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ARTICLE INFO ABSTRACT

MSC: The inverse wave scattering problem seeks to estimate a heterogeneous, inaccessible medium,
65M32 modeled by unknown variable coefficients in wave equations, from transient recordings of
41A20

waves generated by probing signals. It is a widely studied inverse problem with important
applications, that is usually formulated as a nonlinear least squares data fit optimization. For

Keywords: . typical measurement setups and band-limited probing signals, the least squares objective function
Inverse wave scattering . o . s

Imaging has spurious local minima far and near the true solution, so Newton-type optimization methods
Electromagnetic fail to obtain satisfactory answers. We introduce a different approach, for electromagnetic inverse
Data driven wave scattering in lossless, anisotropic media. It is an extension of recently developed data driven
Reduced order modeling reduced order modeling methods for the acoustic wave equation in isotropic media. Our reduced
Optimization order model (ROM) is an algebraic, discrete time dynamical system derived from Maxwell’s

equations. It has four important properties: (1) It can be computed in a data driven way, without
knowledge of the medium. (2) The data to ROM mapping is nonlinear and yet the ROM can
be obtained in a non-iterative fashion, using numerical linear algebra methods. (3) The ROM
has a special algebraic structure that captures the causal propagation of the wave field in the
unknown medium. (4) It is an interpolation ROM i.e., it fits the data on a uniform time grid. We
show how to obtain from the ROM an estimate of the wave field at inaccessible points inside the
unknown medium. The use of this wave is twofold: First, it defines a computationally inexpensive
imaging function designed to estimate the support of reflective structures in the medium, modeled
by jump discontinuities of the matrix valued dielectric permittivity. Second, it gives an objective
function for quantitative estimation of the dielectric permittivity, that has better behavior than the
least squares data fitting objective function. The methodology introduced in this paper applies to
Maxwell’s equations in three dimensions. To avoid high computational costs, we limit the study to
a cylindrical domain filled with an orthotropic medium, so the problem becomes two dimensional.

1. Introduction

The estimation of an inaccessible heterogeneous medium from transient recordings of waves generated by probing signals is impor-
tant in radar imaging, remote sensing, medical diagnostics, nondestructive evaluation of materials and aging structures, exploration
geophysics, underwater acoustics, and so on. Depending on the application, it is formulated as an inverse problem for the scalar
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(acoustic) wave equation, or for systems of equations that govern the propagation of vectorial (elastic or electromagnetic) waves.
The medium is modeled by unknown variable coefficients of these equations, which are scalar valued in the isotropic case or matrix
valued in the anisotropic case. The inverse wave scattering problem is to estimate these coefficients from the measurements.

We study inverse scattering with electromagnetic waves in lossless media, governed by Maxwell’s equations. It is known that the
dielectric permittivity and magnetic permeability of an isotropic medium occupying a bounded and simply connected domain are
uniquely determined by the admittance map, which takes the tangential boundary trace of the electric field to the tangential boundary
trace of the magnetic field [44,35]. The admittance map measured for time harmonic fields or transient (multi-frequency) fields is
not sufficient for inverse scattering in anisotropic media. It determines the matrix valued coefficients only up to a diffeomorphic
transformation that leaves the boundary unchanged. This behavior is typical of other inverse problems in anisotropic media [38]
and has sparked interest in inversion algorithms that use prior information, such as the direction of anisotropy [31,1]. Interestingly,
the shape of inclusions filled with anisotropic media is uniquely recoverable, as shown in [45,18] for measurements of the far field
pattern of the magnetic field, with transverse electric polarization. In many applications, it is possible to get more information about
the medium from data acquisitions that exploit different polarizations of the probing waves. The study [25] shows that, at least in
perturbative regimes, the matrix valued dielectric permittivity of orthotropic media can be determined from measurements of the
time harmonic electric field generated by two different incident polarizations.

We study inverse wave scattering with measurements gathered by an array of antennas that emit probing waves with two different
polarizations and then measure the resulting electric wave field. Our approach applies in principle to Maxwell’s equations in an
arbitrary three dimensional domain. To reduce the computational cost, we work in a cylindrical domain £2 X R, with bounded and
simply connected cross-section £ C R? that has Lipschitz continuous boundary 02 [41, Definition 3.1].

Introduce the coordinate system & = (zx,z), with x € 2 and z € R and assume that the medium does not vary in z. In most
applications the medium is non-magnetic [21, Section 1.2], so we set the magnetic permeability equal to the scalar constant y,.
Electromagnetic wave propagation in two dimensional isotropic media reduces to the acoustic wave equation. Thus, we consider an
anisotropic, orthotropic medium [46,45,18], also known as a medium with monoclinic symmetry [52, Section 13.2.2], modeled by
the piecewise smooth dielectric permittivity matrix

e(i)=<£(w) 0 > §($)=<e“(m) elz(m)) o

o7 e.(x) (@) e5(x)

Here £ € R?*? is symmetric and positive definite, as it should be in passive and lossless media [30, Section 1.2.2], and &, is positive.
We use consistently two underlines for 2 x 2 matrix valued fields.

The orthotropic assumption (1) implies that the z axis of our system of coordinates is aligned with an axis of anisotropy of the
medium. Like in [46,45,18], we use it as a simplification that reduces the problem to a two dimensional one, which we can handle
numerically.

We model the boundary 042 X R of the cylindrical domain, with outer normal

(@) = ("g”), Z=(z,z2) €IRXR, )

as perfectly conducting. This boundary may be physical, in which case we have a waveguide with open ends, or fictitious and justified
by hyperbolicity of the problem: The waves propagate at finite speed, so they will not sense over the duration of the measurements a
boundary that is sufficiently far from the source of waves. One can also use a non-reflecting boundary condition, implemented with
a PML. The analysis is simpler for the perfectly conducting boundary condition, which is why we use it. However, the results should
be the same as those obtained with a PML, as long as our 012 is not felt by the waves received at the array during the finite duration
of measurements.

The wave is defined by the electric field E and the magnetic induction B. These satisfy Faraday’s law and Ampére’s circuital law
in Maxwell’s system of equations

curlB(1, @) + 0,B(1,%) =0, 3)
o gx) 0 o >
—curlB(t,z) + p, | = . 0,E(t,x)=—p,J(t, ), ()]
0 €,(x)

fort €R and Z = (z, z) € 2 X R, with boundary condition

na)x Bt,7)=0, teR, #=(z,z)€IRXR, 5)

and with initial conditions

Et,7)=0, B@t,7)=0, t<0, 3=(x,z2)€lxR. 6)

The wave excitation in (4) is a z-independent transient source current density J=(J.7 ) supported away from d£2. In the initial
conditions, 1 <« 0 means prior to the excitation.

The assumption (1) on the dielectric permittivity, the choice of the domain and the z-independent source excitation, give that the
initial boundary value problem (3)-(6) admits z independent solutions
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E(t,2) = (1?(??))’ Bl,a)= (?(tri)))

where E and B are vectors in the plane orthogonal to the z axis. To determine the dielectric permittivity (1), it suffices to work with
the electric field, whose components satisfy the decoupled wave equations

VHVE - B@@)] - ¢ (@)0] Bt @) = 1,0, (1. 2), @

and

AE (t,x) — ¢ X (x)0? E(t, ) = u,0,J (1, ), ®

for t € R and = € 2. The wave speeds ¢ and ¢, are defined by

)
@ =[ue@| . @ =1/ Ve, ©

where we take the unique symmetric and positive definite matrix square root [33, Theorem 7.2.6]. The operator vi= (—6x2, 0xl) is
the two dimensional gradient V = (d,,,d,,) rotated by 90° and A = 0}2{1 + 0)2(2 is the Laplacian. At t < 0 we have the homogeneous
initial conditions (6) and we deduce from (2) and (5) the boundary conditions

ni(x)- E(t,x)=0, E,(1,x)=0, (10)

where nt = (—n,,n,) is the vector n = (1, n,) rotated by 90°.

Note that (8) is the scalar wave equation in a medium with wave speed c,. A data driven reduced order model methodology for
estimating such a speed has been introduced recently in [14-16]. Thus, we study henceforth the estimation of ¢ using the vectorial
wave equation (7). -

The data for the inversion are gathered by an array of m antennas. They emit probing pulses f supported in the short time interval
(=T;,T) and with Fourier transform f that is non-negligible at frequencies w satisfying |@ ¥ w,| < wb. Here b is the bandwidth and
®, is the central angular frequency. Typically, @, > b and in all imaging applications, the pulse satisfies

Ty

fo)= / dt f(1)=0. an

_T/

The antennas are modeled by functions F®) € L?(2) supported around z, € £, in a set of small diameter with respect to the
central wavelength 4,, for s =1,...,m. Since the equation is linear, we can normalize F®) to integrate to one and formally, we can
view it as the Dirac delta at x,. The separation between the antennas is smaller than 4, so they behave like a collective entity, aka
the array. The excitation from the s antenna has two polarizations and is given by the current density

TN @)= u fOF D (@)e,, s=1....m p=12, (12)

where e, e, are the canonical basis vectors in R2. The resulting electric field, the solution of equation (7) with J replaced by J (:p)
is denoted by E*-?), Its recordings at all the antennas define the (s, p) column of the 2m x 2m time dependent array response matrix
W, with entries

WEDED (1) = e, / dz FO)(@) B (@, 1) ~ e, ECP (1, ay), (13)
0

fors,s’=1,...,mand p,p’ =1,2.

Note that we consider the idealized sources (12) to simplify the presentation of our methodology. These sources model electric
dipoles that are commonly used in three dimensions, thus making the extension to three dimensional media straightforward. There are
no such two dimensional electric dipoles in practice, but our theory can be extended to any 2m linearly independent source/receiver
functions J?, using linear superposition.

The inverse problem is to estimate the 2 X 2 symmetric, positive definite matrix c in £2, from W measured in some time interval

1 € (tmin> T'max)- The classic approach to solving it uses nonlinear least squares data fit optimization

tmax
Lnin(g O™(¢) + regularization, O™ (¢)= / dt ||W@) — W(; §)||2F. a4
ce = = =
- min
Here || - || is the Frobenius norm, ¢ denotes the search wave speed in some user defined space &, and ¢ — W(t; ¢) is the forward

map, with output defined by the anglogue of (13), calculated with ¢ instead of the true c.
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Fig. 1. Illustration of the setup and data acquisition with an active array of antennas that generate probing waves and measure the backscattered waves.

Note our notation convention: We omit the true speed ¢ from the list of arguments of the electric field and measurements. Thus,
E®P)(t, x) is the field in the true medium, with unknown ¢, whereas EGP(t a; ¢), which defines W(t; ©), is the computable field
for the search speed ¢. - - -

The data fit optim_ization formulation (14) is known as “full waveform inversion” (FWI). It has drawn a lot of attention especially
in the geophysics community, where it is studied mostly for acoustic and elastic waves [54]. The FWI formulation is attractive because
it is robust to Gaussian additive noise and applies to an arbitrary data acquisition geometry, although the result is dependent of it.
In particular, it is easier to invert from measurements gathered all around £, so that both the transmitted and backscattered waves
can be recorded. Having very low frequencies in the bandwidth of the probing pulse also helps [17,19]. In most applications, low
frequencies are not available and the placement of the sensors is limited to one side of £, see Fig. 1, so only the backscattered waves
can be measured. These restrictions and the complicated nonlinear forward map result in an FWI objective function (14) that has
numerous spurious local minima near and far from the true ¢ [54,27,34]. This pathological behavior is known as “cycle skipping”
and means that gradient based optimization methods, like Gauss-Newton, may not give good results even for a good initial guess.
Cycle skipping has motivated the pursuit of better objective functions obtained, for example, by replacing the L? norm in (14) with
the Wasserstein metric [26,27] or by introducing in a systematic way additional degrees of freedom in the optimization, known as
“extended FWI” [34,39,49].

The linearization of the FWI objective function about the coefficients of a given reference medium, which is typically homoge-
neous, leads to a popular qualitative, aka imaging method, known as reverse time migration in the geophysics literature [5,6,48] or
backprojection in radar [22,20]. This method succeeds in locating the rough part of the medium, called the reflectivity, if the smooth
part of the medium, which determines the kinematics of wave propagation, is known. However, even with known kinematics, the
images display “multiple artifacts”, due to multiple scattering effects that are ignored by the linearization. The mitigation of such
effects has been addressed partially in [53,55,7,32].

Our goal in this paper is to introduce a reduced order model (ROM) approach for both imaging and inverse wave scattering with
electromagnetic waves in lossless, non-magnetic, anisotropic media. The ROM is an algebraic dynamical system that captures the
wave propagation at discrete time steps 7; = jr, separated by a time interval r that is chosen according to the Nyquist sampling
criterium for the frequency content of f. It is defined via Galerkin projection of an exact time stepping scheme for equation (7), on
the time grid {7;},5(. The projection space is spanned by the snapshots of the electric field at the first » time instants and for z € Q.
These snapshots are not known, because the medium is not known inside . Nevertheless, the ROM can be computed in a data driven
way, from the array response matrix W evaluated at t =;, with j =0, ...,2n — 1. The number n is chosen so that over the duration
2nt, the waves can travel to the desired depth in the medium, scatter along the way and then travel back to the array, where they
are recorded.

The ROM computation is an extension of that introduced in [8,11,10,23] for the acoustic wave equation. We describe it in section 2.
Then, we explain in section 3 how we can use the ROM to estimate the snapshots at points in £2. We use this estimate in section 4 to
formulate a qualitative i.e., imaging method, and in section 5 to formulate a quantitative i.e., inversion method. These two methods
can be used in conjunction, as we explain in section 6. The performance of the methods is illustrated with numerical simulations in
sections 4-6. We end with a summary in section 7.

2. ROM for electromagnetic wave propagation

The derivation of the ROM involves several steps. The first, described in section 2.1, introduces a transformation of the wave field,
that leads to a convenient form of the wave equation, with a self-adjoint operator that has ¢ dependent coefficients. This operator
has a nontrivial null space, but we explain in section 2.2 that the wave components in this sp?ace are short lived and can be removed
from the measurements and the computation of the ROM. The definition of the ROM is based on a Galerkin projection of an exact
time stepping scheme given in section 2.3. The data driven ROM computation is in section 2.4. We assume there ideal and noiseless
measurements, but we explain in section 2.5 how to regularize the ROM computation so that noise and other factors are mitigated.

2.1. Transformation of the wave field

We assume that the medium is known, isotropic and homogeneous near d£2 and in the vicinity of the array, with dielectric
permittivity £,1, which defines the reference, scalar wave speed c, = 1/4/u,€,. Here vicinity means within a distance 2¢, T/, traveled

4



L. Borcea, Y. Liu and J. Zimmerling Journal of Computational Physics 515 (2024) 113272

by the waves over the duration of the probing pulse f. At larger distance the medium is anisotropic and heterogeneous, with variable
wave speed c.

To derive the expression of the ROM, we will use functional calculus on the operator 92 Vv4[vi.] with domain

Hy(VH Q)= {y(x) € L*(Q) : V! y(x) €L (Q), n* ylyn=0}. (15)
This operator is the two dimensional version of the operator gzcurl curl with domain Hj(curl; Q) [41, Theorem 3.33].

Note that ¢>V+[V+.] is symmetric in the inner product wgighted by ¢~2. We prefer to work with the Euclidian inner product, so
we define -
USP(t,x)=c,c (@) ECP(t,x), 1ER, z €K, 16)
which equals the electric field in the vicinity of the array, because ¢ = c,I there. We derive from (6), (7) and (10), with excitation (12),
the equation -7
(A+})USP(t,z)=-c2f (VF(2)e,, 1>0, z€Q, a7)

with homogeneous initial and boundary conditions

UCP(t,z)=0, t<-T; z€L, (18)
nt - USP(,2)=0, teR, z€d. 19

Here we introduced the operator
A=—c(@)V* [Vi : (g(w)~>] , (20)

with domain D consisting of vector valued functions whose multiplication by ¢ lies in the space H(V+'; Q).

2.2. Wave decomposition and data transformation

The operator A defined in (20) is self-adjoint and positive semidefinite. Its null space is a closed subspace of D and consists of
functions 9‘1 VN, where N is scalar valued in H'(£2), with constant trace at dQ [41, Lemma 4.5].

The solution of (17)—(19) has the Helmholtz decomposition [41, Lemma 4.5]
USP(t,2) = UP(t,2) + ¢ (@) VNP (1, z), @D
where 9‘1 U js divergence free, in the weak sense. The first term in this decomposition solves the wave equation
(A+0})UCP (1, z) = -2 f (FP(x), 1€ER, 2€Q, (22)
driven by the divergence free part F*”) of the excitation, the projection of F®)(x)e , on range(A). This range is a closed subspace of
L%(Q), consisting of functions y such that ¢~'y is divergence free, in the weak sense. According to [40, Section 6.6] or by direct
calculation, [range(A)] o null(A).
The second term in (21) lies in null(A) and solves
9>V - [g_z(m)VN(S’/’)(t, z)| =—c, f'(t)apr(S)(:c), teER, zeQ, (23)

with homogeneous initial condition at 7 < —7,. This term is short lived, because integrating (23) in time and using the initial condition,
we obtain

t
V- [e2@)VNSI(t )| = —c, / dr’ f(t')prF(S)(a:). (24
B ~Ty
The right hand side of this equation vanishes for 7 > T, due to the property (11) of the probing signal f.

Since the medium is known and homogeneous within a distance 2¢,T, from the array, we can compute UGP» atte (=T;,T;) and
remove its component in the null space. The array response matrix is then transformed to the matrix W(t) € R2"*2"  with entries

W2 5:0) () = el / dz FS)(@)USP(t, z) ~ el U1, y), (25)
Q

fors,s’=1,...,mand p,p’ =1,2.
Once we have removed the null space components of the wave, we can work with the operator A, the restriction of A to D\ null(A).
This operator is positive definite, with compact and self-adjoint resolvent [41, Section 4.7]. It has a countable infinite set of positive
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eigenvalues (6,),>; sorted in increasing order, with 8, — oo as n — oo, and the eigenfunctions (¢,),>; form an orthonormal basis of
range(A). Functional calculus on A is defined as usual: If ¥ : C — C is a continuous function, then ¥(A) is the operator with the
same eigenfunctions as A and the eigenvalues ¥ (0,,), for n > 1.

Let us write the solution of equation (22) as a series,’ using the spectral decomposition of A,

USP (1, @) = —e2f (1) % LoD Y cos(r\/;j ) [e[{ / do’ FO@)p, (w')] 9,@),
= A

where 1y is the indicator function of the interval [0, o0) equal to 1 if 7 > 0 and zero otherwise and x, denotes convolution in ¢. For
the derivation of the ROM, it is convenient to work with the wave

USP (1, @) = —c; 2 [ f(=1) %, USP (1, ) + £ (1) x, USP (1, )]
= Y costty 0,17/, [e] / da! FO @, ()] @, @) (26)
= 2

The last equality is obtained by writing the time convolutions in the Fourier domain, where | f | is even, and we have the Fourier
transform formula

[+

/ di 1[0,m)(r)cos(z\/97)e"w' =2 [5(00 - \/97. )+ (0 + \/07 )] + ﬁ .

—00

The purpose of introducing the even in time wave IUE,S'”) is twofold: First, the transformation in (26) is like a Duhamel principle
which maps the source excitation to an initial condition. Indeed, the right hand side in (26) equals

[US'P)(I, )= |f(\/x)|u(s’p)(t’ ), -

where

w2, ) = COS(’\/K)UE)S‘”)(:D), (28)

solves the homogeneous wave equation

[A+02uP(1,2)=0, t>0, z€LQ, (29)

with initial condition

w0, 2)=ul (@), 0uP0,2)=0, zeQ, (30)
defined by
uf)s,[])(;l;) = Z |f(\/g)| [e: / da‘;’ F(S)(;z;’)¢j(;l}’):| (pj(:(:) (31)
Jj=1 0

The second purpose of (26) is that the measurements (25), which are approximately point evaluations of the wave fields, can be
mapped to a new data matrix

D) =—c, [/ (=1) %, WD) + £ (1) o W(=1)] . (32)
whose entries can be expressed as the inner products

U !
DO PHSP(f) = / da el FO) (@)U (1,2)

Q
27),(31 T
@ngh / do [uf V@) ), (33)
Q
for s,s' =1,...,m and p,p’ = 1,2. As we shall see, the matrices arising in the Galerkin projection scheme that define our ROM also

involve such inner products, which is why we can compute the ROM in a data driven way.

Note that the second term in definition (32) contributes only at # < 2Tf and it can be determined from the measurements if the
recordings start at t = —T. Otherwise, we can compute it because the medium is known and homogeneous near the array. We work
henceforth with the data matrix D and show below how we can compute the ROM from it.

! The square bracket equals /,, d=' F*"(z') - @, ('), because F*)(z)e, — F*" € [range(A)]L and @; € range(A).

6
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2.3. Wave snapshots and time stepping

We are interested in the evolution of the wave fields (28) on a uniform time grid {z; = jz,j > 0}, with step chosen according to
the Nyquist criterium 7 < 7 /w,. To avoid heavy index notation, we use block algebra and define the 2 X 2m dimensional field, called
the wave snapshot at time 7;,

uy(@) = (u"D(t),2), w2, ), ™D ), U, ) )

D cos(rVAyu(@), zeQ j>0. 34)

We can now see the advantage of the transformations in the previous section: The trigonometric identity
cos[(j + 1)a] + cos[|j — 1]|a] =2 cos(a)cos(ja),
for @ € R, and functional calculus give that the snapshots satisfy the exact time stepping scheme
uj+l(m)=27)uj(m)—ulj_ll(:n), j=0, z€Q, (35)
driven by the “propagator operator”

P= cos(r\/K). (36)
Equation (35) defines a discrete time dynamical system, with initial state u,. The ROM derived next is an algebraic discrete dynamical
system, obtained via Galerkin projection of (35) on the space

§ =span{U(x)}, U(x)=(uy(®),...,u, (@), TEQ. (37)

The end time index n is chosen according to the distance from the array at which we wish to image. If this distance is L, then we
should have nc,7 2 L.

Remark 1. If the data are noiseless, the time step 7 is chosen according to the Nyquist criterium and the antenna separation is of
order 4,, the dimension of & is typically 2nm. We assume that this is so for now, but we discuss later, in section 2.5, how to deal
with the case of linearly dependent snapshots and noisy data.

2.4. Data driven ROM

The Galerkin approximation of the snapshots (34) is defined in a standard way
uf@)=U)g;, j20,z€Q, (38)

where g ;€ R2Zmnx2m are the Galerkin coefficients, calculated so that when substituting (38) in (35), the residual is orthogonal to the
space &§.

To write the Galerkin equation, we use an orthonormal basis stored in the 2 X 2nm dimensional field V (z) = (uo(a:), ,vn_l(az)),
whose 2 X 2m components satisfy

/dwva(w)vk(a:)zIzméjk, jok=0,...,n—1. (39)
Q

Here I,,, denotes the 2m X 2m identity matrix and 6, is the Kronecker delta symbol. We index the components v; of V' the same
way as the snapshots, because our basis is causal i.e.,

v;(x) € span {ug(x), ....u;(@)}, j=0,....n—1. (40)
Explicitly, V' is defined via the Gram-Schmidt orthogonalization of U,
Ux)=V ()R, z€Q, 41)

where R is block upper triangular, with 2m X 2m blocks.
The equation for the Galerkin coefficients can now be written as

0=/dm V(@) [U@) (8,41 + 8)-1) — 2PU)g;]
Q
=R [M(g;, +8,_1)—2Sg,]. =0, (42)

with initial condition

g( = ¢, such that uOGal(m) =uy(z), ze. (43)
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Here R~T is the transpose of the inverse of R and we introduced the Gramian, also known as “mass” matrix

M = / dzUT (z)U(x) € R¥mX2m (44)
Q
and the “stiffness matrix”
S= / dz U (2)PU(z) € RZ<2mm (45)
Q

of the Galerkin scheme. We also denote by i; the (j + D™ column block of size 2nm X 2m, of the 2nm x 2nm identity matrix I,,,,.

The following theorem is a straightforward generalization of the results in [8,11,10,23], obtained for the scalar wave equation.
We include its proof for the convenience of the reader. The result says that even though we do not know the snapshots stored in U
and therefore the approximation space (37), all the terms in the Galerkin equation (42) are data driven.

Theorem 1. The 2m X 2m blocks of the mass and stiffness matrices (44)-(45) are determined by the data matrices (32) as follows
1
My, =5 (D@4 + Dy » (46)

1
Sju=73 (D4 141) + D —i—1) + D o1 + D)) - (47)

for j,1=0,...,n— 1. The block upper triangular matrix R in the Gram-Schmidt orthogonalization is the block Cholesky square root of the
mass matrix*

M=RTR. (48)

The first n Galerkin coefficients are the 2nm X 2m block columns of I,,,,,,

g;=ij Jj=0,...n-1. (49)

Proof. Note that equation (49) combined with definition (38) give that the Galerkin approximation of the snapshots is exact for the
first n time instants. This seems natural because the first n snapshots span the approximation space. However, for the result to hold,
it is essential that the time stepping scheme (35) is exact, so that with the coefficients (49) we have a zero residual. If we used an
approximate time stepping, obtained via some finite difference approximation of 63 in the wave equation, (49) would not be satisfied.

The proof of (49) is as follows: According to Remark 1, dim(&§') = 2nm. This means that the matrix R in the Gram-Schmidt
orthogonalization (41) and the mass matrix are full rank. Then, equation (42) with initial condition (43) has a unique solution g s
for j > 1. But {g; =1, };7;(1) solve (42), because

. . . (35)
U@) (G4 +3-1) = 2PU@)G; =ujy g +upmy — 2Py, =0,

for j=0,...,n— 1. This proves (49).

The block Cholesky factorization (48) is deduced from the definition (44) of the mass matrix and the Gram-Schmidt equation (41)

39
M=R" / dz VT @)V R'E R'R.
Q

The expression (46) of the blocks of M is derived using the definition of the snapshots and the symmetry of A, as follows

“9

il = /dmu/T(:c)u,(x)

Q

(3:4)/dx ug(:c)cos(jr\/g)005(17‘/&)“0(@

Q

M

:/da:ug(a:)% [cos((j + e VA) + cos(lj —1|r\/K)] ug(x)
Q
(34),(33) 1
-2
Finally, the blocks of the stiffness matrix are

[D@,4) + D)) Jr1=0,...,n—1.

2 To ensure a unique block Cholesky factorization, we take the symmetric, positive definite square root of the diagonal blocks.
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(44) (35) 1
S, = /dmuf(m)m,(z) = /armuf(m)5 [0 @) + uy_y ()] .
Q Q

and the result (47) follows from the calculation above. []

2.4.1. The ROM
We define the ROM as an algebraic, discrete time dynamical system analogue of (35), with states
W™ =Rg;, j20, (50)
called the ROM snapshots. The first n such snapshots are the 2nm X 2m block columns of R, as follows from equation (49),
(o, ... ) = R. (51)
The evolution of the ROM snapshots is dictated by the equation
u‘j‘i‘v‘l = ZPROMU;"M - u‘l‘;.’fll, j=0, (52)

derived from (42) and the Cholesky factorization (48), where
Pprom — R_TSR_I (53)

is the 2nm X 2nm ROM propagator matrix.
By Theorem 1, R and S are data driven, so equations (50) and (53) give that the ROM can be computed directly from D(¢ f ), for
j=0,....2n—1.

2.4.2. Properties of the ROM
If we solve for R in the Gram-Schmidt orthogonalization equation (41) and then use the result in the definition (50) of the ROM
snapshots, we obtain
38 .
w = / dz VT @) U(x)g, = / dz VT @u (@), j20. (54)
Q Q
Thus, the ROM snapshots are the orthogonal projection of the Galerkin approximation of the snapshots on the space & defined in (37).
Since this approximation is exact at the first n time instants, we deduce from this equation and (41) that
u;°°" = / dx VT(m)uj(w) & uj(x)= V(w)u‘j‘."“, j=0,....,n—1. (55)
Q
The ROM propagator matrix defined in (53) equals the orthogonal projection of the propagator operator (36) on &,
45
prov= R TSR & / de R-TUT (2)PU(2)R™!
Q
41
@ / dz VT (2)PV (). (56)
Q

It is a symmetric 2nm X 2nm matrix, with block tridiagonal structure. One way to deduce this structure is to follow the proof in [8,
Appendix C]. Alternatively, the result follows by iterating equation (52) for j =0, ...,n — 2 and using (51): If we count the 2m X 2m
blocks of P as P‘?f;‘“, with j,/=0,...,n—1, and we let R i be the blocks of R, which are non-zero for 0 < j </ <n— 1, we obtain
from (52) evaluated at j = 0 that

rom R

730’0 120’0 RO,I

. pROMRO 0 . 1,1
2P Rig=2| 10700 [=2Ri =2| 0
PiZioftoo 0

The block R, is invertible, because R is invertible, so P;"BM = ng’j_” =0, for j =2,...,n— 1. The next step, obtained from (52)
evaluated at j = 1, gives
2P*“Rij = Riy+Rig = PITRy;=0, j=3,...n-1,
and since R, ; is invertible, 73‘_‘"’1“" = Pi‘:’j“" =0, for j =3,...,n— 1. Proceeding this way, until we reach j =n — 2 in equation (52), we
obtain that "> is indeed block tridiagonal.
The ROM interpolates the time dependent data matrix D from which it is computed. Specifically, for j =0,...,n — 1, we have

(33) (55)
D) = / dzug (@)u(x) = (up™)" / dzV! @)V (@)u}™
Q Q
(39
39 (USOM)TM;OM7 (57)
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and for j=1,...,n— 1 we have

(46)
Btpoi14) = 2My_yj = Dy (58)

The second term in the right hand side of this equation is matched as in (57) and the first term is

n—1
Q Q

M,_; = / dx unT_l(a:)uj (mgz%u“c’_‘“ )T/ da:VT(a:)V(m)u;"M

(39)
=(u) u, (59

Equations (57)-(59) show that the ROM snapshots give exactly the matrices D(¢ jatt; =jr, for j=0,...,2n — 2. In fact, with a bit
more work, one can show that this result extends one more step, to j =2n — 1 [8, Appendix B].

2.5. Regularization of the ROM computation

There are two critical and nonlinear steps in the computation of the ROM: The Cholesky factorization (48) of M and the inversion
of the block Cholesky square root R. Both steps require a symmetric positive definite M computed from the data as in equation (46).

In the absence of noise, the time dependent matrix D, which is obtained from the array response matrix as in equation (32), is
symmetric due to source/receiver reciprocity. This ensures the symmetry of M. The matrix D is not symmetric for noisy measurements,
but once we compute M from equation (46), we can just take (M 4+ M”)/2 to obtain a symmetric mass matrix.

If the time step = and/or the separation between the antennas are chosen too small, then M is singular in finite precision arithmetic.
For noisy measurements, even after the symmetrization, M is likely indefinite. Thus, the ROM construction requires a regularization
procedure, which maps M to a symmetric, positive definite M.

There are various ways to carry out the regularization. Each one must ensure the correct causal structure of the ROM, which is
manifested algebraically in the block upper triangular square root R of M and the tridiagonal structure of the ROM propagator matrix
Prov. We have tried the following two regularization approaches:

1. Replace D(0) by (1 + 2a)D(0), which according to (46), amounts to boosting the diagonal block of M by aD(0), where 0 < << 1.
2. Project M on the space spanned by the eigenvectors corresponding to the eigenvalues that exceed a user defined positive threshold.

The advantage of the first regularization approach is that it is simple and preserves the causal algebraic structure of the ROM.
The matrix D(0) can be easily computed because it depends only on the medium near the array, which is known, isotropic and
homogeneous. It is a positive definite 2m X 2m matrix, so by adding aD(0) to the diagonal of M, we can get a positive definite 2nmx2nm
regularized M. The disadvantage is that the eigenvectors of M2 corresponding to the smallest eigenvalues are significantly affected
by noise, which can cause inversion artifacts.

The second regularization approach is more complicated, but it has the advantage that it removes the subspace spanned by the
“noisy eigenvectors”. Let {y; }52’;’ be the orthonormal eigenfunctions of M, corresponding to the eigenvalues counted in descending
order. For regularization, we wish to keep the largest 2rm eigenvalues and associated eigenvectors, for 1 < r < n. The multiple 2m
is needed here to carry out the block algebra calculations, with 2m X 2m blocks. The projection of M on the space spanned by the
leading eigenvectorsis A = YTMY, where Y = (y;, ..., Yy,,)- The matrix A is positive definite, with spectrum that is weakly affected
by noise. However, A is diagonal, while the mass matrix should have block Hankel plus Toeplitz structure (recall (46)), in order to
get a ROM that preserves causality at the algebraic level. This causality is manifested in the block tridiagonal structure of the ROM
propagator matrix. To obtain the desired M€, we compute first

T=A""2yTsy A /2, (60)

and then use the block Lanczos algorithm [29] to obtain the orthogonal matrix Q € R™*2™ that gives a block tridiagonal QT ITQ.
This is the regularized ROM propagator. The regularized mass matrix is

M™e = QT AQ. (61)
3. Estimation of the internal wave

It is known that knowledge of the internal wave field i.e., the snapshots w; at all points in £2, would simplify considerably the
inverse problem. This is the whole point of multi-physics “hybrid” imaging modalities like photo-acoustic tomography, transient
elastography, etc. [42,2]. These modalities are limited to medical applications because they involve delicate and accurate apparatus
for transmitting several types of waves and measuring all around the body. It was shown recently in [15,16], in the context of inverse
scattering with acoustic waves, that the ROM can be used to estimate the internal wave. Here we extend those results to the vectorial
problem, governed by equation (29).

We begin in section 3.1 with the definition of the estimated snapshots uj“, followed by a numerical illustration in section 3.2. Then,
we describe in section 3.3 the relation between ujS‘ and the dyadic Green’s function. This relation sheds light on the approximation
of u; by ui“ and we use it in the analysis of the imaging method introduced in section 4.

10
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3.1. Estimated wave snapshots

The estimation of the snapshots u; is based on equation (55), which has two factors: The ROM snapshots {u‘;."“” = Ri; ;.’;(1), which
are computed from the data, and the 2 X 2nm field V' that stores the orthonormal basis of the space §'. This field cannot be computed
because & is not known, so we estimate the snapshots using the basis computed with the guess wave speed ¢,

uj“(w; e)=V(z; E)u;w =V(x;¢)Rij, j=0,....n—-1, z€Q. (62)

We call the medium with wave speed ¢ the “reference medium”, but note that ¢ will change during our iterative approach to

inversion, introduced in section 5.

A very popular imaging method, known as reverse time migration in the geophysics community [5,6,48] or backprojection in
radar [22,20], is based on the linearization of the forward map, known as the Born approximation. Imaging is carried out by back-
propagating the measurements to the imaging points in €2, using the internal wave computed in the reference medium. The snapshots
of this wave satisfy

uy(@;8) = V(@ DRE@);, j=0,....n-1, z€Q. (63)

Equation (63) may look similar to (62), but there is a big difference: The matrix R, which stores the first n ROM snapshots, is
for the true and unknown medium, whereas in (63) we have R(¢) computed in the reference medium. This difference is important,

because the estimated snapshots (62) are consistent with the me_alsurements, whereas those in (63) are not. Indeed, if we substitute
the snapshots u 7 in equations (57)-(59) with the estimated ones in (62), we obtain that the data interpolation still holds

T
/ dz [uSSl(w; ?_5)] (@ E) = () / daVT (@ DV (@ & w2 D)),
0 Q0

Loym

for j=0,...,n— 1. Moreover, we have

n—1
Q Q

<

T
/da: [uffjl(x;g)] u (@1 E) = )T/deT(m;“g‘)V(x;g)u;w:Mn,l,j,

Dym

which in light of (58) gives the interpolation of D(¢,_., y ), for j=1,...,n— 1. If we replace ujs‘ by (63) in the left hand side of these
equations, we deduce the interpolation of D(z; ¢), not D(z).

3.2. Numerical illustration of the estimated internal wave

The exact data fit equations above show that all the information about the waves recorded at the array is contained in R. The
orthonormal basis stored in V' plays no role in the data interpolation. Its purpose is to map the information in R from the algebraic
space, to the physical space, at points x € 2. For acoustic waves, extensive numerical simulations [15,14,24,10,23] and analysis in
some special media [13, Appendix A] have shown that the orthonormal basis stored in V' depends mostly on the smooth part of the
medium, which controls the kinematics of wave propagator. The analysis and conclusion in [13, Appendix A] extend to the vector
valued wave field u. For brevity, we do not include it here. Instead, we show the results of a numerical simulation that illustrate the
typical behavior of the estimated internal wave.

In Fig. 2 we compare the components along e, of the true wave u s the estimated wave u?“(-; ¢) and the wave u (5 ¢) calculated

at the reference wave speed ¢ =¢,I, at the point z indicated with a red cross. The true medium is isotropic, with wave speed cI

displayed in the top left plot. The excitation is along e,. We indicate with arrows a few arrival events: The event denoted by a is the
direct arrival from the source. The event denoted by b is the wave that traveled from the source to the boundary, scattered there and
then arrived at x. These two events are seen in all the plots. The events ¢ and d are arrivals of waves that scattered in the medium.
These are absent in the reference snapshots u;(-; ¢) but are seen in both the true wave snapshots and the estimated ones. Since in

this example the kinematics is perturbed slightly, the estimated snapshots are a good approximation of the true ones.
3.3. Estimated internal wave in terms of the dyadic Green’s function

The causal dyadic Green’s function for the wave equation (7) is the 2 X 2 matrix valued solution G of

VL[V Gtz y)] + A (@)} Gt 2, y) = 5()Id(x — y), (64)

for t € R and « € 2, with initial and boundary conditions

11
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Fig. 2. Top, from left to right: Plot of ¢(x)/c, and the wave e'zru () at the point @ indicated with a red cross. Bottom, from left to right: The waves egu (z,¢,I) and

e?uf"(m,col ). The source is polarized along e,. (For interpretation of the colors in the figure(s), the reader is referred to the web version of this article.)

Gtz,y)=0, t<0, z€Q,

ni(x) Gt,z,9)=0, teER, =€,

(65)
(66)

where the operators are understood to act columnwise. In light of our transformation of the wave operator in (64) to A + 0,2, and the

fact that in the right hand side of (17) we have a time derivative, we also use G, satisfying

Aghay%+¥g@wdn=y02&x—yh teER, z€Q,
Ctz,y)=0, 1<0, z€Q,

n'-G.xz.y)=0, (ER, T€Q.

The next lemma, proved in Appendix A, gives the connection between these dyadics:

Lemma 1. The Green dyadics G and G are related by the identity

0,G(t,z,y) =c(@)G(t,z, y)c(y), 1ER, z,ye L.

(67)
(68)

(69)

(70)

The approximation of the forcing I6(x — y) in our space &', with orthonormal basis stored in V/, is

n—1

8z, y)= Y v (@] ()= V@V’ @)
- j=0

(71)

The next lemma, proved in Appendix B, shows that the columns of the wave snapshots are wave fields with source determined by (71).
The components of the estimated internal wave (62) have a similar expression, except that the source is determined by

n—1
8@y )= Y v@w] 1) = V@V (y; 2.
= = & = =
Lemma 2. Introduce the 2 X 2 matrix valued fields

g(t.2.y) = costVA) | F(VA)| 8(a. ),

and

g (1.2 y: ) = costVA) | F(VA)| 8 @,y B).
Let j =0,...,n— 1. The wave snapshots can be written as

uﬂw~<gnwpwwwggwwy0, yeQ

12

(72)

(73)

(74)

(75)
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and the estimated snaphots satisfy

u(y; ©) ~ (ge“(t,-,:vl,y; ), gt 2y E)) . YyEQ. (76)

The expression (75) of the wave snapshots says that its (s, p) columns are wave vector fields that originate from the vicinity of the
location x, of the s'h antenna, with polarization along e > fors=1,...,mand p=1,2. Vicinity means within the support® of & defined
in (71). The estimated snapshots (76) have a similar interpretation, except that their initial support is dictated by §e“ deﬁnea in (72).
The support of § depends on how rich the approximation space & is, while the support of §**' also depends on the approximation of
V by V(-; ). This approximation seems to be mostly dependent on the kinematics i.e., the smooth part of c.

We can now state the connection between the estimated internal wave and the Green dyadic. The proof_is in appendix C and the
result is used in the analysis of the imaging function introduced in the next section.

Proposition 1. Let f be the even time signal with Fourier transform | f |5

[+S)

f) = / 92} fle) costen) 77)

—00
Suppose that 8'(z,y; ¢) defined in (72) peaks near y. Then, the components of the estimated snapshots in equation (76), evaluated at
yen sadsfyi?lg ly — m:| > c,tp, are approximated by

gty D e 0, / dEG(t.x,. E)c™ (§)8™ (§.y: T). (78)
B o)

4. Imaging

The goal of imaging is to obtain a qualitative picture of the heterogeneous medium, which localizes reflective structures, modeled
by the “rough features” of £ and thus ¢, like jump discontinuities [48]. The smooth part of the medium, which determines the

kinematics of wave propagat_ion, is assumed known. In this section we model this smooth part by the constant and isotropic reference
wave speed ¢ = ¢, I. This is typical in applications like radar imaging or nondestructive evaluation [20,22], although in seismic
imaging the smooth part is variable [5,48].

The most popular imaging method is reverse time migration [5], also known as backprojection [20]. We call it henceforth the
“traditional method” and its imaging function is defined by

m 2
™)=Y, Y ey Gl-twy.y: 8% G(-ty.a: D,k W0 . (79)
s,s'=1p,p'=1

This definition is based on the linearization of the forward mapping about the reference medium. The linearization, known as the
Born approximation, assumes that the waves propagate from the source at =, to a point y € 2, where they scatter once, and then
return to the array, at the receiver location . The image is formed by back-propagating the recorded waves to search points y in
the imaging domain £, C £2. The backpropagation uses the time reversibility of the wave equation and it is modeled in (79) by the
convolution with the time reversed Green’s dyadic in the reference medium.

Traditional imaging works well if the medium is a slight perturbation of the reference one. This holds when the reflectivity is
weak and/or the support of the unknown features is small. If this is true, then the imaging functions (79) peaks near the reflective
structures. If the reference medium has the wrong kinematics, the images are unfocused and if the reflectivity is strong, the images
display ghost features, which are multiple scattering artifacts.

We introduce next an imaging method that uses the estimated internal wave (62). As we have discussed in the previous section,
this wave contains all the scattering events recorded at the array. However, these events are mapped to wrong locations in €2 if the
kinematics is strongly perturbed. Thus, it is not surprising that the imaging is successful when the reference medium gives a good
approximation of the kinematics. The interesting property of the new imaging function is that it mitigates multiple scattering artifacts.

4.1. Imaging with the estimated internal wave

Similar to equation (34), let us write the estimated internal wave (62) in terms of its components

u;“(y; 3= (u;st(l,])(y; E)’ujst(ll)(y; ... ’u;st(ml)(y; E)) . (80)

3 By support we mean the set of points y around x,, where 8(z,, y) is significant.

13
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The imaging function for incident polarization along the direction e, and measurements along e, is

n—1 m

~ 12
1Y@ =Y ¥ ehul P D| . yelnce @1)
Jj=0s=1 -

This is an extension of the imaging function introduced in [13] for acoustic waves. As we show next, its expression is connected to
the time reversal point spread function [28], which describes mathematically the following experiment: Suppose that there is a point
source at y € 2, which emits a wave. If we record this wave at the array, time reverse the recordings and re-emit the wave back
into the medium, then the wave will focus near y, due to the time reversibility of the wave equation. The sharpness of the focusing
depends on the frequency content of the wave, the aperture of the array and the medium. The striking experiments in [28] show that
the more scattering in the medium, the better the focusing.

The analysis below shows that our imaging function (81) is determined by the time reversed point spread function averaged
around y, in the support of 5*' defined in (72). Thus, it is designed to be sensitive to changes in the medium around y.

4.1.1. Connection to the time reversal experiment
To analyze (81), we recall the result (76) in Lemma 2 and approximate the sum over j by a time integral

ntr m
/ 1 2
10D (y) ~ - / ary |e[7;, g, :cs,y)ep| . (82)
0 s=1
Now use the result (78) of Proposition 1 to write
T 7’
107y / dg / ag' [17¢v: D)) KOEEmPE v 2. (83)
Q Q

in terms of the vector
nP(&y: ) =c (8™ (& y: D, 84)

and the matrix K ®) = (K 4 )) , with entries
JsJ Jnj'=1.2

K}fj)(é,:’)— / —f(t)* Gy (6 OF (1) %, Gy (12, E)

/—f ()%, Gy (t.E ) [ (1) %, Gy (1,2, E). (85)

The second equality is due to the reciprocity of Green’s dyadic [51,47]
Gtz 6 =G (.&.)). (86)
We relate next the expression (83) to the time reversal experiment, using the following two steps:
Step 1: Let y® be the wave field satisfying the wave equation
—VEHVE P ay)] + @0}y P . y) = O @y D),
for t € R, o € Q, with initial and boundary conditions
yPtz,y)=0, 1<0, z€Q,
nt@) - yP,z,y)=0 1€R, z€iQ.
This wave can be written in terms of Green’s dyadic G, the solution of (64)-(66), using linear superposition
WP =70 %, [ 4 G mOE ui D).
Q

We are interested in the p’ component of this wave, evaluated at x = . Substituting it in equations (83) and (85), we get

, T
7w ,p)(y)N/d.’; [11(‘”(6,11;5)]

Q

nt m
dt
JEL PO Y G ey o).
0 ° s=1
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Fig. 3. Left: Display of the isotropic medium with a crack feature. The medium is modeled by the dielectric permittivity £(a)I and the colorbar shows the contrast

£(x)/¢,. The antennas are drawn as triangles near the top boundary and the imaging domain £2,, is inside the black rectangl_e. Middle: The traditional imaging 80
antennas and 7 = 0.37/w,.

Step 2: Change variables in the time integral from ¢ to —t and recall that f* is even, which means that f* is odd. Writing explicitly
the convolution we get

’ N
170w~ [t i@ D] 570w ®7)
COTQ -

in terms of the vector field
0

B P& y) = 1) %, / a1y G 1.2 ey [hw?(—ta,y)]
s=1"

—nt

Y (88)

The right hand side in (88) is obtained by emitting from all the antennas, over the time interval ¢ € [0, nz], the time reversed wave
e;, P, polarized along e - The result is then convolved with 7" and it is evaluated at f = 0, when we expect from the time reversibility
of the wave equation the refocusing to occur, at points £ near y [3].

4.1.2. Expected focusing of the imaging function
Recall definition (84) of n(l’) and write the expression (87) more explicitly

/ < 1T ’
190~ [ agel (5@ D] @, (89)
° o

We know that the time reversal experiment gives a field ﬁ(”"’l) that is peaked at & ~ y, with resolution that depends on the signal f,
the aperture of the array and the medium through which the waves propagate [3]. The shorter the signal and the larger the aperture,
the better the refocusing. Our imaging function averages B®? in the support of 8 (L y; €)e, and it is sensitive to the changes of

the wave speed c there. Thus, as long as the components in the p" column of §*'(-,y; €) are peaked near y, the imaging function
computed from the internal wave as in equation (81) gives good estimates of the support of the reflectivity of the medium.

4.2. Numerical results

We refer to Appendix D for the setup of the numerical simulations and some comments on the computational cost. The simulations
are carried out in a rectangular €2 with perfectly conducting 0£2. The array of antennas is near the top boundary and the system of
coordinates is « = (x;, x,), with the “range coordinate” x; pointing downwards and the “cross-range” coordinate x, orthogonal to it.
The length unit in the plots is 4., the wavelength calculated at the highest frequency w, in the bandwidth of the probing signal f.

We show imaging results for isotropic and anisotropic media with crack like features, where the kinematics is slightly perturbed,
but the reflectivity is strong enough to cause visible multiple scattering effects in the traditional imaging function (79). To explore
the role of polarization in the measurements, we display the imaging function (81) for p, p’ = 1,2, instead of showing the sum over
all polarizations. Note that we plot the range derivatives of the imaging functions, in order to emphasize the large changes which
are related to the jump discontinuities of the wave speed. The array aperture, antenna separation and time step r are given in the
captions.

4.2.1. Imaging in isotropic media

The first example considers an isotropic medium, with dielectric permittivity displayed in the left plot of Fig. 3. The traditional
imaging function (79) is shown in the middle plot. It does find the crack, but it has ghost features below it, induced by multiple
scattering. The ideal image, the analogue of 7(>?), defined for the uncomputable true internal wave, is shown for reference in the
right plot. It has no ghost features and the resolution is excellent, as expected from the expression (89) with ' replaced by 8.

The computable ROM based imaging functions (81) are displayed in Fig. 4 for all p, p’ = 1,2. The images iaentify the crack better
than the traditional approach (top middle plot in Fig. 3). The best image is T>?). This is expected because we have a transversal
wave that propagates mainly along the range direction e,. The dominant component of this wave is therefore along the cross-range
axis e,.
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Fig. 6. Left: Isotropic medium with multiple cracks, modeled by the dielectric permittivity e(a)I. The colorbar shows the contrast e(x)/¢,. The antennas are drawn

as triangles near the top boundary and the imaging domain is inside the black rectangle. Middle: The traditional imaging function. Right: The imaging function 72
The axes are in units of 1. The array aperture is 204,, there are 80 antennas and 7 =0.37/w,.

We expect that, as is the case with any imaging method, a larger aperture should give a better cross-range resolution and improved
view of the crack feature. We also expect that at the minimum, the time step 7 should give two grid points in the period 2z /w, of
oscillation of the waves, and the antennas should be at least 4, /2 apart, so they behave as an array. The results in Fig. 3-4 are obtained
for a large aperture, a conservative r that gives about 7 points per period of oscillation, and 80 antennas spaced by the distance 4, /4.
We illustrate in Fig. 5 the effect of less conservative choices. Note how undersampling in time and space causes unwanted ripples in
the image. The reduced aperture leads to poor imaging of the ends of the crack.

The next example, shown in Fig. 6, is for a more complicated medium, with multiple cracks. Note the ghost feature induced
by the multiple scattering in the traditional image (middle plot) that makes it difficult to tell if there is a single long crack or two
disconnected ones. Our imaging function (right plot) is clearly superior.

4.2.2. Imaging in anisotropic media
Imaging methods are not designed to give quantitative estimates of the components of c. The definition of the initial state (84)
in the time reversal experiment shows that even if we have a jump in a single component of ¢, that will be mapped to variations in

1®#) for all p, p’ = 1,2. Thus, we expect our images to indicate the location of all the jumps of c. Indeed, this is the case, as illustrated

in Fig. 8, for the medium shown in Fig. 7. We do not display the traditional image for this case, because it does not bring additional
insight from what is shown in the figures above.
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Fig. 7. The anisotropic medium. The colorbar is the same in all the plots.
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5. Inversion

The numerical results in the previous section illustrate that for imaging purposes, it is enough to use a single polarization i.e., work
with the imaging function Z(3?), This is in agreement with the results in [45,18], which show that the shape of inclusions filled with
orthotropic media can be recovered from the admittance map. However, since this map does not determine uniquely the anisotropic
medium [44,35], for the quantitative estimation of the wave speed ¢ described in this section, we need the two polarizations.

The classic approach to isotropic or anisotropic medium estimation is via data fit optimization, as described in the introduction
and in equation (14). In light of our data mapping described in section 2.2, we reformulate the traditional (FWI) approach as

2n—1
2
min O(Z) + regularization, O™(Z)=1 Y, ”[D(jr) —-D(r; 2)” . (90)
cew = = “ =lF
= Jj=0
We introduce next a different inversion method, using our estimated internal wave (62). As explained in section 3.1, this wave
fits the data by construction. However, due to the wrong orthonormal basis stored in V (-; ), the wave (62) is not a solution of the
wave equation. If it was a solution, then ¢ would be close to the true wave speed, assuming uniqueness and stability of the inverse
wave scattering problem, which holds for proper regularization and an appropriate search space €.
The solution of the wave equation with wave speed ¢ is given by (63). Thus, we can minimize the internal wave misfit

n—1 2
- |12 62).63 - -
/dm Z | uS(x; €) — u;(x; c)” 20 )/d:c “V(w, c) [R—R(c)]
y J = J =F = =" F
2 J=0 2
2
=|r-r],. o)
=’lF
where the last equality is because the basis in V'(-; €) is orthonormal.
We estimate the wave speed using the optimizat_ion
2
min O(2) + regularization, O(Z)= |R@R" - L, )F , (92)
ce = = =

where the objective function is a slight modification of (91), motivated by the following: It is known that variations of ¢ that are far

from the array can produce weak reflections that are masked from reflections from shallower depth. These weak reflections appear
as small entries in the data matrices and, according to Theorem 1, the Gramian M. These, in turn, result in small eigenvalues of the
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square root R of M. By using the inverse R~! in the definition of the objective function,* we expect to recover the hidden reflections
that are distinguishable from noise (recall the discussion in section 2.5) and thus image better.

5.1. The inversion algorithm

There are two user defined components of the inversion algorithm: The first is the choice of the search space € and the second is
the choice of the regularization in the optimization (92).
We define € as follows: First, we parametrize the Cholesky square root of the squared inverse wave speed tensor

A TN (R ©3)

= 0 r

to ensure that € remains symmetric and positive definite. The parametrization is done using the basis functions {¢; }j.V: | described in

Appendix D,
N
n@=1=83)c;" + Y a;¢,(x), (94)
J=1
with @ = (a;;,....,a3 ;) ER3VN to be determined by optimization.

We use the simplest Tikhonov type regularization penalty v||a||? in (92), with parameter v chosen as explained in Appendix D.
However, other choices of regularization, that incorporate prior information about ¢, can be used and would likely lead to sharper

estimates.

Algorithm 1 (Inversion algorithm).
Input: Data matrices D(jz), for j =0,...,2n—1.

1. Compute M with block entries given in equation (46). If M is indefinite or poorly conditioned, use regularization as described in
section 2.5.

2. Compute the block Cholesky square root R of M.
3. Starting with a® = 0 proceed:

For update index j > 1 calculate y(z) as in equation (94), with & = aU~D. Compute ¢ from equation (93).

Calculate R(¢) following the same procedure of calculating R.

Compute a') as a Gauss-Newton update for minimizing the objective function (92) with the user’s choice of the regularization
parameter v.
- Go to the next iteration or stop when the user defined convergence criterion has been met.

Output: The estimate of ¢ given by (93)-(94) with « calculated at step 3.

Note that since the ROM construction is causal, the inversion can be carried out in a layer peeling fashion, by time windowing the
data. If we use measurements up to time instant ¢,s, for n’ < n, then the ROM contains information up to the distance of order c,t,, /2
from the array. Thus, we can estimate the medium near the array, and then increase n’ to obtain estimates at further distance. This
can be very useful in speeding up the optimization.

5.2. Numerical results

We illustrate the performance of the inversion algorithm for the medium shown in Fig. 9. There are three anisotropic inclusions,
modeled by the piecewise constant wave speed ¢ with components plotted in the figure.

The inversion results are shown in Fig. 10. The ROM approach (top plots) recovers well the shape of the inclusions, especially the
left and middle ones. The components of ¢ there are also well estimated. There is some leakage in the off-diagonal component of ¢

for the right, thin inclusion. This inclusion is very difficult to determine, because the data recorded at the array is dominated by the
reflection at its top corner.

As is typical of FWI inversion [54], the results shown in the bottom plots of Fig. 10 do not determine the shape of the inclusions
and the wave speed there. For instance, FWI sees the top and bottom of the leftmost inclusion, which cause two strong reflections
registered at the array. However, the bottom is misplaced because the wave speed inside the inclusion is not correctly identified.

Both methods tend to overshoot the value of the wave speed near the edges of the inclusions. This is a normal Gibbs phenomenon
seen with Tikhonov regularization and it can be mitigated with a different regularization that is better suited for a piecewise constant
C.

4 Once we regularize the ROM construction, the mass matrix and its block Cholesky square root R are well conditioned, so inverting R is not an issue.
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Fig. 9. The anisotropic medium with three inclusions. The axes are in units of .. The contour of the inclusions is superposed on these plots.
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Fig. 10. The inversion results for the medium plotted in Fig. 9. Top row: results obtained with Algorithm 1. Bottom row: Results given by the FWI approach. The axes
are in units of A.. The contour of the inclusions is superposed on these plots.
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Fig. 11. Anisotropic medium with rectangle shaped inclusion. The axes are in units of A.. The contour of the inclusion is superposed on these plots.

6. Noisy data and imaging with the estimated kinematics

In this section, we explain how one may combine the imaging and inversion methods described in sections 4.1 and 5.1. This may
be useful for distinguishing better the contour of inclusions buried in the medium, if the regularization of the inversion is not designed
to do so. We also illustrate the performance of the inversion for noisy data.

We use for illustration the example in Fig. 11, where the medium contains a rectangular inclusion filled with an anisotropic
medium. The inclusion is large enough to affect significantly the kinematics. Consequently, our imaging function (81), displayed in
the left plot of Fig. 12, gives the wrong estimate of the bottom right corner of the inclusion. The traditional image shown in the
middle plot behaves similarly, although it shows a ghost feature at the bottom of the domain, due to multiple scattering. It also has
spurious oscillations near the top corner of the inclusion.

To correct the image in Fig. 12, we need a better estimate of the kinematics. One way to get such an estimate is to use the result of
the inversion with Algorithm 1. The result of this inversion is shown in the top row of plots in Fig. 13. For comparison, we also show
in the bottom row of plots the result of the traditional (FWI) inversion. As we saw before, FWI identifies the top of the inclusion, but
it does not give a good approximation of the smooth part of the wave speed, which determines the kinematics.

If we compute the imaging function (81) using the reference wave speed obtained by our inversion Algorithm 1 (top plots in
Fig. 13), we obtain the result shown in the right plot of Fig. 12. This is an improvement because it identifies correctly the entire
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Fig. 12. First two plots: images of the medium in Fig. 11, calculated using the constant reference speed c,I. Left plot: the range derivative of the imaging function
1?, Middle plot the traditional imaging function. The right plot: the imaging function Z>? computed in the medium estimated by our inversion approach. The axes
are in units of A.. The contour of the inclusion is superposed on these plots.
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Fig. 13. The inversion results for the medium plotted in Fig. 11. Top and middle rows: results obtained with Algorithm 1. Noiseless data (top row) and noisy data
(middle row). Bottom row: FWI results for noiseless data. The axes are in units of 4. The contour of the inclusion is superposed on these plots.

contour of the inclusion. It also complements the inversion results in Fig. 13, which do not give a precise estimation of this contour
and also display some small oscillations that are typical of the Tikhonov regularization procedure.

To illustrate that our inversion algorithm works with noisy data, we plot in the middle row of Fig. 13 the results for 1% Gaussian,
uncorrelated noise added to the matrices D, for j =1,...,2n — 1. The matrix D, is noiseless because it can be computed using the

known medium near the array of antennas. The regularization of the ROM is via “option 2” described in section 2.5, where we project
the noisy mass matrix M onto the space spanned by its 2rm leading eigenvectors of M. The threshold r =n ﬁ — 1 is determined
using the index p of the smallest, non-negative eigenvalue of M. The eigenvalues are assumed sorted in descending order, as explained
in section 2.5.

7. Summary

We introduced a novel approach for inverse scattering with electromagnetic waves in lossless, anisotropic heterogeneous media.
It is an extension of results obtained recently for the acoustic wave equation in lossless, isotropic media. The approach uses a reduced
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order model (ROM) which is an algebraic dynamical system that captures the propagation of the electric wave field inside the
inaccessible medium, on a uniform time grid with appropriately chosen time step. The ROM is data driven, meaning that it can be
computed just from measurements gathered by an active array of antennas that emit probing signals and measure the generated
electric field. We showed how to use the ROM to obtain an estimate of the electric field inside the medium, called the internal wave.
This wave is consistent by construction with the data measured at the antennas. We use it to formulate a novel imaging method,
designed to locate the rough part of the medium, the reflectivity, in a known smooth background. The imaging function is easy and
inexpensive to compute and it is superior to the traditional imaging approach because it does not display multiple scattering artifacts.
We also introduced a novel inversion algorithm that uses the estimated internal wave to determine the matrix valued wave speed.
Both methods are assessed with numerical simulations and are shown to perform better than the traditional approaches.

Our ROM methodology relies on having a self-adjoint wave operator. This holds in lossless media. If the medium is lossy i.e., there
is a nonzero isotropic or anisotropic conductivity, the problem is very different and requires a new ROM methodology. First steps
have been made in one-dimensional (layered) media in [12], but the higher dimensional case is open, so far.

The case of dispersive media also requires special treatment. In the time domain, dispersion introduces fractional time derivatives,
which are difficult to handle. Thus, frequency domain ROMs are better suited for such media. Their construction differs from that
of our time domain ROM, which uses the causality of wave propagation. An interesting case of orthotropic and dispersive media
corresponds to having ferrite materials in a strong z— directed magnetic field. Such materials are non-reciprocal and require a
radically different ROM based approach to inversion and imaging.
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Appendix A. Proof of Lemma 1
Take the time derivative in (64) and introduce the new 2 X 2 field

H(.z,y)=c ' @)9,G(t.z.y). (95)
which satisfies

~VHVE (c@H 2 y)] + ¢ @) Hte,y) =6 (0I5 ~y), 1ER, 2 €2,

o B E(I,w,y)EO, t_<0, x € Q,
nt(x)- E(z, z,y)=0, 1eR, z€i.

Multiply this equation on the left by ¢ and recall the definition (20) of the operator A. The equation for H becomes

AH(tz,y) + 0] H(t.z,y) =5 (Dey)éx —y), 1ER, z€Q.
It remains to show that

H(t,z,y) =G0, z,y)c(y). (96)
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We check columnwise: For p = 1,2 we have
2
(A+0)) [g(z, z, y)g(y)ep] = ¢, ,W)A+0D) [ga, x, y)e,-] .
= st =

and using equation (67) we get

2
(A+0?) [g(z, @, y)g(y)ep] =Y ¢, @8 (De;5(x —y) =8 (Dc(y)e,b(@ —y).
2Ty Pa £

This shows that g(t, x,y)c(y) solves the same equation as H(#, x, y). They both vanish at 7 < 0 and they satisfy the same homogeneous

boundary condition, due to the assumption that ¢ = ¢, I at (2. Since the wave equation has a unique solution, the result (96) holds. []

Appendix B. Proof of Lemma 2

Introduce the 2m X 2 auxiliary fields

o) =i/ 'V (4. 1=0...n-1, 97)

and observe that they satisfy

n—1 n—1
Y o)=Y i, RV (8 =RV (4 %),
1=0 1=0 - -
——
Ian

We deduce that

n—1 n—1

> w(@)o(y) =U) Y, i10)(y) =U@RV (y:0)
1=0 =0 -

LV Z e @y D). 98)

Therefore,

n—1
cos(t; VA)S™ (z,y: ©) D coste VA Y w(@)o(y)
- - 1=0

n—1
2 cost, VA) 3 cos(t, VA yug(@)o, (y)
1=0

n—1

1

2 &

[cos(t VA + cos(ty_ VA )] up ()6, ()

n—1
B9 1
22 [uj+1(w) +u|j_,‘(a:)] o). 99)
=0
With this result and recalling the expression (33) of the entries of the data matrices,
n—1

/dm uf (x)cos(t; \/K)Qe“(m,y; o= % D [Dj+/ + Du—ll]"t(y)

) 1=0

n—1
(46)
= Z Mj,zo'z(y),
=0

which is a 2m X 2 field. Moreover, using the definition (97) of o, and that

n

—~1 n—1
T _ Tnfs T — T
ZMN’I —2 o Mi; i =4 M,
1=0 1=0 "~

M;j,

we obtain that
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/ da u (@) cos(t; VAT (@, y; ©) = i MRV (4 B)
Q
“®) TRV (y; 9 (62 uh (y; g)] T (100)
Now, recall definition (31) of ug, which says that its (s, p) column is
ug @) = |F(VA)| e, FO@).

Using this in (100) and recalling that A is symmetric and functions of A commute, we get that the (s, p) row in the left hand side
of (100) is

~ i (74 ! -
/dwe;F(s)(m)cos(tj\/K)|f(\/K) (_Se“(m,y;g)(;)/dme;F(s)(m)ge“(tj,w,y;g)
Q Q -
~ e g™ (1) @, y; ©). (101)

Here the approximation is due to the assumption of point-like support of the antenna, modeled by F, and also that functions in the

range of | f (\/K )| are smooth.
The result (76) follows from (100)-(101). The proof of (75) is the same, once we replace V(-; ¢) by the true V. []

Appendix C. Proof of Proposition 1

Using the jump conditions induced by the derivative of the Dirac delta in (67), we can write equations (67)-(68) in the equivalent
form

(A+0))G(tz,y)=0, (>0, z€L,

Q(O+, z,y)=Ié(x —y), 0,9(0, z;y) =0, x € Q.

By definition (74), the field g° satisfies the same equation as G, but has a different initial condition

(A+0)g™ (tw.y:©)=0.  1>0, z€Q,
est LY — "\/_ est .~ est LSy —
g (0’w7y’ g) - |f( A)lg (w’y’ g)’ 612 (0,$,y, g) _0’ 4 E'Q

Here we used that A is the restriction of A on D \ null(A) and also that the columns of 5**' do not have components in null(4). By

the principle of linear superposition,

g,y ) = / dE Gt 2.5 F(VAE™ €. y: B). (102)

Q

Similar to what we have done in equation (21), we decompose g as follows

Gtz y) =6,z y) + L,z y). (103)

The first term solves the same equation as G, but its initial state is the approximation of I6(x — y) in the range of A and therefore A,

3@y =) 9;@e] ). (104)
° P

It can be written in compact form as

Gt z;y) = 1[0 00) (D) COS(tﬁ)éA(w,y), (105)

and has a series expansion in the eigenfunctions of A, which form an orthonormal basis of range(A). The second term in (103) has
columns that lie in the null space of A. It solves the equation

L2,y =80 |15 - y) - 8" @.y)] (106)
and it is given by
L(t.339) = 110 (0) [15,@) — (@i )| . (107)
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Note that since null(A) = [range(A)]+, I has no contribution in (102) i.e.,

oo D)= [ 46800 HIFVDIE Ny D (108

- Q

Using the expression (105) of G in equation (108) and recalling the spectral decomposition of A, we get

g2y D)= / dy cos(tVA)8" @, Ol F(VA)|8™ (& y: B)

Q
= 3 costry /8, ), @) / 4E @7 O F VRIS E.u: D)
0

g=1
= Y costty [0,)1 7 /6,19, @) / dE T (OF E.y: D). (109)
=1 0 - B

Next, we use the expression (77) of the signal f* to get the convolution. First, we deduce that

/ dt f (1) cos(wt) (7=7) / dz_a;' |f(w’)| / dt cos(w't) cos(wt)
= / dT“’ 17 (@)l [8(0 — @) + 6(0 + ")

=2 [lF@1+17-l] = 17@I.

Therefore, we can write

|f(\/0_q)|cos(t\/9_q)=/dt’f(t’)cos(t'\/e_q)cos(t\/a)

—00

1 » 1 3
:E/dt’f(t’)cos[(t—t’)\/ﬁ_q]+5/dt’f(l’)cos[(1+t’)\/0_q].

—0o0 —00

Changing ¢’ ~ —¢' in the last term and using that f is even, we get

|f(\/9_q)|cos(t\/9_q)| :/dt’ f(t')cos[(t—t’)\/a—q]:f(t) *, cos(t\/é’_q). (110)

—00

Substituting (110) in (109) evaluated at « = x,; and switching the convolution with the series (justified via the dominated con-
vergence theorem), we get

g™ty ) =F() %, Zcos(r\/e_q )@y (x;) / & 9y (58 (£.y:C)
= = Pt J = =

=/ * / d¢ [cost VRIS (@, )| 8(6.4: D)
Q
(105)

= /o *;/d&@(t,wx;é)ée“(&y;g)
Q
=/ *, / dEG(t, ;68 (E.y: 2). ain
J =
Here the second equality is by the definition of cos(t\/K ) and equation (104) and the last equality follows from the decompo-

sition (103). The third equality requires more explanation. Indeed, when taking the convolution, the cosine will be evaluated at
negative times if t = O(tf), so why can we use the causal Green’s function? This is where we use the assumption that ée“ (& y;2)

peaks at points & in the vicinity of y and that «, is far from y. By causality, we have g**'(¢, z,,y; ¢) ~ 0 for t = O(t ), so we are not

interested in such early times.
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To complete the proof, we use Lemma 1. We get

gtz y O =f() %, / g (x,)0,G(t.x,. ) (8™ (&, ©).
B 2

Switching the time derivative in the convolution to f and recalling that c(x) = c,I, we get the result. []

Appendix D. Numerical simulations
Here we describe briefly the setup of the numerical simulations and the computational cost.
D.1. Setup

To compute the data matrices (32), we solve the wave equation (29). We use a finite difference time domain numerical
method [50], with discretization of the operator A on a Lebedev grid with step size #. This consists of two Yee grids, shifted by
¢ /2, on which we discretize the first and second component of the electric field, respectively [37,36,56,43]. The time derivative is
discretized with a second order, centered difference scheme, on a uniform time grid with small step At satisfying the CFL condition.
The time step 7 used in the computation of the ROM is an integer multiple of At.

Computing the CFL condition in heterogeneous anisotropic media is difficult, because one needs to find the largest eigenvalue of

a large sparse matrix. In practice, choosing the timestep as Af < % . ‘ , where ¢, is the largest eigenvalue of the variable c, for all

points in €, is sufficient to satisfy the CFL condition. In our simulations we pick first the time step 7 and then chose At such that it
satisfies this CFL condition and 7 /At is an integer.

The initial condition (31) is computed using the spectral decomposition of the discretization of the operator A. Equa-
tions (16), (21), (23) and (27) and the finite wave speed imply that the initial condition depends only on the medium near the
array. Thus, it can be computed using the discretization of A in a smaller domain around the array.

The wave equation (29) has homogeneous Dirichlet boundary conditions, corresponding to a perfectly conducting boundary 0£2.
This was used in the derivations to define functions of the operator A via the spectral decomposition. Our finite difference solution
of the forward problem, with such boundary conditions, is implemented on a large enough domain £ such that the top and bottom
boundary reflections are not observed during the duration of measurements. For long durations, this increases the computational
domain. Thus, it may be advantageous to use absorbing (PML) boundary conditions [4] to solve the forward problem. This should
give the same data at the sensors as our approach, for large enough @ and proper time gating.

The probing signal has the Fourier transform

max

_ (-0’ _ (@toy)

N 2
f(co)=%e ¥ohe % ] (112)

with standard deviation w,, chosen so that the highest frequency at —25 dB cut-off is @, = 5/3w,. The central wavelength is 1, =26.77
and the wavelength at the cut-off frequency is 4, = 167.

The array of antennas is located at a distance 87 from the top boundary. Unless stated otherwise, for imaging, the antennas are
separated by the distance 4,/4 and the data are sampled at time step 7 = 0.3z /w,. For the inversion, we used the antenna separation
A./2 and the time step 7 =0.457 /w,.

The parametrization (93)-(94) of the search dielectric permittivity tensor is done using the Gaussian basis functions

G =X1)7 =Xy,
¢;(x) =exp [— 207 - 27 ,

(113)

where {(X ;, X; )} j\': | is a rectangular lattice in the inversion domain, with spacing 4 /4 along the x; axis and 54,/16 along the x,
axis. The standard deviations are chosen as o; =2.3¢ and o, =2.9¢ to be able to represent a wide range of media and partition the
search domain well.

The Tikhonov regularization parameter v is chosen adaptively, based on the eigenvalues of the “Hessian” in the Gauss-Newton
method. For N basis functions as in equation (94), we see from (93) that we have 3N unknowns. If {4 j };2’1 are the eigenvalues of
the Hessian, sorted in descending order, then in all our simulations we set v = A.,nq0.9n)-

D.2. Computational cost

We begin with the computational cost of solving the forward problem, and thus computing the data matrices D(¢). If we have a
mesh size with N points in the x; direction and N, points in the x, direction, and we use 2m excitations, then at each time step we
multiply a sparse matrix of size 4(N; N,) X 4(N| N,) with a vector of size 4 N| N, X 2m at a cost of O(mN| N,). The cost of computing
D(¢), at t € (0,T), with T' = N, At, is therefore, O(mN| N, N,).

The cost of each Gauss-Newton iteration for optimizing our objective function or the FWI objective function, is dominated by
the computation of the Jacobian. There is an efficient way of computing the Jacobian for FWI, using the adjoint formula [54].
The extension of this formula to our objective function can be made, but we have not done so. With such a formula, the Jacobian
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could be computed very efficiently. At the moment, the Jacobian is computed using finite differences and it is the bottleneck of our
computations.
The extra cost of computing our objective function vs. FWI is due to the block Cholesky algorithm, which takes O(m>n*) operations.
If mn > 1, which is likely the case in three dimensions, the dominant computational cost should be in solving the normal equations
for the Gauss-Newton updates. This can be handled using iterative methods. Moreover, one can reduce the computational cost by
working with a collection of sub-arrays. This idea has been used for a different problem in [9].

Appendix. Supplementary material
Supplementary material related to this article can be found online at https://doi.org/10.1016/j.jcp.2024.113272.
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