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ARTICLE INFO ABSTRACT

MSC: An inverse problem of finding an unknown heat source for a class of linear parabolic equations
0000 is considered. Such problems can typically be converted to a direct problem with non-local
1111 conditions in time instead of an initial value problem. Standard ways of solving these non-local
Keywords: problems include direct temporal and spatial discretization as well as the shooting method,
Control problems which may be computationally expensive in higher dimensions. In the present article, we present
Low rank approximations approaches based on low-rank approximation via Arnoldi algorithm to bypass the computational
Parabolic PDEs limitations of the mentioned classical methods. Regardless of the dimension of the problem, we
Arnoldi algorithm . . . . .

Heat equation prove that the Arnoldi approach can be effectively used to turn the inverse problem into a simple

initial value problem at the cost of only computing one-dimensional matrix functions while
still retaining the same accuracy as the classical approaches. Numerical results in dimensions
d =1,2,3 are provided to validate the theoretical findings and to demonstrate the efficiency of
the method for growing dimensions.

Inverse problems

1. Introduction

The theory of inverse problems for differential equations has been extensively developed to tackle various problems in applied
sciences and engineering. Typical applications turning this field into a popular area of research include geological exploration,
medical diagnostics, and predictive material science. In a direct problem, typically a differential equation is given and its solution
is determined uniquely from imposed initial and/or boundary conditions. In an inverse problem, on the contrary, a differential
equation itself contains unknown data/parameters. For example, a differential equation may involve unknown coefficients or source
terms, which need to be determined from a set of observations or measurements of the solution. In the study of inverse problems,
the lack of knowledge about the data in the model problem is then compensated by introducing some additional conditions into
the problem, which may eventually result in a well-posed mathematical model. For the general theory of inverse problems for
differential equations we refer the interested reader to [1-3] and the references therein.

Motivated by real applications, inverse problems for diffusion equations can be categorized into two: (a) determining the
coefficient of the equation, see e.g., [4-6] (b) determining the heat source. Latter is closely related to the goal of the present article.
In particular, we are interested in the inverse problem of finding the pair of solutions {p,u} such that

ou(t,x) =V - (a(x)Vu(t,x)) = f(t,x) + p(x), (t,x) € (0,T)x K,
u(t,x)=0, (t,x)€[0,T]x 0K, 1)
u0,x)=0, uw(T,x)=¢pkx), x€eK,
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where K := (0,1)? is an open unit cube with a boundary dK and a(x) € R?*?,Vx € K is a symmetric matrix function satisfying
0 < aynl¢? < ¢Ta(x)¢ < anal¢1, Vx € K and ¢ € RY, @

and f and ¢ are sufficiently smooth known functions. Problem (1) is highly relevant from an application point of view. Consider,
for example, a domain K, for which there already exists a known (and practically difficult to remove) background heat source f.
Suppose that our objective is to keep the temperature distribution at a specific time T in a desired manner. The problem is then to
find the control data p accounting for yet another heat source, to be fine-tuned over K, such that the final temperature requirements
are met. The inverse problem of simultaneous determination of temperature and a spacewise dependent source from given final data
is related, for instance, to heat conduction problems with an unknown time-independent heat source. From an application point of
view, it may help in controlling the heat distribution of solid structures (e.g., airplane wings) and other industrial devices in a
non-local and non-dynamic fashion. In most of current physical applications, however, the unknown parameter may depend on
time, and in this case, for the well-posedness of the problem the last condition in (1) must be changed, for instance replaced by
u(t,x*) = @(1), t € [0,T], where x* € K. Although the principal ideas from this paper may be used also for this case, in general,
the resulting inverse problems require a different mathematical machinery from the one we discuss in this paper and the numerical
treatment of this case is left as a future work.

The problem of determining the heat source in a parabolic equation has been a topic of research for the past two decades and
is still a popular area of research due to the need to improve the efficiency of numerical methods linked to the proposed strategies.
A class of algorithms rely on obtaining a transformed equation, where the unknown heat source is no longer present, and the
resulting system is then solved with a direct numerical simulation in time and space, see e.g., [7-10]. This idea typically leads
to either a large linear system of equations to solve due to the urge to treat the additional temporal dimension similar to spatial
dimensions rather than using a standard time-stepping method or alternatively exploiting iterative solution methods, which may
be computationally expensive. More standard ways of tackling this problem is based on re-formulation of the original problem as
a minimization problem, [11-15], which eventually needs an efficient iterative solution method to find the minimizer. There are
other strategies which are limited as they assume a specific structure for the parabolic operator (e.g., constant coefficients), [16],
or they have limitations due to dimension [17].

We may rewrite the above problem in abstract form as

%u(t) +Au(t)=f®)+p, t€(0,T), @
w0 =0, uT) =g,

where u(t), t € [0,T] and f(¢), t € (0,T) are vector valued functions in a suitable Hilbert space H. Similarly, p,p € Hand A : H - H
is the corresponding abstract operator, where the boundary conditions are incorporated in A. In general, problem (3) is ill-posed.
However, for sufficiently smooth data its well-posedness has been shown in the literature. The unique solvability of inverse source
identification problem (3) in an arbitrary Banach space E with linear unbounded operator A was established in [18]. The stability
estimates for the solution of problem (3) were obtained in [19]. Related to the theoretical foundations of the present work is also
the well-posedness of an inverse parabolic problem with an unknown source term [20,21]; see also [22,23] for regularity conditions
for the controllability of final time over-determination parabolic equations with a time and space dependent right hand side, and
with superlinear nonlinearities.

The starting point that we follow is similar to [10] which relies on eliminating the unknown p in (3) by introducing a new
abstract function v as

o) =u(t)— A"lp, te€[0,T]
Indeed, it follows that %v(z) = %u(t), Av(t) = Au(t) — p, v(T) = ¢ — A~ p, and v(0) = —A~!p. Therefore, the problem (3) is equivalent

to the following problem:

d p—
EU(I) + Av(t) = f(t), te€(0,7T), @
v(0) =uv(T) — .

Note that having the solution v(¢), t € [0, T] of problem (4) allows us to obtain the solutions of initial problem (3) directly as follows:
p=—Av(0), u@)=uv@)—-v0), 1€ O,T).

The problem (4) is direct since it does not involve an unknown source term p. However, it has a non-local nature due to the
dependency of v(0) on v(T).

Remark 1. Apart from the well-posedness of the problem (3), the stability and uniqueness of the non-local problem (4) can be
established using [24,25], where the authors consider a more general nonlocal condition that also applies to the setting of (4).

The main aim of this article is to develop numerical methods, based on low rank approximations, which bypasses the limitations
of the existing methods with respect to dimension and structural properties of the operator, see also [26-28] for fully discrete
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approaches available in the literature. To put everything into a framework, assume a spatial discretization of the problem (4) in the
form

%uh(t) +Apu,(0) = fr(, 0<t<T,

v (0) = vp(T) = @y,

G))

where h =1/N and v, is a vector of approximations at spatial grid points
Ky =(hny, hny,...,hny), 0<n; <N, j=12,...d,

and A, is the second-order centered difference matrix operator' approximating the elliptic operator —V - (aV), incorporating also
the homogeneous Dirichlet boundary conditions. By an additional time-stepping method, we can turn the continuous time solution
v,(1) into a fully discrete one. Nevertheless, since problem (5) has a non-local condition in time, standard time stepping methods
can not be exploited directly. Two natural ways of resolving the problem of non-locality in time is by (1) a direct discretization in
time and space, which results in a linear system of extremely large size which is computationally expensive to solve, especially for
two or three dimensional problems; [10], (2) developing a convergent shooting algorithm, see e.g., [29,30] for recent variants of it,
to turn the non-local problem (5) into a purely initial-value problem, which is computationally and implementation-wise preferable
in comparison to the former. In this article, we develop low rank approximations based on the Arnoldi algorithm to efficiently
transform the problem (5) into an initial-value problem, and accurately approximate the unknown pair {p,u}, in a much more
efficient way than the fully discrete approach and the shooting method.

This article is structured as follows. In Section 3 we discuss two standard methods: a full discretization of the problem (5),
and a more efficient shooting algorithm, which is also proved to be convergent. Section 4 contains the main contribution of this
paper, where a low rank approximation algorithm based on Arnoldi is introduced, and the foundations of the ideas are solidified
by a convergence analysis for the low rank approximations of the emerging operators in the algorithm. We conclude the paper by
providing numerical experiments in Section 5, to validate our theoretical findings.

2. Preliminaries

To improve readability and to synchronize the mathematical notation throughout the paper, (1) we present the common notations
that will be subsequently used in the sequel, (2) we present a few intermediate theoretical results in advance (to be used in the
analysis later).

Let B € RV‘*N? be a matrix. We denote the set of eigenvalues of B by A(B). The spectral radius of the matrix B is denoted
by pp.

Throughout the paper, the letter N represents the number of degrees of freedom in a spatial direction, while M represents
the degrees of freedom coming from a temporal discretization.

In order to avoid the confusion with the final time T in Eq. (1), we denote the transpose of a matrix B by B*, even when the
matrix B is real-valued.

Superscripts are used to indicate the power of a matrix B¥, or the derivative of a function f®(f) := %, or as a means to
represent the iteration number for a time-stepping method; see e.g. v} in Eq. (6). The distinction between power of a quantity
and the temporal iteration number is expected to be clear from the context.

Properties of the matrix A:

P1. The matrix 4, € RV IxN g symmetric and positive definite. The eigenvalues 4; € A(A,) are real and positive and ordered
as

0< A <Ay <o < Ayas
and the corresponding eigenfunctions ¢; form an orthonormal basis for the finite dimensional space I>(K;,) equipped
with the inner-product

Nd

(fnr&n) =h? Z INTINE

j=1

and the norm || ;|| := \/{(f. fn)-

P2. For sufficiently small », we have 4, > amin%, up to an O(h?) discretization error.

P3. The operator A, generates the contraction semigroup e~74 : I?(K,) — I*(K,) which satisfies

”e—TAh ” <eMT,

1 It is assumed that A, is symmetric and positive definite.
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Proof of P2. To see property 2, let us consider the continuous operator A = —V - (aV), which can be seen as the limit (as
h — 0) of the discrete operator A,, and let {4, ¢, } be the principal eigenvalue and eigen-function of A. Then it follows that

/ a(x)Ve(x) - Vo(x) dx = 4, / ¢ (x)u(x) dx, Vve H(;(K).
K K

Therefore, plugging v = ¢,, we obtain
2

[ a0V, (x) - Vb (x)dx IVl 5
= AR = dmin g e = QU
W) W)

where the last inequality follows from the Poincare’s inequality, and C,(K) is the Poincare’s constant for the domain K, which

is bounded by C,(K) < ’”%(K) = %, see [31]. Using this inequality, and the fact that A, — A, we obtain property 2 for
sufficiently small A.

d
Proof of P3. To see the last property, assume g = Zj\':l g;¢;, where g; = (g,¢;), and

Nd

2 2
o = e = 15 e
leli=1 lel=1 =
N(l
_Ti —
= sup h' Y e e gig, (b by
lleli=1" ;7=1

Since the eigenfunctions are orthonormal, it follows that (¢;,¢,) = &
discrete Parseval’s equality, we obtain

;j» where &, ; is the kronecker delta. Finally, using the

N4 N4
le~T4n |12 = sup hd Ze—zmjgjg < sup 2T h pd Zgjz
lel=t 5 ligl=1 j=1

—2T A4 ”g”2 — e72TA.1'

sup e
llgll=1

The result follows by taking the square roots of both sides.
3. Standard numerical methods for solving (5)

In this section, we present two strategies to tackle the problem of non-locality in time. First we present a direct approach,
where the problem (5) is directly discretized in time, and we discuss potential numerical challenges with this approach. Second, we
will present the shooting method, which is a more standard way of iteratively solving (5). We conclude this section by a proof of
convergence for the shooting method.

3.1. A direct approach

Lett =T/M and t,, = mr, 0 < m < M. A temporal discretization of the problem (5), say using the Crank-Nicolson scheme,
yields

m+1 m m+1 m
vyt —v +Ahvh + Ay

- 5 = fultyyr ) m=0.1,....M~1, ©
v =0y = ops
where v’;’ denotes the numerical approximations of v,(t,). Since ”2 is not available, (6) cannot be solved recursively. In fact, it is a

system of M (N —1)¢ linear equations with M(N —1)? unknowns. Therefore, one needs to invert the square matrix of size M (N —1)¢
which requires a huge amount of computation and memory space; in particular, for multi-dimensional problems with sufficiently
small step sizes = and A.

One can solve the nonlocal scheme (6) by using the locality of boundary conditions in one of the spatial variables. In fact, (6)
can be written in the matrix form as follows:

CV,yy +BV, +CV,_1=¢,, 1<n<N-1,
Vw=Vn =0,

)
where B and C are constant square matrices of size M(N — 1)?~!, ¥, and ¢, are column vectors with M(N — 1)?~! entries. The
solution of the matrix Eq. (7) can be found by using the modified Gauss elimination method [32] as follows:

V=@ Vort + Burt, n=N—-1,...,2,1,

Vn-1=0,
where «, are square matrices and f, are column vectors, calculated as

Ay = — (B + Can)_l C,
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ust = (B+Ca,) ™ (¢, —CB,), n=1,2,...,N-1.

Here, a; is a zero matrix and g, is a zero vector.

The elimination method described above requires the inversion of a square matrix of size M (N — 1)?~! at every iteration, which
significantly limits its application to one and two dimensional problems only. Due to this computational limitation, we argue that
the use of fully discrete scheme should be avoided in practice, and that more efficient strategies for approximating (5) are needed.
Finally, we note that other boundary conditions such as the Neumann conditions can also be treated with a slight adjustment but
with no major conceptual change in the algorithm.

3.2. Shooting method

An alternative way to solve the non-local problem (5) is by means of the shooting method, which is easy to implement and is
favorable from a computational cost point of view. Let us denote by v, (t; «) the solution of the initial value problem

%uh(t;a) +Apu ) = fr(1), 0<t<T,

(8)
v,0;) = a.

For v,,(t; @) to be a solution of (5), the initial vector « must satisfy

a=v,(T;a)— @y ()]
The corresponding fixed-point iterations can be constructed as

@y = 00 () — @, k=0,1,2,... 10)
where U;:/I (o) is the solution to the Crank-Nicolson approximation (6) of the problem (8) with initial data «,, which reads as

U:+1(ak) = G(Ah;r)vr(ak) +7 <[ + %)’1 Il 2): a1

W) =a, m=0,1,2,...M-1, tM=T,

where G(A,;7) = <I+ %)71 (I - %)

Remark 2. Throughout the manuscript, we assume a Crank-Nicolson discretization in time. The efficiency of the time stepping can
be further improved by employing either explicit stabilized integrators with large stability regions, such as [33] or symplectic Runge

Kutta methods such as [34]. Nevertheless, note that employing different time-stepping methods will require completely different
mathematical analysis, and the theories in this paper is valid only for the Crank—Nicolson scheme.

Theorem 1. Let {a,} be the sequence generated by fixed-point iterations (10), and let v,(0) satisfy v,(0) = v,(T;v,(0)) — ¢,, Where
v,(T; v,(0)) is the solution at time T of problem (8) with initial data v, (0). Then it follows that

-1
oy — Ol < IGIM llay — v, (O] + C* (1+ IGIM) (1= NIGIM) ™,

1-741/2

where |G| = Tren 2

and v,(0).

< 1, Ay is the principal eigenvalue of the matrix A;, and C is a constant independent of k but may depend on f,

Proof. We re-write (11) in the form

m
) = Gm““k"'szm_ij(fjﬂ/z),
j=0

TA, -1
Fy(tipi0) = I+T faltjzip), m=0,1,2,.... M~ 1.

Then the fixed-point iteration (10) can be written as
M-1
a1 =Gy +1 Y GM I F () — 0 k=0,12,.
=0
Moreover, let a, be the limiting value of a, satisfying®
M-1

a0y =GMag +7 Z GM’I’ij(th/z) - @p.
Jj=0

2 Indeed the fixed-point iteration is convergent since ||G|| < 1, and therefore the limiting value «, exists.
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Clearly
lagyy = ool < NGIM lla — g, |I- (12)
On the other hand,
llas = 0O)ll2 = ||} (@) = @4 = 04 (0)|
= ”v,’Y(am) = o — (vp(T; 0,(0)) - (ph)Hz
= (oM @) = oh @u O + v} (00 = 0 (T3 40D,
< (o @) = 0p O, + [|oa(Ts 040D = o} W4 01
< IGIM llag, = v, O)|] + C7*.
Therefore,
lla, — 05Ol < C2 (1= GIM) ™"
Now using (12) together with the last estimate, we see that

ltisr = 0RO < ll@gs = el + llag = v, 0)]

< NGIM llag — agll + llag, — v, O]
< NGIM e = 04O + (1+ IGIM) llag, = v, O]
-1
< NGIM lag = 0O + C (1= IGIM) ™ (1+1IGI™M).
. _ 1=74;/2| _ [1-t4,/2
Together with the fact that ||G|| = max; 5 A; 7| = |2 < 1, we conclude the proof. []

4. Arnoldi approximation

Arnoldi approximation, [35-37], relies on Krylov subspace methods and is typically used to approximate matrix functions F(B)
or F(B)b, where B € CN ‘XN is a large matrix, and b € CN ? is a vector. The idea is to bypass the computation of large matrix
functions and do the matrix computations on a lower dimensional subspace, which may result in tremendous computational gain.
Consider, for example, the matrix exponential F(B) = e 8, where B € RY IxN s a positive definite and symmetric matrix, which is
also central to the goal of the present article. The starting point is a unitary transformation of the matrix B in the form H = Q*BQ,
where Q € RV/*k with 0*Q = I, and H € R®*, where k < N?. We can then approximate F(B)b for b € RN as follows

F(B)b ~ QF (H)Q*b.

We summarize the properties of the matrix H, whenever the original matrix B is symmetric and positive definite. We can make
the following immediate observation: Assume that the matrix Q has rank k. If the matrix B is positive definite and symmetric, the
matrix H is also positive definite and symmetric. To prove the symmetric property, we write

H*=Q*B*Q0=0*BQ =H.
To prove positiveness, assume y € R* # 0. Then
y'Hy=y"0"BQy > 0.
The computational efficiency here originates from the fact that now the matrix exponential is computed for a matrix of much lower

rank. The following theorem provides an error estimate for the difference F(B)b — Q F(H)Q*b.

Theorem 2. [Hochbruck,Lubich [37]] Let B € CN ‘<N pe q Hermitian positive semi-definite matrix with eigenvalues in [0, p]. Moreover,
let H = Q* BQ be a unitary transformation of B via an Arnoldi procedure with H € R** and Q0 € RN**. Then the following estimate
holds

4k2
10”5, VP <k<p/2,
||e’Bb— QeiHQ*bllz < ||b||2 40 _o [ep k (13)
e i <_> . k=p/2
p 4k

Theorem 2 results in a particular computational advantage when applied to the second order difference operator A4,. The spectral
radius p 4, of the matrix A, scales as h~2. This will then imply that in order to obtain an exponential accuracy of the form ¢~¢ (for

/5
some positive constant C), it suffices to choose k = % (C+Inl0)=0 (h‘l). In other words, regardless of the dimension of the

problem, we can compute e~4#b, where b € RN ? at the cost of computing the matrix exponential of a one dimensional problem.
In what follows, we will present two different ways of exploiting the Arnoldi method to gain computational efficiency in
comparison to the direct approach from Section 3.1, and the shooting method from Section 3.2. Both approaches rely on relating the
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solution v(T') of the parabolic PDE (4) at time T to the initial value v(0) and then approximating the emerging operators using a low
rank Arnoldi approximation. This will then result in significantly lower computational cost while retaining the same accuracy of the
direct discretization and the shooting method. For both approaches, we also include separate convergence analysis, which shows
that the emerging matrix functions can be approximated accurately at the cost of matrix function computations of a one-dimensional
problem.

Remark 3. Note that matrix exponentials of the form e can also be computed by a standard eigenfunction expansion. This is,

however, computationally very expensive and must be avoided in computations, see [38] for a full error analysis.
4.1. A hybrid shooting-Arnoldi approximation
Step 1. The starting point is to write the solution v,(T) of (5) in terms of the initial value and the right hand side

T
Up(T) = e T4np, (0) + /0 e~ T=94n £, (s)ds. 14

Step 2. Approximate the operators in (14) using the Arnoldi algorithm, and use the fixed point iteration to find v,(0) such that
v,(0) = v,(T) — @, is met, up to a desired tolerance. In other words, solve for
T
a,=0e THQ | + / Qe T=9H " . (s)ds — oy, (15)
0
for sufficiently large » such that a, ~ v,(0).

Step 3. Solve (5) as an initial value problem, where the initial data comes from Step 2.

4.1.1. Analysis
Here, we aim at establishing an error bound for the difference between «,,, defined by (15), and the true value of the initial data.
The main result is stated in Lemma 2.

Lemma 1. Suppose A, € RN XN s the second order difference matrix in (5). Let vj,(0) be the vector satisfying the relations (14) and
Uy(0) = v, (T) — @, exactly, and {&,} be the sequence generated by the fixed point iterations

T
a, = e_TAhd,,_l +/ e_(T_‘”Ahfh(s)ds —@p n=12,.... (16)
0

Then it follows that
&, = va Ol < e llag — 0, O, n=1,2,...,

2

where ) > ay,;, = is the smallest eigenvalue of the operator A,

Proof. Using the relation v,(0) = v,(T) — ¢, together with (14) we see that

T
0,(0) = e T4np,(0) + / e~ T=94 f,(s)ds — .
0
Using the last equation and (16), we immediately see that

&, — v, O = lle™™ (&, — v,() ||
< e T 1@,-y — 0O < e THY|d,_y — v, O,

where property 3 in Section 2 was used for establishing the last inequality. []
Lemma 2. Let A, € RN'*N' be the same matrix as in Lemma 1 and 0 < & < T. Suppose O € RN** and H € R¥* with

5T py, 10 £py,

3 T <k %)

are the corresponding matrices coming from an Arnoldi procedure applied to the matrix A,. Moreover, let v, (0) be the vector satisfying the
relations (14) and v,,(0) = v,(T) — ¢, exactly, and «, be the solution of the fixed point iteration (15), with a, = &,, where &, is the initial
guess for the iteration (16). Then it follows that

llet, = 0O < C*llag — v O]

w2 _m
+10¢ 7" <||vh(0>||+T sup ||fh(s>||> L-¢
0<s<T 1-C
. 1-cn
+ e (1+1QINIQ*I) sup ”fh(s)llﬁ’ (18)
0<s<T -

4k2
where C = e~ T4 +10e "4 < 1.
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Proof. Let &, and v,(0) be defined in the same way as in the proof of Lemma 1. We start by splitting the error a, — v,(0) into two
parts as follows:

e, = v, Ol < lle, = &1l + ll&, = v, Ol 19

An upper bound for the second term in the right hand side was already established in Lemma 1. To bound the first term in the right
hand side, we write

T

& —a, = ¢ M, |+ / T fy(s)ds — @y,
- <Qe THO*a,_ ]+/ Qe T=9H g fh(S)—(Ph>
=T (@) —ap_y) — (T = Qe TH Q) (,_) —a,_))

+

(T4 — Qe TH Q%) (&,_, — v4(0))
(e TAw _ e~TH o* ) v,,(0)

/ —(T—S)Ah _ Qe—(T—s)H Q*) fh(s)ds.

+

—+

Then,

~ —TA, —TA, —-TH ~
&, —a,ll < (™™l + lle™n — Qe O™ ||) 1@,y — a1
+ [le7 M — Qe 0¥ ||||&,_; — vaO)l

+ [l — Qe 0¥ |[||v, (0)]

T—¢
N / e~ T4 — Qe=T=9H Qe 1 7, (9)lds
0

T
+ / le™T=94n — Qe=T=9H Q||| ()l ds.
T—€
4K2

Now, using the fact that ||e=74#|| < e=T4 (see property 3 in Section 2), as well as ||e=T =941 — Qe=T=9H Q*|| < 10e *"4n 0 < s <
T — ¢ (see Theorem 2), we obtain

42
~ -Ti 5T ~
”an - an” < <€ '+ 10e PAn > ”an—l — @y Il

42 a2
+ 10e T*4n ||&,_, — v, O)|| + 10e TP4r [|u,(0)]|
o
+ 10e "4 (T —e) sup [If,)
<s<T—¢

e(1+lQl1o) S 5uP (G

4K2
We note that the assumption (17) on k implies that the amplification factor C = e=741 + 10e *"*4» < 1. Moreover, using Lemma 1
for the term ||&,_; — v,(0)||, we get

42
&, — a,ll < Cll@,_; — @l + 10e 7?41 e Tt=DAy g, — v, )]
442

10e *"74n <I|Uh(0)”+T sup Ilfh(S)I|>
0<s<T
e (L+lQle*l) sup /46l
0<s<T

+

+

Then, by a trivial induction we have

i n—1
ld, — a,ll < C"llag — agll + 10e "4 ||ay — v, O] Y, C7eTt=1=04
=0
_ 4k2 n—1
+ 10e T4 <||vh<0)||+T sup ||fh(s)||) Y c
0<s<T £=0

n—1

e (1+lolle*) Jup 174l >l

=0

The final estimate follows then from (19) under the assumption &, = «y.
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Remark 4. Note that the estimate (18) in Lemma 2 is sub-optimal due to the presence of an additional O(¢) term in the upper
bound. Indeed, in numerical simulations we only observe the exponentially decaying part of the error, see the numerical results in
Section 5.1.

4.2. An approach based on a pure Arnoldi approximation

Step 1. Unlike the previous approach, instead of using iterations to solve for v,(0), one can also formulate a direct equation by
exploiting (14), together with v,(0) = v,(T) — ¢, to represent the initial data v,(0) as follows

T
v,(0)=( - e TAny-1 (—qoh +/0 e’(T’S)A"fh(s)ds> . (20)

Step 2. Approximate the matrix operators (I — e~741)~!, and e~4»T~%) using the Arnoldi algorithm, and solve for v;(0).
Step 3. Solve (5) as an initial value problem, where the initial data comes from Step 2.

4.2.1. Analysis

In this approach, in addition to approximations of exponential functions, we also need to approximate the operator (I —e=74x)~1,
In what follows, we aim at establishing error bounds for an Arnoldi approximation for this operator. The main result is Theorem 3.
However, we will need the following lemma prior to proving Theorem 3.

Lemma 3 (See Chapter 11, [39]). If a function f has a power series representation

0

f(z2)= z ckzk

k=0

on an open disk containing the eigenvalues A(B) of a matrix B € CN'*N then

J(B)= Y ¢B,
k=0
and,
k-1 d
17B)= X Bl < I max 187989, 1)
J=0 Poes

Now suppose b(z) = (1 — e~?)~!. We are interested in deriving an error estimate for

16T Ap)g — OXT H)Q gl

Theorem 3. Let A, € RN ‘XN pe as in Lemma 2, and Q € RVN*k and H € R with u, = min A(H), be the matrices coming from the
Arnoldi procedure. Then the following estimate holds:

1

[l (TAyg — ONTH)Q*g |I< (Nde_”’mm

4k2-P
+ Cke—Tﬂlm(l_‘f;Tm)erl +10(m — e > llgll,

where m = |kP|, 0 < f < 1, and the constant C = ||Q||[|Q*|I.

Proof. Let f(z) = (1 —z)~!. Then for |z| < 1, we can write

[

f(2)= ZZ/ =fk(z)+2zj, |z| <1,
j=k

Jj=0

where f(z) = Z;‘;& 2/, Moreover, let B = e~T4n, then clearly A(B) € [e”" *4n,e~T41], and by Lemma 3 it follows that

©

BT Ay) = f(B) = f(B)+ ) B/,

Jj=k
where f;(B) is given by

k-1

fu(B)=Y B
j=0

J

Note that the spectral radius of B is strictly less than 1. Now, assume 0 < § < 1 and m = |k?|, and consider the following
decomposition of the overall error:

If(B)g — Qf (e "% gl < £ (B)g — fu(B)gll + | fn(B)g — O f (7T H)0% g
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To bound the first term, we use inequality (21) in Lemma 3

Lf(B)g = fu(B)gll < IIf(B) = fu(B)llligll
d

N
< — max | B™ £ (Bs)|l| gl
m! 0<s<1

<N B" (B
< — 1B max {| /" (Bs)llllgll
m! 0<s<1

N4 _ !

< e T max | —2——|l|jg]l
m! 0<s<1 = (I — Bsym+!

o L — lgll.

For the second term, we consider the decomposition
[uBrs =01 (1) 08| < | £uBrs = 0 (777 €7
+ “Q (f (e—TH) - (e—TH)) 0%

The first term in the right hand side can be bounded as follows

/B - 01, (1) 0%5

m-1 42
| < X 10lglle™57
=1

w2
< 10(m = Dliglle 3tn=De
_aK2p
< 100m = Dllglle” 3

The second term, on the other hand, is bounded in a similar way as || f(B)g — f,,(B)g|l with an additional constant accounting for
the /2 norms of Q and Q% i.e.,

lo (7 (&™) = 7 (7)) 0" gl

Remark 5. Choosing 0 < g < 1 sufficiently small and k = O(N), Theorem 3 results in exponentially decaying error bounds in terms
of N, while the cost would be comparable to computing the matrix functions of sizes k x k.

< CkeTHim

4.3. Numerical integration of matrix exponentials

In the analysis provided in Sections 4.1 and 4.2, it was assumed that the integral fOT e~ T=DAn £, (1) dt and it’s approximation
/OT Qe T-DHQ* £, (1) ds are given exactly. In practice these integrals need to be approximated by a quadrature rule. Here, we
draw the attention of the reader to a subtlety in relation with the quadrature rule. For simplicity, we consider only the integral
/OT e~ T=941 £, (s) ds. A quadrature rule based on the standard midpoint rule yields

T M
/ T4 f(dt = 7 Y Tt £ (1, ) + O
0 k=1
The error bound for such an approximation includes the second derivative of the integrand e~"~94x £, (1), which would scale as
|A%|| ~ (1/h)* = N*. Therefore, a direct application of the midpoint rule will be very costly since very small time steps will be
needed to achieve reasonable error tolerances. The problematic part with the error bound for the standard midpoint rule is that the
exponential term in the integrand is also approximated at the midpoint. We will now, instead, derive a variant of the midpoint rule
which bypasses the approximation of the exponential part of the integrand. This would then result in a much smaller pre-factor in
the error bound as we will see in a nutshell. To achieve this, we start by

T M g
/ Ty (dt = ) / =0 £, (1)
0 k=111

M 1
~ Y / e T=D4 dtfy (1) 1)
k=111

Moreover,
Tk Tk
/ e T=DAngr = o=TAn / endt = 7T (e'kAn — eli-1n) A;_,l.
k-1 k-1
Therefore,

M

T
/ e T=044 £, (Ndt = Z (e T=104n — o= T=tDAn) AL 1, (1 ) + O(2).
0 k=1

10
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Fig. 1. Approximation error for the matrix functions computations via Arnoldi.

The procedure above results in a first order method but the pre-factor in the upper bound is independent of A, and includes only the
first derivative 9, f,,(¢). In our simulations below, we also use a Richardson extrapolation to achieve a globally second-order method
in time, which proves to be much more efficient than a standard midpoint rule.

5. Numerical results

In this section, we provide numerical examples to validate the theoretical findings. In Section 5.1, we provide a numerical
example to demonstrate the exponential convergence for the approximation of the matrix exponential e~74» as well as (I —e~T4r)~!,
In Sections Section 5.2 we provide numerical examples in one, two, and three dimensions to demonstrate the advantage of using
the full Arnoldi approximation or the hybrid approach in comparison to the standard shooting method.

5.1. Matrix function approximations-numerical results

In this section, we provide numerical evidence for exponentially decaying errors originating from the Arnoldi approximation of
the operators e~T4#, and (I — e~T41)~!. The size of the matrix 4, € RV"*N* is 1600 x 1600. Fig. 1 demonstrates the exponential
decay of the error corroborating the results of Theorems 2 and 3. In particular, we observe accuracies down to 10~ tolerances for
reasonably low rank approximation; i.e., k =~ 40. Note that, in this simulation the value of the parameter T is chosen to be T = 0.1.

5.2. Approximation of u and p

In this section, we consider the inverse problem of determining the pair of solutions {p,u} in dimensions d = 1,2, 3:
ou(t,x) — Au(t,x) = f(t,x)+ p(x), in K =(0,1)¢ x(0,T),
u(t,x) = 0, ondK x(0,7),
u(0,x) =0, inK,
w(T,x) = p(x), in K.
To study the convergence properties, we assume an exact solution u (only for the sake of comparison) of the form
d

ut,x) = (e_’ - 1) H sin2(27zxj),

Jj=1
and

d d d
ft,x) = —e”' <H sin2(27rxj) + 8772 z cos(4zx;) H sin2(2n:xk)) R

=1 =1 kit

11
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Fig. 2. Numerical results in one dimension.
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Fig. 3. Numerical results in two dimensions.

d d

p(x) = 877 Y cos(drx;) [ [ sin®@7xp),
j=1 [y

o(x) = u(T, x).

In Figs. 2(a),3(a),4(a), the relative errors

ulty, x;) — Uy

u(tk,xj)

p(x;) — p;
p(x;)

£, = max : X
" k.j P J

are depicted for dimensions d = 1,2, 3 respectively. Here i, ; and p; are numerical approximations to u(t;, x;) and p(x;) respectively.
The error plots include only the error corresponding the full Arnoldi approach. This is intentional since the error plots for the hybrid
approach as well as the shooting algorithm are almost identical, and all show second order convergence rates in time and space.
Note that in all of the simulations the time-step r is simultaneously refined (proportional to the spatial stepsize /). More precisely,
we use 7 = 0.14 for the one- and two-dimensional cases and 7 = 0.054 for the three-dimensional case. Moreover, the final time T is
set as T = 0.1, and the number of basis vectors in the Arnoldi algorithm is chosen as k = N = 47! in all of the simulations.

To compare the efficiency of the methods, we also report, in Figs. 2(b), 3(b),4(b), the actual computational time (measured in
seconds) to reach a desired error tolerance. For dimensions d = 2,3, the results clearly demonstrate the advantage of using the
hybrid and the full Arnoldi approaches over the classical shooting method, whereas the shooting method seems to be more efficient
only in the one-dimensional setting. Note that the case of d = 1 is somewhat special. The Arnoldi algorithm requires computing a
matrix exponential in one-dimension, which is more costly than solving a one-dimensional parabolic PDE using an implicit method,
whose cost is dominated by inverting a matrix of size N¢x N¢. This is due to the fact that the overall cost of the Arnoldi algorithm is
O(N“k?), where k is the number of basis functions in the Krylov-subspace, see [38] for details, whereas the inversion of a matrix of
size N9 x N9, with bandwidth p = N9~! entails O(N“p?) = O(N3¢~2) operations. Therefore, the advantage of the Arnoldi algorithm
over the shooting method can not be seen unless d > 2.

12
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Fig. 4. Numerical results in three dimensions.
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