Received: 13 March 2023

Revised: 4 March 2024

W) Check for updates

Accepted: 17 March 2024

DOI: 10.1002/rsa.21218

RESEARCH ARTICLE

WILEY

The hitting time of clique factors

Annika Heckel! | Marc Kaufmann?® | Noela Miiller® | Matija Pasch*

!Matematiska Institutionen, Uppsala Universitet,
Uppsala, Sweden

nstitut fiir Theoretische Informatik, ETH Ziirich,
Ziirich, Switzerland

3Department of Mathematics and Computer
Science, Eindhoven University of Technology,
Eindhoven, The Netherlands

4Mathematisches Institut, Ludwig-Maximilians-
Universitit Miinchen, Miinchen, Germany

Correspondence

Marc Kaufmann, Institut fiir Theoretische
Informatik, ETH Ziirich, Ziirich, Switzerland.
Email: marc.kaufmann @inf.ethz.ch

Funding information

Vetenskapsradet; European Research Council,
Grant/Award Number: 772606; Nederlandse
Organisatie voor Wetenschappelijk Onderzoek,
Grant/Award Number: 024.002.003;
Schweizerischer Nationalfonds zur Forderung der
Wissenschaftlichen Forschung, Grant/Award
Number: 200021_192079; Swedish Research
Council.

1 | INTRODUCTION

Abstract

In [Trans. Am. Math. Soc. 375 (2022), no. 1, 627-668],
Kahn gave the strongest possible, affirmative, answer to
Shamir’s problem, which had been open since the late
1970s: Let r > 3 and let n be divisible by r. Then, in
the random r-uniform hypergraph process on n vertices, as
soon as the last isolated vertex disappears, a perfect match-
ing emerges. In the present work, we prove the analogue of
this result for clique factors in the random graph process:
at the time that the last vertex joins a copy of the complete
graph K,, the random graph process contains a K,-factor.
Our proof draws on a novel sequence of couplings which
embeds the random hypergraph process into the cliques of
the random graph process. An analogous result is proved for
clique factors in the s-uniform hypergraph process (s > 3).

KEYWORDS

clique factor, hitting time, hypergraphs, perfect matching,
random graphs

When can we cover the vertices of a graph with disjoint isomorphic copies of a small subgraph? The
study of this question goes back at least to 1891, when Julius Petersen, in his Theorie der reguldiren
graphs [23], provided sufficient conditions for a graph to contain a perfect matching, that is, a cover of
the vertices with pairwise disjoint edges. In the realm of random (hyper-)graphs, such conditions are
best phrased in terms of edge probabilities. Let H,(n, ) be the random r-uniform hypergraph on the

vertex set V = [n] where each of the N, = ('rl > possible hyperedges of size r is present independently
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with probability 7. The binomial random graph in this notation is then G(n,p) = H,(n,p). In 1979,
Shamir asked the following natural question, as reported by Erd&s [8]:

Question 1.1. How large does # = z(n) need to be for H,(n, ) to contain a perfect
matching whp,! that is, a collection of n/r vertex-disjoint hyperedges?

Here and in the following, we implicitly assume n € rZ, whenever necessary. A closely related
question, posed by Rucinski [27] and Alon and Yuster [1], is:

Question 1.2. For which p = p(n) does the random graph G(n, p) contain a K,-factor
whp?

That is, for which p(n) does G(n, p) contain a collection of n/r vertex-disjoint cliques of size r,
also known as a perfect r-clique tiling? In the following, we will also call a copy of K, an r-clique.
For r = 2, the two questions are the same—and thanks to Erdés and Rényi [9], we have known since
1966 that there is a sharp threshold? for the existence of a perfect matching at py = k’%. The lower
bound for this is immediate: At p = (1 — €)pg, some vertices in the graph are still isolated, so there
cannot be a perfect matching. The upper bound relies on Tutte’s Theorem, for which there is no known
hypergraph analogue.

Hence, for the case r > 3, these questions remained some of the most prominent open problems
in random (hyper-)graph theory. Initial results on perfect matchings in random r-uniform hyper-
graphs were obtained by Schmidt and Shamir [28]-guaranteeing a perfect matchmg for hypergraphs
with expected degree w( \/_ ), with improvements by Frieze and Janson [11] to w(nS) and further to

w (n!/G+2/=1)) by Kim [18]. For clique factors, even determining the special case of triangle factors
proved hard, despite partial results by Alon and Yuster [1], Ruciriski [27] and Krivelevich [19].

Finally, both questions were jointly resolved up to constant factors by Johansson, Kahn and Vu
in their seminal paper [14]. It had long been assumed that, as in the case r = 2, the main obstacle
in finding a perfect matching in H,(n, #) were isolated vertices, that is, vertices not contained in any
hyperedge. In the clique factor setting, the obstacle corresponding to isolated vertices are vertices not
contained in any r-clique. Let

logn 1/(,
(n%1> and P0=PO(”)=7FO <2>;
r—1

then 7y and py are known to be sharp thresholds for the properties ‘minimum degree at least 1’ in
H,(n, ) and ‘every vertex is covered by an r-clique’ in G(n, p), respectively [5, 13]. Johansson, Kahn
and Vu [14] showed that 7y and py are indeed (weak) thresholds for the existence of a perfect matching
in H,(n, =) and for the existence of an r-clique factor in G(n, p), respectively.

Recently, Kahn [15] proved that 7z is in fact a sharp threshold for the existence of a perfect match-
ing in H,(n, z). Indeed, he was able to confirm the conjecture that isolated vertices are essentially the
only obstacle, and thereby answer Shamir’s question, in the strongest possible sense.

o = mo(r) =

Lethy, ... ,hy be auniformly random order of the hyperedges in < ) then the random r-uniform

hypergraph process (H] )t=0 is given by

'We say that a sequence of events (E,),»; holds with high probability (whp) if P(E,) — 1 as n — oco.
2Recall that a sequence p* = p*(n) is called a sharp threshold for a graph property P, if for all fixed € > 0 we have G(n,p) & P

whp if p(n) < (1 —¢)p*(n), and G(n, p) € P whp if p(n) > (1+¢€)p*(n). For a (weak) threshold, the conditions become p = o(p*)
and p* = o(p), respectively.
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Hi = {hy, ... ,h}.

Let

Ty = min{¢ : H; has no isolated vertices}

be the hyperedge cover hitting time, that is, the time ¢ where the last isolated vertex ‘disappears’ by
being included in a hyperedge. In the graph case r = 2, Bollobas and Thomason [3] proved in 1985
that this hitting time whp coincides with the hitting time for a perfect matching, showing that as soon
as the last vertex is covered by an edge, whp there is a perfect matching. Kahn [16] showed that this is
indeed also the case when r > 3:

Theorem 1.3 ([16]). Let r > 3 and n € rZ,., then whp H}H has a perfect matching.

Can we get a similarly strong answer to the clique factor question? For r = 3, the question whether
a triangle factor exists in the random graph process as soon as every vertex is covered by a triangle
was attributed to Erdds and Spencer in [4, sect. 5.4]. This question seems much harder than its Shamir
counterpart because, unlike hyperedges in the random hypergraph, cliques do not appear independently
of each other. However, for sharp thresholds it has indeed been possible to reduce the clique factor
problem to the perfect matching problem, using the following coupling result of Riordan (for r > 4)
and the first author (for r = 3):

Theorem 1.4 ([12, 26]). Let r > 3. There are constants €(r), 6(r) > 0 such that, for

any p = p(n) < n=2"*¢ letting & = p<2)(1 — n7%), we may couple the random graph
G = G(n, p) with the random r-uniform hypergraph H = H,(n, r) so that, whp, for every
hyperedge in H there is a copy of K, in G on the same vertex set.

Together with Kahn’s sharp threshold result [15], the following corollary is immediate.
Corollary 1.5. There is a sharp threshold for the existence of a K,-factor at py.

In the same spirit, we wish to transfer Kahn’s hitting time theorem, Theorem 1.3, directly to the
random graph process setting, showing its clique factor analogue. Such a derivation of the factor result
from its Shamir counterpart was believed to be out of reach—Kahn remarks in [15] that ‘there seems
little chance of anything analogous’ for Theorem 1.3, and in [16] that the connection between the factor
version and the Shamir version of the result ‘seems unlikely to extend to’ Theorem 1.3.

One important reason for this is that the original coupling provides merely a one-way bound, as
observed by Riordan [26]. While it guarantees a copy of K, in G = G(n, p) on the same vertex set for
every hin H = H,(n, ), we cannot expect to find a corresponding hyperedge of H for every K, in G.
This can be seen by the following estimates: We will find roughly r12"2172 2)7! pairs of K, sharing two
vertices, which is much larger than the expected number n*"~2z? of pairs of hyperedges of H sharing
two vertices. A second obstacle is that whenever we do have such a pair of overlapping hyperedges in
H, the corresponding cliques in G will not appear independently of each other in the associated random
graph process—for example the shared edge could be the last to appear, and then those cliques emerge
simultaneously in the random graph process. And indeed, extra cliques and pairs of overlapping cliques
do pose a challenge, but as we will show subsequently, they will not appear ‘near’ those candidate
vertices which may be among the last vertices to be covered by cliques.

3In [12, 26], Theorem 1.4 was given with an unspecified o(1)-term in place of n~?; the formulation above is remark 4 in [26]
and in the case r = 3, an unnumbered remark near the end of [12].
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(G
be the random graph process, which is the random r-uniform hypergraph process for r = 2. Define
T = min{t : every vertex in G, is contained in at least one r-clique}

as the hitting time of an r-clique cover. Then, to apply Kahn’s hitting time result to the clique factor
setting, we need to find a copy of Hy within the cliques of Gr,,. That this can be achieved is our main
result:

Theorem 1.6. Let r > 3. We may couple the random graph process (G,)fgo with the ran-
dom r-uniform hypergraph process (H] )fio so that, whp, for every hyperedge in H}H there
is a clique in Gt on the same vertex set.

It follows immediately from this result and Kahn’s Theorem 1.3 that vertices not contained in an
r-clique are essentially the only obstruction for a clique factor in the random graph process: whp as
soon as the last vertex is covered by an r-clique, a K,-factor emerges.

Theorem 1.7. Let r > 3 and n € rZ, then whp Gr,, contains a K,-factor.

Remark 1.8. One might wonder whether the construction of the coupling in Theorem 1.6
is such that up to time 7Ty and T, the hyperedges appear in the same order in the random
hypergraph process as they do as r-cliques in the random graph process. The answer to
this is “almost’: a hyperedge which shares two vertices with another hyperedge in Hy, may
appear at a different time as the corresponding r-clique, but whp only about log?n such
hyperedges exist in H’ ’H, and we can match up the orders of all other hyperedges and their
corresponding cliques.

The paper is organized as follows. After some preliminaries in Section 2, Theorem 1.6 is proved in
Sections 3—7. An overview of the proof is given in Section 2.5. In Section 8, we formulate and prove
the hypergraph analogue of Theorem 1.6. This will immediately imply that in the random s-uniform
hypergraph process, whp an r-(hyper-)clique factor exists as soon as every vertex is covered by an
r-clique (where r > s > 3).

2 | PRELIMINARIES

2.1 | Notation

In the remainder of the paper, we fix r > 3 and usually suppress the dependence on r in our notation.
For example, we simply write H, instead of H and so on. Let M = N, = <t ) and N =N, = (; )

By an r-uniform hypergraph H on the vertex set V = [n], we mean a subset of (‘:), the set of all
r-subsets of V. That is, we will use H as a set (of sets of vertices of size r) for convenient notation. For
a hypergraph H on the vertex set V = [n] and v € [r], we use d(v) to denote the degree of v in H. In
a graph G, an r-clique is a clique on r vertices. We denote by cl(G) the set of vertex sets from (‘:)
which span r-cliques in G (so cl(G) is an r-uniform hypergraph in the aforementioned sense).

For two functions a = a(n), b = b(n), we say that a is asymptotically at most b, denoted by a < b,
if a(n) < (1 +o0(1))b(n) as n - co.
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Throughout the paper, we fix an arbitrary function g(n) satisfying

gn) = o(logn/loglogn) and g(n) — oo. (1)

2.2 | Probabilistic tools
We will need the following standard probabilistic tools.

Theorem 2.1 (Chernoff Bound, [13, eq. 2.4, theorem 2.1]). For X ~ Bin(n, p) we have

np+t n—np—t 2
np n—np t
PX>=2np+1) < —_— expl—z7——5 ), 0<t<n—np,
X > np )\<np+t> <n—np—t> = XP< 2(np+t/3)> SESH=np
n np—t n—n n—np+t l2
PX<np-1)< < D > <p> <exp<—>, 0t np.
np—t n—np+t 2np
Theorem 2.2 (Harris’ inequality, [2, sect. 2, lemma 3]). Letn € Z., py, ... ,pn € [0, 1]

and consider a product probability space Q = HLQ;, where each Q; is {0, 1} endowed
with the Bernoulli distribution with parameter p;. We call an event A C Q an up-set if,
whenever w € A and @' is obtained from w by changing one component from 0 to 1, then
@' € A. We call A a down-set if Q\ A is an up-set.

1. If A and B are both up-sets or both down-sets, then
P(ANB) > P(A)P(B).
2. If A is an up-set and B is a down-set, then

P(ANB) < P(A)P(B).

2.3 | The standard coupling and the critical window

It will sometimes be useful to work with the following standard device, which gives a convenient
coupling of the random hypergraphs H(n, z) for all # € [0, 1] as well as the random hypergraph
process.

Definition 2.3 (Standard coupling). For every h € (‘:), let U, be an independent

random variable, uniform from [0, 1]. Let
H; =V, {h:U,<7}).

Then H, ~ H(n,rx). Furthermore, almost surely all values U, h € (‘:), are distinct.

If they are distinct, they give an instance of the random hypergraph process (H,)), in a
natural way, as we can add the hyperedges in ascending order of U,.

For much of the proof, we will operate within the following critical window: Define z_ and 7, by
setting

logn + g(n)

(=)

@

Ty =
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where g(n) is the function which was fixed globally in (1), and let

pe = (ze/(1 =%)"Y <5>, ©))

where 6 is the constant from Theorem 1.4. Note that for n large enough we have p; < n~2/m¢ where
€ is the constant from Theorem 1.4, so we may apply Theorem 1.4 with p = p, and = = =, later.

Itis a well-known fact that (z_, z, ) is the ‘critical window’ for the disappearance of the last isolated
vertex in a random r-uniform hypergraph (see [5, lemma 5.1(a)]), and so by Theorem 1.3 for the
appearance of a perfect matching: Whp, H(n, #_) does not contain a perfect matching, while H(n, x)
contains a perfect matching whp. Similarly, (p_, p4) is the critical window for the disappearance of the
last vertex not covered by an r-clique in a random graph (see [13, theorem 3.22]). So if we couple as
in Definition 2.3, then whp we have

G, CGr,CG,, and H, CHy, CH,. @

2.4 | Bad events

In this section, we state certain undesirable properties, and show that H ~ H(n, 7;.) does not have them
whp. We first need some terminology. For an r-uniform hypergraph H, let

n(H) = (r — De(H) + c(H) — v(H)

be the nullity of H, where e(H), c(H), and v(H) denote the number of hyperedges, components, and
vertices of H, respectively.

Definition 2.4 ([26, def. 11]). We call a connected r-uniform hypergraph H on at most
2"+! hyperedges with n(H) > 2 an avoidable configuration.

Definition 2.5. We say that a vertex v in a hypergraph on n vertices is a low-degree vertex
if d(v) < 7g(n), where g(n) is the function that we fixed globally in (1).

Definition 2.6. We say that two hyperedges in a hypergraph are partner hyperedges if
they share exactly two vertices.

Now we are ready to state the bad events. The first two are essentially the bad events from [26].
Note that the event 3; = B(x) depends on the choice of 7.

Bi: There is a vertex of degree more than <2:: )7: + max( ( tj )ﬂ', 3log n>
B,: H contains an avoidable configuration.

Bs: There are more than (log 7)™ low-degree vertices.

By: There are more than log>n pairs of partner hyperedges.

Bs: There is an isolated vertex.

Let B = Bi(ry) U By U B3 U By U Bs.
Lemma 2.7. Let H ~ H(n, n) with © < n'=*°W_ then whp H ¢ B1(x) U By. If further
= ry, then whp H & B.

Proof. First, observe that the degree of a given vertex v in H(n,z) follows a bino-

mial Bin((':j ),7[) distribution. Hence, we obtain the weak Chernoff bound n=%/8
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from Theorem 2.1 for the probability that the degree of v exceeds D = <'Z:: >7t +

max((:f:i )77, 3log n) Thus, the expected number of vertices whose degree exceeds D
is o(1). As a consequence, /3| does not occur whp. Next, it was shown in [26, lemma 12]
that for the given choice of z, whp 3, does not hold.

For the rest, we restrict to # = x;. For 33, Theorem 2.1 yields the strong Chernoff
bound

exp(7g(n) log(log(n) + g(n)) — 7g(n) log(7g(n)) — (1 + O(x4))(log(n) — 6g(n)))

for the probability that v has degree at most 7g(n). Consequently, by Markov’s inequality,
the probability that there are more than (log )8 such low-degree vertices is o(1). There-
fore, B3 does not occur whp. For By, note that the expected number of pairs of partner
hyperedges in H(n, z,.) is of order log?n, and apply Markov’s inequality. Finally, Bs was
mentioned previously in Section 2.3, noting that z, is the end of the ‘critical window’ for
the disappearance of the last isolated vertex. [

Remark 2.8. Note that two hyperedges overlapping in three or more vertices comprise an
avoidable configuration. Furthermore, a hyperedge with more than one partner hyperedge
is an avoidable configuration. Moreover, two pairs of partner hyperedges that share a vertex
are an avoidable configuration. Therefore, if H ¢ B, no two hyperedges share more than
two vertices, each hyperedge has at most one partner hyperedge, and all pairs of partner
hyperedges are vertex-disjoint.

We will also need the following technical lemma, which is proved in the appendix.

Lemma 2.9. Let K be a fixed hypergraph such that E[Xx] < n°V, where Xx is the number
of copies of K in H = H(n, ). Then whp no low-degree vertex of H is contained in a

copy of K.

2.5 | Proof overview

Define p,, z, as in Equations (2) and (3). Our starting point is the coupling of G ~ G(n,p,) and
H ~ H(n, z;) given by Theorem 1.4. We review this coupling in Sections 3-3.2, and then analyse it
more in-depth in Sections 3.3-3.5. As in [12, 26], the case r = 3 requires special treatment, and the
reader may find it useful to focus on the case r > 4 at first and skip over the parts related to » = 3
(Sections 3.2 and 3.4). The goal of Section 3 is to prove that whp G does not have any ‘extra’ r-cliques,
meaning cliques which are not represented by hyperedges in H, that are incident with low-degree
vertices. This will ensure later that in the construction of the coupled processes, the ‘extra’ cliques in
G do not affect the hitting time 7.

In Section 4, which is the heart of the proof, we take the coupled G ~ G(n,p,) and H ~ H(n, 7.)
and proceed by carefully coupling uniform orders of the edges of G and hyperedges of H. Since p, and
7+ are the upper ends of the respective critical windows (see Section 2.3), whp this couples (copies
of) the stopped graph process Gr,, and the stopped hypergraph process Hr, . We will show that this
coupling almost does what we want: for all hyperedges & € Hr, , except those in a small exceptional
set &, there is an r-clique in Gr, on the same vertex set. Moreover, we show that whp all 4 € £ have
a partner hyperedge which appears between time Ty and time Ty + [g(n)n].

To prove Theorem 1.6, we now only need to show that we can get rid of the hyperedges in £
and still have an instance of the stopped random hypergraph process. To this end, in Section 5 we
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show that £ can be whp embedded into a binomial random subset R C Hr, where each hyperedge
h € Hr, is included independently with a small probability. In Section 6, we show that if we remove
the hyperedges in R from the hypergraph process up to time Ty, whp this essentially does not change
the hitting time Ty, and in particular whp Hr, \ R is still an instance of the stopped random hypergraph
process.

In Section 7, we put all the different pieces together, following through the chain of couplings to
construct the coupling in Theorem 1.6.

3 | COUPLING OF G(N,P,) AND H(N, x,)

We start this section in Section 3.1 with a brief review of Riordan’s coupling from Theorem 1.4 for
r 2 4. Our description and notation will largely follow that in [26], adapted slightly to our needs.
In Section 3.2, we describe the modifications to Riordan’s coupling for » = 3 which were made by
the first author in [12], and establish some basic properties. In Sections 3.3-3.5, we proceed with a
more in-depth analysis of the ‘extra’ r-cliques in G which are not represented by hyperedges in H.
In particular, in Lemma 3.5 (for r > 4) and Lemma 3.6 (for » = 3) we give an upper bound for the
probability that a given r-set of vertices which is not a hyperedge in H spans an r-clique in G. Such
a bound was not relevant for the construction of the one-sided coupling in [26], but it will be crucial
for the hitting time version of the coupling. Recall that a vertex v is called low-degree if d(v) < 7g(n).
The following result is proved in Section 3.5.

Lemma 3.1. Couple G ~ G(n,p+) and H ~ H(n,n,) via the coupling described in
Sections 3.1 and 3.2. We call the hyperedges in cl(G) \ H extra cliques. Then whp, no
low-degree vertex of H is incident with any extra clique in G.

This lemma will be used later on to show that extra cliques in the random graph process do not
influence the hitting time 7, as none of them are incident with any of the candidate vertices which
are amongst the last to be covered by r-cliques.

Asin [12, 26], we will let
p :p(n) S n—2/r+0(1)

in order to simplify calculations, although upon closer inspection the o(1)-term could be replaced with
a small constant £ = £(r). We let

=1 —nplt),

where 6 is the constant from Theorem 1.4. Most of Section 3 will apply to these general p and x, except
for the proof of Lemma 3.1 in Section 3.5 where we set p = p; and 7 = 7.

As was the case in [12, 26], the case r = 3 requires a considerable amount of extra work due to
complications arising from the presence of so-called ‘clean 3-cycles’. It may therefore be helpful to
focus on the case r > 4 initially, and skip over Sections 3.2 and 3.4 which relate to the case r = 3.

3.1 | The coupling algorithm for r > 4

Order the M = <'r') potential hyperedges in some arbitrary way as hj, ... ,hy, and for 1 < j < M,
let A; be the event that there is an r-clique in G ~ G(n, p) on the vertex set of h;. We construct the
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coupling of G ~ G(n,p) and H ~ H(n, ) step by step; in step j revealing whether or not h; € H, as
well as some information about A;.
Coupling algorithm: For each j from 1 to M:

1. Calculate x;, the conditional probability of A; given all the information revealed so far.

2. If 7; > =, toss a coin which lands heads with probability 7z / z;, independently of everything else.
If the coin lands heads, then test whether A; holds (which it does with probability exactly ;).
Include the hyperedge 4; in H if and only if the coin lands heads and A; holds. (Note that the
probability of including #; is exactly z /z; - m; = x.)

3. If z; < &, then toss a coin which lands heads with probability 7 (independently of everything
else), and declare h; present in H if and only if the coin lands heads. If this happens for any j,
we say that the coupling has failed.

After going through steps j = 1, ... , M, we have decided all hyperedges of H, and revealed infor-
mation on the events Ay, ... ,Ay of G. Now choose G conditional on the revealed information on the
events A;. Clearly, this algorithm generates the correct distributions of H(n, 7) and G(n, p), and in [26],
it is shown that for an appropriate choice of constants £(r), 6(r) > 0, whp the algorithm does not fail.
If it does fail, then

He By UB, (= Bi(z)u Bz).

The algorithm, if it succeeds, generates the answers yes/no for each A;, and it generates answers
yes/no/x* for A;, where * means that we did not decide A;. The latter happens either if z; > 7 and the
coin lands tails, or if 7; < 7.

So for 0 < j < M, let Y;,N;,S; C [j] be the sets of indices i < j where the algorithm gives the
answer ‘yes’, ‘no’, and %, respectively, for the event A;. Note that these sets are disjoint and their union
is [f].

In particular, before we decide the hyperedge /; and the event A;, we have exactly the information
ﬂieYH Ain m’EN.H A{ on G, and so

m=PlA| () Ain () 4|
€Y, ieN;_,
Furthermore, note that if the coupling does not fail, we have
Yj={i<j:hi€H} and Yy ={i: h €H}.

Let
Hist; = (Y;,N;. §)),

which encodes the relevant history of the algorithm up to and including time j.

3.2 | Modified coupling algorithm for r = 3

Riordan’s proof does not extend to the case r = 3 because of a single problematic hyperedge
configuration: clean 3-cycles—which have nullity 1 and therefore do not constitute an avoidable
configuration.
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Definition 3.2. A clean 3-cycle is a set of three 3-uniform hyperedges where each pair
meets in exactly one distinct vertex. In a slight abuse of notation, we will also call an
edge configuration in a graph where each such hyperedge is replaced by a triangle a clean
3-cycle. In such an edge configuration, we call the copy of K3 spanned by the three vertices
where the pairs of hyperedges meet the middle triangle of the clean 3-cycle.

The key observation in the modified coupling from [12] is that there are very few clean 3-cycles in
both H and G, and that their distributions are essentially the same, which is Lemma 3.3 below. So it is
possible to choose and match up the clean 3-cycles in H and G first, and then run Riordan’s coupling
algorithm conditional on this choice of clean 3-cycles (so that no further clean 3-cycles can appear
during the execution of the algorithm, which circumvents the specific problem in Riordan’s proof for
the case r = 3).

Lemma 3.3 ([12, lemma 4]). For p < n 30 and n = (1 — n~%)p> as before, let
Cg and Cyg be the collections of clean 3-cycles in a random graph G ~ G(n,p) and in a
random hypergraph H ~ Hs(n, ), respectively. Then we can couple Cg and Cy so that,
whp, Cg = Cg.

Modified coupling algorithm:

1.

Choose the collections Cg and Cy of clean 3-cycles in G and in H, coupling as in Lemma 3.3
so that whp

Co = Cy.

If Cg # Cy, we say that the coupling has failed.

Given Cg = Cy, let U and Uy be the events (which are up-sets) that G and H contain
the edges and hyperedges contained in Cg and Cy, respectively. Let Dg and Dy be the events
(which are down-sets) that G and H contain no other clean 3-cycles.

Now as before, we order the M' = (Z) — |{h € ¢ : ¢ € Cy}| remaining potential hyper-
edges in some arbitrary way as Ay, ... , hy, and for I <j < M’ we let A; be the event that there
is a triangle in G ~ G(n, p) on the vertex set of ;.

Now for each j from 1 to M’:

Calculate r;, the conditional probability of A; given U, D¢ and all the information revealed
on G so far.

. Calculate 7[; , the conditional probability of the hyperedge #; being present in H, given Uy, Dy

and all the information revealed on H so far.

Case 1: 7; > xj. If 7; = xj = 0, then we do not include /; in H, and we decide that A; does
not hold. Otherwise we have z; > 0, and in that case we toss a coin which lands heads with
probability 7[; /7j, independently of everything else. If the coin lands heads, then test whether
A; holds (which it does with probability exactly ;). Include the hyperedge 4; in H if and only if
the coin lands heads and A; holds (Note that the probability of including #; is exactly z; /z;-z; =

/
ﬂj.).

. Case2:7; < ﬁj’ . Toss a coin which lands heads with probability 7rj’ (independently of everything

else), and declare h; present in H if and only if the coin lands heads. If this happens for any j,
we say that the coupling has failed.

After going through the steps j = 1, ... ,M’, we have decided all hyperedges of H, and revealed
information on the events Ay, ... , Ay of G. Now choose G conditional on the revealed information on
the events A; and on Cg and Dg. Clearly this algorithm generates the correct distributions H ~ H3(n, r)
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and G ~ G(n,p), and in [12] it is shown that for an appropriate choice of constants €,6 > 0, whp the
algorithm does not fail. If it does fail, then

Cc #Cyor HeE B U B,.

Similarly to Section 3.1, we let

HiStj = (Yj, Nj, Sj)

encode the history of the algorithm up to and including time j, where Y; and N; are the sets of all i € [/]
where we have received the answers ‘yes’ and ‘no’ for the event A;, respectively, and S; = [j]\ (Y;UN;).
Then, when deciding /; and A, the information we have on H and G is given by Hist;_; and by Cg,
Cy, with the corresponding events

UG, Uy, Dg, Dy

that the clean 3-cycles in Cg and Cy are present, and no others. So

m=PlA[UsnDen () Ain () A 5)

i€Y;_; i€eN;_,

and, letting B; = {h; € H}, unless the coupling failed at an earlier step,

x =P|B|UnnDyn (| Bin [ B ©)

i€Y;_; i€N;_US;_;

We make a number of observations in the following lemma which is proved in the appendix.

Lemma 3.4. Suppose that we are at time j in the coupling algorithm for x = (1 —n=%)p3,

before making decisions on h; € H and A;, and that H & B, U B,, where H is the hyper-
graph containing exactly the hyperedges {h; . i € Y;_1} and those from the clean 3-cycles
in Cy. Then all of the following hold.

1. If nj =0, then z; = 0.
2. Jrj’ <.
3. Suppose that nj > x;, then

ﬂ'J{ = 7(1 + n~ 1wy,

4. If mj < ﬁ;, then m; = 0.

3.3 | Extra cliques,r > 4

We say that an r-clique of G is an extra clique if there is no hyperedge in H on the same vertex set.
So the extra cliques are exactly the elements of cl(G) \ H. In the following lemma, we will bound the
probability that the clique corresponding to a given h; becomes an extra clique in G for r > 4. The
case r = 3 will be treated separately in Section 3.4.
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Lemma 3.5. Suppose that r > 4, let 7 = (1 — n_‘s)p(;),j € [M], and let Hy be a
hypergraph so that h; & Hy and Hy & By U B,. Set

77,';=P<Aj ﬂ Al>
ith;€H,

Then, if the coupling in Theorem 1.4 produces the hypergraph H = Hy, we can bound the
probability that the clique on the vertex set of h; is an extra clique in G by

-
P(A|H=Hy) < -2 )
J 1-nx

Proof. Condition on H = H,. First of all, note that as Hy & 3] U 13;, the coupling does
not fail. Consider the coupling algorithm after we have decided on the final hyperedge %y,
(and possibly on A), but before generating the final graph G. In particular, we know that
H = Hy, and (as the coupling does not fail) we have Yy, = Yy, := {i : h; € Hy}. We
also know Y; = Y; := Yy n[i] for all 0 < i < M. However, given only the information
H = H,, we do not know what the sets N; and S; are, 0 < i < M. In the following, we want
to find bounds which hold for all possible instances of these sets, so we denote by S; and
N; specific instances of the random sets. In other words, for all 0 < i < M, we consider
disjoint sets S; and N; whose union is [i] \ Y;, and we let Hist; = (Y;, N;, S)).
We start by observing that, for a given Histy,

P(A;|Histy, = Histy,) = P<Aj ﬂ AN ﬂ Af)

i€Y)y, iEN),

<P<Aj ﬂAi>=’?7’

S

)

where the inequality follows by Harris’ Lemma (Theorem 2.2), since A; is an up-set,
N ieN,, AS is a down-set and G(n, p) conditional on the principal up-set [ Aj; is still a
product probability space.

Since the inequality above holds for every possible Histy, it also holds if we condition
only on the partial information Hist;_; = Hist;_(, S; = S;_; U {j} and H = Hj (since we
can consider every possible continuation of these Y;_1, N;_(, S; to a Histy,)*:

€Yy

P(Aj|Histj_1 = His_1,S) = -1 U {j}, H = Ho) < 7. 8)

Furthermore, given a fixed Hist;_, it follows similarly to the above that

m=Pla| () Ain () A [<Pla () A <P<Aj ﬂA[>:7rj*, )

i€y, ien;_, i€y, iy,

“To be precise, Equations (7) implies (8) for the following reason. Let A, B be some events and ¢ € [0, 1]. Then, if for some
countable partition B = |J, B; of B, we have P(A|B;) < c for every i, then PA N B) = Y, P(AN B;) = Y, P(B)P(A|B;) <
¢ X, P(B;) = cP(B), s0 P(A|B) < c.
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where the second inequality follows from the fact that ¥;_; C Yy,.

The advantage of bounding the two probabilities in (8), (9) by z;" is that x; only
depends on Hy and not on the full Hist;_; or Histy,.

In the final graph G, the event A; can only hold if j € Sy, because j & Yy since
hj & Ho, and if j were in Ny then A7 would hold. This implies S; = S;_; U {j}. Consider
some Hist;_;, and suppose that Hist;_; is such that z; > z. Then we have S; = S;_; U {j}
if and only if the coin in step j of the algorithm lands tails. So, with (9), we obtain

1 —rx/m < | —n/n}

P(S/‘ = S,‘_l U {j}lHiStj_] = HiSt/_l,H =Hy) = <
' ’ ‘ l1-rx 1-=x

; (10)

because 1 — 7/ is the probability that the coin lands tails, and 1 — 7 is the overall prob-
ability that we do not add A; to H, on which we have conditioned in H = Hy (note that
by construction of the algorithm, the decisions on h; € H for i > j are independent from
what happens at step j of the algorithm or earlier, so only the information 4; ¢ H from
conditioning on H = H) is relevant for the event S; = S;_; U {j}).

So, given some Hist;_; such that z; > 7, using (8) and (10) it follows that

P(A;j|Hist;_; = Hist;_y, H = Hy) = P(A; N {S; = S U {j} }|Hist;_, = Hist;_, H = Hy)
P(S; = Sj-1 U {j}[Hist;_; = Histj_;,H = Hy)

- P(A;|Hist;_; = Hist;;,S; = S U {j}, H = Hy)

| —n/x} *_ﬂf‘—ﬂ

J
! .
J 1—-x

-7 B

(1D

Furthermore, note that (11) also holds for any Hist;_; such that z; < #: In this case,

as mentioned in the proof of theorem 5 in [26] (shortly after eq. 7), we have z; = 0.
Indeed, Riordan argues that for n large enough, the case z; < x can only occur if adding
the clique on vertex set /; to G would at the same time create a clique that has previously
been confirmed to be absent in G. Therefore, adding clique number j to G in step j would
create a contradiction, because at least one of its edges has been confirmed to be absent
previously, which results in having z; = 0. If no such contradiction would arise, Riordan’s
proof provides the uniform lower bound z; > . This means that the probability on the
left-hand side of (11) is O (already after conditioning on Hist;_; = Hist;_;, the event A; has
probability 0), whereas the right-hand-side of (11) is nonnegative because 7" > P(4;) =

r

p(z) > m. So since (11) holds conditional on every possible Hist;_; = Hist;_y, it also
holds when only conditioning on H = Hy:

ﬂ*
P(Aj|H = Hy) < = .
1—-x

3.4 | Extra cliques,r =3

As before, we let p < n=2/3+°(1) and set 7 = p(;)(l — n~%®). The following lemma corresponds to
Lemma 3.5 for the case r > 4.
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Lemma 3.6. Suppose r = 3, let j € [M'], and let Hy be a hypergraph so that h; & Hy,
and Hy & I3, U B,. Set

Let T be the event that the coupling in Theorem 1.4 for r = 3 fails in the first step (i.e., that
Ce # Cg). Then, if F does not hold and the coupling produces the hypergraph H = H,
we can bound the probability that A; is an extra clique in G:

n+)

ith,€H,

P(AjlH=H,, F°) < 7”11 : +n7tem,
Proof. First of all, note that {H = Hy} n F° implies that the coupling does not fail, as
Hy & B U B;. Let £ and Ky denote the events that G and H contain exactly the clean
3-cycles of Hy. Then the coupling is set up so that the distribution of G, conditional on
H = Hj and F¢, is the same as the distribution of G conditional on H = Hj and K¢ (note
that H = Hj implies Kp). In particular,

P(AjlH=Hy , F°) = P(Aj|H = Hy , Kg). (12)

As in the proof of Lemma 3.5, we will consider different histories Hist; = Hist; =
(Y;, Ny, S;) of the process which are compatible with the outcome H = Hy. As the coupling
does not fail, we have Yy =Yy = {i: h € Hy}, which givesus that Y; = Y; :=
Yyr n[i] forall0 < i< M. leen only the outcome H = Hy (and F¢), we do not know
what the sets N; and S, are, 0 < i < M’, so we will consider bounds which are valid over
all possible choices of these random sets, and we denote specific instances of the sets by
S; and N;. In other words, for all 0 < i < M’, we fix some disjoint sets S; and N; whose
union is [i] \ Y;, and we let Hist; = (Y,,N,, S).

Note that if Hist;_; is so that z; < 7r’ then z; = 0 by Lemma 3.4, thus the probability of
Ajis 0 after step j — 1 of the algorlthm and it follows that P(A;|H = Hy, ¢, n; < 7r’) =
Hence, we can assume in the following that z; > ﬂ Further, note that if z; = 7r then in
step j of the algorithm we have decided that &; ¢ H if and only if j € N; (i.e., we decide
that A; does not hold). So, as h; & H, we have P(Aj|H = Hy, F¢,m; = 7rj’) = 0. Thus,
indeed we only need to bound P(A;|H = Hy, F¢, m; > 7rj’ ), and for the rest of the proof we
only consider histories Hist;_; so that 7; > 7rj’ .

Let Uy, Dg be the events that G contains the clean 3-cycles of Hy, and no other clean
3-cycles, respectively, so K¢ = Ug N Dg. Similarly to (7), we observe that

P(A |[Kq , Histy = Histyy) = <

< P(Aj

(noting that Ui N ﬂtEYM/ = Ni-ne H, A; is a principal up-set). Since this bound holds
for every possible Histyy, it also holds when conditioning only on partial information

UgnDgn () Ain ) A;)

lEYMr lENM/

N A,-) = 77

i:h,€H,
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(analogously to (8)):
P(Aj| g, Hist;—; = Hist;_1,S; = S;-1 U {j},H = Hp) < 7} (13)

Similarly, given a fixed Hist;_,

ﬂj=PAjUGﬂDGﬂ ﬂAin m Ai SPAI

€Y, iEN;_;

Vs N ﬂ A; SP(AJ

i€y,

ﬂ A/,> = ﬂ'j*,

i:h;€H,

(14)
analogously to (9) in the case r > 4. We have to work a little harder to obtain a statement
similar to (10), and for this, we first split up the hypergraph H = H into past, present and
future, as seen from time j. The past is covered by Hist;_; = Hist;_;, the present is the
event {h; € H} = {j € Y;}, and we denote the future by H;, that is, the event that for all
i > jwe have h; € H if and only if h; € Hy. So we have

P e Sjl]CG, HiStj_l = HiStj_l,H =Hy) =P( e Sjl]C(;, HiStj_l = HiStj_l,hj & H,H;). (15)

Let £ = Ky N KN {Hist;_; = Hist;_;,h; & H} and &' = £n {j € S;}. Then, noting that
{H = Hy} C Ky, using (15) and Bayes’ Theorem, we obtain

P(H(|E")

P(j € S;|Kg,Hist;_, = Hist._;,H = Hy) = P(j € S;|E, Hy) =
( jl G, ISt 1841 0) ( jl ) P(H;| &)

P(j € Sj|€).

Now, recalling (6), note that the future hyperedge decisions only depend on j € §; in
that this implies #; ¢ H: by construction of the algorithm, the probabilities for future
hyperedges decisions for 4;, i > j, only depend on the information revealed about H. But
h; ¢ H is already covered by &, so we have P(H¢|E") = P(H;|€) and hence

P(j e Sjlng, HiStj_l = HiStj_l,H =Hy) =P(je SleG, ]CH,HiStj_l = HiStj_l,hJ‘ & H). (16)

Note that Kg, Ky, Hist;_; = Hist;_; is exactly the information on G and H avail-
able to us at time j of the algorithm (before deciding h; € H and A;). Recall that we
assume that Hist;_; is so that z; > ,[j( . Then analogously to (10), using (14) we can
bound

/ / *
1 —nj/m; < 1 —nj/x;

r !
17rj 17rj

P e Sj|]CC;,KH, HiStj_l = HiStj_l,hj & H) =

b}

because 1 — 7rj’ /7 is the probability that the coin at step j of the algorithm lands tails (so
we addjtoS;), and 1 — Jrj’ is the overall probability that we do not add j to Y; (i.e., h; & H),
which we’ve conditioned on. So it follows with (16) that

! *
| —mj/x;

!
ln'j

P(] (S S_,‘|]C(;,Histj_] = HiStj_l,H =Hy) <
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With (13), this gives

i -

P(AleG,HiStj_l = HiStj_l,H = H()) < 1] ] .

/

Bounding 7[; with Lemma 3.4 (3), this yields

-

P(A;|Kg, Hist;_y = Hist;_1, H = Hy) < {_ﬁ + n73tem), (17)

As the bound (17) holds for every possible Hist;_; with z; > njf , it also holds if we only
condition on K¢, H = Hy and 7; > 7rj’ , which together with (12) gives the result. [

3.5 | Proof of Lemma 3.1

We will need the following lemma, which was lemma 13 in [26] (for r > 4) and lemma 3 in [12] (for
r=73).

Lemma 3.7 ([12, 26]). Fix r = 3, let H be an r-uniform hypergraph, and let G be the
simple graph obtained by replacing each hyperedge of H by an r-clique. Suppose that
G contains an r-clique T on a set of r vertices and the corresponding hyperedge is not
present in H.

1 If r > 4, then H contains an avoidable configuration.
2 If r = 3, then T is the middle triangle of a clean 3-cycle of H, or H contains an
avoidable configuration.

Now consider the coupled G and H with p = p, and # = z,.. Condition on H = H, for some
hypergraph Hy & B. Then in particular, there are at most (log 7)) = n°() low-degree vertices in H.
For r = 3, no low-degree vertex is contained in the middle triangle of a clean 3-cycle in H whp by
Lemma 2.9, as their expected number is of order log*n, which we assume in the following. Let v be a
low-degree vertex. If » > 4, then by Lemma 3.5 the expected number of ‘extra’ cliques v gets in G is
at most

Jjt veh
hj gHO By eHU higHo higHy

i g B )

where we take the sums over hyperedges (or potential cliques) containing v which are not in Hy. As

() _

Ty =py n~%), the second sum can be bounded by n~ for some small constant ¢ > 0.
Now for r = 3, we can bound the expected number of ‘extra’ cliques v gets in G with the help of

Lemma 3.6 in the same way, except that we get the extra term Y. sver 1757, But this term is of order
hgtHy

n~1+°(_because only of order n> hyperedges h appear in the sum.

Thus, for both r = 3 and r > 4, it only remains to bound the first sum in (18). This sum is,
roughly speaking, the number of extra cliques containing v we expect to get in G if we condition on
the cliques corresponding to hyperedges in Hj being present, versus without any conditioning. In the
following lemma, we show that this first sum is also small—it follows from the lemma and our previous
observations that the expected number of extra cliques containing v can be bounded by n™¢ for some
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small constant ¢ > 0. As there are only n°") low-degree vertices in H = Hy, whp no such vertices
exist, which concludes the proof of Lemma 3.1.

Lemma 3.8. Suppose that Hy & B, U B,, and define ﬂ;‘ as in Lemmas 3.5 (for r > 4)

and 3.6 (for r = 3). Let s = min (%, 1- %) > 0. Let v be an arbitrary vertex, and in the

case r = 3 suppose that v is not an endpoint of the middle triangle of a clean 3-cycle in
Hy. Then

2 <ﬂ;“ —p@) <, (19)

j:rehi
higH

Proof of Lemma 3.8. Let Gy be the graph obtained by replacing every hyperedge in Hy
with an r-clique. Then conditioning on ;. heH, A; is the same thing as conditioning on all
the edges of Gy being present.

As Hy & B, the maximum degree of G is n°". Fixing some vertex v, we want to count
all possible hyperedges /; which appear in the sum in (19), and bound their contribution
to (19). Let Gy, be the clique corresponding to the hyperedge 4;. For some given h; & Hy
so that v € hj, let the components of the subgraph induced by #; in Go have cy, ... ,¢;
vertices respectively, so that Z;zlci =r.Ifcy =cy =---=c¢; = 1, then none of the edges
of Cj, are already present as edges in Gy, so then 7r;‘ = p£2>. Hence, such hyperedges
h; contribute O to the sum in (19), and in the following we only consider those 4; (and
corresponding C;, ) where ¢; > 2 for at least one i.

Given a fixed sequence cy, ... ,C;, there are at most

nt—1+0(1) (20)

ways to pick the clique Cj, (i.e., the hyperedge h)): because we already have v, we make
one choice (from n vertices) for the first vertex from each of the other # — 1 components,
and for each of the r — ¢ remaining vertices there are only n°" choices as the maximum
degree of Gy is n°".

In particular, if ¢; = r (so ¢ = 1), there are only n”") choices for Cj,. Not all edges in
the clique Ch], can be contained in Gy already, otherwise Hy would contain an avoidable
configuration—this follows from Lemma 3.7, noting that in the case r = 3, v is not in
the middle triangle of a clean 3-cycle in Hy—so /3, would hold. So, in the case ¢; = r
we have

*

— ,—2/r+o(1
m<py=n /rO()’

which implies that the overall contribution to (19) from hyperedges h; with ¢; = r is at
most n—2/r+0(1) < n—s+o(1).

Hence, in the following we only consider sequences cy, ... ,c¢, where ¢; < r for all i.
After conditioning on the edges in Gy being present, a potential clique Cj, is missing (at
least) all the edges between different components, so

(-3 (1)

* i=1
”] <p+ .
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Together with (20), given a fixed sequence ¢y, ... , ¢, (with ¢; < rfor all i and ¢; > 2 for at
least one i), the contribution to (19) from hyperedges /; (and cliques Cj, ) corresponding
to this sequence is at most

! t t t

<§>‘Z((zi) (2) —r+t+%2(‘;)+o<1> —Z(q—l)ﬁzci(c,-—l)mm
=<nr_1p )n

t—1+o(1) i=1 2 = — = j=
n Dy i=1 =n =1 i=1

t
o(l)—Z(C,—l)(l—C[/r)
n = .

Note that all summands in the sum in the exponent are non-negative. Further, there is at
least one iy with ¢;; > 2, and since ¢; < r for all i, we have (¢;, — 1)(1 — C,'O/}”) =>1-2/r

(taking the minimum over all possible values 2, ... ,r — 1 for ¢iy)- So, the sum in the
exponent above is at least 1 —2/r, and hence we may bound the contribution to (19) from
all hyperedges h; corresponding to the fixed sequence ¢y, ... ,c; by

n—l+2/r+0(l) < n—s+0(l) .

Since there are only finitely many potential sequences cy, ... , ¢;, this concludes the proof
of the lemma, and thereby of Lemma 3.1. ]

4 | PROCESS COUPLING-STEP 1

In Section 3, we revisited and analysed the coupling of G ~ G(n, p) and H ~ H(n, =) from Theorem 1.4.
Building upon this coupling, we now proceed with the first step in coupling the random graph process
with the random hypergraph process.

The aim of Section 4 is to prove Proposition 4.1. Roughly speaking, this states that we may couple
the random graph process and the random hypergraph process so that there is almost a copy of Hr,
within the r-cliques of Gr,: for all hyperedges in Hr, except those in a set £ (the exceptional hyper-
edges), there is an r-clique in Gr,, on the same vertex set. Moreover, the exceptional hyperedges in £
all gain a partner hyperedge within a short time window after time 7 (which will allow us to identify
and deal with them in the next step of the coupling).

Proposition 4.1. We may couple the random graph process (G,)"_, and the random hyper-

graph process (H;)™, o S0 that whp the following holds. There is a set of hyperedges € C Hr,
so that

1. Hr, \ € C cl(Gr,), and
2. forevery hy € € thereis a hy € Hr, 1 |¢(mn) \HTH so that |hy N hy| = 2.

The remainder of Section 4 will be devoted to the proof of Proposition 4.1. In Section 4.1.1,
we start with G ~ G(n,py) and H ~ H(n, n,), recalling p., 7, from (2) to (3), and coupled as in
Theorem 1.4. We then equip G and H with (appropriately coupled) uniform orders o, oy of their
edges and hyperedges.

Itis clear (e.g., by the standard device in Definition 2.3) that G equipped with o gives an instance

of the first |G| graphs in the random graph process (G;)Y,,. Similarly, H with o can be embedded
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into the random hypergraph process (H,)!,, as the first |H| hypergraphs. Moreover, note that whp in
G every vertex is contained in an r-clique, and whp H has minimum degree at least 1. So whp these
initial sequences of the graph and hypergraph processes capture T and Ty. Thus, the coupling of
o¢, oy will induce a coupling of Gz, and Hr,,. Furthermore, it follows from (4) that whp |H| — Ty <

1+ o())(my — n_)< f) ~ 2g(mn/r < |g(m)n]. So to prove Proposition 4.1, it is sufficient to prove
the following statement.

Proposition 4.2. We may construct a coupling (G, oG, H, o) so that all of the following
hold.

1. We have G ~ G(n,p.), and o is a uniformly random order of the edges of G.

2. We have H ~ H(n, n,.), and oy is a uniformly random order of the hyperedges of H.

3. Let esy1y, -+ »€oq(G)) be the edge order given by oc and hs, )y, ... ,hs,(n)) the
hyperedge order given by oy. For t € Ny, set

G;k = {656(1), ,eGG(,)} and Ht* = {haﬁ(l), ,haﬁ(t)}
and define

T¢ = min{z : every vertex of G} is in an r — clique },

Ty, = min{r : H; has minimum degree 1};
then whp T§,, T}, are finite. Furthermore, whp there is a set £ C H;Z} such that
H;; \€C cl(G*é), 20
and so that for every hy € € thereisa hy € H \ H;; such that

Ay N | = 2.

4.1 | Proof of Proposition 4.2

We start with the coupled G, H as in Theorem 1.4, withp = p, and 7 = z;. In Section 4.1.1, we define
coupled uniform orders o of the edges of G and oy of the hyperedges of H. Thereafter, we show that
item (3) of Proposition 4.2 holds.

The idea of the coupling is the following. If we put a uniform order on the edges of G, then for
any edge-disjoint set of r-cliques, the induced order in which they emerge in the random graph process
is uniform by symmetry. The only ‘obstacle’, therefore, are the pairs of partner hyperedges in H, and
the corresponding edge-overlapping cliques in G, which share two vertices (whp there are no higher
overlaps). For each pair of partner hyperedges, we put in a ‘dummy edge’, and choose a uniform order
of the edges and dummy edges. For the hyperedges (cliques), we take the induced order where each
partner in a pair of partner hyperedges uses a distinct edge (or dummy edge), which by symmetry is
uniform. This will be made more precise below.
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4.1.1 | Auxiliary time and construction of 6 and oy

In the following, we will want to compare the times at which events happen in the graph process and
in the hypergraph process—for example, to check that the graph and hypergraph hitting times match
whp in some natural way, or happen ‘at the same time’. For a convenient notion of what this means, we
rescale time appropriately, introducing an auxiliary time in the interval [0, 1] (this will be made more
precise below). Every edge e € G and hyperedge & € H will be assigned a time 7(e) and 7(h) in the
interval [0, 1], so that o is the edge order given by ordering the edges in ascending order according
to 7(e), and oy is the hyperedge order given by ordering the hyperedges in ascending order according
to 7(h). This auxiliary time will allow us to compare when events happen in the graph and hypergraph
process.

We now describe the construction of oy, 6. Note that, whp, the coupling of H and G does not fail
and we have H ¢ . In particular, whp we have H C cl(G), no two hyperedges of H overlap in three
or more vertices, no hyperedge has more than one partner hyperedge, and there are at most log>n pairs
of partner hyperedges in total (see Remark 2.8). As these properties hold whp, it suffices to specify
the construction of o and oy if they hold, which we assume from now on.

So denote the pairs of partner hyperedges of H in some arbitrary order by (u;,vy), ... , (U, Vi),
where k < log3n. Set

Sl = {Ltl, ,uk} and Sz = {Vl, ,Vk}.
Foreach h € H,let E(h) C G be the edge set of the clique in G on the same vertex set. Fori =1, ... ,k,

let e} be the shared edge of the partner hyperedges (u;, v;), that is, {e] } = E(u;) N E(v;).
Now to construct the uniform orders, let

(& 1e€eGlu{g 1 1<igk)

be uniform random variables on [0, 1], independent from each other and everything else. Almost surely,
all their values are all distinct, which we assume from now on.
For e € G, let

7(e) =& €[0,1]
be the auxiliary time of e, and order the edges in G by the value of 7(e) in increasing order. This defines

the order o, which clearly is uniform by symmetry.
Forhe H\ S, let

t(h) = max{¢&, : e € E(h)}

and for h = v; € 5y, let
t(v) =max({& : e € E0) \ ¢/} U {&}).
Now order the hyperedges of H by the size of the auxiliary times 7(#) in increasing order, defining the

order oy. As the times z(h) each depend on disjoint sets of < ; ) i.i.d. random variables &,, by symmetry

oy is uniform.
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4.1.2 | Induced clique order versus hyperedge order

The edge order in the graph process induces a (partial) order of the clique edge sets {E(h) : h € H},
given by the auxiliary times

7(E(h)) :=max{z(e) : e € E(h)} € [0, 1].

In the case of partner hyperedges u;,v;, the corresponding cliques may appear at the same time
7(E(u;)) = v(E(v;))—this happens if the shared edge e} is the last to appear, that is, if z(e]) =
max{z(e) : e € E(u;) UE(W;)}.

It is clear from the definition that for all 2 € H \ S,, we have

7(h) = ©(E(h)), (22)

so h and its corresponding clique appear at the same (auxiliary) time. However, for & € S,, v(h) and
7(E(h)) do not always agree, and so the order of the hyperedges of H differs slightly from the induced
clique order in G.

The crucial property of our construction is that we maintain some control over when pairs of partner
hyperedges appear; we formulate the following key observation as a lemma.

Lemma 4.3. Foralli=1, ... ,k,
max(z(E(u;)), 7(E(v;))) < max(z(w;), 7(vi)).

That is, if both u; and v; are present in the hypergraph process, then both of the corre-
sponding cliques with edge sets E(u;), E(v;) are present in the coupled graph process as
well (in the auxiliary time correspondence given by ©(-)).

4.1.3 | Analysis of the coupled hitting times

In this section, we show that, in auxiliary time, the hitting times of the graph process and the hypergraph
process match whp. First of all, note that by our choice of p = p, and = = 7z, whp the hitting times
T¢, T, as defined in (3) of Proposition 4.2 are finite (because p., 7, are at the end of the ‘critical
window’, see Section 2.3). Now for ¢ € [0, 1], let

Ht)y={heH: t(h) <t} (23)
and
Gty={eeG: t(e) <t} (24)
and define
t¢ = inf{r € [0, 1] : in G(¢) every vertex is contained in at least one r-clique}, (25)
ty = inf{r € [0, 1] : H(¢) has minimum degree at least 1}. (26)

Then whp #¢ and 5 are finite, and in fact G(#¢) and H(#y) are exactly G- and H7..
G H
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Lemma 4.4. Whp, tg = ty.

Proof of Lemma 4.4. Our overall strategy is as follows: We will first define an auxiliary
time ¢_ € [0, 1] so that H_ := H(¢_) has essentially the distribution H(n, z_). Recall that
7_ was defined in (2) as the beginning of the ‘critical window’ for H having minimum
degree at least 1. In particular whp H(n, z_) and therefore H_ has at least one isolated
vertex and so 7_ < fg.

We then consider the set T # @ of isolated vertices of H_, and prove that, whp, (a)
T is exactly the set of vertices not contained in any r-clique in G_ := G(z-), and (b) all
vertices in I get their first hyperedge (in the hypergraph process) and their first r-clique
(in the graph process) at the same auxiliary time in [0, 1]. This implies tg = 5.

Turning to the details, let F(y) = P(Y < y) be the distribution function of the ran-

dom variable Y = maxl<i<(, U;, where the random variables U;, | < i < (;), are
<ig( )

independent and uniformly distributed on [0, 1]. Set
t-=FYx_/n,), and H_=H().

Then by the construction of auxiliary time and the graphs H(¢), t € [0, 1], given some
H = H(1) ¢ B, any hyperedge h € H is also in H_ with probability exactly z_ /7.
So, since H ~ H(n,z,) and whp H & I3, essentially H_ is distributed as H(n, z_). More
specifically, H_ can be coupled with the hypergraph H. ~ H(n, z_) so that

H_ = H' whp. @)
In particular, whp H_ contains isolated vertices and so whp 7_ < #5. Let
T = {v|v is an isolated vertex in H_},

then whp 7 # @.

Consider the following two lemmas. Their proofs are routine applications of the first
moment method and will be given in the appendix. Recall that we called a vertex in a
hypergraph low-degree if d(v) < 7g(n) (where g(n) is the function from (2) which we
fix throughout). Let S be the set of hyperedges of H with a partner hyperedge (another
hyperedge overlapping in exactly two vertices). So in the notation of Section 4.1.1, we
have S = S; U S,.

Lemma 4.5. Whp all isolated vertices in H_ are low-degree vertices in H.

Lemma 4.6. Whp all non-isolated vertices in H_ are incident with at least one hyperedge
fromH\ SinH_.

Suppose that the whp-statements of Lemmas 3.1,4.5, and 4.6 all hold, and that H & B.
Further, note that it follows from Lemma 2.9 that whp no low-degree vertex of H is incident
with any hyperedges from S, and in the case » = 3 with any clean 3-cycles, since the
expected numbers of pairs of partner hyperedges and of clean 3-cycles are ®(log?n) and
O(log’n), respectively—so suppose that these whp-statements also hold.

Then the following is true for any v € 7. By Lemma 4.5, v is a low-degree vertex in
H. By Lemma 3.1, in the coupled graph G, v is not included in any extra cliques, so any

85UBD |7 SUOLILIOD A1) 8|cedl|dde sy Aq peusenob a1 sajoie WO ‘8sn Jo Sajnl oy AkelqiauljuQ 8|1 UO (SUOIIPUCD-PUR-SLLIBILIOD A3 | 1M AReiq 1|puIuO//SdNy) SUOIIPUOD pUe SWS 1 Uy} 88S *[720Z/TT/CT] uo Ariqiauljuo A8 ‘Ariqii Aseaun eesddn Ag 8T2T2es1/200T 0T/I0p/wod A8 |1m Aeldpuljuo//sdny wouy papeojumod ‘2 ‘vZ0z ‘8T¥Z860T



HECKEL ET AL. WI LEY 297

r-cliques containing v are represented by hyperedges in H. Furthermore, by Lemma 2.9,
v is not contained in any hyperedges which have a partner hyperedge. Recall that in the
construction in Section 4.1.1, any hyperedge of H which does not have a partner hyperedge
is assigned the same auxiliary time as the corresponding r-clique in G (see (22)). So all
hyperedges incident with v have the same auxiliary times as the corresponding r-cliques
of G. In particular, v is not contained in any r-cliques in G_ = G(t_).

So none of the vertices in 7 are contained in any r-cliques in G_; and for any hyperedge
h € H which meets 7, t(h) = t(E(h)). Furthermore, G_ does noes not have any other
vertices v € T not contained in any r-cliques: By the whp-statement of Lemma 4.6, any
v ¢ T isincident with a hyperedge h € H_\S, which implies 7(h) = t(E(h)), and therefore
v is contained in the clique E(4) in G_.

In summary, 7 is exactly the set of vertices not contained in any r-clique in G_, and
for any hyperedge 4 € H meeting I, 7(h) = 7(E(h)). This implies tg = ty. (]

4.1.4 | Finishing the proof of Proposition 4.2

Proposition 4.2 now follows easily from the construction of o and o in Section 4.1.1 and Lemma 4.4:
Let

& = Hj. \ cl(G}.) = H(tn) \ cl(G(16)), (28)

then by definition £ satisfies (21). By Lemma 4.4, whp t5 = 5, which we assume from now on, and
in particular £ = H(tgy) \ cl(G(tg)). By (22), for all h € H(tg) \ S» we have

7(h) = ©(E(h)),
so for any such / the corresponding clique with edge set E(h) is present in G(ty). Hence, we have
E£CS,.

So suppose that the hyperedge v; € S, is in &, and let u; € S; be the partner hyperedge of v;. To
prove (3), we need to show that u; € H \ H(ty). So suppose that is not the case, that is, suppose that
u; € H(ty). But then both u; and v; are in H(ty), which implies

max(z(u;), 7(v;)) <ty = 1G.
It follows by Lemma 4.3 that
7(E(vy) < max(r(E(u;)), T(E(v;))) < max(z(u;), 7(v)) < fg,
which implies v; € cl(G(#s)). But v; € &, so this contradicts the definition (28) of £. It follows that

u; € H\ H(ty), giving (3). This concludes the proof of Proposition 4.2. O

5 | PROCESS COUPLING-STEP 2

The aim of this section is to show that, whp, we can embed the set £ of ‘exceptional’ hyperedges
from Proposition 4.1 into a random set R which includes every h € Hr, independently with a small
probability.
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Proposition 5.1. We may couple the random r-uniform hypergraph process (Hl)ﬁ‘i o and

asetR C ( [':] ) of hyperedges so that both of the following properties hold.

1. We have R C Hry,, and (given only Hr,) each hyperedge h € Hr, is included in R
independently with probability

4
P 107 g(n)'

(29)
n
2. Let F C Hy, be the set of hyperedges in Hr, which have a partner hyperedge in
HTH"'L?(”)”J \ HTH :
Then, whp,
FCcR. (30)
Proof. We start by constructing the random hypergraph process Hy, Hy, ... ,Hr, up to

the hitting time Ty as usual. For each h € Hy, , there are at most

(5)(23)

2/\r=2

potential hyperedges which could be a partner of 4 and which are not present in Hy, . Of
those potential partner hyperedges, there may be some which would, at the same time, be

a partner to another hyperedge 4’ € Hr, . Let &), be the set of potential exclusive partner
hyperedges which 4 would not share with any other hyperedge in Hr,,, and set

=t < () (107) < s 31)

We first define an auxiliary random hyperedge set I, and use this to construct the
remaining hypergraph process and R. So let / be a set of hyperedges in which we include
every h & Hy, independently with probability

_ 10g(m)r!

1 nr—l

We realize the rest of the random hypergraph process by putting a uniform order on the
hyperedges in I and including them in the random hypergraph process in that order (yield-
ing Hr, 11, ... , Hr,411), and then including the remaining hyperedges in a uniform order.
Then by symmetry the overall hyperedge order is uniform.

Now we turn to the construction of R. Let

R’ ={he€Hg,|Xyn1+# 0} (32)

be the set of hyperedges with an exclusive partner hyperedge in /. Note that by (31), every
h € Hy, is included in R’ independently with probability exactly

m=1—=(=m) ~ mx, <57 = 1)*g(n)/n, (33)
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independently of the other hyperedges. Note that z;, < 7z by (29), so to construct the set
R from R’ we only need to increase the probability of including each A slightly. We do
this in a standard way: for each & € Hr, :

1. If h € R’ (which happens with probability z;), include /4 in R.
2. If h ¢ R, include & in R with probability z; defined by

n_/_ﬂ'R_ﬂ'h
h 1—71'/,

independently of everything else.

Then each i € Hr, is included in R independently with probability exactly 7.
It only remains to show that whp (30) holds. First note that, since whp Ty = O(nlogn),

1] ~ Bin(<’;) — Ty, m;) has expectation (1 +o(1))10g(n)n — oo, and so whp |I] > ng(n).
Thus by construction of the hypergraph process, whp

HTH+[g(n)nJ \HTH Cc 1. (34)

Further, whp Hr, UI = Hr, 45 contains no avoidable configurations, and so in particular
no hyperedge with two (or more) partner hyperedges.’ So whp I does not contain any
non-exclusive partner hyperedges, that is, whp

{Wel:heHp,lhnk|>2)c ] X (35)

heH;,,
Now suppose that (34) and (35) hold. If & € F, then / has a partner hyperedge /4’ in

(W € Ha,sjgoom) \ Hr, : | 0k 22} C (W €1:heHy, |hnk |22} | X
heHy,

This partner hyperedge 4’ cannot be in some X}~ for h” # h, because then it would not
be an exclusive partner hyperedge to 4”’. So it follows that /' € X}, and so /' € X, n 1.
But then (32) implies that 2 € R'. Since h € F was arbitrary and R’ C R, it follows that
FCR. =

6 | PROCESS COUPLING-STEP 3

As the final piece of the puzzle, we show that after removing every hyperedge from Hr, independently

with a small probability, whp we still have an instance of the stopped random hypergraph process.
Proposition 6.1. Let Hr, be the stopped random hypergraph process, and let R C Hr,

be a subset of hyperedges where we include every h € Hr,, independently with probability

_ 10r4g(n)
R=—"\"
n

5In more detail: Note that because whp Ty +|I| = O(nlog n+z;n"~') = O(nlog n), by the standard coupling in Section 2.3, Hyn
can whp be embedded into H' ~ H(n, z’) for some z’ = n'=**(")_ and by Lemma 2.7, H' contains no avoidable configuration.
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We may couple Hr, and R with another instance Hy, of the stopped random hypergraph
H
process so that, whp,

Hy, \R = Hj,.

Proof. Let Hr,, be given together with the whole random hypergraph process (H, M, with
the hyperedges appearing in the uniform order

hi,hy, ... hy.

Now remove every hyperedge from this sequence independently with probability 7z,
resulting in a thinned sequence

/ / !/
s Ry

where k ~ Bin(M, nr) is the number of removed hyperedges. Note that every poten-
tial hyperedge / appears with probability 1 — 7z = 1 — o(1) somewhere in this thinned
sequence, independently, and the order of the hyperedges in the thinned sequence is still
uniform. Conditional on k, the thinned sequence canonically induces the first M — k + 1
hypergraphs in a random hypergraph process. This gives rise to the coupling of (H)Y,,
and R with (H))X,,.

Considering Hr, , we removed a set R of hyperedges independently with probability
7z each, yielding some hypergraph Hj .

It remains to show that whp 7y = T},. We certainly have #y < T}, because we only
removed hyperedges, so we cannot have minimum degree 1 any earlier than before. So we
need to show that T}, < o whp, that is, whp H; has no isolated vertices.

This follows easily from the following observations:

1. Let Ty,T, be independent of everything else, with T; ~ Bin(M,zn_) and T, ~
Bin (M, ). Then Hy, ~ H(n,z_) and Hr, ~ H(n, ). Furthermore whp T < Ty <
T, and so Hy, € Hy, C Hr, whp. This is the well-established critical window, see (2).

2. Whp, no vertex is incident in Hr, with more than one hyperedge in R.

To see this, consider the hypergraph Hr,. The expected number of pairs of hyper-
edges overlapping in at least one vertex which are present in Hr, but later removed
with probability 7, is of order n*~!z3 7% = O(log (n)*g(n)*/n) = o(1). So whp there
are no such two hyperedges in Hr,, nor in Hy, C Hr,.

3. Whp, no vertex is incident in Hr, with one hyperedge in R, and no other hyperedges
in H T,-

If Hy, C Hr, C Hr,, which holds whp, such a vertex would have to be incident
with a hyperedge 7 € Hr, which is removed in the thinned process, and in Hr, it would
be incident with no other hyperedges. The probability of that is of order

n—1
0<nr_1ﬂ+7r7g(1 - ﬂ_)("l >_1> = O(log ng(n)eg(”)/nz) = o(1/n).
So whp there is no such vertex.

As Hr, has no isolated vertices, it follows from the second and third observation, we
find that whp Hr, \ R = Hj also has no isolated vertices. So whp T, < o as required. m
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7 | PROOF OF THEOREM 1.6

We now have all our ducks in a row. Combining Propositions 4.1,5.1, and 6.1, we obtain a chain
of couplings that whp embeds the stopped hypergraph process into the cliques of the stopped graph
process:
, whp whp whp
HTl,-l = HTH \ R C HTH \ F C Cl(GTG)

In more detail: First of all, note that we may combine different couplings via the Gluing Lemma (which
is trivial in this finite setting®). We start with a stopped hypergraph process H’, , which we couple
according to Proposition 6.1 with a stopped hypergraph process Hr, and a set R'c Hr, where every
hyperedge is included independently with probability 7%, so that whp

Hj, = Hr, \ R.

Then, via Proposition 5.1, we embed Hr, into a full hypergraph process (H; M, so that whp F C R,
where F is the set of all & € Hy, with a partner hyperedge in Hr, 1 ngn)| \ Hr,, - It follows that whp

Hr, \ R C Hr, \ F.

Finally, couple (H,) o With the random graph process (G, o via Proposition 4.1. By part (2) of
Proposition 4.1, we have £ C F, and so whp

HTH \P C HTH \(9 C CI(GTG).
Following through the chain of couplings, we have coupled H), and Gy, so that, whp,
H

;-’11 g CI(GTG).

8 | THE HITTING TIME OF Kg)-FACTORS IN RANDOM S-UNIFORM
HYPERGRAPHS

In the following, for r > s > 3, let K denote the complete s-uniform hypergraph on r vertices. By
adapting the proof of Theorem 1.6, it is straightforward to prove a corresponding result for K -factors.
To emphasize the analogy with Theorem 1.6, let (G,)?il = (Hf)fil and

Tc = min{t : every vertex in G; is contained in at least one Kﬁs)}

be the hitting time of a KY-cover. Finally, for an s-uniform hypergraph G, let cl(G) be the set of vertex
sets from ‘r/ > which span the copies of K in G, such that cI(G) is again an r-uniform hypergraph in

the usual sense. Then, in fact, the following holds true:

5Given couplings of X and Y and of Y and Z, that is, desired distributions for (X, Y) and for (Y, Z), we construct (X, Y, Z) by
starting with Y and, given the value of Y, taking the appropriate conditional distributions for X and for Z—for example with
conditional independence.
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Theorem 8.1. Let r > s > 3. We may couple the stopped random r-uniform hypergraph
process Hr, and the stopped random s-uniform hypergraph process Gr,, so that, whp,

Hr, C cl(Gr,).

That is, whp, for every hyperedge in Hr, there is copy of KY in Gr,, on the same vertex
set.

The combination of Theorems 1.3 and 8.1 then immediately implies the following:

Theorem 8.2. Let r > s > 3 and n € rZ., then whp Gr, has a Kﬁs)-factor.

The proof of Theorem 8.1 proceeds exactly along the lines of the proof of our main theorem,
Theorem 1.6, and we therefore only point out the necessary modifications in the following. Moreover,
it is actually slimmer than that of Theorem 1.6, due to the major simplification that whp, no two
hyperedges of H,(n, z,) overlap in three or more vertices (see Remark 2.8). Therefore, there are no
“partner hyperedges” whose corresponding KY°s would not appear independently, and we can simply
take uniform orders without dummy edges in the process coupling. Correspondingly, Theorem 8.1 will
be established once we have proved the analogue of Proposition 4.2.

8.1 | Terminology and critical window

Throughout the proof of Theorem 8.1, to illustrate the analogy with the case s = 2, we will often use
the word “clique” for the hypergraph K® or s-edge for a hyperedge of cardinality s.
We start from the following extension of Riordan’s coupling Theorem 1.4:

Theorem 8.3 ([26, theorem 5]). Let r > s with s > 2 and r > 4. There are constants

—(r—l)/(:)+

e(s, 1), 0(s,r) > 0 such that, for any p = p(n) < n °, the following holds. Letting

7= (- n_é)p<“‘>, we may couple the random s-uniform hypergraph G = H,(n, p) with

the random hypergraph H = H,.(n, n) so that, whp, for every hyperedge in H there is a
(s) » 7

copy of K;” in G on the same vertex set.

The coupling of Theorem 8.3 is identical to the coupling presented in Section 3.1, replacing every
“r-clique” by “copy of K9 along the way.
For z_, 7, as in (2) and the constant 6 from Theorem 8.3, let

2 = pals) = (a1 o)), (36)

Note that for n large enough, we have p, < n Y (1)

p = p+ and = = ;. later on.

, so we may apply Theorem 8.3 with

8.2 | Coupling of Hy(n,p,) and H,(n,x,.)

The process coupling from Theorem 8.1 proceeds exactly as before: Given an elaborate coupling of
G ~ Hy(n,py)and H ~ H,(n, ), we equip G and H with appropriately coupled uniform orders o¢, oy

7 Again, in [26], Theorem 8.3 was given with an unspecified o(1)-term in place of n=?. As in the case s = 2, the formulation
above follows from a closer inspection of the proof of [26, theorem 5].
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of their respective hyperedges. This section explains the main features of the coupling (G, H) that are
needed for the process version.

The goal of the current section is to prove that whp, in the coupling of Theorem 8.3, G ~ Hy(n, p4)
does not have any extra cliques that are incident to low-degree vertices of H ~ H,.(n, z;). In other
words, we aim to show the following analogue of Lemma 3.1:

Lemma 8.4. Couple G ~ Hy(n,p,) and H ~ H.(n,n) via the coupling described in
Section 3.1. We call the hyperedges in cI(G) \ H extra cliques. Then whp, no low-degree
vertex of H is incident with any extra clique in G.

Observe that Lemma 3.5 transfers to the current setting without modification. Also, the analogon of
Lemma 3.7 for s-uniform hypergraphs was proved in [26, lemma 13]: Let H be an r-uniform hypergraph
for r > 4 and G the s-uniform hypergraph obtained from H by replacing each hyperedge by a copy of
KY (merging multiple edges if necessary). If G contains a copy of K on a set of vertices that is not
a hyperedge in H, then H contains an avoidable configuration.

Proof of Lemma 8.4. Consider the coupled G and H with p = p, and 7 = z, and con-
dition on H = Hy for Hy ¢ B. Then in particular, there are at most (log n)3® = p°®
low-degree vertices in Hy. Let v be a low-degree vertex. As in the case s = 2, by
Lemma 3.5, the expected number of ‘extra’ cliques v gets in G is at most

*
J

LI TR NN ) R

J: veh,- J: vehj Jjt uehj J: vehj

higHy higHo higHo higHo

Asm, = p< > (1—n"?), the second sum can be bounded by n~¢ for some small constant ¢ >
0, and again, it only remains to bound the first sum in (37). In the subsequent Lemma 8.5,
which corresponds to Lemma 3.8, we show that the first sum is also small. It then follows
from Lemma 8.5 and our previous observations that the expected number of extra cliques
containing v can be bounded by n~¢ for some small constant ¢ > 0. As there are only n°)
low-degree vertices in H = Hy, whp no such vertices exist, which concludes the proof of
Lemma 8.4. [

Lemma 8.5. Suppose that Hy & By U B,, and define 7rj* as in Lemma 3.5. Let k =
min <(r - 1)/(:), s—1-— s/r) > 0. Let v be an arbitrary vertex. Then

Y i o)y <k, (38)

J: veh,-
higHy

Proof of Lemma 8.5. We mimic the proof of Lemma 3.8, shortening it where appropriate.
Let Gy be the s-uniform hypergraph obtained by replacing every hyperedge in Hy with a
KY.

As Hy & B, the maximum degree of Gy is n°"). Fixing some vertex v, we want to count
all possible hyperedges h; which appear in the sum in (38), and bound their contribution
to (38). Let Cj, be the clique corresponding to the hyperedge h;. For some given 4; so that
v € hy, let the components of the subgraph induced by #; in Gy have cy, ... ,¢; vertices
respectively, so that Y;_,c; = r.
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Again, hyperedges h; with ¢; = ¢; = --- = ¢; = 1 contribute 0 to the sum in (38), and
in the following we only need to consider those /; where ¢; > s for at least one i.
As before, given a fixed sequence cy, ... ,c;, there are at most pi~ o) ways to pick

the clique Cj, . If ¢| = r, then there are only n°M choices for Cy,» and

) —o=1)/( " Y+o(1
7[; <pr=n <V) .

This implies that the overall contribution to (38) from #; with ¢; = r is at most
(40 kv,
So in the following we only consider sequences cy, ... , ¢, where ¢; < r for all i. After

conditioning on the s-edges Ey being present, the potential clique Cj, is missing (at least)
all the s-edges between different components, so

t
-2()
ﬂ;‘ <ps ! .
Overall, given a fixed sequence cy, ... ,¢, with¢; < r—t+ 1 for all i and ¢; > s for at least
one i, the contribution to (38) from the hyperedges 4; corresponding to this sequence is at
most

t
nt—l+0(1)pf_l§)_i§:‘( ' ) Lemnéa Al nt—l+o(l)p£:)_(r_;+]) — no(l)+t—r+(r—1)(rTrl )/(:)

Lemma A.2 :
o(1)+1—s+2
< n°® r.

In the above, we have used two analytical lemmas that will be proved in the appendix.
Since there are only finitely many potential sequences cj, ... ,c;, this concludes
the proof. L]

8.3 | Process coupling
To prove Theorem 8.1, it is sufficient to show the following:

Proposition 8.6. We may construct a coupling (G, oG, H, o) so that all of the following
hold.

1. G ~ Hg(n,py), and o¢ is a uniformly random order of the s-edges of G.

2. H ~ H.(n,n,), and oy is a uniformly random order of the hyperedges of H.

3. Let ey, --- »€s,(G)) be the s-edge order given by og and hg, ), ... , ho,n)) the
hyperedge order given by oy. For t € Ny, set

G,* = {60-6(1), ,edc(,)} and H,* = {ho'H(l)’ 7ho',_,(t)}

and define
T¢ = min{z : every vertex of G} is in an r-clique},

T}, = min{z : H; has minimum degree 1}.
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Then whp T¢, Ty; are finite. Furthermore, whp we have

H}. € cl(Gy.). (39)

The remainder of this section explains the necessary steps in the proof of Proposition 8.6.

The process coupling proceeds as in Section 4.1.1: Given the coupling G ~ H,(n,p;) and
H ~ H,.(n, =) from Theorem 8.3, we aim to equip G and H with appropriately coupled uniform orders
og, oy of their respective hyperedges. Only this time, since s > 3, we can exploit the major simplifi-
cation that whp, no two hyperedges of H overlap in s > 3 vertices, as this would form an avoidable
configuration (see Remark 2.8). Therefore, there is no need for dummy (s-)edges. As H & BB holds
whp, it again suffices to specify the construction of o, oy for this case, which we assume from now
on.

In the current extension, the process coupling takes the following simple form: Let {&, : e € G}
be uniform random variables on [0, 1], independent of each other and everything else. For e¢ € G, let

7(e) =& €[0,1]

be the auxiliary time of e, and order the s-edges in G by the size of 7(e) in increasing order. This defines
the order o, which again is uniform by symmetry.
For h € H, let E(h) C G be the s-edge set of the Kﬁs) in G on the same vertex set, and set

t(h) = max{&, : e € E(h)}.

Now order the hyperedges of H by the value of the auxiliary times 7(%) in increasing order, defining the
order oy . Since no two hyperedges of H overlap in at least s > 3 vertices, any two distinct hyperedges
of H depend on ; ) distinct and therefore independent random variables from the family {&, : e € G}.
Thus, by symmetry, oy is uniform.

As in Section 4.1.2, o induces an order of the K -edge sets {E(h) : h € H}, such that for all
h € H we have 7(h) = 7(E(h)), so that any hyperedge & and its clique appear at the same auxiliary time.
Define (G())o<i<1 and (H(7))ogi<1 as well as the times #¢, ty as in (23)—(26). In the present coupling,
we have 7 < ty, and since ty is finite whp, so is 7. We obtain the following identity:

Lemma 8.7. Whp, t; = ty.

Proof. The proof proceeds exactly as the proof of Lemma 4.4, so we only summarize it
here. Define the hypergraphs H_ and G_ as in the proof of Lemma 4.4, and let T denote
the set of isolated vertices in H_. Suppose that the whp statements of Lemmas 8.4 and 4.5
hold, and that H ¢ B.

Then 7 is exactly the set of vertices not contained in any Kﬁs) in G_: First, G_ does
not have any other vertices v & T not contained in cliques, since all the hyperedges of
H_ are present as cliques in G_. But it could potentially be that one of the vertices v € T
is covered by an extra clique in G_. To exclude this possibility, observe that Lemma 4.5
implies that all v € T become low-degree vertices in H. By Lemma 8.4, in the coupled
hypergraph G, none of the vertices in I are included in any extra cliques. In particular,
none of the vertices v € I are covered by any extra cliques in G_. Finally, all cliques
covering the vertices v € 1 appear in the same order as the corresponding hyperedges.
This proves the claim that ty = ;. ]
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Proof of Proposition 8.6. By Lemma 8.7, whp we have t; = ty and, moreover, G(tg) =
G’}g as well as H(ty) = H;;. Using that ©(h) = z(E(h)) for all h € H(ty), the claim
follows. n

Open problems

In their breakthrough paper [14], Johansson, Kahn and Vu found thresholds not only for perfect match-
ings and r-clique factors, but also for F-factors whenever F is a fixed strictly balanced graph. Is it
possible to obtain sharp thresholds, or even a hitting time result, for the existence of an F-factor? Rior-
dan’s coupling result [26] can be extended from the case F' = K, to certain nice graphs F' (see definition
9 in [26]) with some convenient properties. Thus, for these F, a sharp threshold for F-factors can be
obtained via this coupling from Kahn’s sharp threshold result for perfect matchings [15]. Building
upon Riordan’s coupling, the approach from this paper may extend to these nice F, yielding a hitting
time result—or perhaps some additional constraints are needed to make the proof go through in this
case. However, for F' which are strictly balanced but not nice, it is unclear how to proceed.

One might also consider thresholds and hitting times for other hypergraph properties, which could
then be transferred to the graph setting by methods similar to those in this paper. The hitting time result
for perfect matchings in r-uniform hypergraphs, Theorem 1.3, is an extension of the corresponding
classic result for r = 2 in [3] that the hitting times for the existence of a vertex cover, a perfect matching
and connectivity coincide whp. The hitting time results for the connectivity thresholds were extended
to hypergraphs in [25], thus we know that the hitting times for minimum degree 1, connectivity and the
existence of a perfect matching coincide. Another classic result in [3] states that the hitting times for
minimum degree 2, 2-connectivity and the existence of a Hamilton cycle coincide whp. Equivalence
of the former for the extension to hypergraphs was established in [25]. The notion of a Hamilton
cycle does not extend canonically to hypergraphs. For one version, loose Hamilton cycles, there was
significant progress towards the threshold [6, 7, 10, 24], but both its exact location and the hitting time
version are still outstanding.

Similarly, one may consider 2-factors, that is, 2-regular spanning subhypergraphs, and in particular
connected 2-factors. As opposed to loose Hamilton cycles, where all but two 2-degree vertices incident
with each hyperedge have degree 1, all vertices in connected 2-factors have degree 2. For regular
uniform hypergraphs, the location of the threshold for the existence of 2-factors has recently been
established by Panagiotou and Pasch in [22] following the weaker result in [21].

A problem that is closely related to the existence of perfect matchings is the existence of exact
covers. Here, we ask for a selection of vertices such that each hyperedge is incident with exactly one
vertex. While the threshold has been established for uniformly random regular r-uniform hypergraphs
in [20], locating the threshold for this problem in the binomial random r-uniform hypergraph is still
open [17].
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APPENDIX A

Proof of Lemma 2.9

Let k be the number of vertices in K, and fix a vertex v in K with degree d (in K). Denote by Y the
number of copies (V/, K”) of the rooted hypergraph (v, K) in H, with V' being a low-degree vertex. Then

we have E[Y] < kE[Xk]P(D < 7g(n) — d), where D is binomial with parameters (':j ) —d and 7.

As E[D] = ©(log n), the Chernoff bound, Theorem 2.1, gives P(D < 7g(n) — d) < e~900g" = =0,
thus E[Y] = n=®D using E[Xx] < n°. Therefore whp no low-degree vertex of H exists in a copy of
KinH. [l

Proof of Lemma 3.4

For (1), considering (6), we can only have 7[‘; = 0 if &; is the last missing hyperedge in a forbidden
3-cycle which was excluded in the event Dy. But then the corresponding triangle in G is the last
missing triangle in a forbidden 3-cycle excluded in the event Dg, so by (5) we have 7; = 0.

Now let

U=Uyn ﬂ B;,

i€y,
p= () B.
iEN;_US;_;
Then we have
7;; = P(B;|U" n D n Dy). (A1)

For (2), consider the auxiliary random hypergraph H’ where the hyperedges 4;, i € Y;_, are deter-
ministically present, as are all the hyperedges from the clean 3-cycles in Cy (so Uy holds), and the
remaining hyperedges are drawn independently with probability z. Then as D N Dy is a down-set, we
can apply Harris’ inequality to H’, giving

7 = P(Bj|lU nD N Dy) < P(Bj|V) = .
For (3), assume 7; > ﬂj’ . As 7rj’ < 7 by (2), we only need to bound 7rj’ from below. First of all note that
m; > x; > 0, which by part (1) implies

! > 0. (A2)

In particular P(B;|U" N D) = = > 0, and further P(Dy|U" N D) > 0.8 So an application of Bayes’
theorem to P(-|U" N D) gives

, _ P(Dy|BinU'nD)-PBjIUND) P(Dy|BinTU ND)

a P(Dy|U N D) ~ P(Dy|lUND)

Next we split up the event Dy further, distinguishing between clean 3-cycles that contain /; and those
that do not. Let Dy ; be the event that H does not have any forbidden clean 3-cycles which contain #;,

8Since Dy is the event that there are no further clean 3-cycles, which is compatible with the clean 3-cycles in U}, and if any

subset of hyperedges in the event Uy N[,y , Bi included a forbidden clean 3-cycle, then the last index i from that subset would
i

not have been added to ¥;_; as then 7 = 0.
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and let Dy be the event that H does not have any forbidden clean 3-cycles which do not contain 4;,
so we have

DH = DH,() N DH,1~

Plugging this in above, we obtain

, P(DH,OODH,HBJ-OU'OD) P(DH!()lBjﬂUnD)'P(DHyllDHV()ﬂBjﬂUﬂD)
T, = T =
J P(DH,OODH_1|U'OD) P(DH!()lUﬂD)'P(DHJlDH!()ﬂUﬂD)
_ P(Dy |DH,0 n Bj NV ND)

P(DHJ |DH,0 NV NnD)

(A3)

”’

because P(Dyo|BiNn U ND) = P(Dy |V N D) since both events B; N V" N'D and V"N D only include
or exclude certain hyperedges from H, and the forbidden clean 3-cycles in Dy do not contain A;, so
their presence is independent from B; = {h; € H}.

For a lower bound on 77; , we will simply bound the denominator in (A3) from above by 1, but we
need a useful lower bound on the numerator. For this, using the union bound, we write

P(DqulDH,O ﬁBj NUND)=1 _P(D;],1|DH,0 ﬁBj NV NnD)
>1- Z P(c C H|Dyon BNV ND), (A4)

(=(/xj,h,'./xk }
clean 3-cycle, c&Cpy

where the sum goes over all potential clean 3-cycles ¢ = {h;, h;, hi} containing h;.

The conditional probability of {¢ C H} is clearly 0 if {i,k} N (Nj_; US;_1) # ¥, so we assume that
the intersection is empty. We distinguish the contributions of ¢ = {A;, h;, h; } depending on the number
a = |{i,j,k} nY;_1| of hyperedges known to be present. Clearly we cannot have a = 3 since j € Y;_;.
But we also cannot have a = 2: by (A2) the numerator in (A3) is positive—but it would be O if there
were a forbidden 3-cycle ¢ € Dy; where only £; is missing, as we condition on B; = {h; € H}.

So we only need to count contributions to (A4) from ¢ = {h;, h;, iy} with a € {0, 1}. We start with
the case a = 1, say i € Y;_;. Suppose that /; consists of the three vertices vi, v, v3, then without loss
of generality we can assume that #; N h; = {v;} (as this only changes our bound by a factor of 3). As
H ¢ By U B,, we have dj(v;) = n°", so there are n°" choices for h;, and with h;, h; fixed, there are
at most n choices for the missing vertex to complete /, yielding O(n'+°(") possible choices for ¢ with
a=1.

On the other hand, letting £ = Dy oNB; NV N D, we have P(c C H|E) = P(h, € H|E). Using the
auxiliary hypergraph with the hyperedges in the events {B; N U"} included deterministically and the
remainder drawn independently with probability z, by Harris’ inequality and independence obtain

P(c CH|E)< P(c CH|BN V) = .

So the overall contribution to the sum in (A4) from ¢ with a = 1 is O(n!+t°Wz) = p=1+od),

For a = 0, we choose the three remaining vertices in the clean 3-cycle ¢, giving O(n®) choices for
¢ = {hj, hj, iy} with a = 0. In the same way as above, we obtain P(c C H|E) < 72. So the overall
contribution to the sum in (A4) from ¢ with a = 0 is O(n3z2) = n~'*°M_ Overall, we obtain from (A4)
that

P(Dy | DuonBinU' ND) > 1—n 0,
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and plugging this into (A3) and bounding the denominator by 1 yields the required lower bound on z/,
concluding the proof of (3).

Finally, part (4) follows analogously to the equivalent observation in Riordan’s proof [26], that is,
the remark in the paragraph below eq. (7). For brevity (but at the expense of not being self-contained),
we only describe the required changes, so recall the proofs from [12, 26], and in particular the relative
error

0=0 = ZplEi\(EjUR)l

ieN,

from eq. (4) in [26], and from the first equation on p. 620 in [12], so that z; > p<;>(1 — Q). Recall
that in [26], the set N; comprises the indices of hyperedges 4;, i < j, where we decided A; does not
hold, so that the edge set E; of the corresponding clique overlaps with E; \ R (where R are the edges
already known to be present at time j of the algorithm). In [12] the set N; = N, U N, contains indices
N, for such clique edge sets E; and indices N, for such overlapping edge sets E; of clean 3-cycles that
are known not to be present. In both cases, let D; be the set of indices i € N so that E; C E; UR.

The point in [26] was that if /3; U BB, does not hold, then for all j so that D; = @ we have Q; = o(1).

r

Thus, a function 7 ~ p<2) can be picked so that for all such j, z; > p3(1 — Q) > n—and thus the
coupling can not fail at such a step. Hence, in particular z; < 7 is only possible if B U B, holds, or if
D; # (. But the latter case implies 7; = 0, since the edge set E; was decided earlier not to be completely
present in G, but £; C E; U R and A; would imply that E; U R is present in G.

In our setting, that of [12], the same argument can be made: Suppose /3; U 3, does not hold and
that D; = #—we aim to bound Q by o(1). The contribution of N, to Q can be bounded o(1) exactly
as in [26], so we only consider the contribution of N, to Q. This contribution is bounded by o(1) in
the last equation on p. 620 in [12], except if there is a clean 3-cycle with edge set E; so that k = 0,
e; = 0 (for the definition of k, ¢; see [12]). But in the latter case it follows that E; C E; U R (as noted

in [12, p. 620]), and hence D; # @. Thus, we can choose & ~ p<;) so that for all j such that D; = @,
7> p3(1 -z 2 ﬂ](. Hence, we can only have z; < ﬂ]( if D; # 0, and in that case z; = 0 follows
in exactly the same way as above. This completes the proof of part (4). O

Proof of Lemma 4.5

Let d > 0 be an integer. Our aim is to show that the expected number of vertices which are isolated in
H_, and with degree d > 7g(n) in H, is o(1).

Soletd > 0 be an integer and v a vertex, then setting n, = (’r’:]‘ ), the probability that v has degree
exactly d in H ~ H(n, zry) is

d d
(")t =zt () explon, ) S () 0

Given H, by (27) we obtain H_ by keeping every hyperedge in H independently with probability exactly
n_/my (at least as long as H ¢ 13, otherwise we had not defined the construction). More accurately,
H_ = H. whp, where H. is obtained by keeping every hyperedge of H independently with probability
7—/7; (whether or not H € B). So, given v with degree d in H, the probability that v is isolated
in H' is exactly (1 — z_/z,)?. So, the probability that v has degree d in H but is isolated in H’ is
asymptotically at most

0//SdY) SUoRIPUOD pue SWB L U885 *[720Z/TT/ET] uo Ariqrauliuo Aojim ‘Ariqi Aiseaun eesddn Aq 8TZTZeS1/200T OT/10p/wod Ad|imAriq1jeutjuo//sdiy wo.y papeojumoq ‘Z ‘¥20Z ‘8TZ860T

) W0Y B 1M AR

85UBD |7 SUOLILIOD B 8|edl|dde auy Aq peusenoh ale saoie O ‘8sn Jo Sajnl oy Akelq1auljuQ 8|1 UO (SUO1IPUoD-p



HECKEL ET AL. WI LEY 311

(e =m) Y1 _ (20800 C (g
d d S\ d '

Now note that, as g(n) — oo, the expected number of vertices with degree d > 7g(n) in H which are

isolated in H” is bounded by
d
n Z (6gd(”)> n!=o(l).

d>T7g(n)

So whp no such vertex exists, and since whp H_ = H”, the proof is complete. O

Proof of Lemma 4.6

Whp all pairs of partner hyperedges in H are vertex-disjoint (see Remark 2.8). Therefore, it suffices
to show that whp there is no vertex contained in the union of a pair of partner hyperedges in H which
is otherwise isolated in H_. The expected number of such vertices is bounded by

(n)(r)(n —ZV) c@r=2)-72(1 - ﬂ_)(?;' )—z p (nzr_zﬂie-n(g;; ))

r/\2/\r—

— O(lngn . e—(logn—g(n))) — n—l+u(l).

An application of the first-moment method concludes the proof. |

Proof of two analytical lemmas from Section 8

Lemma A.l. Lett € {2, ... ,r—s+ 1}. Foranycy, ... ,¢; € {1, ... ,r —t+ 1} with
Z§=1Ci=r,
Z(Ci><<r_t+1>- (A5)
iz1 S §

Proof of Lemma A.1. The claim is that the sum in (AS) is maximized if one c; takes
the maximal value r — ¢ + 1, while the remaining ones are equal to 1. To prove this

claim, w.l.o.g., consider a non-increasing sequence (c1, ... ,¢;) € {1, ... ,r —t+ 1}’ with
Z?:]Ci = rthatis different from ¢* := (r—1+1,1, ... , 1), such thatin particular ¢; < r—t.

Because of ¢y < r—t, the factthat ¢y > ¢, > -+ > ¢; and E;:lci = r, this enforces
¢ > 1. Define ¢} :=¢; +1,¢5 := ¢, —1andc! := ¢ fori > 3. This operation only

increases the binomial sum from the lemma:
t I3 ,
Ci ¢
X()<2(7) 49
By construction, (A6) reduces to showing that

(e () (]

0//SdY) SUoRIPUOD pue SWB L U885 *[720Z/TT/ET] uo Ariqrauliuo Aojim ‘Ariqi Aiseaun eesddn Aq 8TZTZeS1/200T OT/10p/wod Ad|imAriq1jeutjuo//sdiy wo.y papeojumoq ‘Z ‘¥20Z ‘8TZ860T

)WY B IM A

85UBD |7 SUOLILIOD B 8|edl|dde auy Aq peusenoh ale saoie O ‘8sn Jo Sajnl oy Akelq1auljuQ 8|1 UO (SUO1IPUoD-p



2 | WILEY

HECKEL ET AL.

which is equivalent to
(520 <(2) 89
s—1/ " \s=1/
Since ¢, < c¢j, (A8) is satisfied. Correspondingly, any non-increasing configuration

(cy, ... ,¢1) # ¢* can be changed into ¢* in a sequence of steps that does not decrease the
binomial sum. This completes the proof. u

Lemma A.2. Consider the function w : [2,r —s+ 1] > Rw({) = t—-r+ (r —
1)("2*1)/(;). Then

max w() =wR)=1 —s+ S <o.
te[2,r—s+1]

Proof of Lemma A.2. We show that w is strictly convex on [2, r—s+ 1], w(2) = 1 —s+s/r
andw(r—s+1)=1—-s+(r— 1)/(;) < w(2). For this, we compute

s—1 s—1
wey=1-1=1 YT[e-t-¢+D
<}j>S!j=0 <0
£#
and
s—1 s—1
w'(t) =~ 22 H (r—t—¢+1).
( )S Jj1=0.72=0 =0
J#il €El1d2)

In particular, w”(f) > O on [2,r — s + 1] and w is strictly convex. The computation of
w(2), w(r — s + 1) is straightforward. To show that w(2) > w(r — s + 1), it is sufficient to
show that s( ) r(r—1) or equivalently, that (r—2)-- - --(r—s+1) > (s—1)!. However,
the left-hand side is increasing in » with r > s 4+ 1. Plugging in r = s + 1 establishes the
claim. L]
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