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A gradient-based method for shape optimization problems constrained by the acoustic wave 
equation is presented. The method makes use of high-order accurate finite differences with 
summation-by-parts properties on multiblock curvilinear grids to discretize in space. Representing 
the design domain through a coordinate mapping from a reference domain, the design shape is 
obtained by inverting for the discretized coordinate map. The adjoint state framework is employed 
to efficiently compute the gradient of the loss functional. Using the summation-by-parts properties 
of the finite difference discretization, we prove stability and dual consistency for the semi-discrete 
forward and adjoint problems. Numerical experiments verify the accuracy of the finite difference 
scheme and demonstrate the capabilities of the shape optimization method on two model problems 
with real-world relevance.

1. Introduction

Partial differential equation (PDE) constrained shape optimization is a highly important topic for applications in research and 
engineering. Together with topology optimization, it constitutes a central tool for computer-aided optimal design problems. To obtain 
an efficient algorithm for PDE-constrained optimization problems, gradient-based methods are usually employed. In the context of 
PDE-constrained optimization, the adjoint framework has proven to be a very efficient approach for computing gradients of the loss 
functional, especially if the number of design variables is large [1,2]. Usually, one has to choose whether to apply the adjoint method 
on the continuous or discretized equations. In the first approach, optimize-then-discretize (OD), the continuous gradient and the forward 
and adjoint equations are discretized with methods of choice, potentially unrelated to one another. OD is typically easier to analyze 
and implement since it does not have to consider the particularities of the discretization methods. However, the computed gradient 
will in general not be the exact gradient of the discrete loss functional, which can lead to convergence issues in the optimization 
[3]. The alternative approach, discretize-then-optimize (DO), computes the exact gradient (up to round-off) with respect to the discrete 
forward and adjoint problems. However, depending on how the forward problem is discretized, the DO approach can lead to stability 
issues in the discrete adjoint problem [4]. In this work, we discretize space using a finite difference scheme that is dual-consistent. 
Disregarding the discretization of time, this means that the scheme from the DO approach is a stable and consistent approximation of 
the scheme from the OD approach, such that the two approaches are equivalent. Dual-consistent discretizations and superconvergent 
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approximate functionals from PDEs are well-known concepts in many disciplines where integral quantities are of interest [5–7]. See 
also [8,9] for recent examples from the finite difference community.

Given that the computation of directional derivatives with respect to the design geometry is a key part of gradient-based shape 
optimization, the question of how the geometry is represented as a variable is important. Various approaches exist in the literature. 
Perhaps the most obvious and standard approach is based on domain transformations, where diffeomorphisms are used to map 
coordinates between the physical domain subject to optimization and a fixed reference domain [10]. The coordinate mapping then 
provides a straightforward way to express integrals and derivatives in the physical domain in terms of integrals and derivatives in 
a fixed reference domain, greatly simplifying the computation of the gradient. Although the simplicity of this approach is highly 
attractive, it can lead to robustness issues, such that re-meshing is required to obtain an accurate solution [11]. An alternative 
approach is to discretize the problem using a so-called fictitious-domain method, where the domain of interest is embedded in a 
larger domain of simpler shape [12]. In [13] a fictitious-domain method is used together with level-set functions and CutFEM to 
solve a shape optimization problem constrained by the Helmholtz equation. In the present study, we discretize the PDE using finite 
differences defined on boundary-conforming structured grids. For this reason, we take the first approach and represent the geometry 
through a coordinate mapping between the physical domain and a rectangular reference domain. As demonstrated by the numerical 
results in Section 5, the issue of poor mesh quality and re-meshing can be avoided by the use of regularization.

In the present study, we consider shape optimization problems constrained by the acoustic wave equation. Due to the hyperbolic 
nature of this PDE, high-order finite difference methods are well-suited discretization methods in terms of accuracy and efficiency [14,
15]. One way to obtain robust and provably stable high-order finite difference methods is to use difference stencils with summation-
by-parts (SBP) properties [16,17]. SBP finite differences have been used in multiple studies of the second-order wave equation in 
the past [18,19]. With careful treatment of boundary conditions, these methods allow for semi-discrete stability proofs and energy 
estimates that are equivalent to the continuous energy balance equations. Methods for imposing boundary conditions include, e.g., the 
simultaneous-approximation-term method (SBP-SAT) [20,21], the projection method (SBP-P) [22,23], the ghost-point method (SBP-
GP) [24], and a combination of SAT and the projection method (SBP-P-SAT), recently presented in [23]. To the best of our knowledge, 
SBP finite differences employed to solve acoustic shape optimization problems have not yet been presented in the literature.

Although the shape optimization methodology developed in the present study focuses on acoustic waves it is also applicable 
to other types of wave equations. In addition, from a mathematical point of view, the method closely resembles the work in [25], 
where an SBP-SAT method is used for seismic full waveform inversion. The difference essentially lies in what the coefficients in the 
discretized equations represent. Here they are metric coefficients derived from the coordinate transformation between the physical 
and reference domains, while in [25] they are unknown material properties. Indeed, the metric coefficients may be viewed as the 
material properties in an anisotropic wave equation on a fixed domain. Other studies where SBP difference methods have been 
employed for adjoint-based optimization include aerodynamic shape optimization [26], optimization of turbulent flows [27] and 
optimization of gas networks [28].

The paper is developed as follows: In Section 2 the model problem is presented. Then, in Section 3, we analyze the forward problem 
and present the SBP finite difference discretization. In Section 4 the optimization problem is considered, including the derivation of 
the semi-discrete adjoint problem and corresponding gradient expression. We evaluate the performance of the method using three 
numerical experiments in Section 5. Finally, the study is concluded in Section 6.

2. Problem setup

The general type of shape optimization problems considered in this paper are of the form

min
𝑝

𝙹(𝑢, 𝑝), such that (1a)

𝑢𝑡𝑡 = 𝑐2Δ𝑢+ 𝐹 (𝐱, 𝑡), 𝐱 ∈Ω𝑝, 𝑡 ∈ [0, 𝑇 ],

𝐿𝑢 = 𝑔(𝐱, 𝑡), 𝐱 ∈ 𝜕Ω𝑝, 𝑡 ∈ [0, 𝑇 ],

𝑢 = 0, 𝑢𝑡 = 0, 𝐱 ∈Ω𝑝, 𝑡 = 0,

(1b)

where 𝙹(𝑢, 𝑝) is the loss functional, 𝐹 (𝐱, 𝑡) is a forcing function, 𝑐 is the wave speed, and the linear operator 𝐿 together with boundary 
data 𝑔(𝐱, 𝑡) defines the boundary conditions. Essentially, the problem consists of finding the control variable 𝑝 determining the shape 
of the domain Ω𝑝 ∈ ℝ2 such that 𝙹(𝑢, 𝑝) is minimized while 𝑢 satisfies the acoustic wave equation (1b). We use the subscript 𝑝 to 
indicate the domain’s dependency on the control parameter.

To make the analysis easier to follow, consider the model problem given by

min𝙹(𝑢, 𝑝) =

𝑇

(𝑢+(𝐱𝑟, 𝑡) − 𝑢𝑑 (𝑡))2 𝑑𝑡, such that (2a)
2

𝑝 ∫
0
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Fig. 1. Boundary conditions of the bathymetry problem. The dotted line indicate the interface between Ω+ and Ω−
𝑝

.

𝑢+
𝑡𝑡
= 𝑐2Δ𝑢+ + 𝑓 (𝑡)𝛿(𝐱 − 𝐱𝐬), 𝐱 ∈Ω+, 𝑡 ∈ [0, 𝑇 ],

𝑢−
𝑡𝑡
= 𝑐2Δ𝑢−, 𝐱 ∈Ω−

𝑝
, 𝑡 ∈ [0, 𝑇 ],

𝑢±
𝑡
+ 𝑐𝐧± ⋅∇𝑢± = 0, 𝐱 ∈ 𝜕Ω(±,𝑤,𝑒)

𝑝 , 𝑡 ∈ [0, 𝑇 ],
𝐧− ⋅∇𝑢− = 0, 𝐱 ∈ 𝜕Ω(−,𝑠)

𝑝 , 𝑡 ∈ [0, 𝑇 ],
𝑢+ = 0, 𝐱 ∈ 𝜕Ω(+,𝑛)

𝑝 , 𝑡 ∈ [0, 𝑇 ],
𝑢+ − 𝑢− = 0, 𝐱 ∈ Γ𝐼 , 𝑡 ∈ [0, 𝑇 ],
𝐧+ ⋅∇𝑢+ + 𝐧− ⋅∇𝑢− = 0, 𝐱 ∈ Γ𝐼 , 𝑡 ∈ [0, 𝑇 ],
𝑢± = 0, 𝑢±

𝑡
= 0, 𝐱 ∈Ω𝑝, 𝑡 = 0,

(2b)

with domain Ω𝑝 as depicted in Fig. 1. We assume that the top half of the domain is known and therefore split it into two blocks 
Ω𝑝 = Ω+ ∪ Ω−

𝑝
, where only Ω−

𝑝
is subject to the optimization. Superscripts + and − are used to indicate variables defined on the 

respective domains. This model problem can be thought of as determining the bathymetry in a segment of a lake or sea, given a 
time series of recorded pressure 𝑢𝑑 at a receiver located in 𝐱𝐫 originating from an acoustic point source at 𝐱𝐬 , where 𝛿 denotes 
the Dirac delta function. For simplicity, we also assume that we have one receiver and one source and that they are located in 
Ω+. Extensions to multiple sources and receivers in Ω+ follow straightforwardly. At the top boundary, a homogeneous Dirichlet 
boundary condition is prescribed, corresponding to a constant surface pressure, and at the curved bottom boundary we prescribe a 
fully reflecting homogeneous Neumann boundary condition. At the sides, first-order outflow boundary conditions [29] are prescribed. 
For well-posedness, we further require continuity of the solutions 𝑢± and the flux 𝐧± ⋅∇𝑢± across the interface Γ𝐼 =Ω+ ∩Ω−

𝑝
, where 

𝐧± are the outwards-pointing normals of the respective domain.

3. The forward problem

Initially, consider only the forward problem (2b) and its spatial discretization. In Section 4 we will return to the optimization 
problem. The acoustic wave equation on curvilinear or multiblock domains discretized using SBP finite differences has been treated 
on multiple occasions in the past, see e.g., [30,24,31,21,32,20,23]. In this work, we formulate discretizations of the Laplace operator 
directly on the physical domains Ω+, and Ω−

𝑝
. As previously mentioned, on the non-rectangular domain Ω−

𝑝
this is achieved through 

a coordinate map to a square reference domain. By incorporating the metric transformation, a process referred to as ‘encapsulation’ 
in [33], the discrete Laplace operator satisfies SBP properties on Ω−

𝑝
. Although this analysis is not new, it is reiterated here without 

proofs, since it is needed later in the context of optimizing for 𝑝. Using the discrete SBP Laplace operators we then enforce boundary 
and interface conditions through the SBP-P-SAT method.

3.1. Continuous analysis

We begin by considering the well-posedness of (2b). For simplicity, the wave speed 𝑐 is assumed to be constant in Ω𝑝, but the 
extension to spatially variable 𝑐(𝐱) is straightforward. Let

(𝑢, 𝑣)Ω ≡ 𝑢𝑣 𝑑𝐱, ‖𝑢‖2 ≡ (𝑢, 𝑢)Ω, and ⟨𝑢, 𝑣⟩𝜕Ω ≡ 𝑢𝑣 𝑑𝑠. (3)
3

∫
Ω

Ω ∫
𝜕Ω
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We begin by proving stability of (2b), where it is sufficient to only consider the homogeneous problem, i.e. 𝑓 (𝑡) is set to zero. 
Multiplying the first equation in (2b) by 𝑢+

𝑡
, the second equation by 𝑢−

𝑡
, integrating over the domains, adding the results, and using 

Green’s first identity leads to the energy equation

𝑑𝐸

𝑑𝑡
= 2𝑐2⟨𝑢+

𝑡
,𝐧+ ⋅∇𝑢+⟩𝜕Ω+ + 2𝑐2⟨𝑢−

𝑡
,𝐧− ⋅∇𝑢−⟩𝜕Ω−

𝑝
, (4)

where 𝐸 is an energy given by

𝐸 = ‖𝑢+
𝑡
‖2Ω+ + 𝑐2‖∇𝑢+‖2

Ω+
𝑝

+ ‖𝑢−
𝑡
‖2Ω−
𝑝
+ 𝑐2‖∇𝑢−‖2Ω−

𝑝
≥ 0. (5)

Inserting the boundary and interface conditions leads to

𝑑𝐸

𝑑𝑡
= −2𝑐

∑
𝑘=𝑤,𝑒

⟨𝑢+
𝑡
, 𝑢+
𝑡
⟩𝜕Ω(+,𝑘) + ⟨𝑢−

𝑡
, 𝑢−
𝑡
⟩
𝜕Ω(−,𝑘)
𝑝

≤ 0, (6)

which proves stability. From (6) it is clear that energy is dissipated through the east and west boundaries, due to the outflow boundary 
conditions.

The finite difference operators considered in the present study are defined on Cartesian grids. Therefore, for a general domain 
Ω−
𝑝

, we introduce a coordinate mapping from a reference domain Ω̃− ∈ [0, 1]2 to Ω−
𝑝

. Note that Ω+ is already rectangular, hence no 
coordinate transformation is needed in this part of the domain. Let

𝑥 = 𝑥(𝜉, 𝜂;𝑝) and 𝑦 = 𝑦(𝜉, 𝜂;𝑝), (7)

define a smooth one-to-one coordinate mapping (diffeomorphism) from the reference domain 𝜉, 𝜂 ∈ Ω̃− to the physical domain 
𝑥, 𝑦 ∈ Ω−

𝑝
. Note that the functions 𝑥 and 𝑦 are parametrized by 𝑝. There are many ways one can derive the mappings (7). Here we 

use linear transfinite interpolation [34], which explicitly defines 𝑥(𝜉, 𝜂; 𝑝) and 𝑦(𝜉, 𝜂; 𝑝) given the coordinates of the boundary 𝜕Ω−
𝑝

. 
Letting subscripts denote partial differentiation, the Jacobian determinant (or the area element) of the mapping is given by

𝐽 = 𝑥𝜉𝑦𝜂 − 𝑥𝜂𝑦𝜉. (8)

By the chain rule, derivatives with respect to 𝑥 and 𝑦 are given by

𝑢−
𝑥
= 𝐽−1(𝑦𝜂𝑢−𝜉 − 𝑦𝜉𝑢

−
𝜂
),

𝑢−
𝑦
= 𝐽−1(−𝑥𝜂𝑢−𝜉 + 𝑥𝜉𝑢

−
𝜂
).

(9)

By extension, the Laplace operator in terms of derivatives in the reference domain is given by

Δ𝑢− = 𝐽−1((𝛼1𝑢−𝜉 )𝜉 + (𝛽𝑢−
𝜉
)𝜂 + (𝛽𝑢−

𝜂
)𝜉 + (𝛼2𝑢−𝜂 )𝜂), (10)

where the metric coefficients are given by

𝛼1 = 𝐽−1(𝑥2𝜂 + 𝑦
2
𝜂
),

𝛽 = −𝐽−1(𝑥𝜉𝑥𝜂 + 𝑦𝜉𝑦𝜂),

𝛼2 = 𝐽−1(𝑥2𝜉 + 𝑦
2
𝜉
).

(11)

Further, the transformed normal derivatives satisfy

𝐧− ⋅∇𝑢− =
⎧⎪⎨⎪⎩
𝛼1𝑢

−
𝜉
+𝛽𝑢−𝜂
𝑊1

, 𝜉, 𝜂 ∈ 𝜕Ω̃(−,𝑤,𝑒),
𝛼2𝑢

−
𝜂 +𝛽𝑢

−
𝜉

𝑊2
, 𝜉, 𝜂 ∈ 𝜕Ω̃(−,𝑠,𝑛),

(12)

where 𝑊1 and 𝑊2 are boundary scaling factors given by

𝑊1 =
√
𝑥2
𝜉
+ 𝑦2

𝜉
and 𝑊2 =

√
𝑥2
𝜂
+ 𝑦2

𝜂
. (13)

The inner products on the physical and reference domains are linked through the following equation:

(𝑢−, 𝑣−)Ω−
𝑝
= (𝑢−, 𝐽𝑣−)Ω̃− . (14)

Similarly, the relation between boundary inner products on the physical and reference domains is given by

⟨𝑢−, 𝑣−⟩
𝜕Ω(−,𝑤,𝑒)
𝑝

= ⟨𝑢−,𝑊1𝑣
−⟩
𝜕Ω̃(−,𝑤,𝑒)
𝑝

,

(15)
4

⟨𝑢−, 𝑣−⟩
𝜕Ω(−,𝑠,𝑛)
𝑝

= ⟨𝑢−,𝑊2𝑣
−⟩
𝜕Ω̃(−,𝑠,𝑛)
𝑝

.
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3.2. One-dimensional SBP operators

We begin by presenting SBP finite difference operators in one spatial dimension, to be used as building blocks in Sections 3.3 and 
3.4. Let the interval [𝑥𝑙, 𝑥𝑟] be discretized by 𝑚 equidistant grid points 𝐱 = [𝑥0, 𝑥1, ..., 𝑥𝑚−1], such that

𝑥𝑖 = 𝑥𝑙 + 𝑖ℎ, 𝑖 = 0,1, ...,𝑚− 1, (16)

where ℎ = 𝑥𝑟−𝑥𝑙
𝑚−1 is the grid step size. SBP operators are associated with a norm matrix (or quadrature) 𝐻 , defining an inner product 

and norm given by

(𝐮,𝐯)𝐻 = 𝐮⊤𝐻𝐯 and ‖𝐮‖2
𝐻
= (𝐮,𝐮)𝐻, ∀𝐮,𝐯 ∈ℝ𝑚. (17)

In this work we only consider diagonal-norm SBP operators, i.e. operators where 𝐻 is a diagonal matrix, for which the inner product 
in (17) is simply the Euclidean dot product weighted by the diagonal of 𝐻 . Later in the paper we shall use the same notation (inner 
product with a diagonal matrix subscript) to denote other discrete inner products defined equivalently, e.g., two-dimensional inner 
products. We will also use boundary restriction vectors given by

𝑒⊤
𝑙
= [1,0, ...,0] and 𝑒⊤

𝑟
= [0, ...,0,1], (18)

and identity matrices 𝐼𝑚 of dimension 𝑚 ×𝑚.
To discretize the spatial derivatives we will use the first derivative SBP operators and the second derivative variable coefficient 

compatible SBP operators of interior orders four and six, first derived in [35,19]. The SBP properties of these operators are given in 
the following definitions:

Definition 1. A difference operator 𝐷1 ≈
𝜕

𝜕𝑥
is said to be a first derivative SBP operator if, for the norm 𝐻 , the relation

𝐻𝐷1 +𝐷⊤1𝐻 = −𝑒𝑙𝑒⊤𝑙 + 𝑒𝑟𝑒
⊤
𝑟
, (19)

holds.

Definition 2. Let 𝐷1 be a first derivative SBP operator and 𝐜 be the restriction of a function 𝑐(𝑥) on the grid 𝐱. A difference operator 
𝐷

(𝐜)
2 ≈ 𝜕

𝜕𝑥
𝑐(𝑥) 𝜕

𝜕𝑥
, is said to be a compatible second derivative SBP operator if, for the norm 𝐻 , the relation

𝐻𝐷
(𝐜)
2 = −𝑀 (𝐜) − 𝑒𝑙𝑒⊤𝑙 𝐜𝑑

⊤
𝑙
+ 𝑒𝑟𝑒⊤𝑟 𝐜𝑑

⊤
𝑟
, (20)

holds, where

𝑀 (𝐜) =𝐷⊤1𝐻 𝐜̄𝐷1 +𝑅(𝐜), (21)

with 𝑅(𝐜) symmetric and semi-positive definite, 𝐜̄ = 𝚍𝚒𝚊𝚐(𝐜), and

𝑑⊤
𝑙
= 𝑒⊤
𝑙
𝐷̂1 and 𝑑⊤

𝑟
= 𝑒⊤
𝑟
𝐷̂1, (22)

where the first and last rows of 𝐷̂1 approximates 𝜕
𝜕𝑥

.

Note that the remainder term 𝑅(𝐜) is small (zero to the order of accuracy) [19]. We also define

𝐷2 ≡𝐷(𝟏)
2 and 𝑅 ≡𝑅(𝟏), (23)

where 𝟏 is a vector of length 𝑚 with only ones.

3.3. Two-dimensional operators on Ω+

Since Ω+ is rectangular by construction, operators on Ω+ are directly obtained through tensor products of the one-dimensional 
operators. Let 𝑚+

𝑥
and 𝑚+

𝑦
denote the number of grid points in the 𝑥- and 𝑦-directions, respectively, and let 𝐯+ ∈ℝ𝑁+

, where 𝑁+ =
𝑚+
𝑥
𝑚+
𝑦

, denote a column-major ordered solution vector. The two-dimensional SBP operators are constructed using tensor products as 
follows:

𝐷+
𝑥
= (𝐷1 ⊗𝐼𝑚+𝑦 ), 𝐷+

𝑦
= (𝐼𝑚+𝑥 ⊗𝐷1),

𝐷+
𝑥𝑥

= (𝐷2 ⊗𝐼𝑚+𝑦 ), 𝐷+
𝑦𝑦

= (𝐼𝑚+𝑥 ⊗𝐷2),

𝐻+
𝑥
= (𝐻 ⊗𝐼𝑚+𝑦 ), 𝐻+

𝑦
= (𝐼𝑚+𝑥 ⊗𝐻),

𝑒+
𝑤
= (𝑒⊤

𝑙
⊗ 𝐼𝑚+𝑦

), 𝑒+
𝑒
= (𝑒⊤

𝑟
⊗ 𝐼𝑚+𝑦

),
5

𝑒+
𝑠
= (𝐼𝑚+𝑥 ⊗ 𝑒

⊤
𝑙
), 𝑒+

𝑛
= (𝐼𝑚+𝑥 ⊗ 𝑒

⊤
𝑟
),
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𝑑+
𝑤
= −(𝑑⊤

𝑙
⊗ 𝐼𝑚+𝑦

), 𝑑+
𝑒
= (𝑑⊤

𝑟
⊗ 𝐼𝑚+𝑦

),

𝑑+
𝑠
= −(𝐼𝑚+𝑥 ⊗ 𝑑

⊤
𝑙
), 𝑑+

𝑛
= (𝐼𝑚+𝑥 ⊗ 𝑑

⊤
𝑟
). (24)

For notational clarity, we have used the same symbols for 1D operators in the 𝑥- and 𝑦-directions in (24), although they are different 
in general (since they depend on the number of grid points and the grid spacing).

The discrete Laplace operator in Ω+ is

𝐷+
𝐿
=𝐷+

𝑥𝑥
+𝐷+

𝑦𝑦
. (25)

We also have the following norm matrices:

𝐻+ =𝐻+
𝑥
𝐻+
𝑦
,

𝐻+
𝑤,𝑒,𝑠,𝑛

=𝐻,
(26)

with inner products (⋅, ⋅)𝐻+ and (⋅, ⋅)𝐻+
𝑤,𝑒,𝑠,𝑛

defined as in (17). Using Definitions 1 and 2, 𝐷+
𝐿

can be shown to satisfy

(𝐮,𝐷+
𝐿
𝐯)𝐻+ = −(𝐷+

𝑥
𝐮,𝐷+

𝑥
𝐯)𝐻+ − (𝐷+

𝑦
𝐮,𝐷+

𝑦
𝐯)𝐻+ − (𝐮,𝐯)𝑅+

+
∑

𝑘=𝑤,𝑒,𝑠,𝑛
(𝑒+
𝑘
𝐮, 𝑑+

𝑘
𝐯)𝐻+

𝑘
, ∀𝐮,𝐯 ∈ℝ𝑁+

,
(27)

where

(𝐮,𝐯)𝑅+ = 𝐮⊤(𝑅+
𝑥
𝐻+
𝑦
+𝑅+

𝑦
𝐻+
𝑥
)𝐯, (28)

with 𝑅+
𝑥
= (𝑅 ⊗𝐼𝑚+𝑦 ) and 𝑅+

𝑦
= (𝐼𝑚+𝑥 ⊗𝑅). Note that 𝑅+

𝑥
≈ 0, 𝑅+

𝑦
≈ 0 (since 𝑅 ≈ 0), and

(𝐮,𝐯)𝑅+ = (𝐯,𝐮)𝑅+ and ‖𝐮‖2
𝑅+ ∶= (𝐮,𝐮)𝑅+ ≥ 0, ∀𝐮,𝐯 ∈ℝ𝑁+

. (29)

3.4. Curvilinear operators on Ω−
𝑝

We begin by discretizing Ω̃− using 𝑚−
𝜉

and 𝑚−
𝜂

equidistant grid points in the 𝜉- and 𝜂-directions, respectively. As in Ω+, we 
let 𝐯− ∈ ℝ𝑁−

, where 𝑁− = 𝑚−
𝜉
𝑚−
𝜂

, denote a column-major ordered solution vector. Using tensor products, we have the following 
two-dimensional SBP operators in Ω̃−:

𝐷−
𝜉
= (𝐷1 ⊗𝐼𝑚−𝜂 ), 𝐷−

𝜂
= (𝐼𝑚−

𝜉
⊗𝐷1),

𝐷̂−
𝜉
= (𝐷̂1 ⊗𝐼𝑚−𝜂 ), 𝐷̂−

𝜂
= (𝐼𝑚−

𝜉
⊗ 𝐷̂1),

𝐻−
𝜉
= (𝐻 ⊗𝐼𝑚−𝜂 ), 𝐻−

𝜂
= (𝐼𝑚−

𝜉
⊗𝐻),

𝑒−
𝑤
= (𝑒⊤

𝑙
⊗ 𝐼𝑚−𝜂

), 𝑒−
𝑒
= (𝑒⊤

𝑟
⊗ 𝐼𝑚−𝜂

),

𝑒−
𝑠
= (𝐼𝑚−

𝜉
⊗ 𝑒⊤

𝑙
), 𝑒−

𝑛
= (𝐼𝑚−

𝜉
⊗ 𝑒⊤

𝑟
), (30)

where 𝐷̂1 is the boundary derivative operator in Definition 2. Note that with a general variable coefficients vector 𝐜 ∈ ℝ𝑁−
, tensor 

products can not be used to construct the two-dimensional variable coefficient operators 𝐷(𝐜)
𝜉𝜉

and 𝐷(𝐜)
𝜂𝜂 . Instead, the one-dimensional 

operators are built line-by-line with the corresponding values of 𝐜 and stitched together to form the two-dimensional operators. See 
[30] for more details on this.

Next, we use the relations in Section 3.1 to derive finite difference operators in Ω−
𝑝

. As previously mentioned, this derivation can 
be found with more detail in, e.g., [30,21]. Since the mappings 𝑥(𝜉, 𝜂; 𝑝) and 𝑦(𝜉, 𝜂; 𝑝) are not generally known analytically, the metric 
derivatives 𝑥𝜉 , 𝑥𝜂 , 𝑦𝜉 , and 𝑦𝜂 are computed using the first derivative SBP operators 𝐷−

𝜉
and 𝐷−

𝜂
. If 𝐱 and 𝐲 are vectors containing the 

coordinates on the physical grid, we have the discrete metric coefficient diagonal matrices

𝐗𝜉 = 𝚍𝚒𝚊𝚐(𝐷−
𝜉
𝐱),

𝐗𝜂 = 𝚍𝚒𝚊𝚐(𝐷−
𝜂
𝐱),

𝐘𝜉 = 𝚍𝚒𝚊𝚐(𝐷−
𝜉
𝐲),

𝐘𝜂 = 𝚍𝚒𝚊𝚐(𝐷−
𝜂
𝐲),

(31)
6

and
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𝐉 =𝐗𝜉𝐘𝜂 −𝐗𝜂𝐘𝜉 ,

𝛼1 = 𝐉−1(𝐗2
𝜂
+𝐘2

𝜂
),

𝛽 = −𝐉−1(𝐗𝜉𝐗𝜂 +𝐘𝜉𝐘𝜂),

𝛼2 = 𝐉−1(𝐗2
𝜉
+𝐘2

𝜉
).

(32)

Using (9), (10), and (12), we get the first derivative operators

𝐷−
𝑥
= 𝐽−1(𝐘𝜂𝐷−

𝜉
−𝐘𝜉𝐷−

𝜂
),

𝐷−
𝑦
= 𝐽−1(−𝐗𝜂𝐷−

𝜉
+𝐗𝜉𝐷−

𝜂
),

(33)

the two-dimensional curvilinear Laplace operator

𝐷−
𝐿
= 𝐽−1(𝐷(𝛼1)

𝜉𝜉
+𝐷−

𝜂
𝛽𝐷−
𝜉
+𝐷−

𝜉
𝛽𝐷−
𝜂
+𝐷(𝛼2)

𝜂𝜂 ), (34)

and the discrete normal derivative operators

𝑑−
𝑤
= −𝑒−

𝑤
𝐖−1

2 (𝛼1𝑒−⊤𝑤 𝑒
−
𝑤
𝐷̂−
𝜉
+ 𝛽𝑒−⊤

𝑤
𝑒−
𝑤
𝐷−
𝜂
),

𝑑−
𝑒
= 𝑒−
𝑒
𝐖−1

2 (𝛼1𝑒−⊤𝑒 𝑒
−
𝑒
𝐷̂−
𝜉
+ 𝛽𝑒−⊤

𝑒
𝑒−
𝑒
𝐷−
𝜂
),

𝑑−
𝑠
= −𝑒−

𝑠
𝐖−1

1 (𝛼2𝑒−⊤𝑠 𝑒
−
𝑠
𝐷̂−
𝜂
+ 𝛽𝑒−⊤

𝑠
𝑒−
𝑠
𝐷−
𝜉
),

𝑑−
𝑛
= 𝑒−
𝑛
𝐖−1

1 (𝛼2𝑒−⊤𝑛 𝑒
−
𝑛
𝐷̂−
𝜂
+ 𝛽𝑒−⊤

𝑛
𝑒−
𝑛
𝐷−
𝜉
),

(35)

where

𝐖1 =
√

𝐗2
𝜉
+𝐘2

𝜉
and 𝐖2 =

√
𝐗2
𝜂
+𝐘2

𝜂
. (36)

We also have the following norm matrices:

𝐻− =𝐻−
𝜉
𝐻−
𝜂
𝐽 ,

𝐻−
𝑤
=𝐻𝑒𝑤𝐖2𝑒

⊤
𝑤
,

𝐻−
𝑒
=𝐻𝑒𝑒𝐖2𝑒

⊤
𝑒
,

𝐻−
𝑠
=𝐻𝑒𝑠𝐖1𝑒

⊤
𝑠
,

𝐻−
𝑛
=𝐻𝑒𝑛𝐖1𝑒

⊤
𝑛
,

(37)

with inner products (⋅, ⋅)𝐻− and (⋅, ⋅)𝐻−
𝑤,𝑒,𝑠,𝑛

defined as in (17). Note that the power of two and square roots in (32) and (36) are 
evaluated elementwise. Using Definitions 1 and 2, the Laplace operator 𝐷−

𝐿
can be shown to satisfy (see [21])

(𝐮,𝐷−
𝐿
𝐯)𝐻− = −(𝐷−

𝑥
𝐮,𝐷−

𝑥
𝐯)𝐻− − (𝐷−

𝑦
𝐮,𝐷−

𝑦
𝐯)𝐻− − (𝐮,𝐯)𝑅−

+
∑

𝑘=𝑤,𝑒,𝑠,𝑛
(𝑒−
𝑘
𝐮, 𝑑−

𝑘
𝐯)𝐻−

𝑘
, ∀𝐮,𝐯 ∈ℝ𝑁−

,
(38)

where

(𝐮,𝐯)𝑅− = 𝐮⊤(𝑅(𝛼1)
𝜉
𝐻−
𝜂
+𝑅(𝛼2)

𝜂 𝐻−
𝜉
)𝐯, (39)

with 𝑅(𝛼1)
𝜉

and 𝑅(𝛼2)
𝜂 created the same way as 𝐷(𝛼1)

𝜉𝜉
and 𝐷(𝛼2)

𝜂𝜂 . Note that 𝑅(𝛼1)
𝜉

≈ 0, 𝑅(𝛼2)
𝜂 ≈ 0 (since 𝑅(𝐜) ≈ 0), and

(𝐮,𝐯)𝑅− = (𝐯,𝐮)𝑅− and ‖𝐮‖2
𝑅− ∶= (𝐮,𝐮)𝑅− ≥ 0, ∀𝐮,𝐯 ∈ℝ𝑁−

. (40)

Remark 1. The two domains Ω+ and Ω−
𝑝

are conforming at the interface Γ𝐼 , and for convenience reasons, we shall use the same 
number of grid points on both sides of the interface, i.e. 𝑚Γ𝐼 =𝑚

+
𝑥
=𝑚−

𝜉
. Therefore,

(𝐮,𝐯)𝐻+
𝑠
= (𝐮,𝐯)𝐻−

𝑛
, ∀𝐮,𝐯 ∈ℝ𝑚Γ𝐼 . (41)

3.5. SBP-P-SAT discretization

We now return to the forward problem (2b). By replacing all spatial derivatives in (2b) by their corresponding SBP operators, we 
7

obtain a constrained initial value problem given by,
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𝐯+
𝑡𝑡
= 𝑐2𝐷+

𝐿
𝐯+ + 𝑓 (𝑡)𝐝𝑠, 𝑡 > 0,

𝐯−
𝑡𝑡
= 𝑐2𝐷−

𝐿
𝐯−, 𝑡 > 0,

𝑒±
𝑤,𝑒

𝐯±
𝑡
+ 𝑐𝑑±

𝑤,𝑒
𝐯± = 0, 𝑡 > 0,

𝑑−
𝑠
𝐯− = 0, 𝑡 > 0,

𝑒+
𝑛
𝐯+ = 0, 𝑡 > 0,

𝑒+
𝑠
𝐯+ − 𝑒−

𝑛
𝐯− = 0, 𝑡 > 0,

𝑑+
𝑠
𝐯+ + 𝑑−

𝑛
𝐯− = 0, 𝑡 > 0,

𝐯± = 0, 𝐯±
𝑡
= 0, 𝑡 = 0,

(42)

where

𝐝𝑠 = (𝐻+)−1(𝛿(𝑠)
𝑥
⊗ 𝛿(𝑠)

𝑦
). (43)

Here 𝛿(𝑠)𝑥 and 𝛿(𝑠)𝑦 are discrete one-dimensional point sources discretized as in [36], using the same number of moment conditions as 
the order of the SBP operators and no smoothness conditions.

We impose the boundary and interface conditions in (42) using a combination of the SAT method [37,38,21] and the projection 
method [23,39]. SATs are used to weakly impose the outflow and Neumann boundary conditions and to couple the fluxes across 
the interface, while the projection method strongly imposes the Dirichlet boundary conditions and continuity of the solution across 
the interface. This choice is made to keep the projection operator as simple as possible while avoiding the so-called borrowing 
trick necessary for an SBP-SAT discretization [40]. A hybrid SBP-P-SAT method for the second-order wave equation on Cartesian 
multiblock domains with non-conforming interfaces was presented in [23]. Indeed, the scheme presented here is the same as in [23]
if the interpolation operators are replaced with identity matrices and Ω−

𝑝
is Cartesian. More details on the projection method can be 

found in [41,42]. Let

𝐰 =
[
𝐯+
𝐯−

]
∈ℝ𝑁, (44)

where 𝑁 =𝑁+ +𝑁−, denote the global solution vector and

𝐻̄ =
[
𝐻+ 0
0 𝐻−

]
, (45)

a global norm matrix with associated inner product defined as in (17). A consistent SBP-P-SAT discretization is then given by

𝐰𝑡𝑡 =𝐷𝐰+𝐸𝐰𝑡 + 𝑓 (𝑡)𝐝𝑠, 𝑡 > 0,

𝐰 = 0, 𝐰𝑡 = 0, 𝑡 = 0,
(46)

where

𝐷 = 𝑐2𝑃
([
𝐷+
𝐿

0
0 𝐷−

𝐿

]
+𝑆𝐴𝑇𝐵𝐶1 +𝑆𝐴𝑇𝐼𝐶

)
𝑃 ,

𝐸 = 𝑐𝑃𝑆𝐴𝑇𝐵𝐶2𝑃 ,

𝑆𝐴𝑇𝐵𝐶1
= −𝐻̄−1

( ∑
𝑘=𝑤,𝑒

[
𝑒+⊤
𝑘
𝐻+
𝑘
𝑑+
𝑘

0
0 𝑒−⊤

𝑘
𝐻−
𝑘
𝑑−
𝑘

]
+
[
0 0
0 𝑒−⊤

𝑠
𝐻−
𝑠
𝑑−
𝑠

])
,

𝑆𝐴𝑇𝐵𝐶2
= −𝐻̄−1

∑
𝑘=𝑤,𝑒

[
𝑒+⊤
𝑘
𝐻+
𝑘
𝑒+
𝑘

0
0 𝑒−⊤

𝑘
𝐻−
𝑘
𝑒−
𝑘

]
,

𝑆𝐴𝑇𝐼𝐶 = −𝐻̄−1
[
𝑒+⊤
𝑠
𝐻+
𝑠
𝑑+
𝑠
𝑒+⊤
𝑠
𝐻+
𝑠
𝑑−
𝑛

0 0

]
, and

𝐝𝑠 =
[
𝐝𝑠
0

]
.

(47)

The projection operator is given by

𝑃 = 𝐼 − 𝐻̄−1𝐿⊤(𝐿𝐻̄−1𝐿⊤)−1𝐿, (48)

where

𝐿 =
[
𝑒+
𝑛

0
𝑒+
𝑠

−𝑒−
𝑛

]
. (49)
8

This corresponds to imposing the conditions
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𝑒±
𝑤,𝑒

𝐯±
𝑡
+ 𝑐𝑑±

𝑤,𝑒
𝐯± = 0, 𝑡 > 0,

𝑑−
𝑠
𝐯− = 0, 𝑡 > 0,

𝑑+
𝑠
𝐯+ + 𝑑−

𝑛
𝐯− = 0, 𝑡 > 0,

(50)

weakly using the SAT method and the conditions

𝑒+
𝑛
𝐯+ = 0, 𝑡 > 0,

𝑒+
𝑠
𝐯+ − 𝑒−

𝑛
𝐯− = 0, 𝑡 > 0,

(51)

strongly using the projection method.
We now prove three Lemmas. The first one is with regards to the stability of the scheme (46) while the second and third are on 

its self-adjointness properties. Similar self-adjointness properties of SBP-SAT discretizations of the acoustic and elastic wave equation 
have been shown in e.g. [43,25]. However, to the best of our knowledge, the derivation is new for the SBP-P-SAT discretization 
presented herein.

Lemma 1. The SBP-P-SAT scheme (46) is stable.

Proof. We prove stability using the energy method. Since data does not influence stability, we set 𝑓 (𝑡) = 0. Taking the inner product 
between 𝐰𝐭 and (46) gives

1
2
𝑑

𝑑𝑡
‖𝐰𝑡‖2𝐻̄ = 𝑐2(𝐯̃+

𝑡
,𝐷+
𝐿
𝐯̃+)𝐻+ + 𝑐2(𝐯̃−

𝑡
,𝐷−
𝐿
𝐯̃−)𝐻−

−
∑
𝑘=𝑤,𝑒

(𝑐‖𝑒+
𝑘
𝐯̃+
𝑡
‖2
𝐻+
𝑘

+ 𝑐2(𝑒+
𝑘
𝐯̃+
𝑡
, 𝑑+
𝑘
𝐯̃+)𝐻+

𝑘

+ 𝑐‖𝑒−
𝑘
𝐯̃−
𝑡
‖2
𝐻−
𝑘

+ 𝑐2(𝑒−
𝑘
𝐯̃−
𝑡
, 𝑑−
𝑘
𝐯̃−)𝐻+

𝑘
)

− 𝑐2(𝑒−
𝑠
𝐯̃−
𝑡
, 𝑑−
𝑠
𝐯̃−)𝐻−

𝑠
− 𝑐2(𝑒+

𝑠
𝐯̃+
𝑡
, 𝑑+
𝑠
𝐯̃+ + 𝑑−

𝑛
𝐯̃−)𝐻+

𝑠
,

(52)

where 𝑃𝐰 = 𝐰̃ =
[
𝐯̃+
𝐯̃−

]
denotes the projected solution vector. Using (27) and (38) and rearranging terms lead to

𝑑

𝑑𝑡
(𝐸+ +𝐸−) = −2𝑐

∑
𝑘=𝑤,𝑒

‖𝑒−
𝑘
𝐯̃−
𝑡
‖2
𝐻−
𝑘

+ ‖𝑒+
𝑘
𝐯̃+
𝑡
‖2
𝐻+
𝑘

+ 2𝑐2(𝑒−
𝑛
𝐯̃−
𝑡
− 𝑒+
𝑠
𝐯̃+
𝑡
, 𝑑−
𝑛
𝐯̃−)

𝐻
(−)
𝑁

+ 2𝑐2(𝑒+
𝑛
𝐯̃+
𝑡
, 𝑑+
𝑛
𝐯̃+)𝐻+

𝑁
,

(53)

where

𝐸± = ‖𝐯±
𝑡
‖2
𝐻± + 𝑐2‖𝐷±

𝑥
𝐯̃±‖2

𝐻± + 𝑐2‖𝐷±
𝑦
𝐯̃±‖2

𝐻± + 𝑐2‖𝐯̃±‖2
𝑅± . (54)

Since 𝐿𝐰̃ =𝐿𝑃𝐰 = 0 holds exactly by the definition of 𝑃 , we have

𝑒+
𝑛
𝐯̃+ = 0, and 𝑒−

𝑛
𝐯̃− = 𝑒+

𝑠
𝐯̃+. (55)

Inserted into (53) results in

𝑑

𝑑𝑡
(𝐸+ +𝐸−) = −2𝑐

∑
𝑘=𝑤,𝑒

‖𝑒−
𝑘
𝐯̃−
𝑡
‖2
𝐻−
𝑘

+ ‖𝑒+
𝑘
𝐯̃+
𝑡
‖2
𝐻+
𝑘

≤ 0, (56)

which is the discrete equivalent to the continuous energy equation (6) and proofs stability of (46). □

Lemma 2. The matrix 𝐷 in (47) is self-adjoint with respect to 𝐻̄ , i.e.

(𝐮,𝐷𝐯)𝐻̄ = (𝐷𝐮,𝐯)𝐻̄ , ∀𝐮,𝐯 ∈ℝ𝑁. (57)

Proof. Let 𝑃𝐮 = 𝑃
[
𝐮+
𝐮−

]
= 𝐮̃ =

[
𝐮̃+
𝐮̃−

]
and 𝑃𝐯 = 𝑃

[
𝐯+
𝐯−

]
= 𝐯̃ =

[
𝐯̃+
𝐯̃−

]
, then

(𝐮,𝐷𝐯)𝐻̄ = 𝑐2(𝐮̃+,𝐷+
𝐿
𝐯̃+)𝐻+ + 𝑐2(𝐮̃−,𝐷−

𝐿
𝐯̃−)𝐻−

− 𝑐2
∑
𝑘=𝑤,𝑒

(𝑒+
𝑘
𝐮̃+, 𝑑+

𝑘
𝐯̃+)𝐻+

𝑘
+ (𝑒−

𝑘
𝐮̃−, 𝑑−

𝑘
𝐯̃−)𝐻+

𝑘

− 𝑐2(𝑒−
𝑠
𝐮̃−, 𝑑−

𝑠
𝐯̃−)𝐻−

𝑠
− 𝑐2(𝑒+

𝑠
𝐮̃+, 𝑑+

𝑠
𝐯̃+ + 𝑑−

𝑛
𝐯̃−)𝐻+

𝑠
.

(58)
9

Using (27) and (38) and rearranging terms lead to
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(𝐮,𝐷𝐯)𝐻̄ = −𝑐2(𝐷+
𝑥
𝐮̃+,𝐷+

𝑥
𝐯̃+)𝐻+ − 𝑐2(𝐷+

𝑦
𝐮̃+,𝐷+

𝑦
𝐯̃+)𝐻+

− 𝑐2(𝐷−
𝑥
𝐮̃−,𝐷−

𝑥
𝐯̃−)𝐻− − 𝑐2(𝐷−

𝑦
𝐮̃−,𝐷−

𝑦
𝐯̃−)𝐻−

− 𝑐2(𝐮̃+, 𝐯̃+)𝑅+ − 𝑐2(𝐮̃−, 𝐯̃−)𝑅−

+ 𝑐2(𝑒−
𝑛
𝐮̃− − 𝑒+

𝑠
𝐮+, 𝑑−

𝑛
𝐯̃−)𝐻−

𝑛
+ 𝑐2(𝑒+

𝑛
𝐮̃+, 𝑑+

𝑛
𝐯̃+)𝐻+

𝑛
. (59)

Since 𝐿𝑃𝐮 = 0 hold exactly by the definition of 𝑃 , we have

𝑒+
𝑛
𝐮̃+ = 0, and 𝑒−

𝑛
𝐮̃− = 𝑒+

𝑠
𝐮̃+. (60)

Inserted into (59) results in

(𝐮,𝐷𝐯)𝐻̄ = −𝑐2(𝐷+
𝑥
𝐮̃+,𝐷+

𝑥
𝐯̃+)𝐻+ − 𝑐2(𝐷+

𝑦
𝐮̃+,𝐷+

𝑦
𝐯̃+)𝐻+

− 𝑐2(𝐷−
𝑥
𝐮̃−,𝐷−

𝑥
𝐯̃−)𝐻− − 𝑐2(𝐷−

𝑦
𝐮̃−,𝐷−

𝑦
𝐯̃−)𝐻−

− 𝑐2(𝐮̃+, 𝐯̃+)𝑅+ − 𝑐2(𝐮̃−, 𝐯̃−)𝑅− .

(61)

Since all the terms on the right-hand side of (61) are symmetric, i.e. we can swap 𝐮 and 𝐯 and obtain the same expression, we have

(𝐮,𝐷𝐯)𝐻̄ = (𝐯,𝐷𝐮)𝐻̄ = (𝐷𝐮,𝐯)𝐻̄ , (62)

which proves the lemma. □

Lemma 3. The matrix 𝐸 in (47) is self-adjoint with respect to 𝐻̄ , i.e.

(𝐮,𝐸𝐯)𝐻̄ = (𝐸𝐮,𝐯)𝐻̄ , ∀𝐮,𝐯 ∈ℝ𝑁. (63)

Proof. Let 𝑃𝐮 = 𝑃
[
𝐮+
𝐮−

]
= 𝐮̃ =

[
𝐮̃+
𝐮̃−

]
and 𝑃𝐯 = 𝑃

[
𝐯+
𝐯−

]
= 𝐯̃ =

[
𝐯̃+
𝐯̃−

]
, then

(𝐮,𝐸𝐯)𝐻̄ = −𝑐
∑
𝑘=𝑤,𝑒

(𝑒+
𝑘
𝐮̃+, 𝑒+

𝑘
𝐯̃+)𝐻+

𝑘
+ (𝑒−

𝑘
𝐮̃−, 𝑒−

𝑘
𝐯̃−)𝐻−

𝑘
. (64)

Since all the terms on the right-hand side of (64) are symmetric, i.e. we can swap 𝐮 and 𝐯 and obtain the same expression, we have

(𝐮,𝐸𝐯)𝐻̄ = (𝐯,𝐸𝐮)𝐻̄ = (𝐸𝐮,𝐯)𝐻̄ , (65)

which proves the lemma. □

4. The discrete optimization problem

We now return to the optimization problem (2). As discussed in Section 1, when analyzing PDE-constrained optimization problems 
of this kind one typically has two choices. Either you derive the adjoint equations and the associated gradient of the loss functional 
in the continuous setting and then discretize (OD). Or, you discretize the forward problem before deriving the discrete adjoint 
equations and gradient (DO). Here we do a compromise and discretize in space, but leave time continuous, and then proceed with 
the optimization. As we shall see, in the semi-discrete setting the spatial discretization guarantees that DO and OD are equivalent, 
due to Lemmas 2 and 3. With space discretized, we have the ODE-constrained optimization problem

min
𝐩

 (𝐰,𝐩) = 1
2

𝑇

∫
0

𝑟(𝐰, 𝑡)2 𝑑𝑡+ 1
2
𝛾‖𝐷2𝐩‖2𝐻, such that (66a)

𝐰𝑡𝑡 =𝐷𝐰+𝐸𝐰𝑡 + 𝑓 (𝑡)𝐝𝑠, 𝑡 > 0

𝐰 =𝐰𝑡 = 0, 𝑡 = 0,
(66b)

where 𝑟(𝐰, 𝑡) is the residual of the loss given by

𝑟(𝐰, 𝑡) = (𝐝𝑟,𝐰(𝑡))𝐻̄ − 𝐯𝑑 (𝑡), (67)

where 𝐯𝑑 (𝑡) is the target data in the receiver and 𝐝𝑟 is constructed analogously to 𝐝𝑠. Note that the term (𝐝𝑟, 𝐰(𝑡))𝐻̄ is an interpolation 
of 𝐰 onto the receiver coordinates 𝐱𝑟.

4.1. Shape parameterization and regularization

The shape of the bottom boundary can be parametrized in many ways, see [44] for an overview of common methods. Here we let 
10

𝐩 = [𝑝1, 𝑝2, 𝑝3, … , 𝑝𝑚Γ𝐼 ] be a vector containing the 𝑦-coordinates of the bottom for each grid point in the 𝑥-direction, see Fig. 3. To 
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combat the ill-posedness of (2) a regularization term 12 𝛾‖𝐷2𝐩‖2𝐻 is added to (66a). This additional term penalizes spurious oscillations 
in 𝐩 which helps us find smooth shapes (i.e. reduces the risk of getting stuck in a non-regular local minima to (66)). The parameter 
𝛾 is chosen experimentally, a small value will give rise to oscillations and lead to a non-regular solution, whereas a large value will 
restrict 𝐩 and lead to suboptimal solutions.

Using linear transfinite interpolation, the elements in discrete column-major ordered coordinate vectors 𝐱, and 𝐲 in Ω−
𝑝

are given by

𝑥𝑖,𝑗 = 𝑥𝑙 + (𝑥𝑟 − 𝑥𝑙)𝜉𝑖 and 𝑦𝑖,𝑗 = 𝑝𝑖 + (𝐿𝐼 − 𝑝𝑖)𝜂𝑗 , (68)

where 𝜉𝑖, 𝜂𝑗 are the elements in the 1D coordinate vectors in Ω̃−
𝑝

, and 𝐿𝐼 is the 𝑦-coordinate of the interface, here 𝐿𝐼 = 0.5.

4.2. The adjoint equation method

To solve (66) efficiently gradient-based optimization will be employed, and to this end, we require 𝜕
𝜕𝑝𝑖
, 𝑖 = 1, 2, ..., 𝑚Γ𝐼 , given by

𝜕
𝜕𝑝𝑖

= 1
2

𝑇

∫
0

𝜕

𝜕𝑝𝑖
𝑟(𝐰, 𝑡)2 𝑑𝑡+ 𝛾(𝐷2𝐞𝑖,𝐷2𝐩)𝐻 =

=

𝑇

∫
0

(𝑟(𝐰, 𝑡)𝐝𝑟,
𝜕𝐰
𝜕𝑝𝑖

)𝐻̄ 𝑑𝑡+ 𝛾(𝐷2𝐞𝑖,𝐷2𝐩)𝐻,

(69)

where 𝐞𝑖 is a column vector with the entry 1 at position 𝑖 and zeros elsewhere. Here we have used that 𝜕𝐝𝑟
𝜕𝑝𝑖

= 0 (since the receiver 

is located in Ω+). Clearly, naively computing (69) requires evaluating 𝜕𝐰
𝜕𝑝𝑖

. Approximating 𝜕𝐰
𝜕𝑝𝑖

using first-order finite differences, 
e.g., would require 𝑚Γ𝐼 + 1 solves of (66b) which quickly becomes costly for large problem sizes. Instead, we introduce a Lagrange 
multiplier 𝝀 ∈ ℝ𝑁 and use the adjoint framework [1,2], which allows us to compute 𝜕

𝜕𝑝𝑖
without evaluating or approximating 𝜕𝐰

𝜕𝑝𝑖
. 

The method is summarized in the following Lemma:

Lemma 4. Let 𝐰 be a solution to (66b) and 𝝀 a solution to the adjoint equation

𝝀𝜏𝜏 =𝐷𝝀+𝐸𝝀𝜏 − 𝑟(𝐰, 𝜏)𝐝𝑟, 0 ≤ 𝜏 ≤ 𝑇 ,
𝝀 = 𝝀𝜏 = 0, 𝜏 = 0,

(70)

where 𝜏 = 𝑇 − 𝑡. Then the gradient is given by

𝜕
𝜕𝑝𝑖

=

𝑇

∫
0

−(𝝀, 𝜕𝐷
𝜕𝑝𝑖

𝐰)𝐻̄ + (𝝀𝑡,
𝜕𝐸

𝜕𝑝𝑖
𝐰)𝐻̄ 𝑑𝑡+ 𝛾(𝐷2𝐞𝑖,𝐷2𝐩)𝐻. (71)

Proof. First, we define the Lagrangian functional

(𝐰,𝝀) =  +

𝑇

∫
0

(𝝀,𝐰𝑡𝑡 −𝐷𝐰−𝐸𝐰𝑡 − 𝑓 (𝑡)𝐝𝑠)𝐻̄ 𝑑𝑡, (72)

and note that  = and thus 𝜕
𝜕𝑝𝑖

= 𝜕
𝜕𝑝𝑖

for any 𝝀 whenever 𝐰 is a solution to (66b). Consider the gradient of , given by

𝜕
𝜕𝑝𝑖

= 𝜕
𝜕𝑝𝑖

+

𝑇

∫
0

(𝝀,
𝜕𝐰𝑡𝑡
𝜕𝑝𝑖

− 𝜕𝐷𝐰
𝜕𝑝𝑖

−
𝜕𝐸𝐰𝑡
𝜕𝑝𝑖

)𝐻̄ 𝑑𝑡, (73)

where we have used that 𝜕𝐝𝑠
𝜕𝑝𝑖

= 0 (since the source is located in Ω+). The first term in (73) is given by (69). The other terms are 
treated using integration by parts in time, resulting in

𝜕
𝜕𝑝𝑖

= 𝜕
𝜕𝑝𝑖

+

𝑇

∫
0

(𝝀𝑡𝑡,
𝜕𝐰
𝜕𝑝𝑖

)𝐻̄ − (𝝀, 𝜕𝐷𝐰
𝜕𝑝𝑖

)𝐻̄ + (𝝀𝑡,
𝜕𝐸𝐰
𝜕𝑝𝑖

)𝐻̄ 𝑑𝑡

[
𝜕𝐰𝑡 𝜕𝐰 𝜕𝐸𝐰

]𝑇

11

+ (𝝀,
𝜕𝑝𝑖

)𝐻̄ − (𝝀𝑡,
𝜕𝑝𝑖

)𝐻̄ − (𝝀,
𝜕𝑝𝑖

)𝐻̄
0
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= 𝜕
𝜕𝑝𝑖

+

𝑇

∫
0

(𝝀𝑡𝑡,
𝜕𝐰
𝜕𝑝𝑖

)𝐻̄ − (𝝀, 𝜕𝐷𝐰
𝜕𝑝𝑖

)𝐻̄ + (𝝀𝑡,
𝜕𝐸𝐰
𝜕𝑝𝑖

)𝐻̄ 𝑑𝑡, (74)

where we have used the initial conditions for 𝐰 and 𝐰𝑡 and prescribed the following terminal conditions for 𝝀 and 𝝀𝑡:

𝝀 = 0, 𝝀𝑡 = 0, 𝑡 = 𝑇 . (75)

Using (69) and Lemmas 2 and 3 we get

𝜕
𝜕𝑝𝑖

=

𝑇

∫
0

(𝑟(𝐰, 𝑡)𝐝𝑟 + 𝝀𝑡𝑡 −𝐷𝝀+𝐸𝝀𝑡,
𝜕𝐰
𝜕𝑝𝑖

)𝐻̄ 𝑑𝑡

+

𝑇

∫
0

−(𝝀, 𝜕𝐷
𝜕𝑝𝑖

𝐰)𝐻̄ + (𝝀𝑡,
𝜕𝐸

𝜕𝑝𝑖
𝐰)𝐻̄ 𝑑𝑡+ 𝛾(𝐷2𝑒𝑖,𝐷2𝐩)𝐻̄ .

(76)

If 𝝀 satisfies (70) we get the following formula for the gradient:

𝜕
𝜕𝑝𝑖

=

𝑇

∫
0

−(𝝀, 𝜕𝐷
𝜕𝑝𝑖

𝐰)𝐻̄ + (𝝀𝑡,
𝜕𝐸

𝜕𝑝𝑖
𝐰)𝐻̄ 𝑑𝑡+ 𝛾(𝐷2𝐞𝑖,𝐷2𝐩)𝐻, (77)

and since 𝜕
𝜕𝑝𝑖

= 𝜕
𝜕𝑝𝑖

we get (71). □

Note that the only difference between (70) and (66b) is the forcing function, and hence stability of (70) follows immediately 
from Lemma 1. The matrices 𝜕𝐷

𝜕𝑝𝑖
and 𝜕𝐸

𝜕𝑝𝑖
can be computed analytically and are presented in Appendix A. Essentially, the matrices 

consist of the SBP operators together with derivatives of the metric coefficients given in Section 3.4. The derivation involves repeated 
application of the product rule but is otherwise straightforward.

Remark 2. In this model problem, we have assumed that the source and receiver are located in Ω+ , which simplifies the analysis since 
𝜕𝐝𝑠
𝜕𝑝𝑖

= 𝜕𝐝𝑟
𝜕𝑝𝑖

= 0 holds. If this is not the case, one would have to evaluate the derivative of the discrete Dirac delta function, which is not 
well-defined everywhere for the discrete Dirac delta functions used here. In [45], point source discretizations that are continuously 
differentiable everywhere are derived. In principle, we could use this discretization instead and allow 𝐱𝑠 and 𝐱𝑟 to be located in Ω−

𝑝
, 

but this is out of scope for the present work.

4.3. Dual consistency

In the continuous setting it is well-established that (2b) is self-adjoint under time reversal [46,2,21,25] such that for the continuous 
adjoint state variables 𝜆± the adjoint (or dual) equations are given by

𝜆+
𝜏𝜏

= 𝑐2Δ𝜆+ − 𝑟(𝑢, 𝜏)𝛿(𝐱 − 𝐱𝑟), 𝐱 ∈Ω+, 𝜏 ∈ [0, 𝑇 ],
𝜆−
𝜏𝜏

= 𝑐2Δ𝜆−, 𝐱 ∈Ω−
𝑝
, 𝜏 ∈ [0, 𝑇 ],

𝜆±
𝜏
+ 𝑐𝐧± ⋅∇𝜆± = 0, 𝐱 ∈ 𝜕Ω(±,𝑤,𝑒)

𝑝 , 𝜏 ∈ [0, 𝑇 ],
𝐧− ⋅∇𝜆− = 0, 𝐱 ∈ 𝜕Ω(−,𝑠)

𝑝 , 𝜏 ∈ [0, 𝑇 ],
𝜆+ = 0, 𝐱 ∈ 𝜕Ω(+,𝑛)

𝑝 , 𝜏 ∈ [0, 𝑇 ],
𝜆+ − 𝜆− = 0, 𝐱 ∈ Γ𝐼 , 𝜏 ∈ [0, 𝑇 ],
𝑛+ ⋅∇𝜆+ + 𝑛− ⋅∇𝜆− = 0, 𝐱 ∈ Γ𝐼 , 𝜏 ∈ [0, 𝑇 ],
𝜆± = 0, 𝜆±

𝜏
= 0, 𝐱 ∈Ω, 𝜏 = 0.

(78)

Note that the semi-discrete adjoint problem (70) is a consistent approximation of (78), and thus (66b) is a dual consistent semi-
discretization of the forward problem [9,47]. Moreover, the gradient to the continuous optimization problem (2) is given by the 
following lemma:

Lemma 5. Let 𝜆− satisfy (78). Then the gradient 𝛿𝙹
𝛿𝑝

to (2), is given by

𝛿𝙹
𝛿𝑝

=

𝑇

∫
0

𝐺𝜆 +𝐺𝜆𝑡𝑑𝑡, (79)
12

where
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𝐺𝜆 = −𝑐2
(
−(𝜆−, 𝐽−1 𝛿𝐽

𝛿𝑝
Δ𝑢−)Ω−

+(𝜆−, 𝐽−1((
𝛿𝛼1
𝛿𝑝
𝑢−
𝜉
+ 𝛿𝛽
𝛿𝑝
𝑢−
𝜂
)𝜉 + (

𝛿𝛼2
𝛿𝑝
𝑢−
𝜂
+ 𝛿𝛽
𝛿𝑝
𝑢−
𝜉
)𝜂))Ω−

−⟨𝜆−,𝑊 −1
1 (
𝛿𝛼1
𝛿𝑝
𝑢−
𝜉
+ 𝛿𝛽
𝛿𝑝
𝑢−
𝜂
)⟩𝜕Ω(−,𝑒)

+⟨𝜆−,𝑊 −1
1 (
𝛿𝛼1
𝛿𝑝
𝑢−
𝜉
+ 𝛿𝛽
𝛿𝑝
𝑢−
𝜂
)⟩𝜕Ω(−,𝑤)

−⟨𝜆−,𝑊 −1
2 (
𝛿𝛼2
𝛿𝑝
𝑢−
𝜂
+ 𝛿𝛽
𝛿𝑝
𝑢−
𝜉
)⟩𝜕Ω(−,𝑛)

+⟨𝜆−,𝑊 −1
2 (
𝛿𝛼2
𝛿𝑝
𝑢−
𝜂
+ 𝛿𝛽
𝛿𝑝
𝑢−
𝜉
)⟩𝜕Ω(−,𝑠)

)
, (80)

and

𝐺𝜆𝑡
=𝑐

(⟨𝜆−
𝑡
,𝑊 −1

1
𝛿𝑊1
𝛿𝑝
𝑢−⟩𝜕Ω(−,𝑒) + ⟨𝜆−

𝑡
,𝑊 −1

1
𝛿𝑊1
𝛿𝑝
𝑢−⟩𝜕Ω(−,𝑤)

)
, (81)

with the metric coefficients 𝐽 , 𝛼1, 𝛼2, 𝛽, 𝑊1 and 𝑊1, given in Section 3.1.

Proof. See Appendix B. □

Lemma 5 is the continuous counterpart of Lemma 4, where (71) is the semi-discrete version of (79), with the addition of regular-
ization. This is seen by comparing the explicit expressions for the operator derivatives presented in Appendix A to (80) - (81) where 
𝐺𝜆 ≈ (𝝀, 𝜕𝐷

𝜕𝑝𝑖
𝐰)𝐻̄ and 𝐺𝜆𝑡 ≈ (𝝀𝑡, 

𝜕𝐸

𝜕𝑝𝑖
𝐰)𝐻̄ .

4.4. Temporal discretization

For time discretization we use the 4th-order explicit Runge–Kutta method (RK4) and for computing the time integrals a 6th-order 
accurate SBP quadrature. The time step is chosen as

Δ𝑡 = 𝑘Δ𝑡𝑚𝑎𝑥, (82)

where

Δ𝑡𝑚𝑎𝑥 =
2.8√
𝜌(𝐷)

, (83)

is approximately the stability limit of RK4 applied to (46) (written on first-order form), 𝜌(𝐷) is the spectral radius of 𝐷, and 𝑘 < 1 is 
a positive CFL constant. The influence of 𝐸 on the stability limit Δ𝑡𝑚𝑎𝑥 is in this case very small since it scales as ℎ−1, where ℎ is the 
spatial step size, compared to 𝐷 that scales as ℎ−2.

Since the temporal discretization used here is not self-adjoint, the computed gradients will contain an approximation error. In 
Section 5.2 we verify the accuracy of the gradient and show that it decreases with 𝑘. For the numerical experiments presented in this 
paper, we use 𝑘 = 0.1, which seems to be sufficient for the optimization algorithm to work well on the problems we solve. There exist 
self-adjoint temporal discretization schemes that would lead to exact gradients, e.g., symplectic Runge–Kutta methods [48] or SBP 
in time [49] where the temporal derivatives are also approximated using SBP operators, but implementing these are out of scope in 
the present work.

4.5. Optimization algorithm

There are many optimization algorithms that could be employed for these types of problems. Here we use the BFGS algorithm 
[50] as implemented in the Matlab function fminunc, which is a quasi-newton method that approximates the Hessian using only the 
gradient of the loss function. For larger problems (e.g., with higher grid resolutions or 3D problems) the L-BFGS method would be a 
suitable alternative. Each iteration of the BFGS method requires the loss  and the gradient ∇𝐩 , which are computed as follows:

1. Solve the forward problem (66b).
2. Compute the loss (66a) using the solution to the forward problem.
3. Solve the adjoint problem (70) using the solution to the forward problem.
4. For each 𝑖 = 1, 2, ..., 𝑚Γ𝐼 , compute 𝜕

𝜕𝑝𝑖
using (71) and form the gradient vector

∇  =

[
𝜕
,
𝜕
, ...,

𝜕 ]
. (84)
13

𝐩
𝜕𝑝1 𝜕𝑝2 𝜕𝑝𝑚Γ𝐼
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Fig. 2. Grid of the circular domain. The different colors of the grid indicate the block decomposition. (For interpretation of the colors in the figure(s), the reader is 
referred to the web version of this article.)

Note that we only have to solve the forward and adjoint problems one time each per iteration, independently of the number of 
optimization parameters 𝑚Γ𝐼 . This is one of the main advantages of the adjoint method. However, evaluating (71) in step 4 requires 
storing the vectors 𝐰, 𝝀, and 𝝀𝑡 for all time steps, which naturally may be very memory consuming, especially for long-time simulations 
in realistic 3D applications. In such cases, one often must resort to check-pointing (storing the vectors at certain time intervals and 
recomputing intermediate results) or storing the vectors on disk.

5. Numerical experiments

5.1. Accuracy study

Since the SBP-P-SAT method is new in this setting (wave equations for multiblock, curvilinear domains), we briefly verify the 
accuracy of the method by performing a convergence study on the forward problem with a known analytical solution. We consider 
a circular domain Ω decomposed into five blocks as depicted in Fig. 2, and solve the PDE

𝑢𝑡𝑡 =Δ𝑢, 𝐱 ∈Ω, 𝑡 ∈ [0, 𝑇 ],

𝑢 = 𝑔(𝐱, 𝑡), 𝐱 ∈ 𝜕Ω, 𝑡 ∈ [0, 𝑇 ],

𝑢 = 𝑢0(𝐱), 𝐱 ∈Ω, 𝑡 = 0,

𝑢𝑡 = 0, 𝐱 ∈Ω, 𝑡 = 0,

(85)

where 𝑔(𝐱, 𝑡) and 𝑢0(𝐱) are chosen so that 𝑢 satisfies the standing-wave solution

𝑢(𝐱, 𝑡) = sin(3𝜋𝑥) sin(4𝜋𝑦) cos(5𝜋𝑡). (86)

The problem (85) is discretized using the SBP-P-SAT method described in Section 3, with interface conditions imposed using the 
hybrid projection and SAT method and the Dirichlet boundary conditions imposed using the projection method.

In Table 1 the 𝐿2-error and convergence rate at final time 𝑇 = 1 is presented for the 4th- and 6th-order accurate SBP operators, 
where each row corresponds to a different number of total grid points 𝑁 . With the 4th-order accurate operators we obtain the 
convergence rate 4 while with the 6th-order accurate operators the convergence rate is slightly above 5, which is in line with 
previous observations [22].

5.2. Bathymetry optimization

We now consider the optimization problem (2). The domain is given by Fig. 3 and the wave speed is 𝑐 = 1. The source is located 
at [0.25, 0.8] with the time-dependent function given by the Ricker wavelet function

2
( (

𝑡
)2

)
− 𝑡2

2𝜎2
14

𝑓 (𝑡) = √
3𝜎𝜋1∕4

1 −
𝜎

𝑒 , (87)
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Table 1

𝐿2-error and convergence rate with varying total degrees 
of freedom 𝑁 for standing-wave problem with 4th- and 
6th-order accurate SBP operators.

𝑁 log10(𝑒4) 𝑞4 log10(𝑒6) 𝑞6

4797 -2.98 - -3.25 -
10553 -3.71 -4.29 -4.24 -5.77
18549 -4.22 -4.18 -4.94 -5.68
28381 -4.61 -4.21 -5.47 -5.77
40777 -4.93 -4.10 -5.86 -5.04
72289 -5.44 -4.08 -6.57 -5.68
112761 -5.83 -4.05 -7.08 -5.30

Fig. 3. Discretization of bathymetry problem with parameterization of the seabed. The different colors of the grid indicate the block decomposition. The cross (×) and 
diamond (◊) indicate the location of the source and the receiver, respectively.

with 𝜎 = 0.1. The receiver is located at [0.75, 0.8]. We use synthetic receiver data, produced by simulating the forward problem with 
a bottom boundary (seabed) given in Fig. 3, using the 6th-order accurate operators with 𝑚+

𝜉
= 𝑚−

𝑥
= 401 and 𝑚+

𝜂
= 𝑚−

𝑦
= 201 (total 

degrees of freedom 𝑁 = 161202). In the optimization, we use the 4th-order operators and 𝑚+
𝜉
= 𝑚−

𝑥
= 41 and 𝑚+

𝜂
= 𝑚−

𝑦
= 21 (total 

degrees of freedom 𝑁 = 1722). Linear interpolation of the synthetic receiver data is used when there is no data matching the time 
level of the numerical solution. The final time is set to 𝑇 = 4 and the regularization parameter to 𝛾 = 10−5. The initial guess of the 
seabed is chosen as a straight line, i.e. 𝐩 = [0, 0, ..., 0].

We begin by investigating the accuracy of the gradient (71) by comparing it to the more common, but expensive, finite difference 
approach. Let

(𝐷+ (𝐩))𝑖 =
 (𝐩+Δ𝑝𝐞𝑖) −  (𝐩)

Δ𝑝
, (88)

denote the 𝑖:th component of the gradient vector approximated using first-order finite differences, where 𝐞𝑖 is the vector with a 1 at 
the 𝑖:th element and zeroes elsewhere and Δ𝑝 is the step size of finite difference approximation. Further, let

𝑒(Δ𝑝) =
‖∇𝐩 (𝐩) −𝐷+ (𝐩)‖2‖∇𝐩 (𝐩)‖2 , (89)

denote the relative 𝐿2-error of the finite difference gradient assuming that ∇𝐩 (𝐩) is exact. In Fig. 4, the error 𝑒(Δ𝑝) is plotted against 
Δ𝑝 for various CFL constants 𝑘. The results show that the error initially decreases with a first-order rate, but for small enough Δ𝑝 it 
plateaus at a constant error that decreases for smaller time steps. Hence we have a discretization error in the gradient arising from 
the temporal discretization. For 𝑘 = 0.1, which is what we use in the optimization, the relative error in the gradient is approximately 
1%. For 𝑘 = 0.001 and 𝑘 = 0.0001 and very small Δ𝑝 we also start seeing the effects of cancellation errors in the finite difference 
gradient.

We now turn to the actual optimization. In Fig. 5 the shape of the seabed after 0, 5, 20, and 177 iterations are presented. After 
177 iterations the optimization stops with the chosen tolerance 10−6 . We can conclude that the method manages to reconstruct the 
shape of the seabed accurately with only one source and one receiver, and that a 1% error in the gradient seems sufficiently small 
15

for this problem.
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Fig. 4. Relative error between gradient approximated using finite differences and gradient computed using the adjoint method for varying CFL constants 𝑘.

Fig. 5. Shape of the seabed after 0, 5, 20, and 177 iterations.

5.3. Air horn shape optimization

For the final numerical example, we use a similar setup as in [51], where the shape of the mouth of an acoustic horn is optimized 
to minimize the reflected sound, see Fig. 6. The problem setup, including the domain decomposition and boundary conditions, is 
presented in Fig. 7. On the walls of the horn, Γ𝑊 and Γ𝐻,𝑝, we prescribe fully reflecting homogeneous Neumann boundary conditions. 
At the outflow Γ𝑂 we use first-order accurate outflow boundary conditions. To reduce the computational costs by half, we utilize 
the horizontal symmetry and prescribe symmetry boundary conditions (homogeneous Neumann conditions) at Γ𝑆 . Note that Γ𝐻,𝑝
is parametrized by the optimization parameter 𝑝. At the inflow boundary Γ𝐼 , a time-dependent inflow function is prescribed using 
inhomogeneous Dirichlet boundary conditions. The wave speed is 𝑐 = 340 m/s and the final time 𝑇 = 0.4 s.

The main difference between [51] and the present work is that we solve the acoustic wave equation in the time domain, whereas 
in [51] the optimization is performed in the frequency domain by solving Helmholtz equation. The advantage of our approach is that 
we can use any time-dependent inflow function we wish with very small effects on the computational costs, whereas in the frequency 
16

domain the Helmholtz equation must be solved one frequency at a time for complex signals. However, for simple inflow signals, the 
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Fig. 6. Dimensions of the acoustic horn. The blue section of the horn is subject to shape optimization.

Fig. 7. Discretization of the acoustic horn problem.

approach taken in [51] is likely to be the more computational efficient option. In this work we present results for two inflow functions 
at Γ𝐼 , first a single-frequency 300 Hz signal and then a broadband signal consisting of frequencies between 300 Hz and 400 Hz.

Designing suitable objective functions for optimization problems is a non-trivial task. In [51], a specific inflow boundary condition 
is derived that allows for straightforward computation of reflected waves, i.e. the left-going waves in the horn. In the optimization 
process, the mouth of the horn is modified to minimize the amplitudes of these waves. Here we take inspiration from [51] and design 
an objective function that also indicates left-going waves in the horn, but adapted for time-domain discretizations. This is achieved 
by minimizing the outgoing characteristic 𝑢𝑡 − 𝑐𝐧 ⋅∇𝑢 integrated over the inflow boundary Γ𝐼 and time. Assuming that the flow in the 
17

channel from the inflow boundary to the mouth of the horn is predominately one-dimensional, the boundary integral ‖𝑢𝑡 − 𝑐𝐧 ⋅∇𝑢‖2Γ𝐼
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Fig. 8. Single frequency 300 Hz input signal in time domain (a) and frequency domain (b).

measures the outgoing energy flux at Γ𝐼 . Therefore, minimizing ∫ 𝑇0 ‖𝑢𝑡 − 𝑐𝐧 ⋅∇𝑢‖2Γ𝐼 𝑑𝑡, minimizes the energy attributed to reflected 
waves in the horn. The unregularized optimization problem in the continuous setting then reads

min
𝑝

𝙹(𝑢, 𝑝) = 1
2

𝑇

∫
0

‖𝑢𝑡 − 𝑐𝐧 ⋅∇𝑢‖2Γ𝐼 𝑑𝑡, (90a)

such that

𝑢𝑡𝑡 = 𝑐2Δ𝑢, 𝐱 ∈Ω𝑝, 𝑡 ∈ [0, 𝑇 ],

𝐧 ⋅∇𝑢 = 0, 𝐱 ∈ Γ𝑊 ,Γ𝐻,𝑝,Γ𝑆 , 𝑡 ∈ [0, 𝑇 ],

𝑢 = 𝑔(𝑡), 𝐱 ∈ Γ𝐼 , 𝑡 ∈ [0, 𝑇 ],

𝑢𝑡 + 𝑐𝐧 ⋅∇𝑢 = 0, 𝐱 ∈ Γ𝑂, 𝑡 ∈ [0, 𝑇 ],

𝑢 = 0, 𝑢𝑡 = 0, 𝐱 ∈Ω𝑝, 𝑡 = 0,

(90b)

where 𝑔(𝑡) is the inflow function.
The shape of the mouth of the horn is parametrized by the deviation from a straight line between the two fixed points (0.5, 0.05) and 

(1, 0.3), see Fig. 7a. The problem (90) is discretized using the SBP-P-SAT method described in Section 3, generalized to the multiblock 
setting in Fig. 7. As for the bathymetry problem, the adjoint problem to (90b) is derived which allows for efficient computation of the 
gradient of the loss function  . To regularize the optimization problem we add an additional term to  as described in Section 4.1, 
with regularization parameter 𝛾 = 10−5. To retain space we refrain from presenting the discretization in detail.

Two numerical experiments are performed to evaluate the method. First, we consider the problem with a single frequency input 
signal truncated in time. Explicitly, the input data is given by

𝑔(𝑡) = 𝜎(𝑡− 𝑡0) sin(2𝜋𝑓𝑡), (91)

where 𝑓 = 300 Hz, 𝑡0 = 0.16, and 𝜎(𝑡) is a tapering window function given by Equation (7) in [52], with 𝜖 = 0.3 (smoothness) and 
𝑇 = 0.2 (size of window). The input signal 𝑔(𝑡) is plotted in time and in frequency domain in Fig. 8. The optimal solution (with 
tolerance 10−6) is found after 70 iterations. In Fig. 9a the shape of the horn after 30 and 70 iterations is shown. The solution to the 
forward problem with the optimized shape at 𝑡 = 0.08 s, 𝑡 = 0.15 s, 𝑡 = 0.2 s, and 𝑡 = 0.35 s is plotted in Fig. 10. Note that almost 
no wave propagation is present in the domain at 𝑡 = 0.35 s. To evaluate the properties of the optimized horn the unregularized loss 
(given in (90a)) is computed for a range of input signals, one frequency at a time, and plotted in Fig. 9b. The results show that the 
optimized shape decreases the reflected sound at 300 Hz by more than four orders of magnitude compared to the initial shape.

For the second experiment, we optimize the horn for a broadband signal consisting of frequencies between 300 Hz and 400 Hz. 
The signal is constructed in time domain utilizing sinc functions multiplied by a Gaussian pulse, which results in a near-rectangular 
function in the frequency domain, see Fig. 11. Explicitly, the input data is given by

𝑔(𝑡) = 2
𝑓𝑟 − 𝑓𝑙

𝑒
−( 𝑡−𝑡0

𝜎
)2 (
𝑓𝑙 sinc

(
2𝑓𝑙(𝑡− 𝑡0)

)
− 𝑓𝑟 sinc

(
2𝑓𝑟(𝑡− 𝑡0)

))
, (92)
18

where 𝑡0 = 0.2, 𝜎 = 0.075, 𝑓𝑙 = 300 Hz, 𝑓𝑟 = 400 Hz, and



Journal of Computational Physics 517 (2024) 113347G. Eriksson and V. Stiernström

Fig. 9. Results optimizing for 300 Hz. (a) Shape of the horn for different optimization iterations. (b) Unregularized loss (90a) for varying frequencies.

Fig. 10. Snapshots of the solution to the forward problem with the air horn optimized for 300 Hz.

sinc(𝑡) =

{
sin(𝜋𝑡)
𝜋𝑡

𝑡 ≠ 0
1 𝑡 = 0.

(93)

Note that the computational cost of evaluating the loss and gradient with the broadband input signal is almost identical to the 
costs of that of a single frequency. This is one advantage of solving the problem in the time domain. The optimal solution (with 
tolerance 10−6) is found after 76 iterations. In Fig. 12a and 12b the shape of the horn after 30 and 76 iterations and the unregularized 
loss for varying frequencies are presented, respectively. Once again we can observe that the reflected sound in the frequencies of 
interest is smaller by approximately two orders of magnitude for the horn with an optimized shape as compared to the initial shape.

6. Conclusions

In this paper, we present a method for solving shape optimization problems constrained by the acoustic wave equation using 
19

energy stable finite differences of high-order accuracy with SBP properties. The optimization method is based on the inversion of 
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Fig. 11. Broadband input signal in time domain (a) and frequency domain (b).

Fig. 12. Results optimizing for broadband signal consisting of frequencies between 300 Hz and 400 Hz. (a) Shape of the horn for different optimization iterations.
(b) Unregularized loss (90a) for varying frequencies.

coordinate transformations, where the design domain is transformed to a rectangular reference domain and the resulting metric 
coefficients are optimized to minimize the loss functional. A gradient-based optimization algorithm is used, computing the gradient 
of the loss functional through the adjoint framework. From a numerical point of view, the problem is similar to full waveform 
inversion in seismic imaging, where the objective is to find material parameters in the medium. The problem is solved in the time 
domain, meaning that any time-dependent source and receiver data can be used. Using a combination of weak and strong imposition 
of boundary conditions through the SAT and projection methods, the scheme of the forward problem is shown to be dual consistent.

Three numerical experiments are performed. First, the accuracy of the forward scheme is verified, demonstrating that the expected 
convergence rates are obtained. In the second numerical experiment, we show that the method can be used to reconstruct the shape 
of a seabed with only one source and one receiver close to the surface. In the final numerical experiment, we optimize the shape of 
the mouth of an air horn with the objective of minimizing reflected sound in the horn. For this last example, a complicated source 
function is used consisting of many frequencies to emphasize the advantages of solving the problem in the time domain.

Interesting topics for future research include, e.g., extensions of the method to three spatial dimensions and the impact of more 
sophisticated time-stepping schemes on the convergence behavior of the optimization problem. From a theoretical standpoint, the 
extension to 3D is straightforward, the issues lie in the efficient implementation of the solver and the computation of the gradient. 
Similarly, time integration using a self-adjoint method, e.g., the Runge–Kutta methods presented in [48] or SBP in time [49], is 
20

mostly an implementation challenge. The error study of the adjoint-based gradient in Section 5.2 shows that choosing the time step 
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a factor of 10 below the CFL stability limit (i.e., setting CFL constant 𝑘 = 0.1) results in a 1% relative error attributed to the time 
discretization error. Moreover, the error in the gradient seems to decrease linearly with 𝑘, implying that time steps close to the 
stability limit will result in approximately 10% relative error. Using a self-adjoint time integrator could therefore allow for larger 
time steps without incurring an error. For self-adjoint Runge–Kutta methods, this entails evaluating the time integral in the adjoint-
based gradient using the Runge–Kutta quadrature, thereby requiring storing also the Runge–Kutta stage values of the forward and 
adjoint solutions, resulting in increased memory costs [48]. Whether the benefits of obtaining the exact gradient to the fully discrete 
optimization problem through dual consistency in space and time outweigh the benefits in computational costs of the simpler methods 
remains to be answered.
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Appendix A. Operator derivatives

Note that all operators in Ω+ are independent of 𝐩, hence we only have to consider the operators in Ω−
𝑝

. We shall begin with the 
derivatives of the coordinates of the grid points in Ω−

𝑝
. Using (68), we get

𝜕𝑥𝑖,𝑗

𝜕𝑝𝑖
= 0,

𝜕𝑦𝑖,𝑗

𝜕𝑝𝑖
= 𝐞𝑖 − 𝐞𝑖𝜂𝑗 ,

(A.1)

where 𝐞𝑖 is the 𝑖:th column of 𝐼𝑚Γ𝐼 . We also have the metric derivatives

𝜕𝐗𝜉
𝜕𝑝𝑖

= 𝚍𝚒𝚊𝚐(𝐷−
𝜉

𝜕𝐱
𝜕𝑝𝑖

),
𝜕𝐘𝜉
𝜕𝑝𝑖

= 𝚍𝚒𝚊𝚐(𝐷−
𝜉

𝜕𝐲
𝜕𝑝𝑖

),

𝜕𝐗𝜂
𝜕𝑝𝑖

= 𝚍𝚒𝚊𝚐(𝐷−
𝜂

𝜕𝐱
𝜕𝑝𝑖

),
𝜕𝐘𝜂
𝜕𝑝𝑖

= 𝚍𝚒𝚊𝚐(𝐷−
𝜂

𝜕𝐲
𝜕𝑝𝑖

),
(A.2)

and metric coefficients

𝜕𝐉
𝜕𝑝𝑖

=
𝜕𝐗𝜉
𝜕𝑝𝑖

𝐘𝜂 +𝐗𝜉
𝜕𝐘𝜂
𝜕𝑝𝑖

−
𝜕𝐗𝜂
𝜕𝑝𝑖

𝐘𝜉 −𝐗𝜂
𝜕𝐘𝜉
𝜕𝑝𝑖
,

𝜕𝛼1
𝜕𝑝𝑖

= − 𝜕𝐉
𝜕𝑝𝑖

𝐉−2(𝐗2
𝜂
+𝐘2

𝜂
) + 2𝐉−1(

𝜕𝐗𝜂
𝜕𝑝𝑖

𝐗𝜂 +
𝜕𝐘𝜂
𝜕𝑝𝑖

𝐘𝜂),

𝜕𝛽

𝜕𝑝𝑖
= 𝜕𝐉
𝜕𝑝𝑖

𝐉−2(𝐗𝜉𝐗𝜂 +𝐘𝜉𝐘𝜂) − 𝐉−1(
𝜕𝐗𝜉
𝜕𝑝𝑖

𝐗𝜂 +
𝜕𝐘𝜉
𝜕𝑝𝑖

𝐘𝜂 +𝐗𝜉
𝜕𝐗𝜂
𝜕𝑝𝑖

+𝐘𝜉
𝜕𝐘𝜂
𝜕𝑝𝑖

),

𝜕𝛼2
𝜕𝑝

= − 𝜕𝐉
𝜕𝑝

𝐉−2(𝐗2
𝜉
+𝐘2

𝜉
) + 2𝐉−1(

𝜕𝐗𝜉
𝜕𝑝

𝐗𝜉 +
𝜕𝐘𝜉
𝜕𝑝

𝐘𝜉).

(A.3)
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Using this, we can construct the derivatives of the operators in Ω−
𝑝

as follows

𝜕𝐷−
𝐿

𝜕𝑝𝑖
= − 𝜕𝐉
𝜕𝑝𝑖

𝐉−2(𝐷(𝛼1)
𝜉𝜉

+𝐷−
𝜂
𝛽𝐷−
𝜉
+𝐷−

𝜉
𝛽𝐷−
𝜂
+𝐷(𝛼2)

𝜂𝜂 )

+ 𝐽−1(𝐷
( 𝜕𝛼1
𝜕𝑝𝑖

)

𝜉𝜉
+𝐷−

𝜂

𝜕𝛽

𝜕𝑝𝑖
𝐷−
𝜉
+𝐷−

𝜉

𝜕𝛽

𝜕𝑝𝑖
𝐷−
𝜂
+𝐷

( 𝜕𝛼2
𝜕𝑝𝑖

)
𝜂𝜂 ),

(A.4)

where we have used that

𝜕𝐷
(𝐜(𝐩))
2
𝜕𝑝𝑖

=𝐻−1(−𝑀 ( 𝜕𝐜(𝐩)
𝜕𝑝𝑖

) − 𝑒𝑙𝑒⊤𝑙
𝜕𝐜
𝜕𝑝𝑖
𝑑⊤
𝑙
+ 𝑒𝑟𝑒⊤𝑟

𝜕𝐜
𝜕𝑝𝑖
𝑑⊤
𝑟
) =𝐷

( 𝜕𝐜(𝐩)
𝜕𝑝𝑖

)

2 , (A.5)

since

𝜕𝑀 (𝐜(𝐩))

𝜕𝑝𝑖
=𝐷⊤1𝐻

𝜕𝐜̄
𝜕𝑝𝑖
𝐷1 +𝑅

( 𝜕𝐜(𝐩)
𝜕𝑝𝑖

) =𝑀 ( 𝜕𝐜(𝐩)
𝜕𝑝𝑖

)
, (A.6)

and

𝜕𝑅(𝐜(𝐩))

𝜕𝑝𝑖
=𝑅( 𝜕𝐜(𝐩)

𝜕𝑝𝑖
)
, (A.7)

for any 𝐩-dependent vector 𝐜(𝐩), due to the specific structure of 𝑅(𝐜(𝐩)) (see, e.g., [19,21,20]). We also have

𝜕𝑑−
𝑤

𝜕𝑝𝑖
= 𝑒−
𝑤

𝜕𝐖2
𝜕𝑝𝑖

𝐖−2
2 (𝛼1𝑒−⊤𝑤 𝑒

−
𝑤
𝐷−
𝜉
+ 𝛽𝑒−⊤

𝑤
𝑒−
𝑤
𝐷−
𝜂
)

− 𝑒−
𝑤
𝐖−1

2 (
𝜕𝛼1
𝜕𝑝𝑖
𝑒−⊤
𝑤
𝑒−
𝑤
𝐷−
𝜉
+ 𝜕𝛽
𝜕𝑝𝑖
𝑒−⊤
𝑤
𝑒−
𝑤
𝐷−
𝜂
),

𝜕𝑑−
𝑒

𝜕𝑝𝑖
= −𝑒−

𝑒

𝜕𝐖2
𝜕𝑝𝑖

𝐖−2
2 (𝛼1𝑒−⊤𝑒 𝑒

−
𝑒
𝐷−
𝜉
+ 𝛽𝑒−⊤

𝑒
𝑒−
𝑒
𝐷−
𝜂
)

+ 𝑒−
𝑒
𝐖−1

2 (
𝜕𝛼1
𝜕𝑝𝑖
𝑒−⊤
𝑒
𝑒−
𝑒
𝐷−
𝜉
+ 𝜕𝛽
𝜕𝑝𝑖
𝑒−⊤
𝑒
𝑒−
𝑒
𝐷−
𝜂
),

𝜕𝑑−
𝑠

𝜕𝑝𝑖
= 𝑒−
𝑠

𝜕𝐖1
𝜕𝑝𝑖

𝐖−2
1 (𝛼2𝑒−⊤𝑠 𝑒

−
𝑠
𝐷−
𝜂
+ 𝛽𝑒−⊤

𝑠
𝑒−
𝑠
𝐷−
𝜉
)

− 𝑒−
𝑠
𝐖−1

1 (
𝜕𝛼2
𝜕𝑝𝑖
𝑒−⊤
𝑠
𝑒−
𝑠
𝐷−
𝜂
+ 𝜕𝛽
𝜕𝑝𝑖
𝑒−⊤
𝑠
𝑒−
𝑠
𝐷−
𝜉
),

𝜕𝑑−
𝑛

𝜕𝑝𝑖
= −𝑒−

𝑛

𝜕𝐖1
𝜕𝑝𝑖

𝐖−2
1 (𝛼2𝑒−⊤𝑛 𝑒

−
𝑛
𝐷−
𝜂
+ 𝛽𝑒−⊤

𝑛
𝑒−
𝑛
𝐷−
𝜉
)

+ 𝑒−
𝑛
𝐖−1

1 (
𝜕𝛼2
𝜕𝑝𝑖
𝑒−⊤
𝑛
𝑒−
𝑛
𝐷−
𝜂
+ 𝜕𝛽
𝜕𝑝𝑖
𝑒−⊤
𝑛
𝑒−
𝑛
𝐷−
𝜉
), (A.8)

with

𝜕𝐖1
𝜕𝑝𝑖

=

𝜕𝐗𝜉
𝜕𝑝𝑖

𝐗𝜉 +
𝜕𝐘𝜉
𝜕𝑝𝑖

𝐘𝜉√
𝐗2
𝜉
+𝐘2

𝜉

and
𝜕𝐖2
𝜕𝑝𝑖

=

𝜕𝐗𝜂
𝜕𝑝𝑖

𝐗𝜂 +
𝜕𝐘𝜂
𝜕𝑝𝑖

𝐘𝜂√
𝐗2
𝜂
+𝐘2

𝜂

, (A.9)

and the differentiated inner product matrices

𝜕𝐻̄

𝜕𝑝𝑖
=

[
0 0
0 𝜕𝐻−

𝜕𝑝𝑖

]
, with

𝜕𝐻−

𝜕𝑝𝑖
=𝐻−

𝜉
𝐻−
𝜂

𝜕𝐽

𝜕𝑝𝑖
, (A.10)

and

𝜕𝐻−
𝑤

𝜕𝑝𝑖
=𝐻𝑒𝑤

𝜕𝐖2
𝜕𝑝𝑖
𝑒⊤
𝑤
,
𝜕𝐻−

𝑒

𝜕𝑝𝑖
=𝐻𝑒𝑒

𝜕𝐖2
𝜕𝑝𝑖
𝑒⊤
𝑒
,

𝜕𝐻−
𝑠

𝜕𝑝
=𝐻𝑒𝑠

𝜕𝐖1
𝜕𝑝
𝑒⊤
𝑠
,
𝜕𝐻−

𝑛

𝜕𝑝
=𝐻𝑒𝑛

𝜕𝐖1
𝜕𝑝
𝑒⊤
𝑛
.

(A.11)
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Using this, we get

𝜕𝑆𝐴𝑇𝐵𝐶1

𝜕𝑝𝑖
= 𝜕𝐻̄
𝜕𝑝𝑖
𝐻̄−2

( ∑
𝑘=𝑤,𝑒

[
𝑒+⊤
𝑘
𝐻+
𝑘
𝑑+
𝑘

0
0 𝑒−⊤

𝑘
𝐻−
𝑘
𝑑−
𝑘

]
+
[
0 0
0 𝑒−⊤

𝑠
𝐻−
𝑠
𝑑−
𝑠

])

− 𝐻̄−1
∑
𝑘=𝑤,𝑒

[
0 0
0 𝑒−⊤

𝑘
(
𝜕𝐻−
𝑘

𝜕𝑝𝑖
𝑑−
𝑘
+𝐻−

𝑘

𝜕𝑑−
𝑘

𝜕𝑝𝑖
)

]

− 𝐻̄−1

[
0 0
0 𝑒−⊤

𝑠
( 𝜕𝐻

−
𝑠

𝜕𝑝𝑖
𝑑−
𝑠
+𝐻−

𝑠

𝜕𝑑−𝑠
𝜕𝑝𝑖

)

]
,

(A.12)

𝜕𝑆𝐴𝑇𝐵𝐶2

𝜕𝑝𝑖
= 𝜕𝐻̄
𝜕𝑝𝑖
𝐻̄−2

∑
𝑘=𝑤,𝑒

[
𝑒+⊤
𝑘
𝐻+
𝑘
𝑒+
𝑘

0
0 𝑒−⊤

𝑘
𝐻−
𝑘
𝑒−
𝑘

]

− 𝐻̄−1
∑
𝑘=𝑤,𝑒

[
0 0
0 𝑒−⊤

𝑘

𝜕𝐻−
𝑘

𝜕𝑝𝑖
𝑒−
𝑘

]
,

(A.13)

𝜕𝑆𝐴𝑇𝐼𝐶

𝜕𝑝𝑖
= 𝜕𝐻̄
𝜕𝑝𝑖
𝐻̄−2

[
𝑒+⊤
𝑠
𝐻+
𝑠
𝑑+
𝑠
𝑒+⊤
𝑠
𝐻+
𝑠
𝑑−
𝑛

0 0

]
− 𝐻̄−1

[
0 𝑒+⊤

𝑠
𝐻+
𝑠

𝜕𝑑−𝑛
𝜕𝑝𝑖

0 0

]
,

(A.14)

and

𝜕𝑃

𝜕𝑝𝑖
= 𝜕𝐻̄
𝜕𝑝𝑖
𝐻̄−2𝐿⊤(𝐿𝐻̄−1𝐿⊤)−1𝐿

− 𝐻̄−1𝐿⊤(𝐿𝐻̄−1𝐿⊤)−1𝐿𝜕𝐻̄
𝜕𝑝𝑖
𝐻̄−2𝐿⊤(𝐿𝐻̄−1𝐿⊤)−1𝐿

= 𝑃 𝜕𝐻̄
𝜕𝑝𝑖
𝐻̄−1(𝐼 − 𝑃 ).

(A.15)

We are now ready to write down the equations for 𝜕𝐷
𝜕𝑝𝑖

and 𝜕𝐸
𝜕𝑝𝑖

, we have

𝜕𝐷

𝜕𝑝𝑖
= 𝑐2 𝜕𝑃

𝜕𝑝𝑖

([
𝐷+
𝐿

0
0 𝐷−

𝐿

]
+ 𝑆𝐴𝑇𝐵𝐶1 + 𝑆𝐴𝑇𝐼𝐶

)
𝑃

+ 𝑐2𝑃

([
0 0
0

𝜕𝐷−
𝐿

𝜕𝑝𝑖

]
+
𝜕𝑆𝐴𝑇𝐵𝐶1

𝜕𝑝𝑖
+
𝜕𝑆𝐴𝑇𝐼𝐶

𝜕𝑝𝑖

)
𝑃

+ 𝑐2𝑃
([
𝐷+
𝐿

0
0 𝐷−

𝐿

]
+ 𝑆𝐴𝑇𝐵𝐶1 + 𝑆𝐴𝑇𝐼𝐶

)
𝜕𝑃

𝜕𝑝𝑖
,

(A.16)

and

𝜕𝐸

𝜕𝑝𝑖
= 𝑐 𝜕𝑃
𝜕𝑝𝑖
𝑆𝐴𝑇𝐵𝐶2

𝑃 + 𝑐𝑃
𝜕𝑆𝐴𝑇𝐵𝐶2

𝜕𝑝𝑖
𝑃 + 𝑐𝑃𝑆𝐴𝑇𝐵𝐶2

𝜕𝑃

𝜕𝑝𝑖
. (A.17)

Remark 3. The specific form of 𝜕𝑥𝑖,𝑗
𝜕𝑝𝑖

and 𝜕𝑦𝑖,𝑗
𝜕𝑝𝑖

in (A.1) would allow us to significantly simplify the expressions in (A.2)-(A.17). But, 
23

for clarity and completeness, we present the derivatives of the operators for a general mapping.
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Appendix B. Proof of Lemma 5

Start by considering the first variation of 𝙹 in (2) with respect to the parameterization 𝑝. We have,

𝛿𝙹 = 𝛿
⎛⎜⎜⎝12

𝑇

∫
0

𝑟2 𝑑𝑡
⎞⎟⎟⎠

=

𝑇

∫
0

∫
Ω+

𝑟
𝛿𝑟(𝑢+,𝐱𝑟, 𝑡)
𝛿𝑢+(𝐱, 𝑡)

𝛿𝑢+(𝐱, 𝑡) 𝑑𝐱𝑑𝑡

=

𝑇

∫
0

∫
Ω+

𝑟
𝛿𝑢+(𝐱𝑟, 𝑡)
𝛿𝑢+(𝐱, 𝑡)

𝛿𝑢+(𝐱, 𝑡) 𝑑𝐱𝑑𝑡

=

𝑇

∫
0

∫
Ω+

𝑟𝛿(𝐱 − 𝐱𝑟)𝛿𝑢+(𝐱, 𝑡) 𝑑𝐱𝑑𝑡

=

𝑇

∫
0

(𝑟𝛿(𝐱 − 𝐱𝑟), 𝛿𝑢+)Ω+ 𝑑𝑡,

(B.1)

where 𝑟 = 𝑟(𝑢+, 𝐱𝑟, 𝑡) = 𝑢+(𝐱𝑟, 𝑡) − 𝑢𝑑 (𝑡). The Lagrangian loss functional of (2) is

𝙻 = 𝙹+

𝑇

∫
0

(𝜆+, 𝑢+
𝑡𝑡
− 𝑐2Δ𝑢+ − 𝑓 (𝑡)𝛿(𝐱 − 𝐱𝑠)Ω+ + (𝜆−, 𝑢−

𝑡𝑡
− 𝑐2Δ𝑢−))Ω− 𝑑𝑡. (B.2)

Note that 𝙻 = 𝙹 such that 𝛿𝙻 = 𝛿𝙹 for any 𝑢± satisfying (2b), and we therefore proceed with analyzing 𝛿𝙻. As a first step (B.2) is recast 
into a suitable form through integration by parts, starting with the contribution from Ω+ . Note that 𝛿𝑓 (𝑡)𝛿(𝐱 − 𝐱𝐬) = 0 (since Ω+ is 
independent of 𝑝) and we therefore disregard the point source in the following analysis. Integrating the second term in (B.2) by parts 
in time and space twice results in

𝑇

∫
0

(𝜆+, 𝑢+
𝑡𝑡
− 𝑐2Δ𝑢+)Ω+ 𝑑𝑡 = 𝑉 𝑇 + + 𝐼𝑇 +, (B.3)

where

𝑉 𝑇 + =

𝑇

∫
0

(𝜆+
𝑡𝑡
− 𝑐2Δ𝜆+, 𝑢+)Ω+ 𝑑𝑡, (B.4)

are the volume terms and

𝐼𝑇 + =

𝑇

∫
0

−⟨𝜆+, 𝑐2𝐧+ ⋅∇𝑢+⟩𝛿Ω(+,𝑠) + ⟨𝑐2𝐧+ ⋅∇𝜆+, 𝑢+⟩𝛿Ω(+,𝑠) 𝑑𝑡, (B.5)

are the interface terms. Any boundary terms vanish by the forward and adjoint initial and boundary conditions in (2b), (78). Due to 
the 𝑝-dependency of Ω−

𝑝
, the third term in (B.2) requires a slightly different treatment. Integrating in time twice and space once and 

using the forward and adjoint initial and boundary conditions yields results in

𝑇

∫
0

(𝜆−, 𝑢−
𝑡𝑡
− 𝑐2Δ𝑢−)Ω−

𝑝
𝑑𝑡 = 𝑉 𝑇 − +𝐵𝑇 − + 𝐼𝑇 −, (B.6)

where

𝑉 𝑇 − =

𝑇

∫
0

(𝜆−
𝑡𝑡
, 𝑢−)Ω−

𝑝
+ (∇𝜆−, 𝑐2∇𝑢−)Ω−

𝑝
𝑑𝑡, (B.7)

𝐵𝑇 − =

𝑇 ⟨𝑐𝜆−, 𝑢−⟩ (−,𝑒) + ⟨𝑐𝜆−, 𝑢−⟩ (−,𝑤) 𝑑𝑡, (B.8)
24

∫
0

𝑡 𝜕Ω𝑝 𝑡 𝜕Ω𝑝



Journal of Computational Physics 517 (2024) 113347G. Eriksson and V. Stiernström

and

𝐼𝑇 − =

𝑇

∫
0

−⟨𝜆−, 𝑐2𝐧− ⋅∇𝑢−⟩
𝜕Ω(−,𝑛)
𝑝
𝑑𝑡. (B.9)

𝐵𝑇 − is obtained by using the boundary conditions 𝑐𝐧− ⋅∇𝑢− = 𝑢−
𝑡

and integrating by parts in time, canceling boundary terms using 
the forward and adjoint initial conditions. Adding the interface terms (B.5) and (B.9) (exchanging 𝜕Ω(+,𝑠), 𝜕Ω(−,𝑛)

𝑝 for Γ𝐼 ) yields

𝐼𝑇 = 𝐼𝑇 + + 𝐼𝑇 −

=

𝑇

∫
0

(
−⟨𝜆+, 𝑐2𝐧+ ⋅∇𝑢+⟩Γ𝐼 + ⟨𝑐2𝐧+ ⋅∇𝜆+, 𝑢+⟩Γ𝐼
−⟨𝜆−, 𝑐2𝐧− ⋅∇𝑢−⟩Γ𝐼) 𝑑𝑡

=

𝑇

∫
0

⟨𝑐2𝐧+ ⋅∇𝜆+, 𝑢+⟩Γ𝐼 𝑑𝑡,
(B.10)

where the last equality was obtained using the forward and adjoint interface conditions in (2b), (78). To summarize, we have arrived 
at

𝙻 = 𝙹+ 𝑉 𝑇 + + 𝑉 𝑇 − +𝐵𝑇 − + 𝐼𝑇 , (B.11)

and will now consider 𝛿𝙻.
To start with, by (B.4) 𝛿𝑉 𝑇 + = ∫ 𝑇0 (𝜆+

𝑡𝑡
− 𝑐2Δ𝜆+, 𝛿𝑢+)Ω+ 𝑑𝑡 such that

𝛿(𝙹+ 𝑉 𝑇 +) =

𝑇

∫
0

(𝜆+
𝑡𝑡
− 𝑐2Δ𝜆+ + 𝑟𝛿(𝐱 − 𝐱𝐫 ), 𝛿𝑢+)Ω+ 𝑑𝑡 = 0, (B.12)

due to (B.1) and (78). To obtain 𝛿𝑉 𝑇 −, we first transform (B.7) to the reference domain Ω̃− using (9), (11) and (12), resulting in

𝑉 𝑇 − =

𝑇

∫
0

(
(𝜆−
𝑡𝑡
, 𝐽𝑢−)Ω̃− + 𝑐2(𝜆−

𝜉
, 𝛼1𝑢

−
𝜉
+ 𝛽𝑢−

𝜂
)Ω̃−

+ 𝑐2(𝜆−
𝜂
, 𝛼2𝑢

−
𝜂
+ 𝛽𝑢−

𝜉
)Ω̃−

)
𝑑𝑡.

(B.13)

Taking the first variation, applying the product rule and grouping terms containing 𝛿𝑢− and variations of metric terms (using that 
𝛿𝑢−
𝜉,𝜂

= (𝛿𝑢−)𝜉,𝜂), results in

𝛿𝑉 𝑇 − = 𝑉 𝑇 −
𝛿𝑢
+ 𝑉 𝑇 −

𝛿𝑋
, (B.14)

with

𝑉 𝑇 −
𝛿𝑢
=

𝑇

∫
0

(
(𝜆−
𝑡𝑡
, 𝐽𝛿𝑢−)Ω̃− + 𝑐2(𝜆−

𝜉
, 𝛼1(𝛿𝑢−)𝜉 + 𝛽(𝛿𝑢−)𝜂)Ω̃−

+ 𝑐2(𝜆−
𝜂
, 𝛼2(𝛿𝑢−)𝜂 + 𝛽(𝛿𝑢−)𝜉)Ω̃−

)
𝑑𝑡, (B.15)

and

𝑉 𝑇 −
𝛿𝑋

=

𝑇

∫
0

(
(𝜆−
𝑡𝑡
, 𝛿𝐽𝑢−)Ω̃− + 𝑐2(𝜆−

𝜉
, 𝛿𝛼1𝑢

−
𝜉
+ 𝛿𝛽𝑢−

𝜂
)Ω̃−

+ 𝑐2(𝜆−
𝜂
, 𝛿𝛼2𝑢

−
𝜂
+ 𝛿𝛽𝑢−

𝜉
)Ω̃−

)
𝑑𝑡.

(B.16)

Integrating 𝑉 𝑇 −
𝛿𝑢

in (B.15) by parts, raising 𝛿𝑢−, and transforming back to the physical domain yields

𝑉 𝑇 −
𝛿𝑢
=

𝑇

∫
0

(𝜆−
𝑡𝑡
− 𝑐2Δ𝜆−, 𝛿𝑢−)Ω−

𝑝
+ ⟨𝑐2𝐧− ⋅∇𝜆−, 𝛿𝑢−⟩𝜕Ω−

𝑝
𝑑𝑡

(B.17)
25

= 𝐵𝑇 −
𝛿𝑢
+ 𝐼𝑇 −

𝛿𝑢
,
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where (78) is used to cancel the volume and boundary terms such that the remaining terms are

𝐵𝑇 −
𝛿𝑢
=

𝑇

∫
0

⟨𝑐2𝐧− ⋅∇𝜆−, 𝛿𝑢−⟩Ω(−,𝑤)
𝑝

+ ⟨𝑐2𝐧− ⋅∇𝜆−, 𝛿𝑢−⟩Ω(−,𝑒)
𝑝
𝑑𝑡, (B.18)

and

𝐼𝑇 −
𝛿𝑢

=

𝑇

∫
0

⟨𝑐2𝐧− ⋅∇𝜆−, 𝛿𝑢−⟩Γ𝐼 𝑑𝑡. (B.19)

For 𝑉 𝑇 −
𝛿𝑋

in (B.16) we integrate by parts, raising 𝜆−, resulting in

𝑉 𝑇 −
𝛿𝑋

= 𝑉 −
𝑉 𝑇

+𝐵𝑇 −
𝛿𝑋
, (B.20)

where

𝑉 −
𝑉 𝑇

=

𝑇

∫
0

𝑐2(𝜆−, 𝛿𝐽Δ𝑢− − (𝛿𝛼1𝑢−𝜉 + 𝛿𝛽𝑢
−
𝜂
)𝜉 − (𝛿𝛼2𝑢−𝜂 + 𝛿𝛽𝑢

−
𝜉
)𝜂)Ω̃− 𝑑𝑡, (B.21)

and

𝐵𝑇 −
𝛿𝑋

=

𝑇

∫
0

𝑐2
(⟨𝜆−, 𝛿𝛼1𝑢−𝜉 + 𝛿𝛽𝑢−𝜂 ⟩𝜕Ω̃(−,𝑒)

−⟨𝜆−, 𝛿𝛼1𝑢−𝜉 + 𝛿𝛽𝑢−𝜂 ⟩𝜕Ω̃(−,𝑤)

+⟨𝜆−, 𝛿𝛼2𝑢−𝜂 + 𝛿𝛽𝑢−𝜉 ⟩𝜕Ω̃(−,𝑛)

−⟨𝜆−, 𝛿𝛼2𝑢−𝜂 + 𝛿𝛽𝑢−𝜉 ⟩𝜕Ω̃(−,𝑠)

)
𝑑𝑡.

(B.22)

To obtain (B.21) we used 𝑢−
𝑡𝑡
= 𝑐2Δ𝑢− (where Δ𝑢− is given by (10)) to substitute the second derivative in time. Focusing on the 

remaining boundary terms, we return to (B.8) and transform to the reference domain

𝐵𝑇 − =

𝑡

∫
0

⟨𝜆−
𝑡
, 𝑐𝑊1𝑢

−⟩𝜕Ω̃(−,𝑒) + ⟨𝜆−
𝑡
, 𝑐𝑊1𝑢

−⟩𝜕Ω̃(−,𝑤) 𝑑𝑡. (B.23)

By the product rule 𝛿(𝑊1𝑢
−) = 𝛿𝑊1𝑢

− +𝑊1𝛿𝑢
−, it follows that

𝛿𝐵𝑇 − =

𝑇

∫
0

(⟨𝜆−
𝑡
, 𝑐𝛿𝑊1𝑢

−⟩𝜕Ω̃(−,𝑒) + ⟨𝜆−
𝑡
, 𝑐𝛿𝑊1𝑢

−⟩𝜕Ω̃(−,𝑤)

+⟨𝑐𝜆−
𝑡
, 𝛿𝑢−⟩𝜕Ω(−,𝑒) + ⟨𝑐𝜆−

𝑡
, 𝛿𝑢−⟩𝜕Ω(−,𝑤)

)
𝑑𝑡,

(B.24)

where the two latter terms are transformed back to the physical domain. Considering 𝐵𝑇 −
𝛿𝑢

+ 𝛿𝐵𝑇 − (given by (B.18), (B.24)) the 
terms on the physical domain cancel since by the adjoint outflow conditions in (78), ⟨𝜆−

𝑡
+ 𝑐𝐧− ⋅∇𝜆−, 𝛿𝑢−⟩𝜕Ω(−,𝑤) = 0 due to 𝜆𝜏 = −𝜆𝑡

(and similar for the east boundary). Additionally including the term 𝐵𝑇 −
𝛿𝑋

in (B.22), the variation of the boundary terms are

𝑉 −
𝐵𝑇

=𝐵𝑇 −
𝛿𝑋

+𝐵𝑇 −
𝛿𝑢
+ 𝛿𝐵𝑇 − =

𝑇

∫
0

(
𝑐2(⟨𝜆−, 𝛿𝛼1𝑢−𝜉 + 𝛿𝛽𝑢−𝜂 ⟩𝜕Ω̃(−,𝑒) − ⟨𝜆−, 𝛿𝛼1𝑢−𝜉 + 𝛿𝛽𝑢−𝜂 ⟩𝜕Ω̃(−,𝑤) )

+𝑐2(⟨𝜆−, 𝛿𝛼2𝑢−𝜂 + 𝛿𝛽𝑢−𝜉 ⟩𝜕Ω̃(−,𝑛) − ⟨𝜆−, 𝛿𝛼2𝑢−𝜂 + 𝛿𝛽𝑢−𝜉 ⟩𝜕Ω̃(−,𝑠) )

+𝑐(⟨𝜆−
𝑡
, 𝛿𝑊1𝑢

−⟩𝜕Ω̃(−,𝑤) + ⟨𝜆−
𝑡
, 𝛿𝑊1𝑢

−⟩𝜕Ω̃(−,𝑒) )
)
𝑑𝑡. (B.25)

For the variation of interface terms, first note that by (B.10) 𝛿𝐼𝑇 = (𝑐2𝐧+ ⋅∇𝜆+, 𝛿𝑢+)Γ𝐼 . Then by (B.19), 𝛿𝐼𝑇 + 𝐼𝑇 −
𝛿𝑢

= 0, due to 
the forward and adjoint interface conditions of (2b) and (78). We have therefore arrived at 𝛿𝙻 = 𝑉 −

𝑉 𝑇
+ 𝑉 −

𝐵𝑇
, given by (B.21), and 

(B.25). Grouping terms in 𝑉 −
𝑉 𝑇

, and 𝑉 −
𝐵𝑇

by inner products with 𝜆− and 𝜆−
𝑡

and transforming back to the physical domain results in

𝛿𝙻 = 𝑉𝜆 + 𝑉𝜆𝑡 , (B.26)
26

where
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𝑉𝜆 = −𝑐2
(
−(𝜆−, 𝐽−1𝛿𝐽Δ𝑢−)Ω−

+(𝜆−, 𝐽−1((𝛿𝛼1𝑢−𝜉 + 𝛿𝛽𝑢
−
𝜂
)𝜉 + (𝛿𝛼2𝑢−𝜂 + 𝛿𝛽𝑢

−
𝜉
)𝜂))Ω−

−⟨𝜆−,𝑊 −1
1 (𝛿𝛼1𝑢−𝜉 + 𝛿𝛽𝑢

−
𝜂
)⟩𝜕Ω(−,𝑒)

+⟨𝜆−,𝑊 −1
1 (𝛿𝛼1𝑢−𝜉 + 𝛿𝛽𝑢

−
𝜂
)⟩𝜕Ω(−,𝑤)

−⟨𝜆−,𝑊 −1
2 (𝛿𝛼2𝑢−𝜂 + 𝛿𝛽𝑢

−
𝜉
)⟩𝜕Ω(−,𝑛)

+⟨𝜆−,𝑊 −1
2 (𝛿𝛼2𝑢−𝜂 + 𝛿𝛽𝑢

−
𝜉
)⟩𝜕Ω(−,𝑠)

)
,

(B.27)

and

𝑉𝜆𝑡
=𝑐

(⟨𝜆−
𝑡
,𝑊 −1

1 𝛿𝑊1𝑢
−⟩𝜕Ω(−,𝑒) + ⟨𝜆−

𝑡
,𝑊 −1

1 𝛿𝑊1𝑢
−⟩𝜕Ω(−,𝑤)

)
. (B.28)

Since 𝛿𝙹 = 𝛿𝙻 = 𝑉𝜆 + 𝑉𝜆𝑡 , we arrive at 𝛿𝙹
𝛿𝑝

= 𝛿𝙻
𝛿𝑝

=𝐺𝜆 +𝐺𝜆𝑡 , i.e., (79). This completes the proof.
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