) w(z, t) = Spra(d (o)1

which by (6.41) satisfies

(6.45) 0<w<1 in Qq.

Making use of (6.42) and that «(0,0) = (0,0) = £(0), we deduce that
(6.46) w(0,0) < L;l(f;\)

Moreover, as Hv = Hl¢ = 0 in Q4,(Apt), w is a nonnegative solution to
(6.47) div(bDw) —w; =0 in @2,

where b(z,t), for each (z,t) € Qq, is a (n x n)-dimensional matrix coefficient given by
(6.48) b(x,t) =

(C)\M“/ 8,a(a Dv(raz, r*(c\) 2 Pt) + (1 — o) DI) do.

Utilizing (6.43) and that u = |D¢| + s, we deduce that

p—2

2
sup |Duf? +1 < c3(caer)P2LIEP,
(CA'U’) Q2T(C)‘/J')
for every & € R, for some c3 = c3(p). The lower bound for the ellipticity of b is more straightforward

and we deduce

(6.49) Sélp<b§,5> < 2" Lf¢f?

1 _
igubg,@z%m? inf /(yapv+(1—a)m|2+s2)¥ do
2

(A)P=2 70 Qur(edn) Jo
(6.50) p2
CqV 2 2 CqV 2
[ 1nf Dv|”+1 > £
( N 51| 2 o0 | | (o 5 €17,
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for every £ € R", for some constant ¢4 = c4(p), 0 < ¢4 < 1. -

Now given any € > 0, we can employ Lemma 3.5 to choose A sufficiently large such that (6.46)
implies
(6.51) w<e inQ7.

In view of (6.45), (6.49), (6.50) and w(p) < p, the constant A can be determined a priori by n, p, v,
L, X\ and ¢ only. Now rephrasing the last display in terms of v — £, we obtain
w(4r) < 1< w(r)

o) = iAﬂrm in @, (cAp),

where the derivation of the last inequality involves (1.6) to bound w(4r) < 4%w(r), and choosing ¢
sufficiently small so that 8 - 4% < % Note that ¢ = ¢(A, a), and hence that A = A(n,p,v, L, A, a, \).
Finally, selecting A even larger such that A > 2 - 4179 it follows from (6.42),(1.6) and (6.39) that

(6.52) 0<wv—0<8Aur

— ) rﬂ in Q- (c
(6.53) u—t < XS n Q@ ()

So far we have proved that (6.39) implies (6.53) whenever r € (0, o/4). However, by (6.37), (6.39)

holds with r = p/4, provided that A > A. Thus, we can iterate the implication for every sequence of
radii r =4 %p, k=1,2,..., and prove that

kX W(4ik9) . _
lu—1{] <4 )\MQW n Q47k9(6)‘ﬂ)7
for every k = 1,2,.... The proof for (6.36) is now done by replacing X with say 4'T* A\ to cover the
case when r € (47Fp, 47F+1p), O

Without any information on the upper bound, the best we obtain here is the linear development of
the solution in the intrinsic backward p-paraboloids. It is unclear, however, whether such an estimate
can be improved via linearization.

Lemma 6.9. Let a € (0,2/(p — 2)] in (place of (0,ap)) the assumptions in Proposition 6.3, and
assume in addition that u = |DL| + s > 0. Then there exists A = A(n,p,v, L) such that

lul < Aurin P (p),
for every r such that 0 < w(r) < p.

Proof. The proof is essentially the same as that of Lemma 6.4; we only need to replace w(r) there
with u. Hence, we omit the details. O

Remark 6.10. Note that it is only in the argument leading to (6.51), as we rely on Lemma 3.5 and
the strong minimum principle, that our argument needs a restriction to lower intrinsic cylinders.

6.3. Proofs of Propositions 6.1-6.3. The proofs of Proposition 6.1, Proposition 6.2, and Propo-
sition 6.3, are essentially the same as that of Proposition 5.1. We first apply Lemma 6.4, Lemma
6.5, and Lemma 6.6, respectively, in place of Lemma 5.2, to the scale of degeneracy, u = |D¢| + s.
If 4 = 0, then we are done. If ; < 1, then we rescale our problem so that the scaled problem is no
longer degenerate. Then, we apply Lemma 6.9, Lemma 6.7, and Lemma 6.7, respectively, in place
of Lemma 5.4, to finish the proofs. Note that if 4 < 1, then we apply Lemma 6.7 in the proof of
Proposition 6.2 as well as in the proof of Proposition 6.3. We leave out the details.

6.4. Proofs of Theorem 1.8. The theorem follows immediately from the following rescaling argu-
ment. We introduce the change of variables

(y,7) = (F Yo —x0), 7 2@P72(t — tg)),
which maps Q7(iz) onto @1. We introduce the auxiliary functions

u(fﬁat)—uf(ﬂfoato) and  (y,7) 711(%75);;:[’(%,150)'

a(y, )
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Then @(0,0) = (0,0) = 0. Moreover,

max{Hi, ) —a} =0 inQ,
where Hii = div a(Da) — iy, with a(Da(y, 7)) = i Pa(Du(z, t)). Hence, H verifies (1.2) but with the
inhomogeneity parameter § = s/p. It is now easy to verify that H, §, @ and 1 verify the assumptions

of Proposition 6.1. The final estimate then follow immediately by rewriting the assertion of the
proposition in terms of wu.

7. REGULARITY UP TO THE INITIAL LAYER/STATE

This section is devoted to the study of the regularity estimate at the initial (time) layer/state.

Proposition 7.1. Let H be as in (1.1), with (a,s) as in (1.2), let w verify (1.6) with a < 2/(p — 2),
and let u be a continuous weak solution to

max{Hu,? —u} =0 in Qf,
u=g on By x {0},
such that u(0,0) = g(0) = 0 and |u| < 1 in Qf UdpQf. Let £ and { be time-independent affine

functions, such that max{|D¢|, DI} + s < 1, and set o(r) = max{w(r),|Dl| + s} and @(r) =
max{w(r),|DL| + s}. Assume that

(7.1) g =l <rw(r) in B, | <rw(r) in QF(3(r),
for every r € (0,1). Then for some A = X(n,p,v, L, A, a),
(7.2) lu—£] < Arw(r) in QF (Ap(r)),

for every r € (0,1).

Remark 7.2. Note that this proposition allows for the case g(0) > (0, 0), that is, the reference point
does not need to be a contact point.

The proof of Proposition 7.1 will be presented in subsections and we again divide the argument
into the degenerate case (|Df| + s ~ 0), and the nondegenerate case (|Df| + s ~ 1).

7.1. The degenerate case. We here study the degenerate case, |D{| + s ~ 0. The idea is to resort
to the uniqueness result for degenerate parabolic Cauchy problem in [23]. Our proof leaves |D{| + s
free, hence it also works when |D/¢| 4+ s ~ 1.

Lemma 7.3. Assume, in addition to the assumptions in Proposition 7.1, that |D¢| + s < 1. Then
there exists A = X(n,p,v, L, A, a), A > 1, such that if |Dl| + s < w(r) < 1, then

lu| < Arw(r) in QF (A\w(r)).

Proof. For each j = 1,2,..., let Hj, s;, wj, {;, Zj, gj, ¥; and u; be as in the setting of the lemma,
|D¢j| + s; < wj(rj), and

(7.3) luj| < Ajowj(e) in Qy (Ajw;(0)),

for all o € (rj,1), for some A\; = oo and r; — 0, but

(7.4) |uj (@5, )] = Ajrjw;(r)),

for some (z;,t;) € Q. (\jw;(r;)) UdpQ7 (Njw;(r))).

Since 7; — 0, we can choose a sequence {g;} in (O,wj_l(,u)) such that {p;} satisfies (6.21). Let
n; be a smooth cutoff function (in space only) verifying 0 < n; < 1in B,,, n; = 1 in B,. /2, and
supp(1;) C Bz, 4. Using 7;, we introduce the auxiliary problem

Hjv; =0 in Q. (A\jw;i(e))),
(7.5) vj = uj + 50w;(0;) on IpQy, (Ajw;(e))) \ (By; x {0}),

v; = (1 —=1;)g; +50jwj(e;) on By, x {0}.
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Since supp7; C Bz, /4, vj is continuous on 8PQ;Z, (Ajw;(o4)). We claim that

(7.6) 0 <wj—u;j < 5ojwji(e) in Qy (Ajwj(e))):
Since
vj <uj+505w5(0;)  on pQy (Nwi(e))),
and
Hju; <0 in Qy (Mw;i(e))),
the upper bound follows immediately from the standard comparison principle. The lower bound
needs extra care, and we will again, as in the proof of Lemma 6.6, invoke the “elliptic” comparison

principle, Lemma 3.3.
First, observe from (7.1), that g;(0) = 0 and w;(g;) > wj(r;) > |D¥;|, that

vj 2 gj +40jwj(ej) = € + 3ejwi(ej) on By, x {0}.
However, as g; > 1; on B, x {0}, it follows from (7.1) that
=105 > (0 = g5) + (5 — £;) = =20jwi(0;) on By, x {0}.
Combining the last two displays, we obtain
vj > {; + ojwi(p;) on B,, x {0}.
However, by u; > 1); in %Q;()\jwj(gj)) and (7.1) again, we also see that
vj >+ dojw;i(0j) > I + 3ojw;(e;)  om dpQ (Ajwj(;)) \ (B, x {0}).

By the comparison principle and the evident fact that H;¢; = 0, we deduce that
(7.7) vi > 0+ ojwile;) on Qf (\jwi(es))-

With (7.7) at hand, we may use (7.1) again to derive that

v >y in Qp (Awj(e))),
in particular, v; > u; on Qz;j (Ajwj(o)) N{u; =1;}. So far we have observed that
v >y on ({u; > P} NQy (Nwi(e)))),

hence by Lemma 3.3, and that Hjv; = Hju; = 0 in the open set {u; > ¢;} N Qg (M\jw;(e))), we
obtain the lower bound in (7.6). Thus, both inequalities in (7.6) are proved.
We introduce
k(e
(7.8) kj==L, ¢ =112
Tt T Nwilrg)

=)

and the scaled version of vj,

27
v (7Y, 7“32-9]- Pr)

Tjej

’Dj(y,T) , with 0]' = )\jwj(rj).

Recalling that n; = 1 in B, , it follows from (7.5) that 9; is a weak solution to
(7.9) Hyv; =0 in Qf (@;(ky)),
. ?~)j = 48j on Bk‘j/2 X {O},

where H ; is the degenerate parabolic operator verifying (1.2) with the inhomogeneity constant s =
s;/0;. We remark that s;/6; — 0, since s; < w;(r;) and A\j — oo.
Utilizing (7.3), (6.21) and (7.8), we can deduce from (7.6) that

o Sk (k)
7.10 osc U < k@j(k) + —5 < 2ka;(k),
(7.10) Qf @y T A ’
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for every k € (1,k;) and all large j. Moreover, by (7.4), (6.21) and (7.8),

(7.11) 105 (y5, 73) = 1 = Bhi0ithy) 5 1
Aj 2
for some (yj,7;) € QF UdpQ7 .
As @ also verifies (1.6), with o < 2/(p — 2), we have
Q7 C B x (0,1) C Qf (w;(k), Vjk=12,....

By (7.9) (it is worth noting that ¥; is constant on the initial layer, By, /> x {0} and the constant,
€4, converges to zero as j — oo by (7.8) and (6.21)) and (7.10), it follows from [11] and [25] that
{0;} and {Dv;} are uniformly Holder continuous families in By, x [0,1], for each k =1,2,.... Hence,
by compactness, v; — ¥ and D0; — Do uniformly in By x [0, 1], along a subsequence, for some
continuous function ¢ : R™ x [0,1] — R having continuous spatial derivatives.

Let a; denote the symbol associated with H ;. Recall that a; verifies (1.2) with the inhomogeneity
parameter s = s;/6; and that s;/0; — 0. Thus, extracting a further subsequence along which
Dv; — Do, we have a; — a locally uniformly in R", where @ is a Lipschitz vector-field on R". Passing
to the limit in (1.2) with s = s;/6; — 0, we observe that @ is homogeneous, strictly monotone and
has p-growth, i.e., (@(£),€) > v[¢|P, |a(é)| < LIEIP~Y, and (a(z) — a(€),z — &) > 0 for all 2,£ € R?
with z #£ &.

From the above observations, we have a;(D%;) — a(D?v) locally uniformly in R™ x (0, 1). Thus, we
may pass to the limit in the weak formulation of (7.9), use ¢; — 0 as well as the uniform convergence
of ¥; — ¥ in every compact subset of R” x [0, 1], to derive that

Ho=0 inR"x(0,1),
=0 onR" x {0},

s3]

where H is the degenerate parabolic operator associated with the symbol a. Since a is homogeneous,
strictly monotone and has p-growth, we can employ the uniqueness result for degenerate parabolic
Cauchy problems, [23, Theorem 5.4], to infer that = 0 in R™ x [0,1). Nevertheless, letting 7 — oo
in (7.11) and using that 9; — @ uniformly in Qf = By x [0, 1], we find that

- 1
U(y():TO) Z 57

for some (yo,70) € Q7 = By x [0,1]. Thus, we have arrived at a contradiction.
What we have proved is that there is a large constant A = A(n,p,v, L, A, o), and a small constant
7 = 7(n,p,v, L, A, a), such that if for some X\ > ), and for some r < 7 satisfing |D¢| + s < w(r), we
have
lul < Aow(o) in Q (Aw(0)),
for all o € (r,1), then the strict inequality continues to hold at ¢ = r. The desired estimate then
follows immediately by the continuity argument used before. O

7.2. The nondegenerate case. We here study the nondegenerate case, | D¢|+s ~ 1. Our argument
is based on the uniqueness result for uniformly parabolic Cauchy problem with unbounded measurable
coefficients. Such Cauchy problems are induced by linearizing our solution around approximating
affine functions. We remark that also this proof leaves the (non-)degeneracy of the obstacle 1) free,
and in particular, it allows for |Df| + s = 0.

Lemma 7.4. Assume, in addition to the assumptions in Proposition 7.1, that i = |Df| +s > 0 and
that

(7.12) ul < Apo in QF (),
for some o € (0,w= () and some X\ > 1. Then there exist X\ = X(n,p,v, L, A, o, \) and ¢ =
c(n,p,v, L), A\ > X and ¢ > 1, such that

(7.13) u—t] < XWZEZ; in Q; (M),
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for every r € (0, g).

Proof. The proof is similar to that of Lemma 7.3 in the sense that we will resort to the uniqueness
for Cauchy problems. The only difference here is that due to the nondegeneracy of the initial data
(g below), the Cauchy problems are indeed uniformly parabolic.

Let A > 1 be given, and let H;, s;, wj, u;, g, ¥, ¢; and Ej be as in the lemma, and such that

(7.14) s < Mgy in @ (),
for some p; € (O,w;l(pj)) with p; = |Dlj|+s; > 0. By (7.1) and (7.12), [22, Lemma 4.2] yields that
(7.15) 0y < Ao in Q) (eAry),

for every o € (0, p;), for some ¢ = ¢(n,p,v, L), ¢ > 1.
We now assume, by way of contradiction, that

wi(o) .
7.16 wj — 0| < Njpjo—= in QF(A\u;),
(7.16) |uj — 4] jHj w;(2;) o (Arij)
for every o € (rj, 05), for some A\j = 0o, A\; > X and r; — 0, but that
w;(r5)
(7.17) (w5 — ) (2, 85)] = Ajpirs =25
wj(ej)

for some (z;,t;) € Q;; (cApj). Once we derive the contradiction, we can argue as at the end of the
proof of Lemma 7.3 to deduce that (7.12) implies (7.13).

Since 7; — 0, we can choose a sequence {p;} in (0, ;) satisfying (6.21). We let n; be as in the
proof of Lemma 7.3, and we consider the auxiliary problem

Hjv; =0 in Qg (cAw;),

(7.18) vj = uj + bojw;(o;) on aPQZj (cAuj) \ (Bg; x {0}),
vj = (L =n5)gj +1jtj + 5ejw;(ej) on By, x {0},

Arguing as in the proof of Lemma 7.3, we deduce that

(7.19) 0 <wvj —uj <bojwj(ej) in Qf(c)\uj).

On the one hand, together with (7.16), (7.19) and (1.6), (6.21) implies that

)
(7.20) vj = 45] < Ajow;(e) + Dojwiej) < 2ANw;(rj)e < ) in Q;(C)\Mj)a
for every o € (rj, 0;) and for all large j. In addition, it follows from (7.17) and (7.19) that

(7.21) [(v; =€) (@), t5)| > Ajrjw;(rj) — Beojw;(e;) > 5/\j7’jwj(7”j)7

again for all large j. On the other hand, (7.15), along with w;(g;) < w;(0;) < p; and that A,¢ > 1,
implies that [vj| < 2cApjo; in QF (c)\uj) and hence Theorem 4.1 yields that

(7.22) |Dvj| < coeApj in Q;;/4(c)\uj).
Let k;j and €; be as in (7.8) and define

(vj = &;)(rjy,r (C)‘M])2 Pr)
/\JTJWJ(TJ) '

(7.23) w;(y, T)
Since Hjv; = Hi; =0 in Q;j(c)\uj) and n; =1 on B, /5, w; is a continuous weak solution to

P,w; =0 in +‘,
(7.24) 7 O,
w; = 5ej  on By, jp x {0},

where P; is the linear parabolic operator,
Pjw = div(bjDw) — wy,
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associated with the matrix-valued map b; : Q:j — Rxn"

1 1 _
bi(y,7) = W/o 3Zaj(ava(rjy,r?(cAuj)2 1)+ (1 —0)DY¢;) do.
By (1.2), (7.22) and that p; = |D¢;|+ s, we readily deduce (as in the derivation of (6.49) and (6.50))
that
(7.25) av

(eA)p—2

for all £ € R™, for some ¢; = ¢;(p), @ € {1,2}.
We remark that (7.20) yields compactness of {w;}. In fact, by (7.20), |w;| < 24k in @} for
every k € (1,k;). Now by (7.24) and (7.25), it follows from [24] that

€17 < (b€, €) < 2P LIEP i Qf

(7.26) Dw; — Dw weakly in L*(0, k% L .(By)),
' wj — w uniformly in By x [0, k2],
along a subsequence as j — oo, for each k = 1,2,..., for some w € L2(0, oc; VVZIOS(R”)) N C(R™ x

[0,00)). By (7.26) and (7.25), we can pass to the limit in the weak formulation (by the parabolic
G-convergence, see [29]) of (7.24) to derive that

Pw =0 inR" x (0,00),
w=0 onR"x {0},

where P is a linear parabolic operator associated with uniformly parabolic and bounded measurable

coefficients in the whole space R™ x (0,00). Since |w;j| < 24K+ in Q for every k € (1,k;) and

all large j, the uniform convergence implies |w| < 24k in Q] for every k = 1,2,..., i.e., w has

polynomial growth at infinity. As w = 0 on the initial layer 7 = 0, the uniqueness result for uniformly

parabolic linear Cauchy problems, see [1], ensures w = 0 in the whole space 7 > 0. This however
yields a contradiction. Indeed, rephrasing (7.21) in terms of w; yields

for some (y;,7;) € Q7 , and thus letting j — co and using the uniform convergence of wj — w yields
w# 0 in QF. O

7.3. Proof of Proposition 7.1. The idea of the proof here is the same as that of Proposition 6.3.
In fact, one may follow the lines of the proof, replacing the full space-time cylinders with forward
space-time cylinders, and use Lemmas 7.4 and 7.3 in place of Lemmas 6.7 and 6.6 respectively. Hence,
we omit details in order to avoid redundant arguments.

7.4. Proof of Theorem 1.14. We can repeat the scaling argument used in the proof of Theorem
1.8. The only difference is that we now also rescale the initial datum g. Since the modifications are
now straightforward, we omit the details.

7.5. Extension of Propositions 6.2-6.3 to the full intrinsic cylinders. Combining the conclu-
sions of Proposition 6.2 and Proposition 6.3, valid in the lower intrinsic cylinders (Q; ) only, with an
application of Proposition 7.1 with g = u for a € (0,2/(p — 2)] and « € (0, ), respectively, we can
immediately state the following extensions of Proposition 6.2 and Proposition 6.3 to the full intrinsic
cylinder.

Proposition 7.5. Under the assumptions in Proposition 6.2, there exists \ = S\(n,p, v, L, A «,6)
such that
lu — €] < Arw(r) in Q.(Ap(r)),

for every r € (0,1).
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Proposition 7.6. Under the assumption in Proposition 6.3, there exists \ = S\(n,p, v,L, A, ) such
that

(7.27) lu — £ < Arw(r) in Q-(Mo(r)),
for every r € (0,1).

7.6. Proof Theorem 1.11. The proof is analogous to the proof of Theorem 1.8 in Subsection 6.4.
In this case though we verify that Proposition 7.5 can be applied.

8. REGULARITY ACROSS FREE BOUNDARIES

This section is devoted to the proof of Theorem 1.4 and Theorem 1.15. These results will follow
from Propositions 5.1, 7.6 and 7.1. However, with the intrinsic geometry involved, it is not a trivial
matter to put these results together. To describe the issue, let (x;,t;) be two points, i € {1,2}, with
t1 # t9, and let u be a solution. Set

di =sup{r > 0: (x,t;) & (@i, t;) + Qr(pi(r)),i # j},
where
i(r) = max{w(r), |Du(z;, t;)| + s}.

Needless to say, di and dy may not be equal, and these numbers may not even be comparable. Instead,
the comparability of the intrinsic distance occurs only when comparability of the (non-)degeneracies,
|Du(z1,t1)| + s and |Du(xg,t2)| + s, can be ensured.

Keeping this in mind, we shall argue as follows. We first derive from Proposition 7.6 a uniform
intrinsic O approximation on the contact set. We then extend the approximation uniformly to each
level surface that is equally distanced to the contact set with respect to the intrinsic geometry defined
at the free boundary points. Upon extension, we show that the intrinsic distances are comparable.

We shall need the following elementary lemma.

-,

Lemma 8.1. Let p > 2, s > 0 and let (a,b) be a pair of nonzero vectors. Then

(1a] + s)P~2 + |pP~2
|d| + s

! 712 2,223
/(\c‘i—i—ab| + )5 do < c ,
0
for some constant ¢ = c(p).

Proof. In this proof, c is a positive constant depending at most on p, and which may vary upon each
occurrence. Write = |d@| + s. Regardless of the value of p, if |b] < %,u, then

1 . _ 1 .
/ (]d’+ab|2+82)% dagc/ (u+alb))P2do < cuP™3,
0 0

so the assertion is proved in this case. Now let us consider the case |l;| > % p. In this case, if p > 3,
then

pu+ [B)P2 — =2 < c(uP=2 + [b|P=2)
o] N p

)

! P12 252 ! 71\p—3 e((
/(ya+ab| + )5 do—gc/ (4 + olB))P3 do <
0 0

as desired. Furthermore, if 2 < p < 3, then since |@ + ob|2 + s2 > ||@| — o|b|[|2 + s2 > - o|b]|?,

P72+ [bP2) _ (w2
0] - a

)

1 . B 1 .
/ (1@ + obf2 + 52)%F do g/ = olplP—? do < UK
0 0

which verifies the assertion in this case. O
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8.1. Estimates across free boundaries. We are going to present a detailed argument in the
rescaled form. Recall the Holder exponent oy from Theorem 4.1.

Proposition 8.2. Let H be as in (1.1), with (a,s) as in (1.2) and (1.3), let w verify (1.6) with a <
ap. Let 1 be an obstacle such that |Dy|+s < 1 in Qa, and let u be a solution to max{Hu, ) —u} =0
in Q2 such that u(0,0) = 0 and [u| <1 in Q2. Suppose that there exists, for each (zo,t0) € Q1, a
time-independent affine function £ such that

[ =€ <rw(r) in (zo,to) + Qr(B(r)),
for every r € (0,1), with $(r) = max{w(r),|Dl| + s}. Then there exists X\ = X(n,p,v, L, L', A, ),
such that for every (xg,to) € Q1 there is a time-independent affine function ¢ such that
(8.1) lu — L] < Arw(r) in (zo,t0) + Qr(Ap(T)),
for every r € (0,1), with ¢(r) = max{w(r), |D| + s}.
Proof. Our starting point is the analysis at contact points. Let (#,%) € Q1 N {u = 1 }. Note that

(‘%’5) + Ql - QQ-
Therefore, Proposition 7.6 (after an obvious translation) yields (8.1) at (Z,%). In particular, the affine
function ¢ and the (non-)degeneracy constant yu coincide with ¢ and fi, respectively. More specifically,
(5.2 u= 0 < ) in (@5,0) + QOG0

for every r € (0,1). Note that { is a time-independent affine function with ¢(Z) = (&,%) and
Dl = Di(%,1).

Now let o be given, with 0 < g < %, and choose an arbitrary point

(8.3) (zo,t0) € (%, f) + 0Q4,(Ap(40)).
We claim that for every r € (0, %),
(8.4) lu — £ < 3Mrw(r) in (zo,t0) + Qr(Ap(r)),

for some constant A = A\(n,p,v, L, L', A, a), A > 2.
Let € be a sufficiently small constant to be determined later by n, p, v, L, L', A and « only. We
divide our proof of the claim in (8.4) into two cases.

Case 1. w(p) < e(|DI] + s).

In this case, we can linearize our problem. Write fi = |Df| + s. Since

(8.5) (%0, t0) + Q20 (A1) C (2,1) + Qoo( M),

it follows from (8.2) and that w(p) < efi < fi, that

(8.6) |Dul < coAfi in (2o, to) + Qo(A),

for some ¢y = co(n,p,v, L), co > 1, and that

(8.7) |Du — Du(xg, to)| < coApo® in (zo,t0) + Qoo(AfL),

for every o € (0, 1), with «, as in Theorem 4.1. We introduce the change of variables
(1) = (07 o =), 0 2P0 - 1) and ) = UEIEY,

Using that Hu = H{ = 0 in (9, t9) + Q2,(\i), we see that
(8.8) div(bDw) = w; in @1,
where b is the (n x n)-dimensional matrix-valued coefficient,

1 1
b(y,7) = ()\,11)1’_2/0 d.a(nDu(z,t) + (1 —n)DL) dn.
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Since ji = |Df| 4 s, we can deduce from (8.6), as we did in (6.49) and (6.50), that
v - . n

al€F < (0.6 < cadhg LSS in @i, VE R\ {0},

AP—2
for some constants ¢; = ¢;(n,p), i € {1,2}, with 0 < ¢; < 1 < ¢o. Moreover, by the assumption in
(1.3) on a, and (8.7), we can derive by linearizing of the coefficient b, that
C())\L/B
(Ap)p=3

(8.9)

(8.10) b—(0,0)] <

o in Qg,

for every o € (0, 1), where we have set
1,1 ~ -
B=  sup / / (J(1 = m)DE + nD(n'u+ (1 — 7' Yulzo, to))* + )7 dn dn.
(z0,t0)+Qo(AR) /O /O
By Lemma 8.1 and (8.6) (and recalling that i = |Df| + s),
(8.11) B<2 [[ﬂ” +  sup  |[DulP7?| < 2cq4(coN)P2EP 3,
K (z0,t0)+Qo(AR)
for some ¢4 = c4(p). Hence, combining (8.10) and (8.11), we obtain that
(8.12) b —b(0,0)| < 2c4¢) AL 0™ in Q,

whenever o € (0,1). In view of (8.9) and (8.12), we can invoke the pointwise C'1* approximation
for uniformly parabolic linear problems, see [24]. Since (8.2), along with (8.5) and (1.6), gives us

61+aA
(8.13) | < A
I
the parabolic regularity theory, see [24], yields a time-independent affine function ¢ such that
_ 61+OcA
(8.14) lw— 1] < %w(g)%aprah in Qg,
I

for every o € (0, 1), and for some constant ¢5 = ¢5(n, p,v, L, L', \) = ¢s(n,p,v, L, L), ¢5 > 1.
At this point, we select

fa) = Ua) + Aail (“2).

as the approximating affine function ¢ for u at (zg,tp). Then (8.14) can be rephrased in the original
scale as

(8.15) lu — €] <617 Adesa T pw(p) < 61T A2 Nezow(op) in (z0,t0) + Qoo M),

for all o € (0,1), where the rightmost inequality is deduced from (1.6) and (5.1). By (8.13) and
(8.14), we deduce that

(8.16) |Dl¢ — DI <26 Adcsw(p).

Now writing u = |D/¢| + s, and recalling that we in this case assume w(p) < €fi, it follows from (8.16)
that

" 1
8.17 ——1<=
(8.17) ‘ﬂ ’ -2
provided that 4-6't*\cse < 1. The smallness condition for ¢ is determined solely by A, «, A and cs, in

fact, tracking the dependence of these constants, we can choose € = e(n,p,v, L, L', A, a), 0 < e < ﬁ.
With (8.17) at hand, we have

Qoo(2A11) C Qoo(A),
which in (8.15) yields that

(8.18) lu — €] < Arw(r) in (zo,t0) + Qr(Au),
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for all r € (0, ), for some constant A= An,p,v, L, L', A a), with A > 2 - 62 A%)\c5. With such a
choice of A\, we can use (8.16) and (8.5) to deduce from (8.2) that

(8.19) lu—£] < sup lu — [7| + sup |£— Z\ < 35\7“(,0(1“) in (xg,t0) + Qr(j\go(r)),
(&5)+Qer (Ap(r)) Ber(z0)

for all 7 € [g, £), with ¢(r) = max{w(r), |D¢|+ s}. Combining (8.18) with (8.19), we verify our claim
n (8.4) for Case 1.

Case 2. w(o) > &(|DI| + s).

As for this case, we use Proposition 5.1. By (8.2), we obtain

lu — u(zo, to)| < ggw(g) in (zo,to) + QQ(/\E_lw(g)).

Hence, Proposition 5.1 along with suitable rescaling and (1.6) yields
(8.20) lu — €] < Aoow(oo) in (zo,t0) + Qup(Ap(r))), Vo € (0,1],

with ¢ being the time-independent affine function such that £(zo) = u(wo,to) and D¢ = Du(xo, to),
o(r) = max{w(r), | Dl + s}, A = cgAA/e and ¢ = c¢(n, p,v, L,a), co2 > 1. In comparison with (8.2)
(at 7 = p), we deduce as in (8.16) and with A > 1, that

(8.21) |D¢ — D] < 2 w(o).

On the other hand, w(p) 275(|D£7| + s) implies that ¢(r) > £@(r), whenever r > o, where ¢(r) =
max{w(r),|D¥| + s}. Since A > \/e,

(8.22) (20, t0) + Qr(Ap(r)) C (Z,) + Qer(AB(r)),

whenever r > o. With (8.2) and (8.16) at hand, we use (8.22) to derive, similarly as in the deduction
of (8.19), that

(8.23) lu — €] < 3\rw(r) in (xo,t0) + Qr(Ap(r)),

for every r € (o, %) Hence, Case 2 is also settled.

Finally, we are left with the task of checking the assertion in (8.4) but at any point (xg,%y) that
does not satisfy (8.3) for any contact point (Z,7) and for any o € (0,%). If such a point (zo,o)
exists, then since ¢(2) = 3(3; #,) < 1 (because we assume in the statement of this proposition that
|D(z,1)|+s < Tand w(3) < w(l) = 1) and (o, to) € Q1, we must have u > 9 in (o, to) +Q2/3(11) C
Q2 for some large g = p(n,p,v, L, L', A, «). Thus,

Hu =0 in (z9,t0) + Qay3(f1),

and the desired estimate follows now from Proposition 5.1. We omit the details for this last part, as
it repeats some of our argument above. O

Remark 8.3. The assumption in (1.3) is used to treat Case 1 above, which concerns the situation where
the point on the free boundary is less degenerate. However, following the algebraic manipulations in
[26, Page 724], one can obtain, in place of (8.1), that

lu— 0] < Mrw(r?),
for some 8 = B(n,p,v, L), 5 € (0,1). We leave the details to the interested reader.

By a similar argument, we obtain a rescaled version of our result for the regularity at the initial
layer /state. Since the proof is essentially the same, and there is no ambiguity in gluing the estimate
in the forward cylinders (Proposition 7.1) with the full cylinders (Proposition 8.2), we shall omit the
details and we simply state the result as follows.
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Proposition 8.4. Let H be as in (1.1), with (a,s) as in (1.2) and (1.3), let w verify (1.6) with
a € (0,ap). Let ¢ be an obstacle such that |Dy| +s < 1 in Q3 UdpQF, let g be an initial datum
such that |Dg| + s <1 and g > 1(-,0) in By. Let u be a solution to

max{Hu,y —u} =0 in QF,
u=g on By x {0},

such that |u| < 1 in QF UdpQ5 and u(0,0) = g(0) = 0. Assume that there are, for each (zo,to) €
Qf U (B1 x {0}), time-independent affine functions ¢’ and £ such that

lg = | <rw(r) in By(zo), [ —0| <rw(r) in (o,t0) + Q (§(r)),
whenever (zg,t0) + QF (p(r)) € QF, with @(r) = max{w(r),|DI| + s}. Then there exists \ =

An,p,v, L, L', A, &) such that for every (zo,to) € QF, there exists a time-independent affine function
¢ such that

(8.24) lu— €] < Mrw(r) in (zo,to) + Qi (Ap(r)),
whenever (zq,t0) + QE(p(r)) C QF, with p(r) = max{w(r), |DE| + s}.

8.2. Proofs of Theorems 1.4 and 1.15. With Proposition 8.2 at hand, Theorem 1.4 can be proved
via a similar rescaling argument as the one used and detailed in the proofs of Theorems 1.8 and 1.11.
As for Theorem 1.15, we can simply apply Propositions 8.2 and 8.4 at every points in the given
subdomain @’ of O. Hence, the proofs are complete.
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