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1 | INTRODUCTION

For a rooted tree T = (V, E) with root p and p € [0, 1], we define a broadcasting-induced coloring
or,p of T to be a random two-coloring o7, : V(T) = {red, blue} of the vertices of T such that

(i) P(o7,(p) = red) = P(o7,(p) = blue) = % and
(ii) for all vertices v with parent u, P(67,(v) = o7,(u)) = p and P(o7,(v) # o7,()) =1 —p.

The coloring o7, is induced from a broadcast process, in which the root of T is assigned a bit 0
or 1 uniformly at random, and this bit is propagated along the tree in the following way: any vertex in
the tree takes the same bit as its parent with probability p and the other bit with probability 1 — p. By
assigning a vertex the color red if its bit value is 0 and blue if its bit value is 1, we recover the coloring
or,p. This broadcast process was described by Evans, Kenyon, Peres, and Schulman [12], where they
outline a correspondence of this process to the Ising model (see [12], Section 2.2). The reconstruction
problem is then to reconstruct the bit value of the root p from the bit values of some subset of vertices
in T after broadcasting. This problem has long been studied, see for example the survey [27] of early
works. Applications of the reconstruction problem in trees include its connection to stochastic block
models [14, 28], a random graph model with applications in machine learning. Of particular interest to
this work, Addario-Berry, Devroye, Lugosi, and Velona studied the reconstruction problem in random
recursive trees and preferential attachment trees [1].

For a real number a, a random (linear) preferential attachment tree 7, , is grown recursively in the
following manner. The tree T, consists of a single vertex p, the root of all trees that follow. The tree
Ton is grown from 7, ,—; by choosing a vertex v at random and adding a child to v, where v is chosen
with probability

adegt(v) + 1 _adegt(n) +1
ZueV(TM_l)(a degtw)+1) a(m—D+n’

ey

where deg* (1) (called the outdegree of u) is the number of children of u. To avoid degenerate cases,
111

we only allow a € { ..., 73 —5} U [0, 0). If @« = —1, then only leaves can be chosen as the
parent of a new vertex, resulting in 7_,, simply being a path of length n. If « is a different negative
number outside of { ... ,—i, —%, —% }, then there may be vertices v in T, for which (1) is negative.
This problem is avoided when @ = —5, since (1) is positive when deg® (1) < d and is zero when

deg™(u) = d, resulting in a tree 7_,4,, whose vertices all have outdegree less than or equal to d.

The random tree T, has several names in the literature. When @ = 0, the vertex v is chosen
uniformly at random amongst all the vertices in the tree. This random tree is called a random recursive
tree, and has been extensively studied for many years; since at least 1967 [33]. When a = 1, the tree
T, is called a random plane-oriented recursive tree which was introduced by Szymanski [32]. The
more general linear preferential attachment tree T, coincides with a special case of the preferential
attachment model studied by Barabasi and Albert [2], but has also been studied in several other contexts
(see e.g., [7, 17, 31]). When a = —é for a positive integer d, the tree T_l/d,,, is a model of random
d-ary trees, and corresponds to a random binary search tree when d = 2. The random trees T, also
fall into the class of increasing trees (see [6, 10]), so named since if we label the vertices 1, ... ,n by
the time they appear in the tree, then the labels increase along all paths from the root.

For ease of notation, we may sometimes fix a and p, and let 7;, denote the tree T, , and let 5,, denote
the random broadcasting induced coloring o7, ,,. For fixed a and p we can consider a random sequence
(T3, 00))2, of preferential attachment trees with broadcasting-induced colorings where 7, is grown
from 7,_; in the manner outlined above, and where o, restricted to the n — 1 vertices of 7,_; is equal

38UBD|7 SUOWILLOD aAIaID 3|ged!|dde ayy Ag pausenoh ale sajole YO ‘asn Jo Sajn. 1o} AruqiT auljuQ A8[IM UO (SUOTIPUOD-pUR-SWIBIL0Y A IM A eiq 1 Buluo//SdNy) SUONIpUOD pue swe | 8yl 89S *[£202/60/T] uo Ariqiauliuo AB|Im ‘9kog utey AseAun epesddn Ag zyTTZes/Z00T 0T/I0pAU0Y A Im Areiqpul|uo//Sdny Wwoy papeojumoq ‘2 ‘€202 ‘8T#Z860T



366 DESMARAIS ET AL.

(T7,07) (T3, 08)

FIGURE 1 A tree T3 with broadcasting-induced coloring o3 grown from (77, 67).

to 6,—1 (and the color of the newest vertex v in 7, is randomly chosen such that with probability p the
color of v is the same as its parent).

As an example of the growth process we describe, consider the trees with broadcasting induced
colorings in Figure 1. The tree T3 is grown from 77 by choosing v according to the probability (1) and
adding a child u (notice that deg™ (v) = 0). The probability that u takes a different color from vis 1 —p,
and so

1
B((Ts.09)|(Fr o) = (1=p) (= ).

Our contribution in this work is to study asymptotic properties of the trees in the sequence
(T3, 64))2, - These results are gathered in Section 2, and come in two categories. In Section 2.1 we
list global properties of the trees (75, 6,))> ;. These include limit laws (after appropriate rescaling) for
the number of vertices of each color, the number of clusters of each color (maximal monochromatic
subtrees of 7,), the number of leaves of each color, and the number of trees T, ... , T, with respec-
tive two-colorings ¢, ... , G, appearing in the fringe; a fringe subtree consists of a vertex and all its
descendants. These results are proved using results on Pdlya urns from [18]. The limiting distributions
experience different phases. When p < (3 —a)/4, we observe normal limit laws after rescaling by \/ﬁ

Normal limit laws are also observed when p = (3 — «)/4 but with a rescaling factor of v/nInn, while
convergence to a nonnormal distribution is observed when p > (3 — a) /4.

In Section 2.2 we study the size of the cluster C, containing the root p, which we denote |C,]|.
If we consider 7, with a random broadcasting-induced coloring o, and remove edges between two
vertices if they do not have the same color, we are left with a forest of trees corresponding to clusters
after performing Bernoulli bond percolation with parameter p on 7,,; Bernoulli bond percolation with
parameter p is a process by which each edge in a graph is kept with probability p and removed with
probability 1 — p, independently of every other edge. The size of C, in the context of percolation, with
a connection to memory-reinforced random walks, has previously been studied (see [3, 4, 8, 21]). In
particular, Businger [8] has shown that for random recursive trees, |C,|/n” converges in distribution
to a Mittag—Leffler distribution (see also [4, Theorem 3.1] and [26]). Baur [3] studied |C,| in linear
preferential attachment trees with @ > 0. He showed that |C,|/n®+®/0+® converges in distribution to
some random variable C, and provided the first two moments of this random variable. In this paper,
we reprove these earlier results, and give a more precise description of this random variable C by
providing a recursion to calculate the integer moments of C. These results are proved using methods of
analytic combinatorics. When a = 1 we give a closed form for the integer moments of C. We further
extend these results by studying the size of C, when a = —5, where we observe different phases.

When p > 5, we observe a similar limiting distribution as when a > 0, and find closed forms for the

integer moments of this limiting distribution when d = 2. When p < 5, the size of the root cluster C,
is bounded almost surely as n — oo, and we describe the limiting distribution of |C,| as the size of a
Galton—Watson tree with binomial Bin(d, p) offspring distribution.
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2 | MAIN RESULTS
In this section, we gather our main results. They are separated in two categories: global properties and

the size of the root cluster.

2.1 | Global properties

Throughout this section we define a random variable

@

B 1 if the root is red,
-1 if the root is blue.

Since the root is either red or blue with equal probability, B is a Rademacher random variable.
We start with the number of vertices of each color in a random preferential attachment tree 7, = 7T,
with a broadcasting induced coloring 6, = o7, .

Theorem 2.1. Let R, and B, denote the number of red and blue vertices, respectively, in a
preferential attachment tree T, with broadcasting-induced coloring o,.

(i) The following strong law of large numbers holds

1 as. (1 1
g (11
n( > Bn) — )

(it) If p < 3 —a)/4 orif p=1/2, then the following multivariate normal limit law holds

(RusB) =1 (3.1)
\/ﬁ

4ap—a—1
1 -1 P

21 = Cap < > s Cap = {‘;(4p+a—3)
~1 1 ! P

(iii) If p=@—a)/4and p # % (i.e. a # 1), then the following multivariate normal limit law holds

L NO.3),

where

T

1
59
1
3"

L NO.5p),

where
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(v) If p>Q@B—a)/dandp # % then the following almost sure convergence holds

11
RusB) =1 (4.1) e Bz
npta=1)/(1+a) 2(2[7 +a—-1)

2p—-1,1-2p), 3)

where Z is a random variable with

E[z] = L/ +a))
L(2p+a)/(1+a))

and

E[Zz] _ ra/d+ae)(d+a)dp+a-2)
T'((4p+2a —1)/(1 +a)(dp+a—3)

Remark?2.2.  When p = 1/2, every new vertex added to the tree is either red or blue with probability
1/2, independent of everything that happened before. Therefore, R, is simply a sum of independent
Bernoulli Be(1/2) random variables, as is B, = n — R,. We see that in this case, the matrix ¥; in the

convergence (ii) simplifies to
1 -1
Y= 1 ,
4\-1 1

and we see that the random variables on the right-hand side of the convergences in (iii) and (iv)
degenerate to (0,0).

There is a close connection between Theorem 2.1 and results on a class of reinforced random walks.
In [3], Baur defines the strongly reinforced elephant random walk as a sum of +1 random variables
¢n, where the value of §, has a positive probability of taking the value of a previous step {; chosen
proportional to a weight &, (i). The first step {; is 1 or —1 with equal probability, and is assigned a
weight k1 (1) = 1. For values p* € (0, 1) and a > 0, the nth step is decided by first choosing a previous
step ¢; with probability

P, = i) = 7”’6_”;‘(’) —.
Zj:l kn—l (])

With probability p*, the nth step is {, = ¢; , and with probability 1 — p*, {, is either assigned 1 or
—1 with equal probability. Equivalently, {, = {; with probability p = p* + %(1 —-pand §, = =
with probability 1 — p. The nth step is then assigned the weight k,(n) = 1, while k,(I,,) = k,—1(I,,) + «
and k,(j) = k,—;(j) for all other j # I,. Letting S, = Z;’zlé‘n, we can quickly see that S, is distributed
as R, — B,,. Indeed, many of the cases of Theorem 2.1 (specifically when p > 1/2) are implied by
[3, Theorem 3.2] on S, proved using P6lya urns, where the parameter p in Theorem 2.1 corresponds
to 2p — 1 in [3, Theorem 3.2] and the parameter a corresponds to f > 0. See also [22] for proofs using
a martingale approach.

We now turn to the number of clusters (maximal monochromatic subtrees). If we want to know
the total number of clusters, we can first notice that whenever a child takes a different color from its
parent, a new cluster is formed. This is also the only way of forming a new cluster (in addition to the
initial cluster containing the root). The probability that a newly added vertex does not take the color
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of its parent is 1 — p, from which we can conclude that the total number of clusters at time 7 is simply
1 4+ Bin(n — 1, 1 — p), where Bin denotes a binomial random variable.

Theorem 2.3.  Let Ry, and B, denote the number of red and blue clusters respectively in a preferential
attachment tree T, with broadcasting induced coloring o,,.

(i) The following strong law of large numbers holds

Lremy s (Lop o2,
n 2 2

(it) If p < 3 — a)/4, then the following multivariate normal limit law holds

R, B —n (2.1

v

) L N@©,59),

where

e 1-p < (d=p)a+4p+1) 3p—4p2—ap—a—l>
I .
3

4B —a—4p) p—4p’—ap—a—1 (1—-p)a+4p+1)
(iii) If p = (3 — a)/4, then the following multivariate normal limit law holds

(s By) = n (52,132

Vnlnn

ge _atl I

(iv) If p > (3 — a)/4, then the following almost sure convergence holds

where

1-p 1-
R -0 () e gy
n(2p+a—1)/(1+a) 2(2[7 +a—- 1)

r-1L1-p),
where Z is equal almost surely to the random variable in (3).

We finish our summary of global properties with fringe subtrees. In arooted tree 7 a fringe subtree
T consists of a vertex and all its descendants. The simplest example of a fringe subtree in 7 is a vertex
with no descendants (a leaf of 7). Normal limit laws for the number of leaves in preferential attachment
trees are already well known (see [17, 19, 24, 29]).

In this simplest case, we offer covariance matrices for the limiting normal limit laws for the number
of leaves of each color in 7, though the distributions are already markedly more complicated than
what we have described above.

Theorem 2.4. Let R, and B!, denote the number of red and blue leaves respectively in a preferential
attachment tree T, with broadcasting induced coloring c,,.
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(i) The following strong law of large numbers holds

1+a 1+a>

R
n 4420 4+ 2a

(ii) If p < 3 —a)/4 orif p=1/2, then the following multivariate normal limit law holds

I+a l+a
R, B} —
(R, By) —n 4420’ 442a

Jn

L N,

where

v — a1 A
"T 42+ @G+ )@ -3)@p+a-3)\ol, b, )
with

ol =0ch,=(8p"—6p—1)a’ + (48p* —46p+1)a*
+ (112p* — 158p +49)  + 88p* — 158p + 71

Ui,z = O-é,l = (1 +6p — 8P2) @ — (48132 —50p + 7) o?
— (96p* — 126p + 37) a — 72p* + 122p — 53,

when p # 1/2, and

a+1 T4+6a+a> —5—4a—a?
=
"TAC+ @B+ )\ —5—da—a? T+ 6a+a

whenp =1/2.
(iii) If p=QB—a)/dand p # % (i.e. @ # 1), then the following multivariate normal limit law holds

[ [\ _ I+a I+a
(R, By) —n <4+2a’ 442a

Vnlnn

2]:(0:—1)2(0(+1) I -1
T4+ \-1 1)

(iv) If p>Q@—a)/dandp # %, then the following almost sure convergence holds

) L N,

where

[ ply _ I+a  l+a
(Rm Bn) n (4-{-2(1’ 4+2a> iv_) B7Z (2 s )
nCp+a—1)/(1+a) 2a +4p P — 1, P)s

where Z is equal almost surely to the random variable in (3).
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Remark2.5. Once more, we witness a special case p = 1/2. Though the explanation is not as simple
as in Remark 2.2, the color of a newly added leaf is independent of the color of its parent. We see
again that the random variables on the right hand side of the convergences in (iii) and (iv) degenerate
to (0,0). When p = 1/2 # (3 — a)/4, both matrices in (ii) are equal.

Limiting joint distributions for the number of fringe subtrees (without colors) have already been
studied [17]. Let T}, ... , T,, be a sequence of finite trees of sizes ki, ... , k,, with colorings ¢y, ... , G-
Let o,|; denote the coloring o, restricted to the subtree 7. We say that two colored rooted trees are
isomorphic (and use the symbol =) if there is an isomorphism between them that preserves roots and
colors.

Theorem 2.6. Let X, be the number of fringe subtrees T in T, isomorphic to T; with coloring ¢;,
and let
<P((77<1, o) = (Te)—  P((Th,.00) = (Tn 6oy >
H= 1 RN I 1 .
i+ =D+ 77 o+ = Dl + )

m

“

(i) The following strong law of large numbers holds

%(X,,l, LX) S

(it) If p < 3 —a)/4 orif p =1/2, then the following multivariate normal limit law holds

(X4, ... X0") —np

\/,;

LN,

for some covariance matrix Zj; .
(iii) If p=GB—a)/4and p # % (i.e. @ # 1), then the following multivariate normal limit law holds

(Xh, ... X)) —np KR

Vnlnn

i
N(©,%)),
for some covariance matrix Z’;,.

(v) If p>Q@—a)/dandp # %, then the following almost sure convergence holds

(Xh, ... X0 —np as
n@rra-D/(Ha) BZy,

for some vector v, where Z is equal almost surely to the random variable in (3).

Remark 2.77.  The matrices 2{ , Z’;,, as well as the vector v can be calculated explicitly from the
sequence T}, ... , T,, of trees and the colorings ¢y, ... , G, (see Theorem 3.1 below).

Remark 2.8. The statements of Theorem 2.1 (iv), Theorem 2.3 (iv), Theorem 2.4 (iv), and
Theorem 2.6 (iv), all contain the same random variable BZ in the limit. By studying a Pélya urn pro-
cess (see Proposition 3.2) which is a linear transformation of each of the Pélya urn processes used in
the proofs of Theorems 2.1,2.3,2.4, and 2.6, we show in the proofs of Section 3 that indeed the random
variable BZ is equal almost surely in all of these statements.
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2.2 | Root cluster

We let C, denote the root cluster in the random preferential attachment tree 7, with broadcasting
induced coloring o, that is, the maximal monochromatic subtree containing the root, and let |C,|
denote its size. As noted in the introduction, C, is identically distributed as the root cluster in 7, after
applying Bernoulli bond percolation with parameter p.

In previous works of Mohle [26], Baur and Bertoin [4], and Businger [8], convergence in
distribution of |C,,| when a = 0, once scaled by r”, to a Mittag—Leffler distribution was proved. That is,

d
(AN
np
where C is characterized by its integer moments

B¢ =
I'(pk+1)
the integer moments of a Mittag—Leffler distribution with parameter p.

Baur [3, Proposition 4.1] proved that |C, | /n®+®/0+® converges in L? to a random variable C when
a > 0 (though we believe the method may also apply for applicable « > —1/p), and provides the first
two moments of C. Baur also provides a description of the sizes of the remaining clusters [3, Corollary
4.3]. If the ith added vertex is the root of a cluster then the size of this cluster, scaled by n®+®/(+®)
converges in distribution to

ﬂi(p+a)/(1+a)C7

where C is the random variable given in Theorem 2.9 and g; is a Beta(1 /(1 + a), i) distributed random
variable.

We extend the description of the limiting distribution in [3, Proposition 4.1] by finding a recursion
for the integer moments. This recursion uses the partial Bell polynomials (see [9, Chapter 3.3])

k—j+1 mv

Bij(x1, ..y Xk—jy1) = z k! H |llm,-'

my et kjot Dmge_j g =k i=

my +--~+mk_/-+] =j
Theorem 2.9. Let o > 0. Then
|Cal d
npta)/(+a) C,

where C has integer moments

Ci(l+a)'(1/(1 + a))
al'((kp + a(k — 1) /(a + 1))’

E[C*] =
where Cy satisfies the recursion C, = a/(p + a) and

I'l/a +1)

(/) By j(Cy, ..., Crojir)

(k= 1)(p/a+1)Cy = Z’ﬂ
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By using the recursion in Theorem 2.9, we calculate the first two moments of C to be

(1+a)r<]+ia>

He= (p+a)r(1:;a>’
e P21+ a)’T (lia)
(@ + a)’T (21%)

which agrees with the calculations given in [3].
In the special case a = 1, we are able to find a closed form for the recursion given in Theorem 2.9,
and with it, a more precise description of the limiting distribution of |C,| after proper rescaling.

Proposition 2.10.  Let the underlying tree be a random plane-oriented recursive tree, so a = 1. Then
the integer moments of the limiting random variable C in Theorem 2.9 can be written as

E[CY] = 2pF ' T(kp + k= Dy/7
T (p+ D*ITUp)C((kp + k= 1)/2)

We now turn to the case when @ = —1/d for an integer d > 2, that is, when the underlying tree
7, is a random increasing d-ary tree. If we consider 7, as a subtree of an infinite d-ary tree T,, then
the coloring o, can be recovered from bond percolation on 7: start by assigning the root either red or
blue, and assign to a vertex v the color of its parent u if the edge joining u and v is still present after
performing bond percolation, and the other color otherwise. In this way, the root cluster C, of 7, is a
subtree of the cluster Iy of T,; containing the root after performing bond percolation. Using this fact,
we can prove the following result on the sizes of |C,| and |K;| (which may be infinite).

Proposition 2.11.  Let |C,,| be the size of the root cluster of T, with broadcasting-induced coloring
6. Then |Co| —5 1Kyl

Using well known results on the size of |KC,|, the following corollary is immediate:
Corollary 2.12. Let a = —1/d, where d > 2 is a positive integer. Then for every positive integer k,

: 1/ kd \ 4 )
PQL%'C"l:k):%(k—l)pk I(1 = pykd+1, )

Remark 2.13.  When p < 1/d, the probabilities in (5) sum to 1, and so the root cluster is almost
surely finite.

When a = —p, the root cluster is almost surely finite, though its expected size grows to infinity. In
fact, we can describe the asymptotic behaviour of all the moments of |C,|.

Proposition 2.14. Let « = —1/d, where d > 2 is a positive integer, and let p = —a = 1/d. Then

E[|Cal*] ~ ExIn*'n,
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where Ej. satisfies the recursion Ey = 1/(d — 1) and

k-1
1 k
2k — DE;, = gz < )EEk_,

In the case @ > —p, a similar limiting distribution C to that found in Theorem 2.9 exists.

Theorem 2.15. Let a = —1/d, where d > 2 is a positive integer, and let p > —a. Then

|Cn| d C
apd-Djd-n =

where C has integer moments

DiI'(1/(d = 1))
D((kpd —k+1)/(d = 1))’

E[Cq =

where Dy, satisfies the recursion D1 = 1/(pd — 1) and

min{k,d }

(k=D(pd - 1)Dy = Z pd! — 1 Bri(D1, oo Dij).

- !

By using the recursion in Theorem 2.15, we calculate the first two moments of C to be

E[C] = F<dl_l>’
(pd—l)l“(%)
Pd(d - 1)F<ﬁ)
(pd — 1)31“(%)'

E[C?] =

When the underlying tree is a binary search tree (when d = 2), we can once again find a complete
description of the limiting distribution.

Proposition 2.16. Let the underlying tree be a random binary search tree, so d = 2, and let p >
—a = 1/2. Then the integer moments of the limiting random variable C in Theorem 2.15 can be written
as

k!pZ(k—l)
2p - D*T*k2p - D+ 1)

E[Cq =

Remark 2.17.  From Theorem 2.12, there is a positive probability that the size of the root cluster is
finite, even in the case p > 1/d. For any p and d, let p,, be the smallest positive solution to

1—x=(1-px).

It is known that p, is the probability that the cluster K; containing the root after performing
Bernoulli bond percolation on an infinite d-ary tree is infinite (see e.g., [23, Exercise 5.41]).
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From Proposition 2.11, |C,| converges almost surely to |Ky|. The limiting random variable C in
Theorem 2.15 can be broken down in the following way:

= 0 with probability 1 — p,
Coo with probability pe,

where C, has moments
E[C5] = p< EICH].
When d = 2, then p, = (2p — 1)/p?, and C,, has moments

k!ka

k1
M%LXM—WWW@—D+W

and so C,, is distributed as p? /(2p — 1)? times a random variable with Mittag—Leffler distribution with
parameter (2p — 1).

3 | PROOFS OF GLOBAL PROPERTIES

We start by summarizing some results on generalized Pdlya urns that will be used throughout this
section. A generalized P6lya urn process (X,,)5,, is defined as follows. There are g types (or colors)
1,2, ... ,q of balls, and for each vector X, = (X, 1,X,2, ... ,X,4), the entry X,,; > O is the number
of balls of type i in the urn at time n. For each type i, an activity @; > 0 is assigned, as well as a
random vector &; = (&;1,&;2, ... ,&iy) such that &; > O for i # jand &;; > —1. The urn process begins

with a given vector Xj. At time n > 1, a ball is drawn uniformly at random from the urn, so that the
probability that a ball of color i is chosen is

aiXn—1,i
3 aXu-1)
j=1%j2n—1j

If the drawn ball is of type i, then we set X,, = X,,_; + AX,,, where AX,, ~ £, and AX, is independent
of everything that has happened so far. The intensity matrix of the Pélya urn is the g X g matrix
A= (QfE[gjvi])ZFl'

Note that while several authors place [E[£;] for row i of A, we follow the notation of [ 18] by placing E[éj]
for column j of A. As noted in [18], since all off-diagonal entries of A are nonnegative, A has a largest
real eigenvalue A; such that A, > ReA for all other eigenvalues A of A. A type i is called dominating
if for all other types j, it is possible to find a ball of type j in an urn beginning with a single ball of
type i. By ordering the types such that every dominating type i is smaller than every nondominating
type j, the matrix A will be a block diagonal matrix. We say that an eigenvalue A of A belongs to the
dominating class if it is also an eigenvalue of the submatrix of A restricted to the dominating types.

The following six assumptions appear in [18] (the assumption (A1) is a generalization from [18,
Remark 4.2], note the indices of the variables in (A1)):

(A1) Foreachi=1, ... ,q, either
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(a) there is a real number d; > 0 such that X; and &, ;,&,, ... ,&,; are multiples of d; and
&> —d;, or
(b) & >0.

(A2) IE[(:IZJ] <ooforallij=1, ... ,q.

(A3) The largest real eigenvalue 4; of A is positive.
(A4) The largest real eigenvalue 4, is simple.

(AS) There exists a dominating type i with Xp; > 0.
(A6) A, belongs to the dominating class.

We add the following simplifying assumption.
(A7) For each n > 1 there exists a ball of dominating type in the urn.

We further add the following assumption which will make the covariance matrix calculations
simpler.

(A8) There exists ¢ > 0 such that Y7, a;E[¢;;] = c forevery j =1, ... ,q where a; > 0.

All of these assumptions are satisfied in the particular Pdlya urns we use in the proofs that follow.

All vectors v for the remainder of this discussion are assumed to be column vectors. Let a =
(ay, ... ,aq)T be the vector of activities. Let v; and u; be the right and left eigenvectors associated
with A, normalized such that a”v; = 1 and ulTvl = 1. Order the eigenvalues Ay, 4o, ... , A4 such that
A1 > Redy > Reds > --- > Rel,. If A is diagonalizable, then there are g linearly independent right
eigenvectors of A and ¢ linearly independent left eigenvectors of A. Let v; and u! be dual bases for the
eigenspaces of A, that is, right and left eigenvectors of A associated with A; such that u[v; = §;; for all

1 i=j
bij = L
0 i #].

Denote vy 1= (vi1,Vv12, ... ,vl,q)T and define the matrices

i,j=1, ... ,q, where

q
B := Y aw,E[g&]],

i=1

and

whenever none of the denominators is equal to zero (which holds in the cases relevant to us). Let
P=1-vu; and

o
2}:/ Pe Bet PTe M4, (6)
0

If A, is real and A, > ReAs, then define the matrix

Xy = (Wl Buyvyl. @)

We are now ready to gather results from [18].
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Theorem 3.1 (Janson [18]). Suppose an urn process (X,);2, satisfies (Al)—(A7). The following hold:

(i) a strong law of large numbers,

Xy 22 Ay,
n
(ii) if (A8) is satisfied and A, > 2ReA,, then
Xn - nﬂlvl

d
— N0, 4,=D),
\/Z ( 11)

where N denotes a multivariate normal distribution, and ZIT is defined as in (6). If A is
diagonalizable, then 2}' can be replaced with ¥,
(iii) if (A8) is satisfied, 11 = 24, 4, > Rels, and A is diagonalizable, then

Xn —n/hvl

Vnlnn

where N denotes a multivariate normal distribution, and Xy is defined as in (7),
(iv) if Ay isreal, Ay <22y, and A1 > 2Re4; foralli =3, ... ,q, then

L NO.2p),

Xn - l’l/{]Vl a.s

Zv
nh/4 2

~
where Z is a real random variable.

Proof.  The convergence in (i) follows from [18, Theorem 3.21] (essential nonexistence is always
guaranteed if (A7) holds), the convergence in (ii) follows from [18, Theorem 3.22], and the conver-
gence in (iii) follows from [18, Theorem 3.23], while the covariance matrix calculations in (ii) and
(iii) follow from [18, Lemma 5.3(i), Lemma 5.4], where we note that the proof of [18, Lemma 5.4]
follows exactly the same with the slightly more general assumption (AS). The convergence in (iv)
follows from [18, Theorem 3.24] by letting 7= u; T (the random vector W is an element of the
eigenspace of 1;). [

We are now ready to prove our results of global properties for 7,, : = 7, with broadcasting-induced
coloring 6, := o7 ,. Let a deg*(v) + 1 be the weight of the vertex v in 7,. We consider an urn with
two colors of balls: red r and blue b, both with activity 1. In this urn, the total activity of red and
blue balls at time n will correspond to the sum of the total weights of red and blue vertices in the
tree 7, with coloring o,, respectively. When a ball is picked, with probability p it is replaced with an
additional 1 + « balls of the same color; 1 corresponding to the addition of a new vertex, while the
extra a corresponds to the increase in weight of the selected vertex. With probability 1 — p, the chosen
ball is replaced along with « balls of the same color (corresponding to the increase in weight), while
an additional 1 ball of the other color is added (corresponding to the new vertex added). Let R}, and
B} be the total activity of red and blue balls, respectively, at time n, which is also the total weight of
the vertices of each color in 7,,. We therefore have the following activity matrix for our urn:

a+ 1- r
A= po2=r .
1-p a+p b
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This particular PSlya urn process was previously studied in the context of preferential attachment
trees by Baur and Bertoin to study elephant random walks [5]. The eigenvalues of A are 4; = 1 +a and
Ao = 2p+a—1, while A satisfies (A1)—(AS8). Therefore, Theorem 3.1 applies withv, = (1/2,1/2),u;, =
1,1),v, =(1/2,-1/2), and u; = (1,-1).

We can say something more about the limiting distribution in this case when 24, > A; (so when
p > (3 —a)/4). Recall the random variable B defined in (2) (B = 1 if the root is red and B = —1 if the
root is blue, so B is a Rademacher random variable).

Proposition 3.2. Let R} and B}, be the total weight of red and blue balls, respectively, and suppose
that p > (3 — a) /4. Then

Ry.BD=n(44) = pz(L-1), ®)

n(2p+a—1)/(1+a)

where Z is a real random variable with

I/ + a))
E[Z] = ,
] N(@2p+a)/(1 + )

and

IE[ZZ] _ ra/d+ae)(d+a)dp+a-2)
IF((dp+2a—-1/0+a)dp+a—3)

Proof.  First, suppose we always start with a red root (so start the urn with a red ball). Then the
convergence in (8) with B = 1 follows from 3.1 (iv). For the calculation of the expected value and
second moment (again assuming we start with a red ball), we appeal to [18, Theorem 3.10, Theorem
3.26]. The random variable Z; = u} W,_; corresponds in this case to starting with a single ball of color
r,and Zp = ul W, corresponds to starting with a single ball of color b. The expected value of Z; is
the first component of u,. By symmetry, crf = Var[Z,] = Var[Z;] = o-%, and so

Q4 — (@ +p)— (1 =p)ot = 43 + E[@j&)*] — @i E[&])°
=p(1 +a)* + (1 — p)(a — )~

Rearranging for o7 and adding (E[Z;])* = 1 gives

E[le] _ d+a)dp+a-— 2)'
dp+a-—-3
Then by applying [18, Eq. 3.21], we get
ra/a+a) ra/a+a)
IE Z = E Z = s
1= f@p i+ N T T @+ /(0 + o)
and
I'(1/41) ra/d+a)d+a)dp+a-2)

21 _ 21
B2 = r s 2amy i 41 =

C(@p+2a—1)/0+a)dp+a—3)

Next we multiply by B since the urn starts with a single red ball with probability 1/2, and a single blue
ball with probability 1/2. [
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FIGURE 2 A tree 7,3 with broadcasting-induced coloring o,; with the clusters identified.

While a Pélya urn can be used to study the number of vertices of each color, a simpler proof
follows from limit laws for the number of clusters (maximal monochromatic subtrees) of each color.
We therefore start with studying the clusters in 7,,.

Proof of Theorem 2.3.  Consider an urn with four colors of balls: r, b with activity 1, and ¢, b¢, with
activity 0. Let R and By, be the total number of balls (and so the total activity of the balls) of colors
and b respectively, and let RS and B¢, be the total number of balls of colors 7 and r” respectively. As in
the urn above, the balls r and b represent the weights of the red and blue vertices in 7, with coloring
or,. The balls of colors r* and b¢ represent clusters of color red and blue respectively. We start the urn
with a ball of color r and a ball of color r¢ if the root is red, and a ball of color b and a ball of color
b¢ if the root is blue. Therefore the number of red and blue clusters at time # is exactly Ry, and By,
respectively.

For example in Figure 2, there are seven red clusters and five blue clusters, so R; = 7 and By, = 5.
Each vertex v contributes adeg® (v) + 1 to the total weight of its color. Summing over all red vertices
yields Ry = 13 + 11« and summing over all blue vertices yields By = 10 + 11a.

If ared vertex is chosen at step n, this corresponds to choosing a ball of color . Then with probabil-
ity p it is replaced with additional 1 + a balls of color r, just as above. With probability 1 — p however,
the ball is replaced along with « balls of color r along with 1 ball of color b (just as above), with an
additional ball of color b° added representing the new blue cluster that is formed. Therefore, we have

E[ér] = (a +p7 1 _p’Oa 1 _P)T’
the first column in the intensity matrix A€ for this urn. The symmetric argument for balls of color b

holds, contributing to the second column of A¢. Balls of color r“ and b° have activity 0, and so the
intensity matrix for this urn is

a+p 1-p 0 O

1 - +p 0 O b
A p a+p

0 1-p 0 O re

1-p 0 0 0 b¢

The eigenvalues of A are Ay = 1 +a, 4, = 2p+a — 1,43 = A4 = 0. We see that the assumptions
(A1)—(A8) hold. The matrix A€ is diagonalizable when @ # 1 —2p, and a dual basis for the eigenspaces
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of A in this case is given by

y=t(11,1zp 1=p)
2 l+a 1+a

1 p—1 1-p
== 19_17 5 )
"2 2( 2p+a—1 2p+a—2>
1

= 0,0,1,0),
CRal Ty wp— )
V4 = I 0,0,0,1),
A+02p+a—1)
u; =(1,1,0,0),
u; = (17_19070)7

u3 = ((1=p7 (= D@+p).(1+a)2p+a=1),0),
uy=((p— Dia+p).(1=p*0,(1 +®)2p+a—1)).

We can therefore apply Theorem 3.1. Using MATHEMATICA, the covariance matrices for the lim-
iting distribution for this urn when 1 + @« = 4} > 24, = 4p -2+ 2c¢and 1 + @ = 4} = 24, =
4p — 2 + 2a are calculated (see Appendix A.1). If @ = 1 — 2p (and so A€ is not diagonalizable), then
l4+a=4; >21; =4p — 2 + 2a (since a > —1), and the calculation for Z]L from (6) yields the same
result as the calculation for X;. When 1+ a = A; < 24, = 4p — 2+ 2a, we conclude from Theorem 3.1
(iv) that n~@r+a=D/U+a)(RY B¥ Re BCy converges almost surely to Zv,, for some random variable Z.
If we restrict to R and B}, we see that 7 is the same random variable BZ as in (8). Restricted to RS
and Bg, the results of Theorem 2.3 follow. =

A similar urn process to the one above (with balls of activity O representing the vertices) can be
used to find limit laws for the number of vertices of each color. But we can instead use the following
observation: if a vertex of one color contributes to the weight of another vertex of a different color, then
it must be the root of a cluster. Therefore, from the previous proof, we can now derive convergence for
the number of vertices of each color.

Proof of Theorem2.1.  If we consider again the urn in the previous proof, we can recover the number
of vertices R,, and B,, of each color in our tree. Each red vertex contributes (1+a) to the value R};, except
those that are roots of red clusters; these contribute 1 to R};. The root of a blue cluster contributes a to
the weight of its parent, and so a to R);. The only root of a blue cluster that does not contribute to R}, is
the root of 7,, if this root is blue. Using B defined in (2), we see that Ry = (1+a)R,—aRs+a (BZ + % )

Performing the symmetric analysis for B;; and rearranging gives

R;,V+aR§;—a(E)

2
R - b
" 1+a
B;V+aBz+a(%)
B, =
l+a

When scaled by \/ﬁ, vVInn, or n®e=DU+0) the Jast term of each of the equations above vanishes.
For 41 > 24,, since Ry, By, Ry, By converge jointly in distribution, so do linear combinations of
these random variables by the continuous mapping theorem. The limiting distributions are normal
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in these cases, and the covariance matrices can be calculated from the covariance matrices in
Appendix A.1.

As discussed in Remark 2.2, we can treat the special case when p = 1/2 directly since the number
of red vertices is simply given by R, = X7, X; where X; ~ Be(1/2) are independent Bernoulli random
variables. Then we can apply the central limit theorem to get

R, —
v

A multivariate normal limit law for the number of red and blue vertices follows since B,, = n — R,, and

(5 )7 )= ()

converges in distribution to a normal distribution for all ¢, b € R, so the Cramér—Wold theorem applies
[15, ch. 5, Theorem 10.5]. Finally, a quick calculation shows that Cov(R,,, B,,) = —Var(R,,), implying
the convergence in Theorem 2.1(ii) when p = 1/2. n

2 Lx (o).

We turn now to the number of leaves of each color.

Proof of Theorem 2.4.  Consider an urn with four colors of balls: #/, &', r*, b", each with activity 1. Let
R\, B\, R!, and B! be the total number balls of colors #/, &', ¥, and b", respectively, at time n. The balls
of color 7' and &' represent red and blue leaves, respectively. The other balls represent the remaining
weights of the red and blue vertices respectively.

If a red leaf is chosen at step 7, this corresponds to choosing a ball of color /. Then with probability
1 — p itis removed and replaced with one ball of color b' for the new blue leaf that is added, and 1 + «
balls of color r*, representing the weight of the now nonleaf vertex that was chosen. With probability
p, the ball is placed back in the urn for the new red leaf that was added, along with 1 + « balls of color
r*, representing the weight of the now nonleaf vertex that was chosen. Therefore, we have

El&d=@-1,1-p,a+1,0),

the first column of the intensity matrix A’ for this urn. If a red vertex that is not a leaf is chosen, then
additional « balls of color 7 are added (for the increase in weight of that vertex), along with either one
ball of color 7 with probability p, or one ball of color b with probability 1 — p. Therefore, we have

]E[ér“] = (p’ 1 -—p,a, O)Ts

the third column of A’. The symmetric arguments hold when balls of color b’ or b* are chosen.
Therefore, the intensity matrix for this urn is

’,.Z bl 7 bt
p=-1 1-p p 1-p| /

Al = l-p p-1 1-p p b )
a+1 0 a 0 rt

0 a+1 0 a b
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We see immediately that assumptions (A1)—(A8) hold. The eigenvalues of A are 1 = 1 + a, 4, =
2p — 1+ a, A3 = A4 = —1. The matrix A’ is diagonalizable when a # —2p, and a dual basis for the
eigenspaces of A in this case is given by

v = (LL1+a,1+a),

44 2a
1
2p—1,1-2p,1 g
vy = 2t dp 2p p,1+a,—(1+ a)),
1
- (1,0,—1,0),
V3= v ot 2p) )
p=——1  ©0.1,0,-1),
Q2+ a)a+2p)
u=(,1,1,1),

u, =(1,-1,1,-1),
uy=((1+a)d+a+p),l+a)p-1),1-C+ap,1+a)p-1)),
uy=((1+a)p-D,0d+a)(l+a+p),(I+a)p-1),1-C+a)p).

We can therefore apply Theorem 3.1. Using MATHEMATICA, the covariance matrix for the limiting
distribution for thisurn when 1 + @ = 41 > 24, =4p—-2+2aand 1l +a =14, =24, =4p -2 4+ 2«
are calculated (see Appendix A.2). If @« = —2p, then | + &« = A4; > 24, = 4p — 2 + 2a (since a > —1),
and the calculation for ZT from (6) yields the same result as the calculation for £;. When 1 + @ =
Al <242 = 4p — 2 + 2, we can conclude from Theorem 3.1 (iv) that n~@pre=D/A+a)(RL BQ,RZ,B")
converges almost surely to sz for some random variable Z. NOthC also R, +RY = RY and B, +BY = B},
and by the uniqueness of convergence almost surely, we see that Z = BZ from (8) almost surely.
When p = 1/2, the color of a newly added vertex does not depend on the color of its parent. In this
case, consider an urn with three colors of balls: , b!, v*, each with activity 1. The balls of color rl and
b represent red and blue leaves, respectively, while v* represents the remaining weights of all nonleaf
vertices. Performing a similar analysis as above, we get the following intensity matrix for this urn:

rl bl

1%
_ 1 1 1 i
2 2 2 (10
I = 1 _L 1 !
AT= 2 2 2 b
a+1l a+1 « v
The eigenvalues of A are A; = 1 + a, 4, = A3 = —1, and the matrix is diagonalizable for all valid

values of a. A dual basis for the eigenspaces of A is given by

V) = ﬁ(l 1 2+2(X)
1,-3-2a,2+2
2= 4+2a( @2 +2a),
—(1,1,-2),
Ealrn 2( )
u = (1,1, 1),
u = (17_190)9

=21+ a),0,-1).
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(Ti,q1): @
(Ty,c2): @
(T3,63) : .\j
(Ty,64) /:‘
(Ts,¢5) : D/.\D
(Tt,6) : ./D\.

FIGURE 3 A tree 753 with broadcasting induced coloring o,; with fringe subtrees identified.

Once more, assumptions (A1)—(A8) hold. By looking at the eigenvalues of A, we see immediately that
Theorem 3.1 (ii) applies. The covariance matrix for this case is included in Appendix A.2.
Restricted to R., and B, the results of Theorem 2.4 follow. n

The proof of Theorem 2.6 follows much the same way as the proof of [17, Theorem 3.9]. Consider
a partial ordering < on the set of all pairs (7, ¢), where T is a rooted tree and ¢ is a two-coloring of the
vertices, such that (T, ¢1) < (T2, 6) if T is a subtree of T, (preserving the root) and glel = ¢i. Let
S={T1.¢1), ... ,(T;.6,)} such that if (T, ¢) € S and (T7,¢") < (T, ¢), then (T, ¢’) € S. Assume that
the pairs (T1,61), ... ,(Ty, ¢;) are indexed so that if (77, ¢;) < (T}, ¢;) then i < j, and assume that (T}, ¢1)
corresponds to a single red vertex, and (75, ¢,) corresponds to a single blue vertex. We define an urn
such that for the tree 7, with coloring o, if a vertex v is the root of a fringe subtree T isomorphic to 7;
with 6,|; = ¢; for which (T}, ¢;) € S and if v does not belong to another fringe subtree 7’ isomorphic
to 7; with o,|7» = ¢; such that (7, ¢;) < (T}, ¢j) € S, then v is represented in the urn by the ball of type
i. If v is not the root of a fringe subtree isomorphic to a tree with coloring in S, then v is represented
by adeg™(v) + 1 balls of special type *, if v is red, and =, if v is blue. Let Y} be the number of balls
of type i at time n, and let ¥, and ¥, be the number of balls of special type s, and %, respectively at
time n, and let Y, = (Y}, ... , YL, ¥, Yob).

For example, consider S = {(T1,¢61), ... , (T6,66)}, where (T3, ¢;) are identified on the right side of
Figure 3. A tree 7,3 with coloring o3 is given in Figure 3. Then the urn we consider will contain two
balls of type 1, two balls of type 2, one ball of type 3, one ball of type 4, one ball of type 5, and two
balls of type 6. There are a further 7a + 4 balls of type *, for the remaining red vertices, and 6a + 2
balls of type =, for the remaining blue vertices. Note that only two red leaves contribute balls of type
1, since the remaining red leaves are subtrees of fringe subtrees isomorphic to (74, 64) or (Ts, 66).

The activity of each ball of type i is given by the sum of the weights of the vertices in the tree T3,
which is a; := |T;|(a + 1) — a. The activities of the balls of special type are 1. When a ball of type i is
picked, this corresponds to adding a child u to a vertex v that lies in a fringe subtree isomorphic to 7.
Let (T}, ¢) denote the fringe subtree with u attached and colored. If (7}, ¢;) € S, then the ball of type
i is removed and replaced with a ball of type j. If (T}, ¢;) & S, then the ball of type i is removed, the
root p; of T; is now represented by adeg™ (p;) + 1 balls of special type (with the appropriate colors) that
are newly added, and the children of p; are roots to deg*(p;) newly considered fringe subtrees. If these
subtrees (along with their coloring) appear in S, then balls representing them are added. Otherwise,
balls of special type are added for the root, and the subtrees of that vertex are considered, continuing
this process until all vertices are represented by balls in the urn. If a new vertex u added to 7, is the
child of a vertex v that is represented by balls of special type in the urn, then & balls of special type with
the appropriate color are added to the urn, representing the increase in the weight of v, while either a
ball of type 1 or 2 is added as well, representing the new leaf u added to 7,,.
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For4 <k <qg+2,let Sy = {(T1,61), ... ,(Tr=2,Gr—2)}, and let Ay be the intensity matrix for the
urn with balls of type 1, ... ,k — 2 along with *, and %,. Leta; := |T;|(a + 1) — a.

Proof of Theorem 2.6.  We start with convergence of the random vector Y,,. We would like to know
the eigenvalues of the matrix A44,. We proceed by induction on k. Let 4 < k < g + 2 and consider Ay.
Let (T, i) and (Tiw), Giry) be the longest red and blue path respectively in Si. Then (Ay); = —a;
for all i # i(r) and i # i(b), (Apie.iy = P — Gir» ARiwy.ivy = P — Gi)> a0d (Api-14-1 = Ak = @.
Therefore, we see that

k-2

rA) =a+1-Ya;.
j=1

The base case is A4, which is precisely the intensity matrix A’ in (9), and has eigenvalues 4; = 1 +
a,Ay = 2p— 1+ a,A3 = A4 = —1. The induction step is identical to the one in the proofs of [17,
Theorem 6.2, Theorem 8.2], and the eigenvalues of A4 are inherited from Ay. The last eigenvalue is
then given by

A1 = (Agyr) — (Ag) = —a.
Therefore, the eigenvalues of A, are
M=1l+a,h=2p-1+a,—a,-ay, ... ,—ay,.

All of the types of balls in the urn are dominating types. This follows since there will always eventually
be balls of special type. When a ball of special type is chosen, then either a ball of type 1 or 2 is
added (corresponding to the new leaf added to the tree). Since for every (7}, ¢;) € S, we have either
(T1,¢1) < (T;,6) or (Th,5) < (T3, 6), there is a positive probability of a ball of type i appearing.
Finally, for any (7}, ¢;) € S, there is a positive probability that vertices in a fringe subtree isomorphic
to T; are chosen often enough so that the tree eventually decomposes to balls of special type (and
other balls of other types). So if we start the urn with a single ball of any type, then there is a positive
probability that any other type of ball will eventually appear.

All the conditions are met for convergence of the urn process, and we can apply Theorem 3.1. For
appropriate right eigenvectors v, and v,, we get

LO (11)
n

Y,—nv;, 4
In "0V 7

7

N(@©0,55) if p< 377“, (12)

3—a

_ d
Yn nyy N(o, Z;‘a’[ if p= s (13)
Vnlnn 4
Yn —nvy a.s. . 3—a
- GpraD/(50 —> BZv, if p> T (14)
Similar to the proofs above, R} and B}, are linear combinations of yi ...,y Y:f’, Y:”, and so the

random variable Z is the same almost surely as in (8) (with the appropriate choice of v,).
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The case p = 1/2 is treated similarly by looking at Y, = (Y}, ... , Y, Y;), where ¥ = Y, + ¥,,"
counts all balls * of special type. Since the color of a new vertex is independent of the color of its
parent, when a ball of type * is chosen, a balls of special type * are added, while either a ball of type 1
or 2 is added with equal probability. For 3 < k < g + 1, let A, be the intensity matrix for the urn with
balls of type 1, ... ,k — 1 along with balls of type *. Similar arguments as above hold, but in this case,
the base case A} is the matrix A! from (10). Thus, the eigenvalues of A; 4 are

M=1+a,-a,-ay, ... ,—a,.

The conditions are once again met for convergence of the urn process, and by applying Theorem 3.1
with the appropriate right eigenvector v} of A}, ,, we get

Y, —nv, d
n
The random variables X}, ... , X/ are linear combinations of Y}, ... ,Y!, and so the conver-

gences of Theorem 2.6 hold by (11)—(15) above and the continuous mapping theorem, though we
need to replace u from (4) with some vector g’ for now. We can show that y’ = u by looking at

E[(X), ... ,X;)]/n. We have just argued that (X}, ... ,X/)/n converges almost surely to u’, and since
no number of fringe trees exceeds the number of vertices, & oL XD /nis uniformly bounded. There-
fore, (X!, ... ,X)/n converges in mean to ', and so E[(X}, ... ,X})]/n converges to u’. From [17,

Remark 3.10] we know that the expected number of fringe subtrees X7 isomorphic to 7; is given by

1
Pt 2 Tdypy o),

E[X;] = 1 1
(ki = 1+ )k + )

where k; is the number of vertices in 7;. Since the root of 7, is red or blue with equal probability, then
by symmetry, the root of a fringe subtree 7" isomorphic to 7; is red or blue with equal probability. Then
by definition of o, the coloring ¢ of T follows the same distribution as o7. From this, we conclude that

E[X;] = P(or, = ¢)E[X']

P(Tos, = T
; —n+ 0(1)
(ki =1+ =)ki + )

P(Tag,» 01) = (T, 6 -
= 1 T hn+ o(l).
i+ — =D+ —)

= Plor, = ¢)

Therefore, E[(X}, ... ,X;)]/n converges to u, and so u’ = . "

4 | PROOFS OF PROPERTIES OF THE ROOT CLUSTER

As mentioned in the introduction, convergence in distribution for the size of the root cluster has previ-
ously been proven [3, 4, 8, 26] using random walks and branching processes. Here we use results from
analytic combinatorics to get recursions for the moments of the limiting distributions.
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We start by a useful description of the trees studied. Since we are only interested in the size of the
root cluster and not the color of this cluster, we can assume without loss of generality that the root is
red. In the following, we define ¢ : Zso - Ry as

1 a=0,

H(S) = %%? a>0, (16)
d! __l +
o] a= d,dEZ .

For a particular tree T on n vertices, define the weight of T to be

w(l) =[] é(deg* . 17)

vev(T)
Then the probability of producing the tree T is given by

)
P, =T) = D
ZT, w(T")

see for example [10, Section 1.3.3]. The probability of producing T with a broadcasting induced
coloring ot being the two-coloring ¢ is then given by

2P(or = ow(T)

P(Ta o) = (T )lonp) = red) = =5 207
.

[l

the factor of 2 appearing since we condition on the root being colored red. If we define the weight
o(T,¢) = 2P(er = ¢)w(T), then

o(T,¢)
P((T,, 0,) = (T, )l oa(p) = red) S T
where (T7, ¢’) ranges over all rooted trees on n vertices and over all two-colorings of the vertices such
that the root is red. Symmetrically, define w’(T, ¢) to be the weight of T and ¢ where ¢ is conditioned
such that the color of the root is blue.

Let r,,x be the sum of the weights (T, ¢) over all trees with n vertices whose root vertex is red and
whose root cluster has size k, and let b, be the sum of the weights @'(T, ¢) over all trees on n vertices
with a blue root. Equivalently, b, is the sum of the weights w(T) over all trees T on n vertices (and so
b, = Y} rax)- Then notice that

o, ¢) _ oT,¢)
Zk Tnk b, ’

P((Tn, 00) = (T, ¢)) =

and the probability that 7, with coloring o, has a root cluster of size k" is given by r,,x/ Y, rni. We
develop a recursion formula for r, . Take any tree 7" on n vertices, with coloring ¢ conditioned on the
root p being red, whose root cluster is of size k, and with 6 subtrees rooted at the children of the root p.
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WILEY
Tl Ts Ts+1 T6
FIGURE 4 A recursion for the weight of T is established by examining the subtrees rooted at children of the root of 7.
Suppose we order the subtrees such that the first s subtrees 71, ... , T, have red roots, and the remaining

subtrees T.1, ... , Ts have blue roots (Figure 4). Then the weight of T and ¢ can be written as

o(T,¢) = <5>Hpco(n,gl>]'[<1— ) (T, ),

Jj=s+1

where the ¢;’s and ¢;’s are the coloring ¢ restricted to the subtrees 7; and 7}, respectively. If the trees
Ty, ... ,Ts are of size ny, ... ,ns, thenn; + - - -+ ns = n— 1. If the trees Ty, ... , Ty have root clusters
of size ki, ... , ks, then ky + - - - + k; = k — 1. Now sum over all such trees T on n vertices with root
clusters of size k. The degree 6 of the root can range from 0 to n — 1. The number s of children with the
color red ranges from O to 6. There are <5> ways of choosing these s children. There are < "_ln )
ways of distributing the remaining n — 1 vertices to the 6 subtrees 77, ... , Ts. Finally, to unorder the
subtrees we divide by 6! to get the recursion

=25 3 (,070) 2 T [Ta-m

6=0s5=0 kg i=1 Jj=s+1
o b
1)
=>¥(° )"’“Z < > Zp]'[rnk(l—)“r[bn, (1)
6=0s5=0 s Jj=s+1
where ny, ... ,ns range over all nonnegative integers withn; +---+ns =n—1,and ky, ... , ks range

over all nonnegative integers with k; + - - - + k; = k — 1. Finally we can let 6 range to infinity since
i = b() =0.

We start with the case a = 0. It is already known that the size of the root cluster converges to
a Mittag—Leffler distribution after proper rescaling in this case. To help outline our more general
methods, we show how to prove convergence in distribution by using the recursion in (18) and the
method of moments.

Let R(x, u) be the bivariate (exponential) generating function for 7, ¢, so

r
R(x,u) = Z L’kx”uk,

|
k=1

and let B(x) be the exponential generating function for b,,. The first thing to notice is that b, and Y ;_, rx
are simply the number of recursive trees of size n, which is (n — 1)!. Therefore,

B(x) = R(x,1) = —In(1 — x).
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Using (18), we establish a partial differential equation for R(x, u). The resulting differential equation
is then solved to get the following closed form for R(x, u).

Proposition 4.1. For a = 0, the bivariate generating function R(x, u) is given by
R(x,u) = -1 In(1 — u + u(1 — x)").
p
Proof.  From (18), where ¢(6) = 1 for all 6 (recall (16)), we get the partial differential equation

—R(x u) = Z Dk jn=1,

|

Yy n:
u),
k

o0

2> (%) R Wy - By

50:05

n

o (6 1 s 2 (1= )by
S04 3 Ty

6=0s5=0 nsky, . kg i=1 Jj=s+1

s

=

I
>

8

=u (Sl(pR(x, u) + (1 = p)B(x))°
0

eXP(PR(x, u) + (1 = p)B(x)).

Replacing B(x) with —In(1 — x) and with the initial condition R(0,x) = 0, this linear differential
equation has the solution

R(x,u) = -1 In(1 — u + u(1 — x)").
p
From Proposition 4.1, we calculate

ok
Ew kR(x u)

= l(k - DA =07 =D~
p

u=1

We then extract the coefficients,

~ [x"]l(k— DI —x) Pk ~ (=

u 0
b R P PL(Pk)

Let C, be the root cluster at time n. The factorial moments of |C,| are extracted from the bivariate
generating function (see e.g., [13, Proposition III.2]) to get

ok
DGR W] = Dl

E Cn Cn_l"' Cn -k Dl =
[Cal(ICal = D)< (ICal =k + 1] R(x, 1) pr(pk)

It can be seen (say by induction), that once expanded and scaled by #7%, all but the E[|C,|*] term on
the left hand side of the above equation vanish to zero, and thus

g 1G] _ =D _k-D!_ K
wk |~ wkpC(pk)  pT(pk) Dk + 1)’
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which are the moments of the Mittag—Leffler distribution with parameter p. The Mittag—Leffler
distribution is uniquely determined by its moments (since its moment generating function, the
Mittag—Leffler function E,(s) = z , converges for all values of s [25]). Therefore,

n= Or(p +1)°

Gl
nP

— M,,

where M), has the Mittag—Leffler distribution with parameter p.
We move on to the case @ > 0. We again let

R(x,u) = Z %xnuk and B(x) = Z%x”.

|
nk>1 """ n>1"""

The functions B(x) and R(x, 1) are simply the generating functions of preferential attachment trees,
which is already known (see e.g., [10, p. 252]) to be

B(x)=R(x,1)=1—(1 - (1 +1/a))Ta.

Unlike the case when @ = 0, we were unable to derive a closed form for R(x,u). But to apply
the method of moments, we only need the kth partial derivatives of R(x,u) with respect to u.
Define

ak
Ri(x) := WR(X’ u) )
u=1

and

Ro(x) := R, 1)=1—(1 = (1 + 1/a)x) ™.

Throughout the remainder of this section, we will make use of the partial Bell polynomials, which are
defined to be

k—j+1 mv

Bij(xi, ... s Xk—jp1) = Z 'H 'z"”

my et (k=jH Dmy_jy 1 =k =
myetmg_ g =j

Lemma 4.2. Let a > 0. Then Ri(x) is analytic on the cut plane

C\[1/( + 1/a), ),

and

Rk()C) Ck(l_(1+1/a)x) +a +0<(1_(1+1/a)x) /HZ 1)+£>,
for some € > 0, where Cy satisfies the recursion C, = a/(p + a) and

koo
(k—D(p/a+1)Cy = ZPM

B j(Cy, ..., Ciojy1)-
= r'{/a)
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Proof.  Using the recursion in (18), where ¢(d) = I'(d + 1/a)/T'(1/a) (recall (16)), we get the
following partial differential equation:

n!

9 Tk n-1 k
—RMx,u)= ) n—x""u
~RG. 1) Z;,

n—1 6 s " k; (l—p)bxf
= XXX (V)57 PIRpY [ AH p

n,k 6=0s=0 sngky, kg i=1 Jj=s+1

- uZ FIE((Sl-'/-(:)/(SO:) Z (2) oRexcwy @@ - pBey=

= u Y O VD (o p ) + (1 = B0y’

< T(1/)8!

u(l = (PR, u) + (1 — p)B)) ™/

= u(1 = (pR.w) + (1 = p) (1 = (1 = (1 + 1/apn)y/+2) ) 77

We proceed by strong induction. Using the above differential equation, we see that

=P _R@+1-(+1/ax.

2
R = =
W= 55 o a—(+ax

Solving this differential equation with the initial condition R;(0) = 0 yields
Ri = ((1 A+ 1 @i — (1= (1+ 1/a))i= ) :

which is analytic on the desired cut plane.
For the inductive step, using the product rule at higher orders of partial differentiation produces

ak+1
RI/C()C) = mR(x, 1/[)
u=1
= aakk (1= (pRGx, u>+<1—p)(l—(l—<1+1/a>x>“/<‘+“>)))‘”“ N
ak
= (uaukf(R(x, )+ kS ey u») R

where f() =1 —(py+ (1 —p)(1 -1 -1+ l/a)x)ﬁ)))‘l/"’. Define
170 = 5.
y

Then
I'm+1/a) (1 —

(1) A+ 1/a)x) =, 19)

F™(Ro(x) =
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and by using Faé di Bruno’s formula for higher order derivatives (see [9, p. 139, Theorem C]), we see
that

k k .
%f(R(x, w)| = Z,f@(Ro(x))BkJ (RI(), ... ,Ricjr1(0))

J

u=1

= {;’(1 — (1 + 1/ Re(x) + g (%), (20)
where

k
20 = Y fPRo)Bj (Ri(), ... , Recj1 () -

=2

Since analyticity is preserved under arithmetic operations as well as integration, the analyticity of R(x)
on the desired cut plane follows by the analyticity in the induction hypothesis. Using the forms of R;(x)
in the induction hypothesis and (19), we find that for some £ > 0,

800 = G = (14 1/ ™7 +0 (U= +1/am ™R *),
where
ko
_ NP+ 1/a)
G = FZZWBkJ(Cl’ ’Ck—j+l)-

From (20), the induction hypothesis, and the assumption a > 0, we can also conclude that

—kp—ka—l+p+a

ok | = 0((1 -1+ 1/a)x)T) — 0<(1 —d+ 1/0{))()%”) ’

kauk—l

f(R(x, u))

for some € > 0. By solving the differential equation

) ak ak—l
Ri(x) = <uaukf(R(x, u)) + k——f(R(x, u))>

ouk—1

u=1

—kp—ka—1
+a

= g(l — (14 1/a)x) '"Ry(x) + Gi(1 = (1 + 1 /a)x) 1

+0 ((1 —a+ l/a)x)%%),

we get that
—kp—atk=1) “hpatkD)
R0 = Ce(1 = (1+ 1/@n) ™ e +0((1= (1 + 1/ ) ,
where
Gy
Ci=—"""7-—,
T k=Dp/at )

concluding the proof of the lemma. [
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When proving Theorem 2.9, we need to show that our limiting distribution is uniquely determined
by its moments. This is accomplished by verifying that the moment generating function exists for some
positive radius. To prove this fact, we will instead show that the exponential generating function for
the coefficients Cy from the previous lemma exists for some positive radius around x = 0.

Lemma 4.3. The differential equation

/) — a _ I S
xc'(x) = <p+(x) <c(x) 1+ a —pc(x))l/”>’ 1)

has a unique analytic solution for some neighbourhood around x = 0. Furthermore, this solution can
be written as

o

cx) := Z %)ﬂ‘

Proof. By using the Taylor expansion we see that

1 )4 2
——— =1+ “x+ 0(x°),
(1= o)/ + ax+ (x)

which is analytic on |x| < 1/p. Therefore, we can rewrite the differential equation in (21) as
xc' (x) = (a) (c(x) —14+1+ Bc(x) +0 ((c(x))2)>
pta o

() (25 w0 (o)
= c(x)f (c(x))

where f(x) = 1 + O(x), so in particular, f(0) = 1. Furthermore, f(x) maintains the same radius of
convergence as We solve the separable differential equation above

/@_/@4_ (I —f(e)dc
x c cfc)

(1=px)i/a”

to get

ce© = Kx,
for some constant K, where F(c) = “_CJ;(% The analyticity of F(x) in some neighborhood of x = 0
is guaranteed by preservation of analyticity through integration and the analyticity of %, which

is itself analytic due to the analyticity of f(x) and the fact that f(0) = 1. Thus, using the implicit
value theorem, there exists a unique analytic function c(x) in the neighborhood of x = 0 such that
c(0) = 0.

To prove the last part of the lemma, it suffices to show that the power series

(o]

c(x) .= Z%xk,
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satisfies the differential equation (21). Recall the recursion for C; given in Lemma 4.2, which states
that

prr(]+ l/a)BkJ'(Cl, ,Ck_j+1) = Gk = (k_ 1)(p/a + I)Ck'

r{/a)
Recall that
ir(k +1 /a)pkxk 3 1 ~
=~ T(1/a)k! (1 = px)l/e

Then by using known results about composition of functions and Bell polynomials (see e.g. [9, p. 137,
Theorem Al),

rG+1
= 11)’ gg/{,‘;)Bk‘/(Cl, coe s Crjr1)

(1 —pc(x))l/a - Z k!

_ i aGy + pCi &
ak!

_Nkp+0C o G
_k; ar k;k!xk

= <l%> xc' (x) — c(x),

which can be rearranged to give (21). [
We now have all the tools necessary to prove Theorem 2.9.

Proof of Theorem 2.9.  Using a transfer theorem (see [13, Corollary VI.1]) and Lemma 4.2,

kp+atk—1) -1

G+ 1 ay'n e
w1 D(kp + ak — 1)) /(1 + )’

ny OF
[x ]ﬁR(x, u)

and

(1+1/a)yn "

R T

Let C, be the root cluster at time n. The factorial moments of |C,| are extracted from the bivariate
generating function (see e.g. [13, Proposition II1.2]) to get

IR Gt (1+ a)0(1/(1 + @)
IR D) ol ((p + atk— 1)/(@+ 1)’

E[GIACI =1 -(Cl —k+ D] =

It can be seen (say by induction) that once expanded and scaled by nk?+®/(1+0 4]l but the E[|C,|*]
term on the left hand side of the above equation vanish to zero, and thus

G ] Gl+ord/d+e)
nke+o/(+0) | o ((kp + atk — 1)) /(@ + 1))
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For all k large enough, M; < Ci, and so m(x) = 1 + Z,‘il%x" has greater or equal radius of

convergence as c(x) = 21(:11 %xk, which is guaranteed to be nonzero by Lemma 4.3. Let C be the
distribution uniquely determined by its moments M;. Then by using the method of moments, we have
shown that
|Cal d
np+a)/(1+a)

In general, we were unable to derive a closed form for C;. We were, however, able to derive a
closed form when o = 1.

Proof of Proposition 2.10. We use Lemma 4.3, and replace a with 1 to get

) =

1 ( L - 1) _ <@ +p = pe)
x(p+1) \1—-pcx) x(p + DA = pc(x))

which is rewritten as
_ 2
/ dx / (p+ 1D = pc) de / 1 p de.
c(l1+p—pc) c 1+p-pc

Inx=1Inc+pln(1 +p —pc)+ K.

So

Since we know that c(x) = ﬁ + O(x?), the constant K is (1 — p)In(p + 1). So

Inc(x) =Inx—pln(1 +p — pc(x)) + (p — ) In(p + 1),

-p
c(x) = Py 1 <1 - 1c(x)) .

Applying the Lagrange inversion formula (see e.g. [ 13, Theorem A.2]) to this functional equation yields

—kp k—1
k e 1 _pt _ 1 p kp+k—2
e () R o) A G

So finally

or

k— _
Ce = K[ Je() = M("P”‘Z) _ P Thp+k-1)

(p+ 1)t k—1 (p+ D*T(kp) -
Proposition 2.10 now follows from the above derivation and Theorem 2.9. [
We turn our attention to the case « = —1/d for some integer d > 2, and « > —p. In this case

the functions B(x) and R(x, 1) are equal to the generating function for increasing d-ary trees, which is
known (see e.g., [10, Lemma 6.5]) to be

B(x) =R 1) = (1 (d — D)™ 77 — 1.
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Once more, we were unable to derive a closed form for R(x, 1) in this case. Recall the notation

Ri(x) := ﬁR(x u) "

and

Ro(x) :=R(x,)=(1-(d - l)x)_ﬁ -1
Lemmad.4. Letd > 2 be a positive integer and let p > 1/d. Then Ri(x) is analytic on the cut plane
C\[1/(d - 1),00),

and

Ri(x) = Di(1 - (d

—kpd+k—1 —kpd
-1 4+ 0 ((1 — (d - l)x) d

TEE )
b

for some € > 0, where Dy satisfies the recursion Dy = 1/(pd — 1) and

min{k,d}

dl
(k= 1)(pd — Dy = 2 PEBD1, o Dijr).

—)!

Since the proof of Lemma 4.4 follows much the same way as the proof of Lemma 4.2, the argument
is relegated to Appendix B. Much like the case above for @ > 0, we will prove the existence of the
moment generating function of our limiting distribution in a neighborhood of 0, and this is done by
studying the exponential generating function of Dy.

Lemma 4.5. The differential equation

(I +prx)? —1(x) — 1
pd —1

xt' (x) = , (22)

has a unique analytic solution for some neighborhood around x = 0. Furthermore, this solution can
be written as

1) 1= Z%ﬂ

Proof. By using the Binomial Theorem, we rewrite the differential equation as

L+ pdi() + T (1) i)k =) = 1

xt'(x) = pd —1
d
_ 1 d k
—r(x)+<pd_l>gz,(k)(pr<x»

= 1(x)g(t(x)),

where
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which is simply a polynomial (and so an entire function), and g(0) = 1. The remainder of the existence
part of the proof now follows much the same as that of Lemma 4.3.
To prove the last part of the theorem, recall the recursion of Dy given in Lemma 4.4. Then

min{k,d}

> ﬂ(d‘%’j),zew(pl, e D) = (k= D(pd — DDy
Jj=2 ’

By using known results about composition of functions and Bell polynomials,

mm {k,d} d!
d l BkJ(Dl, e ’Dk—j+])
d_ 1= (d-p!
A +ptx) —1= k_zl o

i —1><pd—1>Dk+pde y

3 (pd ~ DDy 4, N D
=X w ZW"
k=1 k=1
= (pd — Dxt'(x) + t(x),
which can be rearranged to give (22). n

The proof of Theorem 2.15 now follows in much the same way as the proof of Theorem 2.9.

Proof of Theorem 2.15.  Using a transfer theorem (see again [13, Corollary VI.1]) and Lemma 4.4,

il L Dd =1yt
WIS Re| ™ Fkpd —k+ Djd = 1)
and
] d=1yna!
PR D~ a1y

Let C, be the root cluster at time n. The factorial moments of |C,| are extracted from the bivariate
generating function (see e.g. [13, Proposition II1.2]), and once scaled by n*?4=D/(@=D e get

E[ |Cal* ]q DIA/E=1) _ _

kpd—1)/(d=1) T((kpd —k+ 1)/(d — 1))

For all k large enough, My < Dy, and so m(x) = 1 + Z,‘il%xk has a greater or equal radius of
convergence as #(x) = 2,‘:11 %x", which is guaranteed to be nonzero by Lemma 4.5. Let C be the
distribution uniquely determined by its moments M;. Then by using the method of moments, we have
shown that
|Cal d
nwd=D/@d-1)

We were unable to find a closed form for Dy in general. However, a closed form can be found in
the case of binary search trees, when d = 2.
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Proof of Proposition 2.16.  We use Lemma 4.5 and replace d with 2 to get

(O@*1x) +2p — 1)
2p—-1)x

7 (x) =

which is rewritten as

dx ~ 1 L
/ / f@(ﬁt(x) + 2p —H= / (t(x) PAx) +2p — 1) e

Inx = Int(x) — In(p*t(x) + 2p — 1) + K.

So

2), the constant K is 21n(2p — 1), so

(1 P
t(x)_x<2p—1 - 1>2> |

Since t(x) =

The Lagrange inversion formula yields

2 2(k—1)

k
k-1 L R O I
(1) = {V T =y 1)k<1+2p_1> ‘(k—l)k(zp—1>2k-1'

So

2(k—1)
k'[xk]t(x) (kpw

Proposition 2.16 now follows from the above derivation and Theorem 2.15. [

We now look at the cases when the root cluster is finite. Our strategy in these cases is to look at
bond percolation on the complete infinite d-ary tree T,;. The root cluster K, after performing bond
percolation on 7} is distributed as a Galton—Watson tree with binomial Bin(d, p) offspring distribution.
The size (total progeny) of such (finite) trees is known to follow

P(IKy| = k) = %P(X. bt X =k 1),

where X|, ... ,X; are independent binomial random variables X; ~ Bin(d, p) (this result was proved
by Otter [30]; a more general result was proved by Dwass [11]. See also [16, Exercises 2.2-2.4]).
Thus

P(Kq| = k) = i (kk_dl )p"‘l(l —p)t (23)

If we now let 7, be the rooted subtree of T, corresponding to a random increasing d-ary tree at time
n, then C, ~ T, N K, is distributed as the root cluster of 7, with a random broadcasting induced
coloring o,, where the intersection is the subtree of both 7, and K,. For example in Figure 5, we
see a tree Ty, with thick edges in the figure, grown on a complete infinite 3-ary tree 75. Bond per-
colation has been performed on 75 (dashed edges represent edges that were removed), and the root
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398 DESMARAIS ET AL.

FIGURE 5 A random increasing 3-ary tree is grown on a complete infinite 3-ary tree with bond percolation performed. The
root cluster Cy has four vertices at this stage.

cluster K5 is shown surrounded by dotted lines. The root cluster Cy of Tg is the intersection of K;
and 7o.

Proof of Proposition 2.11.  The result is immediate from the fact that 7, converges to T, in a local
sense. Suppose a vertex v has at most d — 1 children in 7,,. By (1), the probability that v is not selected
in the next step is given by

1—(d—-degt()/(dn—-n+1)<1-1/dn—n+1).

Since the product

10~ G=eei):

is 0, the probability for v never to be selected after the nth step is 0. Repeating this argument d times,
we see that deg® (v) = d, and so all of the potential children of v will almost surely appear in 7, as n

grows. Thus any vertex of T; will almost surely appear in 7, eventually, including all of £, if the latter
is finite. If K, is infinite, then C, will continue to grow as new vertices of K  appear in T,,. Therefore,

1Cal — K4l .
Proof of Corollary 2.12.  This follows immediately from Proposition 2.11 and (23). u

When p < 1/d, the distribution described by (23) has finite moments. Since {|C,|}2, consists
of increasing positive random variables bounded by K, their moments are uniformly bounded by the
moments of X;. Thus, along with the almost sure convergence of Proposition 2.11, convergence in all
moments holds as well (see [15, ch. 5, Theorem 5.2]).

Howewer, when p = 1/d, the distribution described by (23) does not even have finite expectation.
We can, however, derive asymptotic results for the moments of |C,]|.

We start by once more approximating the functions Ry (x).

Lemma 4.6. Let d > 2 be a positive integer and let p = 1/d. Then Ry(x) is analytic on the cut plane

C\[1/@d-1),00),
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and

Re(x) = —Ex(1 — (d — D)= In?~'(1 = (d — 1)x)
+0 ((1 —(d- 1)x)d__—]11n2k_2(1 —(d- 1)x)) )

where Ey satisfies the recursion Ey = 1/(d — 1) and

k-1

1 k
(k- DE = 3 (J) EiEx ;.

=

Since the proof of Lemma 4.6 also follows much the same way as the proof of Lemma 4.2, the
argument is relegated to Appendix B.

Proof of Proposition 2.14.  From the approximations of the functions Ri(x) in the previous proofs,
we conclude by a transfer theorem [13, Corollary VI.1] (or also [20, Théoréme A]) that

k 1\ %—1
[x;l]iR(x’ W ~ Ex(d — 1)'nd-i 1n%1p,
ouk u=1 r{/d-1))

and
d - 1ynm!

PR D ™ g -1y

Therefore, we see that

]E[lcnlk] — [xn]Rk(x) NEleZk_ln.
[x"]R(x, 1)
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APPENDIX A: COVARIANCE MATRICES

A.1 | Number of clusters of each color

Forp < (3—a)/4:

B
c_ 1 031 0Ozp 03 Opy
™ 4(a — 3 + 4p) o5, 05, 05y of

where

of =05, =—(a+ 1) (®+U@p-a+1)
o5, =0i,=(a+1)(a*+@p—-2)a+1)
o§3=05,=—@p—-D*a+4p+1)
o§4=053=—@-1D(4p*+ap-3p+a+1)
051 =04,=0{3=03,=(a+ )(@+2p-1)

05, =041 =033=01,=—(a+ 1)(a+2p—1).

Forp=03—-a)/4:

—a—1 a+l
1 —a-1 =2t et
o+ (11 2 >
1 —a—1
o _ 1 —a—-1 a+1 % u
= —a—1 a+l a+l —a—1
2 2 4 4
a+l —a—1 —a—1 a+l
2 2 4 4

A.2 | Number of leaves of each color

Forp < (3 —a)/4:

sl _ a+1 031 022 023 024
742+ 2@+ a)2p - 3)@p+a—-3) | 4! !

where

of,=05,=(8p"—6p—1)a’ + (48p> —46p+1)a’
+ (112p* — 158p +49) a + 88p* — 158p + 71

051 =01y =~ ((8192 —6p—1) @+ (48p2 —50p+7) a?
+ (96p* — 126p + 37) a + 72p*> — 122p + 53)

05y =0fy=—(a+1)(2p -3 +2(4p* = 7) &’ +4(10p° - 9p - 4) &’
+(56p* — 60p —4) a + 8p* + 14p — 23)

401
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0§, =05, =03=05,=(a+1)(2p-Da’ + (-8p* +22p - 9) &
+(=32p* + 62p — 21) @ — 40p* + 74p — 29)

05, =0 =—(@+1)(Qp—Da’+ (-8p* +22p - 9) &’
+ (=32p* + 66p — 27) a — 24p* + 38p — 11)

054 =043 =(a+ 1y ((ZP -3)a’ + (8]72 —-2p - 11) a®
+(32p* = 34p — 5) a + 24p> — 22p - 5)

Forp=(3—-a)/4:

(a—1)*(a+1) _(@=D(a+])  _ (a+D’(a-D) (a+1)*(a—1)
4(3+a)? 4(3+a)? 2(3+a)? 2(3+a)?
_ (a=1?(a+1) (a—1?(a+1) (a+1)*(a—1) _(a+1)2(a—1)
s~ 4(3+a)? 4(3+a)? 2(3+a)? 2(3+a)?
1 _ (a=D*(a+1) (a=1)*(a+1) (1+a)? _(I+4a)’
4(3+a)? 4(3+a)? (3+a)? (3+a)?
(a—1)*(a+1) _(a=1(a+1) _(+4a)? (1+a)’
4(3+a)? 4(3+a)? (3+a)? (3+a)?

Forp=1/2:

T+6a+a> —S5—d4a—a*> —2(1+a)
—S—4a-a> T4+6a+a> =20+a)l.
—2(1+a) -2(1+a) 41+ a)

21_ (X+1
I = 400 + a2Y(3 + o)
424+ a?)(3 + @)

APPENDIX B: PROOFS OF LEMMAS 4.4 AND 4.6

Proof of Lemma 4.4.  Using the recursion in (18), where ¢(6) = d!/(d — 6)! (recall (16)), we get the

following partial differential equation:

—R(x w=yn ’:’f o

I
=
-

u

6=0s5=0 gk, Jj=s+1

( ) “ <f) (PR(x, )’ ((1 _p)B(x))5—S
> (

u

) R 0)+ (1 = B

u

- ZM& e

u(l +pR(x,u) + (1 — p)B(x))*

- u<1 + RO, w) + (1 = p) ((1 —(d =)= — 1))d.

We proceed by strong induction. Using the differential equation above, we see that

=P R+ -(d-Di

10 = 7R(x Y T d=d=1w

o% () Pro X"k 4 (1 = p)by X
ZZ( ) ZH I

B1)

(B2)
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Solving this differential equation with the initial condition R;(0) = 0 yields

1 —pd _
Ri= -y (A-@=-10# - -@-197 ) ,

which is analytic on the desired cut plane.

For the inductive step, using the product rule at higher orders of partial differentiation produces

k+1
Ri(x) = %R(x, ol
k d
- :k (1+pR(x W+ (1=p) ((1 = - 1)) .
k—
= <uf(R(x u)) +kaak 1f(R(x u))> s
u=1

where £(y) = (1 +py+(1=p) ((1 —(d - ) — 1))d. Define

F70) = L p .

d m
Then
d!

d—-m)! )v <1+py+(1—p) <(1_(d_1)x)_ﬁ_1>)d—m’

f70) =
for 0 <m < d, and f = 0 for m > d. In particular

FOR) = (1 = (@ = 1),

(d —m)!
for 0 < m < d. By using Faa di Bruno’s formula for higher-order derivatives, we see that

k
— Zf(i)(RO(x))BkJ(Rl(x)’ v R ()

u=1 j=1
=pd(1 = (d — Dx)) "' Re(x) + hy(x),

ak
ﬁf (R(x, u))

where

k
he) = Y fPRoGENBejRI (), .. , Reji ().

=2

(B3)

(B4)

(B5)

Since analyticity is preserved under arithmetic operations as well as integration, the analyticity of
Ri(x) on the desired cut plane follows by the induction hypothesis. By using the forms of R;(x) in the

induction hypothesis and (B4), then

M) = He(1 = (d — 1)) o +O<(1—(d—1)x) )
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where
min{k,d} .
pd!
H = Zz mBkJ(Dl, oo s Dijpn).

From (BS5), the induction hypothesis, and the assumption p > 1/d, we can also conclude that,

akl
akl

J(R(x, u))

—kpd+pd+k—1—d )

kd e
b

=o((1-w@-ny™H

= 0((1 —d -1y
=1

for some € > 0. By solving the differential equation

k-
ouk—1

R (x) = < —f(R(x, u)) + k2 f(R(x u)))

u=1
—kpd+k—d

=pd(1 =(d = D9 R + B~ d = 175
0((1-w@-1m™E),

we get that
Ry(x) = (k_l)Hﬁ(l - “5 10 ((1 —d- 1)x)7k'73k71+5> .
Setting
D= T =Ty
concludes the proof of the lemma. .

Proof of Lemma 4.6.  The derivation in (B1) applies here as well. Solving the differential equation
in (B2) with p = 1/d yields

Ri(x) = d_i_ll(1 —(d = D)7 In(1 - (d — D),

which is analytic on the desired cut plane.
For the inductive step, the derivation (B3) holds here as well. We get that

m _ d! d_"‘
F™(Ro(x) = m( —(d - x)" @

By following the same steps as the proof of Lemma 4.4, we see that

ak
ﬁf (R(x, u))

k
= D fORoNBL(RIX), ..., R (x)
R

u=1

= (1= (d = D))" Re(0) + L),
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where

k
k() = Y FOROCNB(RIE), ... , Reji1 ().
j=2

As before, analyticity is preserved. By using the induction hypothesis and the simplification

Bia(xi, ... i) = ;kg (];)xixk_i,
then
L) = Li(1 = (d — D)7 I 2(1 = (d — 1)x)
+0((1 = (d = DT I3 = (d — D)),
where

1

d-1vo [k
L=~ E.E;_;.
‘T 24 ,2(1) e

We can also conclude that

ak—l

kauk—l

f(R(x, u))

—d
=0 ((1 —(d - D)= In*31 - d - l)x)> )
u=1
Solving the differential equation

Ri(x) = (1 = (d — Dx)"'Re(x) + Li(1 = (d — D07 21 = (d — 1))
+0 ((1 —d - D I3 = (d - 1)x)) ,

we get that
R = ——H (1 _(@=1wam®* (1= d -1y
Qk—1)d—1)
+0 ((1 —(d = D) In2(1 — (d - 1)x)> .
Setting
E = S ,
k—1)d—1)
concludes the proof of the lemma. [
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