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A B S T R A C T

Spurred by a need to determine major (C, H, N and O) contents in biological tissue sections, a formalism
for quantitative off-axis Scanning Transmission Ion Microscopy (OA-STIM) has been established. This can be
used with, or without, simultaneous Elastic Backscattering Spectroscopy (EBS) to provide quantitative major
element composition and thickness information. As part of the work, an empirical predictor with one free
parameter for the proton–proton differential scattering cross section was implemented. The predictor values
were in extremely close agreement with high accuracy literature data. For 2 MeV p–12C elastic scattering
at forward angles ≤45◦ an interpolation procedure was used to determine the relative deviations from the
Rutherford cross sections were determined to be ≤6.4%. The interpolation was based on a Coulomb field,
angular momentum quantum number and nuclear structure dependent nuclear penetration factor. Finally, the
quantitative combination of simultaneous OA-STIM and EBS data is discussed.
1. Introduction

Off-axis Scattering Transmission Ion Microscopy (OA-STIM) is an
MeV-ion microprobe imaging method [1]. This method employs an
energy detector placed at a forward angle (𝜃 < 90◦) to detect scat-
tered ions and recoil atoms for a thin sample. The forward-scattering
implies hydrogen can be measured using OA-STIM. This is useful be-
cause Particle Induced X-ray Emission (PIXE) and Elastic Backscattering
Spectrometry (EBS) are both blind to hydrogen. Direct-STIM methods
measure the energy-loss of ions that traverse the sample, providing
structural but no elemental information. The absence of scattering
in Direct-STIM implies every ion can be detected which allows ex-
tremely finely focused low-current ions beams to be used for extremely
high spatial resolution (20–50 nm) structural imaging e.g. Refs. [2,3].
Coincidence Elastic Recoil Detection Analysis (coincidence-ERDA) is
a conceptually similar method to OA-STIM where two detectors are
used to detect scattered and recoil atoms from a single collision in
coincidence [4]. Although coincidence-ERDA has a high selectivity,
useful information from forward-scattering of ions from other elements
and some depth information can be lost. Proton Elastic Scattering
Analysis (PESA) is also conceptually similar to OA-STIM and used for
broad-beam analysis of hydrogen in aerosols on uniform hydrogen-free
support films [5–7].

Hydrogen, is an important element. In biological materials it is a
major element and as such constitutes ∼9.5 mass % of the human
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body [8,9]. Hydrogen is also a major element in many polymers
(e.g. for polyethylene where H makes up 66.6 at. %). It is also present
as hydrate in many minerals and appreciable amounts can be detected
even in anhydrous minerals (garnet, olivine and pyroxenes) [10]. Hy-
drogen transport plays a key part in corrosion suppression, fuel-cell,
photovoltaic and battery technologies.

The present work was driven by the need to measure the thickness
and content of the major elements (H, C, N, O) in the matrix of biolog-
ical tissue sections as a prerequisite for accurate PIXE determination of
the heavy lesser and trace-element contents [11]. The major element
composition determines the electron density which in turn governs the
stopping force (−𝑑𝐸∕𝑑𝑥) as well as the X-ray absorption which are
key parameters in quantitative PIXE analysis. OA-STIM combined with
EBS is well-suited for measuring the major element composition and
thickness of biological tissue sections because the former can provide
H-content and sample thickness information and the latter gives the
content of other major elements. Although for thin biological samples
the EBS and OA-STIM yields per pixel are small, the method can be used
to measure aggregate elemental compositions in areas corresponding to
different types of tissue which span many pixels [11].

2. OA-STIM formalism

The formalism for quantitative OA-STIM analysis is developed in
three parts. The first deals with the relation between energy-loss and
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Fig. 1. Detector configurations for (a) normal incidence, (b) oblique incidence to the sample surface.
(

hickness. The second addresses low-energy proton – proton and pro-
on – 12C elastic scattering cross sections. The final part concerns
stablishing a quantitative relation between the OA-STIM and EBS data.

.1. Basic equations

The kinematic factors 𝐾 for scattering and recoils 𝛬 are,
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and,

𝛬 =
4𝑀1𝑀2

(

𝑀1 +𝑀2
)2

cos2 𝜙𝑙 . (2)

The atomic numbers are 𝑍1 and 𝑍2 and masses 𝑀1 and 𝑀2 where the
ubscripts 1 and 2 refer to the projectile and target atoms, respectively.
ubscript 𝑙 denotes quantities in the laboratory reference frame. For the
ase of forward scattered particles with 𝑀1 = 𝑀2 as in p–p scattering,
t an angle 𝜃𝑙 = 𝜙𝑙 then 𝑀1 = 𝑀2 and 𝐾 = 𝛬.

The Rutherford differential scattering cross section from [12] can
e expressed in SI units as,
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𝑒 is the elementary charge and 𝜀0 is the permittivity of free space.
ubscript 𝑐 denotes quantities in the centre of mass reference frame.
= 𝑀1∕𝑀2, 𝐸𝑐 = 𝐸𝑙∕ (1 + 𝛾) and 𝜃𝑐 = 𝜃𝑙 sin
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for 𝛾 ≤ 1.
nvoking conservation of particles in elastic scattering [13];
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more direct form proposed by Ziegler and Lever [14] gives;
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Eqs. (3) and (4) give better computational accuracy than Eq. (5) at large
𝜃𝑙.

3. Energy-loss and thickness

Two basic configurations have been used at different laboratories
for OA-STIM. These are schematically shown in Fig. 1. The formalism
52
Fig. 2. Geometric configuration for OA-STIM.

for the normal incidence configuration is considered here as it is more
straightforward. For moderate oblique angles, the extension from the
normal incidence case requires only the introduction of some trigono-
metric factors to account for the longer path lengths along the inward
and outward paths. Fig. 2 presents the geometric configuration for
normal incidence OA-STIM. For the parameters defined in this figure,
the energy for scattering and recoiling of ions into a detector at angle
𝜃 from depth 𝑡 is,

𝐸 = 𝐾𝐸0 −𝐾𝑁 ∫

𝑡

0
𝑑𝑥𝜖𝑖𝑛 (𝑥) −𝑁 ∫

𝑇

𝑡
𝑑𝑥

𝜖𝑜𝑢𝑡 (𝑥)
cos 𝜃

. (6)

𝜖𝑖𝑛 (𝑥) and 𝜖𝑜𝑢𝑡 (𝑥) are the stopping cross sections along the inward path
before scattering) and outward path (after scattering), respectively. 𝑁

is the number of atoms per unit volume. The integrals emphasise that
for the transmission geometry the energy losses take place along the
entire sample thickness. This makes the formalism more intricate than
glancing-angle stopper-foil [15], ToF-E ERDA [16] and RBS [12,15].

𝐸1 and 𝐸2, (Fig. 2) correspond to the energies for scattering from
the front and rear surfaces of the sample. They can be found by putting
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Fig. 3. Stopping cross sections for the major elements in biological tissue from DPASS [17,18].
𝑡 = 𝑇 and 𝑡 = 0, respectively into Eq. (6),

1 = 𝐾𝐸0 −𝑁𝐾 ∫

𝑇

0
𝑑𝑥𝜖𝑖𝑛 (𝑥) (7)

𝐸2 = 𝐾𝐸0 −𝑁 ∫

𝑇

0
𝑑𝑥

𝜖𝑜𝑢𝑡 (𝑥)
cos 𝜃

. (8)

Fig. 3 presents the energy dependence of the stopping cross-sections
for protons in H, C, N and O from the ab inito DPASS code [17,18].
ragg’s rule [12,15,18] can be used to obtain 𝜖 values for mixtures
f target elements. Deviations from Bragg’s rule may occur [19]. A
eview [20] suggests this is the order of a few % for hydrocarbons.
t should be borne in mind the deviations from experiment will depend
n the stopping force predictor used. Fig. 3, which spans the energy
ange relevant for OA-STIM measurements, shows (i) that 𝜖 increases
ith decreasing energy and (ii) that the rate of increase of 𝜖 increases
ith decreasing energy. This together with Eqs. (7) and (8) and also

hat both 𝐾 and cos 𝜃 are < 1 implies that 𝐸1 > 𝐸2 for all 𝑇 . This gives
n important result that ions scattered from the rear face of the sample
ave the highest energy and those scattered from the front face have the
owest energy.

Taking the energy difference between Eq. (6) and an infinitely thin
ample 𝑇 → 0 so that 𝐸 = 𝐾𝐸0 gives,

𝐸 = 𝐾𝐸0 − 𝐸

= 𝑁
[

𝐾 ∫

𝑡

0
𝑑𝑥𝜖𝑖𝑛 (𝑥) + ∫

𝑇

𝑡
𝑑𝑥

𝜖𝑜𝑢𝑡 (𝑥)
cos 𝜃

]

≃ 𝑁𝑡
[

𝜖
]

.

(9)

here,
[

𝜖
]

is a mean stopping cross section factor. Then for a sample
that is sufficiently thin so that 𝜖𝑖𝑛 and 𝜖𝑜𝑢𝑡 can be taken to be constants,

𝐸 = 𝑁
[

𝑡𝐾𝜖𝑖𝑛 + (𝑇 − 𝑡)
𝜖𝑜𝑢𝑡
cos 𝜃

]

. (10)

From the ratio of the partial derivatives 𝜕𝛥𝐸∕𝜕𝑡 and 𝜕𝛥𝐸∕𝜕𝑇 of
Eq. (10), after some manipulation, the ratio of the variances of the
measured depth 𝛿𝑡2 to sample thickness 𝛿𝑇 2 is 1∕ (𝑎 − 1)2. Where 𝑎 =
𝐾

(

𝜖𝑖𝑛∕𝜖𝑜𝑢𝑡
)

cos 𝜃 ∼ 0.5 giving 𝛿𝑡2∕𝛿𝑇 2 ∼ 4. Thus variations in the
sample thickness can have a major influence on the shape of the OA-STIM
energy spectrum. This is significant because sample thickness varia-
tions are commonly encountered in OA-STIM analysis. These can arise
53
from dehydration, sample preparation as well as voids and multiphase
regions. Examples include papers, textile structures, crystal grains,
particulate matter, different tissue regions in biological samples etc.
Energy broadening will be contributed to by the thickness variations
(discussed above), energy loss straggling and path length differences
from multiple scattering across the entire ion trajectory through the
sample. These contributions will be exuberated for increasingly oblique
ion trajectories. In this case the influence of thickness variations is a
minimum because the ions traverse the sample in a direction normal
to the surface. For determination of the local sample thickness where
thickness variations are present, is then preferable to measure the
energy shift of the high energy edge 𝛥𝐸1 which corresponds to ions
scattered from the rear surface of the sample (Eq. (7)). This procedure
is illustrated in Ref. [11] where different regions of biological tissue
sections gave rise to different OA-STIM spectra. For normal incidence,
path length differences due to multiple scattering are negligible. This
may become problematic for extreme glancing incidence. The half-
angle at half-width of the angular distribution for 2 MeV protons is
∼6 mr for 10 μm for mylar [21] which has similar composition to dry
biological tissue and many polymers. Moreover, the shorter traverse for
normal incidence implies the influence of the energy dependence of the
stopping cross sections is smaller which can simplify the analysis by
allowing the surface energy approximation to be used to determine the
stopping cross sections.

Furthermore, in some cases the sample thickness may be sufficiently
large so that the integrals of the energy loss (Eq. (6)) need to be
taken into account. In these cases, determination of a full elemental
depth profile from OA-STIM will require fitting a simulated spectrum
where the energy dependence of energy loss, thickness and scattering
cross section variations are fully taken into account. Where elemental
composition variations along the probing ions trajectory are important,
quantitative element depth profiles, including H, could determined
using a iterative procedure. As a first approximation the elemental
profiles derived from EBS with an appropriate zero-order assumption
as to the hydrogen concentration distribution is made. These concen-
tration profiles are used to refine the H-concentration profile from the
OA-STIM data. In subsequent iteration(s), the concentration profiles
from previous iterations(s) are used to refine the stopping cross sec-
tions values which are then used to determine more precise elemental
concentration profiles for all elements from the EBS and OA-STIM
spectra.
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Fig. 4. Empirical fit for the energy dependence of the nuclear s-wave phase shift using data from Refs. [22–24] collected by Evans [25].
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. Elastic scattering cross section for OA-STIM

.1. Proton–proton scattering

Historically, p–p scattering has been studied intensively from the
940s to 60s [22]. Today, low-energy p–p scattering is one of the best
uantitatively understood nuclear interactions. It is fundamentally im-
ortant because it represents a pure interaction between two identical
ucleons. Scattering from both the Coulomb and nuclear forces must
e considered in p–p scattering. Furthermore, protons are fermions
ith spin quantum number 𝑠 = ±1∕2, The situation is then similar

o, but not identical with, the Mott scattering of electrons [26] which
overns the electron cascades that limit the resolution in electron
icroscopy, electron beam lithography and proton beam writing. The

mportant difference between the electron and proton case being that
or p–p scattering both the Coulomb and the nuclear forces contribute
ignificantly to scattering and interference. Jacksson and Blatt [22]
erived an expression for the differential scattering cross-section in the
entre of mass reference frame. From this and standard texts, the p–p
lastic cross section can be expressed in SI units as [25,27];

𝑑𝜎
𝑑𝛺

)

𝑐
=
(

𝑒2

8𝜋𝜀0𝐸𝑙

)2 𝑖=6
∑

𝑖=0
𝑎𝑖, (11)

here;

0 =
1

sin4
(

𝜃𝑐∕2
)
, (12)

𝑎1 =
1

cos4
(

𝜃𝑐∕2
) , (13)

𝑎2 = −
cos

[

𝜂 ln tan2
(

𝜃𝑐∕2
)]

sin2
(

𝜃𝑐∕2
)

cos2
(

𝜃𝑐∕2
)
, (14)

𝑎3 = −2
𝜂
sin 𝛿0

{

cos
[

𝛿0 + ln sin2
(

𝜃𝑐∕2
)]

sin2
(

𝜃𝑐∕2
)

+
cos

[

𝛿0 + ln cos2
(

𝜃𝑐∕2
)]

cos2
(

𝜃𝑐∕2
)

}

,

(15)

4 =
4
𝜂2

sin2 𝛿0, (16)

and;

𝑎 = 𝑎 = 0. (17)
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5 6
The subscript c denotes quantities in the centre of mass frame.
𝜂 = 𝛼∕𝛽 were 𝛼 = 𝑒2∕

(

4𝜋𝜀0ℏ𝑐
)

, is the fine structure constant and
𝛽 = 𝑣𝑐∕𝑐. 𝑣𝑐 is the velocity in the centre of mass frame. The term 𝑎0
Eq. (12)) originates from protons scattered by the Coulomb potential
t an angle 𝜃𝑙, 𝑎1, (Eq. (13)) corresponds to protons recoiled at the same
𝑙, 𝑎2 is the Mott scattering term [26] (Eq. (14)) [28], 𝑎3 (Eq. (15))
s from interference between nuclear s-wave and Coulomb-scattered
rotons [25], 𝑎4, (Eq. (16)) corresponds to scattering by the nuclear s-
ave [22,27]. In Eqs. (11) – (16), the only free-parameter is the nuclear

-wave phase shift 𝛿0, which enters into Eqs. (15) and (16). 𝛿0 was
pproximated from the collected data of Refs. [22–24] plotted by Evans
Fig. 5.3 in Ref. [25]), by fitting to a polynomial as shown in Fig. 4.

0 =
𝑗=5
∑

𝑗=0
ℎ𝑗𝐸

𝑗
𝑙 ; (18)

ere, ℎ0 = −3.10770949, ℎ1 = 58.2641333, ℎ2 = −30.3242220, ℎ3 =
9.32643682, ℎ4 = −1.53519384, ℎ5 = 0.102188800.

An alternative formula that smooths away the high energy kink in
the data has the form tan 𝛿 = 𝐴 − 𝐵 exp−𝐶𝐸, with 𝐴 = 54.70805971,
𝐵 = 57.22258557 and 𝐶 = 0.91198208. Both formulas are likely to be
unreliable if extrapolated outside of the energy range spanned by the
experimental data.

The nuclear p-wave and vacuum polarisation terms 𝑎5 and 𝑎6
(Eq. (17)) are small and uncertain over the range of interest for OA-
STIM [28–30]. These were neglected since the goal was to develop a
predictor code for the p–p scattering cross section in OA-STIM.

The contributions 𝑎0–𝑎4 to the total differential scattering cross-
section is presented in Fig. 5. The contributions from Coulomb scatter-
ing and recoiling as well as the s-wave nuclear scattering are positive
while the Mott and Coulomb-Nuclear interference terms are negative.
It is also notable that above 0.5 MeV the nuclear scattering terms
dominate the differential scattering cross section.

To test the validity of the empirical predictor (Eqs. (11)–(18))
the predicted cross-sections were compared with independant high-
precision p–p experimental scattering cross-section data [31,32]. This
data was not included in the fit (Eq. (18)) and hence represents a
valid test of the prediction. Fig. 6 shows the comparison of the empir-
ical prediction after the data had been transformed to the laboratory
reference frame. This reference frame was used for the comparison
because it is more meaningful for ion beam analysis applications. The
transformation for p–p scattering where 𝑀1 = 𝑀2 is,
𝜃𝑙 = 𝜃𝑐∕2, (19)
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Fig. 5. Contributions from 𝑎0 to 𝑎4 (Eqs. (12)–(16)) and the total p–p scattering cross section in the laboratory reference frame for 𝜃𝑙 = 30◦.
Fig. 6. Angular dependence of the predicted p–p scattering differential cross sections and independant high accuracy experimental data at different proton energies in MeV from
Knecht, Dahl and Messelt (KDM) [31] and Wassmer and Mürhy (WM) [32]. The colours correspond to the numerical value of the measurement energies in MeV given in the key.
Solid lines and filled circles denote the KDM data. Dashed lines and filled triangles denote the WM data.
and,

( 𝑑𝜎
𝑑𝛺

)

𝑙
=

[

2
1 + cos

(

𝜃𝑐∕2
)

]
1
2 ( 𝑑𝜎

𝑑𝛺

)

𝑐
. (20)

Clearly the differential cross sections from the predictions of Eqs. (11)–
(18) are in extremely close agreement with the high accuracy experi-
mental data of Knecht et al. [31] and Wassmer and Mürhy [32]. For
data points in the 𝜃𝑙 range 10◦ – 45◦ and energy range 0.9 to 3.04 MeV
the root mean square relative deviations between the prediction and
the literature data is 0.21% for the data of Knecht et al. and 0.56% for
the data from Wassmer and Mürhy At 0.5 MeV the relative deviation
from the latter data set increased to 6.8%.
55
Electronic screening, which is not included in the predictions can
influence the scattering cross sections. This will be most serious at
the lowest proton energy (0.5 MeV) which corresponds to a collision
parameter 𝑡1∕2 = 111 at a lab angle of 30◦ [33]. Extrapolating the
asymptotic behaviour of Figure 2 of Ref. [34] to our large 𝑡1∕2, implies
any effect of screening is at, or below, the 0.1% level. Taken with
the agreement between independent experimental data and the predic-
tions in Fig. 6, this implies we may use the empirical predictor with
confidence over the angle and energy range of interest for OA-STIM.

4.2. Proton–light element forward scattering cross sections for OA-STIM

For thin samples, the forward-scattered proton signals from light
elements (e.g. C, N and O) can be sufficiently well separated to allow
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Fig. 7. Energy dependence of the 12C(p,p) 12C elastic scattering cross section normalised to the Rutherford value for large forward scattering angles. The experimental data
rom [41] was replotted from data retrieved from the IBANDL database [37].
etermination of the area under the light element peaks. E.g. Fig 3
b) of Ref. [35]. This allows direct measurement of the light element
omposition of thin films without having to invoke stopping forces and
heir associated uncertainties. The well defined H/C and H/O ratios
f many polymers such as Mylar, also allows ratio of the solid angles
f the OA-STIM and EBS detectors to be determined. As discussed in
he following section (Section 5) this is useful for calibration where
A-STIM is used in conjunction with EBS.

The atomic content ratio of hydrogen to a light element 𝑖 in a thin
ample can be obtained directly from the yields (𝑌𝐻 and 𝑌𝑖) of the
orresponding peaks in the OA-STIM spectrum as,
𝑛𝐻
𝑛𝑖

=
𝑌𝐻
𝑌𝑖

(

𝑑𝜎𝑖
𝑑𝜎𝑝−𝑝

)

. (21)

𝑑𝜎𝑝−𝑝∕𝑑𝛺
)

can be obtained from the predictor described in Sec-
ion 4.1. The determination of

(

𝑑𝜎𝑖∕𝑑𝛺
)

for other light elements 𝑖 is
onfounded compared to p – p scattering because almost no OA-STIM
elevant cross section data is available for forward scattering angles
here 𝜃𝑙 ≤ 45◦. In contrast, in the EBS case with 𝜃𝑙 = 90◦ − 180◦,

a semi-empirical predictor code SigmaCalc [36] is available and a
considerable amount of data from a range of elements for validation
of the predictions is readily accessible from Ref. [37]. These EBS cross
section values are generally non-Rutherford and exhibit a pronounced
resonance structure [38–40]. Gurbich [38] suggests SigmaCalc [36] can
be applied in other regions where the underlying models are valid.
However, this is only advisable where suitable experimental data for
validation is available to support such extensions. The present lack of
available data relevant for OA-STIM thus precludes this approach for
cross section data.

4.3. An interpolation procedure for p – 12C elastic scattering

Generally, interpolation procedures are more benign, rugged and
computationally straightforward than absolute calculation of physical
parameters. No scattering cross section data at OA-STIM relevant angles
and energies is currently available. Rutherford scattering represents an
exactly defined classical limit. A question that then begs an answer is;
can an interpolation procedure be developed to scale the deviation of the
cross section from the Rutherford value to smaller scattering angles from
the published large forward-angle data?
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For large forward angles, elastic scattering cross section data for the
12C(p, p) 12C at 𝜃𝑙 = 65.65◦, 75.38◦ and 85.25◦ [41] was retrieved
from [37]. Inspection of this data (Fig. 7, taken directly from [37])
showed that, at these large forward angles, (i) the cross sections are
generally larger than the Rutherford values, (ii) The cross sections tend
to approach the Rutherford values with decreasing 𝜃𝑙 and (iii) there is
a pronounced resonance at ∼1.74 MeV that changes shape depending
on 𝜃𝑙.

In the classical limit, the Coulomb field presents an insurmount-
able potential barrier and the scattering cross section is then purely
Rutherford (Eqs. (3)–(5)). The classical limit corresponds to where the
energy available to penetrate the Coulomb field is insufficient to bring
the projectile within a periapsis distance where any interaction with
the strong force field is possible. The classical limit corresponds then
to low energy projectiles scattered at small scattering angles and at
the same time where electronic screening effects [34] are negligible.
An important characteristic of the classical limit is that the particle
kinematic [12,15] and quantum wave scattering descriptions [28,42]
are equivalent.

Comparison of the location of periapsis in the classical limit with
the extent of the nuclear potentials field was useful to envisage the
situation. The classical perapsis distance 𝜚 was calculated starting from
binary scattering theory [43–46],

𝑔 (𝑟) =
[

1 − 𝑏2

𝑟2
−

𝑉 (𝑟)
𝐸𝑟

]1∕2
= 0, (22)

where, 𝑏 is the impact parameter, 𝑉 (𝑟) is the interaction potential and
𝐸𝑟 = 𝐴𝐸∕ (𝐴 + 1) the relative kinetic energy of the proton and target
atom with 𝐴 = 𝑀2∕𝑀1. Putting 𝑟 = 𝜚 at the periapsis and for a Coulomb
potential,

𝑉 (𝜚) = 𝜅
𝜚
with, 𝜅 =

𝑍1𝑍2𝑒2

4𝜋𝜀0
, (23)

Eq. (22) can be written as a quadratic equation with only a single
physically meaningful positive root. After some manipulation [46] this
yields,

𝜚 = 𝜅
2𝐸𝑟

±

(

𝜅2

4𝐸2
𝑟
+ 𝑏2

)1∕2

= 𝜅
2𝐸𝑟

[

1 + 1
sin 𝜃𝑐∕2

]

, (24)

The location of the classical periapsis 𝜚 for 2 MeV protons was
calculated at angles representative for OA-STIM and EBS was calculated
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Fig. 8. Modified Saxon-Wood optical-model and Coulomb potentials for (a) p – 12C [38] and (b) p – 16O [40] scattering. The vertical dashed lines indicate the classical periapsis
distance (𝜚) for scattering of 2 MeV protons at different scattering angles.
using standard binary scattering theory [43–46]. The classical periapsis
corresponding to the large forward angle scattering data for 12C(p,p)
12C elastic scattering of Armstrong et al. [41] was retrieved from [37]
was also calculated. Fig. 8 compares 𝜚 for the different measurement
scenarios with the reconstructed nuclear- and Coulomb-potentials for
12C(p,p) 12C and 16O(p, p)16O scattering. The nuclear potentials were a
modified Saxon-Woods form using the optical model [47] parameters
from Gurbich [38,40]. From Fig. 8 it was observed that for EBS angles
the 𝜚 lay at the edge of the nuclear potential abyss whereas for OA-STIM
angles 𝜚 was 4–8 fm from the edge. Fig. 8(b) showed that for the large
forward scattering angles of Ref. [41] 𝜚 was 1–2 fm outside the edge.
Clearly, for the EBS case Fig. 8 supports the suggestion of Gurbich [48]
that for EBS the potential barrier is essentially unimportant and the
scattering is governed by shape resonances and isobaric analogue state
resonances. On the contrary, for forward scattering angles 𝜚 lies distant
from edge from the nuclear potential. For the data of Ref. [41] the non-
Rutherford cross sections seen in Fig. 7 gave an important clue that
quantum tunnelling should be incorporated in the basis of the interpo-
lation. Taking the scattering cross to be made up of the well-defined
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Rutherford contribution and a perturbation contribution.
( 𝑑𝜎
𝑑𝛺

)

𝑐
=
(

𝑑𝜎𝑅𝑢𝑡ℎ
𝑑𝛺

)

𝑐
+ 𝛥𝑐 , (25)

This pointed to the assumption where the perturbation 𝛥𝑐 of the cross
section from the Rutherford value for a given proton energy would be
𝛥𝑐 ∝ 𝑃 2. The particle/wave inelastic scattering has identical entrance
and exit channels giving a squared dependence on 𝑃 , the penetration
factor.

Fig. 8 indicated that the Gamow factor 𝑃𝐺 might represent a suitable
scaling law for interpolation. This factor is the transmission factor for
quantum tunnelling through an isotropic Coulomb barrier [49–51].

𝑃𝐺 = exp

(

−

√

𝐸𝐺
𝑉𝑐 (𝜚)

)

, (26)

with,

𝐸𝐺 = 2𝑀0𝑐
2 (𝛼𝜋𝑍1𝑍2

)2 (27)

𝑀0 is the reduced mass in the centre of mass system. A first attempt to
scale 𝛥 according to this parameter was unsuccessful because the fitted
𝑐
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Fig. 9. Plot of the logarithm of the deviation 𝛥 from the Rutherford value for the data Armstrong et al. [41] retrieved from [37] vs. inverse square root of kinetic energy along
the collision axis (see text). Some data points were omitted because 𝛥𝑐 < 0, or a shift in the resonance energy with angle. Solid lines and filled data points denote data sets where
three points confirm a straight line dependence. The open data points and dashed lines denote where only two data points were valid. The uncertainties are of the order of the
scatter in the data points.
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lines from the experimental data points did not pass through the origin
as the classical limit was approached. This implied a more sophisticated
approach that also takes into partial wave scattering and resonances
was necessary.

Iliadis [52] described a penetration factor 𝑃𝓁 for scattering of
charged particles with arbitrary angular momentum quantum number
𝓁 where nuclear states give rise to Breit-Wigner like resonances. The
full formalism [52] is outside the scope of this work. For the purpose
of interpolation, 𝑃𝓁 was approximated by,

𝑃𝓁 ∼ exp
[

−𝐴 (𝐸)−1∕2 − 𝐵𝓁 (𝓁 + 1)
]

, (28)

where 𝐴 and 𝐵 are constants. 𝐴 is governed by the Gamow factor while
the second term is related to the partial wave scattering factors [53].
For the 12C(p,p) 12C reaction at OA-STIM relevant energies, the penetra-
tion is dominated by s-waves 𝓁 = 0 with 𝑃1 ∼ 0.1𝑃0 and 𝑃𝑛 > 𝑃𝑛+1 [52].
This facilitated rewriting Eq. (28) in terms of the cross section deviation
𝛥𝑐 (Eq. (31)),

− ln𝛥𝑐 ∼
𝐶
√

𝐸
+𝐷𝓁 (𝓁 + 1) . (29)

This represents a straight-line dependence of ln𝛥𝑐 on 1∕
√

𝐸 with 𝐶 and
, constants. Fig. 9 presents such a plot for the experimental data from
ef. [41] at 100 keV intervals from 1.5 to 2.0 MeV. 𝐸∥𝑐 is the kinetic
nergy associated with the momentum parallel with the collision axis.

The assigned straight lines in Fig. 9 all have similar slopes. The data
oints for 1.8–2.0 MeV were based on three data points and was fitted
ell by straight lines. This implied Eq. (29) can be used as the basis
f interpolation for these energies. For lower energies (1.5–1.7 MeV)
here lines were assigned using only two data points this conclusion
ust remain tentative until more data becomes available. Since the

lopes are constant, the leading term was a Gamow factor. It is then
mplicit from Eq. (29) that 𝛥𝑐 goes smoothly to zero as the energy
ecreases.

From the assigned straight lines of Fig. 9, the fractional deviation
rom the Rutherford cross section were plotted in Fig. 10 for 𝜃𝑙 = 30◦

nd 45◦. The uncertainties which originated from the fitting and the
xperimental data were estimated to be ∼± 0.5% where 3 points were
sed and ∼± 0.8 % for 2 points. A caveat is that the experimental
ross sections are not so large that 𝛥 becomes non-linear. In this
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𝑐

case the data in Fig. 10 should be treated as upper limits. This is
motivated by a large 𝛥𝑐 combined with the exponential behaviour of
the leading Gamow term. Planely, the ∼1.74 MeV resonance influences
eviation of the elastic scattering cross section from the Rutherford
alue. It was evident that the effect of the Gamow term gives a strongly
ttenuated deviation from the resonance at 30◦ and 45◦ compared to the
arge forward angle experimental data of Fig. 7. The Gamow term also
mplies a general behaviour that deviations from the Rutherford value
ill tend to become smaller as the scattering angle decreases.

.3.1. Extension to other elements than carbon
In spite of an extensive search, no relevant experimental data for

orward angles was found for forward scattering of protons from ni-
rogen and oxygen. Since 𝑍2 for these elements exceeds that of carbon,
he Coulomb field is stronger and consequently the periapsis lies further
ut from the nuclear field as seen by comparing Fig. 8(a) and (b). This
ill give a wider and higher potential barrier. The exponential-like
ependence of the leading Gamow term in Eq. (28) suggests that the
ross sections deviations will be smaller than for the 12C case. However,
his conclusion must also remain speculative until more experimental
ross section data is available for OA-STIM conditions.

The findings that the deviations from Rutherford scattering are
mall is supported by the experimental observation that an OA-STIM
easurement on Pioloform using Rutherford cross section values at
𝑙 = 45◦ yielded a composition that was in very close agreement with
he theoretical composition [35].

. Simultaneous OA-STIM and EBS

In OA-STIM the light element signals from scattering of light ele-
ents are separated from H by having a much greater energy. The
A-STIM signals from elements such as C, N and O quickly become

uperposed as the sample thickness increases. EBS has the advantage
hat the larger scattering angle gives a greater separation in backscat-
ering energy compared to OA-STIM according to Eq. (1). In the EBS
ase for thick samples the heights of the high energy edges ℎ𝑖, ℎ𝑗 for
ifferent elements 𝑖, 𝑗 in the energy spectrum correspond to the surface
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Fig. 10. Relative deviation of the differential scattering cross section 𝛥∕
(

𝑑𝜎∕𝑑𝛺𝑅
)

vs. laboratory frame Energy. (The relative values are unchanged between both reference frames.)
illed data points denote where the data is based on three experimental data points and open data points where the data is based on only two valid data points.
C

a

omposition of the sample. Then the relative surface composition for
BS is,
𝑛𝑖
𝑛𝑗

=
ℎ𝑖
ℎ𝑗

𝑑𝜎𝑗
𝑑𝜎𝑖

[𝜖]𝑗
[𝜖]𝑖

. (30)

enerally, the differential scattering cross sections 𝑑𝜎𝑖∕𝑑𝛺 are non-
utherford and can be obtained from experimental data or a predictor
uch as SigmaCalc [36]. [𝜖] are the usual stopping cross section fac-
ors [12,15]. It is straightforward to extend Eq. (30) to determine the
ydrogen content from height of the low energy edge of the hydrogen
A-STIM signal by introducing the relative detector solid angles for

he OA-STIM and EBS detectors using the predicted p–p scattering
ross section (Section 4.2). In OA-STIM measurements of the mean
omposition over a limited spatial regions of the sample is often of
nterest. Energy broadening due to thickness variations over the region
s well as straggling and multiple scattering may completely confound
etermination of the low-energy edge height for hydrogen. Since EBS
s not a transmission measurement the surface edge heights for other
ight elements in the EBS spectrum are on the other hand unaffected by
hickness variations. Where the hydrogen content is uniform in depth
ver the spatial region of interest the total yield of hydrogen 𝑌𝐻 is well
efined. Then Eq. (30) can be extended to give the relative hydrogen
o element 𝑗 content ratio,
𝑛𝐻
𝑛𝑗

=
𝑌𝐻
ℎ𝑗

𝐸𝑐ℎ
𝛥𝐸1

[𝜖]𝐻
[𝜖]𝑗 𝛶

(31)

Here, 𝑌𝐻 is the yield under the hydrogen peak in the OA-STIM spec-
trum, 𝐸𝑐ℎ is the energy channel width in the EBS spectrum and 𝛥𝐸𝑖
is the energy width in the OA-STIM spectrum corresponding to the
sample thickness (Eq. (8)). (A correction can be applied here for the
H content of a supporting films.) 𝛶 is a factor that relates the signal in
the OA-STIM detector to the signal for element 𝑖 in the EBS detector.

𝛶 =
𝑑𝜎𝑝−𝑝
𝑑𝜎𝑖

𝛺𝑂𝐴−𝑆𝑇𝐼𝑀
𝛺𝐸𝐵𝑆

. (32)

can be measured using a thin reference standard, (such as a polymer
ilm) with e.g. a known 𝑛𝐻∕𝑛𝑖 atomic ratio as in the case of PESA. An
lternative approach, to determine 𝛶 which is restricted to thin refer-
nce standards is to use the p–p scattering cross section from Section 4.1
ith the detector solid angle ratio 𝛺𝑂𝐴−𝑆𝑇𝐼𝑀∕𝛺𝐸𝐵𝑆 determined from
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cattered proton yield ratio for element 𝑖 in the OA-STIM and EBS d
detectors. The second method has the advantage that it is based on
the direct measurement of the relative yields of the same element in
both detectors. This ratio will be unaffected by proton bombardment
induced composition changes in the reference film. An example of such
composition changes can be seen in Ref. [35].

It follows that using the above approach, the light element com-
position (including hydrogen) and thickness of regions of thin films
such as biological tissue sections e.g. [11] can be quantified using
simultaneous EBS and OA-STIM. There is no fundamental reason why
this approach cannot be extended to samples comprising two or even
multiple homogeneous films of hydrogenous materials.

6. Conclusions

A formalism for quantitative off-axis Scanning Transmission Ion
Microscopy OA-STIM) has been developed.

• The transmission geometry for OA-STIM implies the highest en-
ergy scattered protons originate from the rear-face of the sample
and the energies corresponding front and rear surfaces depend on
thickness variations in the sample.

• The proton–proton (p–p) scattering cross section is contributed
to by Rutherford scattering and recoils as well as nuclear scatter-
ing, Mott scattering and Coulomb-nuclear interference terms. An
empirical predictor for 𝑑𝜎𝑝−𝑝∕𝑑𝛺) was established. This based on
one free parameter (the nuclear phase shift) and the predictions
were in very close agreement with independent high accuracy
literature data (0.6%) over the energy and angle region used in
OA-STIM measurements.

• A non-linear interpolation method based on penetration of the
nuclear potential barrier has been established for 12C(p,p)12C
elastic scattering. This predicts that for OA-STIM with 2 MeV
protons an upper limit for the deviation of the cross section from
Rutherford value to be ≤6.4% for scattering at ≤45◦.

• Using simultaneous OA-STIM and EBS can be used to measure the
composition including H of thin films over a region, even where
significant thickness variations are present.
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