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Abstract
We provide a rigorous analysis of the generalized Jang equation in the asymptotically anti-de
Sitter setting modelled on constant time slices of anti-de Sitter spacetimes in dimensions
3 ≤ n ≤ 7 for a very general class of asymptotics. Potential applications to spacetime
positive mass theorems for asymptotically anti-de Sitter initial data sets are discussed.
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1 Introduction

In Mathematical General Relativity, initial data sets are triples (M, g, K ) where (M, g) is a
Riemannian manifold and K is a symmetric 2-tensor. An initial data set (M, g, K ) models
a slice of a spacetime (N , h) such that the induced metric is g and the second fundamental
is K . Roughly speaking, an initial data set can be described as

• asymptotically Euclidean if it is asymptotic to the {t = 0} slice of Minkowski spacetime
which may be seen as the initial data set (Rn, δ, 0),

• asymptotically hyperbolic or hyperboloidal if it is asymptotic to the upper unit hyper-
boloid in Minkowski spacetime which may be seen as the initial data set (Hn, b, b),
where Hn is hyperbolic space and b is the standard hyperbolic metric,

• asymptotically anti-de Sitter if it is asymptotic to the {t = 0} slice of anti-de Sitter
spacetime which may be seen as the initial data set (Hn, b, 0).

The mass of an initial data set (M, g, K ) is defined by comparing it with a model initial
data set (M0, g0, K0) seen as a slice of some model spacetime (N0, h0). The expressions
that have been derived using Hamiltonian formalism usually take form of a flux integral at
infinity that is well-behaved under isometries of (N0, h0). In all physically reasonable matter
models, the so called dominant energy condition is satisfied and so it is standard to assume
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it when studying initial data sets. A general positive mass theorem may be stated as follows:
“If an initial data set (M, g, K ) has well-defined mass and satisfies the dominant energy
condition, then its mass is non-negative and is equal to zero if and only if M embeds in the
model spacetime as a spacelike slice with the induced metric g and the second fundamental
form of the embedding equal to K ”.

The first result in this direction was obtained by Schoen and Yau [36] for asymptoti-
cally Euclidean 3-dimensional initial data sets with K ≡ 0, the so called Riemannian case.
Subsequently, this result was extended by Schoen and Yau in [37] to the case of general
3-dimensional asymptotically Euclidean initial data sets. Around the same time, Witten [42]
proved a positive mass theorem for asymptotically Euclidean initial data sets in all dimen-
sions under the assumption that the manifold be spin, which imposes a topological restriction
in dimensions n > 3. Many new results have recently been proven in the asymptotically
Euclidean setting. In particular, the result of [37] has been extended to hold in dimensions
3 < n ≤ 7, see Eichmair [19] and Eichmair, Huang, Lee and Schoen [20], using in particu-
lar methods from geometric measure theory. In addition, a positive mass theorem has been
shown to hold for a more general class of asymptotically Euclidean initial data sets which
may, in addition to the distinguished asymptotically Euclidean end, have other asymptotic
ends, see Lesourd, Unger and Yau [30]. There are also recent proofs by so-called level set
methods. See for instance Bray, Khuri, Kazaras, and Stern [4] and Hirch, Kazaras, and Khuri
[27] using level sets of linearly growing harmonic functions and generalizations thereof. See
also Agostiniani, Mazzieri and Oronzio [1] for a proof in the Riemannian case using level
sets of the Green function of the manifold (M, g).

The first definitions of mass in the asymptotically hyperbolic setting were given by Wang
[41], for a class of conformally compact Riemannian manifolds satisfying rather stringent
asymptotic conditions, and byChruściel andNagy [14] for asymptotically anti-de Sitter initial
data sets. Some key properties of these definitions, in particular coordinate invariance, were
established by Chruściel and Herzlich [12]. Proofs of related positive mass theorems were
obtained, under spin assumption, byWang [41], Chruściel andHerzlich [12], and Zhang [44].
The first non-spinor proof in the asymptotically hyperbolic setting was given by Andersson,
Cai, and Galloway [2] for asymptotically hyperbolic manifolds with asymptotics as in Wang
[41] satisfying an additional assumption that the so called mass aspect function has sign.
This assumption has been recently removed by Chruściel, Galloway, Nguyen, and Paetz in
[11], yielding a non-spinor proof of the positive mass theorem for asymptotically hyperbolic
manifolds in dimensions less than 8. We also note a reduction argument of Chruściel and
Delay [15] that allows one to deduce the positive mass theorem for asymptotically hyperbolic
manifolds from the positive mass theorem for asymptotically Euclidean initial data sets in
any dimension, provided that the later holds.

Positivity of mass of hyperboloidal initial data sets has also been actively studied. The
definition of mass in this setting and the first spinor proof of the positive mass theorem can
be found in Chruściel, Jezierski, and Łȩski [13]. A non-spinor proof adapting the original
argument of Schoen and Yau [37] to the hyperboloidal case was given in dimension 3 by
Sakovich [35]. This proof was extended to higher dimensions 3 < n < 8 by Lundberg [31]
using methods similar to those in Eichmair [19].

The proofs of the positive mass theorem for asymptotically Euclidean initial data sets in
[37] and [19] and for hyperboloidal initial data sets in [35] and [31] are based on the so-
called Jang equation reduction argument. The Jang equation is a prescribed mean curvature
equation for a graph in a product Riemannian manifold that first appeared in the work of Jang
[29]. Jang was the first to notice the relevance of this equation in the context of positive mass
theorems, especially analysing the case of having zero mass, pointing out that the equation
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can be used to characterize initial data sets arising as slices of Minkowski spacetime. The
Jang equation was rediscovered by Schoen and Yau in [37], where it was observed that it
can be used to deform initial data sets satisfying the dominant energy condition, to initial
data sets with the same mass and “almost nonnegative” scalar curvature. Further, it turns
out that performing a conformal change to zero scalar curvature decreases the mass and
yields a Riemannian asymptotically Euclidean manifold to which the Riemannian case of
the positivemass theorem for asymptoticallyEuclideanmanifolds can be applied, see [36] and
[37], yielding positivity of mass for the initial data that may be chosen to be asymptotically
Euclidean as in [37] and [19] or asymptotically hyperbolic as in [35] and [31]. When the
mass is zero, the constructed solution to the Jang equation provides the desired embedding
into the Minkowski spacetime.

It has been discussed (see e.g. Malec and O’Murchadha [32]) whether a Jang equation
reduction argument can be used to prove the so-called spacetime Penrose inequality, a refine-
ment of the positive mass theorem for spacetimes with black holes. The version of this
conjectured result for asymptotically Euclidean initial data sets argues that there is a certain
lower bound for theirmass that becomes an equality only for spacelike slices of Schwarzschild
spacetime. As pointed out by Bray and Khuri in [5], Schwarzschild spacetime is a warped
product and so it appears more natural to modify the Jang equation so that the reduction
is carried out in a warped product setting. One of the proposals of Bray and Khuri reduces
the proof of the spacetime Penrose inequality to solving a coupled system consisting of the
so-called generalized Jang equation and an equation for the warping factor designed so that
initial data sets satisfying the dominant energy condition are deformed into asymptotically
Euclidean manifolds with “almost nonnegative” scalar curvature. We note that in spherical
symmetry the coupled system reduces to a single ODE yielding a proof of the spacetime
Penrose inequality in the spherically symmetric case, see [5] for details.

Similar issues arise when attempting to apply the Jang equation reduction to anti-de Sitter
initial data sets. In the case of zero mass the initial data set is expected to be embedable as
a slice in anti-de Sitter spacetime, which is a warped product. Thus, it appears natural that
reduction arguments allowing to prove the positive mass theorem for this class of initial data
should involve a generalized Jang equation as well. One such argument, proposed by Cha
and Khuri [7] in dimension 3, involves deforming the asymptotically anti-de Sitter initial
data set to an asymptotically Euclidean initial data set in a several step process using both a
coupled system involving a generalized Jang equation as in [5] and a classical Jang equation
as studied in [35]. Cha and Khuri [7] also study the behaviour of solutions of the generalized
Jang equation at infinity in dimension 3, for a fixed warping factor when the asymptotics of
initial data are similar to those in [41].

This articlemay be seen as a complement to thework of Cha andKhuri [7]. Ourmain result
is the proof of the existence of solutions to the generalized Jang equation for asymptotically
anti-de Sitter initial data in dimensions 3 ≤ n ≤ 7 for very general asymptotics, given a
warping factor satisfying a general asymptotic condition.Wemake use of geometric measure
theory tools as in Eichmair [19] and a barrier method, different from the one used in Cha and
Khuri [7], based on the observation that the metric is “almost conformal” to the Euclidean
metric. We also propose an alternative reduction argument that can be used to deduce a
positive mass theorem for asymptotically anti-de Sitter initial data from the positive mass
theorem for asymptotically hyperbolic manifolds provided that a coupled system involving
the same generalized Jang equation as in [7] and [5] but a different equation for a warping
factor, has a solution. The reduction thereby proceeds in one step and the proposed coupled
system appears to be simpler and arguably more natural from a geometric point of view.

123



    9 Page 4 of 39 Annals of Global Analysis and Geometry             (2025) 68:9 

Thepaper is structured as follows. Section 2 contains necessary background anddefinitions
that we will use. In Section 3 we construct barriers for the generalized Jang equation for
asymptotically anti-de Sitter initial data sets with the most general possible asymptotics
and in any dimension n ≥ 3. In Section 4 we apply standard methods (similar to those
used in [19, Section 2] and [35, Section 4]) to solve a regularized boundary value problem
associated to the generalized Jang equation. In Section 5 we apply the results of Sections 3
and 4 and methods of geometric measure theory developed in [18] to construct a so-called
geometric solution to the generalized Jang equation. This is the only part of our work where
the dimension restrictions 3 ≤ n ≤ 7 are required. In Section 6 we present our proposed
coupled system and discuss its relevance in the context of positive mass theorems. We prove
Theorem 6.2, that the positive mass theorem is valid for asymptotically anti-de Sitter initial
data sets, assuming the coupled system has a solution with certain properties.

2 Preliminaries

Wewill repeatedly work with manifolds embedded in each other. The following conventions
will be employed

• (M, g) is an n-dimensional Riemannian manifold which is complete unless otherwise
stated.

• (˜M, g̃) is the (n + 1)-dimensional manifold M × R equipped with the metric g̃ :=
g + u2dt2, where t is the coordinate on R and u : M → R is a positive function. The
resulting Riemannian manifold (˜M, g̃) is denoted by M ×u R and is called the warped
product space with the warping factor u.

• (�( f ), g) is the n-dimensional graph�( f ) := {(x, f (x)) : x ∈ U } ⊂ ˜M , whereU ⊂ M
is an open set, f : U → R is a function and g := g + u2d f 2 is the induced metric. The
covariant derivative of g will be denoted by ∇.

• The second fundamental form A of �n−1 ⊂ Mn with respect to the unit normal ν is

A(X , Y ) := 〈∇Xν, Y 〉.
Let {∂i }ni=1 denote a local coordinate frame on M so that {∂ i = ∂i + fi∂t }ni=1 is a local

coordinate frame on �( f ) and {∂t } ∪ {∂i }ni=1 is a local coordinate frame on ˜M . Using these
frames, we can express the components of g̃ and g in terms of those of g as follows

g̃i j = gi j , g̃i t = git = 0, g̃t t = u2, gi j = gi j + u2 fi f j ,

g̃i j = gi j , g̃i t = git = 0, g̃t t = u−2, gi j = gi j − u2 f i f j

1 + u2|d f |2g
.

(2.1)

We also have

˜�k
i j = �k

i j ,
˜�k
i t = 0, ˜�k

tt = −uuk, ˜�t
i j = 0, ˜�t

i t = ui
u

, ˜�t
t t = 0. (2.2)

We now collect some standard results for the graphs �( f ) ⊂ M ×u R, see e.g. [5].

Proposition 2.1 (Properties of graphs in warped product spaces) Suppose that the warped
product space (˜M = M × R, g̃ = g + u2dt2) satisfies g ∈ C2

loc(M) and u ∈ C2
loc(M), so

that g̃ ∈ C2
loc(
˜M). We then have the following.

The downward pointing unit normal of �( f ) is given by

ν = 1

u

u2 f i∂i − ∂t

(1 + u2|d f |2g)1/2
. (2.3)
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The second fundamental form of �( f ) ⊂ M ×u R is given by

A = u Hess( f ) + du ⊗ d f + d f ⊗ du + u2〈du, d f 〉d f ⊗ d f
√

1 + u2|d f |2g
. (2.4)

The mean curvature of �( f ) ⊂ M ×u R is given by

H�( f ) := trg(A) =
(

gi j − u2 f i f j

1 + u2|d f |2g

)

u Hessi j ( f ) + ui f j + fi u j + u2〈du, d f 〉g fi f j
√

1 + u2|d f |2g
.

(2.5)

The Christoffel symbols of M and of the graph �( f ) are related by

�
k
i j − �k

i j = −uuk fi f j + Ai j
u f k

√

1 + u2|d f |2g
.

For v, f : M → R, the Laplacian �gv is given by

�gv =
(

gi j − u2 f i f j

1 + u2|d f |2g

)

Hessi j v + u|d f |2g〈∇u,∇v〉g
1 + u2|d f |2g

− u〈∇ f ,∇v〉gH�( f )
√

1 + u2|d f |2g
.

(2.6)

We will now introduce the class of asymptotically hyperbolic initial data sets that we will
workwith.Ourmodel for (M, g) is the hyperbolic spaceHn forwhichwewill use thePoincaré
ball model. In other words, Hn will be represented as the unit ball B1 := {x ∈ R

n : |x | < 1}
equipped with the metric

b := 4

(1 − |x |2)2 δ,

where δ is the standard Euclidean metric on B1. Using ρ := 1−|x |2
2 we can rewrite b as

b = ρ−2δ = ρ−2
(

dρ2

1 − 2ρ
+ (1 − 2ρ)σ

)

, (2.7)

where σ is the round metric on Sn−1.

Definition 2.1 Suppose that k ≥ 0 is an integer, that α ∈ [0, 1) and τ > 0 are real numbers
and that (M, g) is a Riemannian manifold with g ∈ Ck,α

loc (M), possibly with boundary. We
then say that (M, g) is a Ck,α

τ asymptotically hyperbolic manifold, if there is a compact set
K0 ⊂ M , a radius R0 > 0 and a diffeomorphism

� : M \ K0 → H
n \ BR0 ,

called a chart at infinity such that �∗g − b ∈ Ck,α
loc (Hn; S2Hn) and

||�∗g − b||Ck,α
τ (Hn\BR0 ;S2Hn)

:= sup
x∈Hn\BR0+1

(

ρ(x)−τ ||�∗g − b||Ck,α(B1(x);S2Hn)

)

< ∞.

Next we define the notion of a Ck,α initial data set.
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Definition 2.2 Suppose that k ≥ 1 is an integer, that α ∈ [0, 1) is a real number, that (M, g) is
a Riemannianmanifold with g ∈ Ck,α

loc (M), possibly with boundary and that K ∈ Ck−1,α
loc (M)

symmetric 2-tensor on M . We then say that the triple (M, g, K ) is a Ck,α initial data set.

Definition 2.3 Suppose that k ≥ 1 is an integer, thatα ∈ [0, 1) and τ > 0 are real numbers and
that (M, g, K ) is a Ck,α initial data set. We then say that (M, g, K ) is a Ck,α

τ asymptotically
anti-de Sitter initial data set if (M, g) is a Ck,α

τ asymptotically hyperbolic manifold and the
symmetric 2-tensor K satisfies

||�∗K ||Ck−1,α
τ (Hn\BR0 ;S2Hn)

< ∞,

where � : M \ K0 → H
n \ BR0 is the chart at infinity as in Definition 2.2.

Definition 2.4 Suppose that k, k′ ≥ 0 are integers, that α, α′ ∈ [0, 1) and τ, τ ′ > 0 are real
numbers, that (M, g) is a Ck,α

τ asymptotically hyperbolic manifold and that � : M \ K0 →
H

n \ BR0 is the associated chart at infinity. We then define the weighted Hölder space

Ck′,α′
τ ′ (M \ K0) as the collection of those f ∈ Ck′,α′

loc (M \ K0) such that

|| f ||
Ck′,α′

τ ′ (M\K0)
:= sup

x∈Hn\BR0+1

(

ρ(x)−τ || f ◦ �−1||Ck,α(B1(
(x)))

)

< ∞.

Since K0 is compact it can be covered byfinitelymanygeodesic balls Br1(p1), . . . , Brk (pk)of
radius less than r0, where r0 > 0 is the injectivity radius of (M, g). Letting φi : Bri (pi ) →
{x ∈ R

n : |x | < ri } denote geodesic normal coordinates in each Bri (pi ), we define the

weighted Hölder space Ck′,α′
τ ′ (M) as the collection of those f ∈ Ck′,α′

loc (M) such that

|| f ||
Ck′,α′

τ ′ (M)
:= || f ||

Ck′,α′
τ ′ (M\K0)

+
k
∑

i=1

|| f ◦ φ−1
i ||Ck′,α′

(Bri (0))
< ∞.

Different finite open covers of the compact set K0 give different but equivalent norms on the
space Ck′,α′

loc (M).
We remind the reader that asymptotically anti-de Sitter initial data sets model slices of

spacetimes satisfying the Einstein equations with negative cosmological constant. Conse-
quently, the dominant energy condition takes the following form.

Definition 2.5 Suppose that k ≥ 2, we then say that aCk,α initial data set (M, g, K ) satisfies
the dominant energy condition if μ ≥ |J |g , where μ and J are given by

2μ = Scalg +n(n − 1) + trg(K )2 − |K |2g, (2.8)

J = divg K − d trg K . (2.9)

Wewill now introduce the generalized Jang equation. Let (M, g, K ) be aCk,α
τ asymptotically

anti-de Sitter initial data set. We extend the tensor K to M ×u R as follows

K (∂i , ∂t ) := K (∂t , ∂i ) := 0, K (∂t , ∂t ) := u2〈d f , du〉
√

1 + u2|d f |2g
. (2.10)

In this case

tr�( f ) K = tr�( f ) K + u2|d f |2g〈d f , du〉
(1 + u2|d f |2g)3/2

, (2.11)
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where the second term in the left hand side of (2.11) can be expressed using (2.3) as follows

u2|d f |2g〈d f , du〉
(1 + u2|d f |2g)3/2

= 〈ν,∇u〉
u

(

1 − 〈−ν, u−1∂t 〉2
)

.

Hence the trace of the extended tensor K is

tr�( f ) K = tr�( f ) K + 〈ν,∇u〉
u

(

1 − 〈−ν, u−1∂t 〉2
)

. (2.12)

The identity (2.5) now implies

J ( f ) := H�( f ) − tr�( f )(K )

=
(

gi j − u2 f i f j

1 + u2|d f |2g

)

⎛

⎝

u Hessi j f + ui f j + fi u j
√

1 + u2|d f |2g
− Ki j

⎞

⎠ . (2.13)

The equation
(

gi j − u2 f i f j

1 + u2|d f |2g

)

⎛

⎝

u Hessi j f + ui f j + fi u j
√

1 + u2|d f |2g
− Ki j

⎞

⎠ = 0, (2.14)

will be referred to as the generalized Jang equation and abbreviated as J ( f ) = 0. This
equation was originally introduced by Bray and Khuri in [5], where one can find an extensive
discussion andmotivation. In particular, the extension (2.10) is chosen so that solutions to the
generalized Jang equation blow up respectively down atmarginally outer trapped respectively
inner trapped surfaces of the initial data set (M, g, K ), see Bray and Khuri [5, Section 2] or
the proof of Theorem 5.1 below.

In this article, we will use the following straightforward modification of a result by Bray
and Khuri [5, Theorem 1].

Proposition 2.2 (Generalized Schoen-Yau identity) Suppose that k ≥ 2, that U ⊂ M is
open, that (M, g, K ) is a Ck,α initial data set and that f : U → R satisfies the generalized
Jang equation (2.14). Then the scalar curvature Scalg of the graph � = �( f ) is given by

Scalg = −n(n − 1) + 2(μ − J (w)) + |A − K |2g + 2|q|2g − 2

u
divg(uq), (2.15)

where

qi := u f j (A�
i j − (K |�)i j )

√

1 + u2|d f |2g
, w := u f i∂i

√

1 + u2|d f |2g
, f i = f j g

i j . (2.16)

The difference between (2.15) and [5, Equation 2.3] is that the definition of μ in (2.8) is
different, to account for the cosmological constant.

We will often assume that the warping factor u is strictly positive and that u − ρ−1 ∈
C2,0
0 (M \ K0). In this case we have the following estimate.

Lemma 2.1 Suppose that k ≥ 1, that (M, g, K ) is a Ck,α
τ asymptotically anti-de Sitter initial

data set and that (u − ρ−1) ∈ C2,0
0 (M). Then there is a constant C > 0 depending only on

(M, g, K ), |u − ρ−1|C2,0
0 (M)

and minM u > 0 such that

|∇u|g + |∇2u|g ≤ Cu.
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Proof Note that
∣

∣

∣∇bρ−1
∣

∣

∣

b
= 1 + O(ρ)

ρ
, |(∇b)2ρ−1|b = 2 + O(ρ)

ρ
.

The claim now follows from the assumptions on (M, g, K ), u and u − ρ−1. ��

3 Barriers at infinity for the Jang equation

In this section, (M, g, K ) is a C1,α
τ asymptotically anti-de Sitter initial data set for some

α ∈ (0, 1) and τ > n/2. The barriers are defined as follows (cf. Schoen and Yau [37]).

Definition 3.1 A function f+ : {ρ < ρ0} → R is an upper barrier for the Jang equation
J ( f ) = 0, if f+ ∈ C2({ρ < ρ0}) ∩ C0({ρ ≤ ρ0}) and

lim
ρ→ρ0−

∂ρ f+ = ∞, J ( f+) < 0. (3.1)

Similarly, a function f− : {ρ < ρ0} → R is a lower barrier for the Jang equation if
f− ∈ C2({ρ < ρ0}) ∩ C0({ρ ≤ ρ0}) and

lim
ρ→ρ0−

∂ρ f− = −∞, J ( f−) > 0. (3.2)

The following comparison principle is well known (cf. Schoen and Yau [37] and Sakovich
[35, Proposition 4.4]).

Lemma 3.1 Let 0 < ρ1 < ρ0 be constants, suppose that f+ is an upper barrier and that f−
is a lower barrier for the Jang equation on {ρ ≤ ρ0} such that

f−|{ρ=ρ1} ≤ φ|{ρ=ρ1} ≤ f+|{ρ=ρ1}
and let ε > 0 be such that J ( f+) ≤ ε f+ and J ( f−) ≥ ε f− on {ρ1 ≤ ρ ≤ ρ0}. Further
suppose that f is a solution to the Dirichlet problem

{

J ( f ) = ε f , on {ρ ≥ ρ1}
f = φ, on {ρ = ρ1} .

Then

f− ≤ f ≤ f+ on {ρ1 ≤ ρ ≤ ρ0}.
Proof Since {ρ1 ≤ ρ ≤ ρ0} is compact it follows that f+ − f attains a minimum at some
point p ∈ {ρ1 ≤ ρ ≤ ρ0}. If p ∈ {ρ = ρ1} then since f+ ≥ φ on {ρ = ρ1} we find

inf
ρ1≤ρ≤ρ0

( f+ − f ) = f+(p) − f (p) = f+(p) − φ(p) ≥ 0.

If p ∈ {ρ1 < ρ < ρ0} then |d( f − f+)|g(p) = 0 and Hess( f+ − f ) is positive definite at
p. Combining this with (2.13) we find that at p

ε( f+ − f ) ≥ J ( f+) − J ( f ) = u�g( f+ − f ) ≥ 0.

Finally if p ∈ {ρ = ρ0}, then since limρ→ρ−
0

∂ρ f+ = ∞, it follows that limρ→ρ−
0

∂ρ( f+ −
f ) = ∞ and hence there is some point p′ with ρ1 < ρ(p′) < ρ0 such that ( f+ − f )(p′) <

( f+ − f )(p), which contradicts p being a global minimum. Thus f+ − f ≥ 0 on all of
{ρ1 ≤ ρ ≤ ρ0}. A similar argument shows that f − f− ≥ 0 on {ρ1 ≤ ρ ≤ ρ0}. ��
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Proposition 3.1 (Existence of barriers for the Jang equation) Suppose that α ∈ (0, 1),
τ ∈ (n/2, n) and that (M, g, K ) is a C1,α

τ asymptotically anti-de Sitter initial data set and
let U := {ρ < ρ0}. If the warping factor u satisfies

u − ρ−1 ∈ C1,0
0 (U ), (3.3)

then there exists a positive function f+ ∈ C2,α
τ+1(U ) such that f+ is an upper barrier in the

sense of Definition 3.1 and f− := − f+ is a lower barrier in the sense of Definition 3.1.

Proof Throughout the proof, we let C denote a constant that may differ from line to line but
that may depend only on the initial data (M, g, K ) and u. The bound |K |g ≤ Cρτ gives

J ( f ) =
(

gi j − u2 f i f j

1 + u2|d f |2g

)

u Hessi j f + fi u j + ui f j
(1 + u2|d f |2g)1/2

+ O(ρτ ).

Note that when f = f (ρ), we have f α = gαρ fρ , f ρ = gρρ fρ , |d f |2g = f ρ fρ, and hence

gρρ − u2 f ρ f ρ

1 + u2|d f |2g
= gρρ

1 + u2|d f |2g
,

gρα − u2 f ρ f α

1 + u2|d f |2g
= gρα

1 + u2|d f |2g
,

gαβ − u2 f α f β

1 + u2|d f |2g
= gαβ − gραgρβ(gρρ)−1 u2|d f |2g

1 + u2|d f |2g
.

Similarly, for f = f (ρ) we find that

u Hessρρ f + fρuρ + uρ fρ = u

(

f ′′ − �ρ
ρρ f ′ + 2uρ

u
f ′
)

,

u Hessρα f + fρuα + uρ fα = u
(

−�ρ
ρα + uα

u

)

f ′,

u Hessαβ f + fαuβ + uα fβ = −u�
ρ
αβ f ′.

In summary, in the case when f = f (ρ) we obtain

J ( f ) = ugρρ

(1 + u2|d f |2g)3/2
(

f ′′ − �
ρ
ρρ f ′ + 2uρ

u
f ′
)

+ 2ugρα

(1 + u2|d f |2g)3/2
(

−�
ρ
ρα + uα

u

)

f ′

−
u�

ρ
αβ f ′

(1 + u2|d f |2g)1/2
(

gαβ − gραgρβ(gρρ)−1 u2|d f |2g
1 + u2|d f |2g

)

+ O(ρτ ).

(3.4)

As observed by Malec and Murchadha [32], in the presence of spherical symmetry there is
a substitution that transforms the Jang equation into an ordinary differential equation. We
employ this fact here and set

f+ := f+(ρ) =
∫ ρ

0

ξ+(s)
√

1 − ξ+(s)2
ds, (3.5)

for some ξ+ : [0, ρ0] → [0, 1] to be determined. We require that ξ+(ρ0) = 1, so that

∂ρ f+(ρ) = f ′+(ρ) = ξ+(ρ)
√

1 − ξ+(ρ)2
, (3.6)
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implies that the first condition of (3.1) is fulfilled by f+. From (3.5) it follows that

f ′′+ = ξ ′+
(1 − ξ2+)3/2

. (3.7)

In the view of the identities (3.6), and (3.7) we obtain from (3.4)

J ( f+)(1 + u2|d f+|2g)3/2(1 − ξ2+)3/2

ugρρ

< ξ ′+ − �ρ
ρρξ+(1 − ξ2+) + 2uρ

u
ξ+(1 − ξ2+) + 2gαρ

gρρ

(

−�ρ
ρα + uα

u

)

ξ+(1 − ξ2+)

− �
ρ
αβ(1 + u2|d f+|2g)(1 − ξ2+)ξ+

gρρ

(

gαβ − gραgρβ(gρρ)−1 u2|d f+|2g
1 + u2|d f+|2g

)

+ Cρτ (1 + u2|d f+|2g)3/2(1 − ξ2+)3/2

ugρρ
.

(3.8)

Furthermore, the fact that (M, g, K ) is C1,α
τ asymptotically anti-de Sitter, together with

equations (2.7) and (3.3) implies the estimates

gρρ = ρ2(1 − 2ρ) + O(ρτ+2), gρα = O(ρτ+2), gαβ = ρ2σαβ

1 − 2ρ
+ O(ρτ+2),

�ρ
ρρ = −1

ρ

1 − 3ρ

1 − 2ρ
+ O(ρτ−1), �ρ

ρα = O(ρτ−1), �
ρ
αβ = σαβ(ρ−1 + O(1)),

u = 1

ρ
+ O(1),

uρ

u
= −1

ρ
+ O(1),

uα

u
= O(ρ).

(3.9)

As a consequence of (3.9) and (3.6) we have

gαβ − gραgρβ(gρρ)−1 u2|d f+|2g
1 + u2|d f+|2g

= ρ2σαβ

1 − 2ρ
+ O(ρτ+2) (3.10)

and

(1 + u2|d f+|2g)(1 − ξ2+) =
(

1 + u2gρρξ2+
1 − ξ2+

)

(1 − ξ2+)

= 1 − ξ2+ + (ρ−1 + O(1)
)2 (

ρ2(1 − 2ρ) + O(ρτ+2)
)

ξ2+
= 1 − ξ2+ + (1 + O(ρ))ξ2+
= 1 + O(ρ).

(3.11)

Combining (3.8) with the estimates (3.9), (3.10) and (3.11) it follows that

J ( f+)(1 + u2|d f+|2g)3/2(1 − ξ2+)3/2

ugρρ

< ξ ′+ + 1 + O(ρ)

ρ
ξ+(1 − ξ2+) − 2 + O(ρ)

ρ
ξ+(1 − ξ2+) + 2

(

O(ρτ−1) + O(ρ)
)

ξ+(1 − ξ2+)

− σαβ(ρ−1 + O(1))(1 + O(ρ))ξ+
ρ2(1 + O(ρ))

(

ρ2σαβ

1 + O(ρ)
+ O(ρτ+2)

)

+ O
(

ρτ−1
)
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= ξ ′+ − 1 + O(ρ)

ρ
ξ+(1 − ξ2+) − (1 + O(ρ))ξ+(n − 1 + O(ρ))

ρ
+ O(ρτ−1),

which in turn yields the inequality

J ( f+)(1 + u2|d f+|2g)3/2(1 − ξ2+)3/2

ugρρ
< ξ ′+ − ξ+

ρ
(n − ξ2+ − C0ρ) + C0ρ

τ−1,

for some fixed constant C0 > 0 that only depends on (M, g, K ) and u.
We now seek a function ξ+ : [0, ρ0] → [0, 1] such that ξ+(ρ0) = 1 and

ξ ′+ − ξ+
ρ

(n − ξ2+ − C0ρ) + C0ρ
τ−1 < 0, (3.12)

so that f+ defined by (3.5) is an upper barrier in the sense of Definition 3.1. For some
λ ∈ (0, 1) to be specified later, we will look for ξ+ in the form

ξ+(ρ) = 1

(1 − λ)(ρ0/ρ)n/2 + λ(ρ0/ρ)τ
. (3.13)

Since ρ0/ρ ≥ 1 and n/2 < τ we have (ρ0/ρ)n/2 ≤ (ρ0/ρ)τ and hence for all λ ∈ [0, 1]
we have (ρ0/ρ)n/2 ≤ (1 − λ)(ρ0/ρ)n/2 + λ(ρ0/ρ)τ ≤ (ρ0/ρ)τ . Consequently

(ρ/ρ0)
τ ≤ ξ+ ≤ (ρ/ρ0)

n/2. (3.14)

Defining

γ := n

2
+ λ(τ − n/2)

λ + (1 − λ)(ρ/ρ0)τ−n/2 , (3.15)

we obtain ξ ′+ = γ ξ+ρ−1. We conclude that for ξ+ as in (3.13)

ξ ′+ − ξ+
ρ

(n − ξ2+ − C0ρ) + C0ρ
τ−1 < −(n − γ − (ρ/ρ0)

n − C0ρ)
ξ+
ρ

+ C0ρ
τ−1.

(3.16)

Next let ρ0 > 0 be such that C0ρ0 + C0ρ
τ
0 < (n − τ)/4, then we have

n − γ − (ρ/ρ0)
n − C0ρ0 − C0ρ

τ
0 >

3n + τ

4
− γ − (ρ/ρ0)

n . (3.17)

Let F : [0, 1] × (0, 1) → R be given by

F(x, λ) = λ(τ − n/2)

λ + (1 − λ)xτ−n/2 , (3.18)

so that 0 ≤ F(x, λ) ≤ τ − n/2. Let x0 := (3(n − τ)/8)1/n > 0 and note that
limλ→0+ F(x0, λ) = 0. Thus we may choose λ ∈ (0, 1) such that F(x0, λ) < 1/8. Now for
any x ∈ [0, x0]

n + τ

4
− F(x, λ) − xn ≥ n + τ

4
− (τ − n/2) − xn0 = 3(n − τ)

4
− 3(n − τ)

8
> 0.

Since τ > n/2, the function F(x, λ) is decreasing in x , hence for x ∈ [x0, 1] we have

F(x, λ) + xn ≤ F(x0, λ) + 1 <
9

8
= 3 + 3/2

4
≤ n + τ

4
.
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In summary, for this choice of λ ∈ (0, 1), we have

F(x, λ) + xn <
n + τ

4
, (3.19)

for all x ∈ [0, 1]. Moreover in view of (3.15) and (3.18) we find γ = n/2 + F(ρ/ρ0, λ),
which combined with (3.17) and (3.19) implies

n − γ − (ρ/ρ0)
n − C0ρ0 − C0ρ

τ
0 >

3n + τ

4
− n

2
−
(

F(ρ/ρ0, λ) + (ρ/ρ0)
n
)

>
3n + τ

4
− n

2
− n + τ

4
= 0.

(3.20)

Equation (3.20) implies n − γ − (ρ/ρ0)
n − C0ρ > C0ρ

τ
0 which combined with (3.14) and

(3.16) yields

ξ ′+ − ξ+
ρ

(n − ξ2+ − C0ρ) + C0ρ
τ−1 < −(n − γ − (ρ/ρ0)

n − C0ρ)
ρτ−1

ρτ
0

+ C0ρ
τ−1

< C0ρ
τ−1 − C0ρ

τ−1 = 0,

which we wanted to show. In conclusion, the function f+(ρ) = ∫ ρ

0
ξ+(s)√
1−ξ+(s)2

ds satisfies

lim
ρ→ρ−

0

∂ρ f+ = ∞, J ( f+) < 0, f+ > 0,

and due to the bound
∫ ρ0

ρ0/2
| f ′+(s)|ds <

∫ ρ0

ρ0/2

1
√

1 − ξ+(s)2
ds < C

∫ C

0
x−1/2dx = 2C3/2 < ∞,

it follows that f+ extends continuously to the boundary {ρ = ρ0} of {ρ ≤ ρ0}. Hence f+
is indeed an upper barrier of the generalized Jang equation in the sense of Definition 3.1.
Finally a computation shows that ξ+ ∈ C2,α

τ and hence f+ ∈ C2,α
τ+1 .

If we now let ξ− := −ξ+, then f− = − f+. By construction, f− < 0, it satisfies the first
condition of (3.2) and we have f− ∈ C2,α

τ+1. The second condition of (3.2) is also satisfied
since

J ( f−)(1 + u2|d f−|2g)3/2(1 − ξ2−)3/2

ugρρ
> ξ ′− − ξ−

ρ
(n − ξ2− − ε) − C0ρ

τ−1

= −
(

ξ ′+ − ξ+
ρ

(n − ξ2+ − ε) + C0ρ
τ−1
)

> 0,

where in the last line we have used that ξ+ satisfies (3.12). ��

4 A regularized boundary value problem

In this section we will prove the following proposition.

Proposition 4.1 Suppose that α ∈ (0, 1) and τ > 0 are real numbers, that (M, g, K ) is a
C2,α

τ asymptotically anti-de Sitter initial data set and that u ∈ C2,α
loc (M) satisfies

u − ρ−1 ∈ C2,0
0 (M).
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Suppose furthermore that � ⊂ M is a bounded domain such that ∂� is C3,α and that the
mean curvature H∂� of ∂� computed as the tangential divergence of the outward pointing
unit normal satisfies

H∂� − | tr∂� K | > 0.

Lastly suppose that ε > 0 and φ ∈ C3,α(�), if either ε > 0 is sufficiently small or φ ≡ 0
then there exists f ∈ C3,α(�) such that

(

gi j − u2 f i f j

1 + u2|d f |2g

)

⎛

⎝

u Hessi j ( f ) + ui f j + fi u j
√

1 + u2|d f |2g
− Ki j

⎞

⎠

︸ ︷︷ ︸

=J ( f )

= ε f , x ∈ �, (4.1)

f = φ, x ∈ ∂�. (4.2)

We note that similar results have been obtained in Eichmair [18, Lemma 2.2], Eichmair
[19, Proposition 5], Andersson, Eichmair and Metzger [3, Theorem 3.1] and Sakovich [35,
Lemma4.2], see also references therein. To prove Proposition 4.1wewill apply the continuity
method to the related boundary value problem

(

gi j − u2 f i f j

1 + u2|d f |2g

)

⎛

⎝

u Hessi j ( f ) + ui f j + fi u j
√

1 + u2|d f |2g
− sKi j

⎞

⎠ = ε f , x ∈ �, (4.3)

f = sφ, x ∈ ∂�, (4.4)

for s ∈ [0, 1].

4.1 A-priori estimates

Proposition 4.2 Suppose that fs ∈ C3,α(�) satisfies (4.3)-(4.4). Then there is a constant C
depending on (M, g, K ), ε > 0, �, φ, |u|C2(�), infM u and α, but independent of s ∈ [0, 1],
such that

| fs |C2,α(�) ≤ C .

Proof Throughout this proof, the constant C > 0 may change from line to line but depends
only on (M, g, K ), ε > 0, �, φ, |u|C2(�), infM u and α, and is independent of s ∈ [0, 1].
For simplicity of notation, we will write f instead of fs . The proof proceeds in the following
steps.

Global C0 estimate. Suppose that f attains its maximum at an interior point p ∈ �. Then
∇ f (p) = 0 and Hess f (p) is negative semi-definite. Hence (4.3) becomes

ε f (p) = gi j
(

u Hessi j ( f ) − sKi j
) = u�g f − s trg K ≤ | trg K |.

We get a similar inequality at an interior minimum point. Consequently,

| fs | ≤ max

{

ε−1 sup
�

| trg(K )|, sup
∂�

|φ|
}

≤ C on �, (4.5)

where C depends only on (M, g, K ), ε > 0 and φ.
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Interior C1 estimate. We set v := |d f |2g . Let p ∈ � be an interior maximum point for v.
Then

vi = 2 f j Hessi j f = 0, (4.6)

at p for i = 1, . . . , n. Further, we note that

∇i

⎛

⎝

u f i
√

1 + u2|d f |2g

⎞

⎠ =
(

gi j − u2 f i f j

1 + u2|d f |2g

)

u Hessi j ( f ) + ui f j + fi u j

(1 + u2|d f |2g)1/2

− 〈du, d f 〉g
(1 + u2|d f |2g)3/2

. (4.7)

Combining (4.7) with (4.3) we obtain

ε f = ∇i

⎛

⎝

u f i
√

1 + u2|d f |2g

⎞

⎠+ 〈du, d f 〉g
(1 + u2|d f |2g)3/2

−
(

gi j − u2 f i f j

1 + u2|d f |2g

)

sKi j .

Following Schoen and Yau [37, Section 4] (see also Han and Khuri [26, Section 2]) we
apply ∇k to both sides and use the commutation relation V l Ric jl = ∇i∇ j V i − ∇ j∇i V i ,
valid for any vector field V . After this we multiply the obtained relation by f k and sum over
k = 1, . . . , n. Working at p, where (4.6) holds, we find

ε|d f |2g = f k∇i∇k

⎛

⎝

u f i
√

1 + u2|d f |2g

⎞

⎠+ u f i f k Ricik
√

1 + u2|d f |2g
+ (∇2u)(∇ f ,∇ f )

(1 + u2|d f |2g)3/2

− 3u〈du, d f 〉2|d f |2g
(1 + u2|d f |2g)5/2

+ 2u〈du, d f 〉 f i f j

(1 + u2|d f |2g)2
sKi j −

(

gi j − u2 f i f j

1 + u2|d f |2g

)

s f k∇k Ki j .

(4.8)

We now estimate the terms in the right hand side of (4.8) using Lemma 2.1 as follows

∣

∣

∣

∣

∣

∣

u f i f k Ricik
√

1 + u2|d f |2g

∣

∣

∣

∣

∣

∣

≤ Cv1/2,

∣

∣

∣

∣

∣

(∇2u)(∇ f ,∇ f )

(1 + u2|d f |2g)3/2
∣

∣

∣

∣

∣

≤ C,

∣

∣

∣

∣

∣

3u〈du, d f 〉2|d f |2g
(1 + u2|d f |2g)5/2

∣

∣

∣

∣

∣

≤ C,

∣

∣

∣

∣

∣

2u〈du, d f 〉 f i f j

(1 + u2|d f |2g)2
Ki j

∣

∣

∣

∣

∣

≤ C,

∣

∣

∣

∣

∣

(

gi j − u2 f i f j

1 + u2|d f |2g

)

s f k(∇k Ki j )

∣

∣

∣

∣

∣

≤ Cv1/2,

with the constantC depending on (M, g, K ), |u|C2(�) and infM u. Equation (4.8) now yields

εv ≤ f k∇i∇k

⎛

⎝

u f i
√

1 + u2|d f |2g

⎞

⎠+ C(1 + v1/2). (4.9)
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We now turn to the first term in the right hand side of (4.9). Expanding, we obtain

f k∇i∇k

⎛

⎝

u f i
√

1 + u2|d f |2g

⎞

⎠ = ∇i

⎡

⎣

(

gi j − u2 f i f j

1 + u2|d f |2g

)

u f k Hessk j ( f )
√

1 + u2|d f |2g

⎤

⎦

+ f k∇i f i uk + f k f i∇i uk
(1 + u2|d f |2g)3/2

− 3 f k f i ukuui |d f |2g
(1 + u2|d f |2g)5/2

− gi j u Hessk j ( f )gkl Hessli ( f )
√

1 + u2|d f |2g
.

(4.10)

Recalling that∇v = 0 and that Hess v is negative semi-definite at p, we get using Lemma 2.1

∇i

⎡

⎣

(

gi j − u2 f i f j

1 + u2|d f |2g

)

u f k Hessk j ( f )
√

1 + u2|d f |2g

⎤

⎦ =
(

gi j − u2 f i f j

1 + u2|d f |2g

)

u Hessi j v

2
√

1 + u2|d f |2g
≤ 0,

∣

∣

∣

∣

∣

f k f i (∇i uk)

(1 + u2|d f |2g)3/2
∣

∣

∣

∣

∣

≤ C |Hess u|gv
(1 + u2v)3/2

≤ C,

∣

∣

∣

∣

∣

3 f k f i ukuui |d f |2g
(1 + u2|d f |2g)5/2

∣

∣

∣

∣

∣

≤ Cu|du|2gv2
(1 + u2v)5/2

≤ C .

Here, the constant C depends on (M, g, K ), |u|C2(�) and infM u. It remains to bound the
following remaining two terms from the right hand side of (4.10)

E := f k(∇i f i )uk
(1 + u2|d f |2g)3/2

− u|Hess f |2g
√

1 + u2|d f |2g
.

The first term may be estimated by noting that

|∇i f
i | ≤ |Hess f |g

√
n ≤ κ|Hess f |2g + n

4κ

where κ > 0 is arbitrary. Hence

E ≤ u|Hess f |2g
√

1 + u2|d f |2g

(

κ|d f |g|du|g
u(1 + u2|d f |2g)

− 1

)

+ n|du|g|d f |g
4κ(1 + u2|d f |2g)3/2

.

If |d f |g|du|g = 0 at p, then we can bound the above by 0, if not then one may choose
κ = |d f |−1

g |du|−1
g u(1 + u2|d f |2g), to make the term in the parenthesis vanish, obtaining

E ≤ n|du|2g|d f |2g
4u(1 + u2|d f |2g)5/2

≤ C .

We conclude that

εv ≤ C(1 + v1/2),

at an interior maximum point p of v which implies that |d f |g(p) ≤ C where C depends on
(M, g, K ), ε, |u|C2(�) and infM u.

Boundary C1 estimate.Wewill derive boundary gradient estimates using the so called bar-
rier method as inGilbarg and Trudinger [23, Section 14]. For this wewill use PropositionA.1,
which is proven in Appendix A.
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Thus, in order to prove the desired boundary gradient estimate, it suffices to provide the
functions f and f as in Proposition A.1. Since H∂� − | tr∂� K | > 0 we may choose ε > 0
so that H∂� − | tr∂� K | − ε|φ| > 0 as well. Using the function r = dist(·, ∂�) one may
foliate a (possibly smaller) neighborhood U of ∂� using the hypersurfaces Er of constant
r . If {x1, . . . , xn−1} denote coordinates on ∂�, then {x1, . . . , xn−1, r} are coordinates on
U ∩ � and in these coordinates the metric can be written as g = dr2 + hr , where hr is the
induced metric on Er . We assume without loss of generality that U ∩ � = {0 ≤ r < r0}
where r0 is chosen so small that H∂Er − | tr∂Er K | − ε|φ| > 0 for any r ∈ [0, r0).

Since r is a distance function we have (hr )rr = 1, (hr )μr = 0, (hr )μν = gμν and
�r
rr = �

μ
rr = �r

rμ = 0. The mean curvature of the surfaces Er can be computed as follows

HEr = gμν
r (Ar )μν = −gμν

r 〈∇μ∂ν,−∂r 〉g = gμν
r 〈�r

μν∂r , ∂r 〉 = (gr )
μν�r

μν,

where we use Greek indices to denote coordinates on Er and Ar is the second fundamental
form of Er . We now claim that for B > 0 sufficiently large, the functions f = sφ + Br and
f = sφ − Br are boundary barriers satisfying the conditions of Proposition A.1. To show
this, we compute

J ( f ) =
(

gμν
r − s2u2φμφν

1 + s2u2|dφ|2gr + u2B2

)

×
⎛

⎝

us Hess∂�
μν (φ) − u�r

μνB + suμφν + sφμuν
√

1 + s2u2|dφ|2gr + u2B2
− Kμν

⎞

⎠

+
(

0 − su2Bφμ

1 + s2u2|dφ|2gr + u2B2

)

⎛

⎝

0 − us�κ
μrφκ + Buμ + sφμur

√

1 + s2u2|dφ|2gr + u2B2
− Kμr

⎞

⎠

+
(

1 − u2B2

1 + s2u2|dφ|2gr + u2B2

)

⎛

⎝

2Bur
√

1 + s2u2|dφ|2gr + u2B2
− Krr

⎞

⎠

= −gμν
r �r

μν − trEr K + O(B−1)

< −HEr + | trEr K | + CB−1.

A similar computation shows that

J ( f ) = HEr − trEr K + O(B−1) > HEr − | trEr K | − CB−1.

Consequently, by choosing B large enough depending on C , we have the inequalities

J ( f ) − ε f < 0 and J ( f ) − ε f > 0,

in U ∩ �. The boundary condition f |∂� = f |∂� = sφ is automatically fulfilled. We also
note that by choosing B large enough we can ensure that

f |{r=r0} ≤ −max

{

sup
�

ε−1| trg(K )|, sup
∂�

|φ|
}

,

f |{r=r0} ≥ max

{

sup
�

ε−1| trg(K )|, sup
∂�

|φ|
}

.

Combining this with (4.5), we may now apply Proposition A.1 to find that sup∂� |d f |g ≤ C .
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C2,α estimate. In local coordinates we may write J ( f )− ε f = 0 as a quasilinear elliptic
equation

ai j (x, Df )Di j f + b(x, f , Df ) = 0, (4.11)

where

ai j (x, Df ) =
(

gi j − u2 f i f j

1 + u2|d f |2g

)

u
√

1 + u2|d f |2g
,

b(x, f , Df ) =
(

gi j − u2 f i f j

1 + u2|d f |2g

)

⎛

⎝

−u�k
i j fk + 2ui f j

√

1 + u2|d f |2g
− sKi j

⎞

⎠− ε f .

We have already shown that there is a constant C independent of s such that

sup
�

| f | + sup
�

|Df | ≤ C .

In particular, this implies that the equation (4.11) is strictly elliptic with an ellipticity constant
λC > 0 independent of s ∈ [0, 1]. Moreover, there is a constant μC > 0 independent of s
such that

∑

i, j

(|ai j (x, v)| + |Dxa
i j (x, v)| + |Dva

i j (x, v)|) + |b(x, y, v)| < μC ,

for all x ∈ � whenever |y|, |v| < C . It follows by [23, Theorem 13.7] that there exists
β := β(C, μC/λC ,�, |ϕ|C2,α(�)) = βC such that

|Df |C0,β (�) < C ′ = C ′(C, μC/λC ,�, |ϕ|C2,α(�)).

We can now treat the equation (4.3) as a linear elliptic equation, namely

ai j Di j f + bi Di f + c f = d,

where

ai j = ugi j
√

1 + u2|d f |2g
, bk = −ugi j�k

i j + 2gikui
√

1 + u2|d f |2g
, c = −ε, d = sgi j Ki j ,

and gi j is given in (2.1). By the above, |ai j |C0,β (�), |bi |C0,β (�), |c|C0,β (�) ≤ C for some
constant C independent of s. Using standard Schauder estimates [23, Theorem 6.6] we
conclude that | fs |C2,β (�) < C , uniformly in s ∈ [0, 1]. It follows that | fs |C1,α(�) < C
uniformly in s ∈ [0, 1]. Applying [23, Theorem 6.6] one more time, we conclude that
| fs |C2,α(�) < C , uniformly in s ∈ [0, 1]. ��

4.2 Proof of Proposition 4.1 by themethod of continuity

Proof of Proposition 4.1 Let S be the set of those s ∈ [0, 1] for which the system (4.3)-(4.4)
has a solution fs ∈ C3,α(�). S is nonempty since 0 ∈ S. We will now show that S is both
open and closed which will imply that S = [0, 1].

The set S is closed. Suppose that {sk}∞k=1 ⊂ S is a sequence converging to s0 ∈ [0, 1].
Then by the results of Section 4.1 the corresponding solutions fsk to (4.3)-(4.4) are uniformly
bounded in C2,α(�). By the [23, Lemma 6.36] there is a subsequence {ski }∞i=1 such that
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| fski − f |C2,β (�) → 0 as i → ∞ for some f ∈ C2,β(�) and β ∈ (0, α). f is then a
solution to (4.3)-(4.4) with s = s0. Applying standard elliptic estimates we conclude that
f ∈ C3,α(�) and hence s0 ∈ S, as claimed.
The set S is open. This is a consequence of the implicit function theorem. Consider the

C1 map T : C3,α(�) × R → C1,α(�) × C3,α(∂�) × R given by

T ( f , s) := (T1( f , s), T2( f , s), T3( f , s)) := (Hg( f ) − s trg(K )( f ) − ε f , f |∂� − sϕ, s).(4.12)

The linearization of T at ( f , s) is themap DT( f ,s) : C3,α(�)×R → C1,α(�)×C3,α(∂�)×R

given by

DT( f ,s)(η, σ ) = (D(T1)( f ,s)(η, σ ), D(T2)( f ,s)(η, σ ), D(T3)( f ,s)(η, σ ))

= (D(T1)( f ,s)(η, σ ), η|∂� − σϕ, σ ).

More specifically

D(T1)( f ,s)(η, σ ) = Gi j
( f ,s)(x)Hessi j η + bk( f ,s)(x, f , s)ηk + σd( f ,s)(x, f , s) − εη,(4.13)

where the coefficients Gi j , bk and d are given by

Gi j
( f ,s)(x) = ugi j

(1 + u2|d f |2g)1/2
,

bk( f ,s)(x) = −u2(gi j f k + g jk f i + gki f j )(u Hessi j f + ui f j + fi u j )

(1 + u2|d f |2g)3/2

+ 2gikui
(1 + u2|d f |2g)1/2

d( f ,s)(x) = −gi j Ki j ,

and gi j is given in (2.1). For fixed u ∈ C2,α(�), f ∈ C3,α(�) and s ∈ [0, 1], the above
coefficients are all in C1,α(�) and the differential operator in the right hand side of (4.13)
is uniformly elliptic. Recalling that ε > 0 we can use standard elliptic theory to see that for
every ψ ∈ C1,α(�), ξ ∈ C3,α(∂�) and t ∈ R there is a unique pair (η, σ ) ∈ C3,α(�) × R

satisfying
⎧

⎪

⎨

⎪

⎩

Gi j
( f ,s)(x)Hessi j η + bk( f ,s)(x)ηk + σd( f ,s)(x) − εη = ψ, in �

η = σϕ + ξ, on ∂�

σ = t .

Nowsuppose s0 ∈ S and fs0 ∈ C3,α(�) is a solution to (4.3)-(4.4)with s = s0. By the implicit
function theorem there is an interval I = (s0 − δ, s0 + δ) such that for all s ∈ I ∩ [0, 1],
(4.3)-(4.4) has a solution fs ∈ C3,α(�). In other words, S is open in [0, 1] as claimed. ��

5 Geometric solution to the Jang equation

In this section we will take the ε-limit of a sequence of solutions to the regularized problems
(4.1)-(4.2) with φ = 0 in Section 4, thereby constructing a so called geometric solution to the
generalized Jang equation. To study this geometric solution, we will need a priori estimates
of the vertical part of the normal. We begin by recalling the following proposition from Han
and Khuri [26, Section 3], generalizing an identity by Schoen and Yau [37, Equation 2.18].
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Proposition 5.1 Let �( f ) = {(x, f (x)) : x ∈ U } ⊂ M ×u R be a graphical submanifold
over the open set U ⊂ M, with downward pointing unit normal ν and with mean curvature
H computed as the tangential divergence of ν. Assuming that g ∈ C2

loc(U ), f ∈ C3
loc(U )

and that ν and H are extended along the R factor so that

ν(x, f (x)) = ν(x, f (x)+t), H(x, f (x)) = H(x, f (x)+t), for all x ∈ U and t ∈ R,

we then have

�g〈∂t ,−ν〉 + (|A|2g + ν(H) + ˜Ric(ν, ν))〈∂t ,−ν〉 = 0. (5.1)

We will now apply (5.1) when f satisfies an equation of mean curvature type, deriving a
differential inequality for the vertical part of the normal, 〈u−1∂t ,−ν〉.
Proposition 5.2 Suppose thatα ∈ (0, 1), τ > 0, that (M, g, K ) is aC2,α

τ asymptotically anti-
de Sitter initial data set and that �( f ) = {(x, f (x)) : x ∈ U } ⊂ (M ×u R, g̃ = g + u2d f 2)
is a graphical submanifold over the open set U ⊂ M, with downward pointing unit normal
ν and mean curvature H.

Suppose that u − ρ−1 ∈ C2,0
0 (M), that f ∈ C3

loc(U ) and that there is a C1 function
F : (M ×u R) × T (M ×u R) → R such that H(p) = F(p, ν) for all p ∈ �( f ). Let

D := {(p, X) ∈ (M ×u R) × T (M ×u R) : |X |g̃ ≤ 1}.
Suppose additionally that |F |C1(D) ≤ C0, that the map t �→ F(x, t, X) is non-decreasing
for all x ∈ M and X ∈ T (M ×u R). Then there is a constant C > 0 depending only on
(M, g, K ), |u − ρ−1|C2,0

0 (M)
, minM u and C0 such that

�g(〈u−1∂t ,−ν〉1/2) ≤ C〈u−1∂t ,−ν〉1/2. (5.2)

Remark 5.1 Note that (5.2) differs from the inequality [21, Lemma A.1] of Eichmair and
Metzger. Working with the quantity 〈u−1∂t ,−ν〉1/2 instead of 〈u−1∂t ,−ν〉 allows us to
eliminate a gradient term, see [21, Equation 17] and [21, Remark A.2].

Remark 5.2 Proposition 5.2 also generalizes a result of Han and Khuri [26, Theorem 3.2],
which holds in dimension 3. The proof of [26, Theorem 3.2] uses the boundedness of |A|g
and as such does not extend to higher dimensions.

Proof We adapt the argument of Eichmair and Metzger [21, Lemma A.1] to the warped
product setting. We let xi , i = 1, . . . , n, be local coordinates on M and we denote by t
the coordinate on R. Further, let p1, . . . pn, pt be the canonical coordinates on T (M ×u R)

induced by (x1, . . . , xn, t). Defining w = 〈u−1∂t ,−ν〉, (2.3) implies

νi = 〈∂t ,−ν〉 f i = uw f i , (5.3)

Consequently, we have

ν(H) = νi∂i (F(x, f (x), ν(x))) = νi
(

Fxi + Ft fi + Fpj

∂ν j

∂xi

)

= νi Fp j ∇iν
j + νi (Fxi − Fpj

˜�
j
imνm) + Ft |d f |2g〈∂t ,−ν〉.

(5.4)

The last two terms on the right hand side of (5.4) can be bounded from below

Ft |d f |2g〈∂t ,−ν〉 ≥ 0, νi (Fxi − Fpj
˜�

j
imνm) ≥ −|νi Fxi | − |νiνmFp j

˜�
j
im | ≥ −C,
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where the constantC depends on the geometry of (M, g, K ) and |F |C1(D). As a consequence
of these inequalities, (5.4) yields

ν(H) ≥ νi Fp j ∇iν
j − C . (5.5)

A computation using the identity w = (1 + u2|d f |2g)−1/2 shows that

(uw)i = ui
(1 + u2|d f |2g)1/2

− u2ui |d f |2g + u3 f k∇i fk

(1 + u2|d f |2g)3/2

= ui
(1 + u2|d f |2g)1/2

(

1 − u2|d f |2g
1 + u2|d f |2g

)

− u3 f k∇i fk
(1 + u2|d f |2g)3/2

= w3ui − u3w3 f k∇i fk .

(5.6)

Further, (5.3) and (5.6) imply

uwνi∇iν
j

= u2w2 f i
(

uw∇i f
j − (uw)3 f j f k∇i fk + w3 f j ui

)

by (5.3) and (5.6)

= u3w3 f i
(

g jk − u2w2 f j f k
)

∇i fk + u2w5 f i f j ui

= u3w3 f i g jk + u2w5 f i f j ui by gi j = gi j − u2w2 f i f j

= g jk(−(uw)k + w3uk) + u2w5 f i f j ui by (5.6)

= −gi j (uw)i + gi jw3ui + u2w2 f i f jw3ui

= −gi j (uw)i + g jkw3uk by gi j = gi j − u2w2 f i f j .

After multiplying the equality resulting from the above calculation by Fpj we have

uwνi Fp j ∇iν
j = −gi j (uw)i Fp j + g jkw3Fpj uk . (5.7)

Due to Lemma 2.1 we have |du|g, |Hess u|g ≤ Cu for some constant C depending on
(M, g, K ) and u. By definition we have 0 ≤ w ≤ 1. These bounds imply

∣

∣w3g jk Fp j uk
∣

∣ ≤
Cuw and combining this with (5.5) and (5.7) it follows that

− uwν(H) ≤ gi j (uw)i Fp j + Cuw. (5.8)

Consequently, (5.1) implies

�g(uw) = (−˜Ric(ν, ν)
︸ ︷︷ ︸

≤C

−|A|2g
︸ ︷︷ ︸

≤0

−ν(H))uw ≤ Cuw − uwν(H),

which combined with (5.8) yields, after rearrangement,

�gw ≤
(

C + gi j Fp j

ui
u

− �gu

u

)

w + g ji
(

Fpj − 2u j

u

)

wi . (5.9)

Recalling that |du|g, |Hess u|g ≤ Cu, equation (2.6) implies

∣

∣

∣

∣

∣

�gu

u

∣

∣

∣

∣

∣

=
∣

∣

∣

∣

∣

∣

�u

u
− u(Hess u)(∇ f ,∇ f )

1 + u2|d f |2g
+ |du|2g|d f |2g

1 + u2|d f |2g
− 〈d f , du〉H�( f )
√

1 + u2|d f |2g

∣

∣

∣

∣

∣

∣

≤ C,

123



Annals of Global Analysis and Geometry             (2025) 68:9 Page 21 of 39     9 

hence
∣

∣

∣

∣

∣

C + gi j Fp j

ui
u

− �gu

u

∣

∣

∣

∣

∣

≤ C .

We may now conclude by (5.9) that

w−1�gw ≤ C + 〈X , w−1∇w〉g,
where Xi := Fpi −2u−1ui . Note that |X |g ≤ C which togetherwith the bound 2ab ≤ a2+b2

yields

w−1�gw ≤ C + |dw|2g
2w2 .

This in turn implies

w−1/2�gw1/2 = �gw

2w
− |dw|2g

4w2 ≤ C,

and (5.2) follows. ��
Proposition 5.3 Suppose that α ∈ (0, 1), τ > 0 are real numbers and that (M, g, K ) is a
C2,α

τ asymptotically anti-de Sitter initial data set. Suppose moreover that f ∈ C3
loc(BR(x0))

satisfies J ( f ) = ε f for some ε ∈ [0, 1) on BR(x0) ⊂ M, that u − ρ−1 ∈ C2,0
0 (M) and

that supBR(x0) |u f | ≤ T for some T > 0. Then there is a constant C > 0 depending only on
(M, g, K ), |u − ρ−1|C2,0

0 (M)
, infM u, R and T such that

|(ud f )(x0)|g ≤ C .

Proof The argument we present is inspired by Eichmair [18, Lemma 2.1], who in turn adapts
an argument of Spruck [40]. Throughout this proof, the constantC > 0may change from line
to line but depends only on (M, g, K ), |u|C2(BR(x0)), infBR(x0) u, R and T . Proposition 5.2
implies that w := 〈u−1∂t ,−ν〉 = (1 + u2|d f |2g)−1/2 satisfies

�gw1/2 ≤ Cw1/2. (5.10)

We also note that the assumption J ( f ) = ε f implies

H = tr�( f ) K + ε f = tr�( f ) K + 〈∇u, ν〉g̃
u

+ ε f ,

which combined with Lemma 2.1 and the assumption supBR(x0) |u f | ≤ T implies

|H | ≤ C, (5.11)

where the constantC depends on (M, g, K ), |u−ρ−1|C2,0
0 (M)

, infM u, T and ε. We let L > 0

be a constant to be specified and we define the functions

η := eLφ − 1, φ(x) := −u(x0) f (x0) + u(x) f (x) + R − T + R

R2 d(x0, x)
2.

The set � := {x ∈ BR(x0) : φ(x) > 0} is open and contains x0. We have φ ≡ 0 on ∂� and
hence also η = 0 on ∂�. At an interior maximum point p ∈ � of w−1/2η we have

0 = d(w−1/2η) = η∇(w−1/2) + w−1/2∇η (5.12)

0 ≥ w1/2�(w−1/2η) = �η + 2w1/2〈∇η,∇w−1/2〉g + ηw1/2�(w−1/2). (5.13)
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The equation (5.12) implies

2w1/2〈∇η,∇(w−1/2)〉 = −2wη|∇(w−1/2)|2g,
and by (5.10) we also have

w1/2�(w−1/2) = −w−1/2�w1/2 + 2w|∇w−1/2|2g ≥ −C + 2w|∇w−1/2|2g.
In conclusion, (5.13) implies that at an interior maximum point p of w−1/2η we have

Cη ≥ �η. (5.14)

Next, we note that by the definitions of η and φ, we have the identities

�η = LeLφ�φ + L2eLφ |∇φ|2g, (5.15)

∇φ = u∇ f + f ∇u − T + R

R2 ∇ψ, (5.16)

�φ = u� f + 2〈∇ f ,∇u〉g + f �u − T + R

R2 �ψ, (5.17)

where ψ := d(x0, ·)2. Combining (5.14) with (5.15) and (5.17) we find that at p

CeLφ ≥ LeLφ

(

u� f + 2〈∇ f ,∇u〉g + f �u − T + R

R2 �ψ

)

+ L2eLφ |∇φ|2g. (5.18)

Next, we would like to estimate the terms in the parentheses in the right hand side of (5.18).
First we note that by (2.6)

�ψ = gi j Hessi j ψ + u2|d f |2g〈u−1du, dψ〉g
1 + u2|d f |2g

− uH〈d f , dψ〉
√

1 + u2|d f |2g
.

The terms above can be bounded as follows

|gi j Hess i jψ | ≤ C by the Hessian comparison theorem
∣

∣

∣

∣

∣

u2|d f |2g〈u−1du, dψ〉g
1 + u2|d f |2g

∣

∣

∣

∣

∣

≤ Cu2|d f |2g
1 + u2|d f |2g

≤ C by |dψ |g ≤ C and Lemma 2.1

∣

∣

∣

∣

∣

∣

uH〈d f , dψ〉
√

1 + u2|d f |2g

∣

∣

∣

∣

∣

∣

≤ Cu|d f |g
√

1 + u2|d f |2g
≤ C by |dψ |g ≤ C and Lemma 2.1.

Thus it follows that:
∣

∣

∣

∣

T + R

R2 �ψ

∣

∣

∣

∣

≤ C .

Further, by the definition of g we have

2〈∇ f ,∇u〉g = 2〈d f , du〉g
1 + u2|d f |2g

.

Using (2.5) we find

ugi j Hessi j ( f ) = H
√

1 + u2|d f |2g − gi j (ui f j + fi u j + u2〈du, d f 〉g fi f j )

= H
√

1 + u2|d f |2g − (2 + u2|d f |2g)〈du, d f 〉g
1 + u2|d f |2g

,
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which combined with (2.6) results in

u� f = H
√

1 + u2|d f |2g − (2 + u2|d f |2g)〈du, d f 〉g
1 + u2|d f |2g

+ u2|d f |2g〈du, d f 〉g
1 + u2|d f |2g

− u2|d f |2gH
√

1 + u2|d f |2g
= H
√

1 + u2|d f |2g
− 2〈du, d f 〉g

1 + u2|d f |2g
.

In the view of (5.11) we have
∣

∣u� f + 2〈∇ f ,∇u〉g
∣

∣ ≤ |H | ≤ C . Finally, we need to bound
the term

f �u = f �u − f u2(Hess u)(∇ f ,∇ f )

1 + u2|d f |2g
+ f u|du|2g|d f |2g

1 + u2|d f |2g
− 〈d f , du〉g f uH
√

1 + u2|d f |2g
.

For this, we use Lemma 2.1 which implies the bounds |du|g, |∇2u|g ≤ Cu for some constant
C that depends on (M, g, K ), |u−ρ−1|C2,0

0 (M)
and infM u and recall our assumption |u f | ≤ T

on BR(x0). Hence

| f �u| ≤ C,

∣

∣

∣

∣

∣

f u2(Hess u)(∇ f , ∇ f )

1 + u2|d f |2g

∣

∣

∣

∣

∣

≤ C,
u f |du|2g |d f |2g
1 + u2|d f |2g

≤ C,
〈d f , du〉gu f H
√

1 + u2|d f |2g
≤ C .

This implies: | f �u| ≤ C .
In summary, choosing L to be large enough with respect to C , (5.18) implies

|∇φ|2g ≤ C

L
. (5.19)

On the other hand, by (5.16) we have

|∇φ|2g =
∣

∣

∣

∣

ud f + f du − T + R

R2 dψ

∣

∣

∣

∣

2

g
−
〈

ud f , ud f + f du − T+R
R2 dψ

〉2
g

1 + u2|d f |2g
.

Defining v := f du − T+R
R2 dψ , by Lemma 2.1 we have |v|g ≤ C , thus

|∇φ|2g = |ud f + v|2g − 〈ud f , ud f + v〉2g
1 + u2|d f |2g

≥ |ud f + v|2g − u2|d f |2g|ud f + v|2g
1 + u2|d f |2g

= |ud f + v|2g
1 + u2|d f |2g

.

Using the inequality |X + Y |2 ≥ 1
2 |X |2 − |Y |2 and the bound |v|g ≤ C to get

|∇φ|2g ≥ u2|d f |2g − C

2(1 + u2|d f |2g)
.

Choosing L > 4C in (5.19) we get

u2|d f |2g − C

2(1 + u2|d f |2g)
≤ 1

4
.

All in all, we conclude that u|d f |g ≤ C at a local maximum point p of the function

w−1/2η = (eLφ − 1)(1 + u2|d f |2g)1/4.
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Noting that φ ≤ 3T + 2R ≤ C on BR(x0) we get

sup
x∈BR(x0)

w−1/2η ≤ C · (eLC − 1).

In particular, we have

w(x0)
−1/2η(x0) ≤ C(eLC − 1).

If we now assume that L ≥ 2/R we have η(x0) = eLR − 1 ≥ 1 which implies

w−1/2(x0) ≤ C(eLC − 1)η(x0)
−1 ≤ C(eLC − 1).

After fixing any L satisfying the above requirements, we have the desired result. ��
We are now ready to construct a so called geometric solution to the generalized Jang

equation, a complete embedded hypersurface� ⊂ M×uR having prescribedmean curvature
H� = tr� K . We assume that (u − ρ−1) ∈ C3,α

0 (M) and we choose an exhaustion of M
by precompact sets �m such that ∂�m = {ρ = ρm}, where ρm → 0. For every sufficiently
small εm > 0, Proposition 4.1 implies the existence of a function fm ∈ C3,α(�m) satisfying

{

J ( fm) = εm fm, in �m,

fm = 0, on ∂�m .

The next step is to obtain the limit of the graphs �( fm) ⊂ ˜M when εm → 0. In dimension
3, one can derive uniform bounds on the second fundamental form, which in turn implies
a precompactness result for �( fm). However, these estimates are not available in higher
dimensions. Instead, we will use the Proposition B.1 proven in Appendix B by adapting the
results of Eichmair [18, Appendix A] to the warped product setting. As a result we obtain
the following.

Theorem 5.1 (Existence of geometric solutions) Suppose that α ∈ (0, 1), τ > n/2, that
(M, g, K ) is a C2,α

τ asymptotically anti-de Sitter initial data set and that (u − ρ−1) ∈
C2,α
0 (M). Suppose further that { fm}∞m=1 ⊂ C3,α

loc are solutions to the boundary value problem
(4.1)-(4.2) with εm → 0 on precompact domains �m such that

⋃∞
m=0 �m = M.

Then there exists an open set E ⊂ M ×u R and an oriented C3,α submanifold � = ∂E of
˜M with the unit normal pointing out of E denoted by ν such that each connected component
of � is either a graph or a cylinder and the mean curvature of � computed as the tangential
divergence of ν is given by

H = tr� K ,

where K is the extension of K as in (2.10). Let f : U → R be the function such that the
graphical part of� is�( f ). Then one of the connected components ofU is of the form M \K0

for some compact set K0 ⊂ M and the restriction of f to this connected component satisfies

f ∈ C3,α
τ+1(M \ K0). (5.20)

The boundary of U decomposes as ∂U = ∂+U ∪∂−U where f (x) → ∞ (respectively−∞)
as x → ∂+U (respectively ∂−U). Each connected component of ∂+U and ∂−U is a C3,α

submanifold of M and its mean curvature, H ∂±U , computed as the tangential divergence of
the unit normal pointing out of U satisfies:

H ∂±U = ± tr∂±U K . (5.21)

Finally, there is a T > 0 such that�( f )∩{|t | > T } can be written as a graph over ∂±U ×R.
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Proof Themean curvature of the graph�( fm) of fm : �m → R satisfying (4.1)-(4.2) equals

Hm = εm fm +
(

gi j − u2 f im f j
m

1 + u2|d fm |2g

)

Ki j + 〈νm,∇u〉
u

(

1 − 〈−νm, u−1∂t 〉2
)

(5.22)

Thus the hypothesis of Proposition B.1 is satisfied with Fm and F given by

Fm(x, t, X) = trg̃ K − K (X , X) + 〈X ,∇u〉
u

(

1 − 〈−X , u−1∂t 〉2
)+ εmt,

F(x, t, X) = trg̃ K − K (X , X) + 〈X ,∇u〉
u

(

1 − 〈−X , u−1∂t 〉2
)

.

Thus Proposition B.1 implies that there is a subsequence of { fm}m , denoted by the same
notation, an open set E ⊂ M ×u R whose boundary � = ∂E is a C3,α submanifold of
M ×u R such that the �( fm) converge locally to � in C3,α

loc as graphs over the tangent spaces
of �. In addition, we have the convergence of the indicator functions

χEm → χE in BVloc(M ×u R).

Let ν be the unit normal of � pointing out of E . Since the normals νm of the �( fm) are
downward pointingwe find that 〈u−1∂t ,−νm〉 > 0 for allm and hencew = 〈u−1∂t ,−ν〉 ≥ 0
on �. Due to the local C3,α convergence of �( fm) to � in Proposition 5.2, we find that

�gw1/2 − Cw1/2 ≤ 0,

on � for someC > 0. By the strong maximum principle (cf. [23, Theorem 3.5]) we conclude
that eitherw > 0 orw ≡ 0 on each connected component of�. In the first case the component
is graphical and in the second case it is cylindrical.

Let f : U → R be the graphing function of the graphical part of �. The barriers con-
structed in Section 3 satisfy f− < 0 < f+ and J ( f+) < 0 < J ( f−), which implies
J ( f+) < εm f+ and J ( f−) > εm f−. Lemma 3.1 now implies that outside of a compact set
K0 we have: f− ≤ fm ≤ f+ for all m. The estimates | f±| ≤ Cρτ+1 imply | fm | ≤ Cρτ+1,
which then implies | f | ≤ Cρτ+1 on M \ K0. Proposition 5.3 yields u|d f |g ≤ C hence f
satisfies a uniformly elliptic quasilinear PDE, u−1J ( f ) = 0, outside of K0.

For any BR(x) ⊂ M \ K0, we can apply [23, Theorem 13.6] (see also the proof of
Proposition 4.2) to conclude that | f |C1,γ (Br (x)) ≤ C , where r < R is a smaller radius
depending only on (M, g, K , R,C) and γ ∈ (0, 1). We now treat u−1J ( f ) = 0 as a
linear uniformly elliptic PDE with coefficients bounded in C0,γ (Br (x)) and apply standard
Schauder estimates [23, Theorem6.2] to obtain | f |C2,γ (Br (x)) ≤ Cρτ+1. A standard bootstrap
gives us the inequality: | f |Ck,α(Br (x)) ≤ Cρτ+1, for all Br (x) ⊂ M \ K0 with r < R and
C = C(M, g, K , R), establishing (5.20).

Since �( f ) = ∂E is boundaryless it follows that | f (x)| → ∞ as x → ∂U . Thus we
have

∂U = ∂+U ∪ ∂−U where ∂U± := {x0 ∈ ∂U : lim
x→x0

f (x) = ±∞}.

Clearly, for t ∈ R, the mean curvature of the graph �( f − t) ⊂ M ×u R is independent of t
and is given by

F(x, X) := trg̃ K − K (X , X) + 〈X ,∇u〉
u

(

1 − 〈−X , u−1∂t 〉2
)

.
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Letting t → ∞ and applying Proposition B.1 again, up to passing to a subsequence, we
obtain a C3,α surface G = ∂W in the limit, where W ⊂ M ×u R is open. The convergence
of the indicator functions in Proposition B.1 implies W = πM (W ) ×R. By construction we
must have ∂+U = ∂(πM (W )) and hence G = ∂+U × R. The cylinder G is C3,α and hence
so is ∂+U . Letting t → −∞, we conclude that ∂−U is C3,α as well.

We will now show that �( f )∩ {|t | > T } is a graph over ∂±U ×R for T large enough. To
this end, let N be a C1 unit normal vector field defined in a neighborhood � of ∂+U ⊂ M
and extend N to all of � × R by requiring that N(x,t) = N(x,t+s) for all t, s ∈ R. Suppose
on the contrary that for any T > 0, the set �( f ) ∩ {t > T } cannot be written as a graph over
∂+U × R. In this case, there is a sequence of points {(xl , f (xl))} ⊂ � such that

lim
l→∞ dist(xl , ∂

+U ) = 0, lim
l→∞ f (xl) = ∞, 〈ν, N 〉g|(xl , f (xl )) = 0.

Passing to a subsequence we can assume that xl → x0 ∈ ∂+U and that the submanifolds
�( fl − f (xl)) ∩ {−1 < t < 1} C3,α converge to ∂+U × (−1, 1). Let ν+ denote the unit
normal of ∂+U pointing out of W , we then find

±1 = 〈ν+, N 〉|(x0,0) = lim
l→∞〈ν, N 〉|(xl , f (xl )) = lim

l→∞ 0 = 0,

a contradiction. Repeating the same argument for t → −∞, we conclude that for some
T > 0, �( f ) ∩ {t > |T |} is a graph over ∂±U × R.

Lastly we compute the mean curvature of ∂±U ⊂ M , the tangential divergence of the
normal ν pointing out of U . In the view of the above argument, Proposition B.1 implies
H ∂±U×R = tr∂±U×R K . At the same time, we note that (2.12) and (2.2) yield

tr∂±U×R K = tr∂±U×R K + 〈ν,∇u〉
u

(

1 − 〈−ν, u−1∂t 〉2
) = tr∂±U K + 〈ν,∇u〉

u
,

H ∂±U×R − (±H ∂±U ) = −gtt 〈∇∂t ν, ∂t 〉 = u−2〈ν,∇∂t ∂t 〉 = u−2〈ν, u∇u〉 = 〈ν,∇u〉
u

,

and hence ±H ∂±U = tr∂±U K . ��
Remark 5.3 In the proof of the above propositionwe have not discussed the asymptotics of the
asymptotically cylindrical ends. These asymptotics remain the same no matter which initial
data we use, be it asymptotically hyperboloidal, asymptotically Euclidean or asymptotically
anti-de Sitter. The reader is referred to Metzger [33], Han and Khuri [26] and Yu [43] for
results in this direction that all apply in our case, under some additional assumptions on the
set ∂±U and/or the warping factor u in a neighborhood of ∂±U .

6 A Jang equation reduction argument for asymptotically anti-de Sitter
initial data sets

In this section we discuss applications of the generalized Jang equation in the context of the
positive mass theorem for asymptotically anti-de Sitter initial data sets. We start by recalling
the definition of mass that is relevant here, see Michel [34, Section 4.3] and Chrusciel and
Herzlich [12].

Definition 6.1 Suppose that α ∈ (0, 1), τ > n/2, that (M, g) is a C2,α
τ asymptotically

hyperbolic manifold (possibly with boundary) as in Definition 2.1 such that

Scalg +n(n − 1)

ρ
∈ L1(M, g). (6.1)
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Letting {xi } be the restrictions of Cartesian coordinates of Rn to Sn−1 we define

N := span

{

V0 := 1 − ρ

ρ
, V1 := x1

ρ
, . . . Vn := xn

ρ

}

. (6.2)

Defining e := g − b and c−1
n = 2ωn−1(n − 1), then for V ∈ N we have

Mg(V ) = cn lim
ρ→0

∫

{|x |=ρ}
[V (divb e − d(trb e)) − e(∇bV , ·) + (trb e)dV ](ν)dμb, (6.3)

is a well defined linear map called the mass functional of (M, g).

Recall that in Section 5 we constructed a geometric solution to the Jang equation as a
submanifold of the warped product M ×u R with prescribed mean curvature. We also noted
that this geometric solution has a C3,α

τ asymptotically hyperbolic component �( f ), which
is given as the graph of a function f ∈ C3,α

τ+1(U ) defined outside of a compact subset of M .

Theorem 6.1 (Mass change and Jang reduction) Suppose that α ∈ (0, 1), τ > n/2, that
(M, g, K ) is a C2,α

τ asymptotically anti-de Sitter initial data set with g satisfying (6.1) and
that u − ρ−1 ∈ C2,α

0 (M). Suppose further that f ∈ C3,α
τ+1(U ) is a solution to the Jang

equation on an open set U ⊂ M such that M \U is compact and ∂U is C3,α
loc . Then the mass

functional of (�( f ), g = g + u2d f 2) is well defined and coincides with the one of (M, g).

Proof The identity (2.15) implies

Scalg +n(n − 1) = 2(μ − J (w)) + |A − K |�( f )|2g + 2|q|2g − 2

u
divg(uq).

That (Scalg +n(n−1))ρ−1 ∈ L1(M, g), f ∈ Ck+1,α
τ+1 (U ), K ∈ Ck−1,α

τ (M) and the identities
(2.8), (2.9), (2.10) and (2.16) combined with the above imply

Scalg +n(n − 1)

ρ
∈ L1(M, g).

Moreover we note that g−b = u2d f 2+g−bwhere u2d f 2 ∈ Ck,α
2τ (U ) and g−b ∈ Ck,α

τ (U ).
It follows that (�( f ), g + u2d f 2) is a Ck,α

τ asymptotically hyperbolic manifold satisfying
(6.1) and so itsmass functional iswell defined.That themass functionals of (�( f ), g+u2d f 2)
and (M, g) agree follows from a straightforward computation using (6.3). ��
Next, we study how the mass functional changes under conformal changes of the metric. In
what follows we let

κ := 4

n − 2
. (6.4)

.

Proposition 6.1 Suppose that α ∈ (0, 1), τ > n/2, that (M, g) is a C2,α
τ asymptotically

hyperbolic manifold satisfying (6.1). Let θ ∈ Ck,α
τ (M) and ĝ := eκθ g be such that

(Scalĝ +n(n + 1))ρ−1 ∈ L1(M, ĝ).

Then

Mĝ(V ) − Mg(V ) = κ

2ωn−1
lim
ρ→0

∫

{|x |=ρ}

(

θdV − Vdθ

)

(ν)dμb. (6.5)
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Proof Noting that

ê := ĝ − b = ĝ − g + g − b = (eκθ − 1)g + g − b,

we see that (M, ĝ) is a Ck,α
τ asymptotically hyperbolic manifold as well and so the mass

functional of (M, ĝ) is well defined. From (6.3) and the definition of ĝ it follows that

Mĝ(V ) − Mg(V )

= cn lim
ρ→0

∫

{|x |=ρ}
[V (divb ẽ − d trb ẽ) + (trb ẽ)dV − ẽ(∇bV , ·)](ν)dμb, (6.6)

for V ∈ N and ẽ := (eκθ − 1)g. Recalling that e = g − b, we can also check that

V (divb ẽ)(ν) = κeκθVe(∇bθ, ν) + κeκθVdθ(ν) + (eκθ − 1)V divb e(ν),

−V (d trb ẽ)(ν) = −V (n + trb e)κeκθdθ(ν) − V (eκθ − 1)(d trb e)(ν),

(trb ẽ)dV (ν) = (eκθ − 1) trb(e)dV (ν) + n(eκθ − 1)dV (ν),

−ẽ(∇bV , ν) = −(eκθ − 1)e(∇bV , ν) − (eκθ − 1)dV (ν).

These identities together with (6.6) imply

Mĝ(V ) − Mg(V )

= cn lim
ρ→0

∫

{|x |=ρ}

(

(eκθ − 1)[V (divb e − d trb e) + (trb e)dV − e(∇bV , ·)](ν)

+ κeκθV [e(∇bθ, ν) − (trb e)dθ(ν)] + (n − 1)[(eκθ − 1)dV − κVeκθdθ ](ν)

)

dμb.

Recalling that |θ | + |∇bθ |b ≤ Cρτ , |e|b + |∇be|b ≤ Cρτ , we obtain

Mĝ(V ) − Mg(V ) = (n − 1)cn lim
ρ→0

∫

{|x |=ρ}

(

(eκθ − 1)dV − κVeκθdθ

)

(ν)dμb.

The estimates eκθ − 1 = κθ + O(ρ2τ ) = O(ρτ ) and dθ(ν) = O(ρτ ) now imply (6.5). ��
We conclude this section with a theorem that highlights a potential application of the results
of this paper in the context of the positive mass conjecture for asymptotically anti-de Sitter
initial data sets.

Theorem 6.2 Suppose that α ∈ (0, 1), τ > n/2, that (M, g, K ) is a complete C2,α
τ asymp-

totically anti-de Sitter initial data set satisfying the dominant energy condition and that
(M, g) satisfies (6.1). Suppose furthermore that there exists functions f ∈ C3,α

τ+1(M) and

u ∈ C2,α
loc (M) such that u is positive, u−V0 ∈ C2,α

τ−1(M) and ( f , u) is an entire solution (i.e.
defined on all of M) to the coupled system

{

J ( f ) = 0,

�gu = nu,
(6.7)

where g = g + u2d f 2. Then the energy momentum vector of (M, g, K ) is future causal,

Mg(V0) ≥
√

√

√

√

n
∑

i=1

Mg(Vi )2.
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If Mg(V0) = 0, then (M, g) embeds as a spacelike graphical slice into the anti-de Sitter
spacetime with second fundamental form K .

Proof Suppose the assumptions of the theorem are satisfied. By Gicquaud [22, Theorem 3.3]
there is a function θ ∈ Ck,α

τ (M) satisfying the Yamabe equation

− κ(n − 1)
(

|dθ |2g + �gθ
)

+ Scalg = −n(n − 1)eκθ , (6.8)

so that (M, ĝ = eκθ g) is aCk,α
τ asymptotically hyperbolicmanifoldwith Scalĝ ≡ −n(n−1).

Thus (M, ĝ) has a well defined mass functional. Proposition 6.1 applied with g in the place
of g combined with the estimates |θdV0 − V0dθ |b = O(ρτ−1) and |dμb − dμg| = O(ρτ )

implies:

δM := 2ωn−1

κ
[Mĝ(V0) − Mg(V0)] = lim

ρ→0

∫

{|x |=ρ}

(

θdV0 − V0dθ

)

(ν)dμg.

Let η ∈ Ck,α
loc (M) be any function such that η − 1 ∈ Ck,α

τ (M). Since u − V0 ∈ Ck,α
τ−1(M) and

θ ∈ Ck,α
τ (M) we have

θdV0 − V0dθ = θ d(V0 − u)
︸ ︷︷ ︸

∈Ck−1,α
τ−1 (M)

− (V0 − u)
︸ ︷︷ ︸

∈Ck,α
τ−1(M)

θ + (1 − η2) · (θdu − udθ)
︸ ︷︷ ︸

∈Ck−1,α
τ−1 (M)

+η2(θdu − udθ)

= (ηθ)d(ηu) − (ηu)d(ηθ) + O(ρ2τ−1).

As a consequence, using the divergence theorem, we can rewrite δM as

δM = lim
ρ→0

∫

{|x |=ρ}
[(ηθ)d(ηu) − (ηu)d(ηθ)](ν)dμg =

∫

M
ηθ�g(ηu) − ηu�g(ηθ)dV g

=
∫

M

(

η2(θ�gu − u�gθ) + 〈d(η2), θdu − udθ〉
)

dV g.

Next we note the following inequality which follows from the generalized Schoen and Yau
identity and the dominant energy condition, see (2.15) and Definition 2.5:

−Scalg ≤ n(n − 1) − 2|q|2g + 2

u
divg(uq).

Combining the above with (6.8) we obtain

− �gθ = |dθ |2g − neκθ

κ
− Scalg

κ(n − 1)
≤ |dθ |2g − n

κ
(eκθ − 1) −

2
(

|q|2g − 1
u divg(uq)

)

κ(n − 1)
.

(6.9)

In the view of the assumption �gu = nu and the inequality (6.9) we arrive at the estimate

δM ≤
∫

M
nη2u

(

θ − eκθ − 1

κ

)

dV g − 2

κ(n − 1)

∫

M
η2(u|q|2g − divg(uq))dV g

+
∫

M

(

η2u|dθ |2g + 〈d(η2), θdu − udθ〉g
)

dV g.

Since 1 + x ≤ ex for all x ∈ R, the first integral above is non-positive. Furthermore, the
divergence theorem implies

∫

M
η2 divg(uq)dV g = −

∫

M
uq(∇η2)dV g.
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Note that there are no boundary terms in the above formula since (2.16), (2.4) and the
assumptions u − ρ−1 ∈ Ck,α

0 (M), f ∈ Ck+1,α
τ+1 (M) and K ∈ Ck−1,α

τ (M) together imply
|uη2q(ν)| = O(ρ2τ−1) = o(ρn−1). In conclusion, we have the upper bound

δM ≤
∫

M

(

η2u|dθ |2g + 〈d(η2), θdu − udθ〉g
)

− 2

κ(n − 1)

(

η2u|q|2g + uq(∇η2)

)

dV g.

We now let η = e2θ , then

δM ≤
∫

M

(

ue4θ |dθ |2g + 4e4θ 〈dθ, θdu − udθ〉g
)

− 2ue4θ

κ(n − 1)

(

|q|2g + 4q(∇θ)

)

dV g.

(6.10)

In turn, the Cauchy-Schwarz inequality implies: |4q(∇θ)| ≤ |q|2g + 4|dθ |2g , hence
∫

M

−2ue4θ

κ(n − 1)

(

u|q|2g + 4q(∇θ)

)

dV g ≤
∫

M

2(n − 2)

n − 1
ue4θ |dθ |2gdV g. (6.11)

Moreover, we have

4e4θ 〈dθ, θdu − udθ〉g = 4θe4θ 〈dθ, du〉g − 4ue4θ |dθ |2g. (6.12)

Combining (6.10), (6.11) and (6.12) we obtain

δM ≤
∫

M
ue4θ |dθ |2g

(

1 − 4 + 2(n − 2)

(n − 1)

)

︸ ︷︷ ︸

<0

dV g +
∫

M
4θe4θ 〈dθ, du〉gdV g. (6.13)

The first integral on the right hand side is non-positive. As for the second integral, we note
that the function γ (x) := xe4x − e4x/4 + 1/4 satisfies

lim
x→−∞ γ (x) = 1

4
, lim

x→∞ γ (x) = ∞, γ ′(x) = 4xe4x , γ (0) = 0.

It is easy to check that this implies that γ (x) ≥ 0 for all x ∈ R and that γ (x) = O(x2) for
small x . Hence γ (θ) = O(ρ2τ ) and consequently, the divergence theorem implies

∫

M
4θe4θ 〈dθ, du〉gdV g =

∫

M
〈d(γ (θ)), du〉gdV g −

∫

M
γ (θ)(�gu)dV g

= −n
∫

M
uγ (θ)dV g ≤ 0.

(6.14)

Again, there are no boundary terms appearing when applying the divergence theorem due
to the estimate |γ (θ)du|g = O(ρ2τ−1) = o(ρn−1). It follows that δM ≤ 0 and hence
Mĝ(V0) ≤ Mg(V0) = Mg(V0). An application of the standard positive mass theorem for
asymptotically hyperbolic manifolds, see e.g. [10, Theorem 1], to (M, ĝ) givesMĝ(V0) ≥ 0
and hence Mg(V0) ≥ 0 as well.

Next suppose that E := Mg(V0)2 <
∑n

i=1 Mg(Vi )2 and define the vector

P := (Mg(V1), . . . ,Mg(Vn)),

so that E2 < |P|2. Since every Lorentz boost (see [16, Section 2] for details) q : Hn → H
n

is an isometry, we find that for any chart at infinity � : M \ K0 → H
n \ BR0 , the map

� ′ = q ◦ � is another a chart at infinity, after replacing K0 with a larger compact set if
necessary. If q is a Lorentz boost by the angle η in the direction P , then since the mass
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functional changes equivariantly under isometries of the background manifold (Hn, b) (see
e.g. [34]), we have

M′
g(V0) = E − η|P|

√

1 − η2
,

where M′
g is the mass functional with respect to the chart � ′. In particular, choosing η ∈

(|E |/|P|, 1) givesM′
g(V0) < 0, a contradiction. Thus we haveMg(V0)2 ≥∑n

i=1 Mg(Vi )2

as desired.
Lastly suppose thatMg(V0) = 0, inwhich casewemust have δM = 0. By the calculation

in (6.14), the second term in the right hand side of (6.13) is non-positive and so

0 = δM ≤
∫

M
ue4θ |dθ |2g

(

1 − 4 + 2(n − 2)

(n − 1)

)

︸ ︷︷ ︸

<0

dV g ≤ 0.

This combined with θ ∈ Ck,α
τ (M) implies that dθ ≡ 0 so that θ ≡ 0 and Scalg ≡ −n(n−1),

which combined with [28, Theorem 3] implies that (M, g) is isometric to the hyperbolic
space (Hn, b).

The equality Scalg ≡ −n(n−1) combined with the generalized Schoen-Yau identity (see
(2.15)) and the dominant energy condition implies

u|A − K |2g ≤ 2u(μ − J (w)) + u|A − K |2g = −2u|q|2g + 2 divg(uq). (6.15)

Integrating over {|x | ≤ ρ} and letting ρ → 0, we may argue as before to find

0 ≤
∫

M
u|A − K |2gdV g ≤

∫

M
−u|q|2g + divg(uq)dV g ≤

∫

M
divg(uq)dV g

= lim
ρ→0

∫

{|x |=ρ}
uq(ν)dμg = 0.

Since u > 0 it follows that A = K . The calculations in [5, Appendix B] apply to any
warped product, which implies that (M, g) embeds into the warped product space-time
(R×H

n,−u2dt2 + b) via the map x �→ ( f (x), x) with second fundamental form K . Since
u satisfies �bu = nu and the asymptotic condition u−V0 ∈ Ck,α

τ (M) it follows that u = V0
and so (R × H

n,−u2dt2 + b) is the anti-de Sitter spacetime. In summary, (M, g) can be
embedded as a space-like graphical slice of anti de-Sitter space-timewith second fundamental
form K . ��

Remark 6.1 We do not expect that every asymptotically anti-de Sitter initial data set
(M, g, K ) admits a globally defined solution ( f , u) of the system (6.7), as solutions of
the generalized Jang equation may blow-up on marginally outer and inner trapped surfaces,
see Section 5. Presumably, this issue can be dealt with by using the results Han and Khuri
[26] and Yu [43] regarding the asymptotics of solutions near the boundary of their blow up
sets (see also Remark 5.3). We note that one is confronted with the same problem in the
reduction argument proposed by Cha and Khuri in [7].
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A Boundary gradient estimates.

Proposition A.1 Let U be a neighborhood of ∂�, let f , f ∈ C2(U ∩ �) ∩ C1(U ∩ �) be
such that

Hg( f ) − s trg(K )( f ) − ε f < 0,

Hg( f ) − s trg(K )( f ) − ε f > 0,

in U ∩ � and f = f = sφ on ∂�. If f is a solution to (4.3)-(4.4) and satisfies

f ≤ f ≤ f on ∂U ∩ �,

then we have the bound

sup
∂�

|d f |g ≤ max(|d f |g, |d f |g).

Proof Since � ∩U is compact, f − f attains its minimum at some point p in � ∩U . If
p ∈ ∂(� ∩U ) = ∂� ∪ (∂U ∩ �), then in the view of

f = f , on ∂� and f ≤ f , on ∂U ∩ �,

it follows that f (p) ≤ f (p). If p lies in the interior of � ∩U , then at p

∇( f − f ) = 0, Hess( f − f ) is non-negative definite at p.

Hence

0 > Hg( f ) − s trg(K )( f ) − ε f − Hg( f ) + s trg(K )( f ) + ε f

=
(

gi j − u2 f i f j

1 + u2|d f |2g

)

⎛

⎝

u Hessi j f − u Hessi j f
√

1 + u2|d f |2g

⎞

⎠

︸ ︷︷ ︸

≥0

+ s

(

gi j − u2 f i f j

1 + u2|d f |2g

)

(Ki j − Ki j )

︸ ︷︷ ︸

=0

+ε( f − f ) ≥ ε( f − f ),

at p. It follows that: f (p) ≥ f (p). Hence f ≥ f inU ∩� and by a similar argument f ≤ f

in U ∩ �. Since f (p0) = f (p0) = f (p0) for all p0 ∈ ∂� it follows that for all p ∈ U ∩ �

f (p) − f (p0)

d(p0, p)
≤ f (p) − f (p0)

d(p0, p)
≤ f (p) − f (p0)

d(p0, p)
.

Passing to local coordinates and comparing partial derivatives we get the desired bound. ��

B Results on convergence of graphs of boundedmean curvature

The aim of this appendix it to prove the following proposition.
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Proposition B.1 (Limits of graphs in warped product spaces) Let (Mn, g) be a Riemannian
manifold with g ∈ C2,α

loc (M), 3 ≤ n ≤ 7, α ∈ (0, 1) and let ˜M := (M ×R, g̃ := g + u2dt2)

be a warped product space where u ∈ C2,α
loc (M) is positive.

Suppose that� ⊂ M is open, fm : � → R is a sequence of functions in C3,α
loc (�) such that

the mean curvature of each graph �( fm) := {(x, fm(x)), x ∈ �} computed as the tangential
divergence of the downward pointing unit normal νm is equal to H�( fm )(x, t) = Fm(x, t, νm).

Moreover, suppose that the functions Fm : ˜M × T ˜M → R are in C1,α
loc (˜M × T ˜M) and

satisfy |Fm |C1(˜M×T ˜M) ≤ C, for some constant C > 0 and that there is a function F ∈
C1,α
loc (˜M × T ˜M) such that Fm → F in C1,α

loc (˜M × T ˜M) as m → ∞.
Then there exists a subsequence of { fm}∞m=1, denoted using the same subscript m, and

a C3,α submanifold � ⊂ ˜M given by � = ∂E for an open set E ⊂ � × R, such that the
manifolds �( fm) converge to � in C3,α

loc as graphs over the tangent spaces of �. Letting
Em := {(x, y) : x ∈ �, y > fm(x)} we have χEm → χE in BVloc(� × R). Moreover, the
meancurvature of�with respect to the normal pointingout of E is equal to H�(p) = F(p, ν).

We will prove Proposition B.1 using methods from geometric measure theory. The reader
is referred to Simon [39] for the general theory of currents, varifolds and sets of locally finite
perimeter. In particular, we will be making use of the compactness and regularity theory of so
called C-almost minimizing currents as presented by Eichmair in [18, Appendix A], see also
Duzaar and Steffen [17]. Adapting [18, Definition A.1] to our setting, we make the following
definition, using the notations of [39, Chapter 7, Section 5], see also [38, Section 37].

Definition B.1 Suppose thatn ≥ 1 and l ≥ 1 are integers,U ⊂ R
n+l is an open set, N ⊂ R

n+l

is an oriented and embedded (n + 1)-dimensional C2 submanifold of Rn+l and T ∈ Dn(U )

is an integer multiplicity current with spt(T ) ⊂ N ∩ U . Assume further that T = ∂[[E]] for
some Hn+1 measurable subset E ⊂ N ∩U of locally finite perimeter in N .

We say that T is C-almost minimizing in N ∩ U if for any open set W ⊂⊂ U and any
integer multiplicity current X ∈ Dn+1(U ) compactly supported in N ∩ W we have:

MW (T ) ≤ MW (T + ∂X) + CMW (X). (B.1)

In the next lemma we show that a graph � = {(x, f (x)), x ∈ �} ⊂ (M × R, h) of
bounded mean curvature |H�| ≤ C has the C-almost minimizing property whenever the
coordinate vector field ∂t along the R factor is a Killing vector field of the metric h. This
holds in particular for the aforementioned warped product metric h = g + u2dt2, but also
for metrics of the form:

h = g + w ⊗ dt + dt ⊗ w + u2dt2,

where u is a function and w is a 1-form on M , that are relevant in the context of reduc-
tion arguments for the mass-angular momentum and the mass-angular momentum-charge
inequalities, see Cha and Khuri [9] and [7] and Cha, Khuri and Sakovich [8].

Lemma B.1 Let (M ×R, h) be an oriented Riemannian manifold with h ∈ C2
loc(M ×R) and

let t be the coordinate on R. Suppose that the vector field ∂t is a Killing vector field for the
metric h, that � ⊂ M is an open set and that f : � → R is a C2 function whose graph
�( f ) = {(x, f (x)) : x ∈ �} ⊂ M×R has uniformly bounded mean curvature |H�( f )| ≤ C.

For any C2 isometry ψ : (M ×R, h) ↪→ (Rn+l , δ) and any open set U ⊂ R
n+l such that

ψ(� × R) = ψ(M × R) ∩U, the current [[ψ(�( f ))]] ∈ Dn(R
n+l) is C-almost minimizing

in ψ(M × R) ∩U.
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Proof We begin by defining a one parameter family of maps ϕ : (M × R) × R → M × R

by

ϕ(x, t, s) = (x, t + s) for x ∈ M and t, s ∈ R.

The map ϕ is the flow generated by the vector field ∂t and since ∂t is a Killing vector field
of h we conclude that each map ϕs(x, t) = ϕ(x, t, s) is an isometry of (M × R, h). Letting
ν be the downward pointing unit normal to �( f ) ⊂ � × R, we extend it to vector field on
� × R defined by

ν(x, t + s) = dϕs(ν(x, t)) for all x ∈ � and t, s ∈ R. (B.2)

This extension implies that ν(x, f (x) + s) is the downward pointing unit normal of the
vertically shifted graph �( f + s). To see this, let γ : (−ε, ε) → M ×R be a curve satisfying
γ (τ) ∈ �( f + s) for all τ ∈ (−ε, ε). We want to show that 〈γ ′(0), ν〉h = 0. By definition
we have

ϕ−1
s (γ (τ )) ∈ �( f ) for all τ ∈ (−ε, ε).

Moreover, we have

〈γ ′(0), ν(x, f (x) + s)〉h = 〈dϕ−1
s (γ ′(0)), dϕ−1

s (ν(x, f (x) + s))〉h
= 〈(ϕ−1

s ◦ γ )′(0), ν(x, f (x))〉h
= 0,

where we used the fact that ϕs is an isometry in the first line and (B.2) and the chain rule
in the second line. The last line follows from the fact that ν is normal to �( f ) and that
(ϕ−1

s ◦ γ )′(0) ∈ T(x, f (x))�( f ). A similar computation shows that

〈∂t , ν〉h
∣

∣

∣

∣

(x, f (x)+s)
= 〈∂t , ν〉h

∣

∣

∣

∣

(x, f (x))
< 0 for all x ∈ � and s ∈ R,

which shows that ν(x, t) always points downwards. Furthermore, we note that the mean
curvature of each shifted graph �( f + s) is the same as that of �( f ), namely

H�( f +s)(x, f (x) + s) = H�( f )(x, f (x)) for all x ∈ � and s ∈ R.

To see this, fix x ∈ � and let {e1, . . . , en} be an orthonormal frame of �( f ) at (x, f (x)) ∈
�( f ). We extend each ei to {x} × R by setting

ei (x, t + s) = dϕs(ei (x, t)) for all t, s ∈ R and i ∈ {1, . . . , n} (B.3)

123



Annals of Global Analysis and Geometry             (2025) 68:9 Page 35 of 39     9 

and we set e0 := ν. Denoting p := (x, f (x)) and ps := (x, f (x) + s) in order to simplify
notation, we obtain

H�( f +s)(ps) =
n
∑

i=1

〈ei (ps), (∇h
ei (ps )

ν)(ps)〉h by definition

=
n
∑

i=1

〈dϕs(ei (p)), (∇h
dϕs (ei (p))

dϕs(ν))(ps)〉h by (B.2) and (B.3)

=
n
∑

i=1

〈dϕs(ei (p)), dϕs(∇h
ei (p)

ν)(ps)〉h since ϕs is an isometry

=
n
∑

i=1

〈ei (p), (∇h
ei (p)

ν)(p)〉h since ϕs is an isometry

= H�( f )(p) by definition.

We can thus extend H�( f ) to a function H : � × R → R such that

H(x, f (x) + s) = H�( f +s)(x, f (x) + s) = H�( f )(x, f (x)) for x ∈ � and s ∈ R.

The proof of the fact that [[ψ(�( f ))]] has theC-almost minimizing property is very similar to
that of Eichmair [18, Example A.1].We define the n-form σ := dV h ν := dV h(ν, ·, . . . , ·).
For all s ∈ R, σ is the Riemannian volume form of �( f + s) and consequently on � × R

we have

|σ(v1, . . . , vn)| ≤ 1 for any orthonormal collection of vectorfields {v1, . . . , vn}
on � × R, (B.4)

dσ = (div ν)dV h = HdV hon � × R (B.5)

We now set N := ψ(M × R) and let U ⊂ R
n+l be any open set such that ψ(� × R) =

ψ(M × R) ∩ U . In this way N ⊂ R
n+l is an oriented and embedded C2 submanifold and

letting E := {(x, y) ∈ �×R : y > f (x)} it follows thatψ(E) ⊂ N∩U isHn+1-measurable
and that ψ(E) has locally finite perimeter in N . Setting

T := [[ψ(�( f ))]] = [[∂ψ(E)]] = ∂[[ψ(E)]],
we see that T ∈ Dn(U ) is of integer multiplicity and that spt(T ) ⊂ N ∩U .

Now let W and X be as in Definition B.1, so that W ⊂⊂ U is a compactly contained
open set and X ∈ Dn+1(U ) is of integer multiplicity and has compact support in N ∩W . We
denote by D(W , X) the collection of C2 functions onU with compact support in W that are
identically equal to 1 in a neighborhood of spt(X). Then we have

MW (∂[[ψ(E)]] + ∂X) = sup
w∈Dn(W )

|w|≤1

(∂[[ψ(E)]] + ∂X)(w) ≥ sup
φ∈D(W ,X)

|φ|≤1

(∂[[ψ(E)]] + ∂X)(φψ∗σ)

≥ sup
φ∈D(W ,X)

|φ|≤1

∂[[ψ(E)]](φψ∗σ) − sup
φ∈D(W ,X)

|φ|≤1

(−∂X)(φψ∗σ).

As for the first term in the last line, we note that

sup
φ∈D(W ,X)

|φ|≤1

∂[[ψ(E)]](φ · ψ∗σ) = sup
φ∈D(W ,X)

|φ|≤1

∫

∂ψ(E)

φψ∗σ =
∫

∂ψ(E)

ψ∗σ = MW (∂[ψ(E)]).
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Furthermore, since φ ≡ 1 in a neighborhood of spt(X) and dσ = HdV h , the second term
can be estimated as follows

sup
φ∈Dn(W ,X)

|φ|≤1

(−∂X)(φψ∗σ) = sup
φ∈Dn(W ,X)

|φ|≤1

(−X)(φψ∗dσ)

≤ C sup
φ∈Dn(W ,X)

|φ|≤1

|X(φψ∗dV g)| ≤ CMW (X).

In summary, we have shown that MW (∂[[ψ(E)]] + ∂X) ≥ MW (∂[[ψ(E)]]) − CMW (X), as
claimed. ��

We conclude by outlining the proof of Proposition B.1, for which we will heavily rely on
the results of [18, Appendix A]. These results are formulated for currents of codimension 1
inRn+1 however as explained in [18, Remark A.3], they carry over to Riemannian manifolds
by isometrically embedding them into a higher dimensional Euclidean space. This is very
similar to the related theory for area minimizing currents in [39, Chapter 7, Section 5], see
also [38, Section 37].

Proof of Proposition B.1 By the Nash embedding theorem, see [24, Chapter 3.1, Imbedding
Theorem] and [25, Section 1.2, footnote 7], there is a C2,α isometry ψ : M ×u R → R

n+l

and we may choose an open setU ⊂ R
n+l such that ψ(�×R) = ψ(M ×R)∩U . Recalling

the notation ˜M = M × R, we define

N := ψ(˜M), Ei := {(x, y) : y > fi (x), x ∈ �} ⊂ ˜M, Ei := ψ(Ei ) ⊂ N ⊂ R
n+l .

(B.6)

LemmaB.1 implies that the currents ∂[[Ei ]] areC-almostminimizing in N∩U . TheC-almost
minimizing property can be used to show the locally uniform bound

sup
i

MW ([[Ei ]]) + sup
i

MW (∂[[Ei ]]) ≤ CW < ∞.

The compactness theorem for integer multiplicity currents with locally bounded mass (see
[39, Chapter 6, Theorem 3.11]) implies that upon passing to a subsequence we have
∂[[Ei ]]⇀T for some T ∈ Dn(U ) of integer multiplicity. Since each ∂[[Ei ]] is supported
in N ∩ U , so is T . By [18, Lemma A.2] it follows that there is a relatively open set E ⊂ N
of locally finite perimeter in N such that T = ∂[[E]] is C-almost minimizing in N ∩ U
and furthermore, after passing to another subsequence, we have ∂[[Ei ]]⇀∂[[E]], χEi

→ χE

in BVloc(N ) and the underlying varifolds of ∂[[Ei ]] converge to the underlying varifold of
T = ∂[[E]] in the sense of Radon measures.

By [18, TheoremA.1] we know that ∂E ⊂ R
n+l isC1,γ

loc for some γ ∈ (0, 1), except when
n = 7 in which case ∂E may have isolated singularities. Let p be an isolated singularity
and write ∂E as a graph over its tangent space close to p with ϕ : Br (0) → N the graphing
function. The completion in C0(Tp(∂E)) of the family F = {ϕx,λ(y) = ϕ(x + λy)} can be
checked to satisfy [39, Assumption A.1], [39, Assumption A.2] and [39, Assumption A.3].
Since the singularity of ϕ is isolated it follows that we may let φ = limk→∞ ϕx0,λk ∈ F for
some λk → 0 so that φ graphs a minimal surface contained in TpN with codomension 1 in
TpN and with an isolated singularity at the origin. After identifying TpN with R8 we obtain
a graphical, conical minimal surface in R8 with an isolated singularity at the origin. The rest
of the argument can now be carried out as in Eichmair [18, Remark 4.1] to show that the
singular point p did not exist in the first place. Hence ∂E is C1,γ

loc .
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Fixing p ∈ ∂E , the approximate monotonicity formula in [39, Chapter 4, Theorem 3.17]
can be used together with the uniform bound on supi |Fi | ≤ C < ∞ to show that there exists
an index i(p) > 0 such that the conditions of Allard’s regularity theorem [39, Chapter 5,
Theorem 5.2] hold with all constants independent of i ≥ i(p). Hence, there is a fixed radius
r = r(p) > 0 such that for i ≥ i(p), ∂E ∩ Br (p) and each ∂Ei ∩ Br (p) can be written as a
C1,γ graph over the tangent space Tp(∂E). Moreover, C1,γ norms of the graphing functions
are uniformly bounded by a constant independent of i .

Since ψ−1 is C2 we may define E := ψ−1(E) and by the above we know that near each
point p ∈ ∂E , both ∂E and ∂Ei , for all i large enough, can be represented as graphs of
functions with uniformly bounded C1,γ norms over the tangent space Tp(∂E). These facts
combined with standard elliptic estimates for the prescribed mean curvature equations, cf.
[35, Proposition 5.4] and [6, Appendix B], imply the desiredC3,α

loc regularity and convergence
of the graphing functions. ��
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11. Chruściel, P.T., Galloway, G.J., Nguyen, L., Paetz, T.-T.: On the mass aspect function and positive energy
theorems for asymptotically hyperbolic manifolds. Classical QuantumGravity 35(11), 115015 38, (2018)
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