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We calculate the tidal corrections to the loss of angular momentum in a two-body collision at leading
post-Minkowskian order from an amplitude-based approach. The eikonal operator allows us to efficiently
combine elastic and inelastic amplitudes, and captures both the contributions due to genuine gravitational-
wave emissions and those due to the static gravitational field. We calculate the former by harnessing
powerful collider-physics techniques such as reverse unitarity, thereby reducing them to cut two-loop
integrals, and cross check the result by performing an independent calculation in the post-Newtonian limit.
For the latter, we can employ the results of P. Di Vecchia et al. [Angular momentum of zero-frequency
gravitons, J. High Energy Phys. 08 (2022) 172.], where static-field effects were calculated for generic
gravitational scattering events using the leading soft graviton theorem.
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Introduction.—The steadily increasing sensitivity of
gravitational-wave measurements challenges the state of the
art of precision calculations for gravitational collisions [1]. In
this context, scattering amplitudes have found fertile ground
and contributed to advance the precision frontier in the post-
Minkowskian (PM) expansion, based on successive approx-
imations labeled by powers of the Newton constant G (see
Ref. [2] for our conventions on the units of G, c, and ℏ) and
valid for generic velocities [3–7]. This synergy between
general relativity and amplitude methods, and its recent
successes highlight the importance of pushing these calcu-
lations to higher orders and of including all relevant physical
effects, such as spin [8–33] and tidal corrections [34–38] that
will be vital, in combination with numerical simulations, to
provide accurate waveform models [1]. The measurement of
effects due to tidal deformations [39–49], in particular, may
provide clues on the internal structure of neutron stars [50], on
the nature of black holes [51], and on the possible existence of
exotic astrophysical objects [52–54].
Amplitudes provide a natural way to organize the G

expansion, based on the standard perturbative series where
the double copy [55–60], generalized unitarity [61–63], and
gauge invariance offer powerful techniques for integrand
construction. Resummation methods like the eikonal expo-
nentiation [64–77], effective-field-theory matching [78–81],
or the KMOC framework [82–88] then provide the needed
bridge between the quantum formulation and the classical

PM regime of scattering at large impact parameter
b ≫ Gm, with m the typical mass (or energy) scale
of the colliding objects. Moreover, techniques borrowed
from collider physics like integration via differential equa-
tions [71,89] and reverse unitarity [83,84,90–93] have
recently proven very valuable when applied to the calcu-
lation of classical observables as well. Such techniques and
ideas have also been exploited in the context of quantum-
field-theory-inspired worldline setups that efficiently
encode the PM expansion [94–112].
In this Letter we focus on dissipative effects induced

by linear tidal deformations corresponding to mass or
“electric” and current or “magnetic” quadrupole corrections.
Combining eikonal operator [75,77,85,113–116] and reverse
unitarity, we first confirm the results of Refs. [108,109] for
the radiated energy-momentum and then obtain a totally
new prediction: the angular momentum lost due to tidal
effects, thus completing the analysis of the Poincaré charges
of the gravitational field to leading PM order, performed
in Refs. [83,117] for point particles, and initiated in
Refs. [108,109] for tidal effects. Two types of contributions
are relevant for this calculation. The first is due to the
emission of gravitational waves, described by superpositions
of dynamically propagating gravitons. The second is due to
static-field effects that are localized at the zero-frequency end
of the graviton spectrum. Both fit naturally within our
approach.
Radiative contributions are calculated by recasting them as

Fourier transforms of three-particle cuts, which can be in turn
evaluated as cut two-loop integrals [71,83,105]. Static con-
tributions follow from the results of Ref. [113], where they
were evaluated for generic processes exploiting the univer-
sality of the leading soft graviton theorem, supplemented by
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the tidal corrections to the impulse [34,35,37]. The fluxes of
energy and angular momentum serve, in combination with
the binding energies, as ingredients for building accurate
waveform models [1,118–120] that are crucial for gravita-
tional-wave detection and analysis. For this reason, we also
provide the analytic continuation of the result to bound orbits
in the high-eccentricity limit and the associated flux, which
contains the exact dependence on thevelocity and can beused
in the future to improve the waveform at large velocities [1].
Appendix A summarizes our kinematics conventions.
Appendix B details the notation for integration, Fourier
transforms, and index contractions. In Appendix C we quote
the tidal effects in the impulse.
Eikonal operator.—The eikonal operator determines

the final state of a gravitational collision in terms of the
initial one in the classical limit. It combines the eikonal
phase Re2δ, which determines the deflection (see Ref. [71]
and references therein) and is sensitive to tidal effects
starting at one loop [35], with the gravitational waveform
Ãμν [99,100,121,122], obtained to leading order from the
five-point amplitude Aμν via Fourier transform [Eq. (B7)].
Introducing the graviton creation-annihilation operators
â†k, âk, up to 3PM order it describes gravitational waves as
coherent graviton emissions, [123]

Ŝ ¼ eiRe2δei
R
k
ðÃðkÞâ†kþÃ�ðkÞâkÞ ð1Þ

so that jΨouti ¼ ŜjΨini, where jΨini models two incoming
particles with mass m1, m2 and impact parameter
bα ¼ bα1 − bα2, while jΨouti captures the final configura-
tion. In the following, we will calculate the expectation
values of the linear and angular momentum operators of
the gravitational field in the final state

Pα ¼ hΨinjŜ†P̂αŜjΨini; Jαβ ¼ hΨinjŜ†ĴαβŜjΨini ð2Þ

taking into account tidal corrections. Since the (connected)
amplitude Aμν only includes the standard Weinberg limit
of soft but nonzero momenta, the quantities in Eq. (2) only
include effects due to dynamically propagating gravitons,
and involve no contributions localized at zero frequency,
i.e., no static terms.
To include such terms, it is sufficient to perform the

following dressing [113,116]:

jout=ini ¼ e
R
k
ðFout=inðkÞâ†k−Fout=inðkÞâkÞjΨout=ini; ð3Þ

where, introducing a soft scale ω� (to be later sent to 0),

Fμν
out=inðkÞ¼Θðω�−k0Þ

X
n∈out=in

ηn
ffiffiffiffiffiffiffiffiffi
8πG

p
pμ
npν

n

pn ·k− i0
; ð4Þ

and ηn ¼ þ1 if n is outgoing, and ηn ¼ −1 if n is
incoming, which recovers the static effects via the −i0

prescription [100,105,113,117]. In this way, jouti ¼ Ŝjini
provided

Ŝ ¼ ei2δ̃e
R
k
ðFðkÞa†k−F�ðkÞakÞei

R
k
ðÃðkÞâ†kþÃ�ðkÞâkÞ ð5Þ

where Fμν ¼ Fμν
out − Fμν

in is the total soft factor and 2δ̃ ¼
Re2δ − 2δRR is the conservative eikonal phase [116]. The
dressed expectation values [8,124–126]

Pα ¼ hΨinjŜ†P̂αŜjΨini; Jαβ ¼ hΨinjŜ†ĴαβŜjΨini ð6Þ

then also capture the effects of the static gravitational field.
The distinction between Eqs. (2) and (6) is irrelevant for the
linear momentum, Pα ¼ Pα, but the angular momentum is
sensitive to it [113,116,127–131]: Jαβ ¼ Jαβ þ J αβ, with
the former term due to radiative modes and the latter due to
static modes [100,105,113,116,117].
Tidal effects in the five-point amplitude.—The 2 → 3

amplitude in the classical limit Aμν for graviton emissions
up to linear order in the tidal couplings [34,35,37]
can be obtained, at tree level, from the stress-energy ten-
sors tμν calculated in Refs. [100,105,108] via Aμν ¼
4ð8πGÞ3=2m2

1m
2
2t

μν=ðq21q22Þ [132]. We shall follow the
notation of Ref. [108] and denote by cE2

i
, cB2

i
, where

i ¼ 1, 2 labels the two colliding objects, the couplings
associated to mass-electric-type and current-magnetic-type
effects, X ¼ E, B for short [137]. These are related to the

Love numbers kð2Þi , jð2Þi by cE2
i
¼ 1

6
kð2Þi R5

i =G and cB2
i
¼

ð1=32Þjð2Þi R5
i =G with Ri the radius of object i. Note that

Ri ¼ Gmi=Ki, withKi an additional perturbative parameter
characterizing the star’s “compactness,” roughly of order
0.1–0.2 for typical neutron stars [138,139]. In this way,
tidal effects can compete with point-particle effects, con-
trolled by Gmi=b [140].
We first restrict for simplicity to the case cX2

2
¼ 0; the

general case will be obtained by symmetrizing over particle
labels. Accordingly, Aμν ¼ Aμν

pp þAμν
E2
1

þAμν
B2
1

, where Aμν
pp

is the point-particle contribution [94,98,133] and the Aμν
X2
1

capture the linear tidal effects [108]. We provide their
expressions in an ancillary file [141]. Note that Aμν obeys
the conservation condition only up to contact terms,
kμAμν ¼ Cν, where Cν is analytic in q21 and q22 and thus
vanishes upon Fourier transform [Eq. (B7)] for large b. We
checked that our results are unchanged if we add contact
terms to Aμν.
Radiative modes.—In view of Eq. (1), the formula

expressing the total radiated energy momentum [Eq. (2)]
in terms of Ãμν is given by [71,83,84,117]

Pα ¼
Z
k
ÃkαÃ�: ð7Þ
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Since Ãμν involves a complicated dependence on Bessel
functions while Aμν is a rational function, it pays off to
recast this integral as the Fourier transform of a convolu-
tion, i.e., an integral over the three-particle phase space,

ð8Þ

Here FT is the Fourier transform defined in Eq. (B5), each
five-point amplitude represents Aμν as in Eq. (B6), and
dðLIPSÞ stands for the Lorentz-invariant phase space
measure in the soft region [71,84,89],

dDk
ð2πÞD2πθðk

0Þδðk2Þ d
Dq1

ð2πÞD2πδð2p1 ·q1Þ2πδ½2p2 · ðq1þkÞ�:

To evaluate these integrals, we use reverse unitarity
[83,84,90–92]. Starting from Eq. (8), we first rewrite the
phase-space delta functions as “cut” propagators, via the
identity 2iπδðxÞ ¼ ½1=ðx − i0Þ� − ½1=ðxþ i0Þ�, and then
apply integration by parts (IBP) identities to the resulting
integrals of rational functions to recast them as linear
combinations of the master integrals (MIs) calculated in
Refs. [68,71,84]. We employ the Mathematica package
LiteRed [142,143] for the IBP reduction. We refer to
Ref. [ [71], Secs. 3 and 6.1] for more details about the
integration and the MIs. Focusing on the terms linear in the
tidal effects, we thus confirm the results of Refs. [108,109],

Pα
tid ¼ Rf

X
X

cX2
1

m1

ðEXǔα1 þ FXǔα2Þ; ð9Þ

where Rf ¼ 15πG3m2
1m

2
2=ð64b7Þ, while

EX ¼ fX1 þ fX2 log
σ þ 1

2
þ fX3

σarccoshσ

2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 − 1

p ; ð10Þ

with fX3 ¼ −ðσ2 − 3
2
ÞfX2 =ðσ2 − 1Þ, and fX1 , fX2 ,FX are given

in Table I as functions of σ ¼ −u1 · u2.
The expression (9) for the radiated energy momentum

holds for cX2
2
¼ 0, and the generic case is obtained by

symmetrizing over 1 ↔ 2. The relation between fX3 and fX2
is due to the fact that the tidal interactions under consid-
eration are linear (no “H topology”) [108]. Verifying that
the coefficient of bμ in Eq. (9) vanishes provides an internal
cross-check for the calculation. Indeed, since the integrand
of Eq. (8) is real, a component along bμ would originate
from a term of the type fðσ; q2Þqμ with real f, whose
Fourier transform [Eq. (B5)] is purely imaginary.
From the eikonal operator [Eq. (1)], one can derive the

following formulas expressing the radiated angular
momentum [Eq. (2)] in terms of Ãμν [113,116,117]:

Jαβ ¼ JðoÞαβ þ JðsÞαβ ,

iJðoÞαβ ¼
Z
k
k½α

∂Ã

∂kβ�
Ã�; JðsÞαβ ¼ i

Z
k
2Ãμ

½αÃ
�
β�μ: ð11Þ

Under a translation [Eq. (B8)] [117],

Jαβ → Jαβ þ a½αPβ�: ð12Þ

It is straightforward to express JðsÞαβ as the Fourier transform
of a three-particle cut, as we did for Pα in Eq. (8), with
appropriate index contractions. This step is more delicate

for JðoÞαβ , which involves derivatives with respect to kμ that
can act on the mass-shell delta functions. Nevertheless, in a
frame where bμ1 ¼ bμ and bμ2 ¼ 0 where Eq. (B9) applies,
one can recast it in the form of [116]

ð13Þ

where the derivative in the first line can act both onAμν and
on dðLIPSÞ, and qk2 ¼ −u2 · qμ. The integrals to be
performed then belong to the same family as for Eq. (8),
so we can evaluate them in the same way.
Translating the result to a frame where bμ1 ¼ 0 and

bμ2 ¼ −bμ, using the simple transformation law [Eq. (12)]
and the explicit result [Eq. (9)] for Pα

tid, we obtain the

TABLE I. Functions entering the radiated energy-momentum
due to linear tidal effects [108].

fE1 ¼ ðσ2−1Þ−12
2ðσþ1Þ3 ½937σ9 þ 1551σ8 − 2463σ7 − 5645σ6

þ20415σ5 þ 65965σ4 − 349541σ3 þ 535057σ2

−360356σ þ 92160�
fE2 ¼ 30

ffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 − 1

p
ð21σ4 − 14σ2 þ 9Þ

FE ¼ 3ðσ2−1Þ32
ðσþ1Þ5 ½42σ8 þ 210σ7 þ 315σ6 − 105σ5

−944σ4 − 1528σ3 þ 22011σ2 − 33201σ þ 16272�
fB1 ¼

ffiffiffiffiffiffiffiffi
σ2−1

p
4ðσþ1Þ4 ½1559σ8 þ 3716σ7 − 1630σ6 − 11660σ5

þ28288σ4 þ 155292σ3 − 543442σ2 þ 535212σ − 180775�
fB2 ¼ 210ðσ2 − 1Þ32ð3σ2 þ 1Þ
FB ¼ −3ð105σ5þ1630σ4þ1840σ3þ3690σ2−17769σþ15984Þ

ðσþ1Þ6ðσ2−1Þ−52
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following new result for the radiated angular momentum
due to linear tidal effects,

Jαβtid ¼ Rf

X
X

cX2
1

m1

ðCXb½αuβ�1 þDXu½α2 b
β�Þ ð14Þ

where Rf is given below Eq. (9),

CX ¼ gX1 þ gX2 log
σ þ 1

2
þ gX3

σarccoshσ

2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 − 1

p ; ð15Þ

DX ¼ hX1 þ hX2 log
σ þ 1

2
þ hX3

σarccoshσ

2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 − 1

p ; ð16Þ

with gX3 ¼ −ðσ2 − 3
2
ÞgX2 =ðσ2 − 1Þ and similarly hX3 ¼

−ðσ2 − 3
2
ÞhX2 =ðσ2 − 1Þ, and the functions gXj , hXj for

j ¼ 1, 2 are detailed in Table II for X ¼ E and in
Table III for X ¼ B. Verifying that the coefficient of

u½α1 u
β�
2 in Eq. (14) vanishes serves an internal consistency

check analogous to one discussed for Pα
tid. Each integrand

on the right-hand side of Eq. (13) is real and terms

fðσ; q2Þu½α1 uβ�2 with real f would be real in b space, and
hence contribute imaginary terms to the radiated angular
momentum. In fact, such terms do appear separately in each
line of Eq. (13), but they crucially cancel out in the sum.
Since Eq. (14) holds for cX2

2
¼ 0 in a frame where

bα1 ¼ 0, bα2 ¼ −bα, interchanging all particle labels in it

yields the radiated angular momentum for cX2
1
¼ 0 in a

frame where bα1 ¼ bα, bα2 ¼ 0 instead, but one can obtain
Jαβtid in any desired translation frame with the help of the
simple transformation law [Eq. (12)] and the explicit form
[Eq. (9)] for Pα

tid.
In addition to translations, Eq. (14) is also covariant

under Lorentz transformations. The physical meaning of CX

andDX becomes transparent in frames where not only bα1 ¼
0 but one of the two particles is also initially at rest, where
they are proportional to the angular momentum of gravi-
tational waves. For definiteness, we align the impact
parameter along the y axis, bα ¼ ð0; 0; b; 0Þ, and the
motion of the incoming particle along the x axis. In a
frame where particle 1 is at rest, uα1 ¼ ð1; 0Þ, uα2 ¼
ðσ; p∞; 0; 0Þ with p∞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 − 1

p
, so

Jxytid ¼ Rfbp∞

X
X

cX2
1

m1

DX; ð17Þ

while in a frame where particle 2 is at rest
uα1 ¼ ðσ;−p∞; 0; 0Þ, uα2 ¼ ð1; 0Þ, the same formula applies
with CX replaced by DX. In the nonrelativistic limit
p∞ → 0,

CE ¼ 1056

5
p∞ −

349

35
p3
∞ þOðp5

∞Þ

DE ¼ 1056

5
p∞ −

324

7
p3
∞ þOðp5

∞Þ

CB ¼ 40p3
∞ þ 3833

35
p5
∞ þOðp7

∞Þ

DB ¼ −
168

5
p3
∞ þ 1471

10
p5
∞ þOðp7

∞Þ: ð18Þ

As expected, in this limit, B contributions are suppressed
by an extra power of p2

∞ ∼ v2 compared with E-type ones.
Let us now start again from Eq. (14), which holds in a

frame where bα1 ¼ 0, and perform a translation bμi → b0μi ¼
bμi þ aμ that places the center of mass (or “center of
energy”) in the origin of the transverse plane, ð1 − wÞb0μ1 þ
wb0μ2 ¼ 0 with w ¼ p2 · ðp1 þ p2Þ=ðp1 þ p2Þ2. This sets
aμ ¼ wbμ and by the transformation law [Eq. (12)] we
can find the radiated angular momentum tensor in this new
frame, J0αβtid . Its expression is obtained from Eq. (14) by
replacing CX → C0X ¼ CX þ wĚX and DX → D0X ¼ DX −
wF̌X where EX ¼ σF̌X þ ĚX and FX ¼ σĚX þ F̌X.
Moreover, going to a frame where the center of mass is
also at rest, say b ¼ ð0; 0; b; 0Þ, −p1 ¼ ðE1;−p; 0; 0Þ,
−p2 ¼ ðE2; p; 0; 0Þ, we find, for the component of the
angular momentum orthogonal to the scattering plane,

Jtid ≡ J0xytid ¼ RfJ
X
X

cX2
1

m1

�
C0X

m1

þD0X

m2

�
; ð19Þ

TABLE II. Functions entering the radiated angular momentum
due to E2

1 tidal coupling.

gE1 ¼ ðσ2−1Þ−32
10ðσþ1Þ3 ½2573σ9 þ 9819σ8 þ 13143σ7 þ 1845σ6

−897603σ5 þ 3221239σ4 − 5046195σ3 þ 4203751σ2

−1862318σ þ 351826�
gE2 ¼ −6ð35σ4 − 50σ2 − 1Þ=

ffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 − 1

p

hE1 ¼ 4ðσ2−1Þ−32
5ðσþ1Þ2 ½492σ7 þ 564σ6 − 609σ5 − 722σ4

−4636σ3 þ 13478σ2 − 14143σ þ 5096�
hE2 ¼ 48σð7σ2 þ 1Þ=

ffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 − 1

p

TABLE III. Functions entering the radiated angular momentum
due to B2

1 tidal coupling.

gB1 ¼ 20ðσ2−1Þ−12
ðσþ1Þ4 ½4495σ8 þ 22180σ7 þ 46630σ6 þ 50020σ5

−1748636σ4þ4687932σ3−5397990σ2þ3026428σ−681459�
gB2 ¼ −30

ffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 − 1

p
ð7σ2 − 3Þ

hB1 ¼ 2ðσ2−1Þ−12
5ðσþ1Þ3 ½879σ6 þ 1797σ5 − 492σ4 − 2908σ3

−10491σ2 þ 18815σ − 9280�
hB2 ¼ 336σ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 − 1

p
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where J ¼ pb is the initial angular momentum in the
center-of-mass frame. At low energies, for small p∞, we
find, introducing the symmetric mass ratio ν ¼ m1m2=m2,
with m ¼ m1 þm2, and Δ ¼ ðm1 −m2Þ=m,

Jtid
Rfbp∞

¼
cE2

1

m1

�
1056

5
p∞þ

�
6

5
ð49−328νÞ− 3678Δ

35

�
p3
∞

�

þ
cB2

1

m1

�
96Δ
5

−
264

5

�
p3
∞þOðp5

∞Þ: ð20Þ

In the formal ultrarelativistic limit σ → ∞ instead

Jtid
RfJ

¼
cE2

1

m2
1

63σ5 −
cE2

1
þ cB2

1

2m1m2

315σ4 log σ þOðσ4Þ: ð21Þ

Taking into account that the leading deflection angle scales
as Θs ∼Gm

ffiffiffi
σ

p
=b, and that cE2

1
∼ G4m5, we see that

Jtid=J ∼ Θ4
sð

ffiffiffi
σ

p
ΘsÞ3. Therefore, if we were to take σ

arbitrarily large for fixed small Θs, the system could
radiate an arbitrarily large amount of angular momentum.
The perturbative PM expansion is however limited toffiffiffi
σ

p
Θs ≲ 1 [77,144–146], so that the true ultrarelativistic

limit lies beyond the scope of these calculations.
Consistency check.—To obtain a cross-check of the

functions in Tables II and III, we perform an independent
calculation of the angular momentum in the post-
Newtonian (PN) limit as in Ref. [117]. We start from
AμνðkÞ and expand it for small p∞ in the relevant scaling
region kα ∼Oðp∞Þ [100,145,146]. We then perform the
Fourier transform [Eq. (B7)] term by term in the PN
expansion in the frame bα1 ¼ 0. Finally, we substitute into
the expression for Jαβ [Eq. (11)] and directly perform the
integration over k, without using reverse unitarity. This
involves integrals of Bessel functions, conveniently evalu-
ated in Mathematica. Contracting Eq. (14) with ðu2α −
u1αÞbβ and u1αbβ, we obtain the small-p∞ expansions
1
2
ðCE þDEÞ ¼ ð1056=5Þp∞ þ oðp∞Þ, CE −DE ¼ oðp∞Þ,

and 1
2
ðCB þDBÞ ¼ ð16=5Þp3

∞ þ oðp3
∞Þ, CE−DE¼

ð368=5Þp3
∞þoðp3

∞Þ, in perfect agreement with Eq. (18).
To obtain these results it is enough to retain the leading
PN waveform for E contributions Oðp∞Þ, while it is
necessary to resolve also the first subleading correction
for point-particle Oðp−1

∞ Þ þOðp0
∞) and B contribu-

tions Oðp2
∞Þ þOðp3

∞Þ.
Static modes.—We now complete the result for the

angular momentum loss by adding the zero-frequency
contribution, i.e., the effect of the static gravitational field,
which arises when calculating the expectation value on
dressed states [Eq. (6)] using the eikonal operator [Eq. (5)],

J αβ ¼ −i
Z
k

�
F�k½α

∂F

∂kβ�
þ 2F�

μ½αF
μ
β�

�
: ð22Þ

To this end, we use Eq. (3.30) of Ref. [113], which provides
this contribution for generic gravitational processes.
Indeed, Eq. (22) relies only on the form of the leading
soft factor, which is universal, and thus the resulting
expression holds independently of the details of the
collision. In terms of the coefficients defined in
Table IV, the angular momentum due to static modes then
evaluates to [113]

J αβ ¼ −
X
n¼1;2

X
m¼3;4

cnmp
½α
n p

β�
m: ð23Þ

Like the leading soft theorem, this result only depends on
the momenta of the hard particles, and to obtain explicit
expressions it is sufficient to substitute pα

4 ¼ Qα − pα
1 ,

p3 ¼ −Qα − pα
2 and the PM expansion of the impulse Q.

Let us note that the static contribution [Eq. (23)] is
invariant under translations and covariant under Lorentz
transformations. In the center-of-mass frame (aligning the
axes as above), we find [113] J xy ¼ GpQI up to OðG4Þ
corrections, with I given in Table IV. In view of the overall
power of G, since the OðGÞ impulse is unaffected by tidal
terms, there is no tidal angular momentum loss to
OðG2cX2

1
Þ, and therefore (via linear response [147,148] )

no tidal radiation-reaction in the deflection angle to
OðG3cX2

1
Þ, as noted in Ref. [108]. The leading tidal effects

in J xy are OðG3cX2
1
Þ and can be obtained by substituting

Eq. (C1) in it, finding the new result,

J tid ¼ RfJðQ̂E2
1
þ Q̂B2

1
ÞI ; ð24Þ

up to OðG4cX2
1
Þ corrections. The leading, i.e., OðG4Þ, tidal

radiation reaction on the angle or impulse due to static
modes Qα can be obtained by [116] Qα ¼ 1

2
ð∂Q2=∂bαÞG.

To leading order in the tidal effects [Eq. (C1)], we then have
Qα

tid ¼ −bαQtid=b with Qtid ¼ 7
2
Gb−1Q1PMðQE2

1
þQB2

1
ÞI .

This result agrees with the one obtained by applying the
linear-response formula [148,149]Qtid ¼ − 1

2
ð∂Q=∂JÞJ tid.

TABLE IV. Functions and coefficients entering the static terms.
Here n, m ¼ 1, 2, 3, 4 and ηn ¼ þ1 (ηn ¼ −1) if the nth state is
outgoing (incoming).

σnm ¼ −ηnηm
pn·pm
mnmm

;

Δnm ¼ arccoshσnmffiffiffiffiffiffiffiffiffiffi
σ2nm−1

p ;

cnm ¼ 2G
h�

σ2nm − 1
2

�
σnmΔnm−1
σ2nm−1

− 2σnmΔnm

i
;

2G ¼ c14 þ c23 − 2c13
1
2
I ¼ 8−5σ2

3ðσ2−1Þ þ
σð2σ2−3Þarccoshσ

ðσ2−1Þ3=2 :
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Expanding for small p∞ one finds

m
2m2

J tid

Rfbp∞
¼

cE2
1

m1

�
384

5
p∞ −

192

35
ð7ν − 29Þp3

∞

�

þ
cB2

1

m1

192p3
∞ þOðp5

∞Þ ð25Þ

while as σ → ∞

J tid

RfJ
≈
cE2

1
þ cB2

1

m2
1

½420σ3 log σ þ 70σ3ð6 log 2 − 5Þ� ð26Þ

up to Oðσ log σÞ corrections.
Complete result and analytic continuation.—The total

angular momentum of the gravitational field due to tidal
effects constitutes the main original result of the paper and
is given by the sum of the radiative piece [Eq. (14)] and the
static piece [Eq. (23)]. In the center-of-mass frame, it reads
as Jtid ¼ Jtid þ J tid [see Eqs. (19) and (24)], so that

Jtid ¼ RfJAðσÞ; ð27Þ

where we isolated a b-independent function AðσÞ,

AðσÞ ¼
X
X

cX2
1

m1

�
C0X

m1

þD0X

m2

�
þ ðQ̂E2

1
þ Q̂B2

1
ÞI : ð28Þ

Following Refs. [84,108,150–153], one can also use
Eq. (27) to obtain the angular momentum that is radiated by
a bound system in the high eccentricity limit (large J)
during one orbital revolution. The first step is to write the
total momentum radiated in the center-of-mass frame as
JtidðJ; σÞ ¼ J−6fðσÞ where

fðσÞ ¼ 15πG3m11ν9

64h7
ðσ2 − 1Þ7=2AðσÞ ð29Þ

with h¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ2νðσ−1Þp

. The function fðσÞ is analytic for
Reσ > −1, as one can easily check since it only involves
rational combinations, together with the functions log½ðσ þ
1Þ=2� and ðarccoshσ=

ffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 − 1

p
Þ ¼ ðarccos σ=

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − σ2

p
Þ that

only have branch cuts for σ < −1. Using the boundary-to-
bound map Jboundtid ðJ;σÞ¼ JtidðJ;σÞþJtidð−J;σÞ [152,153],
we find

Jboundtid ðJ; σÞ ¼ 2

J6
f̃ðσÞ; ð30Þ

with f̃ðσÞ the analytic continuation of fðσÞ to the interval
−1 < σ < 1. In this fashion, Jboundtid ðJ; σÞ gives the leading
tidal correction, for large J, to the angular momentum loss
for bound orbits with energy E ¼ mh < m.
Angular momentum flux.—Let us assume that the relation

between the tidal angular momentum loss and the averaged

flux Ftid in isotropic gauge reads as [108,153–159]

Jtid ¼
Z þ∞

−∞
Ftidðr;σÞdt¼ 2

Z
∞

b
Ftidðr;σÞ

dr
_r
; ð31Þ

where to leading order we can employ the straight-line
trajectory, r2ðtÞ ≃ b2 þ v2relt

2. Here vrel ¼ p=ðξEÞ with
ξ ¼ E1E2=ðE1 þ E2Þ2. Dimensional analysis fixes the r
dependence of the flux to be Ftid ∼ 1=r7. Performing the
integral [Eq. (31)] by noting that 2

R∞
b dr=ðr7 _rÞ ¼

16=ð15vrelb6Þ [160] and matching to Eq. (27) then deter-
mines the overall r-independent factor and yields

Ftid ¼
225πG3m5ν4ðσ2 − 1Þ

1024h3ξr7
AðσÞ: ð32Þ

Conclusions.—In this Letter, we obtained a new result
for the total angular momentum that is lost during a two-
body scattering due to linear tidal effects, exploiting
amplitude-based methods. We also provided the corre-
sponding flux and the analytic continuation to bound
orbits. This work opens up several avenues for future
work. A natural generalization concerns the dissipation of
angular momentum in scattering with spin [161] and in
supersymmetric theories [71,84]. For bounded binaries, it
would also be interesting to further compare with the PN
literature [162–164] by performing a suitable eccentricity
resummation needed to access the regime of quasicircular
orbits [150,153]. A crucial next step will be to study
quantitatively the impact of the present results on wave-
form models [119,120] and, of course, to extend them by
calculating Jαβ to subleading order, three loops on the
amplitude side.
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discussions and comments on this draft. This work is
supported by the Knut and Alice Wallenberg Foundation
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Appendix A: Kinematics.—All momenta are regarded
as outgoing, so −pi for i ¼ 1, 2 are the physical
momenta of the incoming states. The Minkowski metric
is ημν ¼ diagð−;þ;þ;þÞ, so that p2

i þm2
i ¼ 0. Four

velocities are defined by uμi ¼ −pμ
i =mi, with u2i ¼ −1.

We denote the relative Lorentz factor by σ ¼ −u1 · u2 ¼
1=

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − v2

p
, and v is the speed of body 1 as seen from

the rest frame of body 2 (or vice versa). A useful
variable in the PN limit is p∞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 − 1

p
. The spatial

momentum in the center-of-mass frame is instead
denoted by p. It is also convenient to define variables ǔμi
which obey ǔi · uj ¼ −δij by letting uμ1 ¼ σǔμ2 þ ǔμ1 and
uμ2 ¼ σǔμ1 þ ǔμ2. The relative impact parameter is defined
by bμ ¼ bμ1 − bμ2, where bμ1 and bμ2 are the impact
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parameters of each particle, transverse to the incoming
directions bi · uj ¼ 0. Finally, the symmetric mass ratio
is defined by ν ¼ m1m2=m2, with m ¼ m1 þm2, while
we let Δ ¼ ðm1 −m2Þ=m.

Appendix B: Integration and index contraction.—We
employ the shorthand notation

Z
k
¼

Z
dDk
ð2πÞD 2πθðk0Þδðk2Þ: ðB1Þ

Moreover, we define

ÃðkÞâ†k ¼
X
i

ϵðiÞμν ðkÞ�ÃμνðkÞâ†i ðkÞ ðB2Þ

where i ¼ 1, 2 labels the two physical graviton

polarizations, with polarization “tensors” ϵðiÞμν ðkÞ, and
similarly for the Hermitian conjugate of (B2) and for
analogous expressions involving Fμν. The creation
and annihilation operators obey canonical commutation
relations,

2πθðk0Þδðk2Þ½âiðkÞ; â†jðk0Þ� ¼ ð2πÞDδðDÞðk − k0Þδij: ðB3Þ

For convenience, we suppress contractions between five-
point amplitudes (unless written otherwise), letting

AA0 ¼ AμνA0μν −
1

D − 2
Aμ

μA0ν
ν ; ðB4Þ

and similarly for Fμν.
We define the Fourier transform FTM by

FTM ¼
Z

dDq
ð2πÞD 2πδð2p1 · qÞ2πδð2p2 · qÞeib·qMðqÞ:

ðB5Þ

The relation between the momentum space 2 → 3 ampli-
tude in the classical limit (the drawing inside the dashed
bubble only serves as a visual help to recall the definition of
q1, q2 and does not represent an actual Feynman diagram)

ðB6Þ

and its b-space counterpart ÃμνðkÞ is given by

ÃμνðkÞ ¼
Z

dDq1
ð2πÞD 2πδð2p1 · q1Þ2πδð2p2 · q2Þ

× eib1·q1þib2·q2Aμνðq1; q2; kÞ; ðB7Þ

with q1 þ q2 þ k ¼ 0. Under a translation,

bμ1;2 → bμ1;2 þ aμ; ÃμνðkÞ→ e−ia·kÃμνðkÞ: ðB8Þ

In a frame where b2 ¼ 0, we find

ÃμνðkÞ ¼
Z

dDq1
ð2πÞD 2πδð2p1 · q1Þeib·q1

× 2πδ½2p2 · ðq1 þ kÞ�Aμνðq1; q2; kÞjq2¼−q1−k;

ðB9Þ

its advantage being that k only enters the second line.

Appendix C: PM impulse.—We collect here for
completeness the OðGÞ and OðG2cX2

1
Þ terms of the

impulse [34,35,95],

Q1PM ¼ 4Gm1m2

b

σ2 − 1
2ffiffiffiffiffiffiffiffiffiffiffiffiffi

σ2 − 1
p ;

QE2
1
¼ Rfb

G

3cE2
1

m2
1

35σ4 − 30σ2 þ 11ffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 − 1

p ≡ Rfb

G
Q̂E2

1
;

QB2
1
¼ Rfb

G

15cB2
1

m2
1

ffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 − 1

p
ð7σ2 þ 1Þ≡ Rfb

G
Q̂B2

1
; ðC1Þ

where Rf is given below Eq. (9).

[1] A. Buonanno, M. Khalil, D. O’Connell, R. Roiban, M. P.
Solon, and M. Zeng, Snowmass white paper: Gravitational
waves and scattering amplitudes, in 2022 Snowmass
Summer Study (2022), arXiv:2204.05194.

[2] We work in natural units commonly employed in the
particle physics literature. Therefore, we measure velo-
cities in units of the speed of light c, effectively setting
c ¼ 1 and identifying length and time intervals. Similarly,
we measure actions in units of the reduced Planck constant
ℏ, so that ℏ ¼ 1. At variance with the general relativity
literature, instead, we keep explicit the dependence on the
Newton constantG, which in natural units has the effective
dimension ðenergyÞ−2. Of course, the appropriate powers
of c (and, if needed, of ℏ) can always be reinstated via
dimensional analysis.

[3] N. E. J. Bjerrum-Bohr, P. H. Damgaard, G. Festuccia, L.
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