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Introduction

Supersymmetric and non-supersymmetric Yang-Mills-Einstein theories (YME) combine gravi-

tational and non-abelian gauge interactions and, as such, exhibit more structure than theories

where all vector fields are abelian. YME scattering amplitudes have been subject to intense

investigation over the past decade, particularly in regard to their relation with simpler

amplitudes from Yang-Mills (YM) theory. Building on earlier work [1], a more complete

understanding of these theories from the point of view of the so-called double-copy construc-

tion [2, 3] was first obtained by the current authors in ref. [4]. Subsequent work investigated



amplitudes in YME theories building on the scattering-equations formalism [5, 6], string
theory [7], and ambitwistor strings [8—10].

YME amplitudes exhibit unexpected structure: they may be expressed as a weighted sum
over amplitudes in YM theories, where the coefficients depend on the kinematic data [7, 11—
14]. Further investigation revealed that such amplitude relations can be understood as a
consequence of an underlying double-copy structure [15], and led to a general expression for m-
point amplitudes [16, 17] (see also ref. [18]). YME theories have a prominent place in the web
of double-copy-constructible theories (see refs. [19-21] for reviews) being also connected with
the Dirac-Born-Infeld and special Galileon theories by certain differential operators referred
to as transmutation operators [22, 23]. For other work related to double-copy constructions
that includes YME amplitudes, see refs. [24-29]. For loop-level results, see refs. [30-34].

The ubiquity of the double copy among gravitational theories inspired the suggestion [15,
35] that perhaps all such theories have a double-copy property. The main focus of the
investigations leading to this conjecture has been Maxwell-Einstein and YME theories with
compact gauge groups. An analysis of gravitational theories that depart from this pattern
has therefore the potential to further probe the breadth and validity of this proposal.

Supergravity theories possess non-compact duality groups (such as the E7(7) symmetry
of maximal supergravity in four dimensions). An interesting property of these theories is
that a non-compact subgroup of the duality group can be gauged without introducing ghost
states in the spectrum. This is a genuinely novel feature of gravitational theories, which
is not present in conventional gauge theories. Another important characteristic of these
theories is that they include fields transforming in nontrivial matter representations with
respect to the gauge symmetry. Extensive studies led to a comprehensive understanding
of YME theories in various dimensions from the Lagrangian perspective. In particular,
five-dimensional Maxwell-Einstein theories with A/ = 2 supersymmetry were investigated in
refs. [36-38], while YME and gauged supergravities were studied in refs. [39-44]. Despite
their new physical features, YME theories are still much simpler than gauged supergravities,
i.e. theories for which part of the R-symmetry is promoted to a local symmetry. For example,
the scalar potential in YME theories either vanishes identically or at the critical point,
guaranteeing the presence of Minkowski vacua. Scattering-amplitude methods offer a new
perspective on the rich structure of these theories and may reveal their place and connections
in the web of double-copy-constructible theories.

In this paper, we initiate the study of YME theories with non-compact gauge groups
from an amplitude perspective, focusing in particular on the double-copy approach. We draw
from earlier results, which construct simpler YME theories as double copies in which the
first gauge-theory factor is pure YM or super-Yang-Mills (SYM) theory and the second is a
deformation of a non-supersymmetric YM theory by trilinear scalar couplings (the so-called
YM+¢? theory) [4, 45, 46]. Focusing on A/ = 2 supersymmetry and five spacetime dimensions,
we show that this construction can be extended by including extra massive hypermultiplets
in the supersymmetric gauge theory and extra fermions in the non-supersymmetric one,
so that massive vectors corresponding to the non-compact generators of the gauge group
and massive tensor fields are obtained as the double copies of two massive fermions. Two
main additional tools are used to carry out these constructions. The first is the analysis of



Theory Gaugings

Generic Jordan SO(2,1) U(1) x Hs U(1) gauging

family gauging gauging with tensors
Complex U(2) x Hs U(2) gauging  U(1,1) x H3 gauging

magical sugra gauging with tensors with tensors

Quaternionic U(2) x Hs gauging U(1,1) x Hs5 gauging

magical sugra | gauging with tensors with tensors

Table 1. List of gaugings constructed as double copies in this paper.

general constraints coming from color/kinematics (C/K) duality in the context of theories
with massive fermions, which was first carried out with the intent to formulate double-copy
constructions for gauged supergravities [47]. The second is the novel extension of the spinor-
helicity formalism to amplitudes in five spacetime dimensions [48] (see also refs. [49-55]
for earlier closely related work).

Apart from being of interest in its own right, the study of YME theories with non-compact
gauge groups from the double-copy perspective is also a stepping stone towards the analysis
of the more challenging case of gauged supergravities (theories in which R-symmetry is
also gauged). The double-copy construction for these theories was initiated in refs. [47, 56];
the close connection between these two classes of theories is further underlined by the fact
that they share a common gauge-theory factor in their construction. Amplitude methods
have been successfully applied to many gravity and supergravity theories, showing great
promise [4, 15, 35, 45, 46, 56-60] (see also ref. [19] and refs. [20, 21, 61] for reviews). Both in
case of YME theories and gauged supergravities, it is therefore hoped that the double-copy
approach can help identify and study new families of theories (i.e. new gaugings), connecting
amplitudes methods with very recent results from the supergravity community [62—64].

In this paper, we provide double-copy constructions for several gaugings of the generic
Jordan family, the complex magical supergravity theory, and the quaternionic magical
supergravity theory. Most of these constructions are based on the introduction of massive
fermions in the non-supersymmetric gauge theory in a way that preserves C/K duality.
Table 1 summarizes the main gaugings discussed here.

This paper is structured as follows. In section 2, we give a quick review on N' =2 YME
theories in five dimensions, summarizing the relevant results for the current investigation and
referring the reader to the original literature for details. In section 3, we give the generalities of
the double-copy construction for non-compact YME theories. We discuss our main technical
tools, such as C/K duality in theories with massive fermions and the choice of gauge-group
representations for the theories entering the double copy. We show that different pairings
between gauge-theory states give rise either to massive vectors or to massive tensors, the
latter possibility only existing in five or higher dimensions. We moreover include a summary
of the main constructions presented in this paper. Sections 3-5 contain details about the
above constructions, including matching with amplitudes from supergravity Lagrangians.
We focus separately on the generic Jordan family, the complex magical theory and the



quaternionic magical theory. We conclude with a discussion of directions for future work,
while the appendices contain a summary of the five-dimensional spinor-helicity formalism we
employ throughout the paper and details on the choice of Gamma matrices.

2 Review of non-compact Yang-Mills-Einstein theories

We start by reviewing some fundamental results on Maxwell-Einstein and YME theories with
N = 2 supersymmetry in five dimensions. This section is meant as a non-comprehensive
summary of results that will be used in later sections to relate the output of the double
copy with amplitudes from the supergravity Lagrangian. We refer the reader to the original
literature, and in particular to refs. [36-39, 41, 65], for an exhaustive treatment.

2.1 General five-dimensional Maxwell-Einstein Lagrangian

Our starting point is a five-dimensional theory involving the N' = 2 graviton multiplet
and ny vector multiplets. The bosonic part of the N = 2 Maxwell-Einstein supergravity
Lagrangian is the following,!
-1 1 Lo or g 1 x e”! vpo Al g K

e L= _iR_ ZQIJFIWF o §gxy8ug0 ot + %C{]KGH P F,uzszaA , (2.1)
where A’ with I = 0,...,ny are the vectors in the theory and ¢®, x = 1,...ny are real
scalars, which can be seen as the coordinates of the scalar manifold Msp with metric g,,.
Crjk are symmetric constant tensors. A key result in the supergravity literature is that
the Cr i tensor specifies completely the N/ = 2 Maxwell-Einstein supergravity theory, i.e.
all other objects, including the ones appearing in the fermionic part of the Lagrangian, are
expressible in terms of this tensor [36]. This is done as follows. We first use the Cyjx tensor
to write an associated cubic polynomial in some auxiliary coordinates ¢/,

3/2
VO =(5) Cuntle’er. 22

We then define the scalar manifold Mjsp by the equation V(&7) = 1 in the ambient space
spanned by the ¢! coordinates. This ambient space can be naturally endowed with the metric

arjy = —%81(‘1] In V(f) . (23)

The metric in the kinetic-energy term for the vector fields is then the restriction of ay s to the
scalar manifold Msp, while the scalar-manifold metric g, is the induced metric on Msp,

&IJ(‘P) - aIJ‘V(g):l ) ga:y(@) = &IJamélaygj . (2-4>

All the above constraints follow from the local supersymmetry of the Lagrangian.

!Supergravity Lagrangians are given with mostly-plus metric signature throughout the paper, following a
standard choice in the supergravity literature.



It will be useful to express ay; in terms of the appropriate vielbeine and their inverses,
which obey the relations

hihlary = dap s hi = éarsh’ hih! =1,

h'hia = hih'* =0, ary = hrhy + hihs. (2.5)

In turn, these objects are readily expressed in terms of the ambient-space coordinates,

2 1
hl((p) _ \/gél‘v(g)l h]((p) = \/;6] In V({)’V(g)zl,
ha () = —\/jﬁxhl, hiz(p) = \/gaxh]. (2.6)

The C7jK tensors are not completely free. Indeed, they are constrained by the requirement
that the kinetic terms for the physical fields must be positive-definite. To carry out amplitude
calculations it is necessary to expand the action around a base-point ¢! of the scalar manifold
Msp, i.e. an expectation value for the scalar fields, ¢/ = ¢! + ..., compatible with V(c!) = 1.

e (@,0,...,0) , (2.7)

one finds that the most general Crji tensor compatible with positive kinetic terms can
be brought to the form

Choosing the base-point as

1
C(000 = 1> C()ab = _idaba C(]Oa = Oa a, b7 c= 1> -y, (28)

with the remaining entries Cgy. of the Crjx tensor being completely arbitrary.

From this discussion, it is clear that the invariance group of the Crjx tensor becomes
the global symmetry group of the whole theory. In this paper, we will focus mainly on
theories which possess symmetric scalar manifolds. The simplest group of theories of this
class is the so-called generic Jordan family, with scalar manifold in five dimensions

SO(ny —1,1) x SO(1, 1)

Msp = SO(ny — 1) ’

ny > 1, (2.9)

where again ny is the number of vector multiplets. Gaugings for these theories will be
studied in section 4. For completeness, we also mention the generic non-Jordan family
of theories, which has scalar manifolds [39]

_SO(ny, 1)

Msp = SO(my) (2.10)

In this case, interactions break the isometry group down to the parabolic subgroup
[SO(ny — 1) x SO(1,1)] x T™V 1. (2.11)

In addition to these two families, we have four isolated cases known as the Magical super-
gravities which are defined by the degree-three simple Euclidean Jordan algebras over the



four division algebras [36]. They have the scalar manifolds

SL(3,R) SU*(6)
R _ ’ Ho_
Msp = SO(3) ’ Mzp USp(6)’
SL(3,C) o Eﬁ(_Q(j)
C J— ) pr—
M5D— SU(3) ) M5D F4 5 (212)

and describe the coupling of 5, 8, 14 and 26 vector multiplets to N’ = 2 supergravity in five
dimensions, respectively. Some of their gaugings will be studied in sections 5-6. We should
also note that complex, quaternionic and octonionic magical supergravities belong to three
infinite families of unified Maxwell-Einstein supergravity theories [43]. The scalar manifolds
of the other theories in these unified families are neither symmetric nor homogeneous, and
will not be studied in this paper.

A family of supergravities with homogeneous target spaces, in which the symmetric space
theories are a particular subset, was classified in ref. [66]. These theories form an infinite
family identified by two integers ¢ > —1 and P > 0, with the option of a third parameter
P > 0 appearing for ¢ = 0 (mod 4). The corresponding isometry groups are

[SO(1,1) x SO(q + 1, 1) x Sy(P, P)] x TF+)Pa (2.13)

where S, (P, P) is a flavor group depending on the value of ¢ and D, gives the number of
five-dimensional Dirac spinors corresponding to an irreducible spinor in (g + 6) dimensions.?
The corresponding scalar manifolds are homogeneous spaces and have been dubbed L(q, P)

and L(q, P, P) spaces in the supergravity literature [66].

2.2 Yang-Mills-Einstein theories with and without tensors

YME theories are obtained by promoting a subgroup of the global symmetry group of
a Maxwell-Einstein theory to a local gauge symmetry. These theories are often times
referred to as “gaugings” of the original Maxwell-Einstein supergravity. More concretely,
the global invariance group G of a N/ = 2 Maxwell-Einstein supergravity is the group of
transformations leaving the Crji tensor invariant. We then identify a subgroup K of GG
which acts infinitesimally in the ambient space as

0 = (T5) 67", (Ts) 7 CrxyL =0, (2.14)

where T are the generators to be gauged and o® are the transformation parameters. The
scalars and vectors transform as

Sa™ = K%a®, 5QA£ = (TS)IJAiozS , (2.15)

where K7 is the Killing vector corresponding to the action of the s-th generator on the
scalar manifold,

3
K® = — 5(TS)JIth“C. (2.16)

Tt was shown in ref. [58] that these definitions for Sy, D, are equivalent to the standard ones in the

supergravity literature, where S, is obtained as the compact, metric-preserving group in the centralizer of the
Clifford algebra C(q 4 1,1) and D4(P + P) is the dimensionality of its representation [66].



We will not need the transformations on the fermionic fields, for which the reader is referred
to the original literature [36].

To promote K to a local symmetry, we need the adjoint representation of K to be
embedded in the representation of the global symmetry G under which the vector fields
transform. We label the corresponding vectors as Aj, with the index s running over the
adjoint representation of the gauge group K plus addltlonal singlets. In the general case,
there will be vectors transforming in additional nontrivial representations of the gauge group.
One of the fundamental results from the supergravity literature [41] is that, in order for
the theory to preserve local N' = 2 supersymmetry, the field strengths of these additional

vectors must be dualized to massive tensor fields, which will be denoted as BY . where

N2l
the original index [ is split as I = (s,N), J = (¢, P) and these massive tensors satisfy
odd-dimensional self-duality conditions [41].

In general, the representation matrices T will be written as

ftsu O

I _
ESr=1"0 @,

: (2.17)

where (Ts)]\lfg will become representation matrices for the massive tensors under the gauge
group. These are obtained from the entries of the Cjx tensor in terms of an antisymmetric

QNP

matrix , which is interpreted as a symplectic metric (QVFQpg = 55 ), as

2
T)N = fBQNQCSQP . (2.18)

By construction, the representation matrices are symplectic with respect to the inverse
symplectic metric Qnp,3

(T0) % Qqp + (T) %2 =0 . (2.19)
We can then group vector field strengths and tensors together defining

I S
Hu - (fum )7 (220)

where F, = F}, + g fstuALA“ are non-abelian field strengths and g denotes the coupling
constant for supergravity gauge group.* The Lagrangian of the desired YME theory with
tensors is then obtained from eq. (2.1) by covariantizing derivatives and suitably extending

the F' A F' A A term; the bosonic sector has the Lagrangian [41]

. R 1 1 e o
e L = -5~ *CLIJ’HI HIm igxypusz”SDy + 67\/écstupr A {FivatUAu
3
+§gFijtt/ AuAt ,\ + g2A8 flov Al At Fru ”/Au A3 }
_|_€ IO QNPBND B *gQ&SN( )phshp( ) h'h? (2.21)

4g 8

3The representations of the tensor fields are assumed to be symplectic, that is, there exists a singlet in the
antisymmetric tensor product of two representations.
“The supergravity coupling constant g was denoted as gs in ref. [48].



where the covariant derivatives for scalars and tensors are

Dup® = Oup” +gA, K7,
DBy = 8By, + 8(T2) p AL By, - (2.22)
In this paper, we will consider both cases in which K is compact and cases in which it
is non-compact.
Finally, the block diagonal structure in eq. (2.17) can be further generalized to include
an off-diagonal block,

tsu (Ts)t

I _ P
(TS) J — 0 (Ts)]\]ID

(2.23)

In ref. [41], it was pointed out that such a generalization appears to be impossible to
supersymmetrize in a gauge-invariant way except possibly in very special cases. These
correspond to working with reducible but not completely reducible representations and
producing new vector-tensor couplings which were studied in ref. [67]. For compact gaugings,
such an extension is not possible since all their reducible unitary representations are fully
reducible. Similarly, every reducible representation of a connected semisimple non-compact
Lie group is also fully reducible [68]. Hence, the only way to extend gaugings to reducible
representations of the form (2.23) is to gauge a non-compact Lie algebra with an abelian
invariant subalgebra [67]. We shall see that such exotic gaugings appear naturally in the
framework of the double-copy construction.

2.3 Matching amplitudes and spectra with the supergravity Lagrangian

The first step to find double-copy realizations for the theories described in the previous
subsections is to identify parameters to match between the output of the double copy and
the Lagrangian description of the supergravities under consideration. In general, to compute
amplitudes directly, we will need to expand the Lagrangian around a base-point in the

I

scalar manifold, which we denote as ¢/ = ¢! in ambient space. Inspecting the terms of the

Lagrangian proportional to the coupling constant g we then have
—g &St‘oa[MAf/]ftwA““Av” — ggxnyj‘ODugoxAS“ . (2.24)

The latter term gives a non-diagonal contribution to the quadratic Lagrangian, which we
cancel with the gauge-fixing term

1
2%

where &, not to be confused with the ambient-space coordinates, is the parameter in the R

2
Log = — o (D"AL + £ g gy K] 0") (2.25)

gauges, and gy, K % are evaluated at the base-point, and the square in the above equation
is understood to imply contraction by the metric &st‘ o- Using this procedure, we can write
mass terms for the vector fields as

M2 = gle,stxKﬂO , (2.26)

)



where we have used the definition (2.16).° The masses of the tensor fields, on the other hand,

are given by the entries of the & matrix evaluated at the base-point,
MNP:g&NP‘O . (227)

While a comparison of the mass spectrum is the first nontrivial check that a proposed double-
copy construction must pass, additional important information is in the three-point amplitudes.
In particular, three-point amplitudes between one vector and two tensors are of the form®

8
Ms(1BY 2BP 34%)) = i\/;&StQNRQPSCtRS m?e(eP €8 e3), (2.28)

where the Levi-Civita contraction between a vector and two tensors is defined in the natural

way €(a,b,c) = %e“”p"cawbwco we use the convention €'123% = 41, and ast =

&St|0 are
inverses of the matrix in the kinetic term for the vectors evaluated at the base-point (for
practical calculations it is often convenient to redefine fields so that their kinetic terms are

canonically normalized). Amplitudes between three vectors have the form’

8 o cal o tt o ’
Mg(lAs, 2At, SAU) = i\/;ags afjt agu Cslt/ule(é‘l, €92, 83,])1,])2) (2.29)
+ g{&ff’&g“,fst/u/ (81 -E9P1-E3—E1-E3P1 - 62) + cyclic(l, 2, 3)} .

The first term is the contribution of the F' A F' A A term which is quadratic in the momenta
and non-vanishing if the gauge coupling constant is set to zero. We have ¢(a, b, ¢, d, f) =
e“”f’”a“bycpdg fr- Note that this contribution is always symmetric in the three indices.
The second contribution originates from the covariantization of the derivatives in the YME
Lagrangian. Unless the @’/ already happens to be canonically normalized at the base-point
and the gauge group is compact, the color tensors will not be antisymmetric in all three
indices. This is an important difference with respect to the gauge-theory case. To inspect
three-vector amplitudes more in detail, we focus on the case in which the third vector is
massless, while the first two are massive.® In this case, two different gauge-invariant terms
with linear dependence on momenta appear in the Lagrangian. The first amplitude we need
to consider originates from the operator

Oy = —2D|, W, D'W" . (2.30)

This leads to a contribution to the three-point amplitude which is proportional to

<WWA>"DW‘2 = i(e1-e2(p1 —p2) €3 +e2-e3pa-€1 —€1-E3D1 - €2) (2.31)
= o {(12)120] - (2 (0120 1 - ) — § (@lpela] 2leof2) - (165 2)) |,

—2m?2

5We should note that this mass term is non-zero only for the non-compact gauge fields.

5To have all three-point amplitudes exhibit the same mass dimension, we redefine the tensor fields with
respect to the supergravity Lagrangian so that an explicit factor of m? appears in the amplitude.

"We note that this amplitude is not modified when the metric signature is changed to mostly minus.

8In analogy with dimensional compactification, in this paper, we take masses to carry a sign so that
amplitudes are supported by asymptotic states obeying the condition ZL m; = 0. Our approach follows the
one from ref. [48], but some signs are different in this paper as we choose conventions in which all momenta of
the asymptotic states are taken to be incoming.



where we have employed the five-dimensional spinor-helicity formalism in the last line,
and we have used the short-hand notation (1[pz|1] = (1|p2|1] (with a similar notation for
other combinations of angle and square brackets). This will be used to simplify expressions
throughout the paper. Relevant identities are summarized in appendix A, while the reader
is referred to ref. [48] for a complete treatment. The second gauge-invariant term in the
supergravity Lagrangian has the form

Oy = —iF, W W” . (2.32)
Its contribution is proportional to
<WWA> Worw = i(e’:‘l cE3P3EQ —E2°E3P3 €1>
i
= — o5 (Wpel1) 2lesl2) - (1 2)) - (2.33)

These operators are sufficient to account for the interactions introduced in the supergravity
theory by the gauging procedure. In addition to these, we should note that the ungauged
theory already has a non-zero three-point amplitude. The corresponding contribution to
the two-massive-one-massless three-vector amplitude is
WWA) = dicerezenpp) = —i((12) [Les|2) + [12)(1esf2)),  (2:34)
which is proportional to the C7jx-tensor of the theory.

In a concrete calculation, massive and massless vectors will carry additional indices of
the local (or sometimes global) symmetries of the supergravity theory under consideration.
Hence, eqs. (2.32) and (2.33) each give the kinematical part of a three-point amplitude which
also includes a color tensor. If we impose antisymmetry in the two massive vector fields,
eqs. (2.32) and (2.33) are the only independent three-point matrix elements that can appear.
By explicit comparison with (2.30) we can see that O; is associated to the structure constants
fot = — fhsu while Oy carries a color factor of the form f“s¢; here we have used the matrix
al7 at the base-point to raise two of the indices of the structure constants. Note that in the
YM Lagrangian with spontaneously-broken gauge symmetry both terms are present with the
same normalization. However, since the kinetic terms of the vector fields are not necessarily
canonically normalized at the base-point, and the gauge groups we are considering are not
necessarily semi-simple, these two terms can and will occur with different weights.

A simple and important example of a setting in which only Oy appears is given by the
case of the Heisenberg group Hopy1; in this case the algebra of the generators has the form

[a'.p'] =28, [pp]=p.Z=[d.d]=1d,2]=0, ij=1,...,P, (235
where Z is the generator associated to the central charge of the algebra. If q° and p’ are

Hermitian operators, the central charge Z must be anti-Hermitian. It is immediate to read

off the nonzero structure constants,
z z ij
f qi’pj = _f pj’qi - 51'7 . (236)
In this case, provided that the matrix in the kinetic term for the vectors is canonically
normalized at the base-point, only the operator O appears in the three-point amplitudes.

As we shall see, the appearance of a Heisenberg group is a common feature of many of the
gaugings obtained from the double-copy construction in this work.

,10,



3 Double-copy construction: generalities

We are now ready to describe the main features of the double-copy constructions considered
in this paper. The starting point is the construction for homogeneous Maxwell-Einstein
theories discussed in ref. [58],

N = 2 homogeneous B N =2SYM - YM + ng scalars (3.1)
supergravity + % hyperp + np fermionsp 7 .

i.e. a double-copy construction in which the first gauge theory is a supersymmetric theory
with a matter half-hypermultiplet, and the second theory is a higher-dimensional YM theory
with matter fermions reduced to five dimensions.

Since we are seeking to construct theories with various massive fields, it is clear that
we need to consider massive deformations of these gauge theories. The deformation for
the supersymmetric theory is straightforwardly obtained by adding a mass term for the
half-hypermultiplet. There is considerably more freedom as far as the non-supersymmetric
gauge theory is concerned. A very natural starting point is a massive deformation which
also involves trilinear scalar couplings, for which the Lagrangian is

1 . 1 L 1 g s e s
L = _Z(Fﬁy)2 + §(D/L¢al)2 _ im?j¢az¢aj_ ngabefcde¢az¢b]¢cz¢d] (32)
i_ 1- o o A s o
+ §wﬂw _ §¢Mw + %(l)alwrll-‘rlt(]l%w _ %fabCF4+l,4+],4+k’¢az¢bj ¢ck’ :
here a, l;, ¢ are gauge-group adjoint indices, i,j,k = 1,...,ns are global indices running over

the scalars. Fermions ¢ transform in a representation with representation matrices t%. r!
are matrices appearing in the Yukawa couplings and can be seen as gamma matrices for the
YM theory in D = ng + 5 dimensions, as explained in appendix B. Gauge and global indices
carried by the fermions are not explicitly displayed. This theory was studied in ref. [47],
where it was shown that C/K duality of the two-scalar-two-fermion four-point amplitude
requires that the fermion mass matrix M obey the relation

[T, MY + i xFETE =0, (3.3)

where I' are the Dirac matrices in higher dimensions and F!/K are related to the structure
constants of the supergravity gauge group. This constraint can be solved by the following
choice for the fermion masses,

1A ijk

I are extra parameters and T'”* is the rank-three element of the Clifford algebra.

where u
This theory can be further enriched by going on the Coulomb branch, which is necessary for
exploring the moduli space of the corresponding supergravities. Finally, an orbifold projection
can be used to eliminate some of the fields. These two latter steps will be enacted on a
case-by-case basis throughout the following sections.

Before outlining the details of all the possible constructions, we need to first comment

on two distinct ways to double copy two gauge-theory fermions. Using the five-dimensional
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spinor-helicity formalism summarized in appendix A, we can write the external spinor
polarizations as |p®) and |p?], where a,a are little group indices. The key observation is
that the double copy gives different outputs according to the way different fermionic states
from the gauge theories are paired.

1. One possibility is to associate supergravity states to fermion bilinears of the form

P ®p",  |p"]®|p") (3.5)

i.e. the spinor polarization from the different sides of the double copy obey the Dirac
equation with opposite sign for the mass.

2. Another possibility is to associate supergravity states to fermion bilinears of the form

p)®@p"),  |p @ |p* (3.6)

i.e. the spinor polarization from the different sides of the double copy obey the Dirac
equation with same sign for the mass.

In five dimensions, as the little-group indices suggest, the above choices leads to different
fields in the double copy. The first leads to a five-dimensional vector, with polarization

_ (pa*IPal]
ha(p) = oam (3.7)

The second choice leads to a five-dimensional massive tensor field plus a scalar. The tensor is
given by the symmetric combination of little-group indices, and their polarization are

e () = (Paly"|Pv) () = [Pl |py] (3.8)

4/2m ab 44/2m
The additional state, given by the antisymmetric combination of little-group indices, is a
scalar, which bringing the total number of degrees of freedom to four. In the presence of
N = 2 supersymmetry, these tensor and scalar fields belong to a massive tensor multiplets.
On the other side, the massive vector field belongs to a massive vector multiplet which is
BPS and does not have any scalars. The properties of these polarization tensors and vectors
are summarized in appendix A.

In practical situations, the gauge-group representations of the fermions in the two
gauge theories dictate which states should be combined under the double copy, according
to the criterion that a supergravity state is associated to a gauge-invariant bilinear of
gauge-theory states.

In contrast to the construction in ref. [45] for massless theories, when introducing masses,
it will be more convenient to consider complex gauge-group representations. The reason
for this choice can be traced back to the properties of the supersymmetric gauge theory
entering the construction. This is a six-dimensional YM theory with matter. In ref. [45], the
matter content of the theory consists of a half-hypermultiplet in a pseudo-real representation
of the gauge group. We recall that this choice is made possible by the fact that in six
dimensions we can find a constant matrix B obeying the conditions BB* = —1, [I'*, B] = 0,
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D Supergravity q P

5 Generic non-Jordan family -1 2np
6 Generic Jordan family 0 2np
7 Homogeneous supergravity 1 2np
8 Homogeneous supergravity 2 ng

(Complex Magical sugra when np = 1)
9 Homogeneous supergravity 3 nr
10 Homogeneous supergravity 4 ng
(Quaternionic Magical sugra when np = 1)
14 Homogeneous supergravity 8 2np

Table 2. Homogeneous supergravities constructed as double copies involving complex gauge-theory
representations. D and np are the dimension in which the non-supersymmetric gauge theory can
be written and the number of D-dimensional fermions. Identification with the parameters ¢, P from
ref. [66] is provided. Note that, in case of a complex gauge-group representation, chirality conditions
can be imposed on the fermions, but not reality conditions.

where I'* is the chirality matrix in six dimensions. The fermions in the half-hypermultiplet
obey conditions of the form

U*=BVU, T*U=1, (3.9)

where V is a constant antisymmetric matrix with gauge-group-representation indices whose
existence is linked to the representation being pseudo-real. With this choice, one can write
a kinetic term for the half-hypermultiplet fermions without having to complete the matter
content to that of a full hypermultiplet. It is however impossible to write a simple mass
term without adding extra fields. This would have the form

mUToVv, (3.10)

where C' = I'’B is the six dimensional charge conjugation matrix. In six dimensions, it is
possible to take C' to be symmetric, as required for the mass term not to vanish. However,
with this choice, [C,I'*] # 0 and we need to include spin-1/2 fields of both chiralities to
have a non-vanishing mass term. Hence, it becomes easier to just have matter fields in
complex representations. Since this family of constructions is a subset of the one obtained
using pseudo-real representations, we list the supergravities that can be constructed in this
way in table 2.

More concretely, we will take all external gauge-theory states with incoming momenta,
and label them with their representation. The following fermion polarizations will be used
for the supersymmetric gauge theory

u=p"r, v =(p%j - (3.11)
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Even if we are using angle spinors for both bra and ket, the sign of the mass is taken to
be aligned with the representation. In this way, amplitudes are nonzero provided that the
condition ) ;,m; = 0 is obeyed. It should be stressed that, in this case, v and v are not
the conventional particle/antiparticle polarizations, and obey a modified reality condition,
as explained in the appendix.

The states above are combined with the ones from the non-supersymmetric theory;
these states will in general carry an extra global index. In some of the cases considered
here, the mass matrix in the non-supersymmetric theory has both negative and positive
mass eigenvalues. If we diagonalize the mass matrix and denote by ¥ and ¥’ the indices
corresponding to eigenvalues of opposite sign, we obtain the states

Pilr,  P%Ir,  P%R. PSR- (3.12)

The global indices can be combined to obtain a spinor index with respect to the SO(D —5)
group coming from the compact dimensions as (X,Y%’) . The double copy between two
fermions leads to the states

Wat = pYr @ [ptlp,  BE =pr®[PY)5,
Wy = [phlr® (P% 5. BY = (p%|r® (P - (3.13)

Note that pairing conjugate representations under the double copy prevents us from generating
twice as many states. For the complex magical theory we have (3,%') = 1,2, whereas the
quaternionic theory has (X,%') = 1,2,3,4. In some of the above theories, different choices
for the individual ranges of ¥ and ¥’ are possible, leading to theories with different numbers
of vectors and tensors. The fermion bilinears above can be expanded as

") @ pbls = o (s ) + W%a—m
pEln® (0717 = L (Vi) - g@mgzx (3.14)

which can also be rewritten as

") ® bl = "y (Fw )~ jgpw)“f,
péle® (0"l =~ (g — jiwm%a - (3.15)

In the above equation, W‘Em are states corresponding to a massive W-boson transforming
in a complex representation of the unbroken supergravity gauge group, while Waza give the
states of its conjugate.

The tensor bilinears obey a similar relation

V2

The above construction with complex representations provides the correct number of degrees

P ® (el = 5e(p+m) — () (3.16)

of freedom for the complex and quaternionic magical theories. However, a naive extension
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of the construction for the real and octonionic theories presented in ref. [58] to complex
representations yields too many degrees of freedom (in the case of the octonionic theory a
total of 32 vectors or tensors are constructed from fermion bilinears, as opposed to 16). It is
possible to check that this double copy gives the homogeneous L(q, P) theories with ¢ =1
and P =2 and ¢ = 8, P = 2 instead of the real and octonionic magical theory (¢ =1, P =1
and ¢ = 8, P = 1). Obtaining these theories from double-copy constructions with complex
fields requires additional projections, as it will be discussed in the conclusion.

The construction outlined above must be further generalized if the spectrum of the theory
contains more than one nonzero mass (up to a sign). A possible approach is to assign different
gauge-group representations to matter hypermultiplets with different masses. Examples of
this generalized construction will be discussed in later sections of this paper.

3.1 Three-point amplitudes from the double copy: the dictionary

We now study how amplitudes obtained from the double copy yield supergravity interactions
of the types discussed in section 2.3. A particularly relevant subclass of amplitudes we shall
consider is amplitudes between two massive and one massless vector, since they probe the
spontaneously-broken part of the supergravity gauge group.? A massive vector can arise both
as a bosonic double copy of one massive vector and one massive scalar from the gauge theories
and as a fermionic double copy of two spin-1/2 fields (with opposite sign of the masses).

In the case of a bosonic double copy we have three distinct possible three-vector amplitudes.
The first has the form!'

Ms(IW,2W,3V) = iAs(1W,2W, 3A) A3(1%, 2¢, 3¢) (3.17)
P — N
- —§(<WWA>’|DW|2 + <WWA>’WF.W) - —§<WWA>‘YM,

where A is the constant appearing in the three-scalar coupling. The second class of amplitudes
differs because the massive and massless scalars come from different gauge theories,

M3(1W,2W,3V) = iA3(1W,2W, 3¢) A3(1p, 2¢, 3A)
= im(ey - €2)(e3 - p1 — €3 - p2)

The last possibility for a bosonic double copy has the massless vector constructed as an
antisymmetric combination of the two gluons from the gauge theories

6ab

Ms(1W,2W,3V) = i—iAg(lW, 20, 3A)%A3(1@,2¢,3A)
4 02§ 0z

1 —
= _72\/§<WWA>DW/\A/\DW' (3.18)

In this case, the amplitude is the same as in the massless case.

9We include in this class massive vector fields associated with non-compact gaugings since in their vacua
the non-compact gauge group is broken to its maximal compact subgroup.

10We denote as V., massless supergravity vectors obtained as double copies, to differentiate them from the
fields from the supergravity Lagrangian.

,15,



If the massive vectors are realized as fermionic double copies, we have two possible three-
point amplitudes. The first involves the massless vector is constructed as the antisymmetric
combination of the gauge-theory bosons:

ab

€ _ 0 _
A3(1X7 2x, 3A>7(,A3<1X7 2x, 3A)

1W,2W,3V) = i*—
Ms(1W, 2, 3V) "4 028 028

= —\@im[(sl "€3P3 - €2 — €2 E3D3 81)}

i
= 1|p2|1] (2]|e3]2] — (1 <> 2 3.19
75 (i1 2les2] - (14 2)) (3.19)
= —V2m(WW A o -
Fermionic masses are taken as m; = —m, mo = m. We see that this particular vector couples

to other massive vectors obtained from fermionic bilinears through its field strength, but
does not appear in the covariant derivatives. As we have previously mentioned, this type of
interactions are characteristic to gauge groups with a central charges. Since such a massless
vector is ubiquitous to the double-copy framework, many of the gaugings we construct in
this work will have the form G x H, where H is the Heisenberg group.

A second class of double-copy amplitudes involving supergravity vectors constructed
as fermion bilinears is

M3(1W7 2W, 3V) = ’LA3(1)_(7 2X73A)A3<1>272X73¢) (320>
? — 1,
= $121) (1lesl2) = m(WW Ay puwia+ 3 (FWA) g ap

where we have used again m; = —m,mgs = m. In contrast to the previous case, we see
that covariant-derivative couplings arise on top of the interactions already present in the
ungauged theory.

As discussed, the double-copy realization of massive tensors is closely related to that of
massive vectors, cf. eq. (3.13). We may therefore obtain three-point amplitudes with one
massless vector and two massive tensors by simply rearranging the order of fields in egs. (3.21)
and (3.20). If the massless vector is realized as a scalar-vector pair, the amplitude is

M;5(1B,2B,3V) = iAs(1¥,2x, 3A) A3 (1x, 2x, 34)

2 .
= 5(12) (2les|1) = im?e(ey’ en,€5) - (3.21)

Note that, from the supergravity perspective, this amplitude comes entirely from the BABA A
term. Finally, if the special vector is a double copy of two gluons the three-point amplitude
vanishes,

M;3(1B,2B,3V) = z‘ibiAg(lg, 2X,3A)iA3(1>z,2X, 3A)=0. (3.22)

4 028 028
The amplitudes between vectors and tensors presented here give the fundamental ingredients
for analyzing the output of several possible double copies. In general, fields in the two gauge
theories will have extra indices that require a case-by-case study, and result in different
options for the choice of the supergravity gauge group. C/K duality typically constrains the
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couplings that appear in the gauge theories as well as the matter content and spectra, while
matching of the supergravity spectra also requires a careful analysis. The basic kinematic
dependence of the amplitudes is however the same in all cases, and the dictionary established
in this section will be consistently used in the remainder of the paper.

3.2 Summary of the constructions presented in this paper

We are now ready to summarize the main results in this paper. Concretely, different
constructions will depend on the number of scalar fields in the non-supersymmetric gauge-
theory factor, the choice for the F/* tensors, as well as the choice of representation for
the fermions, which will also affect how fields are paired by the double copy. Details about
individual constructions and, in particular, matching with the supergravity Lagrangians,
will be given in the following sections.

1. Non-compact SO(2, 1) gauging for the generic Jordan family. This construction has the
schematic form

(,/\/ =2 SYM on Coulomb branch) ® (YM + ns massive scalars) : (3.23)

This construction always yields two massive gauge fields. At least one massless scalar
is present, but additional massless scalars can also be added. Specific choices for the
trilinear couplings between two massive and one massless scalars can yield either a
non-compact SO(2,1) gauging or a compact SO(3) gauging.

2. Generic Jordan family, U(1) x Hepi1 gauging. This has the construction:
(N =2SYM + hyperR) ® (YM + 1 scalar + P massive fermions R) : (3.24)

The appearance of a central charge seems to be a generic feature of the double copy
and is related to the presence of a massless vector field in the spectrum that originates
from the double copy of two gauge-theory gluons.

3. Generic Jordan family, U(1) gauging with massive tensors. This is a variant of the
previous construction in which different signs for the fermionic masses are used.

4. Complex theory, U(2) x H; gauging. Schematically, the 5D double-copy construction
has the form

(N =2 SYM + hyper R) ® (YM + 3 scalars + 2 massive fermions R) , (3.25)

where the F%* tensor determining the fermion mass matrix, cf. eq. (3.4), is chosen
to give the unbroken U(2) gauge symmetry. This construction yields at least four
massive vectors, but taking the first gauge-theory factor on the Coulomb branch and
adding masses for some of the scalars results in a double-copy theory in which U(2) is
spontaneously broken and hence two additional vectors acquire masses. These gaugings
can also be seen as U(2,1) gaugings in which a pp-wave limit has been taken.
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5. Complex magical theory, U(2) gauging with massive tensors. This is obtained as a
seemingly minor variant of the previous construction in which matter representations
are chosen so that tensors arise instead of vectors in the double copy. This construction
yields four massive tensors, but taking the first gauge-theory factor on the Coulomb
branch and adding masses for some of the scalars results in a double-copy theory in
which U(2) is spontaneously-broken.

6. Another variant of the above construction has four massive vectors, two massive tensors
and three massless vectors. It corresponds to a U(1,1) x Hs gauging of the complex
theory.

7. Quaternionic theory, U(2) x Hs5 gauging. This construction has the schematic form

(N =2 SYM + hyper R) ® (YM + 5 scalars + 4 massive fermions R) . (3.26)

All the vector fields in the quaternionic theory transform in the adjoint representation
of the SO*(6) = SU(3,1) subgroup of its global symmetry group SU*(6). The group
SU(3,1) leads to the group SU(3) x Hr7 by taking a particular pp-wave limit. One
can gauge the [U(2) x Hs] subgroup of SU(3) x H7. The spectrum then contains
four massive vector fields, four massive tensors and a vector field corresponding to the
central charge. In addition to these, there are two extra massless vectors that partake
in couplings between massive vectors and massive tensors. This indicates that the
construction gives a gauging with an abelian invariant subalgebra along the lines of
ref. [67]. One can also spontaneously break U(2) to a U(1)? subgroup and obtain two

additional massive vectors in the spectrum.

8. Another variant of the above construction with 6 massive vectors is given by gauging
U(1,1) x Hs symmetry. This realization can be truncated to the U(1,1) x H3 gauging
for the complex theory discussed above.

We also comment on the construction
(N =2 SYM + hyper R) ® (YM + 9 scalars + 8 massive fermions R) ,

which gives gaugings for the homogeneous theory with ¢ = 8, P = 2, and mention in the
conclusion the possibility of obtaining the octonionic theory through a truncation after
the double copy.

4 Gaugings for the generic Jordan family

4.1 Gauge-theory factors and double-copy amplitudes

The supersymmetric (left) theory is a spontaneously-broken theory similar to the ones studied
in ref. [45]. We only write the bosonic part of the Lagrangian,

I . T4 2 1 a | T 4 ) 2
Ly = —Z(FW + 2igTW "W, ) + 5(D,@ + Wt — ipt" W, )
—2|D[HW,,] |2 + |Dpp + imW,, + i¢&t‘iWul2 + fermions . (4.1)
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This theory contains massless adjoint gl}lons Az and scalars ¢, the former appearing through
their respective field strengths Fj,. a,b... are adjoint indices of the unbroken gauge group.

The massive non-adjoint fields of the theory consist of W, and W, bosons, transforming
in conjugate representations R and R of the unbroken gauge group, and their respective
multiplets. Hermitian representation matrices are denoted as t®. The scalar fields ¢ and ¢
are eaten by the corresponding massive vector fields, and decouple manifestly from the theory
when an appropriate choice of the gauge-fixing term is made. A theory of this sort can be
obtained from an unbroken, purely adjoint gauge theory with SU(N; + N3) gauge group giving
the five-dimensional scalar field a vev breaking the gauge group to SU(N7) x SU(Nz2) x U(1).
In this case, the structure constants of the original gauge group give the structure constants
of the unbroken gauge group f&i’é and the representation matrices t*. This implies that, aside
from the standard commutation relations, the representation matrices obey color relations
stemming from the Jacobi relation of the original theory before the vev is introduced. These
extra relations have the form

ay Bpay b ay 60y B

(14" ()5 = (1) (15 (4.2)
where we have now explicitly displayed the representation indices. This is a particular case
of the seven-term relation in ref. [45]. There are only two amplitudes with one massless
and two massive fields in five dimensions:!!

A3(1W,2W, 3¢) = ivV2m(e; - £2),

1
V2

We now turn to the non-supersymmetric (right) theory. We choose a YM theory with

A3(1W,2W,3A) = iv/2(ka - £1)(e2 - £3) + cyclic = —=(WW A)yy - (4.3)

one massless adjoint scalar ¢ and a complex massive scalar in the conjugate representations
to the one of the W multiplet in the left gauge theory. We also introduce a trilinear coupling
between massless and massive scalars. The full Lagrangian is

L e 1 a & .4
Lr = —1(F)" + 5(Du™)* + | Duel” = m?[ol” + gA¢" ot
2
9, _.a 14 a b =4a4b
=S (@) (pt"e) — g°¢ P (@t o) . (4.4)

This theory obeys C/K duality. In particular, inspecting the four-scalar amplitude

-/44(195&7 29567 3(;0’% 4(105)

leads to the numerator and color factors

n=mng =25+ X, e, = (1940197, e = (t%)%(t%)57, (4.5)

and the extra identity (4.2) is satisfied by the numerator factors. The only relevant three-
point amplitudes with two massive and one massless fields for the non-supersymmetric gauge

Partial amplitudes are normalized as A(1,2,3) = gTr(T“ T2 T%)A(1,2,3), with Tr(T%17%2) = §%192,
while generators appearing in the Lagrangian have the standard textbook normalization Tr(t*1¢%2) = %5[“&24
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theory are the following:

A3(15,2p,34) = —iv2(p1 - €3),

A3 (1%, 2¢,3¢) = %A (4.6)

Looking at the output of the double copy, and using the results from the previous subsections,

we have three distinct supergravity amplitudes between one massless and two massive vectors!?

_ 1 —
M (1W, 2W, 3V0) = —mvaA)DWADWAA’

M3(1W,2W,3V?) = 2im(ps - e3)(e1 - 2) = m((WWA) pwje — (WW A)p oy )
Mg(lW, 2W, 3V4) = —i)\((kg : 81)(82 : 83) + cyclic) = —%(WWA)YM . (4.7)

Here V° denotes a vector obtained from the double copy of two gauge-theory gluons, and V!
and V4 are two distinct massless vectors arising from the double copies of adjoint vectors
and scalars from the two sides of the theory.

4.2 Supergravity amplitudes

To identify the supergravity Lagrangian for the theory obtained from the double copy, we
consider the example of a SO(2,1) gauging of theories belonging to the generic Jordan family
in five dimensions. To fix notation, we take the cubic polynomial

V(ED) = v2EO (€))7 — (€))7 — ... — (&™), (4.8)

where ny is the number of vector multiplets in five dimensions. We take ny > 3 and
proceed to identify the relevant non-compact transformations written in ambient space
according to eq. (2.14). The SO(2,1) generators T act nontrivially only in the (&%, €2, ¢3)
subspace. They are

00 0 001 010
Tv=|00-1|, To=[000]|, T3=]100], (4.9)
01 0 100 000

Note that the compact generators are anti-hermitian, while the non-compact generators are
hermitian. The structure constants for this choice of generators are

frra=-1, fPa=-1, flag=1. (4.10)
Amplitudes are obtained expanding the Lagrangian around the base-point'?

¢f=¢f = (1/V2, coshg, 0, 0, sinh, 0,...) . (4.11)

2Here the normalization of the double-copy follows the KLT formula with the gravitational coupling set to
k=2, ie Ms=1iA(1,2,3)A(1,2,3).
130ne can consider the more general choice ¢! = (6_29/\/5, e cosh ¢, 0, 0, e’sinhog, ... ), but the extra

parameter 6 can be absorbed by a redefinition of g.
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With this choice, the (ny + 1) x (ny 4+ 1) matrix that appears in the kinetic term for the
vector fields is

1 0 00 0 -0
0 cosh2¢p 00 —sinh2¢ --- 0
0 0 10 0 -0
argly=10 0 01 0 -0 (4.12)
0 —sinh2¢ 00 cosh2¢ --- 0
0 0 00 0 a1
The ny x ny matrix in the kinetic term for the scalars is
1+2cosh2¢ 0 0 —2sinh2¢ -0
0 10 0 -0
| 0 01 0 -0 (4.13)
Joulo =1 _9ginh2¢ 00 2cosh2¢—1 --- 0 '
0 00 0 R |
Explicit calculation with our choice of base-point leads to
MI2J = g2 diag (0, 0, cosh? ¢, cosh? 9,0, . ... ) (4.14)

for the vector fields. It is then convenient to redefine the fields so that the vector-field kinetic
term becomes canonically normalized,

A}L — cosh ¢ AL + sinh ¢ Aﬁ ,
Afj — sinh QSAIIL + cosh gZ)Aﬁ ) (4.15)

where the other fields are left invariant. The final result for the relevant three-vector
amplitudes after this field redefinition is

M3(1A4%,24% 3A") = —2gcosh ¢ (p1 - €3)(e1 - £2) = —2m(p1 - €3)(e1 - €2),
M3(1A2%,243 3A%) = igsinh ¢ (WW A)ynm. (4.16)

Note that now A% and A3 are massive, leading to the identification with the double-copy fields
€
V2

We see that two parameters are accessible at the level of the amplitudes from the supergravity

0 _ 1/0 1 _ 1 4 _ 14 —
A, =V, A, =V, A, =V W, =

L=V, (Ai — iAf;) ) (4.17)

Lagrangian: the supergravity coupling constant g and the angle ¢.
These Lagrangian-based amplitudes can be matched by the double-copy calculation
with the identification

A= —2gsinh ¢ . (4.18)
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Since m = gcosh ¢, the non-compact gauging implies the relation |\| < 2m. The structure
constants corresponding to the amplitudes above are

flys = cosh ¢, f% = —cosh ¢, #3, = —cosh),
fh3 = —sinhg, %4 = —sinh¢, 35 = —sinh¢ . (4.19)

They correspond to the commutation relations between generators

[ta, t3] = cosh ¢ t1 —sinh ¢ ty4,

[t1,t3] = cosh¢ ta,

[t1,t2] = —cosh¢ ts, (4.20)
[ts, t4] = —sinh ¢ tq,

[to,t4] = sinh ¢ t3 .

For ¢ finite, defining the new generators cosh ¢t; — sinh ¢ t4 and sinh ¢t1 — cosh ¢ t4, we can
see that the group in indeed isomorphic to SO(2,1), where the second generator decouples.
However, for ¢ # 0, the above field redefinition does not preserve the diagonalized form of
the kinetic term for the vector fields at the base-point. Hence, it is not possible to decouple
the field Aﬁ in eq. (4.16). We also note that the physical graviphoton (i.e. the combination
appearing in the supersymmetry transformation of the graviton) is given by
1
V2

while the field A couples to the others only through the Crsx term in the action, which

A)+ AL, (4.21)

is unaffected by the gauging procedure.

We can repeat the analysis for the compact SO(3) gauging, using the vectors Ai, A;Sm Aﬁ.
The base-point is left as before while the matrices T generating SO(3) now act nontrivially
only in the (£2,&3,£%) subspace,

000 00 -1 0-10
i=|00-1], T2=|000 |, T3=]10 0], (4.22)
010 10 0 000

where all other entries are zero. After repeating a similar computation with respect to the
non-compact gauging, we get a mass matrix of the form

M2, = deiag(O, 0,sinh? ¢, sinh? ¢, 0, . . ) : (4.23)

where one can see that setting ¢ = 0 gives the unbroken SU(2) phase. The final result for
the relevant three-vector amplitudes after the field redefinition is

M3(1A2,2A3,3A1) = —2gSinh¢(p1 . 63)(51 . 62) = —2'm(p1 . 63)({51 . 62)
M3(1A%2A3,3A%) = igcosh ¢ (WW A)y s (4.24)

i.e. hyperbolic sine and cosine are exchanged. The parameter identification from the double
copy is now

A= —2gcosho, (4.25)

and the compact gauging solution obeys the condition |\| > 2m.
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Note that the solution with A = £2m corresponds to taking the limit ¢ — Foo. In this
limit, it is convenient to take the linear combinations A}L + Ai; combined with the massive
vectors, they give a gauging of the form

SO(2) x Hs, (4.26)

where Hgs is the three dimensional Heisenberg group. This limit can also be thought of
as a pp-wave limit.

The appearance of the Heisenberg group may look surprising at first sight since SO(3)
is compact. However both SO(2,1) and SO(3) admit contractions to the Euclidean group
E, = 1S0(2) = SO(2) x Ts. Interestingly, in the limit A = £2m the translations Ts close
into a central charge in the supergravity theory which is gauged by the extra vector field
other than the graviphoton.

At this point it may be useful to point out that simple non-compact groups G admit what

is called the Iwasawa decomposition, which decomposes any group element G uniquely as'*

G =KAN, (4.27)

where K belongs the maximal compact subgroup, A is an element of some suitable abelian
subgroup and N is an element of a nilpotent subgroup of G.!> Both A and N are closed
subgroups of G. The nilpotent subgroup N is normalized by A. For the group G = SL(m, C)
of m x m complex matrices with unit determinant, the group K is SU(m), A is the Abelian
group of diagonal matrices with positive entries and N is the nilpotent group generated by
m X m upper triangular matrices with 1 in each diagonal entry. At the Lie-algebra level,
we have the corresponding decomposition

g=¢tdadn, (4.28)

such that g, ¢ a and n denote the Lie algebras of G, K, A and N, respectively. a is abelian,
n is nilpotent, a @ n is a solvable subalgebra, and [a @ n,a @ n] = n. For studying the
non-compact gaugings of five-dimensional supergravity theories with non-compact U-duality
groups G, the subgroups H of the form

H = MAN, (4.29)

will be particularly important. M is a subgroup of K which commutes with the abelian
subgroup A such that both M and A normalize a nilpotent subgroup N.

4.3 Another realization for the generic Jordan family

In ref. [45] it was noted that the generic Jordan family has two distinct double-copy realizations.
Aside from the purely-adjoint double copy described in the previous subsection, we also can
consider a construction along the lines of the homogeneous theories in which the right gauge-
theory factor is a six-dimensional pure YM theory augmented with P irreducible fermions.
In five dimensions, the supersymmetric (left) gauge theory has a massless vector multiplet

14We are using the same symbol for denoting the group element and the group.
5For a review of Iwasawa decomposition of non-compact groups we refer to ref. [69].
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and one massive complex hypermultiplet transforming in the fundamental representation;
its Lagrangian is given by

1 . TR | 4 . _
L = = (FR,)? + "Dy + (Do) + [ Dyl + ixx — mixx —m?|iof? (4.30)

V20 oty + V2gxth e +ig f G YT + g9t PGt P + gxttxo® + gA(Bthp)? |
As usual, the covariant derivatives encode the gauge-group representations of the fields; for
our purpose they are given by

(DW)& = 8u¢& + gfabéAzwd ) (Dud))d = 8,u¢d + gfdbéAZ¢& > (4'31)
(Dux) = Oux — igtaAZX, (Dup) = Oup — z’gtaAzap .
The non-supersymmetric (right) theory has Lagrangian
1, 1 5 L _ N
Lr = —(F)* + 5(Du™)’ +ixP By — mxPxp + 98" X "X, (4.32)
where p = 1,..., P is a global flavor index. The simplest case is the one in which P = 1,

which yields a non-compact gauging for the generic Jordan family theory with scalar manifold

Msp = sso(g:g) % SO(1,1) . (4.33)

In this case, there are three relevant amplitudes between one massless and two massive
vectors. The first is given by the double copy

M(IW,2W,3V*) = A3 =2(1x, 2x, 34) 4 =(1x, 2x, 3¢)
__ 1
= m<WWA>|DW|2+Z<WWA>DW/\DW/\A . (434)

The result gives both a term proportional to F' A F' A A and a term proportional to the mass,
which corresponds to a minimal coupling. The second amplitude has the same expression,
with the difference that the scalar comes from the supersymmetric theory,

M(IW,2W,3V1) = 4y =2(1x, 2x, 39) A3 =0(1, 2x, 34)
_ 1
= _m<WWA>|DW|2+Z<WWA>DW/\DW/\A . (435)

The third amplitude involves the 5D massless vector that comes from the dualization of the
antisymmetric part of the double copy of two gluons,

ab
My(ITF,21,3V°) = i 0as=2(15, 21, 34) -2 4N =0(1%, 2, 34)
4 02§ 0z
= —V2m(WWA)y, -5 - (4.36)

We can reproduce the amplitude in the previous section from the supergravity Lagrangian
with the identification

1 4

40 — Vi +V,

1 4 0 1 4 0
Alzvﬂ_vﬂ_viﬂ A4:V,U«_V,u Vfu
H 2 ’

M 2 \/5 ’ o 72 + \/5 ,

provided that we rescale g = e %g’ and take the pp-wave limit ¢ — oo while identifying
/

g = =\

(4.37)
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Representation GT 1 mass1 GT 2 mass2  Supergravity
(N2 —1) Vi—2 0 A® o 0 Ha—2 ® 2V =2
N Pr=2 ™M X1 —my V=2

N Dpy—y  —m X1 my V=2

Table 3. Double-copy map for the alternative realization of the generic Jordan family; hypermultiplets
and matter fermions are in the fundamental and antifundamental representations, respectively. Masses
from the gauge theories are taken with opposite signs.

4.4 Theories with tensors

The simplest example of a theory with massive tensors arises from a simple modification
of the construction in the previous subsection, namely flipping the sign of the mass for the
fermions in the non-supersymmetric theory. The ungauged theory is the same as before
and we focus again on the P = 1 case.
As before, the scalar manifold is

Msp = SSO(g?Zé;) x SO(1,1) . (4.38)
However, now we have a pair of massive tensors instead of massive vectors. Their appearance
is a consequence of the gauging of a U(1) subgroup of the global symmetry group of the
theory under which some of the vectors are charged. The natural choice of this U(1) follows
from the decomposition of the isometry group as

SO(3,1) — U(1) x SO(1,1) . (4.39)

Two vectors are charged under U(1) with opposite charges, and hence need to be dualized
to tensors. Here we take U(1) to be unbroken.
The double-copy one-gluon-two-tensor amplitude is

M3(1B,2B,3V) = iAy=>(1x, 2x, 34) Ay =" (1%, 2x, 3¢) = %@ (2leslr) . (4.40)
As previously explained, this amplitude can be rewritten as
M3(1B,2B,3V) = im?e(e}, e3,e5) (4.41)

and, from the perspective of the supergravity Lagrangian, comes entirely from the BA BA A
term. When the gauge coupling is taken to zero this amplitude becomes the three-vector
amplitude in the ungauged theory.

The second amplitude has the same expression, with the difference that the scalar comes
from the supersymmetric theory. The third amplitude involves the 5D vector from the double
copy of two gluons, and vanishes identically. These amplitudes are consistent with eq. (2.28).

4.5 Additional generalizations

The construction outlined in the previous subsection can be generalized to include P > 1
fermions in different representations and matching hypermultiplets of the same mass from
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Representation GT 1 mass1 GT 2 mass2  Supergravity
(N2 —1) Vi—2 0 A® o 0 Ha—2 ® 2V =2
N Pr=2 ™M X1 m1 Tn=2

N1 ci>/\f=2 —m X1 —mi 73\/:2

Table 4. Double-copy map for the alternative realization of the generic Jordan family; hypermultiplets
and matter fermions are in the fundamental and antifundamental representations; taking masses from
the gauge theories with the same sign leads to tensors in the output of the double copy.

the supersymmetric gauge theory. The fields and their masses and representations are
summarized in table 5.
It is interesting to outline how these generic masses arise from the point of view of the
supergravity theory Lagrangian. The starting point is an ungauged theory with scalar manifold
SO(2P +1,1)
SO(2P +1)

where now we have 2P massive vectors and only three massless vectors. In order to have

x SO(1,1), (4.42)

the appropriate number of masses, we need to gauge 2P + 1 generators. To achieve this we
start from the Iwasawa decomposition K AN of an element G of SO(2P +1,1)

G=KAN, KeSO@2P+1), AeSO(1,1), NeTyp, (4.43)

where T(p) is the nilpotent group generated by 2P translations along compact directions.
The maximal subgroup that commutes with dilatations SO(1,1) is Ky = SO(2P) which
normalizes T(yp), i.e.

KoAN , Ko €SO(2P), A€SO(1,1), N eTyp, (4.44)
We shall gauge the subgroup of the form
UD(l) X H2P+1 ) (4.45)

where Up(1) is a diagonal subgroup of U(1)” ¢ SO(2P). Under the action of U(1)¥ the
translation generators T(ypy form P doublets with charges +m; (i = 2,3,4,..., P +1). The
resulting theory has 3 massless vector fields i.e. the gauge field of Up(1) and two massless
spectators and 2P massive vectors.

Labelling the coordinate index A of a vector X4 of SO(2P + 1,1) to run from 1 to
2P + 2 with time-like coordinate labelled as 1 and introducing complex coordinates z; =
%(XHQ +iX;+pye2) and z; = %(X/LL’,Q —iX;1py2) (i =1,..., P) the structure constants
for this gauging (obtained from three-point amplitudes) are

flig=—fl =6, floj=—flj= mz‘5§-, flag=—f"p=—mid} . (4.46)

All other structure constants are zero. Here 1,2 represent special (real) directions, while
all other generators carry a complex index running from 1 to P.' m; are free parameters

16An extra coordinate ¢° is present in ambient space. We remark that the double-copy map between fields
of the supergravity Lagrangian and gauge theory bilinears is different in the alternative realization of the
generic Jordan family with respect to the one in section 4.2. In particular, here Aﬁ is not the supergravity
vector obtained from the double copy of gauge-theory gluons.
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Representation GT 1 massl GT 2 mass2  Supergravity
(NP-1)@--- @& (N2 —-1) Vy—a 0 Ad ¢ 0 Hy=2 @ 2Vn=2

(N1,1,...,1) Oy—2 My X1 —mi Vir—s
_ — _ 1
(N1, 1,...,1) Py—2 —m1 X1 my V=2
(1,...,1,Np) y—y mp  Xxp  —mp Ve
- . _ <P
(1,...,1,Np) Py—p —mp  Xp mp =

Table 5. Double-copy map for the alternative realization of the generic Jordan family; we take the
gauge group to be SU(Ny) x - - - x SU(N,) and put hypermultiplets in the fundamental representations
and matter fermions in the antifundamental representations.

(corresponding to the masses of the vectors). Jacobi relations are satisfied by this choice of
structure constants. Moreover, the above gauging naturally lead to a realization with a central
charge gauged by the vector field corresponding to the ! coordinate in ambient space. This
construction can be straightforwardly modified to include both massive vectors and tensors.

5 Gaugings for the complex magical theory

In this section, we move beyond the generic Jordan family, and discuss the double-copy real-
ization of different gaugings of the complex magical theory together with their correspondence
with the Lagrangian formulation of this theory.

5.1 U(2) x H5 gauging for the complex magical theory

For the 5D N = 2 side of the double copy we use the Lagrangian (4.30),'7

1 R ) B .
= () + 00" + S (Dug™)? + [Dugpl” = m?|oof + ixx — mxx (5.1)
V290 oty + V2gxt %00 + ig fAM Y + g2t PPt o + gxtix o + g* (ptip)? .

Lp =

The moduli space of vacua is parameterized by the vevs of scalar fields:
¢t — ud + ¢, pw—ov+p. (5.2)

Minimizing the scalar potential leads to two possible solutions:

u® =0 _
or v=0="0. (5.3)

m =20

The former is the Higgs branch, the latter is the Coulomb branch, and they intersect at the

origin of the moduli space, where all fields are massless.

This Lagrangian should be obtainable through a combination of Higgsing and orbifolding starting from
the breaking of a larger gauge group with the procedure outlined in ref. [70]. This construction guarantees
that scattering amplitudes following from this Lagrangian obey C/K duality.
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In the following, we focus on the Coulomb branch and consider the symmetry-breaking
pattern given by the adjoint-scalar vev

<¢d>t&=(uJN1 ° ) : (5.4)

0 U2.[N2
This breaks the gauge symmetry as
U(N; + Na) — SU(Np) x SU(No) x U(1)?, R — (Ni,1) @ (1,No), (5.5)

where the W-bosons transform is bifundamental representations. The masses of the fields in
the various representations are given in table 6. Denoting the masses of the two hypermultiplets

as mp = m + u; and my = m + uo, we note the relation
mi — mo = my , (5.6)

which will also need to be obeyed by the masses of the fields that double copy with the
hypermultiplets.
For the non-supersymmetric side of the double copy we start from the Lagrangian

1 1
4 2
+ixoBx2 — MaXaxe + a1go* X1t x1 + a2g99 Xt x2 + Ago® T ¢

o - = 5 B i C 9,
+b90ax1C%x2 + by X2Cax1 + g2 2" @T T o + 592(¢T“@)2 - (5.7)

Lr=——(FL)+ = (Dué")? + [Dupl* — mi|el* + +ixaPx1 — mxixa

We fix the coefficients a, as, b, b and ¢ so that the amplitudes obey C/K duality and moreover
the mass spectrum is the same as that of the supersymmetric side. Here the fermions x1
and Y2 transform in the antifundamental representations (Ni,1) and (1, N2) respectively,
for which representation matrices are denoted as t®. The massive scalars ¢ are in the
bifundamental representation (N7, No), for which the representation matrices are denotes as
T%. Representations are chosen so that asymptotic states can be paired with the ones from
the supersymmetric gauge theory so that supergravity states correspond to gauge-invariant
bilinears. We find that:

o The amplitude A4(1x;, 2x4, 3¢, 4¢) has numerators

ne = adl1l(ps +2m0)2],
m = a1+ 2m)2] (5.8)
ne = 5[0l — pol2)

The kinematic Jacobi relation ny —n, = ns implies a; = £1. Note that leg one is taken
with a mass of —m; and leg two is taken with a mass of +m; so that masses add to
ZEro.
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e The amplitude A4(1x1,2x1, 39, 4¢) has numerators
1 2 ~ ~
e = 561" [L](ps + ma + 102) (2],

Sl2ps + a2 (59)

ns =
C/K duality n; = n, implies |b|?> = 2 and the condition

s - A

mi + mo = 5 . (5.10)

o The amplitude A4(1x1,2x2, 3¢, 4¢) has numerators

1
ne = a1b [1](p3 + M1 +ma)|2],

2
1 -
Ny = iazb [1‘ (?4 + 2m2)|7] , (5.11)
1
C/K duality n; — n, = ns implies the additional condition a; = —axs.

o The amplitude A4(1p, 29, 3¢, 4¢) has numerators (i = 1, 2)

1
ng = 5(s—u+A2+ct),

1
Ny = 5(s—t+/\2 +cu) . (5.12)

C/K duality n; = n,, implies the condition ¢ = —1.

Note that the mass 7, of the bifundamental scalar does not obey any constraint other
than the one following from matching the mass spectra of the two theories. We can rewrite
the amplitudes we have analyzed above in the m; = g case in a form that is explicitly
covariant under the unbroken SU(2) symmetry by expressing the complex scalar fields in
terms of real fields as ¢ = %(gbl —i¢?) and identifying ¢> = ¢. The resulting amplitude
As(1x,2x, 38", 4¢7) has numerators

ne = Llh + 2m)j2] v, (5.13)
me = 5[+ 2m)[2) £ (5.14)
ne = [1ps 12167 — TAL2)IHE, (5.15)

where t' = o are SU(2) representation matrices.

The double copy combines fields with in conjugate representations of the gauge group
and with equal masses up to a sign. The resulting supergravity fields and their gauge-theory
origin are collected in table 6. We now focus on three-point amplitudes containing vectors
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Representation GT 1 mass 1 GT 2 mass 2 Supergravity

Adj. V=2 0 A, Do 0 Ha =2 P 2V =2
(N1, Ny) V/(\722 mwy = Ui — U9 % My = —Mmwy V(m:)2
(N1, Ny) VY, — 2 —ing v,

(N1,1)  @pn—2 mi=m+u X1 1 = —my V(mz)g
(N1,1)  Qp— —my X1 —m VJ(\T=)2
(1, Ng) DPr—o Mmoo =m+ us X2 Mg = —Myo V(mz)z
(L,Ny)  ®p— —my X2 ) V%22

Table 6. Double-copy construction for spontaneously broken U(2) x Hs — U(1)? x H; gauging of the
complex magical theory. Masses in the two gauge theories are matched with opposite signs. Fields in
GT 1 are taken in the representations listed in the table, while GT 2 fields are taken in the conjugate
representations. The Adj. representation is (N? —1,1) @ (1, N2 — 1) @ (1,1). The supergravity gauge
group U(2) is unbroken when u; = us.

obtained from the double copy and consider the case in which u; = us. A first amplitude
comes from the bosonic double copy,

Ma(1ViHL 2T+ 3y k) — AN=2(1 4,24, 3A4) AY=0(1¢7 27 3¢%) = —igeijk<WWA>YM
(5.16)
where all vectors and scalar fields are now taken to be massless and i, j, k = 1,2, 3. Fermionic
double copies give amplitudes of the form

M(IW, 2,3V = iA3=2(1x, 2x, 34) A3 =" (1, 2x, 3¢
i T o' —
= mo <WWA>|Dw|2 + Z<WWA>DW/\DW/\A’
Ms(IW,2W,3V1Y) = i AY=2(1x, 2x, 3¢) AY =0 (1%, 2x, 34)
_ 1
= _m<WWA>|DW‘2+1<WWA>DW/\DW/\A’

ab
M(1T7,21,3v%) — 1% 0 av=2(15, 2y, 3A>%A§f ~0(1x,2x,34)
4 024 0z
= —V2m(WWA), p - (5.17)

We shall see how the same amplitudes can be obtained from the supergravity Lagrangian.

5.2 Supergravity identification
The starting point is to write the cubic polynomial with an explicit U(2,1) symmetry. To
this end, we introduce the matrix
é-l o 54 _52 _ Z’&S _55
N = | —&+ig® &+t = | . (5.18)
& & v
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The cubic polynomial in the canonical basis is then given by
V(&) =detN(§), (5.19)
while a U(2,1) transformation V acts on N as
N() = VINEV, (5.20)

The U(2,1) generators associated to each direction in ambient space are then given by'®

i ON(©)
Tr=—- . 5.21
=72 fel (5.21)
We choose a base-point that depends on 2 parameters 6, ¢, such that
N(cl) = diag( — e¥/31®, /3¢ =20/3) (5.22)

Repeating the steps described in section 2.1 we obtain expressions for d;; and K7. It is
convenient to introduce a linear field transformation that brings the vector-field kinetic term
to the canonical form, A, — UA,,

2

e73 0 00 0 0 0 0 0
0 eScoshe 0 0—eSsinhg 0 0 0 0
0 0 €50 0 0 0 0 0
0 0  0ef 0 0 0 0 0
U=| 0 —eSsinhé¢0 0 efcoshg 0 0 0 0
0 0 00 0 V2 &t: 0 0 0
0 0O 00 0 0 V2 i 2 0 0
0 0O 00 0 0 0 VZe 65 0
0 0O 00 0 0 0 0  2e i %
This further requires a rescaling of the supergravity gauge coupling
g=e vy . (5.23)

After these transformations, the mass matrix for the supergravity vector fields has mostly
vanishing entries except for

_ 9 _
Moy =ma3 =g sinh¢, msz = g/e“s" cosh o+¢ , mgg=ge 2z cosh — (5.24)

We note that the parameter ¢ is related to the spontaneous breaking of the compact subgroup
U(2); the unbroken phase is obtained with ¢ = 0. The three masses are not independent.
They obey the simple relation

Ms5 — Mgg = M22, (5.25)

8This expression can be obtained from the conventional organization of the ambient-space coordinates as
a Hermitian 3 x 3 matrix by a field redefinition. Making manifest the U(2,1) action comes at the price of
obfuscating the connection with Euclidean Jordan algebras from ref. [36].
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Representation GT 1 mass 1 GT 2 mass 2 Supergravity

Adj. V=2 0 A, Do 0 Ha—=2 D 2Vn—2
(N1, Ny) V/(\722 mwy = Ui — U9 % My = —Mmwy V(m:)Q
(N1, No) VW, —my & it v,

(Ni,1) Py—2 mi=m+wu X1 my = my T/\(/W:l)g
(N1,1) @y —my X1 —my 7-5\7/n:)2
(1,N2)  ®p=—2 ma=m+u X2 Mo = Mg T/\(fw;)z
(L,Ny)  ®p— —my X2 ) 7_5\7/71:)2

Table 7. Double-copy construction for the spontaneously broken U(2) — U(1)? gauging of the
complex magical theory with tensors. The theory is unbroken when uy = us.

which we have seen emerge naturally from the double-copy framework in eq. (5.6).
The three-point amplitudes between the three SU(2) fields are

Ms(1AT 247+ 34 = o/ cosh ¢ €7F(WW A)yur (5.26)

with 4,7,k = 1,2,3. Additionally, we have four massive vectors that transform in the
fundamental of SU(2) and the anti-fundamental. We denote them as W and W and do not
display the SU(2) indices explicitly. The extra amplitudes that involve the massive vectors
are given in the ¢ = 0 case for notational convenience,

_ . 1 . _ __
+1\ ol At —0 _
Ms(1W, 2W, 3471 = 2ga{e (WWA)‘W.FW <WWA>‘|DW‘2},
_ 1 _ _
1W,2W,34%) = —g'I,{e? A - A
MW, 2W,34%) = gl TWa)| | = Fwa o,
T oW 34l = Lo fo-0 77 a7
Ms(1W, 2W, 341) = 2g1[2{e <WWA>’W.FW <WWA>‘|DW|2}. (5.27)

Amplitudes can be matched with the double-copy formulae (5.17) only in the § — oo limit.
The masses are then matched provided that

A
2m+u1+uz:—§:g’cosh¢5, u1 —ug = g sinh ¢ . (5.28)

Note that the difference between U(2,1) and this contraction is detectable only at the level
of three-point amplitudes and cannot be seen from the spectra alone.

5.3 Non-compact gaugings with tensors

The simplest example of gauging which interchanges massive non-compact gauge fields with
tensors is a U(2) gauging of the complex magical theory; this gauging is obtained by flipping
the signs for the fermionic masses in the non-supersymmetric gauge-theory factor entering
the double copy. The resulting spectrum can be found in table 7.

Note that this theory has a U(2) compact gauge symmetry that can generically be
spontaneously broken. Four tensor fields transform in the 2 and 2 representations. To
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identify the corresponding supergravity Lagrangian we write the cubic polynomial as the
determinant of the matrix

51 4 54 52 o i£3 55
NE = | &+ig® ¢ ¢t & (5.29)
& & V2

and take the following base-point ¢! in the ambient space!

N(c) :diag(e%Jr‘b, s, e_%e) : (5.30)

The steps taken in finding the ar; and K7 are the same as in the previous section, with the
difference that only a compact U(2), with gluons corresponding to the ¢!, ..., £* coordinates
in ambient space, is gauged. The fields corresponding to the coordinates £°,. .., &% are now
dualized to tensors, with the entries of the matrix ayy giving the values for the corresponding
masses. As before, a linear field redefinition is needed to bring the kinetic term for the
remaining vector fields to the canonical form, A,UA,,

ei® 0 00 0

es coshg 0 0 e’ sinh ¢
0 es 0 0
0 0 e 0

e’ sinh¢ 0 O ef cosh ¢

Q:

W

After these operation, the mass matrix for the massive W vectors becomes as before
[
Mo = m33 = ge3s sinh ¢, (5.31)

where all other entries are zero. Similarly, ¢ is related to the spontaneous breaking of the
compact group U(2). The masses for the tensors can be obtained from the corresponding
entries of the ay; matrix; they are

mr+ = %egiqb . (532)

Again, the three masses are related by eq. (5.6) which is inherited from the spontaneously
broken gauge theory entering the double-copy construction. In this case, it is not necessary
to take a particular limit to obtain the supergravity Lagrangian which matches the output
from the double copy. Instead, the parameter  can be absorbed by a redefinition of g. The
presence of a U(1) factor in the gauge group cannot be avoided, as pointed out in ref. [71].
From the perspective of the double-copy construction this is a consequence of the presence of
a scalar in the supersymmetric theory, which produces a vector in the double-copy theory
that is coupled to the massive tensors.
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Representation GT 1 mass 1 GT 2 mass 2 Supergravity

Adj. V=2 0 A, Do 0 Ha =2 P 2V =2
(N1, Ny) V/(\722 mwy = Ui — U9 % My = —Mmwy V(m:)Q
(N1, N2) Vi, —mw ¢ —1hy Vi,

(N1,1)  @pn—2 mi=m+u X1 1 = —my V(mz)g
(N1,1)  Pa— —my X1 —m VJ(\T=)2
(1, N2)  Pn—2 ma=m+us X2 ma = My T/\(fw;)z
(L,Ny)  ®p— —my X2 ) 7_5\7/71:)2

Table 8. Double-copy construction for U(1,1) x Hs gauging with tensors of the complex magical
theory. Here the Adj. representation is (N7 —1,1) @& (1, N3 — 1) & (1,1).

5.4 U(1,1) x H3 gauging of the complex theory with tensors

We have seen that the choice of signs in matching masses between the two gauge theories
entering the double copy can have significant consequences. Considering all possible ways
of doing so, one may wish to study a third option in which an equal number of massive
tensors and vectors is realized, in the double-copy sense, as direct product of fermions. This
is done by matching one of the masses with the same signs, and the other with opposite
signs, as illustrated in table 8. This choice changes the constraints imposed by C/K duality,
which now become

A=m1+mMo =us —uj . (533)

How can we characterize this new double-copy theory? Unlike previous constructions, setting
u1 = uo forces the coupling between three gluons to vanish. Hence, the theory does not
have an unbroken U(2) phase. Instead, the gauge group is the non-compact U(1,1) and
three gluons become spectators when u; = uo. For all values of the parameters, this gauging
has two massive vectors and a central charge vector gauging the Heisenberg group Hs. We
also note that truncating away all fermionic fields gives the non-compact SO(2,1) gauging
of the generic Jordan family, whereas the constructions in the previous subsections would
give compact SO(3) gaugings.

A striking feature of this hybrid construction is that it gives the nonvanishing amplitude

Ms(LB,2W,3W) = L (12)[2les]1) (5.34)

which corresponds to a coupling between two vectors and a tensor. The third vector is in
general massive, but can be made massless by choosing u; = us. This is an example of exotic
vector-vector-tensor couplings introduced in ref. [67].

6 Gaugings for the quaternionic magical theory

We turn our attention to gaugings for the quaternionic magical theory. As usual we are
constrained by the fact that there is a limit to the rank of the unbroken gauge theory

19We emphasize that we have not chosen the most general base-point.
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coming from the double-copy construction which is in turn linked to the number of scalar
fields of the non-supersymmetric gauge-theory factor, i.e. the non-compact gauge group
can be at most U(2,1).

The supersymmetric gauge theory is the same we have utilized for the complex theory.
For the non-supersymmetric gauge-theory factor, we take a YM+fermion theory in 10D and
reduce it to five dimensions. The five dimensional fields are

{A;u (bi’ Xarzz} ) (61>
where ¢ = 1,...,5 is an index running over the compact directions, « is a 5D spacetime spinor
index, a =1,...,4 is a spinor index corresponding to the five compact directions, r = 1,2 is

a an extra index which is eventually fixed by imposing the 10D chirality condition. Details
about gamma matrices can be found in appendix B. The Lagrangian has the form

1 . 1 o L o
=3 (F)? + 5(Dug™)? + ixBx — XMx — g™ xt"3'x

+)\9F~1i+47j+4,k+4fdbé¢di¢bj¢ék’ + O(¢4) . (62)

Lr =

where 5 and M are matrices acting on the internal a, b spinor indices. They can be obtained
from the D-dimensional gamma matrices I'! and mass matrix M = —il ® 02 ® M obeying
the C/K duality condition (3.3), as explained in appendix B. F// is the tensor giving the
symmetric trilinear scalar couplings. We choose F//X and u! in eq. (3.4) so that the only

non-zero entries are F7® = —1 and u? = u. The result is
- A
M = 1(03 ®1) +u(o® ®d?), (6.3)

where our choice of gamma matrices, reported in appendix B, is such that the mass matrix
is diagonal. In contrast to the complex case, our spinors have now two indices, the first
of which corresponds to a SU(2) group that will be gauged in the output of the double
copy. An important property of the mass matrix above is that it is traceless, so that mass
eigenvalues come in pairs with opposite signs. Thus, the spectrum of the double-copy theory
contains both vectors and tensors.

The next step is to orbifold the theory with respect to the group element acting on
the fields of the theory as

o — R§4(0)gT<I>g, U — R}ﬂ(@)g\ll, g= diag(ewIN, e_iGIN) , (6.4)

where ® is a generic adjoint field, ¥ is a generic fundamental field, R$,(0) and RY,(0) are
rotations by some angle 8 in the 3 — 4 plane in the compact directions in the corresponding
representations of the fields ® and ¥ of the rotation group, and ¢ is the realization of that
rotation as a subgroup of the gauge group. We may choose 6 = 27 /n for any n > 3. This
operation breaks the gauge group as

SU(2N) — SU(N) x SU(N) x U(1) . (6.5)

Since they carry nontrivial Ris charge, the surviving scalars ¢>% are in bifundamental
representations and the surviving fermions are in fundamental representations. It is possible
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Representation GT1 mass 1 GT2 mass 2 Supergravity

Adj. VN2 0 A, ® D 0 Har—2 ® 4Vn—2
2Dz
(N1, N2) Vﬁg mwy = U] — U % My = —Mmy V/(\71)2
(N1, N2) VW, — % i, v,
(N1,1) <I>(m:)2 mp=m-+ur X1 1+i=—m V/(\sz)2
(N1, 1) (I)ﬁ\?zz)z my X21 —3—d=m 7'/\(/77:1)2
(N1, 1) o\, — 1 “A g v,
(N1, 1) 3\, —mi X2 At T,
(1, Ng) @5\7}22 Mo = M + Uy X12 % — U= —mo V/(\r/i)g
(1,N7) ‘1’5\77:)2 ma X22 —3+ i =mo T/\(/Ti)z
(1, No) 3\, —my 12 ~A 4 v,
(1,Na) 5(722 —ma x> 11 7'(m:)2

Table 9. Double-copy construction for the U(2) gauging of the quaternionic theory with tensors. For
my # 0 U(2) is spontaneously broken to U(1)%. The Adj. representation is (N7 —1,1) & (1, N3 —
Hae(1,1).

to add a mass term miTr[gb(p] for the complex scalar built as ¢ = %@3 —i¢t). This

deformation corresponds to spontaneously breaking the supergravity gauge group. Matching

the masses requires the identification
U1 + U A U] — U2 -
+ 1 5 (6.6)
between the parameters in the left and right gauge theory. The output of the construction is

summarized in table 9. For m, = 0 we have a theory in which the gauge group is U(2) x Hs.
The two constructions outlined in the previous section can be obtained as truncations
removing massive vectors or tensors of the one described here. In this respect, it is straight-
forward to identify the base-point for the supergravity theory using the matching we have
already worked out.
To work out this example more explicitly, we take u; = uo and computing amplitudes
involving vectors and tensors at three points. The amplitude between three gauge bosons is

Mg (IVIT3 2V7F8 3YRES) = i A=2(14,24,34) AY=0(1¢"12, 2¢7 72, 3¢k 12)
= —igeijk<WWA>YM : (6.7)
Then, the amplitude between one gluon and two massive vectors is
M3 (1W,2W,3V73) = i A =2(1x, 2x, 34) A =0 (1x, 2x, 3¢/ 77) = %a@] (2le3)1) . (6.8)

Here W and W represents the SU(2) doublets (W7, Ws) and (W1, W3) and o! are Pauli
matrices acting on the SU(2) indices. We note the relation

tt= {3, M}, (6.9)
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connecting the Dirac matrices in higher-dimension, the fermion mass matrix and the repre-
sentation matrices of the supergravity gauge group. This notation makes it explicit that the
supergravity SU(2) C U(2,1) gauge group is unbroken for the choice u; = us. We also have

M3 (1T, 2W,3V1) = i AN=2(1x, 2x, 3¢) AYV=0 (1, 2y, 34) = %<g> [1es)2] .
(6.10)

This amplitude indicates that the unbroken gauge group is U(2). We also get the additional
amplitudes involving the massive vectors and massive tensors

Ms(1B,2B,3V3) = %&*%g) (2les|1),
Ms(1B,2B,3V") = £(12) (2|ss[1) . (6.11)

These amplitudes make explicit that the massive tensors transform in the 2 and 2 repre-
sentations of U(2) with opposite charges. The amplitude

M (AW, 2W,3V°) = —V2m(WW A)ir o ipr (6.12)

shows that massive vectors have a field-strength coupling with the massless vector obtained
from the double copy of two gluons. This coupling reveals the appearance of the central
charge in the Heisenberg group Hs.

Finally, we introduce the additional complex gauge-theory scalar z = %((ﬁl —i¢?) and
denote by V7 the corresponding supergravity vector from its double copy. We have the
nonzero amplitude

Ms(1B,2W,3V°) = * (12)(2les/1) (6.13)

which indicates that this is an exotic gauging with Cj;ps # 0. These gaugings are usually
considered a very special case, but appear to emerge very naturally from the double-copy
framework.

It is worth giving more details about this gauging at the level of the algebra. The
maximal subgroup of the global symmetry group SU*(6) is SO*(6) = SU(3,1) whose Lie
algebra admits a three grading of the form SU(3,1) = 3 @ U(3) @ 3, which naturally leads
to a five-grading of the form G_2 & G_1 ® Gy ® G1 ® G2 by decomposing SU(3)with respect
to SU(2) @ U(1). The various terms in this decomposition are

Go=U(l)g @ U(1)5 @ SU(2), (6.14)

A linear combination @ of the two U(1) generators determines the five-grading and another
linear combination @ assigns charges +2 to the doublets of SU(2) in grade +1 and +2
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subspaces. The other generators have vanishing @ charges. The U(l)(2 charges are indicated
as a superscript and U(1)g charges are indicated as subscripts.

Taking the pp-wave limit of SU(3,1) leads to the algebra SU(3) x H7 with the U(1)
generator that gives the 3-grading becoming a central charge of H; [72]. The double-copy
construction given in table 7 corresponds to gauging the (SU(2) @ U(1)5) x Hs subalgebra
of SU(3) x H7 with correct assignment of @-charges. The four SU(2) & U(1)4 grade-zero
generators become gauged and correspond to double-copy fields realized as scalar times
vector or vector times scalar. Four grade-one generators transforming in the fundamental
and antifundamental of SU(2) & U(1)5 become massive vectors. The remaining two grade-+1
generators with vanishing @-charge correspond to vectors that stay massless, and have
nonzero commutators with the other four grade-one generators. Finally, four tensor fields
that transform as doublets of SU(2) & U(1) correspond to grade-two and grade-minus-two
generators. The construction for the quaternionic theory presented in this section can be
modified by matching masses as m; = —m; and me = 19, as we have done in section 5.4.
The result is a double-copy construction for a U(1, 1) x Hs gauging with four massive tensors,
which has a truncation reproducing the theory studied in section 5.4.

7 Conclusion and outlook

In this paper, we have introduced a framework for considering non-compact and solvable-
group gaugings from the double-copy perspective, and discussed applications to N' = 2
YME supergravity theories. This framework is analogous to the one employed for gauged
N = 8 supergravity in ref. [47], with central ingredients being gauge theories coupled to
massive fermions, or matter multiplets, that satisfy C/K duality. This guarantees that, even
though the matching with supergravity parameters was done at the three-point level, valid
higher-point gravitational amplitudes automatically follow. Our construction covers both
unbroken and spontaneously broken supergravity gauge groups.

While we obtained several examples of non-compact gaugings, it is clear that further
generalizations should be possible. Most gaugings we have constructed appear to share a
common feature that the supergravity gauge group is the semi-direct product of a compact
group with several nilpotent generators. Inspection of the amplitudes reveals that the
gauge algebra includes an Heisenberg subalgebra due to the appearance of a central charge.
Interestingly, this is almost a generic feature of the double copy in the presence of massive
gauge-theory fermions, in the sense that the vector field corresponding to the central element
of the algebra is the special supergravity vector originating from the double copy of two
gauge-theory gluons. This structure is consistent with the Scherk-Schwarz reductions from a
six-dimensional theory in the presence of masses [73, 74]. An open question is the realization
of more general gaugings as double copies. The simplest such example is a U(2,1) gauging of
the complex magical theory. While our framework gives the right field content for this theory,
the U(2) x Hs5 gauging we have obtained can be seen as a particular contraction (or pp-wave
limit) of a more general U(2, 1) gauging. We should also mention that the procedure outlined
in this paper can be straightforwardly applied to homogeneous supergravities beyond the
magical and generic Jordan family of theories, including in particular the generic non-Jordan
family, for which we get U(1) x Haopi1 gaugings.
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It is worth emphasizing that the five-dimensional spinor-helicity formalism of ref. [75] has
been essential for a streamlined treatment of the theories discussed in this paper. Moreover,
the use of complex representations for matter fields represents a departure from the massless
constructions for magical and homogeneous theories in ref. [58], in which matter fields were
in pseudo-real representations. Complex representations are indeed more natural for massive
fields since, in many cases, masses can be understood as compact higher-dimensional momenta
and their signs differentiate between a representation and its conjugate. Notably, the tools
we have presented here do not provide a direct construction of gaugings of the real and
octonionic magical theories. To obtain these theories, an additional projection on the output
of the double copy appears to be required. Without such a projection one simply obtains
homogeneous supergravities with ¢ = 1, P =2 and ¢ = 8, P = 2.

It is instructive to spell out how this projection would work in the case of the real
magical theory. The relevant non-supersymmetric theory is the dimensional reduction of
seven-dimensional YM theory with a Dirac fermion in the fundamental representation. Since
there are only two scalars in the theory reduced to five dimensions, it is not possible to write
a trilinear coupling, which implies that the output of the double copy cannot have a gauge
group with an unbroken non-abelian factor. The constraint from C/K duality (3.3) can be
satisfied by a fermionic mass (3.4) with u® # 0, which leads to five dimensional fermions
', x? with masses m; = —7o. These fermions give double-copy states according to table 6
(in which, however, the scalar ¢ is absent and the other two scalars are kept massless). At
this point, we impose a reality condition on the massive vectors from the fermionic double
copy. The spectrum after this condition involves two massive and four massless vectors.
Direct inspection of the amplitudes reveals that the output of the double copy is a U(1) x Hs
gauging, which can also be obtained from the complex magical theory by truncation.

The octonionic magical theory is particularly interesting because it cannot be obtained
as a truncation of the maximal supergravity theory. In this case, the simplest example of
nontrivial gauging still has a single SU(2) factor and is very similar to the case discussed in
the previous sections. Referring to the explicit gamma matrices outlined in the appendix and
without loss of generality, we use directions 11, 12 and 13 for the trilinear couplings. The
resulting mass matrix acting on the SO(9) spinor indices is already diagonal,

A
M:103®03®H2®03. (7.1)

Because of this gauging, the global symmetry is broken to SO(6) C SO(9). However,
the fermionic double copies give a total of 16 massive tensors and 16 massive vectors,
Wia, W', Biq, B, where i is an internal SU(2) index, and a is an internal SU(4) = SO(6)
index. Hence, this gives a gauging of the form

U(2) X Hiz (72)

for the ¢ = 8, P = 2 homogeneous theory. Ultimately, in order to recover the octonionic
magical theory, an additional reality condition needs to be imposed on the output of the
double copy, which would take the schematic form

W' = 0wy, (7.3)
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where C% acts as a charge-conjugation matrix for the SU(4) index. Realizing these conditions
requires a careful analysis of the amplitudes to ensure that the relevant interactions are not
projected out. Ultimately, whether a double copy can be formulated for gaugings of the
octonionic theory is an important open question.

A related and well known problem is how to obtain gauge groups with large rank in the
double-copy framework, since at present the only known mechanism to turn on non-abelian
gauge interactions in the supergravity theory is the addition of trilinear scalar couplings in
one of the gauge theories, and this can affect only supergravity vectors obtained as the double
copy of a gauge-theory scalar with a gauge-theory vector. Despite considerable progress in
extending the double copy, a solution to this problem remains elusive.

Given the need for possible extensions of this framework, it is natural to consider further
generalizations of the gauge-theory factors that enter the double-copy construction. Here
we have used field-theory orbifolds as a tool to generate theories that obey C/K duality
starting from a simpler parent theory, as originally introduced in ref. [70]. An important
open question is whether there exist more general procedures to truncate theories preserving
C/K duality. In particular, it is currently unclear whether all consistent truncations of
supergravity theories need to be symmetry-based, or if all truncations must be realized as
symmetry-based projections of the gauge-theory factors entering the double-copy construction.
A possible example of the latter are the non-factorizable orbifolds of N' = 8 supergravity
discussed in ref. [57].

A natural direction to extend our results is to formulate a double-copy construction for
non-compact gaugings coupled to hypermultiplets. The scalar manifolds of the hypersector
are quaternionic symmetric spaces of the form

Gu
K xSU(2)

The possible gauge groups Hp of the supergravity theory once hypermultiplets are included
are diagonal subgroups of products of isomorphic subgroups Hy and Hpyg of the isometry
groups Gy and G g of the vector sector and the hypersector, respectively, such that some of the
vector fields transform in the adjoint representation of Hp. Isometry groups of the hypersector
have some distinguished Heisenberg subgroups obtained by para-quaternionic decomposition
of their isometry groups [76, 77]. The introduction of hypermultiplets corresponds to adding
matter scalars in the non-supersymmetric gauge-theory factor in the same gauge-group
representations as the fermions. Cubic couplings between these newly introduced scalars and
the adjoint scalars are constrained by imposing C/K duality on four-scalar amplitudes. This
forces the matrices entering the couplings between one adjoint and two matter scalars to be
representation matrices for a group with structure constants given by the couplings between
three adjoint scalars. This is a double-copy version of the isomorphism between Hy and Hy.
It should be noted that the matter scalars in the non-supersymmetric gauge-theory factor
have a manifest SU(ng) global symmetry, where ny is the number of additional matter
scalars, yielding hypermultipets in the output of the double copy. This symmetry is broken
down to Hy by the gauging procedure. Details about this class of double-copy constructions
will be left to future studies. Another promising direction is the inclusion of R-symmetry
gaugings with Minkowski vacua along the lines of ref. [56].
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Finally, the theories studied in this work need to be revisited, and better understood, in six
dimensions. Gaugings of six-dimensional magical supergravity theories with hypermultiplets
included were studied in [78]. Possible gauge groups were found to include, in general, central
charges. However, six-dimensional versions of the double copy have received relatively little
attention thus far, and basic questions about the construction are still to be investigated. It
would be particularly interesting to describe the theories studied in refs. [73, 74, 78] from the
double-copy perspective. In particular, one could use a loop-level double-copy construction
to obtain a different perspective on anomalies in six-dimensional supergravity theories. We

plan to return on some of these issues in future work.
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A Spinor-helicity formalism in five dimensions

In this appendix, we give a summary of the five-dimensional spinor-helicity formalism, referring
the reader to ref. [48] for a complete treatment.

Amplitudes are given using a spacetime metric with mostly-minus signature. Because of
the isomorphism SO(4,1) ~ USp(2,2), massless momenta contracted with five-dimensional
gamma matrices give objects with two USp(2,2) fundamental indices,

pas = puthp = —Pu(V) A Qo = —(Q) 4B, (A.1)

where A, B are fundamental USp(2, 2) indices, and the symplectic matrix 2 has been used to
lower the second index (since gamma matrices naturally have one low and one high spinor
index). In our conventions, we take € to be in the form

€ap 0 BA
Qup = L =04 (A.2)

The indices A, B are decomposed as A = o @ &. The two-dimensional Levi-Civita symbol

is normalized as €12 = €y = 1.

The gamma matrices with lowered indices, v4 5 = Qpc(7#) AC, are antisymmetric and
Q-traceless. Aside from the Clifford algebra identity {y*,7"} = 2n*”, gamma matrices

obey the extra identity
(ML ()& = =290 + 26768 — 5568 (A.3)
Since pap has rank two, it can be written as

pAB = [Pa)alP™) B or  YaP =pa® =|pa)ap?, (A.4)



in terms of USp(2,2) spinors which are labelled by extra SU(2) little-group indices a, b, . ..

which are also lowered and raised through left-multiplication with the Levi-Civita symbol

€® = ¢,. Here we also define (p?|® = QB4[p?) 4. The inner product between two spinors

obtained from the same massless momentum gives,
(") = QP p*) alp”) s = 0. (A.5)

Which is equivalent to requiring that |p,)p satisfies the massless Dirac equation.
To extend this construction to massive momenta in five spacetime dimensions we split

a massive momentum p into two massless momenta k and ¢,

PP = k* 4+ m2q*, (A.6)
where ¢* is null and obeys the constraint

2p-q=2k-q=1. (A.7)

After using (A.4) for the massless momenta, we get a corresponding expression in terms of
the SU(2) x SU(2) little-group indices a,b and a, b,

a a 1 a 1 a
paB = ko) alk®) 5 +m?|qa) al¢) B = §\Pa>A\P )B + §\Pa]A\P 5. (A.8)

In this expression, we have defined two new massive spinors, each carrying a fundamental
index with respect to one of the little-group factors,

p")a = [k")a +ml|g")a,
p*a = k%Y a—mlg*)a. (A.9)

Following standard notation, spinors corresponding to massive momenta are in boldface. We
furthermore demand that the reference spinor |¢%) satisfies the constraint

(kq") = €™, (A.10)
which yields automatically eq. (A.7). Moreover, (A.10) implies the following identities,
(p"[p") = 2me™, [p"[p"] = —2me™, (p"1p"] =0, (A.11)

as well as the fact that the massive spinors are solutions of the Dirac equations with opposite
signs for the mass,

p*Bp"E = —m(p**,
p*BIps = m[p*. (A.12)

We proceed to list some useful identities. In the above spinor notation, the USp(2,2) identity
operator can be written as

|qa) a(k®|” + |ka)a(q”|® = 6% - (A.13)
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The massive spinors obey the following completeness relations,

pa) AP =pL +mdk =2m(Ph) [,
Ipa)alp®® =p L —mdf =2m(P) P, (A.14)

where P* are projectors satisfying PP+ = £P* and P*PT = 0.
In giving explicit expressions for amplitudes, it is sometimes convenient to adopt a short-
hand notation based on introducing auxiliary variables to contract free little-group indices,

|1) = |k{)2ia 1) = [P{)%ia » 4] = [P, (A.15)

where the index ¢ is the particle label.

We continue by giving expressions for 5D polarization vectors using our spinor variables.
Massless vectors polarizations carry two symmetric SU(2) little-group indices and have
expressions

(k@ |awy) (aeal " Ikyy)
el (k,q) = —el L B0 Sl T PO/ (A.16)

V2 V2

Massive vectors have the following polarizations:

" pa]

o (p) — _ \Pal?"IPa] AT
talr) = o 0 (A17
As explained above , free little-group indices can be dressed with auxiliary variables z%,
2% as follows,

: el = &?Zb(pi)zfif . (A.18)

Both massive and massless polarizations are by definition transverse and obey little-group
and Minkowski space completeness relations (see ref. [48] for details).

In five dimensions, there exist an additional kind of asymptotic states which correspond to
massive tensors obeying self-duality (or anti-self-duality) conditions [79]. Their polarizations
for massive self-dual and anti-self-dual tensors are

5””(]9) — <pa"yuu’pb> E“{/( ) — [pa”y/“/‘pb] .
ab om ab 4/2m

As for the vector polarizations, these tensor polarizations are transverse and satisfy

(A.19)

a little-group completeness relation for each SU(2) factor, as well as the Minkowski-space
completeness relation. The polarization (3.8) satisfy the (anti)self-duality relations,

ppe;wpa)\ 55},’/ (p) = —2m EUA,ab(p) >

ppeuupa)\ ggil)/ (p) =2m gg)\,di)(p) . (AQO)

Finally, external spinor polarizations obeying the standard on-shell conditions

(p —m)u(p) =0, (p)(p+m) =0, (A.21)

are taken as

u(p) =1p"),  ov(p) = (P°I. (A.22)
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in the supersymmetric gauge-theory and

ulp) = [p",  o(p) = [pY]. (A.23)

in the non-supersymmetric theory. The fermionic propagator is

2 (A.24)
pr—ny
Note that spinor momenta in the amplitudes we calculate are taken as incoming.
This choice of spinor polarizations obeys reality conditions of the form
(Ip")r)" = BEw|P") 1 (A.25)

where B = C4 is the B matrix and F is a unit-determinant matrix acting on the little group
indices as explained in ref. [48], where the reader can also find explicit representations for
the spinors and the matrix F in terms of five-dimensional momenta under consideration. In
particular, F does not need to be the two-dimensional Levi-Civita symbol.

B Gamma matrices

Here we collect explicit representations for Gamma matrices which are employed for the
construction of the theories under consideration along the lines outlined in ref. [58]. The
main variant with respect to the construction in ref. [58] is that we work directly in five
dimensions. More specifically, the theories under consideration can all be uplifted to an
even higher dimension; in this case, it is natural to look for Gamma matrices such that a
higher-dimensional spinor can be written as

Xaca s (B.l)

where « is a five dimensional spinor index, a is a spinor index for the compact SO(D —5) group
and § = 1,2 is an additional spinor index. Denoting as 7, the spacetime gamma matrices
and as 4; the gamma matrices for the compact SO(D — 5), we can write D-dimensional
gamma matrices as

*=~4*®c &I, uw=0,....4,
MY =iled?ey, j=1,...,D—5. (B.2)

This choice leads naturally to a chirality matrix in D-dimensions I'y = I ® ¢ ® I for all
D. Since we consider irreducible spinors in D dimensions, and D is even for nearly all
cases explicitly studied, we can fix the additional index £ = 1 by taking D-dimensional
spinors of positive chirality; this leads to a formalism where reduction to five dimensions
is completely straightforward.

More explicitly, we take the gamma matrices in five dimensions as:

’yozal®1, 73:i02®03,
vl =ic’®ot, FV=icd®1. (B.3)
v =io? @o?,
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The charge conjugation matrix in five dimensions is C5 = il ® 0? = €, while the B matrix
is B; = 0! ® 0% and obeys BiBs = —1, Bsy*B; ' = +(v*)*. Gamma matrices also obey
the relation Tr(y#7"yPy7)y* = —4eP7* wwith 01234 = 1. The physical masses are related
to the D-dimensional mass matrix M as

M=—-il®o*® M, (B.4)

where M is a matrix with spinor indices corresponding to the compact dimension that has
the physical masses of the fermions as eigenvalues.

In the construction for massless, theories, it is natural to use pseudo-real gauge-group
representations and impose the reality condition

v =VUCV, (B.5)

where V' is an antisymmetric matrix in the gauge indices, together with the chirality condition,
reducing the fermionic on-shell degrees of freedom to two (which corresponds to a half-hyper).
However, when we turn on masses, it becomes more natural to consider complex gauge-group
representations. This is a consequence of the fact that the most straightforward way to
introduce masses is through dimensional reduction in the presence of some compact momenta,
where the sign of the momentum of a massive field now differentiates between a representation
and its conjugate. In the following, we study in detail Gamma matrices and spinors for the
main cases discussed in the main body of this paper, namely D = 6,7,8,10,14. This choice
of Gamma matrices can also be used for reproducing the results of ref. [45].

D = 6. The first case that needs to be discussed is the N' = 2 gauge-theory factor, which
can be uplifted to six dimensions. In this case, we have just one compact gamma matrix 7,
which can be taken to be equal to one. The matrix I'> becomes then

M =il®o?. (B.6)

The charge conjugation matrix and B matrix in six dimensions are C = Cs ® o', B = Bs ® 1.
The combinations Csy and CT are all antisymmetric. We have manifestly [Ty, B] = 0
and, because B*B = —1, we can impose a reality condition if we use pseudo-real gauge
group representations.

D = 7. This is the only odd dimension relevant to the cases explicitly discussed in this
paper. In this case, we make a slightly different choice for the 5D Gamma matrices,

" =" ®o?, (B.7)
and add two Gamma matrices for the compact directions,
MP=il®d, T'=ilwd’. (B.8)

The charge conjugation matrix and B matrix in six dimensions are C' = C5 ® 02, B = B ® 1.
The combinations C5vy and CT" are all antisymmetric. As before, B*B = —1, and we can
impose a reality condition if we use pseudo-real gauge group representations.

,45,



D = 8. This choice is appropriate for the non-supersymmetric theory entering the con-
struction for the magical complex theory. We use the following Gamma matrices for the
compact directions:

P =iles’®d,
M =il®o?®a?, (B.9)
I"=iloo’®od.
The charge conjugation and B matrix become
C=C,0°Q0%, B=DB;®c’®d. (B.10)

In this case, the combinations CT are all symmetric. Since [I'y, B] # 0, we cannot impose
a reality condition if we want to work with chiral spinors.

D = 10. This choice gives the non-supersymmetric gauge theory in the construction for
the quaternionic theory. We use the following Gamma matrices:

P=il®dreoel,
M=iled?®c?®1,
I"=ileo*wd o, (B.11)
M=o ed?,
=il es.
The charge conjugation and B matrix have expressions
C=0C;00'®c'®c®>, B=B;®1Q0c ®@d°, (B.12)

With this choice CT" are all symmetric, and this is sufficient if we want to work with complex
gauge-group representations. In case one wants to use a pseudo-real representation, the above
matrices are augmented by one last 2 by 2 factor that is interpreted as acting on the flavor
indices. The charge conjugation and B matrix become

C=0C;00' ®c'®c*®0c%, B=B;®1Q0c ®@dc*®0%, (B.13)

where the last factor acts on the extra flavor index. Taking the flavor index into account, the
combinations CT' are antisymmetric and C% are symmetric, as desired.

D = 14. Finally, the extra Gamma matrices for the octonionic construction are:
P =ilge’Rc ®1lelel,
I =ilec’erlelelel,
I"=il®decc ®lol,
P =ilgd’®cewdelel,
M¥=ilec’edededal, (B.14)
' =ilgdedededel,
M =ilec?eded e ®dt,
M2 =iloo’®d e’ ed?,
' =il@d?ed e e ®d.
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In this case, the charge conjugation and B matrix are
C=Cs0c'®c®c?®c'®c?, B=B;®l® 0o 0 (B.15)

The combinations CT are antisymmetric, while the combinations C'5 are symmetric in the
spinor indices. One has also B*B = —1, indicating that one needs to put the gauge fields in
a pseudo-real representation (in case of the massless construction), or impose an additional
condition after the double copy.

Open Access. This article is distributed under the terms of the Creative Commons Attri-
bution License (CC-BY4.0), which permits any use, distribution and reproduction in any
medium, provided the original author(s) and source are credited.
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