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Keywords: Inventory control is subject to service-level requirements, in which sufficient stock levels must be maintained
Inventory control despite unknown demand. We propose a data-driven order policy that certifies any prescribed service level
Forecasting

under minimal assumptions on the demand process. The policy achieves this by adding an adjustment to any

Policy cost inference base policy. We further propose a method for forecasting the policy’s operational costs that is valid in finite

Policy certification

samples. Properties and guarantees of the method are illustrated using both synthetic and real-world data.

1. Introduction

Inventory control using discrete-time models is a well-studied prob-
lem, where orders of items to hold in stock must anticipate future de-
mand [1,2]. By defining the costs of insufficient stocks, it is possible
to find cost-minimizing policies using dynamic programming [3-5]. In
practice, however, it is often preferred to encode this as a constraint on
service levels rather than as penalty costs [6]. Under certain restrictive
assumptions on the demand process - such as memoryless and identically
distributed demand - there are explicit formulations of the duality be-
tween service levels and costs [7]. Efforts to relax such assumptions can
be found in [8,9]. When the unknown demand distribution is learned
from data, it is possible to provide probabilistic guarantees on the ser-
vice level of an order policy in the special case of no stock being held
between time periods [10,11].

In this letter, we formulate an inventory control problem relaxing
most assumptions on the demand process and allowing for arbitrary
time dependence of this process, while providing order policies with
certifiable service-level guarantees. The relaxation is relevant in several
critical inventory control problems where service levels are important,
such as hospital inventory control [12,13].

We consider the management of a single item type with stock level X,
at time instant ¢ by determining an order of Q, additional units. Between
tand 7 + 1, items in stock are consumed by an unknown demand process
D,. A critical stock event occurs if

X, <x, @™

for a fixed safety stock x,. (If x, = 0, this is also known as a ‘stockout’
event.) When (1) is not satisfied, the normal stock level is insufficient
to cover demand. In this letter, we will describe an order policy that

guarantees a certain service level by bounding the number of critical
stock events over a specified period. Maintaining the policy from time ¢
to 1 + H will be associated with a operating cost denoted C . Forecasts
of C/! may inform the order policy itself or budgeting decisions to ensure
the maintenance of the policy. We develop a method for constructing
prediction intervals C# that will cover C/' at a specified coverage level
1 — p. Fig. 1 provides an illustrative example of the joint order policy
and cost inference method proposed in this letter.

Notation. We employ the following notation: a A b = min{a, b},
aV b=max{a, b}, (x)" = max{0, x}. The indicator function 1(A) takes the
value 1 if A is true, 0 otherwise.

2. Problem formulation

The stock of an inventory system follows a discrete-time dynamical
equation

Xy = (Xt+Qr_Dt)+’ (2)

where order Q, >0 is placed at time instant ¢ and a demand D, €
[0, D™2) is subsequently observed. The initial stock is X, > 0. For ease
of exposition and without loss of generality, we will work with x, = 0, so
that critical stock events are indicated by 1(X, = 0). The generalization
to x, > 0 is straight forward.

At any ¢, we have access to historical stock data, demand data, and
side information Z,, collected in the variable Z, = {X;.,. Dg.;—1> Zo:¢}-
For any order policy

0, = ”(Zz)’

we define its service level as the fraction of non-critical stock events over
aperiodt=1,2,...,T. Our primary problem is to construct a policy x*-)
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\begin {equation}C_{t}^H = \sum _{\tau =t}^{t+\tHorizon -1} C_{\tau }. \label {eq:def:cost horizon}\end {equation}
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\begin {equation}E_{t}+1 \geq \errorBoundFun (t) \; \Rightarrow \; \gainFunc _t(E_{t}) \geq \scoreBound , \label {eq:bound assumption:saturation}\end {equation}
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\begin {equation}\policy {\shortageRate }{\infoVec _t} = \ReLU {\basePolicy {\infoVec _t} + \gainFunc _{t}\left (\sum _{\tau =1}^{t}\indicator {\stock _{\tau } = 0}\right ) } \label {eq:proposed control}\end {equation}
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Fig. 1. Inventory control under an unknown (periodic) demand process. Top:
Stock level and orders by policy u“ that is certified to have a service level of at
least 1 — « = 95%. The empirical service level is greater than 96%. Bottom: Policy
operating costs C/ for future H =5 time steps and a forcasting prediction in-
terval C# with a certified coverage level of 1 — § = 95%. The empirical coverage
level above 98%. For a full experimental description, see Section 4.1.1.

that ensures a service level of at least 1 — a, that is

~I-
DM~

UX,>0) > 1-a 3

t:

with a user-defined rate a € [0, 1], assuming only that D, is a bounded
sequence. All policies that ensure (3) are said to be certified with a ser-
vice level 1 —a. The trivial policy u*(Z,) = D™ — X, is certified but
may hold a wastefully large stock beyond the specified service level. To
pursue certified policies with low operating costs requires a specification
of their operating costs.

Let C, denote the operating cost of policy at time r. For instance,
C,=hX, | +cQ,+ K1(Q, > 0) is a cost that is linear in the held stock,
with both linear and fixed ordering costs. The operating cost over time
horizon H starting at ¢ is then

t+H-1

ch = Z C,. 4)

The choice of cost function is application dependent. The current period
cost C, is available in next period side information Z, ;. Operating costs
depends critically on the demand process D,, which is unknown. We
therefore seek to construct prediction intervals C#(Z,) that provide an
online forcast of the future operating costs C7 with a coverage level
1 — p. That is,

1 T-H+1
H B _
T ; icH echz))>1-p (5)

where g € [0, 1] is a user-defined rate.

3. Method

The method takes as a starting point any order policy x*(-), that we
call base policy.

Example 1. Consider a demand predictor on the form

bz)=9¢"2)0, )
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where ¢(Z,) = [1 D,_; -+ Di_gq, X; X,_dX]T. This is an autoregressive
exogenous input (ARX) model. Then the data-driven policy

wi(2) = (BE)-x,) @)

can serve as a base policy. If the demand predictor is accurate, (7) may
achieve low operating costs but is does not have any certified service
level under a general demand process.

Example 2. A commonly used order policy is the periodic review (s, .S)-
policy:

S—-X, ifX,<s
*Z — t t ,
M( t) 0 else

(8)

which orders up to level .S when the stock falls below level s. This is
a stationary base policy in that it does not account for any information
except the current stock. For certain cost functions, this policy minimizes
the expected cost under the appropriate choice of (s, .S) which depends
on the unknown demand process [14]. It does not, however, certify any
given service level.

We will introduce a form of correction to any base policy y*(-) such
that it becomes certified with a specified service level 1 — a. The choice
of u*(-) will therefore only influence the cost, but not the service level
guarantee (3). After deriving such a certified order policy, we turn to the
problem of forecasting its operation cost C//. Both the control and infer-
ence problems will be tackled by introducing nonlinear gain functions
that bound an error process.

The number of ‘errors’ made (critical stock events or non-covering
prediction intervals, repectively) will relate to the quality of the mod-
els. When there is little information available about demand, the error
rate will be high, and any error corrector should account for this. We
consider this to be a problem of ‘burn-in time’; a certain amount of time
is needed to learn the demand process sufficiently well to rely on the
models.

Our proof technique is inspired by [15], which develops a one-step-
ahead method for time-series prediction. However, the cited paper does
not consider interventions and their feedback effects, nor the problem
of providing multi-step-ahead prediction guarantees for future operating
costs of a dynamic ordering policy.

3.1. Error bound and gain functions

Let the integer E, denote an error process such that E, =0 and
E,,, € {E, E, + 1}. For instance, it may count the number of critical
stock events: E, = ZL 1(X, = 0). We seek a function that bounds the
eIror process.

Definition 1 (Error bound function). Any nondecreasing function b(r)
that satisfies 0 < b(r) < aT .

We will design certified policies that respect any specified error
bound function b(z).

Example 3. A piecewise linear error bound function is

ift <T,

0
b(t) = Tt ©)
b, + T —b,) ((’T_T;)) else

with parameters 0 < b, < aT and 0 < T, < T. The parameter T, specifies
an initial duration under which we tolerate no errors. If the base policy
requires some burn-in time, we can set T, so that the certified policy
compensates for the poor initial performance of the base policy. After
the burn-in time, (9) tolerates a linear increase in errors from b, to aT'.
Fig. 2 illustrates how this error bound function relates to an error process
in a concrete example.

To ensure that an error process E, is bounded by b(r), we consider
an associated gain function.
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Fig. 2. Error processes E, for experiments on the Elec2 dataset. The error pro-
cesses E, is bounded by b(r) in (9) with parameters T,, b,. Top: E, is the number
of critical stock events. The values b, = 2 T, = 0 are used since historical demand
data was used to train the base policy, and no further burn in was required. Bot-
tom: E, is the number of observed plus potential miscoverage events in the cost
inference, The parameters b, = H, T, = 480 were used since no historical costs
data is available, and the nominal prediction interval model requires burn in

time. See Section 4.2 for more experimental details.

Definition 2 (Associated gain). An error function b(¢) has an associated
gain function g,(E) if it satisfies

E +12b0) = g(E) 2 g, (10)
where g, € RU {oo} is a saturation level.

Lemma 1. Consider any error bound function b(t) with an associated gain
g,/(E). If a saturated gain, g,(E,) > g,, implies no error growth, i.e., E, | =
E,, then the error process is bounded as

E, < b(t) <aT. a1

Proof. The proof is by induction. Base case E; = 0 < 5(0) holds by non-
negativity of the error bound function. Consider the inductive assump-
tion E,_; < b(t — 1). Two cases arise:

Casei) E,_; +1>b(r—1).Theng, |(E,_|) > g,and E, = E,_; < b(1 —
1) < b(@).

Case ii) E,_; +1 < b(t —1). Then E, < E,_; + 1 < b(t — 1) < b().

Finally, E, < aT follows by the definition of E,. O

Lemma 1 justifies the term ‘error bound function’ for b(z).

We will now turn to formulating a nonlinear gain function that adds
error correction to the base policy so as to certify its service level. The
methodology will then be extended to infer the future operating costs.

3.2. Certified policy

We present how to construct a certified policy with service level 1 — a
starting from any given base policy, by taking the number of critical
stock events at ¢ to be the error process E, and designing a policy so
that E; <aT.

Theorem 1. Given any error bound function with associated gain g, with
saturation level g, > D™, for any base policy u*(-), the order policy

w(z,) = <u*<z,> +g,<i (X, - o))) a2)
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is certified with service level 1 — a. That is, it satisfies (3).

Proof. The cumulative number of critical stock events
E,=Z’T=1 1(X, =0) is an error process. Using (2) and (3), we
can express the error process as:

E,+l—E,:IL((”*(Z,)+g,(E,))+ gD,—x,) 13)

A sufficient condition for E,,; = E, is therefore g (E,)> D, — X, —
u*(Z,). Since the base policy and the stock must be nonnegative, it is
sufficient that g, (E,) > D™ to know that E,,, = E,. Since g, > D™,
we have established that g,(E,) > g, implies that E,, | = E,. Lemma 1
provides the conclusion that E; < T, thus completing the proof. O

Remark 1. The certified policy of Theorem 1 can be replaced by
u*(Z,) v (D™ — X,) without affecting its certification. This may pro-
vide a policy with lower cost in cases where the saturation level of the
gain function is large.

Next, we propose two gain functions for use in (12) that yield low costs
in simulations. Verification that they are associated gain functions ac-
cording (10) is direct and thus omitted.

Corollary 1. The nonlinear gain

an(;ii(—’;;) if E+1€[0,b0)]

) else

&(E) = a4

can be used to provide a certified policy. It is the associated gain to any error
bound function b(t), and has saturation level g, = co. Specifically, one may
use the error bound of (9) with T, =0 and b, = 2.

Using (14) yields low gain when there is a large tolerance for critical
stock events (E + 1 < b(7)). On the other hand, the gain is increased
indefinitely as the error process grows closer to the error bound.

Other nonlinear gain functions may provide lower costs than (14).
For instance, in the presence of fixed ordering costs the nonlinear gain
should allow for zero sized orders to not incur the fixed cost.

Corollary 2. The piecewise linear gain

0 E+1€[0.50)/2]
g(E) = 4 Do (2% - 1) E+1 € [b(t)/2.b(1)]. (15)
Dmex else

can be used to provide a certified policy. It is the associated gain to any error
bound function b(t), and has saturation level g, = D™**. Specifically, one
may use the error bound of (9) with T, =0 and b, = 2.

3.3. Valid cost inference

We now turn to forecasting the operating costs (4) of a certified pol-
icy u%-). Similarly to the policy construction that starts with a base pol-
icy, the valid cost inference method starts with any nominal prediction
interval [éﬂ(Z,),C‘ﬂ(Z,)].

Example 4. Nominal intervals produced by a quantile estimator. Let

C(Z,) be a simple point predictor of the cost and define its empirical
error as ¢, = C — C(Z,). Then a quantile estimator is given by:

—H
} B , ) 1

Ca(Z,)ZC(Zr)+lnf{p. P T Z{)ﬂ(c,SP)Za}. (16)
and using it we can define a nominal prediction interval as

[€7(2,).¢"(2)] = [Cg @, C‘l_g@,)]. a7)

The nominal interval will be adjusted by introducing a gain as we show
next.
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Theorem 2. Assume non-negative cost over a finite horizon, C,” € [0, 5],
where the upper bound may be infinity. Consider a horizon H > 2 and any
nominal prediction interval (C(Z,),, C#(Z,)]. Define an adjusted prediction
interval

N2 =[(€2).~a)" . (¢(2) +a) A C]. ag)

where

t—1
q,=g,< Y 1z #10.C1)
t=t—H+1

i (19)
+Y Uch ¢ C”(Z,)))
=0
and
7~ E+1 .
a1 (E(ZW - 1)) if 0 < b(r) and E +1 < b(t) 20)

00 else

is a gain associated with the error bound function b(t) in (9) using f in lieu
of a. Then C#(Z,) has a coverage level 1 — § according to (5).

Remark 2. A similar result holds for the special case of H = 1.

Remark 3. For b(r) we use b, = H as a default value and the burn-in
period T, is problem dependent.

Proof. Define
chzZ)=1{vel0,Cl: (v-C/z,))"

@D
+(EN2) -0)" <a)

Let the number of observed miscoverage events at time ¢ be define
as E, = Y 1(CH ¢ ¢#(Z,)) that we want to bound by T where T =
T — H + 1. Define the error process to be the number of known as well
as potential miscoverage events:

-1

E=E+ Y 1(c"z)#10.01) (22)
T=t+H+1

so that ¢, = g,(E,). Let g, = C be the saturation level. Then a direct

verification shows that g,(E,) > g, = E,,| = E;. We can therefore use

Lemma 1 to show that Ez < fT. Since E, < E,, we have also proven

that

E; < Bz <b(T) < T (23)

and therefore that C#(Z,) has a coverage level 1 — . O
4. Numerical experiments

The proposed method of an obtaining certified order policy and
the forecasting for its future operational costs, are illustrated in a se-
ries of simulations using synthetic and real data. In all cases, we fix
the prescribed service levels to 1 — a = 95% and the coverage level to
1—f =95%.

We explore three different settings: 1) synthetic data with continu-
ous demand, no fixed ordering costs, 2) real world data but otherwise
retaining the cost function of the synthetic cases, and 3) a synthetic data
example where there are fixed ordering costs.

4.1. Synthetic data

The operating cost is taken to be a cost of purchase plus that of hold-
ing stock, i.e., C, = O, + hX,. For simplicity, we use h = 1. We use Corol-
lary 1 and Remark 1 to transform the base policy in (7) into a certified
policy (12).

The parameters 6, of the demand predictor (6) are tracked by re-
cursive least squares (RLS) [16, eq. 9.12]. To reduce the burn-in time,
the RLS parameters are initialized by tracking on historical data D_.,
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Q_p.0» X_p:o recorded under an alternative policy, namely the empir-
ical (1 — @)-quantile of demand.! We use model orders dy = d;, =2 in
(6), and set the RLS forgetting factor to 4 = 0.99.

A direct verification shows the finite horizon operating cost is upper
bounded by CH = HD™*(1 + h). To construct the nominal prediction
interval of the cost, we use (17) with another linear-in-parameters au-
toregressive model with parameters tracked by RLS,

G2y =0 (2)9,

We use the feature vector of a linear AR-5 model for H steps ahead
prediction p(Z)=[1 cH . cH . . C,’jH]T. This model
predicts the future costs of the specific policy, and there are no data on
this policy for ¢ < 0. Therefore, no pre-training is done. The parameters
are initialized with 50 =[C/2,0...,0].

We explore the order policy and cost inference methods on three
rather different demand processes. All simulations on synthetic data use
T =300, H =10 and B = 150, and the demand is upper bounded by
D™ = 50.

4.1.1. Periodic demand
The unknown demand process is assumed to follow

D, =20 + 20sin(27t/50) + e, (24)

where ¢, ~ N'(0, 1) and the demand is clipped to the interval [0, 50]. This
captures seasonality with random shocks. In the cost inference, we use
the RLS forgetting factor 1 = 0.99 and set a burn-in time of T, = 40 sam-
ples. Fig. 1 shows the periodic orders resulting from the policy. We also
see that the cost inference starts to become informative around 7 = 150.

4.1.2. Spiking demand
The unknown demand for items assumed to be proportional to the
size of a latent infected population I,,

D, =501,

which models episodic demand that arises from infectious decreases.
Specifically, I, follows a stochastic ‘Susceptible-Infected-Removed’ or
SIR-type model:

S, =S/, —058 1
I=1,+058_ 1], —021 (25)
R, = (1 —e)R,_; +0.2(I,_, +0.001e,)

In (25), we have that

S/ =581 +(R_, —0.00De,

I’ =1,_; +0.00le,

and e, ~ Ber (0.03). In each time step, with 3% probability, the popula-
tion loses immunity and 0.1% of the population gets infected.

In the cost inference, we use the RLS forgetting factor A = 0.995 and
set a burn-in time of T, = 50 samples. Fig. 3 shows a spiking order pat-
tern resulting from the policy. Note how the orders drop to zero during
a longer period only to shoot up at the end.

4.1.3. Feedback demand

The unknown demand is assumed to depend on the stock level and
therefore introduces feedback into system. Specifically, the demand pro-
cess is

D,y =G+ X, +e,)V49.999, 26)

where ¢, ~ ;(12. In the cost inference, we use 4 = 0.95 and set the burn-in
period to T, = 30 samples. Fig. 4 shows a considerable tightening of the
cost inference after + = 150.

! More specifically, 4°(Z,) = inf {p i

1 A(D, <p)2(I—a)B—1+ 1)}.
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Fig. 3. Stock, purchase and cost estimate for the SIR model. The empirical ser-
vice level is 98.7% exceeding the prescribed 95% = 1 — a. The cost prediction in-
terval covers the true cost in 97% of cases, exceeding the prescribed 95% = 1 — .
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Fig. 4. Stock, purchase and cost estimate for the feedback demand model. The
empirical service level is 96.3% exceeding the prescribed 95% = 1 — a. The cost
prediction interval covers the true cost in 97.7% of cases, exceeding the pre-
scribed 95% =1 - p.

4.2. Electricity dataset

The results on synthetic data validate the guarantees of the order
policy and cost inference methodology for three rather different demand
processes. As an example of a real-world demand process, we apply the
same method to a problem driven by the electricity demand variable D,
(NSWDemand) in the Elec2 dataset [17]. This process represents sea-
sonality and shocks as well as other distribution shifts. It is therefore
both interesting and challenging to analyze. The full dataset records the
demand every 30 min (48 samples per day) for ca 900 days, normalized
so that D™ = 1. We set the cost horizon to H = 1 x 48 corresponding
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Fig. 5. Stock, purchase and cost estimates using the demand recorded in the
Elec2 dataset (and is normalized to [0,1].) The empirical service level is 99.8%
exceeding the prescribed 95% = 1 — a. The cost prediction interval covers the
true cost in 97% of cases, exceeding the prescribed 95% = 1 — f.

to 1 day. The pretraining window length to 3 days (B = 3 x 48) and al-
gorithm is run over 12 weeks of time periods (T" = 12 x 7 x 48). The first
B+ T datapoints are used for selecting suitable hyperparameters. The
algorithm is then run on the subsequent B + T samples.

The base policy, the nominal cost prediction interval, the error
bounds functions and the nonlinear gain functions were as in the syn-
thetic data experiments, with the following changes. We chose demand
model orders dy =0, d, =48 in (6), and set the RLS with forgetting
factor to 4 = 0.99. The cost inference feature map ¢ was set to include
an autoregressive model of order 24 with additional Fourier coefficients
representing periods of 3, 6, 12, 24 h, and 7 days. The burn-in time was

= 10 x 48 and the forgetting factor was 4 = 0.995.

Fig. 5 shows strong periodic variations as well as sudden spikes in
the orders. Despite significant variability in demand, the order policy
ensures the prescribed service level 1 — a. We also note that the cost in-
ference tightens as in the previous case, but around 7 = 3000 demand
fluctuations lead to several miscoverage events. These inflate the pre-
diction intervals, which subsequently shrink again.

We use this example to illustrate in Fig. 2 the error processes E,
associated with the order policy and cost inference, respectively. These
processes are bounded by b(¢), which determines the associated gains.

4.3. Fixed ordering costs

This numerical experiment showcases how the certified policies in
(12) work equally well with other demand processes and base poli-
cies. Specifically, consider the cost function C, = K1(Q, > 0) + cQ, +
h(X,+0,-D,)" +p(D, -0, - X,)", ie., fixed and linear ordering
costs plus a linear holding cost and penalty costs for shortages. The cost
parameters of the problem were chosen to be K = 64, h =5, p = 32. The
unit purchase cost ¢ = 0 for simplicity. The demand is drawn from an
exponential distribution

D, ~ exp(1/10)

and truncated to a maximal demand D™ = 100.

It is known that under an i.i.d. demand process and an infinite time
horizon T — o, there exists an (s,.5)-policy (8) that minimizes the ex-
pected cost. We therefore use (8) as a base policy, and set its parameters
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Fig. 6. Simulation of base (s, .S)-policy (8) and certified policy, using Corollary 2 for 100 time steps. From left to right, it compares the two policies in terms of stock
X,, average cost } 22:1 C,, and the number of critical stock events, which is the error process E,. As reference, the order level s and the error bound function () are
presented. Critical stock events are indicated in the stock plot. The certified policy has an empirical service rate of 94% (where 1 — a =90%) compared to only 82%

for the base policy.

s and S using a gradient based optimization [18,19]. This is transformed
into a certified policy (12) with service level 1 — a = 90% using Corol-
lary 2. For an illustration of how the certified policy differs from the
base policy, we run both over T = 100 time periods as shown in Fig. 6.
The results illustrate a fundamental trade-off between cost and certified
service level. For while the certified policy results in higher costs than
the base policy, it by contrast satisfies the specified service level.

5. Discussion

We have considered an inventory control problem with an unknown
demand process in which order policies can be constructed with certified
service levels and their operating cost can be forecast with a prescribed
coverage level. These guarantees hold under very weak assumptions on
the unknown demand process. We have verified the methods numeri-
cally and illustrated them on synthetic and real data.

Because our focus is on servicing critical resources, we are inter-
ested in constraining policies to fulfill specified service levels determin-
istically. This problem formulation differs from many other inventory
control problems in which critical stock events are more tolerable and
instead associated with penalty costs; then the goal is to find policies
that achieve some minimal expected costs no matter how well they
serve.

The method presented herein starts from any given base policy and
transforms it into a certified policy by a nonlinear gain function of the
number of critical stock events. Similarly, the cost estimation problem is
addressed by taking a nominal prediction interval and adjusting it to ob-
tain a valid cost inference method. Several design choices are possible
here. In the simulation studies we used classical linear autoregressive
models, but the use of more sophisticated predictors, such neural net-
works, is rather straightforward.

The choice of error bound function - which control the tolerable
rate of errors - and the associated gain function affect the conserva-
tiveness of the method. In our experiments, we used the error bound
function (9) with a simple parametrization, where we adjust the burn-
in time T, reflecting that different models need more data to predict
well. More complex error bound functions are conceivable, which de-
pend not only on time but also on the accuracy of the nominal predictor
models.

The only assumption we have made about the demand process is
that it is a bounded sequence. The upper bound is required to ensure
that there is a fall back ordering quantity that prevents critical stock
events. If an upper bound on the demand is not available, an arbitrary
large upper bound may be used, but this may lead to very large order
quantities. We suggest that the upper bound is set based on available
data and domain expertise.

Further exploratory work may study the impact of the choice of pre-
diction models, as well as error bound functions and associated gains,
on the operating costs and the tightness in cost inference. This may lead
to finding alternative certifiable policies with lower cost, and valid cost
inference methods with tighter prediction intervals.
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