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Abstract. In this paper we further develop the ideas from Geometric Function Theory
initially introduced in Avelin et al. (Commun Math Phys 404:401-437, 2023), to derive
capacity estimate in metastability for arbitrary configurations. The novelty of this paper is
twofold. First, the graph theoretical connection enables us to exactly compute the pre-factor
in the capacity. Second, we complete the method from Avelin et al. (Commun Math Phys
404:401-437,2023) by providing an upper bound using Geometric Function Theory together
with Thompson’s principle, avoiding explicit constructions of test functions.

1. Introduction

In this paper we continue the study of the capacity estimate from [1], where we
introduce a geometric characterization of the Eyring—Kramers formula. To intro-
duce our setting, we begin by considering the Kolmogorov process

dX[ = —VF(Xt)dt + vV 28dBt

where F is a non-convex potential and ¢ is a small positive number. A formula for
the expected transition time from one local minimum point to another was proposed
independently by Eyring [7] and Kramers [11] in the context of metastability of
chemical processes, and can be stated as follows. Assume that x and y are quadratic
local minima of F, separated by a unique saddle z which is such that the Hessian
has a single negative eigenvalue 11 (z). Then the expected transition time from x to

y satisfies
E¥[r] ~ 2 | det(VjF(Z)N e(F(z)—F(_x))/g,
M@V det(V=F(x))
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where 2~ denotes that the comparison constant tends to 1 as ¢ — 0. The validity
of the above formula has been studied extensively, references can be found in for
instance [1,4,8,12]. The first rigorous proof of the Eyring—Kramers formula above,
is by Bovier et al. [5] using potential theory and this approach has turned out to be
fruitful.

Our main motivation to study this phenomenon, comes from non-convex opti-
mization, for instance, optimization of neural networks. In this setting, the min-
ima/saddles are in general degenerate and/or non-smooth.

In [1] we use the potential theoretic formulation and extend the results of Bovier
et al. [5] and Berglund and Gentz [2] to more general cases, which in particular
includes non-smooth critical points. As in [5], the main technical issue is to provide
sharp capacity estimates and the main result in [1] is a geometric characterization
of Newtonian capacity w.r.t. the measure e 7' *)/¢dx inspired by the corresponding
characterization for conformal capacity originally proved by Gehring [9]. In [1] we
observe that the capacity depends on the configuration of the saddle points which
connect the two local minima, but we computed the capacity only in the simple
cases when the saddles are either parallel or in series, see Fig. 1. However, for an
arbitrary smooth potential the situation can be more complex and the configuration
of the saddle points can be a combination of both parallel and series cases with
essentially arbitrary complexity.

The novelty in [1] was the use of Geometric Function Theory to provide a
lower bound for the capacity. In this paper we complete this method by provid-
ing an upper bound using Geometric Function Theory together with Thompson’s
principle, see the proof of the upper bound in Sect. 3.4, Proof of Theorem 1. Our
goal is to extend the capacity estimate from Avelin et al. [1] to the case of arbitrary
configurations of critical points. We do this by discretizing the problem where the
‘valleys’/‘islands’ around the local minimum points are the vertices and the regions
around the saddle points which we call ‘bridges’ are the edges. The local capacity
of a bridge can be geometrically characterized using the results from Avelin et al.
[1] and this defines the weights of the edges, thus turning the problem into a capac-
itary problem on a graph. Connecting problems of this type to graphs is similar
to Michel [14], however, we did not find this particular problem in the literature.
We note that the result in [5] covers only the case of the parallel configuration, see
Fig. 1. Moreover, the framework of geometric function theory (see [1]) makes this
construction straightforward and natural.

The capacitary problem on the graph is equivalent to the notion of an electrical
network, which was originally defined by Kirchhoff in the 1840s in his elegant
solution to the problem of replacement resistance for a network of resistors [10].
For a modern presentation of electrical networks and its connection to Markov
chains and Kirchhoff’s theorem, we refer to Bollobas [3], Levin and Peres [13] and
Wagner [15].

1.1. Assumptions and definitions

In order to state our main results we first need to introduce our assumptions on
the potential F. We remark that our assumptions cover the case where F is a
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Fig. 1. Left picture is the parallel case and the right is the series case, x,, Xy are local
minimum points and z; are saddle points

Morse function as defined in [4, Assumption 10.3], i.e. a C? function in which
all critical points are non-degenerate (non-degenerate Hessian with at most one
negative eigenvalue). We further remark that our assumptions cover the degenerate
case studied in [2], but we also allow for non-smooth (Lipschitz) potentials.
Let us first introduce some general terminology. Recall that a Lipschitz function
h : R — R has a critical point at t, if 0 is in the generalized gradient of 4 at ¢ in
the following sense,
f) = f@)

— t
limsup ——— >0 or liminf M <0
s—1+ s —t s+ s —t

s

where in the above we mean that both the left and the right limit satisfies the
conditions. We say that a point z of a Lipschitz function f : R" — R is a critical
point, if for every e € R", |le|| = 1, the function h.(t) = f(z + te) has a critical
point at 0.

Given a continuous function f : R” — R, we say that a local minimum of f
at z is proper if there exists a § > 0 such that for every 0 < § < § there is a p such
that

f@),  xe€By(2),
fx) = {f(z) +58, x¢€ 8gp(z),

where B, (z) denotes an open ball with radius p centered at z (proper maximum
is defined analogously). When the center is at the origin we use the short notation
B,. We say that a critical point z of f is a saddle point if it is not a proper local
minimum nor maximum point.

Let us then proceed to our assumptions on the potential.

Definition 1.1. Let F € C%!(R") satisfy the following quadratic growth condition

2
F(x) > ﬁ—co
Z s

for a constant Cp > 1. We assume that every local minimum point z of F' is proper.
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Fig. 2. The neighborhood O; s of the saddle point z (bridge) connects the sets Uy, and Uy, ,
components of {F < F(z) — §/3}

We say that F' is admissible if for every saddle point z € R" of F there are
convex functions g, : R — R and G, : R*~! — R which have proper minimum
at 0, such that g.(0) = G,(0) = 0, and an isometry1 T, : R" — R" such that,
denoting x = (x1, x’) € R x R"~!, it holds

[(FoT)(x) — F(2) + g:(x1) — G.(x)| < w(g-(x1)) + w(G.(x)), (1.1)
where w : [0,00) — [0,00) is a continuous and increasing function with

limy_,o 22 = 0.

The assumption (1.1) allows the saddle point to be degenerate, but we do not
allow branching saddles, in the sense that { f(x) < f(z)} N B,(z) can have at
most two components for small p. Note that the convex functions g., G, and the
isometry 7, depend on z, while the function w is the same for all saddle points. As
such, we denote by §¢ the largest number for which w(§) < 18% for all § < 46g.

Definition 1.2. Let F € C%!(R") be admissible, then for every saddle point z and
& > 0, we define the bridge at z as

0.5:=T, ({x1 €R:g.(x) <8} x (x' eR"™: G.(x) < 5}),
where T is the isometry from Definition 1.1. See Fig. 2.

Note that, since the saddle may be flat, we should talk about sets rather than
points. However, we adopt the convention that we always choose a representative
point from each saddle (set) and thus we may label the saddles by points z1, z2, . . ..
Moreover, we assume that there is a §; < &g such that for § < §; we have that if z;
and z; are two different saddle points, then their neighborhoods O, 35 and O, 35
defined in Definition 1.2 are disjoint. Furthermore, we also assume that gq is small
enough that for any local minimum point x, the ball B, (x) does not intersect any
bridge or any &¢ ball around any other local minimum.

We use the definitions of a geodesic length and a minimal cut originally defined
in [1], inspired by [9].

I Recall that a mapping T is an isometry if |7 (x) — T'(y)| = |x — y|. In R”, this implies
that T (x) = Ax + b, where A is an orthogonal matrix. That is, T consists of translation b
and a rotation A.
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Definition 1.3. Let A, B C Q C R” where Q is a domain and A N B = @J. We
denote the curve family

C(A,B; Q) :={y:y eC'([0,1]; ), y(0) € A, (1) € B}
and the family of separating sets as S(A, B; ), where a smooth hypersurface

S C R” (possibly with boundary) is in S(A, B; Q) if every y € C(A, B; Q)
intersects S. We define the geodesic distance between A and B in Q2 as

do(A, B; Q) := inf (/ ly'le & di y € C(A, B: sz))
Y

and the minimal cut by

F(x)

V:(A, B; Q) := inf (/ e dH" (%) : SeS(A,B;Q)).
S

We define some topological quantities.

Definition 1.4. Let x,,, x,, be two local minima of an admissible F. The communi-
cation height between x,,, x,, is defined as

F(xy; xyp) = sup F(y(@)).

inf
¥ €C(Bg (xu), Be (x1); R™) tel0,1]

Fixing § < 81, we denote the component of the sub-levelset { F < F (xy; x»)+38/3}
which contains the points x,, and x,, by Us/3, and we denote

U_s)3 = {F < F(xy; xu) — 8/3} N Usy3. (1.2)

Furthermore, we remark that F'(x,; x,,) does not depend on ¢ if ¢ < gg. We call
the components of U_s,3 islands. For each island U we select a proper minimum
point x satisfying F(x) = miny F, and we will in the following denote U, as the
island which contains x, see Fig.2. We denote all saddle points in Us/3\U_s,3 by
Z.

Finally we recall that the capacity of two disjoint sets A, B is defined as

cap(A, B) = inf <s/ IVhi2e % dx : h=1inA, h e W2R" \B)).
Rn

1.2. Construction of the electrical network

Definition 1.5. An electrical network is a pair (G, y), where G = (V,E) is a
graph, where V are the vertices and E are the edges, the vector y € RIF! is called
the admittances.
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We will now construct an electrical network based on the islands and bridges
from Definitions 1.2 and 1.4. We associate the vertices with the islands and for
every vertex v we denote the corresponding island by U,. The set of all vertices
is V. Furthermore, we associate the edges with the bridges from Definition 1.2,
specifically, for every saddle point z € Z in Definition 1.4 we associate the edge e,
with the bridge O., = O_ s. The set of all edges is E, vice versa we associate with
e € E the corresponding saddle point z, € Z. We say that vertices v, v € V are
incident with an edge e, and vice versa, if they are the ends of the edge, or in other
words, the associated islands U, U; intersect the bridge O, (there are at most two
since F is admissible). An edge which is incident with only one vertex is called a
loop. We also define a cycle of the graph G to be any non-trivial closed path for
which only the first and last vertices are equal.

We thus have a graph G = (V, E), and we orient it arbitrarily (i.e. we orient
each edge of G arbitrarily by assigning an arrow on it pointing towards one of its
two ends). In order to have an electrical network we need to define admittance y,
fore € E. Now, let e € E, which is not a loop, and let v_, v € V be its incident
vertices. Define the connected set 2, = O, s U U,_ U U, and the admittance

‘_SVF(B e(Xy_), Be(xy,); Q) F(w) (1.3)
Yo T e (Be(xo ). Bein,): 20) - ’

From the geometric characterization of capacity in [1], we see that the admit-
tance of the edge e is the pre-factor of the capacity of (Bg(x,_), Be(xy,)) in Q.. If
e is a loop we set y, = 0. We have thus constructed our electrical network (G, y)
which consists of the graph G and the admittance vector y € RIF!,

1.3. The main result

We begin with some notation and recalling some results from Avelin et al. [1].
For functions f and g, which depend continuously on ¢ > 0, we adopt the
notation

f(e) =g(e)

when there exists a constant C depending only on the data of the problem such that

(1 = Cij(e)) f(e) = g(e) = (1 + Cii(e)) f (&),

where 7)(-) is an increasing and continuous function 7(-) : [0, c0) — [0, 00) with
limg_,07(-) = 0. We remark that in the following the function 7 is the one from
Proposition 1.6 and Lemma3.4. For us the explicit form will not be important but
can be found in [1] and we merely note that 7 is sublinear and depends on the
Lipschitz constant of F' inside Us, the dimension and the function @ from (1.1).

We need the above notation in order to relate the geodesic distance and the
minimal cut from Definition 1.3 to the convex functions g., G, from Definition 1.2,
which is stated in the following proposition (for the proof see [1, Proposition 4.1-
—4.2]):
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Proposition 1.6. Let v_, vy € V be incident vertices connected with edge e € E
and let 0 < ¢ < &o. Denote x,_, x,, the corresponding proper local minimum
points and let z, be the corresponding saddle, then

F(ze) _ 8z¢ (1)
dg(Be(xy_), Bs(var); Q) >e e ¢ dyi,
R

and

_ F(ze)

ng(}',)
Ve(Be (x). Be (xy); Qo) = =5 / ey,
Rr—

where g,,, G, are the functions in Definition1.2.
We need the definition of a spanning tree for Kirchhoff’s formula.

Definition 1.7. Let G = (V, E) be a graph. We say that G’ is a spanning subgraph
of Gif V(G') = V(G) and E(G’) C E(G) (i.e. the same vertices but only a subset
of the edges). A tree is a connected graph which does not contain cycles and a
spanning tree of G is a spanning subgraph of G that is a tree. We denote the set of
all spanning trees of G by 7 (G). Finally, for two vertices v, w € V we let G/vw
denote the graph obtained by merging the vertices v and w together into a single
vertex.

We are now ready to state our main theorem.

Theorem 1. Let F be admissible as in Definition 1.1, let x,, and x, be local min-
imum points of F and let (G, y) be the electrical network as in Sect. 1.2. Let u, w
be the associated vertices in V. Then the capacity is given by

T(G;y)

cap(Be (xu), Be (x)) = T(GJuw: y)’

where

rG:iyn=> (II») (1.4)

G'e€T(G) ecG’

Theorem 1, together with the formula (1.3), provide the characterization of the
capacity in the general case where the critical points may have any configuration.

2. Preliminaries on graph theory and electrical networks

In this section we recall some basic results in graph theory. For an introduction to
the topic we refer to Bollobas [3], Levin and Peres [13] and Wagner [15].

The signed incidence matrix D of the oriented graph G = (V, E)isthe |V |x|E]|
matrix with entries

+1 if e points into v but not out
Dy, = {4 —1 if e points out of v but not in
0 otherwise.
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Let y be a vector of admittances defined in Sect.1.2. Let Y be the |E| x |E]|
diagonal matrix that has y as its entries, i.e., Y = diag(y, : e € E). We also define
the weighted Laplacian matrix as L = DY DT

We begin by recalling the weighted Matrix-Tree theorem, see [15, Theorem 5],
which relates the quantity (1.4) to the weighted Laplacian matrix.

Proposition 2.1. Let G = (V, E) be an oriented graph and let D, Y and L be as
above. Then, forany v € V

T(G;y)=detL(v|v)

where L(v | v) is L with the row and column corresponding to v removed and
T(G; y) is defined in (1.4).

Let us recall Kirchhoff’s theorem, see [15, Theorem 8], which relates the
right-hand side of the formula in Theorem 1 to the solution of a linear system.

Proposition 2.2. Let G = (V, E) be an oriented graph, (G, y) the electrical net-
work, and let L be the corresponding weighted Laplacian matrix. Fix u,w € V
and let the vector ¢ € RV with the component @, = 0, be the solution to the
system

L¢:5w—8u,

where 8, is a vector with 1 in the position of w and 0 otherwise. Then the component
@, Is given by

(G uw; y)
0= TGy

The classical interpretation of Kirchhoff’s theorem is that of a network of resis-
tors (the admittance is the inverse of the resistance), where we have grounded one
end of the network (¢, = 0) and let 1 Ampere of current flow through it (right-hand
side 8,,). Then the voltage at the exiting node ¢,, is given by the formula above.
This allowed Kirchhoff [10] to solve the problem of replacement resistance which
in this case is just @,,,.

Given an electrical network (G, y) we may define a discrete Dirichlet capacity
between two vertices vy, v, € V as

min Lo,
gt (L9 9)
where L is the weighted Laplacian matrix. Then the minimizer of the above problem
is inversely related to Kirchhoff’s theorem, Proposition 2.2. For more information,
see [3].

Lemma 2.3. Let (G, y) be the electrical network from Sect. 1.2 and let L be the
Laplacian matrix. Then it holds

T(G:y)

Lo, g)= —— T
(o0 = T G orom: v

min
9eR™:9,=1;9,,=0
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The minimizer is given by the unique solution with the boundary conditions ¢,, = 0,
@1 = 1 to the linear system

Lo =81 —8pm)

where §1 = (1,0, ...,0) and §,, = (0, ..., 0, 1) are vectors of length m and X is
the value of the minimum problem.

Proof. Recall that L = DY DT, where D is the signed incidence matrix and Y
is the admittance matrix. Let us first reduce the problem. Note that the constraint
@,, = 0 implies that we may remove the last row of D (call it D_) and the last entry
of ¢ (call it ¢_) and note that D9 = DT¢.Let L_ = D_YDL = L(v,, | v,)
and note that similar reasoning gives that

(Lo_,9_)= (Lo, 9).

By the Lagrange multiplier method we get

{Lq) =28
(o)1 =1,

where §;1 = (1,0, ...). Note that by Proposition2.1 we know that det(L_) =
T (G; y) # 0 which gives that the above system has a unique solution. From the
above we get that the value of the minimum is given as

(Lo.@)=(L-o_.9_) =21 2.1)

Next, we note that ¢/ is a solution to the linear system in Proposition 2.2, as such
we get

I'(Gluw;y) ¢ 1

T(Gyy)  » A

which together with (2.1) finishes the proof. O

We also need the following dual formulation of the minimization problem in
Lemma?2.3.

Lemma 2.4. Let G = (V, E) be an oriented graph, where V.= (vy, ..., vy), let D
be the signed incidence matrix, L the Laplacian matrix, and let Y be the admittance
matrix. Then it holds

1
min ((v='j.j): j e RFL Dj=81—8,) =1 (22)
where M is the value of the minimization problem from Lemma 2.3, i.e.,

A= min (Lo, @).

We point out that one may interpret the minimization problem (2.2) as a discrete
version of Thompson’s principle.
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Proof. Let j € RIEl be the minimizer of (2.2). The first variation of the min-
imization problem implies that (Y ~'j, e) = 0 for all e € RIfl with De = 0,
i.e.,

Y~!'j € Ker' (D). (2.3)
Recall that the solution to the minimization problem in Lemma 2.3 satisfies
81 —8m=2""Lo=2"'DYDT9p = DOy DT p)

as such } = )\_i Y DT ¢ will according to the above satisfy the constraint D}' =
81 — 8,,. Then, j — j =: a € Ker(D) and it holds trivially (D7 ¢, ) = 0 since,
DT ¢ € Ker (D). Moreover, by (2.3) it holds (Y ! j, &) = 0, thus

(Y lo,a) = (27 'DTg,a) — (¥ j,a) = 0.
Since Y ~! is positive definite we obtain o = 0, that is
A lyDTo = j.
The result then follows from Lemma?2.3 as

y-1j jy= Y¥D'e.¥DTg) (DYD'g.¢) 1
J.J)= 2 = 2 ==

2.1. Simplification of the electrical network

The formula in the statement of Theorem 1 given by Kirchhoff’s formula is precise,
but if the graph contains many cycles and loops, it may be unnecessarily cumber-
some to calculate. In the next two lemmas we consider the case when the formula
in Theorem 1 can be simplified.

Consider a graph G = (V, E). A cut vertex is a vertex, that when removed from
G will increase the number of components. A biconnected graph is a graph with
no cut vertices. A biconnected component of a graph G is a maximal biconnected
subgraph.

Lemma 2.5. Let G = (V, E) be a graph with a biconnected component G| =
(V1, E1) and let Go = (Va, E») be a subgraph of G such that they intersect in one
cut vertex v € V and G = G1 U Gy. Then if y € RIEl is the admittance vector,
Y1 =Y|g, andy2 = y|E,, it holds

T(G;y) =T(Gr:yDT(G2;y2).

Proof. By the definition of biconnected components, and since G, G intersect
only in v, we can by reordering the vertices write the Laplacian matrix L = DY DT
such that the first rows/columns correspond to the vertices in G. Then L with the
column and row corresponding to v removed (L(v | v)) has a block diagonal
structure with the blocks L1 = Lg,(v | v) and L, = Lg,(v | v). Now, since
det(L) = det(L1)det(L;) the claim follows by applying Proposition2.1 on all
matrices. O
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Fig. 3. Example of the graph decomposition in Proposition2.6. Here the subgraph corre-
sponding to the blue edges is the biconnected component and the red edges correspond to
the graph G

We can use the above lemma to simplify the computation of Kirchhoff’s theorem
in the presence of irrelevant biconnected components, see Fig. 3.

Proposition 2.6. Consider the graph G = (V, E) and let Y be the admittance
matrix. Assume that G = G| U Gy, where G is a biconnected component and
G1, Gy intersect in a cut vertex v € V. Then if u, w € Vs, it holds

T(Giy) _ TGy
T(G/uwiy) ~ T(Gafuwsyy)’

The main consequence of Proposition2.6 is that, using the terminology from
[1], only the vertices in V> are relevant. We also point out that this is related to
the definition of a gate in [5]. In particular, referring to Kirchhoff’s theorem, a
consequence of the above is that the voltage ¢ is constant on the biconnected
components and is thus redundant.

A consequence of Lemma2.3 is that edges with small admittance does not
contribute total capacity unless they significantly alter the topology of the graph:

Lemma 2.7. (Deletion of edge) Let (G,y) be the electrical network as in
Lemma?2.3. Let e € E and define G' = (V, E\{e}), then it holds

T(G';y) _ T(G:y) - T(G';y)
T(G'/(vivw); y) — T(G/(vivw); y) — T(G'/(vivm); y)

t e

Proof. Let Y’ be the diagonal matrix ¥ with the entry corresponding to y, replaced
by 0. Then we immediately have

min DY'DTg, 9) < min DYD" g,
weR”’;¢1=1:¢m=0< 9.9 = weR”‘;¢1=1:¢m=0< ¢ %)

which proves the first inequality. For the second, note that for any edge e € E, let
v_, v+ € V be the incident vertices, then |p(v_) — ¢(v4+)| < 1, hence for any y
having each component bounded by 1 satisfies

(DYD" ¢, ) < (DY'D" ¢, 0) +y,

which proves the last inequality. O
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3. Proof of the main theorem

The proof of the main theorem consists of an upper and a lower bound of the
capacity. The lower bound uses the electrical network defined in Sect. 1.2 and the
variational definition of capacity, similar to the proof in [1]. For simple networks
the lower bound follows from the variational characterization of capacity together
with the fundamental theorem of calculus.

For the upper bound, we provide a novel proof using ideas from Geometric
Function Theory together with Thompson’s principle which is in a sense dual to
the lower bound. In this case, for simple networks the upper bound follows from
Thompson’s principle together with the divergence theorem. For the general case
we need an alternative construction of the electrical network.

3.1. Alternative construction of the electrical network

We will construct the alternative electrical network using the domain Us;3 (see
Definition 1.4), instead of using the components of U_s,3 as in Sect. 1.2. To this
aim, for a saddle point z € Z, we define the surface

S. =T, ({0} x (X e R GL(x) < 5}) , 3.1)

where T is from Definition1.1. The set Us/3 is connected, but the surfaces S,
in (3.1) divide it into different components, which we will associate with vertices,
see Fig.5. Define

Q53 = Usps \ | 8- (3.2)

zeZ

We will now provide two technical lemmas. The first says that any path con-
necting two local minimum points in U_s,/3 necessarily passes through a surface
S, for some z in the set of saddles Z, where we recall that Z denotes the saddle
points inside Us/3 \ U_s,3. The second lemma states that U_s,3 and £25,3 have the
same number of components and 25,3 defines exactly the same graph G = (V, E)
as in Sect. 1.2.

Lemma 3.1. Let U, and U, be two different components of U_s;3 and let y €
C(Uy, Uy; Usy3). Then there is a critical point z € Z such that the intersection
y ([0, 1) N S, is non-empty.

Proof. W.L.O.G. weassume F(x,; xy) = 0.Fix yp € C(Uy, Uy; Us/3) and denote
¥ ~ yo when y is homotopy equivalent to g in Us/3. Define

Fyy = inf sup F(y(1)).
Y™V ¢ef0,1]
Then there is a critical point z of F such that F(z) = F,, and a continuous path

y1 ~ o such that y;(¢) = z for some ¢ € (0, 1). We may choose the coordinates
inR” such that z =0 and S, = Sp = {0} x {x' e R""!: G(x') < §}.
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Note that S is a convex hypersurface with boundary 39Sy = {0} x {x’ € R"~! :
G(x') = 8}, and note that 3y is homeomorphic to S"~2. Since F is admissible
it follows from (1.1) that F(x) > F(0) 4+ 25/3 on x € 9S8y and therefore since
F(0) > —4/3 we have 059 C R"\Us,3. In particular, if y is a path in Us/3 then
it does not intersect dSp, and if y ~ yg then y has to intersect Sp. The claim then
follows from y1 ~ yp. O

Lemma 3.2. The set Q53 defined in (3.2) has the same components as U_s3
defined in (1.2). To be more precise, if Q' is a component of Q3 then there is
exactly one component, say U', of U_s;3 such that U' C Q.

Proof. W.L.O.G. we assume F(x,; x,,) = 0. Let us fix a component " of Qs/3.
Since F is admissible, then for any z € Z, we see from the definition of S, in (3.1)
that F(x) > F(z) for all x € S;, and hence S; N U_s;3 = @. Thus, there is a
component U’ of U_s/3 such that U’ C €. Let us also note that U’ is the only
component of U_s;3 which is in €', since if there was another component U” then
acurve y € C(U',U"; Q) C C(U',U"; Uss3) necessarily intersects one S; by
Lemma3.1. a

We will localize the capacity of the sets A = B, (x,) and B = B, (xy,) in Us/3
by defining

cap(A, B; Us)3) := inf (e/ IVh|%e™ ¢ dx :h=1in A, h e WI2(R"\ B)) .
Us/z

(3.3)

In the above minimization problem we do not have any boundary condition on
0Us;3. Thus, it follows from a classical result of calculus of variations (see [6,
Sect. 2.4]) that the minimizer h A, B of (3.3) satisfies the natural boundary condition,
VﬁA,B -n = 0 on the smooth part of dUs 3.

It is easy to see that for 3.3 it holds

cap(A, B) > cap(A, B; Us3) > (1 — Cij(e)) cap(A, B), (3.4)

where 7 is as in Sect. 1.3. Indeed, the first inequality in (3.4) is trivial. For the
second we take A, to be the minimizer of 3.3 and we recall the rough capacity
bound from Avelin et al. [1, Lemma 3.2], i.e., there exists constants c1, ¢2, g1, g2
such that

crelle™ Fluwxwlle < cap(A, B) < cpePeFuixn)/e, (3.5)

We choose a cut-off function 0 < ¢ < 1 such that { = 11in Uss6, { = 0 outside
Usz and |[V¢| < C, where C depends on § and on the Lipschitz constant of the
potential F. Then, using Young’s inequality, the maximum principle and (3.5) we
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get

cap(A, B; Us/3) > 8/ |VhA,B|2§26_§ dx
Uss3

€ A _E 2 A _F
> [ lanoPe Fax=2 [ VePRR e Fan
I+e¢ Us/3 & Us/3

) c

> e(l — 28)/ IV(ha ) 2e ¢ dx — —e o g~ Flurn)/e
R® &

> (1 —Cn(e))cap(A, B),

where the last inequality follows from the sub-linearity of 7.

3.2. Thompson’s principle

The construction of the network via (3.2) is suitable for the dual definition of the
capacity via Thompson’s principle. This is done by defining a class of vector fields,
denoted by M, where X € M if X € W1’°°(U3/3\(A U B); R") and satisfies

divX =0  inUs;3\(AUB),
X-n=0 on dUsy3 3.6)
faA X -n=1.

We note that the set M is non-empty, since the vector field X = CeV/eVih A.B>
where C = (cap(A, B; U5/3))_1, belongs to M. Then we have the following (see

e.g. [12])

1
L e/ IXPetdx: XeM). 37D
cap(A, B; Usy3) Us/3\(AUB)

Let G = (V, E) be the graph constructed as above using the domain 5,3
defined in (3.2) and let X € M. We construct a current j : E — R associated
with X as follows. Let us fix a vertex v € V\{u, w} and let U, be the associated
component of the domain £25,3. Denote the edges incident with v by e € E, C E
and the associated surface defined in (3.1) by S, = S;,. The boundary BUU is
contained in dUs/3 U (UeeEv Se). Recall that v # u, w, therefore divX = 0 in UU,
and we have by the divergence theorem and by X - n = 0 on dUs/3 that

o:-/~ div(X)dx=/~ X-ndH" ' = Z/ X-ndH"'. (3.8)
. S,

Uy 3y ecE,

We define the value of j ate € E, as

) £ X -ndH",  ife points into v,
j(e) = { fs“ (3.9)

—¢ fSe X -ndH""!, if e points out of v.
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We define the current similarly also at edges incident with u and w. If we label the
edges as ey, ..., e; we have a vector j € RIEl which has components j, = j(ex).
By construction and by (3.8) j satisfies the so-called Kirchhoff’s current law, which
means that at every vertex the current flowing in equals the current flowing out. We
may write this simply as (see [15])

Dj =48 -0,

where we have labeled the vertices as vy, ..., v, withv; = u and v,, = w, and §;
and §,, are as in Lemma2.3.

3.3. Technical lemmas

Before we prove the main theorem we recall the following lemma from Avelin et
al. [1].

Lemma 3.3. Let F be admissible. Let x,, x,, be as in Definition 1.4 and assume
that communication height from Definition 1.4 is zero, i.e., F(xy; xy) = 0. If Uy is
a component of U_sp = {F < —§/2}, then
_ 35
0SC 1B, (x,),B: (x,) = Ce™ T6¢,

v

for small enough & < g.

Proof. The proof is almost the same as in [1, Lemma 3.5], but we repeat it for the
reader’s convenience. Let us denote u := hp,(v,), B, (x,,) for short.

Recall that [71, is a component of U_5/2 = {F < —§/2}. Since F is Lipschitz
continuous, we find a Lipschitz domain D, such that

Uy CDyCU_y =(F <—%)

and the Poincaré inequality holds in D,, with a constant that depends on || F||co.1,

i.e.,
2 2
/ lu —up,| dxfC/ |Vul|=dx,
D, D,

where u p, denotes the average of u in D,,. We use the rough capacity bound (3.5)
and D, C U_45/9 to deduce

2 _48 ) _E
|Vul“dx < e 9% |Vul“e « dx
D, Dy

1 & N - 1)
<& e % cap(Bg(xy), Be(xy)) < Ce?™ e 9.

Fix a point xg € U,. Then by Harnack’s inequality [1, Lemma 2.7] it holds

12 ., 1/2
sup |u—up,| < <][ |u—uDU|2dx> <Cg 2 (/ |u—uDu|2dx) .
Be(x0) 2B¢(x0) D;
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In conclusion, we have (since ¢ < gg)

g=l=n _ 25 _ 38
sup |u —up,| <& 27 e % < Ce Te,
B (x0)
The claim follows from the fact that xg is arbitrary point in ﬁv. O

We also need the following lemma which relates the function 7 to @ in the
assumption (1.1). This lemma can be found in [1, Lemma 3.9].

Lemma 3.4. Assume that G : RE — R is a convex function which has a proper
minimum at the origin and let w be the increasing function from (1.1). Then for a
fixed § < &¢ and for any € < g it holds

G G

(1—73(5))/ e dx 5/ e e iy < (1+ﬁ(8))/ e~ dx,
Rk (G<5) Rk

for a continuous an increasing function i with 1(0) = 0, which depends on w and
on the dimension.

3.4. Proof of the main theorem

We prove the main theorem by providing sharp lower bounds for the variation
definition of the capacity and for (3.7), which is in some sense the dual of the
argument in [12].

Proof of Theorem 1. Consider two local minima x,, xy, let A = Bg(x,) and
B = B:(xy), and let h4 p be the capacitary potential for the capacitor (A, B).
By rescaling we may assume that communication height from Definition 1.4 is
zero, i.e., F(x,; xy) = 0.

Lower bound: Let (G, y) be the electrical network from Sect. 1.2, and label the

vertices as V = {vy, ..., vy}, where v = u, v,, = w. We need to show that
R T(G;y)
cap(A, B) > (1 = Cn(e)) s,
T(G/uw;y)

where 7 is as in Sect. 1.3.

Let¢ : V — R be a function such that ¢ (v) = ks p(x,) where v € V and x,
is the associated minimum point. Let U, be the component of {FF < —§/2} which
contains x,. By Lemma3.3 we have

oscyy (ha,B) < Ce_% forallv e V.
Therefore, ¢ satisfies
lha 5 — @) < Ce~ 16 in U, forveV. (3.10)

Consider an edge e € E, which is not a loop, and let v_, v be the two incident
vertices in V. Denote the associated minimum points as x_, x4, the associated
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Fig. 4. The bridge O, connects the sets UU , and ﬁv_. The smaller cylindrical bridge ée
has its lateral boundaries inside 01; Y [}L

islands as U_, U respectively and the saddle point as z,. We may assume that
Ze = 0 and that the bridge is given by

Oc =05 ={y1:g0) <8 x {y' : G(Y) <8}
Let us consider a domain (see Fig.4)
Oc:= {y1: 8(1) <8} x {y' : G(y) < 8/100}
and denote for T > 0 the surface
Se = {r} x {y : G(y') < 8§/100}.

We denote the lateral boundary of O by e := {y1 : gy1) = 8} x {y :
G(y") < 8/100} and note that ', = S;; U S, for 11 < 0 < 12 which satisfy
g(t1) = g(1p) = 4. Recall that we assume F(z,) = F(0) < §/3 and therefore by
the definition of ée and assumption (1.1) it holds for all y € I, that

<8/3 =5 <8/100 <8/100 <4/100
F(y) = FO)—gOnD+G60H) +w@hn) +w(G(y)) < 5 (3.11)
In other words, the lateral boundary I, is contained in the sublevel-set {FF < —§/2}

and the inequality in (3.10) holds there.
Let us next prove that it holds

~ _F» _ 8
(1= ChE)(pv-) — p(vi)’y, <e / \Vha e~ ¢ dy+ Ce %, (3.12)
0,

where the admittance y, is defined in (1.3). To this aim we fix y’ € {y’ : G(y') <
8/100}, let 11 < 0 < 1 be such that g(11) = g(1) = § and notice that (1;, y') €
I, for i =1, 2. Using the fundamental theorem of calculus and (3.10) we get

38
lp(v=) — @(vy)| — Ce™T6¢ < |ha p(12,Y) — ha (11, )]
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< / oy has (. ¥l
{g<d}

, Fy) EQ)
= [Vha,p(y1, y)le” 2 e 2 dy;.
{g<d}

By Cauchy-Schwarz inequality we have

_ 38 _FEy F(y)
(p(v-) — p(v4))* —2Ce 8 < ( / IVhag(y) e & dyl) ( / e e
{g<é} {g<é}

for (y1,y") € {g < 8} x {G < §/100}. The assumption (1.1) implies

)

F(y) < F(0) —g(y) + w@(y) + GO +o(G(H)).

GO @GO . . .
Dividing the above estimate by e ¢ e ¢  and integrating over y’ yields

GO GG _ 38
</ e” e e dy’) ((p(v=) — p(vy))? —2Ce 5
{G<§/100}

_F» 80 w@h)) F(0)
< </ |Vha g(y)|Pe = dy) </ e e e ¢ dy1>e e .
Oe {g<8}

Using Lemma 3.4 and Proposition 1.6 it holds

F(0) =80 w(g(ym =801
e« e ¢ dy; < (1+n(8))e : e ¢ dy
{g<d} R

< (14 Cii(e) de(Be (x-), Be(x4); Qe),

and, trivially

—80v) @kl —
/ e e ¢ dy z/ e dy; > cl|{g < ¢&}l.
{g<d} {g<e}

Since g is Lipschitz and g(0) = 0 we have (—ce, ce) C {g < ¢} for some ¢, and
therefore |{g < ¢}| > ce. Again, by Lemma 3.4 and Proposition 1.6 we get

_FO) _ GO _eGo) R _FO) -GG
e e / e e e ¢ dy >1—1n()e ¢ / e ¢ dy
{G<8/100} n=1

> (1 = Cij(e) Ve(Be(x-), Be(x4); Qe),

and trivially we also get

—G( ) —a)(G(\ )
/ e e e dy' < (G < 8}
{G<8/100}

Recalling that F(0) < §/3, this together with the above estimates and the definition
of the admittance y, (1.3) imply the inequality (3.12).

Since (3.12) holds for all e € E we can sum the inequalities over e and rephrase
the sum using the signed incidence matrix D and the admittance matrix Y. To this
aim, let ¢ be the vector (¢ (v1), ..., ¢(vy)), where v = u and v,, = w, and for
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anedge e € E, let v,—, v+ be the incident vertices. Then since D is the |V| x |E]|
signed incidence matrix, we have for the edges (eq, ..., ek)

Do = (p(e) = 9(v,-), ... 9(v) = p(v,-)).
Furthermore, by the definition of the admittance matrix ¥ we have that
YD o = (@) = WD) Yers -5 (9(V4) = P(V-)) Yer)-

Recalling that (3.12) holds for every edge e € E, we get since sets O, are disjoint,
that

(1 - Cij(e)){DYDT @, 9) <¢ / \Vha et dy + Ce™ %
Rn
<cap(A, B) + Ce™ %

Now note that, the rough capacity bound (3.5) implies that cap(A, B) > c1¢?!. By
construction, it holds ¢ = ¢(u) = 1 and ¢,, = ¢(w) = 0, therefore Lemma?2.3
completes the proof of the lower bound.

Upper bound: We prove the upper bound by a similar argument by providing a
lower bound in the dual characterization ((3.7)). Indeed, by the second inequality
in (3.4) this provides an upper bound for the global capacity. Let us fix a vector field
X € M, where M is defined via conditions ((3.6)), and construct the associated
current j € RIZlasin Sect. 3.1. The construction implies that j satisfies Kirchhoff’s
current law D j = 81 — §,,, and therefore it holds by Lemmas 2.3 and 2.4 that

- T(G/uw;y)

Y_l.’.
A )

In order to conclude the proof, it is enough to show that at every edge e € E it
holds

F j2
e/ IX|?es dx > (1 — Ch(e)) =<, (3.13)
0.NUs/3

e

where O, = O, 5 denotes the associated bridge. To this aim we may choose the
coordinates in R” such that

0. = {x1: g(x1) <8} x {x': G(x) < §}.
For every |t| < §/100 redefine
Sy = {t} x {x' : G(x') <8}, (3.14)

and note that by the definition of j in (3.9) it holds

/ X -é1dH"!
So

£ =1j.l (3.15)
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where ¢ is the first coordinate vector of R”. Let us fix 0 < t < §/100 and consider
the domain (see Fig.5)

Or ={x1:0 < g(x)) <t} x {x': G(x') < 8}
and denote the ‘cylindrical’ boundary by
Tre={x1:0<g@) <7} x (¥ G =35}

o Arguing as in (3.11) we deduce that FA > §/3 on X; and therefore £; C
(Us3)¢. Note that the ‘lateral” boundary of O; is the union of Sp and S defined in
(3.14). By (3.6) X is divergence free, and thus we obtain by the divergence theorem
that

0= / div(X) dx
éeﬂU5/3

=/ x.ndH"—1+/ x.ndH"—1+/ X -ndH" '
8U5/3ﬁée So N

Again by (3.6) we have X - n = 0 on dUs3, and since the normal on the lateral
boundary, Sy and S, points in direction of ¢1, we have by (3.15)

/ X-é;dH"! / X-é1dH"!
T SO

We may apply the same argument to 7 < 0 to deduce the above equality for all
|t| < 8/100.
We proceed by the Cauchy—Schwarz inequality

1 1
2 2
/X-éldH"*‘ 55( |X|2e5dH"‘> (/ eidH"‘> .
St St Sz
By assumption (1.1) we have

F(y) = F(0) —g(y1) — @) + GO —o(G(H)

& =£

:|jeL

|je|=:8
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thus by Lemma 3.4 and Proposition 1.6 it holds

_FE _ () w@@) _ FO) _GWu) oGu))
/esdH”l_\ \es/ et e ¢ dx
T {G <4}
. g0 @) _ FO) _GGH
(1+7n(e))e = e e e e~ ¢ dx'
Rn—l

~ g wg@)
= +Cnle)e = e e Ve(Be(x-), Be(xy); ).

A

N
.

o
.

IA

Hence, by the three previous inequalities we have

j? _30 k)
e £
Ve(Be(x-), Be(x1); Q2)

£ e

< (1 4 Ci(e))e? / X% s dH" .
S

Integrating over t € (—4/100, §/100) and using Lemma 3.4 and Proposition 1.6
we get

de(Be(x-), B ; Q2 N E
o TR Ge(Ber), Be(xy): e) (1+C7)(8))82/ X 2e* dx.
Ve(Be(x-), Bs(x4); L) 0.

Inequality (3.13) then follows from the definition of y, in (1.3). |
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