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1 Introduction

Massive higher-spin scattering amplitudes have received a lot of attention in the past
decade for their role in calculating classical gravity observables. Early work by ref. [1]
suggested that amplitudes between low-spin massive states and gravitons could be used
to compute the lowest orders in the spin-multipole expansion of black hole observables,
such as scattering angles and gravitational potentials. Later an all-order in spin result was
obtained when a special set of arbitrary-spin three-point amplitudes in ref. [2] was used to
calculate the linearised energy-momentum tensor of a Kerr black hole, and therefore extract
the conservative dynamics of a binary system of spinning black holes at leading order in
the post-Minkowskian (PM) expansion [3–8].

The double copy, [9–12], and its extension to massive states, has proved to be a powerful
tool when calculating the relevant gravitational amplitudes from their simpler Yang-Mills
counterparts [13–26]. This field theoretic relation leaves an imprint in the classical theory
in the form of the classical double copy, which was first introduced by ref. [27] to relate
the structure of Schwarzschild and Kerr black hole solutions to corresponding solutions
in classical electrodynamics. Conversely, tools used to relate classical solutions, such as
the Newman-Janis shift, have since been exported to the amplitudes framework providing
simplifications in the treatment of spin [28–30].
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The classically relevant spin information can be extracted after the introduction of the
Pauli-Lubanski spin operator, which connects quantum and classical spin [31]. Amplitudes
can be expressed as polynomials in the expectation value of this operator, known as the
spin multipole expansion [1], a process that has been facilitated by the use of the on-shell
spinor-helicity variables introduced by ref. [2] and their extension, the on-shell HPET
variables introduced in ref. [32]. The general approach to the classical limit of amplitudes
can be summarised as taking the simultaneous ~→ 0 and quantum spin s→∞ limit while
fixing ~s ∼ O(1) as introduced in ref. [18]. Recently work in ref. [33] provided an alternative
formulation in terms of spin-coherent states. The three point amplitudes in ref. [2] exhibit
special behaviour when expressed in terms of the spin variables described above. Any finite
spin-s amplitude reproduces the same spin multipole expansion that arises in the s→∞
limit, albeit only up to order 2s in the Pauli-Lubanski operator. This is referred to as spin
universality [34, 35] and it makes it possible to extract classical observables from finite-spin
amplitudes, up to a finite order in the spin multipole expansion. Moreover, the three-point
Kerr amplitudes seem to have additional special features in the eikonal approximation
including suppressed entanglement [36–38].

Conservative observables for spinning black holes have since been studied in a variety
of different frameworks, including higher-spin effective field theories and worldline quantum
field theory [39–43]. The current state of the art for spinning observables at NLO (one loop)
corresponds to quartic order in spin [5, 6, 39, 44–48] and, at NNLO (two loop), quadratic
order in spin [42, 49].1 Moreover, recent work extends beyond black holes by including tidal
deformations [50, 51] and going beyond conservative dynamics to the study of radiative
observables, such as the waveform and the power emitted by a binary system [41, 52–58].

Despite this progress, a complete understanding of the effective theory that can match
Kerr observables to all orders is still missing [59]. In particular, the correct form of the
gravitational Compton amplitude involving two massive spinning states and two gravitons,
needed to extend the one-loop calculation to higher orders in spin, is still an open problem.
A candidate Compton amplitude was computed in refs. [2, 15] using factorisation and
BCFW recursion relations [60, 61], but the results developed spurious poles for any spin
higher than two. Complementary approaches have emerged to tackle this problem. One
seeks to resolve the ambiguity in the classical regime, extrapolating patterns that emerged
in the one loop conservative observables for low spin to higher spins [62–64]. For certain
observables it was also shown that the details of the Compton amplitude can be ignored in
the relevant regimes [58, 65]. Alternatively, recent work by one of the authors, [66], sought
to exploit the many constraints and consistency conditions that are present in higher-spin
theory and derived the Kerr three-point amplitudes from first principles, up to spin-5/2
massive states, from high-energy unitarity considerations. The proposed spin-5/2 Compton
amplitude, also appearing in ref. [67] from a novel massive BCFW-type shift, has several
nice properties as demonstrated in ref. [64]. However, it seems to be at odds with spin
universality at quartic order in spin. At this point in time a first principles calculation of

1The NLO quartic-in-spin results [5, 47, 48] have not yet been conclusively shown to correspond to
classical black holes, but they are consistent with available partial constraints from matching to self-force
calculations [44].
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the Kerr Compton amplitude is still missing, however some progress has been made by
mapping this problem to plane-wave scattering in a black-hole background as described by
the Teukolsky equation [68].

This work also starts from the observation in ref. [66] that the three-point Kerr
amplitudes [2] are connected to highly constrained theories in the higher-spin literature.
When looking for a well-behaved model of fundamental higher-spin particles that satisfies
high-energy unitarity constraints, string theory is a natural place to consider. Various aspects
of massive states in string theory have been studied for several decades, including work
on properties of the spectrum and vertex operators [69–76], and amplitude computations
that probe the interaction of massive and massless string states [77–91]. In particular, the
interaction of massive string states with gravity was the subject of several studies [92–95].
Massive higher-spin particles in flat space are subject to no-go theorems and high-energy
pathologies (see for example refs. [96, 97]), hence studying massive string states offered
valuable insight on how such issues can be circumvented [98–102]. Exploring the high
energy regime, where the higher-spin tower becomes most relevant, also leads to interesting
observations that hint to a spontaneous-symmetry-breaking-like mechanism responsible for
the particles’ mass [89, 103–114]. An interesting example can be found in ref. [115], where
the three-point amplitudes for massive states of the bosonic string are computed and uplifted
to off-shell vertices to highlight their high-energy properties. Similarly ref. [116] provided
general-spin amplitudes for leading Regge states of the open and closed superstring.

In this work, we study the leading Regge superstring amplitudes. This is a natural
starting point when comparing string amplitudes to physical black holes, since the superstring
has no unphysical tachyon states, as opposed to the bosonic string. In particular we study
the three-point amplitudes between two massive spinning states and a photon/gluon or
graviton, and apply the same classical limit technology that was introduced for the Kerr
case. The resulting amplitudes, expanded in spin multipoles, are shown to agree with Kerr
at the first mass level (quantum spin s = 4, in the closed string case). However, for higher
spin numbers, the results deviate from Kerr and, in the infinite-spin limit, they match the
electromagnetic current and stress-energy tensor of known classical string solutions [117–
119], manifesting a novel classical double copy relation between the two. The purpose of
this work is twofold. First and foremost, it provides an application of the classical limit to a
different set of amplitudes, highlighting important elements that are easily overlooked when
studying the Kerr case. For instance, whereas the three-point Kerr amplitudes obey spin
universality, the string amplitudes do not, such that the spin multipoles associated to the
classical solutions can be reproduced only after taking the infinite-spin limit. Furthermore,
this work paves the way to future investigations of the classical limit of string amplitudes.
This includes exploring other string theories, such as bosonic and heterotic strings, as well
as going beyond the leading Regge trajectory, including treatment of subleading trajectories
as well as string coherent states [120], in the hope that there exists a set of string amplitudes
that generate the correct classical amplitudes for Kerr black holes.

The structure of this paper is as follows. In section 2 we define spin vector variables
and review their application to classical limits of amplitudes, with emphasis on the Kerr
black-hole case. In section 3 we apply the same technology to the string amplitudes between
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two leading Regge trajectory states and a photon or graviton, highlighting some conceptual
differences to the black-hole case and computing the all-spin classical limit. This is shown
to match some standard classical string solutions in section 4. We conclude in section 5
discussing our results and outlining some interesting future directions. In the appendix, we
provide more detail on the classical string solutions we studied.

2 Spin variables and classical limits

In this section we will review the formalism for the classical limit of three-point spinning
amplitudes in the spirit of ref. [18], presenting it in a form that is best suited to this
work. We will start by introducing the spin variables that make the spin dependence in the
amplitudes explicit.

2.1 Spin vector variables

Let us consider a spin-s free particle in a quantum field theory, with momentum p1 and
mass m, satisfying the on-shell condition p2

1 = m2. This can arise as an asymptotic state in
a scattering amplitude and, as we will explain in more detail, it will be identified with a
black hole or another classical object upon taking the classical limit. Its intrinsic spin is
described by the expectation value of the Pauli-Lubanski operator

Sµ(s) = 1
2mεµνρσp1νM(s)ρσ, (2.1)

where the subscript (s) indicates inserting the spin-s representation of the Lorentz generators,

(M(s)µν)α(s)
β(s) =


2is δ(α1 [µην](β1δ

α2
β2
. . . δ

αs)
βs) for integer spin,

is (σµν)(α1
(β1δα2

β2
. . . δ

α2s)
β2s) for half-integer spin.

(2.2)

The multi-indices α(s), β(s) represent the fully-symmetrised s vector (2s spinor) indices in
the (half-) integer spin case, where we include a factor of 1/s! (1/2s!) in the symmetrisation.
Throughout the paper we use the flat Minkowski metric ηµν in mostly-minus signature, and
the Levi-Civita tensor εµνρσ normalised such that ε0123 = 1. The antisymmetric σµν tensor
is defined in terms of the following Pauli matrices,

σµ = (1, σ1, σ2, σ3), σ̄µ = (1,−σ1,−σ2,−σ3), (2.3)

where (σµν)α
β=1

2(σµσ̄ν − σν σ̄µ)α
β acts on the left-handed Weyl spinor |1〉β and

(σµν)α̇β̇=1
2(σ̄µσν − σ̄νσµ)α̇β̇ acts on the right-handed Weyl spinor |1]β̇ . In this section

we provide explicit formulae in terms of left-handed spinors, but equivalent results for
right-handed spinors can be obtained by conjugation. Note that the Weyl spinors are natural
variables to describe half-integer spin states and, while they can also be used for integer
spins, we will also present results in terms of covariant polarisation vectors when possible.
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In section 2.2 we will relate the operator in eq. (2.1) to a classical notion of spin. In
order to do so, we must first introduce the symmetrised expectation value of Sµ(s),

〈S(µ1
(s) . . . S

µn)
(s) 〉 =


1

(ε̄1·ε1)s ε̄1α(s)(Σ
µ1...µn
(s) )α(s)

β(s)
ε
β(s)
1 , s ∈ N

1
〈1̄1〉2s 〈1̄|

α(s)(Σµ1...µn
(s) )α(s)

β(s)
|1〉β(s), s ∈ 1

2N
(2.4)

where Σµ1...µnα(s)
(s) β(s) = (S(µ1

(s) S
µ2
(s) . . . S

µn)
(s) )α(s)

β(s) such that matrix multiplication between
the spin operators is left implicit. This definition is quantum mechanical in spirit, where
we take the expectation value with respect to a particle’s associated in-state, ε1 or |1〉, and
out-state ε̄1 or |1̄〉, which are related by complex conjugation. Here ε

α(s)
1 ≡ εα1

1 . . . εαs1 is the
polarisation tensor of the spin-s particle considered. It is symmetric, traceless and transverse
due to the properties ε2

1 = ε1 ·p1 = 0, discussed below. Alternatively, the spin-s particle can
be described by the tensor product of 2s massive Weyl spinors, |1〉α(s) ≡ |1〉α1 . . . |1〉α2s .

These bolded massive spinors are related to the conventional massive spinors via

|1〉α1 = |1a〉α1z1a, |1̄〉α1 = |1a〉α1 z̄1a. (2.5)

The SU(2) index, a, corresponds to the little group of p1. We contract the spinors with
auxilary SU(2) spinors z1a and z̄1a, which pick out a specific polarisation direction [66].
Such auxilary variables have a nice interpretation in the context of spin-coherent states [33].

The polarisation vectors can also be written in terms of the massive spinors,

εµ1 = 〈1|σ
µ|1]√

2m
, ε̄µ1 = −〈1̄|σ

µ|1̄]√
2m

. (2.6)

The definition (2.5) implies that 〈11〉 = 〈1̄1̄〉 = 0, 〈1̄1〉 = −mεabz̄1az1b, in terms of the
two-dimensional Levi-Civita tensor normalised by ε12 = 1. As a consequence, ε2

1 = ε̄2
1 =

ε1 · p1 = ε̄1 · p1 = 0 as claimed, and ε̄1 · ε1 = −(εabz1az̄1b)2. For simplicity, we choose to
work with the normalisation εabz̄1az1b = −1 such that ε̄1 · ε1 = −1.

Given the definitions above, we can write the spin vector expectation value in terms of
these on-shell variables

〈Sµ(s)〉 = − s

m
〈1a|σµ|1b]z̄1(az1b) = − is

m
εµνρσp1ν ε̄1ρε1σ. (2.7)

We will see in section 2.2 that, in the s → ∞ limit, these spin variables reduce to
classical spin vectors and allow us to extract classical observables.

However, rewriting scattering amplitudes in terms of the above variables requires an ad-
ditional step. Let us consider, for instance, a three-point amplitudeM(φs(p1), φs(p2), h(k))
between two massive spinning states with momenta p1 and p2 and a graviton with momen-
tum k. The two massive external legs correspond to the incoming and outgoing states of a
single classical object, such as a black hole, but they depend on two momenta p1 and p2
and their respective polarisations ε1 and ε2. In order to apply eq. (2.7) we need to identify
a unique momentum p1 describing the classical object, and a unique polarisation ε1. To do
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so, we note that p2 is given by a boost acting on p1,2

pµ2 = Λµνpν1 = (−δµν + ωµν)pν1 , (2.8)

with the generator ωµν = 1
m2 (pµ1kν − kµp1ν) as done in refs. [18, 31]. This expression is exact

on the three-point kinematics since the generator satisfies ω3 = 0, if k2 = p1 · k = 0, and
the quadratic order vanishes as ω2 is symmetric. For generic higher-point amplitudes, when
the massless state is off shell, the generator would require a correction.

Given the generator ω, we can construct the boost in the Weyl representation,
exp[−1

4ω
µνσµν ], such that

|2a〉 = |1a〉+ 1
2m1

(k · σ) |1a],

|2a] = −|1a]− 1
2m1

(k · σ̄) |1a〉 ,
(2.9)

where the sign in the second line is generated by the reflection. These Lorentz-boosted
spinors appear in ref. [18] and are closely related to the on-shell HPET variables in ref. [32].

Note that in general there could be an arbitrary rotation of the little group, but we
choose to align the little group of particle 1 and 2. This corresponds to identifying za2 = z̄a1 ,
where we use the convention that (un)barred variables correspond to (incoming) outgoing
particles. Similarly, we can boost the polarisation of p2 such that

εµ2 = ε̄µ1 −
k · ε̄1
m2

1

(
pµ1 + 1

2k
µ
)
. (2.10)

Given these relations we can now express any three-point amplitude in terms of the
massive variables {p1, ε̄1, ε1}, together with the massless polarisation εk and momentum
k, which is necessary to repackage them into the expectation values of the spin operator
defined in eq. (2.4). The process of converting the amplitude to the spin basis from here
can be done in different ways.

For integer spin-s cases, we can use eq. (2.10) to write the amplitude as

A(s) = ε̄1α(s)A
α(s)

β(s)ε
β(s)
1 , (2.11)

where Aα(s)
β(s) is the function of the momenta p1, k and the massless polarisation εk

that remains after factoring out the massive polarisations. We can decompose the spin-s
polarisation vectors directly into spin variables, regardless of the explicit form of Aα(s)

β(s).
In the spin-1 case, we have the following decomposition,

ε̄µ1 εν1 = −〈S(µ
(1)S

ν)
(1)〉+ i

2mεµνρσp1ρ〈S(1)σ〉 − P
µν
(1) , (2.12)

where Pµν(1) = ηµν − pµ1pν1/m2 is the spin-1 projector. Similarly, in the spin-2 case we have

ε̄µ1
1 ε̄µ2

1 εν1
1 εν2

1 = 1
6〈S

(µ1
(2) S

µ2
(2)S

ν1
(2)S

ν2)
(2) 〉 −

i

6mεµ1ν1κ
λp1κ〈S(λ

(2)S
µ2
(2)S

ν2)
(2) 〉

+ 1
36
(
Pµ1µ2

(1) 〈S
(ν1
(2)S

ν2)
(2) 〉+ P ν1ν2

(1) 〈S
(µ1
(2) S

µ2)
(2) 〉+ 28Pµ1ν1

(1) 〈S
(µ2
(2) S

ν2)
(2) 〉

)
− 7i

18mPµ1ν1
(1) εµ2ν2κ

λp1κ〈Sλ(2)〉+ Pµ1µ2ν1ν2
(2) , (2.13)

2Note that since our momentum convention is all incoming, this transformation also contains a reflection.
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where we assume symmetrisation in the µi and νi indices separately, and Pµ1µ2ν1ν2
(2) =

1
2
(
Pµ1ν1

(1) Pµ2ν2
(1) + Pµ1ν2

(1) Pµ2ν1
(1) − 2

3P
µ1µ2
(1) P ν1ν2

(1)
)
is the spin-2 projector as given in ref. [66].

Similar formulae can be written for any spin, but in general this is quite cumbersome and
hides many of the simplifications occurring in the case of on-shell three-point kinematics.
Therefore, we choose an alternative approach to tackle large spin amplitudes.

The simplest way to express generic spin-s amplitudes in terms of the spin-s variables is
by first converting to spin-1/2 building blocks. Any function of the massive spinors |1a〉 , |1a]
that is homogeneous in z̄1 and z1 can be written as a polynomial in 〈S(1/2)〉, for example

|1̄] 〈1| =
(
|1(a] 〈1b)|+ |1[a] 〈1b]|

)
z̄1az1b

= −mσ̄ · 〈S(1/2)〉 −
1
2 σ̄ · p1. (2.14)

The next step requires changing the representation of spin-1/2 building blocks to generic
spin-s. The relation for the linear in spin term can be generated from eq. (2.7)

〈Sµ(s)〉 = 2s〈Sµ(1/2)〉. (2.15)

However, to generate relations for higher order terms
〈
S(1/2)

〉n
one needs to carefully track

the little group contractions implied by the angular brackets in 〈Sµ1
(s) . . . S

µn
(s)〉, as given

in eq. (2.4). Generating an identity that holds for arbitrary powers of spin operators in
general kinematics is nontrivial and also unnecessary at three points. Indeed, on three-point
kinematics, the only independent spin structure that appears is 〈k · S(s)〉. This simplifies
the identity significantly such that we only need the combinatorial factor,

〈
k · S(1/2)

〉n
= (2s− n)!

(2s)!
〈(
k · S(s)

)n〉
. (2.16)

This identity reduces to eq. (2.15) for n = 1 and is critical in generating the correct classical
limit in section 2.2.

We will also work with integer-spin amplitudes that are functions of covariant variables.
In that case we can express a pair of polarisation vectors in terms of spin-1/2 building
blocks, and then convert to the appropriate representation using eq. (2.16). As an example
consider a term that appears later in the leading Regge string amplitude,

(k · ε2k · ε1)n = (k · ε̄1k · ε1)n

=
(
−2
(
k · 〈S(1/2)〉

)2
)n

= (−2)n (2s− 2n)!
(2s)!

〈(
k · S(s)

)2n
〉
.

(2.17)

In the first step we use eq. (2.10) to relate ε2 to ε̄1. Next we use the definition of the
polarisation (2.6) and eq. (2.14) to convert the expression to spin-1/2 variables. The final
step converts the expression to the generic spin-s representation using eq. (2.16), as required
for the high-spin limits performed in the next sections.
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2.2 Matching Kerr

In this section we will introduce the classical limit in the context of the Kerr black hole.
Since we will reproduce past results it will serve as both a test for the approach discussed
above and inspiration for the leading Regge string case discussed in the next sections.

We can define the classical amplitude as a contraction of the Kerr energy-momentum
tensor with an on-shell graviton state [3, 5],

εµν(k)Tµν(−k) = (2π)2δ(p1 · k)δ(k2)(εk · p1)2 exp(k · a), (2.18)

with the graviton polarisation εµν(k) = εµkε
ν
k. Here a is the ring radius of a Kerr black hole,

related to the classical spin vector via aµ = Sµ/m, and p1 is the black-hole four-momentum,
where p1 = (m, 0, 0, 0) in the rest frame. As discussed by several authors [5–7, 16, 18, 23, 33],
the (positive-helicity) amplitudes that reproduce this result are given by

MKerr(φs(p1), φs(p2), h+(k)) = (εk+ · p1)2
(〈12〉

m

)2s
. (2.19)

We will refer to the above as Kerr amplitudes, as we are about to see they match eq. (2.18)
in the large-spin limit.

To see this, let us define a prescription to compute the classical limit. Using the
procedure discussed previously, any three-point amplitude between two spinning states and
a graviton can be expanded in spin variables,

M(φs(p1), φs(p2), h(k)) = (εk · p1)2
2s∑
n=0

c(s)
n

〈
(k · a(s))n

〉
, (2.20)

where we define the operator aµ(s) = Sµ(s)/m for convenience. Given a set of three point
amplitudes {M(s)} for increasing values of s, we define the classical limit as

Mcl ≡ lim
s→∞
M(φs(p1), φs(p2), h(k)) = (εk · p1)2

∞∑
n=0

c(∞)
n (k · a)n, (2.21)

where the coefficients c(∞)
n ≡ lim

s→∞
c

(s)
n are the spin multipole coefficients [1]. Note that

these are theory-dependent. We have also identified the expectation value 〈(k · a(s))n〉 with
the classical-variable power (k · a)n, in the s → ∞ limit. To see why this is sensible, we
follow the classical limit prescription defined in ref. [18]. We reintroduce ~ and express
the massless momenta in terms of its wavenumber k̄ via k = ~k̄. The classical limit then
involves taking ~→ 0 while s→∞ such that ~s stays finite. This formulation of the limit
ensures the combination 〈(k · a(s))n〉 stays finite and can be identified with the classical
quantity (k · a)n.

We can now apply this to the Kerr amplitude in eq. (2.19),

MKerr(φs(p1), φs(p2), h+(k)) = (εk · p1)2(1 + 〈k · a(1/2)〉)2s

= (εk · p1)2
2s∑
n=0

(
2s
n

)
〈k · a(1/2)〉n

= (εk · p1)2
2s∑
n=0

1
n!
〈

(k · a(s))n
〉
. (2.22)
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The classical limit requires the high-spin limit, such that c(∞)
n = 1/n! and lim

s→∞
MKerr ∝

exp[k · a] reproducing the exponential in eq. (2.18). HoweverMKerr has the property that
all the coefficients c(s)

n are spin independent. This implies that we can read off the classical
spin multipole coefficients from any finite spin-s amplitude, up to order 2s in the spin
vector. This feature is known as spin universality [34, 35] and it is a special property of
the Kerr amplitudes in eq. (2.19) [32]. As we will see, leading Regge strings do not have
such a property and the only way to compute the classical amplitude is via the explicit
s→∞ limit.

Before we move onto the string case, let us briefly discuss the gauge theory case.
The amplitudes in eq. (2.19) can be obtained via a double-copy of three-point amplitudes
between two massive spinning particles and a photon [2, 15], given by

A√Kerr(φ
s(p1), φs(p2), A−(k)) = g(εk+ · p1)

(〈12〉
m

)2s
, (2.23)

where g is the electromagnetic charge of the spinning particle. We refer to these as the
root-Kerr amplitudes. Since the spin structure is the same as in MKerr(s), the classical
limit is identical to the gravity case, with the exception of the (εk+ · p1) prefactor [18]. In
particular, for fixed spin s, the spin multipole coefficents are c(∞)

n = c
(s)
n = 1/n!, thus the

amplitudes exhibit the same spin-universality properties as the Kerr amplitudes.

3 Leading Regge superstring amplitudes

3.1 Open string

We will now consider specific amplitudes for the superstring, which is a natural candidate
to describe black holes as it has no unphysical tachyon state. In particular we will consider
superstring amplitudes involving two massive states from the leading Regge trajectory and
one massless spin-1 boson. We assume the latter is a photon in the rest of this work, since
we will connect such amplitudes to electromagnetic currents in section 4.3 A leading Regge
state in the open string satisfies the following relation for its mass and spin [121, 122],

α′ = s− 1
m2 . (3.1)

If we restrict to integer spin, the relevant three-point amplitude is given in ref. [116].
In terms of the on-shell momenta and polarisation vectors for the two massive states (p1,
p2, ε1 and ε2) and for the massless state (k and εk), the amplitude can be written as

A3(φs(p1), φs(p2), A(k)) =

g(2α′)s(s− 1)!
s∑

n=0

(−ε1 · ε2)n

(2α′)nn![(s− n)!]2×(
−n(εk · p1)(−ε1 · k ε2 · k)s−n + s(s− n)

2α′ ε2 · fk · ε1(−ε1 · k ε2 · k)s−n−1
)
, (3.2)

3More precisely the string amplitudes considered here come with antisymmetric color factors fabc, thus
the spin-1 boson should be identified with a gluon of the non-abelian gauge group. However, photon
amplitudes can always be obtained from non-abelian ones by projecting to a U(1) subgroup, which has the
effect of complexifying the massive matter and setting fabc = 1.
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where fµνk = 2k[µεk
ν] is the linearised field strength for the photon. For a given spin s, the

open superstring amplitude has at most 2s− 1 powers of momenta. This agrees with the
power counting in the root-Kerr amplitudes (2.23), which are presented in covariant form
in ref. [66].

Note that eq. (3.2) matches the amplitude in ref. [116] up to a swap in the metric
signature and the normalisation factor g(2α′)−

1
2 Γ[s]−1. The normalisation ensures that

when we rewrite eq. (3.2) in terms of spin vectors, as given in eq. (2.20), the monopole
coefficient is independent of the spin s, namely c(s)

0 = 1. This is necessary to compare
the string amplitude to the Kerr result in eq. (2.22), and to its gauge-theory root-Kerr
counterpart. Moreover, this choice of normalisation yields a universal dipole coefficient
c

(s)
1 = 1 for the string amplitudes, reflecting the known universality of the gyromagnetic
ratio in string theory [117].

While superstring amplitudes are naturally defined in d = 10 spacetime dimensions, we
are interested in comparing the results to the Kerr amplitudes that are defined in d = 4.
To do so, we rely on Kaluza-Klein dimensional reduction, realised by choosing the following
polarisations vectors and momenta [123, 124],

εd=10
i = (εd=4

i ,0), pd=10
i = (pd=4

i ,0), (3.3)

where εd=4
i are defined in eq. (2.6). This choice ensures that a ten-dimensional state with

spin s and mass m reduces to a four-dimensional state with the same mass and spin.
However, Kaluza-Klein reduction gives rise to an infinite tower of additional states with
spin s′ ≤ s and mass m′ ≥ m. A complete treatment of such states, and their relation to
black holes, is left to future work.

Using the dimensional-reduction prescription discussed above, we can rewrite the
amplitude (3.2) in terms of massive spinor variables,

A3(φs(p1),φs(p2),A(k)) =

− g(s−1)!
m2s

(εk
+ ·p1)

s∑
n=0

(s−1)s−n−1(〈12〉[12])n([12]−〈12〉)2s−2n−1(n(s−1)[12]−(s2−n)〈12〉)
n![(s−n)!]2 .

(3.4)

Following the discussion in the previous section we can convert the amplitude (3.2) to the
spin basis using the following identities

ε1 · ε2 = −1 + 〈k · a(1/2)〉2,
ε1 · k ε2 · k = −2m2〈k · a(1/2)〉2,

ε2 · fk · ε1 = −2εk · p1
(
η〈k · a(1/2)〉+ 〈k · a(1/2)〉2

)
.

(3.5)

In the last identity η = ±1 is the helicity of the photon, which we take to be η = 1 by
default. The next step is to use eq. (2.16) to express the amplitude as a polynomial in spin
variables in the appropriate representation. For example, we can generate the amplitude
for a spin-2 particle, the lowest-spin massive boson of the open superstring,

A3(φs=2(p1), φs=2(p2), A+(k)) = −gεk+ · p1

4∑
n=0

1
n!
〈

(k · a(2))n
〉
. (3.6)
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Note that, for this spin, string theory gives the same result as the root-Kerr amplitudes
A√Kerr given in section 2.2. However, for spin-3 states and higher the amplitudes deviates
from the truncated exponential form of Kerr already starting from the quadrupole coefficient
c

(s)
2 . For a general spin-s boson, the amplitude can be written as the following polynomial
in spin,

A(φs(p1), φs(p2), A+(k)) = −gεk+ · p1

2s∑
n=0

c(s)
n

〈
(k · a(s))n

〉
, (3.7)

where c(s)
0 = c

(s)
1 = 1 and the next four coefficients are:

c
(s)
2 = 4s2 − 7s+ 4

2s(2s− 1) , c
(s)
3 = 2s− 3

2(2s− 1) ,

c
(s)
4 = 8s3 − 32s2 + 45s− 24

8s(2s− 3)(2s− 1) , c
(s)
5 = 8s2 − 28s+ 23

24(2s− 3)(2s− 1) .
(3.8)

We have found similar expressions for c(s)
n up to n = 20, all rational functions, but we

omit them for the sake of simplicity.4 Clearly these results do not match the root-Kerr case
which has coefficients c(s)

n = 1/n! for any spin state.
Moreover, all the string multipole coefficients beyond the dipole are spin dependent,

hence violating the spin universality we discussed in section 2.2. Therefore, if we want to
extract the classical result, our only option is to take the s→∞ limit.

In this limit the coefficient of the n’th order multipole is given by

c(∞)
n =


1

(k!)2 if n = 2k with k ∈ N,
1

k!(k+1)! if n = 2k + 1 with k ∈ N.
(3.9)

This was computed explicitly up to n = 20 and extrapolated to higher n values.
The even and odd coefficients are generated by separate modified Bessel functions of the
first kind,

I0(2x) =
∞∑
k=0

c
(∞)
2k x2k, I1(2x) =

∞∑
k=0

c
(∞)
2k+1x

2k+1. (3.10)

Modified Bessel functions are Bessel functions with purely imaginary arguments, Iα(x) =
iαJα(ix). We can then resum the infinite spin limit of eq. (3.7) to generate the following
all-spin result for the classical amplitude

Astring
cl ≡ lim

s→∞
A(φs(p1), φs(p2), A+(k)) = −gεk+ · p1 (I0(2k · a) + I1(2k · a)) . (3.11)

The even and odd Bessel functions I0 and I1 appear with the same coefficient since the first
even and odd multipoles, the monopole c(∞)

0 and dipole c(∞)
1 , are equal. As we will show

in section 4, the result in (3.11) describes a classical rigid rotating string with a charged
endpoint, as expected for classical leading Regge states [119].

4Alternatively one could attempt to find a closed form for the coefficients c
(s)
n for any n directly from

eq. (3.2). However the general s dependence is non-trivial and ultimately unnecessary for the classical
amplitude, which only depends on leading behaviour as s→∞.
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3.2 Closed string

We can repeat the computation for the closed superstring exploiting the simple KLT relation
at three points [9],

M(φs(p1), φs(p2), h(k)) =
(1
g
A(1φs/2, 2φs/2, A(k))

∣∣
α′→α′/4

)2
. (3.12)

The rescaling of α′ is compensated by the fact that the mass of leading Regge closed string
states is given by m2 = 4(s/2 − 1)/α′. Following from the power counting of the open
superstring, the closed superstring amplitude has at most 2s− 2 powers of momenta for a
given spin s. This agrees with the power counting in the Kerr amplitudes (2.18), which are
presented in covariant form in ref. [66].

The lowest-spin massive state for the leading Regge trajectory of the closed superstring
is a spin-4 particle, and its amplitude expanded in spin multipoles is

M(φs=4(p1), φs=4(p2), h+(k)) = (εk+ · p1)2
8∑

n=0

1
n!
〈

(k · a(4))n
〉
, (3.13)

matching the Kerr amplitude. However, as in the open string, the higher spin states deviate
from the Kerr result starting from the quadrupole. The general spin amplitude is

M(φs(p1), φs(p2), h+(k)) = (εk+ · p1)2
2s∑
n=0

c(s)
n

〈
(k · a(s))n

〉
, (3.14)

where the first two coefficients are spin-independent c(s)
0 = c

(s)
1 = 1. However, the rest of

the coefficients have explicit spin dependence, for example the next four coefficients are

c
(s)
2 = 3s2 − 7s+ 8

2s(2s− 1) , c
(s)
3 = 3s2 − 12s+ 14

2(2s− 1)(2s− 2) ,

c
(s)
4 = 5s4 − 34s3 + 91s2 − 125s+ 80

4s(2s− 1)(2s− 2)(2s− 3) ,

c
(s)
5 = 5s3 − 37s2 + 97s− 95

12(2s− 1)(2s− 2)(2s− 3) .

(3.15)

As before, we found explicit rational expressions for c(s)
n up to n = 20, but we omit

them for the sake of simplicity. Taking the s→∞ limit, the coefficient of the n’th order
multipole is given by

c(∞)
n =


(2k+1)!

4k(k+1)!(k!)3 if n = 2k with k ∈ N,

(2k+1)!
4k((k+1)!)2(k!)2 if n = 2k + 1 with k ∈ N.

(3.16)

Resumming the above we generate the classical all-spin result for the closed string
amplitudes,

Mstring
cl ≡ lim

s→∞
M(φs(p1), φs(p2), h+(k)) = (εk+ · p1)2 (I0(k · a) + I1(k · a))2 . (3.17)
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Note that eq. (3.17) is simply the square of the open string result (3.11) after rescaling
aµ → aµ/2, manifesting the double-copy relation between open and closed strings in the
classical limit. This is also true in the case of three-point Kerr amplitudes,

lim
s→∞

MKerr = (εk · p1)2 exp (k · a) =
(

(εk · p1) exp
(
k · a

2

))2

=
(

lim
s→∞

g−1A√Kerr
∣∣
aµ→aµ/2

)2
, (3.18)

where we can relate the classical limit of the root-Kerr amplitudes to the Kerr amplitudes
after a similar rescaling of the spin.

We will show in the next section that these classical superstring amplitudes are closely
related to the current four-vector/stress-energy tensor of a rigid rotating string coupled to
electromagnetism/gravity, such that our results are an instance of a classical double copy
between an electromagnetic current and a gravitational stress-energy tensor.

4 Classical string solutions

In this section we study classical string solutions given by rigid strings rotating around their
midpoint [118, 119]. We work in d = 4 spacetime dimensions, leaving the generalisation
to arbitrary dimensions to future work. As shown in eq. (A.12), the angular momentum
J and the rest-frame energy E of such solutions are related by the identity J = α′E2. As
this matches the relation (3.1) in the large-spin limit, these classical string solutions are
classically equivalent to leading Regge string states.5 We compute the electromagnetic
current and stress-energy tensor for such solutions and, in the spirit of eq. (2.18), we use
them to define classical amplitudes. These are then shown to match exactly to eqs. (3.11)
and (3.17), confirming that the classical limit technology we set up in section 2 produces
the expected classical results.

4.1 Leading Regge open string solution

The classical open string solution that corresponds to leading Regge states is a rigid string
rotating around its midpoint. Since we need the string to couple to a photon, we place a
charge g at one endpoint, as in figure 1.

We can treat this system using classical electrodynamics and construct the current
four-vector from the charge density ρ and the current j,

jµ(x) = (ρ(x), j(x))µ = g

a
δ(r − a)δ(φ− t/a)δ(z)nµ, (4.1)

with nµ = (1, φ̂) = (1,− sin(t/a), cos(t/a), 0). Note that we work with c = 1. In appendix A
we provide a first-principles derivation of jµ.

The current four-vector is analogous to the energy-momentum tensor in the gravity case,
in the sense that it describes the linear coupling to the massless gauge field. More precisely,
the interaction term in the Lagrangian is proportional to hµνTµν in the gravity case and

5This requires identifying the rest-frame energy of the classical string, E, with the rest-frame energy of
the leading Regge particle state, which is just the mass m.
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Figure 1. Rigid open string of length 2a with a charge g at one endpoint rotating around its centre
point with angular velocity 1/a.

Aµj
µ in electromagnetism. Therefore we can construct a classical three-point amplitude

in the same way as eq. (2.18), by contracting jµ with an on-shell photon polarisation and
Fourier-transforming to momentum space.

In order to construct an appropriate polarisation vector, εk, let us first consider the
constraints dictated by the three-point kinematics. On these kinematics the wave number
vector kµ must satisfy

k2 = p1 · k = εk · k = 0, (4.2)

where in this case p1 is the total four-momentum of the string. We choose to work in the
centre of mass frame, where the total energy of the string is E and the four-momentum
is p1 = (E,0). In order to satisfy eq. (4.2) we need complexified kinematics, a suitable
choice is

kµ = Eγ(0, i, 0,−1), εk
µ = 1√

2
(1, 0,−1, 0). (4.3)

Given this choice we can proceed with the Fourier transform of εk · j,

FT [εk · j] = 1
2πa

∫
d4x eik·x

g

a
εk · n δ(r − a)δ(φ− t/a)δ(z)

= g

2π
√

2

∫ π

−π
dφ eaEγ cosφ (1 + cosφ)

= g√
2

[I0(aEγ) + I1(aEγ)] .

(4.4)

Where we used a well known integral representation for the modified Bessel functions.
Compare this result to the classical limit of the string amplitude (3.11) given in the previous
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section. While the same functions appear in both expressions, the prefactor and the
arguments are written in different variables.

The rotating string is an extended object with only orbital angular momentum J i =
(0, 0, Jz). Meanwhile, the amplitude result in (3.11) repackages the string as an effective
point particle, with mass m and intrinsic spin, 〈Sµ〉 = (0, 0, 0, Sz). The total energy of the
effective point particle, m in the centre-of-mass frame, corresponds to the total energy of
the string, E, such that we can identify E = m. Likewise we can identify the spin of the
effective point particle with the total angular momentum of the string, Sz = Jz. The total
energy and total angular momentum of the string are calculated in the appendix A,

E = a

2α′ , Jz = a2

4α′ . (4.5)

Using the above and recalling that k = Eγ(0, i, 0,−1), we can confirm that the arguments
of the Bessel functions match,

2k · S
m

= 4Eγα′

a
Sz = aEγ . (4.6)

The next step is to consider the coefficient of the Bessel functions. The normalisation
of the amplitude was chosen to be finite in the classical limit and it is given by p1 · εk. In
the frame specified above this reduces to the mass of the point particle m.

Thus we have the match between the classical open string amplitude, Acl., computed
in section 3, and the classical solution from first principles,

Astring
cl = mFT [εk · j] = mg√

2
[I0 (aEγ) + I1 (aEγ)] . (4.7)

4.2 Leading Regge closed string solution

We now move to the classical closed string configuration. The leading Regge solution now
corresponds to a folded rigid string rotating around its centre point, in the same setup as
figure 1. This configuration can be represented by the following stress-energy tensor

Tµν = 1
πα′

aγ(r)
r

nµν(r, φ)δ(z) [δ(t− aφ) + δ(t− aφ− aπ)] Θ(a− r), (4.8)

with the Lorentz factor, γ(r) =
(
1− r2

a2

)−1/2
, and the matrix

nµν(r, φ) =


1 − r

a sinφ r
a cosφ 0

− r
a sinφ r2

a2 − cos2 φ −1
2 sin 2φ 0

r
a cosφ −1

2 sin 2φ r2

a2 − sin2 φ 0
0 0 0 0

 . (4.9)

The derivation of this result from the classical string solution is given in appendix A, with
an explicit check that ∇µTµν = 0.

Now we can follow the same process as in the open string case, first we saturate
the Lorentz indices of Tµν with the massless polarisation vectors, and then we take the

– 15 –



J
H
E
P
0
6
(
2
0
2
3
)
1
6
7

Fourier transform,

FT [εk · T · εk] = 1
2π2α′

∫
d4xeik·x

γ(r)
r
εk ·n·εk δ(z) (δ(t−aφ) + δ(t−aφ−aπ)) Θ(a−r)

= 1
2π2α′

∫
drdφγ(r)

(
r

a
+ cosφ

)2
erEγ cosφΘ(a−r)

= m

2

[
I0

(
aEγ

2

)
+ I1

(
aEγ

2

)]2
, (4.10)

where we used the closed-string relation m = E = a/α′. In order to compare this result
to eq. (3.18) we need to proceed in a similar manner to the open string case. Note that
for closed strings we have Eclosed = 2Eopen and Jclosed = 2Jopen, see appendix A. However
the ratio J/E is invariant, such that we have the same relations as in the open string case.
Hence the Bessel function arguments and the prefactor in the amplitude can be expressed as

k · S
m

= aEγ
2 , (p1 · εk)2 = m2

2 . (4.11)

Thus we have the match between the classical closed string amplitude,Mcl., computed
in section 3 and the classical solution from first principles,

Mstring
cl = mFT [εk · T · εk] = m2

2

[
I0

(
aEγ

2

)
+ I1

(
aEγ

2

)]2
. (4.12)

5 Conclusion

In this work, we computed the classical limit of superstring amplitudes involving two massive
leading Regge states and a photon or graviton. In the process, we set up a prescription for
the classical limit of three-point amplitudes and discussed the importance of the spin to
infinity limit to reproduce the classical spin-multipole coefficients. We found that the gauge
theory and gravity results matched the electromagnetic current and stress-energy tensor
obtained from fully-classical string solutions, and we highlighted the classical double copy
relation between the two.

We found in section 3 that generic amplitudes do not obey the spin universality observed
in the Kerr case, as shown explicitly in the string case. In particular, any amplitude for two
massive states of finite spin s and a photon or graviton can be expanded as a polynomial of
the normalised spin operator aµ = Sµ/m,

M(s) ∝
2s∑
n=0

c(s)
n

〈
(k · a(s))n

〉
,

such that, in general, the coefficients c(s)
n depend on the spin quantum number s. For

example, the coefficient of the spin-quadrupole for the open string had the following
functional dependence on s: c(s)

2 = 4s2−7s+4
2s(2s−1) .

This feature indicates that, in general, one cannot read off the correct classical spin
multipole coefficients from finite-spin quantum amplitudes. Instead the classical coefficients
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correspond to the s → ∞ limit of these fixed spin coefficients. Applying this approach
to the leading Regge open and closed superstring amplitudes yields the following all-spin
classical results,

lim
s→∞

A(φs(p1), φs(p2), A+(k)) = g εk
+ · p1 [I0(2k · a) + I1(2k · a)] ,

lim
s→∞

M(φs(p1), φs(p2), h+(k)) = (εk+ · p1)2 [I0(k · a) + I1(k · a)]2 .

Clearly these leading Regge strings do not reproduce the exponential that appears in
the Kerr stress-energy tensor, instead there are modified Bessel functions appearing. We
noted that the classical result inherits the double copy structure that the finite-spin string
amplitudes admit at three points. This feature is also present in the Kerr case, as shown
in eq. (3.18).

We were able to verify the results above by matching to purely classical calculations.
The configuration associated to classical leading Regge states is known to be that of a
rotating rigid string [119]. The open string corresponds to a string with a charged endpoint,
while the closed string corresponds to a folded string coupled to gravity. We constructed the
current four-vector and stress-energy tensor in the respective cases and, as was done for the
Kerr case, transformed it to momentum space and contracted it with on-shell polarisation
vectors corresponding to the photon/graviton. This procedure yields a classical three-point
amplitude that can be compared to the infinite-spin limit results. The Bessel function
structure falls out immediately and the arguments can be matched in the rest frame of
the particle.

In this paper we only considered leading Regge states dimensionally reduced to d = 4
via the prescription in eq. (3.3), but the methods discussed can be applied to any other
string state. It is possible that the amplitudes for a subleading Regge trajectory, or for a
different choice of states in the Kaluza-Klein tower, agree with Kerr in the infinite-spin limit.
Another possibility would be to consider a superposition of string states, such as a string
coherent state, and use the methods outlined in this work to try and match black-hole
observables. If black-hole amplitudes were to be found within string theory, the classical
limits of higher point string amplitudes could shed some light on the high-spin Compton
amplitude for Kerr. Moreover, it would be interesting to extend our analysis to arbitrary
spacetime dimensions. To do so, we need to consider expectation values of the Lorentz
generators Mµν since the spin vector in eq. (2.1) is only defined in d = 4.

As string theory provides a consistent theory of massive interacting higher-spin particles,
it was a natural setting to explore classical limits that require spin to infinity limits. However
there are alternative approaches to building consistent theories of spinning particles, which
have emerged from the higher-spin research community. A feasible future direction could
be to explore the relation between the Kerr amplitudes and the higher-spin amplitudes that
such alternative theories provide, as initiated in ref. [66].
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A Deriving the classical string solutions

Let us consider a rigid open string of uniform mass density, rotating around its centre point
in the same setup as figure 1. This configuration can be represented by the following string
solution [117–119]:

X0 = τ,

X1 = a cos τ
a

sin σ
a
,

X2 = a sin τ
a

sin σ
a
,

X3 = 0, (A.1)

with σ ∈ [−πa
2 ,

πa
2 ] and τ ∈ (−∞,∞).6 The extension to the closed string is simply achieved

by extending the range of σ to [−πa, πa] and it describes a rigid folded string rotating
around its centre point in the same fashion. It is convenient to express this in polar
coordinates; in order to keep r > 0 we define different coordinates on the two branches of
the string. The corresponding polar coordinates for the open string are

σ ∈
[
0, πa2

]
σ ∈

[
−πa

2 , 0
]

r′ a sin σ
a −a sin σ

a

φ′ τ
a

τ
a − π

while the closed string requires the definitions on the additional domains

σ ∈ [πa2 , πa] σ ∈ [−πa,−πa
2 ]

r′ a sin
(
π − σ

a

)
a sin

(
π + σ

a

)
φ′ τ

a
τ
a − π

Below we study the coupling of this solution to the electromagnetic and gravitational fields.

A.1 Coupling to gravity

We consider the string action in a curved background

S = 1
4πα′

∫
d4yd2σδ4(y −X(σ))∂aXµ∂aXνgµν(y), (A.2)

6It can be shown that this configuration solves the string theory equations of motion in conformal gauge.
We refer the reader to the references provided for more detail.
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and hence we can compute the linearised energy-momentum tensor

Tµν = 2√
−g

δS

δgµν(y)

∣∣∣
g=η

= 1
2πα′

∫
d2σδ4(y −X(σ))∂aXµ∂aXν , (A.3)

where

∂aX
µ∂aXν =


1 −SτSσ CτSσ 0

−SτSσ S2
τS

2
σ − C2

τC
2
σ −SτCτ 0

CτSσ −SτCτ C2
τS

2
σ − S2

τC
2
σ 0

0 0 0 0

 ,

δ4(y −X(σ)) = δ(t− τ)δ(z)δ(x− aCτSσ)δ(y − aSτSσ) (A.4)

and we have used Cα ≡ cos αa , Sα ≡ sin α
a and yµ = (t, x, y, z).

Now let us integrate out the worldsheet coordinates {σ, τ}. The form of Tµν above
suggests doing the integral in polar coordinates, which will introduce multiple Jacobian
factors. As well as the measure, the delta function δ4(y −X(σ)) will pick up a Jacobian
factor due to the change of variables,

δ4(y −X(σ)) = δ(t− τ)δ(z)δ(x−X1)δ(y −X2)

= 1
|J (r′, φ′;X1, X2)|δ(t− τ)δ(z)δ(r − r′)δ(φ− φ′), (A.5)

where X1 = r′ cosφ′, X2 = r′ sinφ′. The Jacobian factors needed are

|J (r′, φ′;X1, X2)| = r′,

|J (r′, φ′;σ, τ)| = aγ(r′), (A.6)

where γ(r′) =
(
1− r′2

a2

)−1/2
is the Lorentz factor. Thus the integral can be simplified to

Tµν = 1
2πα′

∫
dr′dφ′

|J (r′, φ′;σ, τ)|
|J (r′, φ′;x′, y′)|

[
δ(t− aφ′) + δ(t− aφ′ − aπ)

]
× δ(z)δ(r − r′)δ(φ− φ′)∂aXµ∂aXν . (A.7)

Performing the integral we get the expression

Tµν = Nstring
2πα′

aγ(r)
r

[δ(t− aφ) + δ(t− aφ− aπ)] Θ(a− r)δ(z)nµν , (A.8)

where

nµν(r, φ) =


1 − r

a sinφ r
a cosφ 0

− r
a sinφ r2

a2 − cos2 φ −1
2 sin 2φ 0

r
a cosφ −1

2 sin 2φ r2

a2 − sin2 φ 0
0 0 0 0

 , (A.9)

and we have introduced the normalisation Nstring which is equal to 1 in the open case and
2 in the closed case, since the enlarged σ domain effectively corresponds to summing two
open strings together.
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Given Tµν we can now calculate the total energy E,

E =
∫
d3xT tt

= Nstring
2πα′

∫
rdrdφdz

aγ(r)
r

[δ(t− aφ) + δ(t− aφ− aπ)] Θ(a− r)δ(z)

= Nstring
πα′

∫ a

0
rdr

γ(r)
r

= Nstring
a

2α′ . (A.10)

We can also compute the total angular momentum J . Since the string is rotating in the
z = 0 plane the angular momentum is only in the z direction, J = Jz,

J =
∫
d3x

(
xT ty − yT tx

)
= Nstring

2πα′
∫
rdrdφdz (rγ(r)) [δ(t− aφ) + δ(t− aφ− aπ)] Θ(a− r)δ(z)

= Nstring
2πα′

∫ a

0
dr
r2γ(r)
a

= Nstring
a2

4α′ . (A.11)

The results for E and J above can be used to recover the leading Regge trajectory relation
at the classical level. For instance for the open string we have

J = α′E2, (A.12)

which is analogous to eq. (3.1) in the large spin limit, suggesting that this classical string
configuration indeed corresponds to the classical limit of leading Regge string amplitudes.

Another important check is that this energy-momentum tensor in conserved, ∇µTµν = 0.
This is easier to show if we convert the tensor from Cartesian coordinates xµ = (t, x, y, z)
to cylindrical polar coordinates x′µ = (t, r, φ, z),

nµνpol = ∂x′µ

∂xα
∂x′ν

∂xβ
nαβ =


1 0 1

a 0
0 −1 + r2

a2 0 0
1
a 0 1

a2 0
0 0 0 0

 . (A.13)

Note that in this set of coordinates we have some non-vanishing Christoffel symbols, namely
Γrφφ = −r and Γφrφ = Γφφr = 1/r. Hence we get,

∫
d4xf(x)∇µTµν =

∫
d4xf(x)


∂tT

tt + ∂φT
φt

∂rT
rr + 1

rT
rr − rT φφ

∂tT
tφ + ∂φT

φφ

0

 . (A.14)

Let us begin with the t component. We get∫
d4xf(x)∇µTµt

= aNstring
2πα′

∫
d4xf(x)γ(r)

r
δ(z)Θ(a− r)

(
∂tδ(t− aφ) + 1

a
∂φδ(t− aφ)

)
. (A.15)
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This is equal to zero due to the identity ∂φδ(t− aφ) = −a∂tδ(t− aφ). Note that we have
omitted the term proportional to δ(t− aφ− aπ) for convenience, but it can be obtained
from the above by shifting φ→ φ+ π and the same argument applies. Next we consider
the φ component,∫

d4xf(x)∇µTµφ

= aNstring
2πα′

∫
d4xf(x)γ(r)

r
δ(z)Θ(a− r)

(1
a
∂tδ(t− aφ) + 1

a2∂φδ(t− aφ)
)
. (A.16)

This is just a rescaling of eq. (A.15), and hence it vanishes for the same reason. The r
component is slightly more involved, and it is given by∫

d4xf(x)Tµr = aNstring
2πα′

∫
d4xf(x)δ(t−aφ)δ(z)

{
−∂r

(Θ(a−r)
rγ(r)

)
−Θ(a−r)γ(r)

r2

}
= aNstring

2πα′
∫
d4xf(x)δ(t−aφ)δ(z) 1

rγ(r)δ(a−r), (A.17)

where we have used ∂rΘ(a− r) = −δ(a− r). Since (γ(a))−1 = 0, the integrand vanishes on
the support of the delta function δ(a− r). As before, the same argument applies for the
term proportional to δ(t− aφ− aπ). Since all components are zero, the identity ∇µTµν = 0
is verified.

A.2 Coupling to electromagnetism

The coupling of an open string to the electromagnetic field is given by the following
action [125],

SEM = ig

∫
d2σδ

(
σ − πa

2

)
Aaµ(X)Ẋµ, (A.18)

where g is the charge. Note that we chose to place it only at one endpoint, σ = πa/2, but
in principle we could add a similar term at σ = −πa/2. The string solution gives

Xµ(τ, πa/2) =
(
τ, a cos τ

a
, a sin τ

a
, 0
)
,

Ẋµ(τ, πa/2) =
(

1,− sin τ
a
, cos τ

a
, 0
)
≡ nµ(τ/a).

(A.19)

From this we can derive the electromagnetic current,

jµ(y) = −i ∂SEM
∂Aµ(y) = g

∫
dτ nµ(τ/a)δ(τ − t)δ

(
x− a cos τ

a

)
δ

(
y − a sin τ

a

)
δ(z)

= g nµ(t/a)δ
(
x− a cos t

a

)
δ

(
y − a sin t

a

)
δ(z)

= g

a
nµ(φ)δ(r − a)δ

(
φ− t

a

)
δ(z), (A.20)

where we have chosen the normalisation such that
∫
d3xj0(x) = g. Similarly to the closed

string case, we can check the conservation condition ∇µjµ = 0 by integrating it against an
arbitrary function f(x). It is again convenient to rewrite nµ in cylindrical polar coordinates,

nµpol =
(

1, 0, 1
r
, 0
)
. (A.21)
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Hence we have∫
d4xf(x)∇µjµ = cg

a

∫
d4xf(x)δ(r−a)δ(z)

{
∂tδ

(
φ− t

a

)
+ 1
a
∂φδ

(
φ− t

a

)}
, (A.22)

where in this case ∇µjµ = ∂µj
µ since there are no non-zero Christoffel symbols contributing.

This integral vanishes because of the identity ∂φδ(φ − t/a) = −a∂tδ(φ − t/a), which we
used already in eq. (A.15).
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