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A B S T R A C T

An inverse problem of finding an unknown heat source for a class of linear parabolic equations
is considered. Such problems can typically be converted to a direct problem with non-local
conditions in time instead of an initial value problem. Standard ways of solving these non-local
problems include direct temporal and spatial discretization as well as the shooting method,
which may be computationally expensive in higher dimensions. In the present article, we present
approaches based on low-rank approximation via Arnoldi algorithm to bypass the computational
limitations of the mentioned classical methods. Regardless of the dimension of the problem, we
prove that the Arnoldi approach can be effectively used to turn the inverse problem into a simple
initial value problem at the cost of only computing one-dimensional matrix functions while
still retaining the same accuracy as the classical approaches. Numerical results in dimensions
𝑑 = 1, 2, 3 are provided to validate the theoretical findings and to demonstrate the efficiency of
the method for growing dimensions.

1. Introduction

The theory of inverse problems for differential equations has been extensively developed to tackle various problems in applied
sciences and engineering. Typical applications turning this field into a popular area of research include geological exploration,
medical diagnostics, and predictive material science. In a direct problem, typically a differential equation is given and its solution
is determined uniquely from imposed initial and/or boundary conditions. In an inverse problem, on the contrary, a differential
equation itself contains unknown data/parameters. For example, a differential equation may involve unknown coefficients or source
terms, which need to be determined from a set of observations or measurements of the solution. In the study of inverse problems,
the lack of knowledge about the data in the model problem is then compensated by introducing some additional conditions into
the problem, which may eventually result in a well-posed mathematical model. For the general theory of inverse problems for
differential equations we refer the interested reader to [1–3] and the references therein.

Motivated by real applications, inverse problems for diffusion equations can be categorized into two: (a) determining the
coefficient of the equation, see e.g., [4–6] (b) determining the heat source. Latter is closely related to the goal of the present article.
In particular, we are interested in the inverse problem of finding the pair of solutions {𝑝, 𝑢} such that

⎧

⎪

⎨

⎪

⎩

𝜕𝑡𝑢(𝑡, 𝑥) − ∇ ⋅ (𝑎(𝑥)∇𝑢(𝑡, 𝑥)) = 𝑓 (𝑡, 𝑥) + 𝑝(𝑥), (𝑡, 𝑥) ∈ (0, 𝑇 ) ×𝐾,

𝑢(𝑡, 𝑥) = 0, (𝑡, 𝑥) ∈ [0, 𝑇 ] × 𝜕𝐾,

𝑢(0, 𝑥) = 0, 𝑢(𝑇 , 𝑥) = 𝜑(𝑥), 𝑥 ∈ 𝐾,

(1)
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where 𝐾 ∶= (0, 1)𝑑 is an open unit cube with a boundary 𝜕𝐾 and 𝑎(𝑥) ∈ R𝑑×𝑑 ,∀𝑥 ∈ 𝐾 is a symmetric matrix function satisfying

0 < 𝑎min|𝜁 |
2 ≤ 𝜁𝑇 𝑎(𝑥)𝜁 ≤ 𝑎max|𝜁 |

2, ∀𝑥 ∈ 𝐾 and 𝜁 ∈ R𝑑 , (2)

and 𝑓 and 𝜑 are sufficiently smooth known functions. Problem (1) is highly relevant from an application point of view. Consider,
for example, a domain 𝐾, for which there already exists a known (and practically difficult to remove) background heat source 𝑓 .
Suppose that our objective is to keep the temperature distribution at a specific time 𝑇 in a desired manner. The problem is then to
find the control data 𝑝 accounting for yet another heat source, to be fine-tuned over 𝐾, such that the final temperature requirements
are met. The inverse problem of simultaneous determination of temperature and a spacewise dependent source from given final data
is related, for instance, to heat conduction problems with an unknown time-independent heat source. From an application point of
view, it may help in controlling the heat distribution of solid structures (e.g., airplane wings) and other industrial devices in a
non-local and non-dynamic fashion. In most of current physical applications, however, the unknown parameter may depend on
time, and in this case, for the well-posedness of the problem the last condition in (1) must be changed, for instance replaced by
𝑢(𝑡, 𝑥∗) = 𝜑(𝑡), 𝑡 ∈ [0, 𝑇 ], where 𝑥∗ ∈ 𝐾. Although the principal ideas from this paper may be used also for this case, in general,
the resulting inverse problems require a different mathematical machinery from the one we discuss in this paper and the numerical
treatment of this case is left as a future work.

The problem of determining the heat source in a parabolic equation has been a topic of research for the past two decades and
is still a popular area of research due to the need to improve the efficiency of numerical methods linked to the proposed strategies.
A class of algorithms rely on obtaining a transformed equation, where the unknown heat source is no longer present, and the
resulting system is then solved with a direct numerical simulation in time and space, see e.g., [7–10]. This idea typically leads
to either a large linear system of equations to solve due to the urge to treat the additional temporal dimension similar to spatial
dimensions rather than using a standard time-stepping method or alternatively exploiting iterative solution methods, which may
be computationally expensive. More standard ways of tackling this problem is based on re-formulation of the original problem as
a minimization problem, [11–15], which eventually needs an efficient iterative solution method to find the minimizer. There are
other strategies which are limited as they assume a specific structure for the parabolic operator (e.g., constant coefficients), [16],
or they have limitations due to dimension [17].

We may rewrite the above problem in abstract form as

⎧

⎪

⎨

⎪

⎩

𝑑
𝑑𝑡

𝑢(𝑡) + 𝐴𝑢(𝑡) = 𝑓 (𝑡) + 𝑝, 𝑡 ∈ (0, 𝑇 ),

𝑢(0) = 0, 𝑢(𝑇 ) = 𝜑,
(3)

where 𝑢(𝑡), 𝑡 ∈ [0, 𝑇 ] and 𝑓 (𝑡), 𝑡 ∈ (0, 𝑇 ) are vector valued functions in a suitable Hilbert space 𝐻 . Similarly, 𝑝, 𝜑 ∈ 𝐻 and 𝐴 ∶ 𝐻 → 𝐻
is the corresponding abstract operator, where the boundary conditions are incorporated in 𝐴. In general, problem (3) is ill-posed.
However, for sufficiently smooth data its well-posedness has been shown in the literature. The unique solvability of inverse source
identification problem (3) in an arbitrary Banach space 𝐸 with linear unbounded operator 𝐴 was established in [18]. The stability
estimates for the solution of problem (3) were obtained in [19]. Related to the theoretical foundations of the present work is also
the well-posedness of an inverse parabolic problem with an unknown source term [20,21]; see also [22,23] for regularity conditions
for the controllability of final time over-determination parabolic equations with a time and space dependent right hand side, and
with superlinear nonlinearities.

The starting point that we follow is similar to [10] which relies on eliminating the unknown 𝑝 in (3) by introducing a new
abstract function 𝑣 as

𝑣(𝑡) = 𝑢(𝑡) − 𝐴−1𝑝, 𝑡 ∈ [0, 𝑇 ].

Indeed, it follows that 𝑑
𝑑𝑡𝑣(𝑡) =

𝑑
𝑑𝑡 𝑢(𝑡), 𝐴𝑣(𝑡) = 𝐴𝑢(𝑡) − 𝑝, 𝑣(𝑇 ) = 𝜑−𝐴−1𝑝, and 𝑣(0) = −𝐴−1𝑝. Therefore, the problem (3) is equivalent

to the following problem:

⎧

⎪

⎨

⎪

⎩

𝑑
𝑑𝑡

𝑣(𝑡) + 𝐴𝑣(𝑡) = 𝑓 (𝑡), 𝑡 ∈ (0, 𝑇 ),

𝑣(0) = 𝑣(𝑇 ) − 𝜑.
(4)

Note that having the solution 𝑣(𝑡), 𝑡 ∈ [0, 𝑇 ] of problem (4) allows us to obtain the solutions of initial problem (3) directly as follows:

𝑝 = −𝐴𝑣(0), 𝑢(𝑡) = 𝑣(𝑡) − 𝑣(0), 𝑡 ∈ (0, 𝑇 ).

The problem (4) is direct since it does not involve an unknown source term 𝑝. However, it has a non-local nature due to the
dependency of 𝑣(0) on 𝑣(𝑇 ).

Remark 1. Apart from the well-posedness of the problem (3), the stability and uniqueness of the non-local problem (4) can be
established using [24,25], where the authors consider a more general nonlocal condition that also applies to the setting of (4).

The main aim of this article is to develop numerical methods, based on low rank approximations, which bypasses the limitations
2

of the existing methods with respect to dimension and structural properties of the operator, see also [26–28] for fully discrete
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approaches available in the literature. To put everything into a framework, assume a spatial discretization of the problem (4) in the
form

⎧

⎪

⎨

⎪

⎩

𝑑
𝑑𝑡

𝑣ℎ(𝑡) + 𝐴ℎ𝑣ℎ(𝑡) = 𝑓ℎ(𝑡), 0 < 𝑡 < 𝑇 ,

𝑣ℎ(0) = 𝑣ℎ(𝑇 ) − 𝜑ℎ,
(5)

where ℎ = 1∕𝑁 and 𝑣ℎ is a vector of approximations at spatial grid points

𝐾ℎ = (ℎ𝑛1, ℎ𝑛2,… , ℎ𝑛𝑑 ), 0 ≤ 𝑛𝑗 ≤ 𝑁, 𝑗 = 1, 2,… , 𝑑,

nd 𝐴ℎ is the second-order centered difference matrix operator1 approximating the elliptic operator −∇ ⋅ (𝑎∇), incorporating also
he homogeneous Dirichlet boundary conditions. By an additional time-stepping method, we can turn the continuous time solution
ℎ(𝑡) into a fully discrete one. Nevertheless, since problem (5) has a non-local condition in time, standard time stepping methods
an not be exploited directly. Two natural ways of resolving the problem of non-locality in time is by (1) a direct discretization in
ime and space, which results in a linear system of extremely large size which is computationally expensive to solve, especially for
wo or three dimensional problems; [10], (2) developing a convergent shooting algorithm, see e.g., [29,30] for recent variants of it,
o turn the non-local problem (5) into a purely initial-value problem, which is computationally and implementation-wise preferable
n comparison to the former. In this article, we develop low rank approximations based on the Arnoldi algorithm to efficiently
ransform the problem (5) into an initial-value problem, and accurately approximate the unknown pair {𝑝, 𝑢}, in a much more
fficient way than the fully discrete approach and the shooting method.

This article is structured as follows. In Section 3 we discuss two standard methods: a full discretization of the problem (5),
nd a more efficient shooting algorithm, which is also proved to be convergent. Section 4 contains the main contribution of this
aper, where a low rank approximation algorithm based on Arnoldi is introduced, and the foundations of the ideas are solidified
y a convergence analysis for the low rank approximations of the emerging operators in the algorithm. We conclude the paper by
roviding numerical experiments in Section 5, to validate our theoretical findings.

. Preliminaries

To improve readability and to synchronize the mathematical notation throughout the paper, (1) we present the common notations
hat will be subsequently used in the sequel, (2) we present a few intermediate theoretical results in advance (to be used in the
nalysis later).

• Let 𝐵 ∈ R𝑁𝑑×𝑁𝑑 be a matrix. We denote the set of eigenvalues of 𝐵 by 𝜆(𝐵). The spectral radius of the matrix 𝐵 is denoted
by 𝜌𝐵 .

• Throughout the paper, the letter 𝑁 represents the number of degrees of freedom in a spatial direction, while 𝑀 represents
the degrees of freedom coming from a temporal discretization.

• In order to avoid the confusion with the final time 𝑇 in Eq. (1), we denote the transpose of a matrix 𝐵 by 𝐵∗, even when the
matrix 𝐵 is real-valued.

• Superscripts are used to indicate the power of a matrix 𝐵𝑘, or the derivative of a function 𝑓 (𝑘)(𝑡) ∶= 𝑑𝑘𝑓 (𝑡)
𝑑𝑡𝑘 , or as a means to

represent the iteration number for a time-stepping method; see e.g. 𝑣𝑚ℎ in Eq. (6). The distinction between power of a quantity
and the temporal iteration number is expected to be clear from the context.

• Properties of the matrix 𝐴ℎ:

P1. The matrix 𝐴ℎ ∈ R𝑁𝑑×𝑁𝑑 is symmetric and positive definite. The eigenvalues 𝜆𝑗 ∈ 𝜆(𝐴ℎ) are real and positive and ordered
as

0 < 𝜆1 ≤ 𝜆2 ≤ ⋯ ≤ 𝜆𝑁𝑑 ,

and the corresponding eigenfunctions 𝜙𝑗 form an orthonormal basis for the finite dimensional space 𝑙2(𝐾ℎ) equipped
with the inner-product

⟨𝑓ℎ, 𝑔ℎ⟩ = ℎ𝑑
𝑁𝑑
∑

𝑗=1
𝑓ℎ,𝑗𝑔ℎ,𝑗 ,

and the norm ‖𝑓ℎ‖ ∶=
√

⟨𝑓ℎ, 𝑓ℎ⟩.
P2. For sufficiently small ℎ, we have 𝜆1 ≥ 𝑎min

𝜋2

𝑑 , up to an 𝑂(ℎ2) discretization error.
P3. The operator 𝐴ℎ generates the contraction semigroup 𝑒−𝑇𝐴ℎ ∶ 𝑙2(𝐾ℎ) → 𝑙2(𝐾ℎ) which satisfies

‖

‖

‖

𝑒−𝑇𝐴ℎ‖
‖

‖

≤ 𝑒−𝜆1𝑇 .

1 It is assumed that 𝐴 is symmetric and positive definite.
3

ℎ
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Proof of P2. To see property 2, let us consider the continuous operator 𝐴 = −∇ ⋅ (𝑎∇), which can be seen as the limit (as
ℎ → 0) of the discrete operator 𝐴ℎ, and let {𝜆1, 𝜙1} be the principal eigenvalue and eigen-function of 𝐴. Then it follows that

∫𝐾
𝑎(𝑥)∇𝜙1(𝑥) ⋅ ∇𝑣(𝑥) 𝑑𝑥 = 𝜆1 ∫𝐾

𝜙1(𝑥)𝑣(𝑥) 𝑑𝑥, ∀𝑣 ∈ 𝐻1
0 (𝐾).

Therefore, plugging 𝑣 = 𝜙1, we obtain

𝜆1 =
∫𝐾 𝑎(𝑥)∇𝜙1(𝑥) ⋅ ∇𝜙1(𝑥)𝑑𝑥

‖𝜙1‖
2
𝐿2(𝐾)

≥ 𝑎min

‖∇𝜙1‖
2
𝐿2(𝐾)

‖𝜙1‖
2
𝐿2(𝐾)

≥ 𝑎min𝐶𝑝(𝐾)−2,

where the last inequality follows from the Poincare’s inequality, and 𝐶𝑝(𝐾) is the Poincare’s constant for the domain 𝐾, which
is bounded by 𝐶𝑝(𝐾) ≤ 𝑑𝑖𝑎𝑚(𝐾)

𝜋 =
√

𝑑
𝜋 , see [31]. Using this inequality, and the fact that 𝐴ℎ → 𝐴, we obtain property 2 for

sufficiently small ℎ.
Proof of P3. To see the last property, assume 𝑔 =

∑𝑁𝑑

𝑗=1 𝑔𝑗𝜙𝑗 , where 𝑔𝑗 = ⟨𝑔, 𝜙𝑗⟩, and

‖

‖

‖

𝑒−𝑇𝐴ℎ‖
‖

‖

2
∶= sup

‖𝑔‖=1

‖

‖

‖

𝑒−𝑇𝐴ℎ𝑔‖‖
‖

2
= sup

‖𝑔‖=1
‖

𝑁𝑑
∑

𝑗=1
𝑒−𝑇𝜆𝑗 𝑔𝑗𝜙𝑗‖

2

= sup
‖𝑔‖=1

ℎ𝑑
𝑁𝑑
∑

𝑗,𝓁=1
𝑒−𝑇𝜆𝑗 𝑒−𝑇𝜆𝓁 𝑔𝑗𝑔𝓁⟨𝜙𝑗 , 𝜙𝓁⟩.

Since the eigenfunctions are orthonormal, it follows that ⟨𝜙𝑗 , 𝜙𝓁⟩ = 𝛿𝑖,𝑗 , where 𝛿𝑖,𝑗 is the kronecker delta. Finally, using the
discrete Parseval’s equality, we obtain

‖𝑒−𝑇𝐴ℎ
‖

2 = sup
‖𝑔‖=1

ℎ𝑑
𝑁𝑑
∑

𝑗=1
𝑒−2𝑇𝜆𝑗 𝑔2𝑗 ≤ sup

‖𝑔‖=1
𝑒−2𝑇𝜆1ℎ𝑑

𝑁𝑑
∑

𝑗=1
𝑔2𝑗

= sup
‖𝑔‖=1

𝑒−2𝑇𝜆1‖𝑔‖2 = 𝑒−2𝑇𝜆1 .

The result follows by taking the square roots of both sides.

. Standard numerical methods for solving (5)

In this section, we present two strategies to tackle the problem of non-locality in time. First we present a direct approach,
here the problem (5) is directly discretized in time, and we discuss potential numerical challenges with this approach. Second, we
ill present the shooting method, which is a more standard way of iteratively solving (5). We conclude this section by a proof of

onvergence for the shooting method.

.1. A direct approach

Let 𝜏 = 𝑇 ∕𝑀 and 𝑡𝑚 = 𝑚𝜏, 0 ≤ 𝑚 ≤ 𝑀 . A temporal discretization of the problem (5), say using the Crank–Nicolson scheme,
ields

⎧

⎪

⎨

⎪

⎩

𝑣𝑚+1ℎ − 𝑣𝑚ℎ
𝜏

+
𝐴ℎ𝑣𝑚+1ℎ + 𝐴ℎ𝑣𝑚ℎ

2
= 𝑓ℎ(𝑡𝑚+1∕2), 𝑚 = 0, 1,… ,𝑀 − 1,

𝑣0ℎ = 𝑣𝑀ℎ − 𝜑ℎ,
(6)

where 𝑣𝑘ℎ denotes the numerical approximations of 𝑣ℎ(𝑡𝑘). Since 𝑣0ℎ is not available, (6) cannot be solved recursively. In fact, it is a
system of 𝑀(𝑁 −1)𝑑 linear equations with 𝑀(𝑁 −1)𝑑 unknowns. Therefore, one needs to invert the square matrix of size 𝑀(𝑁 −1)𝑑
which requires a huge amount of computation and memory space; in particular, for multi-dimensional problems with sufficiently
small step sizes 𝜏 and ℎ.

One can solve the nonlocal scheme (6) by using the locality of boundary conditions in one of the spatial variables. In fact, (6)
can be written in the matrix form as follows:

{

𝐶𝑉𝑛+1 + 𝐵𝑉𝑛 + 𝐶𝑉𝑛−1 = 𝜙𝑛, 1 ≤ 𝑛 ≤ 𝑁 − 1,

𝑉0 = 𝑉𝑁 = 0,
(7)

where 𝐵 and 𝐶 are constant square matrices of size 𝑀(𝑁 − 1)𝑑−1, 𝑉𝑛 and 𝜙𝑛 are column vectors with 𝑀(𝑁 − 1)𝑑−1 entries. The
solution of the matrix Eq. (7) can be found by using the modified Gauss elimination method [32] as follows:

{

𝑉𝑛 = 𝛼𝑛+1𝑉𝑛+1 + 𝛽𝑛+1, 𝑛 = 𝑁 − 1,… , 2, 1,

𝑉𝑁−1 = 0,

where 𝛼𝑛 are square matrices and 𝛽𝑛 are column vectors, calculated as
( )−1
4

𝛼𝑛+1 = − 𝐵 + 𝐶𝛼𝑛 𝐶,
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𝛽𝑛+1 =
(

𝐵 + 𝐶𝛼𝑛
)−1 (𝜙𝑛 − 𝐶𝛽𝑛

)

, 𝑛 = 1, 2,… , 𝑁 − 1.

Here, 𝛼1 is a zero matrix and 𝛽1 is a zero vector.
The elimination method described above requires the inversion of a square matrix of size 𝑀(𝑁 −1)𝑑−1 at every iteration, which

significantly limits its application to one and two dimensional problems only. Due to this computational limitation, we argue that
the use of fully discrete scheme should be avoided in practice, and that more efficient strategies for approximating (5) are needed.
Finally, we note that other boundary conditions such as the Neumann conditions can also be treated with a slight adjustment but
with no major conceptual change in the algorithm.

3.2. Shooting method

An alternative way to solve the non-local problem (5) is by means of the shooting method, which is easy to implement and is
favorable from a computational cost point of view. Let us denote by 𝑣ℎ(𝑡; 𝛼) the solution of the initial value problem

⎧

⎪

⎨

⎪

⎩

𝑑
𝑑𝑡

𝑣ℎ(𝑡; 𝛼) + 𝐴ℎ𝑣ℎ(𝑡; 𝛼) = 𝑓ℎ(𝑡), 0 < 𝑡 < 𝑇 ,

𝑣ℎ(0; 𝛼) = 𝛼.
(8)

For 𝑣ℎ(𝑡; 𝛼) to be a solution of (5), the initial vector 𝛼 must satisfy

𝛼 = 𝑣ℎ(𝑇 ; 𝛼) − 𝜑ℎ. (9)

The corresponding fixed-point iterations can be constructed as

𝛼𝑘+1 = 𝑣𝑀ℎ (𝛼𝑘) − 𝜑ℎ, 𝑘 = 0, 1, 2,… (10)

where 𝑣𝑀ℎ (𝛼𝑘) is the solution to the Crank–Nicolson approximation (6) of the problem (8) with initial data 𝛼𝑘, which reads as

𝑣𝑚+1ℎ (𝛼𝑘) = 𝐺(𝐴ℎ; 𝜏)𝑣𝑚ℎ (𝛼𝑘) + 𝜏
(

𝐼 +
𝜏𝐴ℎ
2

)−1
𝑓ℎ(𝑡𝑚+1∕2), (11)

𝑣0ℎ(𝛼𝑘) = 𝛼𝑘, 𝑚 = 0, 1, 2,… ,𝑀 − 1, 𝜏𝑀 = 𝑇 ,

where 𝐺(𝐴ℎ; 𝜏) ∶=
(

𝐼 + 𝜏𝐴ℎ
2

)−1 (
𝐼 − 𝜏𝐴ℎ

2

)

.

emark 2. Throughout the manuscript, we assume a Crank–Nicolson discretization in time. The efficiency of the time stepping can
e further improved by employing either explicit stabilized integrators with large stability regions, such as [33] or symplectic Runge
utta methods such as [34]. Nevertheless, note that employing different time-stepping methods will require completely different
athematical analysis, and the theories in this paper is valid only for the Crank–Nicolson scheme.

heorem 1. Let {𝛼𝑘} be the sequence generated by fixed-point iterations (10), and let 𝑣ℎ(0) satisfy 𝑣ℎ(0) = 𝑣ℎ(𝑇 ; 𝑣ℎ(0)) − 𝜑ℎ, where
ℎ(𝑇 ; 𝑣ℎ(0)) is the solution at time 𝑇 of problem (8) with initial data 𝑣ℎ(0). Then it follows that

‖𝛼𝑘+1 − 𝑣ℎ(0)‖ ≤ ‖𝐺‖

𝑀
‖𝛼𝑘 − 𝑣ℎ(0)‖ + 𝐶𝜏2

(

1 + ‖𝐺‖

𝑀) (

1 − ‖𝐺‖

𝑀)−1 ,

here ‖𝐺‖ =
|

|

|

|

1−𝜏𝜆1∕2
1+𝜏𝜆1∕2

|

|

|

|

< 1, 𝜆1 is the principal eigenvalue of the matrix 𝐴ℎ, and 𝐶 is a constant independent of 𝑘 but may depend on 𝑓ℎ
nd 𝑣ℎ(0).

roof. We re-write (11) in the form

𝑣𝑚+1ℎ (𝛼𝑘) = 𝐺𝑚+1𝛼𝑘 + 𝜏
𝑚
∑

𝑗=0
𝐺𝑚−𝑗𝐹ℎ(𝑡𝑗+1∕2),

𝐹ℎ(𝑡𝑗+1∕2) ∶=
(

𝐼 +
𝜏𝐴ℎ
2

)−1
𝑓ℎ(𝑡𝑗+1∕2), 𝑚 = 0, 1, 2,… ,𝑀 − 1.

Then the fixed-point iteration (10) can be written as

𝛼𝑘+1 = 𝐺𝑀𝛼𝑘 + 𝜏
𝑀−1
∑

𝑗=0
𝐺𝑀−1−𝑗𝐹ℎ(𝑡𝑗+1∕2) − 𝜑ℎ, 𝑘 = 0, 1, 2,…

Moreover, let 𝛼∞ be the limiting value of 𝛼𝑘 satisfying2

𝛼∞ = 𝐺𝑀𝛼∞ + 𝜏
𝑀−1
∑

𝑗=0
𝐺𝑀−1−𝑗𝐹ℎ(𝑡𝑗+1∕2) − 𝜑ℎ.

2 Indeed the fixed-point iteration is convergent since ‖𝐺‖ < 1, and therefore the limiting value 𝛼 exists.
5
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Clearly

‖𝛼𝑘+1 − 𝛼∞‖ ≤ ‖𝐺‖

𝑀
‖𝛼𝑘 − 𝛼∞‖. (12)

On the other hand,

‖𝛼∞ − 𝑣ℎ(0)‖2 = ‖

‖

‖

𝑣𝑀ℎ (𝛼∞) − 𝜑ℎ − 𝑣ℎ(0)
‖

‖

‖

= ‖

‖

‖

𝑣𝑀ℎ (𝛼∞) − 𝜑ℎ −
(

𝑣ℎ(𝑇 ; 𝑣ℎ(0)) − 𝜑ℎ
)

‖

‖

‖2

= ‖

‖

‖

𝑣𝑀ℎ (𝛼∞) − 𝑣𝑀ℎ (𝑣ℎ(0)) + 𝑣𝑀ℎ (𝑣ℎ(0)) − 𝑣ℎ(𝑇 ; 𝑣ℎ(0))
‖

‖

‖2

≤ ‖

‖

‖

𝑣𝑀ℎ (𝛼∞) − 𝑣𝑀ℎ (𝑣ℎ(0))
‖

‖

‖2
+ ‖

‖

‖

𝑣ℎ(𝑇 ; 𝑣ℎ(0)) − 𝑣𝑀ℎ (𝑣ℎ(0))
‖

‖

‖

≤ ‖𝐺‖

𝑀
‖𝛼∞ − 𝑣ℎ(0)‖ + 𝐶𝜏2.

Therefore,

‖𝛼∞ − 𝑣ℎ(0)‖ ≤ 𝐶𝜏2
(

1 − ‖𝐺‖

𝑀)−1 .

Now using (12) together with the last estimate, we see that

‖𝛼𝑘+1 − 𝑣ℎ(0)‖ ≤ ‖𝛼𝑘+1 − 𝛼∞‖ + ‖𝛼∞ − 𝑣ℎ(0)‖

≤ ‖𝐺‖

𝑀
‖𝛼𝑘 − 𝛼∞‖ + ‖𝛼∞ − 𝑣ℎ(0)‖

≤ ‖𝐺‖

𝑀
‖𝛼𝑘 − 𝑣ℎ(0)‖ +

(

1 + ‖𝐺‖

𝑀)

‖𝛼∞ − 𝑣ℎ(0)‖

≤ ‖𝐺‖

𝑀
‖𝛼𝑘 − 𝑣ℎ(0)‖ + 𝐶𝜏2

(

1 − ‖𝐺‖

𝑀)−1 (1 + ‖𝐺‖

𝑀)

.

Together with the fact that ‖𝐺‖ = max𝑗
|

|

|

|

1−𝜏𝜆𝑗∕2
1+𝜏𝜆𝑗∕2

|

|

|

|

=
|

|

|

|

1−𝜏𝜆1∕2
1+𝜏𝜆1∕2

|

|

|

|

< 1, we conclude the proof. □

4. Arnoldi approximation

Arnoldi approximation, [35–37], relies on Krylov subspace methods and is typically used to approximate matrix functions 𝐹 (𝐵)
r 𝐹 (𝐵)𝑏, where 𝐵 ∈ C𝑁𝑑×𝑁𝑑 is a large matrix, and 𝑏 ∈ C𝑁𝑑 is a vector. The idea is to bypass the computation of large matrix
unctions and do the matrix computations on a lower dimensional subspace, which may result in tremendous computational gain.
onsider, for example, the matrix exponential 𝐹 (𝐵) = 𝑒−𝐵 , where 𝐵 ∈ R𝑁𝑑×𝑁𝑑 is a positive definite and symmetric matrix, which is
lso central to the goal of the present article. The starting point is a unitary transformation of the matrix 𝐵 in the form 𝐻 = 𝑄∗𝐵𝑄,
here 𝑄 ∈ R𝑁𝑑×𝑘 with 𝑄∗𝑄 = 𝐼 , and 𝐻 ∈ R𝑘×𝑘, where 𝑘 ≪ 𝑁𝑑 . We can then approximate 𝐹 (𝐵)𝑏 for 𝑏 ∈ R𝑁𝑑 as follows

𝐹 (𝐵)𝑏 ≈ 𝑄𝐹 (𝐻)𝑄∗𝑏.

e summarize the properties of the matrix 𝐻 , whenever the original matrix 𝐵 is symmetric and positive definite. We can make
he following immediate observation: Assume that the matrix 𝑄 has rank 𝑘. If the matrix 𝐵 is positive definite and symmetric, the
atrix 𝐻 is also positive definite and symmetric. To prove the symmetric property, we write

𝐻∗ = 𝑄∗𝐵∗𝑄 = 𝑄∗𝐵𝑄 = 𝐻.

o prove positiveness, assume 𝑦 ∈ R𝑘 ≠ 𝟎. Then

𝑦∗𝐻𝑦 = 𝑦∗𝑄∗𝐵𝑄𝑦 > 0.

he computational efficiency here originates from the fact that now the matrix exponential is computed for a matrix of much lower
ank. The following theorem provides an error estimate for the difference 𝐹 (𝐵)𝑏 −𝑄𝐹 ()𝑄∗𝑏.

heorem 2. [Hochbruck,Lubich [37]] Let 𝐵 ∈ C𝑁𝑑×𝑁𝑑 be a Hermitian positive semi-definite matrix with eigenvalues in [0, 𝜌]. Moreover,
et 𝐻 = 𝑄⋆𝐵𝑄 be a unitary transformation of 𝐵 via an Arnoldi procedure with 𝐻 ∈ R𝑘×𝑘 and 𝑄 ∈ R𝑁𝑑×𝑘. Then the following estimate
olds

‖𝑒−𝐵𝑏 −𝑄𝑒−𝐻𝑄⋆𝑏‖2 ≤ ‖𝑏‖2

⎧

⎪

⎨

⎪

⎩

10𝑒−
4𝑘2
5𝜌 ,

√

𝜌 ≤ 𝑘 ≤ 𝜌∕2,
40
𝜌
𝑒−

𝜌
4
( 𝑒𝜌
4𝑘

)𝑘
, 𝑘 ≥ 𝜌∕2.

(13)

Theorem 2 results in a particular computational advantage when applied to the second order difference operator 𝐴ℎ. The spectral
adius 𝜌𝐴ℎ

of the matrix 𝐴ℎ scales as ℎ−2. This will then imply that in order to obtain an exponential accuracy of the form 𝑒−𝐶 (for

ome positive constant 𝐶), it suffices to choose 𝑘 =
√

5𝜌𝐴ℎ
4 (𝐶 + ln 10) = 𝑂

(

ℎ−1
)

. In other words, regardless of the dimension of the

problem, we can compute 𝑒−𝐴ℎ𝑏, where 𝑏 ∈ R𝑁𝑑 at the cost of computing the matrix exponential of a one dimensional problem.
In what follows, we will present two different ways of exploiting the Arnoldi method to gain computational efficiency in

comparison to the direct approach from Section 3.1, and the shooting method from Section 3.2. Both approaches rely on relating the
6
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solution 𝑣(𝑇 ) of the parabolic PDE (4) at time 𝑇 to the initial value 𝑣(0) and then approximating the emerging operators using a low
rank Arnoldi approximation. This will then result in significantly lower computational cost while retaining the same accuracy of the
direct discretization and the shooting method. For both approaches, we also include separate convergence analysis, which shows
that the emerging matrix functions can be approximated accurately at the cost of matrix function computations of a one-dimensional
problem.

Remark 3. Note that matrix exponentials of the form 𝑒−𝐵 can also be computed by a standard eigenfunction expansion. This is,
however, computationally very expensive and must be avoided in computations, see [38] for a full error analysis.

4.1. A hybrid shooting-Arnoldi approximation

Step 1. The starting point is to write the solution 𝑣ℎ(𝑇 ) of (5) in terms of the initial value and the right hand side

𝑣ℎ(𝑇 ) = 𝑒−𝑇𝐴ℎ𝑣ℎ(0) + ∫

𝑇

0
𝑒−(𝑇−𝑠)𝐴ℎ𝑓ℎ(𝑠)𝑑𝑠. (14)

Step 2. Approximate the operators in (14) using the Arnoldi algorithm, and use the fixed point iteration to find 𝑣ℎ(0) such that
𝑣ℎ(0) = 𝑣ℎ(𝑇 ) − 𝜑ℎ is met, up to a desired tolerance. In other words, solve for

𝛼𝑛 = 𝑄𝑒−𝑇𝐻𝑄∗𝛼𝑛−1 + ∫

𝑇

0
𝑄𝑒−(𝑇−𝑠)𝐻𝑄∗𝑓ℎ(𝑠)𝑑𝑠 − 𝜑ℎ, (15)

for sufficiently large 𝑛 such that 𝛼𝑛 ≈ 𝑣ℎ(0).
Step 3. Solve (5) as an initial value problem, where the initial data comes from Step 2.

4.1.1. Analysis
Here, we aim at establishing an error bound for the difference between 𝛼𝑛, defined by (15), and the true value of the initial data.

The main result is stated in Lemma 2.

Lemma 1. Suppose 𝐴ℎ ∈ R𝑁𝑑×𝑁𝑑 is the second order difference matrix in (5). Let 𝑣ℎ(0) be the vector satisfying the relations (14) and
𝑣ℎ(0) = 𝑣ℎ(𝑇 ) − 𝜑ℎ exactly, and {𝛼̃𝑛} be the sequence generated by the fixed point iterations

𝛼̃𝑛 = 𝑒−𝑇𝐴ℎ 𝛼̃𝑛−1 + ∫

𝑇

0
𝑒−(𝑇−𝑠)𝐴ℎ𝑓ℎ(𝑠)𝑑𝑠 − 𝜑ℎ, 𝑛 = 1, 2,… . (16)

Then it follows that

‖𝛼̃𝑛 − 𝑣ℎ(0)‖ ≤ 𝑒−𝑇 𝑛𝜆1‖𝛼̃0 − 𝑣ℎ(0)‖, 𝑛 = 1, 2,… ,

where 𝜆1 > 𝑎min
𝜋2

𝑑 is the smallest eigenvalue of the operator 𝐴ℎ.

roof. Using the relation 𝑣ℎ(0) = 𝑣ℎ(𝑇 ) − 𝜑ℎ together with (14) we see that

𝑣ℎ(0) = 𝑒−𝑇𝐴ℎ𝑣ℎ(0) + ∫

𝑇

0
𝑒−(𝑇−𝑠)𝐴ℎ𝑓ℎ(𝑠)𝑑𝑠 − 𝜑ℎ.

Using the last equation and (16), we immediately see that

‖𝛼̃𝑛 − 𝑣ℎ(0)‖ = ‖𝑒−𝑇𝐴ℎ
(

𝛼̃𝑛−1 − 𝑣ℎ(0)
)

‖

≤ ‖𝑒−𝑇𝐴ℎ
‖‖𝛼̃𝑛−1 − 𝑣ℎ(0)‖ ≤ 𝑒−𝑇𝜆1‖𝛼̃𝑛−1 − 𝑣ℎ(0)‖,

where property 3 in Section 2 was used for establishing the last inequality. □

Lemma 2. Let 𝐴ℎ ∈ R𝑁𝑑×𝑁𝑑 be the same matrix as in Lemma 1 and 0 < 𝜀 < 𝑇 . Suppose 𝑄 ∈ R𝑁𝑑×𝑘 and 𝐻 ∈ R𝑘×𝑘 with
√

5𝑇 𝜌𝐴ℎ

4
ln 10

1 − 𝑒−𝑇𝜆1
< 𝑘 <

𝜀𝜌𝐴ℎ

2
(17)

are the corresponding matrices coming from an Arnoldi procedure applied to the matrix 𝐴ℎ. Moreover, let 𝑣ℎ(0) be the vector satisfying the
relations (14) and 𝑣ℎ(0) = 𝑣ℎ(𝑇 ) − 𝜑ℎ exactly, and 𝛼𝑛 be the solution of the fixed point iteration (15), with 𝛼0 = 𝛼̃0, where 𝛼̃0 is the initial
guess for the iteration (16). Then it follows that

‖𝛼𝑛 − 𝑣ℎ(0)‖ ≤ 𝐶𝑛
‖𝛼0 − 𝑣ℎ(0)‖

+ 10𝑒
− 4𝑘2

5𝑇 𝜌𝐴ℎ

(

‖𝑣ℎ(0)‖ + 𝑇 sup
0≤𝑠≤𝑇

‖𝑓ℎ(𝑠)‖
)

1 − 𝐶𝑛

1 − 𝐶

+ 𝜀
(

1 + ‖𝑄‖‖𝑄∗
‖

)

sup
0≤𝑠≤𝑇

‖𝑓ℎ(𝑠)‖
1 − 𝐶𝑛

1 − 𝐶
, (18)

where 𝐶 = 𝑒−𝑇𝜆1 + 10𝑒
− 4𝑘2

5𝑇 𝜌𝐴ℎ < 1.
7
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Proof. Let 𝛼̃𝑛 and 𝑣ℎ(0) be defined in the same way as in the proof of Lemma 1. We start by splitting the error 𝛼𝑛 − 𝑣ℎ(0) into two
arts as follows:

‖𝛼𝑛 − 𝑣ℎ(0)‖ ≤ ‖𝛼𝑛 − 𝛼̃𝑛‖ + ‖𝛼̃𝑛 − 𝑣ℎ(0)‖. (19)

n upper bound for the second term in the right hand side was already established in Lemma 1. To bound the first term in the right
and side, we write

𝛼̃𝑛 − 𝛼𝑛 = 𝑒−𝑇𝐴ℎ 𝛼̃𝑛−1 + ∫

𝑇

0
𝑒−(𝑇−𝑠)𝐴ℎ𝑓ℎ(𝑠)𝑑𝑠 − 𝜑ℎ

−
(

𝑄𝑒−𝑇𝐻𝑄∗𝛼𝑛−1 + ∫

𝑇

0
𝑄𝑒−(𝑇−𝑠)𝐻𝑄∗𝑓ℎ(𝑠) − 𝜑ℎ

)

= 𝑒−𝑇𝐴ℎ
(

𝛼̃𝑛−1 − 𝛼𝑛−1
)

−
(

𝑒−𝑇𝐴ℎ −𝑄𝑒−𝑇𝐻𝑄∗) (𝛼̃𝑛−1 − 𝛼𝑛−1
)

+
(

𝑒−𝑇𝐴ℎ −𝑄𝑒−𝑇𝐻𝑄∗) (𝛼̃𝑛−1 − 𝑣ℎ(0)
)

+
(

𝑒−𝑇𝐴ℎ −𝑄𝑒−𝑇𝐻𝑄∗) 𝑣ℎ(0)

+ ∫

𝑇

0

(

𝑒−(𝑇−𝑠)𝐴ℎ −𝑄𝑒−(𝑇−𝑠)𝐻𝑄∗) 𝑓ℎ(𝑠)𝑑𝑠.

Then,

‖𝛼̃𝑛 − 𝛼𝑛‖ ≤
(

‖𝑒−𝑇𝐴ℎ
‖ + ‖𝑒−𝑇𝐴ℎ −𝑄𝑒−𝑇𝐻𝑄∗

‖

)

‖𝛼̃𝑛−1 − 𝛼𝑛−1‖

+ ‖𝑒−𝑇𝐴ℎ −𝑄𝑒−𝑇𝐻𝑄∗
‖‖𝛼̃𝑛−1 − 𝑣ℎ(0)‖

+ ‖𝑒−𝑇𝐴ℎ −𝑄𝑒−𝑇𝐻𝑄∗
‖‖𝑣ℎ(0)‖

+ ∫

𝑇−𝜀

0
‖𝑒−(𝑇−𝑠)𝐴ℎ −𝑄𝑒−(𝑇−𝑠)𝐻𝑄∗

‖‖𝑓ℎ(𝑠)‖𝑑𝑠

+ ∫

𝑇

𝑇−𝜀
‖𝑒−(𝑇−𝑠)𝐴ℎ −𝑄𝑒−(𝑇−𝑠)𝐻𝑄∗

‖‖𝑓ℎ(𝑠)‖𝑑𝑠.

Now, using the fact that ‖𝑒−𝑇𝐴ℎ
‖ ≤ 𝑒−𝑇𝜆1 (see property 3 in Section 2), as well as ‖𝑒−(𝑇−𝑠)𝐴ℎ −𝑄𝑒−(𝑇−𝑠)𝐻𝑄∗

‖ ≤ 10𝑒
− 4𝑘2

5(𝑇−𝑠)𝜌𝐴ℎ , 0 ≤ 𝑠 ≤
− 𝜀 (see Theorem 2), we obtain

‖𝛼̃𝑛 − 𝛼𝑛‖ ≤

(

𝑒−𝑇𝜆1 + 10𝑒
− 4𝑘2

5𝑇 𝜌𝐴ℎ

)

‖𝛼̃𝑛−1 − 𝛼𝑛−1‖

+ 10𝑒
− 4𝑘2

5𝑇 𝜌𝐴ℎ
‖𝛼̃𝑛−1 − 𝑣ℎ(0)‖ + 10𝑒

− 4𝑘2
5𝑇 𝜌𝐴ℎ

‖𝑣ℎ(0)‖

+ 10𝑒
− 4𝑘2

5𝑇 𝜌𝐴ℎ (𝑇 − 𝜀) sup
0≤𝑠≤𝑇−𝜀

‖𝑓ℎ(𝑠)‖

+ 𝜀
(

1 + ‖𝑄‖‖𝑄∗
‖

)

sup
𝑇−𝜀≤𝑠≤𝑇

‖𝑓ℎ(𝑠)‖.

We note that the assumption (17) on 𝑘 implies that the amplification factor 𝐶 = 𝑒−𝑇𝜆1 + 10𝑒
− 4𝑘2

5𝑇 𝜌𝐴ℎ < 1. Moreover, using Lemma 1
or the term ‖𝛼̃𝑛−1 − 𝑣ℎ(0)‖, we get

‖𝛼̃𝑛 − 𝛼𝑛‖ ≤ 𝐶‖𝛼̃𝑛−1 − 𝛼𝑛−1‖ + 10𝑒
− 4𝑘2

5𝑇 𝜌𝐴ℎ 𝑒−𝑇 (𝑛−1)𝜆1‖𝛼̃0 − 𝑣ℎ(0)‖

+ 10𝑒
− 4𝑘2

5𝑇 𝜌𝐴ℎ

(

‖𝑣ℎ(0)‖ + 𝑇 sup
0≤𝑠≤𝑇

‖𝑓ℎ(𝑠)‖
)

+ 𝜀
(

1 + ‖𝑄‖‖𝑄∗
‖

)

sup
0≤𝑠≤𝑇

‖𝑓ℎ(𝑠)‖.

Then, by a trivial induction we have

‖𝛼̃𝑛 − 𝛼𝑛‖ ≤ 𝐶𝑛
‖𝛼̃0 − 𝛼0‖ + 10𝑒

− 4𝑘2
5𝑇 𝜌𝐴ℎ

‖𝛼̃0 − 𝑣ℎ(0)‖
𝑛−1
∑

𝓁=0
𝐶𝓁𝑒−𝑇 (𝑛−1−𝓁)𝜆1

+ 10𝑒
− 4𝑘2

5𝑇 𝜌𝐴ℎ

(

‖𝑣ℎ(0)‖ + 𝑇 sup
0≤𝑠≤𝑇

‖𝑓ℎ(𝑠)‖
) 𝑛−1
∑

𝓁=0
𝐶𝓁

+ 𝜀
(

1 + ‖𝑄‖‖𝑄∗
‖

)

sup
0≤𝑠≤𝑇

‖𝑓ℎ(𝑠)‖
𝑛−1
∑

𝓁=0
𝐶𝓁 .

The final estimate follows then from (19) under the assumption 𝛼̃ = 𝛼 .
8

0 0
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Remark 4. Note that the estimate (18) in Lemma 2 is sub-optimal due to the presence of an additional 𝑂(𝜀) term in the upper
ound. Indeed, in numerical simulations we only observe the exponentially decaying part of the error, see the numerical results in
ection 5.1.

.2. An approach based on a pure Arnoldi approximation

Step 1. Unlike the previous approach, instead of using iterations to solve for 𝑣ℎ(0), one can also formulate a direct equation by
xploiting (14), together with 𝑣ℎ(0) = 𝑣ℎ(𝑇 ) − 𝜑ℎ to represent the initial data 𝑣ℎ(0) as follows

𝑣ℎ(0) = (𝐼 − 𝑒−𝑇𝐴ℎ )−1
(

−𝜑ℎ + ∫

𝑇

0
𝑒−(𝑇−𝑠)𝐴ℎ𝑓ℎ(𝑠)𝑑𝑠

)

. (20)

Step 2. Approximate the matrix operators (𝐼 − 𝑒−𝑇𝐴ℎ )−1, and 𝑒−𝐴ℎ(𝑇−𝑠) using the Arnoldi algorithm, and solve for 𝑣ℎ(0).
Step 3. Solve (5) as an initial value problem, where the initial data comes from Step 2.

4.2.1. Analysis
In this approach, in addition to approximations of exponential functions, we also need to approximate the operator (𝐼−𝑒−𝑇𝐴ℎ )−1.

In what follows, we aim at establishing error bounds for an Arnoldi approximation for this operator. The main result is Theorem 3.
However, we will need the following lemma prior to proving Theorem 3.

Lemma 3 (See Chapter 11, [39]). If a function 𝑓 has a power series representation

𝑓 (𝑧) =
∞
∑

𝑘=0
𝑐𝑘𝑧

𝑘

on an open disk containing the eigenvalues 𝜆(𝐵) of a matrix 𝐵 ∈ C𝑁𝑑×𝑁𝑑 , then

𝑓 (𝐵) =
∞
∑

𝑘=0
𝑐𝑘𝐵

𝑘,

and,

‖𝑓 (𝐵) −
𝑘−1
∑

𝑗=0
𝑐𝑗𝐵

𝑗
‖ ≤ 𝑁𝑑

𝑘!
max
0≤𝑠≤1

‖𝐵𝑘𝑓 (𝑘)(𝐵𝑠)‖. (21)

Now suppose 𝑏(𝑧) = (1 − 𝑒−𝑧)−1. We are interested in deriving an error estimate for

‖𝑏(𝑇𝐴ℎ)𝑔 −𝑄𝑏(𝑇𝐻)𝑄∗𝑔‖.

Theorem 3. Let 𝐴ℎ ∈ R𝑁𝑑×𝑁𝑑 be as in Lemma 2, and 𝑄 ∈ R𝑁𝑑×𝑘 and 𝐻 ∈ R𝑘×𝑘 with 𝜇1 = min 𝜆(𝐻), be the matrices coming from the
Arnoldi procedure. Then the following estimate holds:

∥ 𝑏(𝑇𝐴ℎ)𝑔 − 𝑄𝑏(𝑇𝐻)𝑄∗𝑔 ∥≤
(

𝑁𝑑𝑒−𝑇𝜆1𝑚 1
(1 − 𝑒−𝑇𝜆1 )𝑚+1

+ 𝐶𝑘𝑒−𝑇𝜇1𝑚 1
(1 − 𝑒−𝑇𝜇1 )𝑚+1

+ 10(𝑚 − 1)𝑒−
4𝑘2−𝛽
5𝜌

)

‖𝑔‖,

here 𝑚 = ⌊𝑘𝛽⌋, 0 < 𝛽 < 1, and the constant 𝐶 = ‖𝑄‖‖𝑄∗
‖.

roof. Let 𝑓 (𝑧) = (1 − 𝑧)−1. Then for |𝑧| < 1, we can write

𝑓 (𝑧) =
∞
∑

𝑗=0
𝑧𝑗 = 𝑓𝑘(𝑧) +

∞
∑

𝑗=𝑘
𝑧𝑗 , |𝑧| < 1,

here 𝑓𝑘(𝑧) =
∑𝑘−1

𝑗=0 𝑧
𝑗 . Moreover, let 𝐵 = 𝑒−𝑇𝐴ℎ , then clearly 𝜆(𝐵) ∈ [𝑒−𝑇 𝜌𝐴ℎ , 𝑒−𝑇𝜆1 ], and by Lemma 3 it follows that

𝑏(𝑇𝐴ℎ) = 𝑓 (𝐵) = 𝑓𝑘(𝐵) +
∞
∑

𝑗=𝑘
𝐵𝑗 ,

here 𝑓𝑘(𝐵) is given by

𝑓𝑘(𝐵) =
𝑘−1
∑

𝑗=0
𝐵𝑗 .

ote that the spectral radius of 𝐵 is strictly less than 1. Now, assume 0 < 𝛽 < 1 and 𝑚 = ⌊𝑘𝛽⌋, and consider the following
ecomposition of the overall error:

−𝑇𝐻 ∗ −𝑇𝐻 ∗
9

‖𝑓 (𝐵)𝑔 −𝑄𝑓 (𝑒 )𝑄 𝑔‖ ≤ ‖𝑓 (𝐵)𝑔 − 𝑓𝑚(𝐵)𝑔‖ + ‖𝑓𝑚(𝐵)𝑔 −𝑄𝑓 (𝑒 )𝑄 𝑔‖.
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To bound the first term, we use inequality (21) in Lemma 3

‖𝑓 (𝐵)𝑔 − 𝑓𝑚(𝐵)𝑔‖ ≤ ‖𝑓 (𝐵) − 𝑓𝑚(𝐵)‖‖𝑔‖

≤ 𝑁𝑑

𝑚!
max
0≤𝑠≤1

‖𝐵𝑚𝑓 (𝑚)(𝐵𝑠)‖‖𝑔‖

≤ 𝑁𝑑

𝑚!
‖𝐵𝑚

‖ max
0≤𝑠≤1

‖𝑓 (𝑚)(𝐵𝑠)‖‖𝑔‖

≤ 𝑁𝑑

𝑚!
𝑒−𝑇𝜆1𝑚 max

0≤𝑠≤1
‖

𝑚!
(𝐼 − 𝐵𝑠)𝑚+1

‖‖𝑔‖

≤ 𝑁𝑑𝑒−𝑇𝜆1𝑚 1
(1 − 𝑒−𝑇𝜆1 )𝑚+1

‖𝑔‖.

For the second term, we consider the decomposition
‖

‖

‖

𝑓𝑚(𝐵)𝑔 −𝑄𝑓
(

𝑒−𝑇𝐻
)

𝑄∗𝑔‖‖
‖

≤ ‖

‖

‖

𝑓𝑚(𝐵)𝑔 −𝑄𝑓𝑚
(

𝑒−𝑇𝐻
)

𝑄∗𝑔‖‖
‖

+ ‖

‖

‖

𝑄
(

𝑓
(

𝑒−𝑇𝐻
)

− 𝑓𝑚
(

𝑒−𝑇𝐻
))

𝑄∗𝑔‖‖
‖

.

he first term in the right hand side can be bounded as follows

‖

‖

‖

𝑓𝑚(𝐵)𝑔 −𝑄𝑓𝑚
(

𝑒−𝑇𝐻
)

𝑄∗𝑔‖‖
‖

≤
𝑚−1
∑

𝓁=1
10‖𝑔‖𝑒−

4𝑘2
5𝓁𝜌

≤ 10(𝑚 − 1)‖𝑔‖𝑒−
4𝑘2

5(𝑚−1)𝜌

≤ 10(𝑚 − 1)‖𝑔‖𝑒−
4𝑘2−𝛽
5𝜌 .

The second term, on the other hand, is bounded in a similar way as ‖𝑓 (𝐵)𝑔 − 𝑓𝑚(𝐵)𝑔‖ with an additional constant accounting for
he 𝑙2 norms of 𝑄 and 𝑄∗, i.e.,

‖

‖

‖

𝑄
(

𝑓
(

𝑒−𝑇𝐻
)

− 𝑓𝑚
(

𝑒−𝑇𝐻
))

𝑄∗𝑔‖‖
‖

≤ 𝐶𝑘𝑒−𝑇𝜇1𝑚 1
(

1 − 𝑒−𝑇𝜇1
)𝑚 ‖𝑔‖.

Remark 5. Choosing 0 < 𝛽 < 1 sufficiently small and 𝑘 = 𝑂(𝑁), Theorem 3 results in exponentially decaying error bounds in terms
of 𝑁 , while the cost would be comparable to computing the matrix functions of sizes 𝑘 × 𝑘.

4.3. Numerical integration of matrix exponentials

In the analysis provided in Sections 4.1 and 4.2, it was assumed that the integral ∫ 𝑇
0 𝑒−(𝑇−𝑡)𝐴ℎ𝑓ℎ(𝑡) 𝑑𝑡 and it’s approximation

𝑇
0 𝑄𝑒−(𝑇−𝑡)𝐻𝑄∗𝑓ℎ(𝑡) 𝑑𝑠 are given exactly. In practice these integrals need to be approximated by a quadrature rule. Here, we
raw the attention of the reader to a subtlety in relation with the quadrature rule. For simplicity, we consider only the integral
𝑇
0 𝑒−(𝑇−𝑠)𝐴ℎ𝑓ℎ(𝑠) 𝑑𝑠. A quadrature rule based on the standard midpoint rule yields

∫

𝑇

0
𝑒−(𝑇−𝑡)𝐴ℎ𝑓ℎ(𝑡)𝑑𝑡 = 𝜏

𝑀
∑

𝑘=1
𝑒−(𝑇−𝑡𝑘−1∕2)𝐴ℎ𝑓ℎ(𝑡𝑘−1∕2) + 𝑂(𝜏2).

he error bound for such an approximation includes the second derivative of the integrand 𝑒−(𝑇−𝑡)𝐴ℎ𝑓ℎ(𝑡), which would scale as
𝐴2

‖ ≈ (1∕ℎ)4 ≈ 𝑁4. Therefore, a direct application of the midpoint rule will be very costly since very small time steps will be
eeded to achieve reasonable error tolerances. The problematic part with the error bound for the standard midpoint rule is that the
xponential term in the integrand is also approximated at the midpoint. We will now, instead, derive a variant of the midpoint rule
hich bypasses the approximation of the exponential part of the integrand. This would then result in a much smaller pre-factor in

he error bound as we will see in a nutshell. To achieve this, we start by

∫

𝑇

0
𝑒−(𝑇−𝑡)𝐴ℎ𝑓ℎ(𝑡)𝑑𝑡 =

𝑀
∑

𝑘=1
∫

𝑡𝑘

𝑡𝑘−1
𝑒−(𝑇−𝑡)𝐴ℎ𝑓ℎ(𝑡)𝑑𝑡

≈
𝑀
∑

𝑘=1
∫

𝑡𝑘

𝑡𝑘−1
𝑒−(𝑇−𝑡)𝐴ℎ 𝑑𝑡𝑓ℎ(𝑡𝑘−1∕2)

oreover,

∫

𝑡𝑘

𝑡𝑘−1
𝑒−(𝑇−𝑡)𝐴ℎ𝑑𝑡 = 𝑒−𝑇𝐴ℎ

∫

𝑡𝑘

𝑡𝑘−1
𝑒𝑡𝐴ℎ𝑑𝑡 = 𝑒−𝑇𝐴ℎ

(

𝑒𝑡𝑘𝐴ℎ − 𝑒𝑡𝑘−1𝐴ℎ
)

𝐴−1
ℎ .

herefore,

∫

𝑇
𝑒−(𝑇−𝑡)𝐴ℎ𝑓ℎ(𝑡)𝑑𝑡 =

𝑀
∑

(

𝑒−(𝑇−𝑡𝑘)𝐴ℎ − 𝑒−(𝑇−𝑡𝑘−1)𝐴ℎ
)

𝐴−1
ℎ 𝑓ℎ(𝑡𝑘−1∕2) + 𝑂(𝜏).
10
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Fig. 1. Approximation error for the matrix functions computations via Arnoldi.

he procedure above results in a first order method but the pre-factor in the upper bound is independent of 𝐴, and includes only the
first derivative 𝜕𝑡𝑓ℎ(𝑡). In our simulations below, we also use a Richardson extrapolation to achieve a globally second-order method
n time, which proves to be much more efficient than a standard midpoint rule.

. Numerical results

In this section, we provide numerical examples to validate the theoretical findings. In Section 5.1, we provide a numerical
xample to demonstrate the exponential convergence for the approximation of the matrix exponential 𝑒−𝑇𝐴ℎ as well as (𝐼−𝑒−𝑇𝐴ℎ )−1.
n Sections Section 5.2 we provide numerical examples in one, two, and three dimensions to demonstrate the advantage of using
he full Arnoldi approximation or the hybrid approach in comparison to the standard shooting method.

.1. Matrix function approximations-numerical results

In this section, we provide numerical evidence for exponentially decaying errors originating from the Arnoldi approximation of
he operators 𝑒−𝑇𝐴ℎ , and (𝐼 − 𝑒−𝑇𝐴ℎ )−1. The size of the matrix 𝐴ℎ ∈ R𝑁2×𝑁2 is 1600 × 1600. Fig. 1 demonstrates the exponential

decay of the error corroborating the results of Theorems 2 and 3. In particular, we observe accuracies down to 10−5 tolerances for
reasonably low rank approximation; i.e., 𝑘 ≈ 40. Note that, in this simulation the value of the parameter 𝑇 is chosen to be 𝑇 = 0.1.

5.2. Approximation of 𝑢 and 𝑝

In this section, we consider the inverse problem of determining the pair of solutions {𝑝, 𝑢} in dimensions 𝑑 = 1, 2, 3:

𝜕𝑡𝑢(𝑡, 𝑥) − 𝛥𝑢(𝑡, 𝑥) = 𝑓 (𝑡, 𝑥) + 𝑝(𝑥), in 𝐾 = (0, 1)𝑑 × (0, 𝑇 ),

𝑢(𝑡, 𝑥) = 0, on 𝜕𝐾 × (0, 𝑇 ),

𝑢(0, 𝑥) = 0, in 𝐾,

𝑢(𝑇 , 𝑥) = 𝜑(𝑥), in 𝐾.

To study the convergence properties, we assume an exact solution 𝑢 (only for the sake of comparison) of the form

𝑢(𝑡, 𝑥) =
(

𝑒−𝑡 − 1
)

𝑑
∏

𝑗=1
sin2(2𝜋𝑥𝑗 ),

and

𝑓 (𝑡, 𝑥) = −𝑒−𝑡
( 𝑑
∏

sin2(2𝜋𝑥𝑗 ) + 8𝜋2
𝑑
∑

cos(4𝜋𝑥𝑗 )
𝑑
∏

sin2(2𝜋𝑥𝑘)

)

,

11

𝑗=1 𝑗=1 𝑘≠𝑗
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Fig. 2. Numerical results in one dimension.

Fig. 3. Numerical results in two dimensions.

𝑝(𝑥) = 8𝜋2
𝑑
∑

𝑗=1
cos(4𝜋𝑥𝑗 )

𝑑
∏

𝑘≠𝑗
sin2(2𝜋𝑥𝑘),

𝜑(𝑥) = 𝑢(𝑇 , 𝑥).

In Figs. 2(a),3(a),4(a), the relative errors

𝑢 ∶= max
𝑘,𝑗

|

|

|

|

|

𝑢(𝑡𝑘, 𝑥𝑗 ) − 𝑢𝑘,𝑗
𝑢(𝑡𝑘, 𝑥𝑗 )

|

|

|

|

|

, 𝑝 ∶= max
𝑗

|

|

|

|

|

𝑝(𝑥𝑗 ) − 𝑝𝑗
𝑝(𝑥𝑗 )

|

|

|

|

|

are depicted for dimensions 𝑑 = 1, 2, 3 respectively. Here 𝑢𝑘,𝑗 and 𝑝𝑗 are numerical approximations to 𝑢(𝑡𝑘, 𝑥𝑗 ) and 𝑝(𝑥𝑗 ) respectively.
The error plots include only the error corresponding the full Arnoldi approach. This is intentional since the error plots for the hybrid
approach as well as the shooting algorithm are almost identical, and all show second order convergence rates in time and space.
Note that in all of the simulations the time-step 𝜏 is simultaneously refined (proportional to the spatial stepsize ℎ). More precisely,
we use 𝜏 = 0.1ℎ for the one- and two-dimensional cases and 𝜏 = 0.05ℎ for the three-dimensional case. Moreover, the final time 𝑇 is
set as 𝑇 = 0.1, and the number of basis vectors in the Arnoldi algorithm is chosen as 𝑘 = 𝑁 = ℎ−1 in all of the simulations.

To compare the efficiency of the methods, we also report, in Figs. 2(b), 3(b),4(b), the actual computational time (measured in
seconds) to reach a desired error tolerance. For dimensions 𝑑 = 2, 3, the results clearly demonstrate the advantage of using the
hybrid and the full Arnoldi approaches over the classical shooting method, whereas the shooting method seems to be more efficient
only in the one-dimensional setting. Note that the case of 𝑑 = 1 is somewhat special. The Arnoldi algorithm requires computing a
matrix exponential in one-dimension, which is more costly than solving a one-dimensional parabolic PDE using an implicit method,
whose cost is dominated by inverting a matrix of size 𝑁𝑑×𝑁𝑑 . This is due to the fact that the overall cost of the Arnoldi algorithm is
𝑂(𝑁𝑑𝑘2), where 𝑘 is the number of basis functions in the Krylov-subspace, see [38] for details, whereas the inversion of a matrix of
size 𝑁𝑑 ×𝑁𝑑 , with bandwidth 𝑝 = 𝑁𝑑−1 entails 𝑂(𝑁𝑑𝑝2) = 𝑂(𝑁3𝑑−2) operations. Therefore, the advantage of the Arnoldi algorithm
over the shooting method can not be seen unless 𝑑 ≥ 2.
12
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Fig. 4. Numerical results in three dimensions.
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