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ABSTRACT
In this paper, we consider the class of mathematical pro-
grammes with complementarity constraints (MPCC). Specifi-
cally, we focus on strong stability of M- and S-stationary points
forMPCC. Kojima introduced this concept for standard nonlin-
ear optimization problems. It refers to several well-posedness
properties of the underlying problem. Besides its topological
definition, the challenge is to state an algebraic characteri-
zation of strong stability. We obtain such a description for
S-stationary points whose components of Lagrange vectors
corresponding to bi-active constraints do not mutually van-
ish. We call these points weakly nondegenerate. Moreover, we
show that a particular constraint qualification is necessary for
strong stability.
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1. Introduction

In this paper, we consider the following mathematical programme with comple-
mentarity constraints (MPCC):

min
x∈M[r,s]

f (x) (1)

with

M[r, s] = {
x ∈ R

n| min{rl(x), sl(x)} = 0, l ∈ L
}
,

where L is a finite set and all describing functions f : R
n → R and rl, sl : R

n →
R, l ∈ L, are assumed to be twice continuously differentiable. We skip additional
equality and inequality constraints to focus on the structure raised by comple-
mentarity constraints. If sl(x) = 1 for some l ∈ L, then rl(x) can be treated as an
equality constraint. Generalizing our results by including inequality constraints
is laborious but technically not challenging.
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There are many applications forMPCC. we refer e.g. to the classical references
[1–3]. Furthermore, we refer to applications in engineering, bilevel optimiza-
tion, dynamic optimization, structure design, optimal control and stochastic
programmes [4–8].

In this paper, we centre our attention on strong stability for MPCC. Strong sta-
bility is a desirable quality feature of some stationary points, ensuring that they
are not affectedmuch if the problem slightly changes. This guarantee is relevant in
parametric optimization and sensitivity analysis. The property was introduced by
Kojima [9] for standard nonlinear optimization problems. It holds at a certain sta-
tionary point if each sufficiently small perturbed problem has a stationary point
that is locally unique and approaches that of the unperturbed problem as the
perturbation becomes negligible. This concept applies to situationswhere the val-
ues of perturbations, along with their first and second derivatives, are considered
without requiring them to depend on real parameters. Notably, if we only allow
small linear and quadratic perturbations, we can readily use results on strong sta-
bility. The topological description given by Kojima can be used analogously for
MPCC. However, the challenge lies in finding an algebraic characterization of
this property.

Unlike the uniquely defined notion of a stationary point of a standard non-
linear optimization problem, there are several stationarity concepts for MPCC;
among them are C-, M- and S-stationarity, see e.g. [10–12]. Next, we refer to
some related results. In [13], an algebraic characterization of a strongly stable C-
stationary point of MPCC is presented under the assumption that MPCC-LICQ
is fulfilled. Recall thatMPCC-LICQholds if the gradients of the active constraints
at the point under consideration are linearly independent. Moreover, we refer
to [14–16] for analogous results when MPCC-LICQ is not satisfied. In [17], an
algebraic characterization of strongly stable M- and S-stationary points under
MPCC-LICQ is presented.

The area of MPCC has been actively studied over the recent three decades.
Next, we mention some related references in addition to those cited above. In
[18], MPCC is numerically solved as a standard nonlinear programme. Estab-
lishing global convergence to S-stationary points, an elastic mode approach and
an interior-penalty method are presented in [19, 20], respectively. In [21], MPCC
is smoothed by a lift onto a smooth manifold. The convergence properties of
relaxation methods for MPCCs are revisited in [22]. We refer to [23] where
sequential optimality conditions for MPCC are discussed together with some
algorithmic consequences.Moreover, in [24] the authors discuss the convergence
of regularization methods for MPCCs with approximate sequences of stationary
points.

Wenowhighlight the generic property of nondegeneracy introduced in [25] for
so-called critical points. Nondegeneracy is fulfilled at a critical point if MPCC-
LICQ holds, the components of the Lagrange vector corresponding to bi-active
constraints are nonzero, and the Hessian of the Lagrange function is nonsingular
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on a certain tangent space. It is well known that nondegeneracy is a sufficient
condition for strong stability, see e.g. [13, Corollary 3.2] and [12, Theorem 11].
However, we will introduce a weaker property to characterize strong stability:
weak nondegeneracy. Although this concept is given for S-stationary points, it
is mainly motivated by [17, Theorem 3.1] and [13, Theorem 4.1] where it plays
an essential role in the description of strong stability of C-, M- and S-stationary
points. There, this notion is implicitly used without giving it a particular name.
Roughly speaking, an S-stationary point is weakly nondegenerate if at least one
of the components of each Lagrange vector corresponding to bi-active con-
straints does not vanish. Obviously, nondegeneracy implies weak nondegeneracy.
However, in general,MPCC-LICQdoes not hold atweakly nondegenerate points.

Altogether, the goal of this paper is threefold:

• To characterize the interplay between stability properties of weakly nondegen-
erate S-stationary points when considered as M-stationary points.

• To show that a constraint qualification of Mangasarian-Fromovitz type, called
M-MFCQ, is necessary for the strong stability of weakly nondegenerate S-
stationary points.

• To provide an algebraic characterization of strongly stable weakly nondegen-
erate S-stationary points.

The remainder of this paper is divided into four sections. The next section
contains basic notations, preliminary results and some properties of standard
nonlinear optimization problems. Section 3 recollects the concepts of M- and
S-stationarity for MPCC and discusses several relations between these two con-
cepts. In particular, it introduces the notions of weak nondegeneracy and basic
Lagrange vector. In Section 4, we show that M-MFCQ is a necessary condition
for the strong stability of a weakly nondegenerate point. Section 5 contains the
main contribution of this work: a topological and algebraic characterization of a
strongly stable weakly nondegenerate S-stationary point.

2. Preliminaries

In this section, we present several notations used later. A substantial part of it is
mainly taken from [26]. For w ∈ R

n, always considered as a column vector, let
wi ∈ R, i = 1, . . . , n denote its components and define the index sets

I0(w) = {i ∈ {1, . . . , n}|wi = 0},
I∗(w) = {i ∈ {1, . . . , n}|wi �= 0}.

Given x̄, x ∈ R
n, let 〈x̄, x〉 denote the scalar product of the vectors x̄ and x; more-

over, ‖x‖ stands for the Euclidean normof x, that is, ‖x‖ = √〈x, x〉. Furthermore,
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for δ > 0 let

Bn(x̄, δ) = {
x ∈ R

n| ‖x − x̄‖ ≤ δ
}
.

We abbreviate the sentence ‘V is a neighbourhood of x̄’ by letting V(x̄) be the set
of all neighbourhoods of x̄ and then simply stating ‘V ∈ V(x̄) ’.

Let Ck(Rn,Rm) be the space of k−times continuously differentiable mappings
with domainR

n and codomain R
m. For f ∈ C2(Rn,R) denote the partial deriva-

tive of f at x̄ ∈ R
n with respect to xi by

∂f (x̄)
∂xi , i = 1, . . . , n. In addition, Dxf (x̄)

stands for its gradient taken as a row vector and D2
xf (x̄) for its Hessian at x̄.

Moreover, for F ∈ C2(Rn,Rm) let DxF(x̄) ∈ R
m×n be its Jacobian at x̄. By R

n+,
we denote the n-dimensional nonnegative orthant.

To apply the concept of strong stability, we need a seminorm formappings. Let
V ∈ V(x̄) and G ∈ C2(Rn,Rm). Following [9], denote

‖G‖V = max
{
sup
x∈V

max
i

{|Gi(x)|} , sup
x∈V

max
i,j

{∣∣∣∣∂Gi(x)
∂xj

∣∣∣∣
}
, sup
x∈V

max
i,j,k

{∣∣∣∣∂2Gi(x)
∂xj∂xk

∣∣∣∣
}}
(2)

where the indices i and j, k are varying in the sets {1, . . . ,m} and {1, . . . , n},
respectively.

For O ⊂ R
n, let convO, intO and O⊥ denote its convex hull, its interior and

its orthogonal complement, respectively. If O is convex, then extO is the set of its
extreme points. If O is finite, let |O| denote its cardinality.

Let R
m×n denote the set of all m × nmatrices and A ∈ R

m×n. The transpose
of A is denoted by At and the linear subspace

kerA = {x ∈ R
n|Ax = 0}

is the kernel of A. The following lemma is an obvious adaptation of well-known
results from convex analysis.

Lemma 2.1: Let A ∈ R
m×n, a1, . . . , an ∈ R

m be the columns of A, b ∈ R
m, I1 ⊂

{1, . . . , n}, I2 = {1, . . . , n} \ I1 and
A = {

v ∈ R
n|Av = b, vi ≥ 0, i ∈ I1

}
.

Then, the following conditions hold:

(i) v0 ∈ extA if and only if the vectors

ai, i ∈ [I1 ∩ I∗(v0)] ∪ I2 (3)

are linearly independent.
(ii) If the vectors ai, i ∈ I2 are linearly independent, then for each v ∈ A there

exists v0 ∈ extA with I∗(v0) ∩ I1 ⊂ I∗(v).
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Proof: The proof of (i) is analogous to that of [27, Proposition 3.3.3]. For proving
(ii), let v ∈ A. Following the argument in the proof of Carathéodory’s theorem,
we obtain v0 ∈ Awith I∗(v0) ∩ I1 ⊂ I∗(v) such that the vectors in (3) are linearly
independent. From (i) we get v0 ∈ extA. �

If E ⊂ R
n is a linear subspace and A ∈ R

n×n a symmetric matrix, then A is
called positive definite on E if

vtAv > 0

for all v ∈ E \ {0}, which is denoted by A|E � 0. When E = R
n, we simply write

A � 0. We use the convention A|{0} � 0.
Let � : R

n ⇒ R
m be a set-valued mapping. The sets dom� = {z ∈

R
n| �(z) �= ∅} and

gr� = {(z,�(z))| z ∈ dom�}
are the domain and the graph of � , respectively. If the set gr� is closed, then �

is said to be a closed set-valued mapping.
In this paper, we considerM- and S-stationary points ofMPCC as well as their

relation to stationary points of a certain standard nonlinear programme. For the
sake of generality and, particularly, for using the results in [26], we consider the
following generalized equation:

Find x ∈ R
n such that Dxf (x) = θ tDxF(x) for some θ ∈ �(F(x)), (4)

where f ∈ C2(Rn,R), F ∈ C2(Rn,Rm) and � : R
m ⇒ R

m is a cone-valued map-
ping. The set�(x) can be empty or nonconvex for some x ∈ R

n. To Problem (4),
we associate the mapping P� : C2(Rn,Rm+1) → C2(Rn,Rm+1) × {�} given by

P�(f , F) = (f , F,�),

which fixes �, and allows f and F to vary freely. Note that P� is a bijection and
that elements in its image identify instances of Problem (4). Due to the latter, and
for simplicity, we abuse language and refer to P = P�(f , F) as the problem under
consideration.

Definition 2.2: Let P = P�(f , F).

(i) A point x ∈ R
n is called a Fritz John point for P if

θ0Dxf (x) = θ tDxF(x)

for some (θ0, θ) ∈ [R+ × �(F(x))] \ {0}. The set of Fritz John points for P
is denoted by �f (P).

(ii) A point x ∈ R
n that solves Problem (4) is called a stationary point for P. The

set of stationary points for P is denoted by �(P).
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The three stationarity concepts mentioned above can be characterized by
Definition 2.2 choosing � accordingly. Furthermore, for x ∈ R

n and P =
P�(f , F) define the set of Lagrange vectors as

L(P, x) = {
θ ∈ �(F(x))|Dxf (x) = θ tDxF(x)

}
.

In particular, it holds that x ∈ �(P) if and only if L(P, x) �= ∅. Next, we recall
two generalized constraint qualifications, see [26].

Definition 2.3: We say that the Generalized Linear Independence constraint
qualification (GLICQ) holds at x for F if

kerDxF(x)t ∩ span�(F(x)) = {0}.

Definition 2.4: We say that the Generalized Mangasarian-Fromovitz constraint
qualification (GMFCQ) holds at x for F if

kerDxF(x)t ∩ �(F(x)) ⊂ {0}.

Note that Definitions 2.3 and 2.4 are given for any x ∈ R
n, and that span∅ =

{0}. In particular, both GLICQ andGMFCQ hold at x for F whenever�(F(x)) =
∅. Moreover, if no confusion is possible, we say that a constraint qualification
holds at x for P = P�(f , F) if it holds at x for F.

Since the mapping P� is a bijection, it naturally provides the set
C2(Rn,Rm+1) × {�} with the same structure as that of C2(Rn,Rm+1). In par-
ticular, given x̄ ∈ R

n, V ∈ V(x̄) and P = P�(f , F), we can define

‖P‖V = ‖(f , F)‖V ,
where the right-hand-side is obtained from (2) by choosing G = (f , F). Fur-
thermore, let f̄ ∈ C2(Rn,R) and F̄ ∈ C2(Rn,Rm). For P̄ = P�(f̄ , F̄) and δ > 0
define

BV(P̄, δ) = {P| ‖P − P̄‖V ≤ δ},
and letWV(P̄) denote the set of all neighbourhoods of P̄.

Throughout this paper, we use an overline as a notation when considering
a particular item. For instance, x̄ and P̄ are sometimes the point and the prob-
lem under consideration, respectively. In those cases, x and P denote elements
sufficiently close to x̄ and P̄, respectively.

Note that if � is closed, GMFCQ is related to the boundedness of Lagrange
vectors after arbitrary sufficiently small perturbations.

Theorem 2.5 ([26, Theorem 4.3]): Assume that � is closed. Then, the following
two conditions are equivalent.
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(i) GMFCQ holds at x̄ for P̄.
(ii) There exist V ∈ V(x̄), W ∈ WV(P̄) and a compact set Q ⊂ R

m such that

L(P, x) ⊂ Q

for all x ∈ V and all P ∈ W.

Next, we present two stability concepts given in [26] for generalized equations.
Note that the first one is a generalization of that introduced by Kojima [9].

Definition 2.6: Let P̄ = P�(f̄ , F̄). A point x̄ ∈ �(P̄) is called strongly stable if
there exists a real number δ̄ > 0 such that for each δ ∈ (0, δ̄] there exists a real
number ε > 0 such that for every P ∈ BBn(x̄,δ̄)(P̄, ε) it holds that

|�(P) ∩ Bn(x̄, δ̄)| = |�(P) ∩ Bn(x̄, δ)| = 1.

The set of strongly stable stationary points for P̄ is denoted by �s(P̄).

Definition 2.7: Let P̄ = P�(f̄ , F̄). A point x̄ ∈ �(P̄) is called weakly stable if
there exist real numbers δ̄ > 0 and ε̄ > 0 such that for every P ∈ BBn(x̄,δ̄)(P̄, ε̄)
it holds that

|�(P) ∩ Bn(x̄, δ̄)| = 1.

The set of weakly stable stationary points for P̄ is denoted by �w(P̄).

Note that in Definitions 2.6 and 2.7, the problem under consideration is P̄,
and the problem resulting from a sufficiently small perturbation is denoted by P.
Obviously, it holds that

�s(P̄) ⊂ �w(P̄),

that is, the property defined in Definition 2.7 is weaker than that defined in
Definition 2.6. The following result presents a necessary condition for weak
stability.

Theorem2.8 ([26, Theorem3.19]): If x̄ ∈ �w(P̄), then there exist V ∈ V(x̄) and
W ∈ WV(P̄) such that

�(P) ∩ V = �f (P) ∩ V

for all P ∈ W.

For later use, in the remainder of this section we recollect several concepts
related to a standard nonlinear programme (NLP) with finitely many equality
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and inequality constraints given as

min
x∈Msn[h,g]

f (x),

where

Msn[h, g] =
{
x ∈ R

n
∣∣∣∣hi(x) = 0, i ∈ I,
gj(x) ≥ 0, j ∈ J

}

with finite index sets I and J as well as functions f ∈ C2(Rn,R), hi ∈
C2(Rn,R), i ∈ I and gj ∈ C2(Rn,R), j ∈ J. The problem of finding a stationary
point for NLP can be written as in (4) by letting

F(x) =
(
hi(x), i ∈ I
gj(x), j ∈ J

)
,

�sn(yh, yg) =
{

R
|I| × (R

|J|
+ ∩ {yg}⊥), if yhi = 0, i ∈ I, ygj ≥ 0, j ∈ J

∅, otherwise
,

where yh ∈ R
|I| and yg ∈ R

|J|. For simplicity of notation, denote the mapping
P�sn

by Psn. Note that for x ∈ Msn[h, g] and Psn = Psn(f , h, g), GLICQ and
GMFCQ are simply the well-known LICQ and MFCQ for standard nonlinear
programmes, respectively. Let J0g (x) = {j ∈ J| gj(x) = 0}. We recall that:

• The Linear Independence constraint qualification (LICQ) holds at x for Psn if
the vectors

Dxhi(x), i ∈ I, Dxgj(x), j ∈ J0g (x)

are linearly independent.
• TheMangasarian-Fromovitz constraint qualification (MFCQ) holds at x forPsn

if the vectors

Dxhi(x), i ∈ I

are linearly independent and there exists v ∈ R
n such that

Dxhi(x)v = 0, i ∈ I, Dxgj(x)v > 0, j ∈ J0g (x).

In the remainder of this section, let Psn = Psn(f , h, g) and P̄sn = Psn(f̄ , h̄, ḡ).
For x ∈ R

n, λ ∈ R
|I| and μ ∈ R

|J|, let

Lsn(x, λ,μ) = f (x) −
∑
i∈I

λihi(x) −
∑
j∈J

μjgj(x)

be the Lagrange function for Psn. In particular, let L̄sn denote the Lagrange func-
tion for P̄sn. Note that if x ∈ �(Psn), then Dx Lsn(x, λ,μ) = 0 for some (λ,μ) ∈
�sn(h(x), g(x)), that is, (λ,μ) ∈ L(Psn, x).
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Next, we present two auxiliary results under the assumption thatMFCQ holds
at the stationary point x̄ for ¯Psn. The first one characterizes a property of Lagrange
vectors after a sufficiently small perturbation. The second one states that, under
MFCQ, a lack of strong stability implies locally a bifurcation of stationary points
for a particular sequence of problems.

Lemma 2.9: Let x̄ ∈ �(P̄sn) and assume that MFCQ holds at x̄ for P̄sn. Then,
there exists V̄ ∈ V(x̄) such that for every V ∈ V(x̄) with V ⊂ V̄ there exists W ∈
WV(P̄sn) such that for all Psn ∈ W, x ∈ V ∩ �(Psn) and each (λ,μ) ∈ L(Psn, x)
it holds that

I∗(μ̄) ⊂ I∗(μ)

for some (λ̄, μ̄) ∈ extL(P̄sn, x̄).

Proof: By Theorem 2.5 and a continuity argument, there exists V̄ ∈ V(x̄) such
that for every V ∈ V(x̄) with V ⊂ V̄ there existsW ∈ WV(P̄sn) such that for all
Psn ∈ W, x ∈ V ∩ �(Psn) and each (λ,μ) ∈ L(Psn, x) it holds that

I∗(μ̄) ⊂ I∗(μ)

for some (λ̄, μ̄) ∈ L(P̄sn, x̄). An application of Lemma 2.1 yields the desired
result. �

Lemma 2.10: Let x̄ ∈ �(P̄sn) and assume that MFCQ holds at x̄ for P̄sn. If x̄ �∈
�s(P̄sn), then there exist sequences xk,1, xk,2 and Pk with xk,1 �= xk,2, xk,1 → x̄,
xk,2 → x̄, {xk,1, xk,2} ⊂ �(Pk), and ‖Pk − P̄sn‖V → 0 for every bounded V ∈
V(x̄).

Proof: Analogously to the proofs of both [9, Corollary 4.3] and the ‘only if’
part of [9, Theorem 7.2], a sequence Pk is obtained by adding sufficiently small
quadratic perturbations to the functions describing P̄sn. Thus, it holds that
‖Pk − P̄sn‖V → 0 for every bounded V ∈ V(x̄). Moreover, by the aforemen-
tioned proofs, there exist sequences xk,1, xk,2 and Pk with xk,1 �= xk,2, xk,1 → x̄,
xk,2 → x̄, {xk,1, xk,2} ⊂ �(Pk), which completes the proof. �

We end this section by recalling Kojima’s well-known algebraic characteri-
zation of strong stability when MFCQ holds but LICQ does not hold. For x̄ ∈
�(P̄sn) and (λ̄, μ̄) ∈ L(P̄sn, x̄) let

Tx̄(h̄, ḡ, λ̄, μ̄) =
{
v ∈ R

n
∣∣∣∣Dxh̄i(x̄)v = 0, i ∈ I,
Dxḡj(x̄)v = 0, j ∈ I∗(μ̄)

}

be the corresponding tangent space.
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Theorem2.11 ([9, Theorem7.2]): Let x̄ ∈ �(P̄sn) and assume thatMFCQholds
and that LICQ does not hold at x̄ for P̄sn. Then, the following two conditions are
equivalent:

(i) x̄ ∈ �s(P̄sn).
(ii) For all (λ̄, μ̄) ∈ extL(P̄sn, x̄) it holds that

D2
xL̄

sn(x̄, λ̄, μ̄)|Tx̄(h̄,ḡ,λ̄,μ̄) � 0.

3. Stationarity concepts and basic Lagrange vectors

In this section, we consider a mathematical programme with complementarity
constraints as defined in (1). We give special attention to M- and S-stationarity,
and present the notion of a basic Lagrange vector. For a feasible point x ∈ M[r, s]
define the following active index sets:

Īr(x) = {l ∈ L| rl(x) = 0} ,
Īs(x) = {l ∈ L| sl(x) = 0} ,
Ir(x) = {l ∈ L| rl(x) = 0, sl(x) > 0} ,
Is(x) = {l ∈ L| rl(x) > 0, sl(x) = 0} ,
Irs(x) = {l ∈ L| rl(x) = 0, sl(x) = 0} .

By definition, the Linear Independence constraint qualification for MPCC
(MPCC-LICQ) is fulfilled at x for (r, s) if the vectors

Dxrl(x), l ∈ Īr(x), Dxsl(x), l ∈ Īs(x)

are linearly independent. Next, we recall the concepts of M- and S-stationarity,
see e.g. [11, 12].

Definition 3.1 (M- and S-stationarity): A point x̄ ∈ M[r, s] is called an
M-stationary point for Problem (1) if there exists (ρ, σ) ∈ R

2l such that

Dx Lcc(x̄, ρ, σ) = 0, (5)

ρl · rl(x̄) = σl · sl(x̄) = 0, l ∈ L,

ρl > 0, σl > 0 or ρl · σl = 0, l ∈ L, (6)

where

Lcc(x, ρ, σ) = f (x) −
∑
l∈L

[ρlrl(x) + σlsl(x)]

is the so-calledMPCC-Lagrange function. Moreover, a point x̄ ∈ M[r, s] is called
an S-stationary point for Problem (1) if there exists (ρ, σ) ∈ R

2l such that (5)
and (6) hold, and that ρl ≥ 0, σl ≥ 0, l ∈ Irs(x̄).
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Now, we characterize the relation between Definitions 2.2 and 3.1 by using
appropriate describing functions and cone-valued mappings. Let F = (r, s), θ =
(ρ, σ) ∈ R

2|L|, y = (yr, ys) ∈ R
2|L| and

�M(yr, ys) =
{


M(yr, ys), if min{yrl , ysl } = 0, l ∈ L
∅, otherwise

,

where


M(yr, ys) =
{
(ρ, σ) ∈ R

2|L|
∣∣∣∣yrl · ρl = ysl · σl = 0, l ∈ L,
ρl > 0, σl > 0 or ρl · σl = 0, l ∈ L

}
.

Moreover, let

�S(yr, ys) =
{


S(yr, ys), if min{yrl , ysl } = 0, l ∈ L
∅, otherwise

,

where


S(yr, ys) =
{
(ρ, σ) ∈ R

2|L|
∣∣∣∣yrl · ρl = ysl · σl = 0, l ∈ L,
ρl ≥ 0, σl ≥ 0, l ∈ I0(yr) ∩ I0(ys)

}
.

Note that �M is closed, whereas �S is not.

Theorem 3.2: Let Pcm = P�M
(f , F) and Pcs = P�S

(f , F).

(i) The point x̄ is anM-stationary point for Problem (1) if and only if x̄ ∈ �(Pcm).
(ii) The point x̄ is an S-stationary point for Problem (1) if and only if x̄ ∈ �(Pcs).

The previous result is trivial but also crucial. Indeed, Theorem 3.2 allows
us to focus on the strong stability of M- and S-stationary points given as in
Definition 2.6. That is, there is no need to define independently strong stabil-
ity for each stationarity concept. For simplicity of notation, we denote P�M

and
P�S

by Pcm and Pcs, respectively.
Note that GLICQ for both M- and S-stationary points is equivalent to the

condition MPCC-LICQ, see [26, Section 5]. We say that M-MFCQ and S-
MFCQ hold at x̄ for Pcm and Pcs whenever GMFCQ holds at x̄ for Pcm and Pcs,
respectively. It is easy to see that

L(Pcs, x) ⊂ L(Pcm, x)

and that M-MFCQ implies S-MFCQ. As seen in the following two theorems,
M-MFCQ and S-MFCQ are necessary conditions for the strong stability of M-
and S-stationary points, respectively.
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Theorem 3.3 ([26, Theorem 5.2]): Let P̄cm = Pcm(f̄ , r̄, s̄). If x̄ ∈ �s(P̄cm), then
M-MFCQ holds at x̄ for P̄cm.

Theorem 3.4 ([26, Theorem 5.6]): Let P̄cs = Pcs(f̄ , r̄, s̄). If x̄ ∈ �s(P̄cs), then
S-MFCQ holds at x̄ for P̄cs.

As the paper title indicates, the forthcoming results focus mainly on strong
stability and weak nondegeneracy. We formally define the latter next.

Definition 3.5 (Weak nondegeneracy): Let Pcs = Pcs(f , r, s) and x ∈ �(Pcs).
We say that x is a weakly nondegenerate point for Pcs if

Irs(x) ⊂ I∗(ρ) ∪ I∗(σ ) (7)

for all (ρ, σ) ∈ L(Pcs, x).

According to the following theorem, weak nondegeneracy is sometimes nec-
essary for weak stability. The proof of this statement is not entirely original but
merely a recollection of different parts of the proofs of [16, Lemma 5.2], [13,
Theorem 3.1] and [17, Theorem 4.1]. Nevertheless, for completeness, we prove it
in detail after recalling an auxiliary result.

Lemma 3.6 ([17, Lemma 4.2]): Assume that f̄ ∈ C∞(Rn,R). If f̄ (0) = 0 and
Dxf̄ (0) = 0, then there exist vij ∈ C∞(Rn,R), i, j = 1, . . . , n such that

f̄ (x) =
n∑

i,j=1
vij(x)xixj.

Theorem 3.7: Let Pcm = Pcm(f , r, s), Pcs = Pcs(f , r, s), x̄ ∈ �(P̄cs) and assume
that |Īr̄(x̄)| + |Īs̄(x̄)| ≤ n. If x̄ ∈ �w(P̄cs) ∪ �w(P̄cm), then x̄ is a weakly nonde-
generate point for P̄cs.

Proof: Assume that x̄ ∈ �w(P̄cs). Noting that �(Pcs) ⊂ �(Pcm), the proof
of the case x̄ ∈ �w(P̄cm) runs analogously. Fix Bn(x̄, δ̄) and BBn(x̄,δ̄)(P̄cs, ε̄)
as in Definition 2.7 and suppose contrarily that ρ̄l0 = σ̄l0 = 0 for some l0 ∈
Ir̄s̄(x̄) and (ρ̄, σ̄ ) ∈ L(P̄cs, x̄). After possibly adding sufficiently small constants
to the functions r̄l, l ∈ [I0(ρ̄) \ {l0}] ∩ Ir̄s̄(x̄) and s̄l, l ∈ [I0(σ̄ ) \ I0(ρ̄)] ∩ Ir̄s̄(x̄),
assume that [I0(ρ̄) ∪ I0(σ̄ )] ∩ Ir̄s̄(x̄) = {l0}.

Next, we perform several successive perturbations onto P̄cs, all remaining
in the set intBBn(x̄,δ̄)(P̄cs, ε̄). The last perturbation will yield a contradiction to
x̄ ∈ �w(P̄cs). By |Īr̄(x̄)| + |Īs̄(x̄)| ≤ n, assume, after perhaps interchanging con-
straints, that Īr̄(x̄) = L and that |Īs̄(x̄)| ≤ n − |L|. For ε1 > 0 sufficiently small
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define

r1l (x) = r̄l(x) + ε1(xl − x̄l), l ∈ L,

s1l (x) = s̄l(x) + ε1(xl+|L| − x̄l+|L|), l ∈ Īs̄(x̄),

s1l (x) = s̄l(x), l ∈ L \ Īs̄(x̄),
f 1(x) = f̄ (x) +

∑
l∈L

ε1ρ̄l(xl − x̄l) +
∑
l∈Īs̄(x̄)

ε1σ̄l(xl+|L| − x̄l+|L|),

and let P1 = Pcs(f 1, r1, s1). By construction, MPCC-LICQ holds at x̄ for P1 and
L(P1, x̄) = {(ρ̄, σ̄ )}.

Since C∞(Rn,R) is a dense subset of C2(Rn,R), there exists f 2 ∈ C∞(Rn,R)

sufficiently close to f 1 such that f 2(x̄) = f 1(x̄), Dxf 2(x̄) = Dxf 1(x̄), and
D2
xf 2(x̄) = D2

xf 1(x̄), see [28, Theorem 2.4] and the proof of [29, Lemma 6.2.3,
Case III]. Analogously, we obtain functions r2 ∈ C∞(Rn,R) and s2 ∈ C∞(Rn,R)

sufficiently close to r1 and s1, respectively. Let P2 = Pcs(f 2, r2, s2) and note that
L(P2, x̄) = {(ρ̄, σ̄ )}.

For our local consideration,we performa coordinate transformation by choos-
ing as new coordinates a basis of R

n which contains the gradients of the active
constraints at x̄; see e.g. [13], where such a coordinate transformation is called
standard diffeomorphism. As a consequence, we can restrict our analysis to the
following case: f 2 ∈ C∞(R2,R), x̄ = (0, 0)t, f 2(0, 0) = 0, r2(x1, x2) = x1, and
s2(x1, x2) = x2. That is, the problem becomes

min f 2(x1, x2)

s.t. min{x1, x2} = 0.

It is well known that for problems in this form, the Lagrange vector is the
derivative at the point under consideration. In particular for P2 it holds that

L(P2, x̄) = {Dxf 2(0, 0)} = {(0, 0)}.
By Lemma 3.6, we get

f 2(x1, x2) = v11(x1, x2)x21 + v12(x1, x2)x1x2 + v22(x1, x2)x22

for some v11, v12, v22 ∈ C∞(R2,R). Moreover, after possibly adding sufficiently
small quadratic terms to f 2 we assume v11(x1, x2) �= 0 and v22(x1, x2) �= 0. Then,
an appropriate local coordinate transformation leaves the feasible set unchanged,
while the objective function becomes

f 2(x1, x2) = c1x21 + v(x1, x2)x1x2 + c2x22,

where c1, c2 ∈ R \ {0} and v ∈ C∞(R2,R). For ε3 > 0 sufficiently small let

f 3(x1, x2) = c1(x1 − ε3)2 + v(x1, x2)x1x2 + c2(x2 − ε3)2,
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and P3 = Pcs(f 3, r2, s2). Note that

Dxf 3(ε3, 0) = (0, ε3v(ε3, 0) − 2c2ε3),

Dxf 3(0, ε3) = (ε3v(0, ε3) − 2c1ε3, 0).

Thus, (ε3, 0)t, (0, ε3)t ∈ �(P3), which contradicts that x̄ ∈ �w(P̄cs). �

Note that L(Pcs, x) is convex. Indeed, it holds that L(Pcs, x) = A, where the
setA is given as in Lemma 2.1 as follows:

• b = [Dxf (x)]t.
• A is a matrix whose columns are the transpose of the gradients Dxrl(x), l ∈

Īr(x) and Dxsl(x), l ∈ Īs(x).
• I1 is the index set corresponding to the columns of the constraints rl(x), sl(x),

l ∈ Irs(x).

Observe that the concept of an extreme point plays an essential role in both
Lemma 2.1 and Theorem 2.11. To obtain related results for the, in general, non-
convex set L(Pcm, x), we introduce the notion of a basic Lagrange vector.

Definition 3.8 (cf. [16, Definition 4.1]): Let x ∈ �(Pcm). We say that (ρ, σ) ∈
L(Pcm, x) is a basic Lagrange vector if there does not exist (ρ0, σ 0) ∈ L(Pcm, x)
with (ρ0, σ 0) �= (ρ, σ) and

I∗(ρ0) ∩ Irs(x) ⊂ I∗(ρ), I∗(σ 0) ∩ Irs(x) ⊂ I∗(σ ).

The set of basic Lagrange vectors is denoted by Lb(Pcm, x).

The next result is analogous to Lemma 2.1 and characterizes basic Lagrange
vectors.

Lemma 3.9: The following two conditions are equivalent:

(i) (ρ, σ) ∈ Lb(Pcm, x).
(ii) (ρ, σ) ∈ L(Pcm, x) and the vectors

Dxri(x), i ∈ Ir(x) ∪ I∗(ρ), Dxsj(x), j ∈ Is(x) ∪ I∗(σ )

are linearly independent.

Proof: The proof runs analogously to that of [16, Lemma 4.1]. �

The following corollaries relate the sets extL(Pcs, x) and Lb(Pcm, x).
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Corollary 3.10: It holds that

extL(Pcs, x) = Lb(Pcm, x) ∩ L(Pcs, x).

Proof: First, let (ρ, σ) ∈ extL(Pcs, x). By Lemma 2.1 (i), the vectors

Dxri(x), i ∈ Ir(x) ∪ I∗(ρ), Dxsj(x), j ∈ Is(x) ∪ I∗(σ )

are linearly independent. Obviously, we have (ρ, σ) ∈ L(Pcm, x). Hence, by
Lemma 3.9, we obtain (ρ, σ) ∈ Lb(Pcm, x). Now, let (ρ, σ) ∈ Lb(Pcm, x) ∩
L(Pcs, x). Note that (ii) in Lemma 3.9 holds and, therefore, Lemma 2.1 yields
(ρ, σ) ∈ extL(Pcs, x). �

Corollary 3.11: The following two conditions are equivalent:

(i) Lb(Pcm) ⊂ L(Pcs, x).
(ii) Lb(Pcm) = extL(Pcs, x).

Proof: It readily follows from Corollary 3.10. �

Note that, however, the conditions in Corollary 3.11 do not necessarily imply
that L(P̄cm, x̄) = L(P̄cs, x̄), which is shown in the next example.

Example 3.12: Let n = 5, x̄ = (0, 0, 0, 0, 0)t, and consider P̄cm and P̄cs associated
to the problem

min x1 + 3x2 + 2x3 + 4x4
s.t.

min{x1, x2} = 0,

min{x3, x4} = 0,

min{x5, x1 + x2 + x3 + x4} = 0.

We have

Lb(P̄cm, x̄) = extL(P̄cs, x̄) = {
(1, 2, 0, 3, 4, 0)t, (0, 1, 0, 2, 3, 1)t

}
.

However, L(P̄cs, x̄) = conv extL(P̄cs, x̄), whereas

L(P̄cm, x̄) = {
(1, 2, 0, 3, 4, 0)t + τ(1, 1, 0, 1, 1,−1)t| τ ≥ −1

}
.

Therefore, L(P̄cm, x̄) �= L(P̄cs, x̄).

The following lemma characterizes the existence of basic Lagrange vectors.
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Lemma 3.13: Let x ∈ �(Pcm). The following three conditions are equivalent:

(i) Lb(Pcm, x) �= ∅.
(iii) The vectors

Dxrl(x), l ∈ Ir(x), Dxsl(x), l ∈ Is(x)

are linearly independent.
(iii) For all (ρ, σ) ∈ L(Pcm, x) there exists (ρ0, σ 0) ∈ Lb(Pcm, x) with

I∗(ρ0) ∩ Irs(x) ⊂ I∗(ρ), I∗(σ 0) ∩ Irs(x) ⊂ I∗(σ )

and

ρ0
l · ρl > 0, l ∈ I∗(ρ0) ∩ Irs(x),

σ 0
l · σl > 0, l ∈ I∗(σ 0) ∩ Irs(x).

Proof: (i) =⇒ (ii). It follows from Lemma 3.9.
(ii) =⇒ (iii). For simplicity of notation, assume that Irs(x) = L. The proof

runs analogously when Irs(x) �= L. Choose (ρ, σ) ∈ L(Pcm, x). For τ ∈ R, let
sgn(τ ) denote its sign function, that is, sgn(τ ) = 0 if τ = 0, and sgn(τ ) =
τ · |τ |−1 otherwise. Let I1 = {1, . . . , 2|L|} and b = [Dxf (x)]t. Moreover, let v ∈
R
2|L| be given as

vl = sgn(ρl)ρl, l ∈ L, vl+|L| = sgn(σl)σl, l ∈ L

and let A ∈ R
n×2|L| be the matrix whose columns are of the vectors

sgn(ρl)[Dxrl(x)]t, sgn(σl)[Dxsl(x)]t, l ∈ L.

DefineA as in Lemma 2.1 and note that v ∈ A. By Lemma 2.1, there exists v0 ∈
extA with I∗(v0) ⊂ I∗(v). Let (ρ0, σ 0) ∈ R

2|L| be a vector whose components
are

ρ0
l = sgn(ρl)v0l , σ 0

l = sgn(σl)v0l+|L|, l ∈ L.

Using Lemma 3.9, it is easy to verify that (ρ0, σ 0) has the desired properties.
(iii) =⇒ (i). It is obvious. �

The final result of this section strengthens Corollary 3.11 whenever the point
under consideration is weakly nondegenerate.

Lemma 3.14: Assume that x ∈ �(Pcs) is a weakly nondegenerate point for Pcs.
Then, the following two conditions are equivalent:

(i) Lb(Pcm, x) ⊂ L(Pcs, x).
(ii) L(Pcm, x) = L(Pcs, x).
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Proof: (ii) =⇒ (i). Obviously, it holds that

Lb(Pcm, x) ⊂ L(Pcm, x) = L(Pcs, x).

(i) =⇒ (ii). Suppose contrarily that there exists (ρ, σ) ∈ L(Pcm, x) \ L(Pcs, x).
After perhaps interchanging constraints, assume that

I0(ρ) ∩ Irs(x) ⊂ I0(σ ),

and note that ρl0 < 0 for some l0 ∈ I0(σ ) ∩ Irs(x). By Lemma 3.13, there exists
(ρ0, σ 0) ∈ Lb(Pcm, x) with ρ0

l0 ≤ 0. However, by (i) it holds that ρ0
l0 = σ 0

l0 = 0,
which contradicts that x is a weakly nondegenerate point for Pcs. �

Note that the point under consideration in Example 3.12 is not weakly nonde-
generate.

4. M-MFCQ: a necessary condition for strong stability

In the remainder of this paper, we assume that:

• The point x̄ is an S-stationary point for Problem (1), that is, x̄ ∈ �(P̄cs).
• The point x̄ is weakly nondegenerate.

In the following, we recall the relaxed problem, see [12], which we denote here
by P̄rel. Particularly, we focus on the perturbation Prel of P̄rel which is a standard
nonlinear programme given as

Prel : min
x∈Mrel[r,s]

f (x)

with

Mrel[r, s] =
⎧⎨
⎩x ∈ R

n

∣∣∣∣∣∣
rl(x) = 0, sl(x) ≥ 0, l ∈ Ir̄(x̄)
rl(x) ≥ 0, sl(x) = 0, l ∈ Is̄(x̄)
rl(x) ≥ 0, sl(x) ≥ 0, l ∈ Ir̄s̄(x̄)

⎫⎬
⎭ ,

where the mappings f, r and s are assumed to be near f̄ , r̄ and s̄, respectively. Note
thatPrel does not depend only on the functions that describePcs, but also on those
describing P̄cs as well as on the point x̄. Obviously, we haveL(P̄rel, x̄) = L(P̄cs, x̄).

Lemma 4.1: Assume that S-MFCQ holds at x̄ for P̄cs. Then, there exists V̄ ∈ V(x̄)
such that for every V ∈ V(x̄) with V ⊂ V̄ there exists W ∈ WV(P̄cs) such that

�(Prel) ∩ V ⊂ �(Pcs)

for all Pcs ∈ W.
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Proof: After perhaps interchanging r̄l and s̄l for l ∈ Is̄(x̄), assume for simplicity
of notation that Is̄(x̄) = ∅. Since S-MFCQ holds at x̄ for P̄cs, MFCQ holds at x̄
for P̄rel. Hence, applying Lemma 2.9 to P̄rel we get V̄ ∈ V(x̄) such that for every
V ∈ V(x̄) with V ⊂ V̄ there existsW ∈ WV(P̄cs) such that for all Pcs ∈ W, x ∈
V ∩ �(Prel) and each (ρ, σ) ∈ L(Prel, x) it holds that

I∗(ρ̄) ∩ Ir̄s̄(x̄) ⊂ I∗(ρ),

I∗(σ̄ ) ∩ Ir̄s̄(x̄) ⊂ I∗(σ ),

for some (ρ̄, σ̄ ) ∈ extL(P̄rel, x̄). This, together with (7), yields

Ir̄s̄(x̄) ⊂ I∗(ρ) ∪ I∗(σ )

and, therefore,

min{rl(x), sl(x)} = 0, l ∈ Ir̄s̄(x̄).

Moreover, by a continuity argument we have

rl(x) = 0, sl(x) > 0, l ∈ Ir̄(x̄).

Thus, it holds that x ∈ M[r, s] ∩ �(Prel) and, by definition of Prel, that

L(Prel, x) ⊂ L(Pcs, x).

Hence, L(Pcs, x) �= ∅ and, consequently, x ∈ �(Pcs). �

Among other facts, the next example illustrates that the inclusion in
Lemma 4.1 can be strict. Therefore, characterizing the strong stability of x̄ for
P̄rel is not enough to characterize that of x̄ for P̄cs.

Example 4.2: Let n = 3, x̄ = (0, 0, 0)t and consider P̄cm and P̄cs associated to
the problem

min x1 + 2x2 + x3
s.t.

min{x1, x2} = 0,

min{x3, x1 + x2 − x3} = 0.

Note that M-MFCQ holds at x̄ for P̄cm. Hence, so does S-MFCQ at x̄ for P̄cs.
Moreover,

L(P̄cs, x̄) = conv{(1, 1, 2, 0)t, (0, 2, 1, 1)t},
and (2, 0, 3,−1)t ∈ L(P̄cm, x̄). For ε > 0, consider P̄cm,ε and P̄cs,ε associated to
the problem with the objective function above and constraints

min{x1, x2} = 0,

min{x3 + ε, x1 + x2 − x3} = 0.
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It is easy to see that

{(0, 0, 0)t, (0, 0,−ε)t} ⊂ �(Pcs,ε),

and that

(0, 0, 0)t �∈ �(Prel,ε).

Moreover, since �(Pcs,ε) ⊂ �(Pcm,ε), we also have x̄ �∈ �w(P̄cm) ∪ �w(P̄cs).

In Example 4.2 we use the propertyL(P̄cm, x̄) �= L(P̄cs, x̄) for obtaining a per-
turbed problemwhose S-stationary points are sufficiently close to x̄. Next, we will
apply a similar technique to prove a necessary condition for weak stability.

Theorem 4.3: Assume that S-MFCQ holds at x̄ for P̄cs. If x̄ ∈ �w(P̄cs) ∪
�w(P̄cm), then x̄ ∈ �s(P̄rel) and L(P̄cs, x̄) = L(P̄cm, x̄).

Proof: Assume that x̄ ∈ �w(P̄cs). If x̄ ∈ �w(P̄cm), then the proof runs anal-
ogously noting that �(Pcs) ⊂ �(Pcm). Firstly, suppose contrarily that x̄ �∈
�s(P̄rel). Since S-MFCQ holds at x̄ for P̄cs, it follows that MFCQ holds at x̄ for
P̄rel. By Lemma 2.10, there exist sequences xk,1, xk,2 and Prel,k with xk,1 �= xk,2,
xk,1 → x̄, xk,2 → x̄, {xk,1, xk,2} ⊂ �(Prel,k), and ‖Prel,k − P̄rel‖V → 0 for every
bounded V ∈ V(x̄). Hence, by Lemma 4.1, for k sufficiently large, it holds that

{xk,1, xk,2} ⊂ �(Pcs,k),

which contradicts that x̄ ∈ �w(P̄cs). Secondly, let x̄ ∈ �s(P̄rel), suppose contrar-
ily that

L(P̄cs, x̄) �= L(P̄cm, x̄)

and, by Lemma 3.14, choose (ρ̄, σ̄ ) ∈ Lb(P̄cm, x̄) \ L(P̄cs, x̄). For simplicity of
notation, assume that Ir̄s̄(x̄) = L and, after perhaps interchanging r̄l and s̄l for
some l ∈ L, that σ̄l ≥ 0, l ∈ L. By Lemma 3.9, it holds that the vectors

Dxr̄l(x̄), l ∈ L, Dxs̄l(x̄), l ∈ I∗(σ̄ )

are linearly independent. Since (ρ̄, σ̄ ) �∈ L(P̄cs, x̄), we have ρ̄l0 < 0 for some l0 ∈
L \ I∗(σ̄ ). For ε > 0 sufficiently small let

sεl (x) = s̄l(x), l ∈ I∗(σ̄ ),

sεl (x) = s̄l(x) + ε, l ∈ L \ I∗(σ̄ ),

and Pε = Pcs(f̄ , r̄, sε). Note that x̄ ∈ �(Pε). Moreover, since ρ̄l0 < 0 and LICQ
holds at x̄ for Prel,ε, it follows that x̄ �∈ �(Prel,ε) and, hence,

x̄ ∈ �(Pε) \ �(Prel,ε).
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Since x̄ ∈ �s(P̄rel), there exists xε ∈ �(Prel,ε). By Lemma 4.1, we have xε ∈
�(Pε). Consequently, we obtain

{x̄, xε} ⊂ �(Pε),

which again contradicts that x̄ ∈ �w(P̄cs). �

We now refer to whether the previous theorem already indicates the necessity
of M-MFCQ for the strong stability of an S-stationary point. Obviously, strong
stability implies weak stability and, by Theorem 3.4, S-MFCQ holds. Hence,
L(P̄cs, x̄) is bounded and, by Theorem 4.3, it holds that L(P̄cs, x̄) = L(P̄cs, x̄).
Thus, L(P̄cm, x̄) is bounded. However, the following example shows that, in
general, the boundedness of L(P̄cm, x̄) does not imply M-MFCQ.

Example 4.4: Let n = 3, x̄ = (0, 0, 0)t and consider P̄cm associated to the prob-
lem

min x1 + x2 + x3
s.t.

min{x1, x2} = 0,

min{x1, x3} = 0.

Note that M-MFCQ does not hold at x̄ for P̄cm. However, the set

L(P̄cm, x̄) = conv{(1, 0, 1, 1)t, (0, 1, 1, 1)t}

is bounded.

Nonetheless, as shown in the following lemma, the conjunction of weak
stability and the boundedness of L(P̄cm, x̄) does imply M-MFCQ.

Lemma 4.5: Assume that x̄ ∈ �w(P̄cs) and that L(P̄cm, x̄) is bounded. Then,
M-MFCQ holds at x̄ for P̄cm.

Proof: For simplicity of notation assume that Ir̄s̄(x̄) = L. Suppose contrarily
that M-MFCQ does not hold at x̄ for P̄cm. Therefore, there exists (ᾱ, β̄) ∈
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�M(r̄(x̄), s̄(x̄)) \ {0} such that∑
l∈L

[
ᾱlDxr̄l(x̄) + β̄lDxs̄l(x̄)

] = 0.

Assume without loss of generality that I0(ᾱ) ⊂ I0(β̄). Next, we show that the
boundedness of L(P̄cm, x̄) implies

I0(β̄) ∩ I∗(σ̄ ) �= ∅ (8)

for all (ρ̄, σ̄ ) ∈ L(P̄cm, x̄). Suppose contrarily that

I0(β̄) ⊂ I0(σ̄ )

for some (ρ̄, σ̄ ) ∈ L(P̄cm, x̄). Note that for t ∈ R sufficiently large it holds that

ᾱlt + ρ̄l > 0, β̄lt + σ̄l > 0, l ∈ I∗(β̄),

β̄lt + σ̄l = 0, l ∈ I0(β̄).

Hence,

(ᾱt + ρ̄, β̄t + σ̄ ) ∈ L(P̄cm, x̄),

which contradicts the boundedness of L(P̄cm, x̄) and, thus, we get (8).
Now, for ε > 0 sufficiently small let

sεl (x) = s̄l(x), l ∈ I∗(β̄),

sεl (x) = s̄l(x) + ε, l ∈ I0(β̄),

and Pε = Pcs(f̄ , r̄, sε). By (8), we obtain L(Pε, x̄) = ∅. Therefore,

x̄ ∈ �f (Pε) \ �(Pε).

Thus, by Theorem 2.8, we get a contradiction to x̄ ∈ �w(P̄cs). �

Finally, we present the main result of this section.

Theorem 4.6: If x̄ ∈ �s(P̄cs), then M-MFCQ holds at x̄ for P̄cm.

Proof: By Theorem 3.4, it follows that S-MFCQ holds at x̄ for P̄cs. Since
�S(r̄(x̄), s̄(x̄)) is a closed cone, we obtain that L(P̄cs, x̄) is bounded. Moreover,
by Theorem 4.3, we obtain L(P̄cs, x̄) = L(P̄cm, x̄) and, therefore, L(P̄cm, x̄) is
bounded. Hence, an application of Lemma 4.5 yields the desired result. �
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5. Characterizations of strong stability

In this section, we present a topological as well as an algebraic characterization
of strongly stable weakly nondegenerate S-stationary points. To this end, we first
refine Lemma 4.1.

Lemma 5.1: Assume that M-MFCQ holds at x̄ for P̄cm and that L(P̄cs, x̄) =
L(P̄cm, x̄). Then, there exists V̄ ∈ V(x̄) such that for every V ∈ V(x̄) with V ⊂ V̄
there exists W ∈ WV(P̄) such that

L(Prel, x) = L(Pcs, x) = L(Pcm, x), x ∈ V (9)

and that

�(Prel) ∩ V = �(Pcs) ∩ V = �(Pcm) ∩ V (10)

for all P ∈ W.

Proof: Firstly, we prove that there exists V̄ ∈ V(x̄) such that

L(P̄cm, x) ⊂ L(P̄rel, x)

for all x ∈ V̄ . Suppose contrarily that there exist sequences xk → x̄ and (ρk, σ k) ∈
L(P̄cm, xk) with ρk

l0 < 0 and σ k
l0 = 0 for some l0 ∈ Ir̄s̄(x̄). Since M-MFCQ holds

at x̄ for P̄cm, by Theorem 2.5, the sequence (ρk, σ k) is bounded. Hence, assume
without loss of generality that (ρk, σ k) → (ρ̄, σ̄ ). By a continuity argument, we
get (ρ̄, σ̄ ) ∈ L(P̄cm, x̄). SinceL(P̄cs, x̄) = L(P̄cm, x̄) and l0 ∈ Ir̄s̄(x̄), it follows that
ρ̄l0 = σ̄l0 = 0. However, this contradicts that x̄ is weakly nondegenerate.

Now, assume without loss of generality that V̄ is compact. Analogously to
the previous lines, it follows that for all V ∈ V(x̄) with V ⊂ V̄ there exists W ∈
WV(P̄) such that

L(Pcm, x) ⊂ L(Prel, x),

for all x ∈ V and all P ∈ W. Fix x ∈ V and P ∈ W. Obviously, L(Pcs, x) ⊂
L(Pcm, x). Moreover, by Lemma 4.1 we have L(Prel, x) ⊂ L(Pcs, x). Thus, (9)
holds. Obviously, (9) implies (10), which completes the proof. �

The first main result of this section is a topological characterization of strong
stability.

Theorem 5.2: The following three conditions are equivalent:

(i) x̄ ∈ �s(P̄cs).
(ii) x̄ ∈ �s(P̄cm).
(iii) x̄ ∈ �s(P̄rel), L(P̄cs, x̄) = L(P̄cm, x̄) and M-MFCQ holds at x̄ for P̄cm.
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Proof: (i) =⇒ (iii). It follows from Theorems 4.3 and 4.6.
(ii) =⇒ (iii). By Theorem 3.3, it follows that M-MFCQ holds at x̄ for P̄cm.

Therefore, S-MFCQ holds at x̄ for P̄cs. An application of Theorem 4.3 yields the
desired result.

(iii) =⇒ (i) and (iii) =⇒ (ii). Since x̄ ∈ �s(P̄rel), after perhaps shrinking
the balls Bn(x̄, δ̄) and BBn(x̄,δ̄)(P̄rel, ε) in Definition 2.6 and applying Lemma 5.1,
we get

�(Prel) ∩ Bn(x̄, δ̄) = �(Pcs) ∩ Bn(x̄, δ̄) = �(Pcm) ∩ Bn(x̄, δ̄)

and

�(Prel) ∩ Bn(x̄, δ) = �(Pcs) ∩ Bn(x̄, δ) = �(Pcm) ∩ Bn(x̄, δ)

for all δ ∈ (0, δ̄] and all Prel ∈ BBn(x̄,δ̄)(P̄rel, ε), which completes the proof. �

Corollary 5.3: Assume that M-MFCQ holds at x̄ for P̄cm. Then, the following two
conditions are equivalent:

(i) x̄ ∈ �w(P̄cs) ∩ �w(P̄cm).
(ii) x̄ ∈ �s(P̄cs) ∪ �s(P̄cm).

Proof: (i) =⇒ (ii). It follows fromTheorems 4.3 and 5.2. The other implication
is obvious. �

For x̄ ∈ �(P̄cm) and (ρ̄, σ̄ ) ∈ L(P̄cm, x̄) let

Tx̄(r̄, s̄, ρ̄, σ̄ ) =
{
v ∈ R

n
∣∣∣∣Dxr̄l(x̄)v = 0, l ∈ Ir̄(x̄) ∪ I∗(ρ̄),
Dxs̄l(x̄)v = 0, l ∈ Is̄(x̄) ∪ I∗(σ̄ )

}

be the corresponding tangent space. The second main result of this section is an
algebraic characterization of strong stability. Here, the concepts of extreme points
and basic Lagrange vectors play an essential role.

Theorem 5.4: Assume that M-MFCQ holds and that MPCC-LICQ does not hold
at x̄ for P̄cm. Then, the following five conditions are equivalent:

(i) x̄ ∈ �s(P̄cs).
(ii) x̄ ∈ �s(P̄cm).
(iii) L(P̄cm, x̄) = L(P̄cs, x̄) and for every (ρ̄, σ̄ ) ∈ extL(P̄rel, x̄) it holds that

D2
x L̄

cc(x̄, ρ̄, σ̄ )|Tx̄(r̄,s̄,ρ̄,σ̄ ) � 0. (11)

(iv) Lb(P̄cm, x̄) ⊂ L(P̄cs, x̄) and for every (ρ̄, σ̄ ) ∈ extL(P̄cs, x̄) it holds (11).
(v) For every (ρ̄, σ̄ ) ∈ Lb(P̄cm, x̄) it holds that ρ̄l ≥ 0, σ̄l ≥ 0, l ∈ Ir̄s̄(x̄) and (11).



3144 H. GÜNZEL ET AL.

Proof: (i) ⇐⇒ (ii). It follows from Theorem 5.2.
(ii) ⇐⇒ (iii). It follows from Theorems 5.2 and 2.11.
(iii) ⇐⇒ (iv). By Lemma 3.14, we have L(P̄cm, x̄) = L(P̄cs, x̄) if and only if

Lb(P̄cm, x̄) ⊂ L(P̄cs, x̄). Moreover, recall that L(P̄cs, x̄) = L(P̄rel, x̄) and, there-
fore, that extL(P̄cs, x̄) = extL(P̄rel, x̄).

(iv) ⇐⇒ (v). Obviously, Lb(P̄cm, x̄) ⊂ L(P̄cs, x̄) if and only if for every
(ρ̄, σ̄ ) ∈ Lb(P̄cm, x̄) it holds that ρ̄l ≥ 0, σ̄l ≥ 0, l ∈ Ir̄s̄(x̄). By Corollary 3.11, we
get Lb(P̄cm, x̄) = extL(P̄cs, x̄), which completes the proof. �
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