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Abstract
In [Trans. Am. Math. Soc. 375 (2022), no. 1, 627–668],

Kahn gave the strongest possible, affirmative, answer to

Shamir’s problem, which had been open since the late

1970s: Let r ⩾ 3 and let n be divisible by r. Then, in

the random r-uniform hypergraph process on n vertices, as

soon as the last isolated vertex disappears, a perfect match-

ing emerges. In the present work, we prove the analogue of

this result for clique factors in the random graph process:

at the time that the last vertex joins a copy of the complete

graph Kr, the random graph process contains a Kr-factor.

Our proof draws on a novel sequence of couplings which

embeds the random hypergraph process into the cliques of

the random graph process. An analogous result is proved for

clique factors in the s-uniform hypergraph process (s ⩾ 3).

KEYWORDS

clique factor, hitting time, hypergraphs, perfect matching,
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1 INTRODUCTION

When can we cover the vertices of a graph with disjoint isomorphic copies of a small subgraph? The

study of this question goes back at least to 1891, when Julius Petersen, in his Theorie der regulären
graphs [23], provided sufficient conditions for a graph to contain a perfect matching, that is, a cover of

the vertices with pairwise disjoint edges. In the realm of random (hyper-)graphs, such conditions are

best phrased in terms of edge probabilities. Let Hr(n, 𝜋) be the random r-uniform hypergraph on the

vertex set V = [n] where each of the Nr =
(

n
r

)
possible hyperedges of size r is present independently
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276 HECKEL ET AL.

with probability 𝜋. The binomial random graph in this notation is then G(n, p) = H2(n, p). In 1979,

Shamir asked the following natural question, as reported by Erdős [8]:

Question 1.1. How large does 𝜋 = 𝜋(n) need to be for Hr(n, 𝜋) to contain a perfect

matching whp,
1

that is, a collection of n∕r vertex-disjoint hyperedges?

Here and in the following, we implicitly assume n ∈ rZ+ whenever necessary. A closely related

question, posed by Ruciński [27] and Alon and Yuster [1], is:

Question 1.2. For which p = p(n) does the random graph G(n, p) contain a Kr-factor

whp?

That is, for which p(n) does G(n, p) contain a collection of n∕r vertex-disjoint cliques of size r,

also known as a perfect r-clique tiling? In the following, we will also call a copy of Kr an r-clique.

For r = 2, the two questions are the same—and thanks to Erdős and Rényi [9], we have known since

1966 that there is a sharp threshold
2

for the existence of a perfect matching at p0 = log n
n

. The lower

bound for this is immediate: At p = (1 − 𝜀)p0, some vertices in the graph are still isolated, so there

cannot be a perfect matching. The upper bound relies on Tutte’s Theorem, for which there is no known

hypergraph analogue.

Hence, for the case r ⩾ 3, these questions remained some of the most prominent open problems

in random (hyper-)graph theory. Initial results on perfect matchings in random r-uniform hyper-

graphs were obtained by Schmidt and Shamir [28]–guaranteeing a perfect matching for hypergraphs

with expected degree 𝜔(
√

n), with improvements by Frieze and Janson [11] to 𝜔(n
1

3 ) and further to

𝜔

(
n1∕(5+2∕(r−1)))

by Kim [18]. For clique factors, even determining the special case of triangle factors

proved hard, despite partial results by Alon and Yuster [1], Ruciński [27] and Krivelevich [19].

Finally, both questions were jointly resolved up to constant factors by Johansson, Kahn and Vu

in their seminal paper [14]. It had long been assumed that, as in the case r = 2, the main obstacle

in finding a perfect matching in Hr(n, 𝜋) were isolated vertices, that is, vertices not contained in any

hyperedge. In the clique factor setting, the obstacle corresponding to isolated vertices are vertices not

contained in any r-clique. Let

𝜋0 = 𝜋0(r) =
log n(

n−1

r−1

) and p0 = p0(r) = 𝜋
1∕
(

r
2

)

0
;

then 𝜋0 and p0 are known to be sharp thresholds for the properties ‘minimum degree at least 1’ in

Hr(n, 𝜋) and ‘every vertex is covered by an r-clique’ in G(n, p), respectively [5, 13]. Johansson, Kahn

and Vu [14] showed that 𝜋0 and p0 are indeed (weak) thresholds for the existence of a perfect matching

in Hr(n, 𝜋) and for the existence of an r-clique factor in G(n, p), respectively.

Recently, Kahn [15] proved that 𝜋0 is in fact a sharp threshold for the existence of a perfect match-

ing in Hr(n, 𝜋). Indeed, he was able to confirm the conjecture that isolated vertices are essentially the

only obstacle, and thereby answer Shamir’s question, in the strongest possible sense.

Let h1, … ,hNr be a uniformly random order of the hyperedges in

(
V
r

)
, then the random r-uniform

hypergraph process (Hr
t )

Nr
t=0

is given by

1
We say that a sequence of events (En)n⩾1 holds with high probability (whp) if P(En) → 1 as n →∞.

2
Recall that a sequence p∗ = p∗(n) is called a sharp threshold for a graph property  , if for all fixed 𝜀 > 0 we have G(n, p) ∉ 

whp if p(n) < (1−𝜀)p∗(n), and G(n, p) ∈  whp if p(n) > (1+𝜀)p∗(n). For a (weak) threshold, the conditions become p = o(p∗)
and p∗ = o(p), respectively.

 10982418, 2024, 2, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/rsa.21218 by U

ppsala U
niversity L

ibrary, W
iley O

nline L
ibrary on [13/11/2024]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



HECKEL ET AL. 277

Hr
t = {h1, … ,ht}.

Let

TH = min{t ∶ Hr
t has no isolated vertices}

be the hyperedge cover hitting time, that is, the time t where the last isolated vertex ‘disappears’ by

being included in a hyperedge. In the graph case r = 2, Bollobás and Thomason [3] proved in 1985

that this hitting time whp coincides with the hitting time for a perfect matching, showing that as soon

as the last vertex is covered by an edge, whp there is a perfect matching. Kahn [16] showed that this is

indeed also the case when r ⩾ 3:

Theorem 1.3 ([16]). Let r ⩾ 3 and n ∈ rZ+, then whp Hr
TH

has a perfect matching.

Can we get a similarly strong answer to the clique factor question? For r = 3, the question whether

a triangle factor exists in the random graph process as soon as every vertex is covered by a triangle

was attributed to Erdős and Spencer in [4, sect. 5.4]. This question seems much harder than its Shamir

counterpart because, unlike hyperedges in the random hypergraph, cliques do not appear independently

of each other. However, for sharp thresholds it has indeed been possible to reduce the clique factor

problem to the perfect matching problem, using the following coupling result of Riordan (for r ⩾ 4)

and the first author (for r = 3):

Theorem 1.4 ([12, 26]). Let r ⩾ 3. There are constants 𝜀(r), 𝛿(r) > 0 such that, for

any p = p(n) ⩽ n−2∕r+𝜀
, letting 𝜋 = p

(
r
2

)
(1 − n−𝛿), we may couple the random graph

G = G(n, p) with the random r-uniform hypergraph H = Hr(n, 𝜋) so that, whp, for every
hyperedge in H there is a copy of Kr in G on the same vertex set.3

Together with Kahn’s sharp threshold result [15], the following corollary is immediate.

Corollary 1.5. There is a sharp threshold for the existence of a Kr-factor at p0.

In the same spirit, we wish to transfer Kahn’s hitting time theorem, Theorem 1.3, directly to the

random graph process setting, showing its clique factor analogue. Such a derivation of the factor result

from its Shamir counterpart was believed to be out of reach—Kahn remarks in [15] that ‘there seems

little chance of anything analogous’ for Theorem 1.3, and in [16] that the connection between the factor

version and the Shamir version of the result ‘seems unlikely to extend to’ Theorem 1.3.

One important reason for this is that the original coupling provides merely a one-way bound, as

observed by Riordan [26]. While it guarantees a copy of Kr in G = G(n, p) on the same vertex set for

every h in H = Hr(n, 𝜋), we cannot expect to find a corresponding hyperedge of H for every Kr in G.

This can be seen by the following estimates: We will find roughly n2r−2p2

(
r
2

)
−1

pairs of Kr sharing two

vertices, which is much larger than the expected number n2r−2
𝜋

2
of pairs of hyperedges of H sharing

two vertices. A second obstacle is that whenever we do have such a pair of overlapping hyperedges in

H, the corresponding cliques in G will not appear independently of each other in the associated random

graph process—for example the shared edge could be the last to appear, and then those cliques emerge

simultaneously in the random graph process. And indeed, extra cliques and pairs of overlapping cliques

do pose a challenge, but as we will show subsequently, they will not appear ‘near’ those candidate

vertices which may be among the last vertices to be covered by cliques.

3
In [12, 26], Theorem 1.4 was given with an unspecified o(1)-term in place of n−𝛿 ; the formulation above is remark 4 in [26]

and in the case r = 3, an unnumbered remark near the end of [12].
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278 HECKEL ET AL.

Now, let

(Gt)
N

2

t=0

be the random graph process, which is the random r-uniform hypergraph process for r = 2. Define

TG = min{t ∶ every vertex in Gt is contained in at least one r-clique}

as the hitting time of an r-clique cover. Then, to apply Kahn’s hitting time result to the clique factor

setting, we need to find a copy of Hr
TH

within the cliques of GTG . That this can be achieved is our main

result:

Theorem 1.6. Let r ⩾ 3. We may couple the random graph process (Gt)
N

2

t=0
with the ran-

dom r-uniform hypergraph process (Hr
t )

Nr
t=0

so that, whp, for every hyperedge in Hr
TH

there
is a clique in GTG on the same vertex set.

It follows immediately from this result and Kahn’s Theorem 1.3 that vertices not contained in an

r-clique are essentially the only obstruction for a clique factor in the random graph process: whp as

soon as the last vertex is covered by an r-clique, a Kr-factor emerges.

Theorem 1.7. Let r ⩾ 3 and n ∈ rZ+, then whp GTG contains a Kr-factor.

Remark 1.8. One might wonder whether the construction of the coupling in Theorem 1.6

is such that up to time TH and TG, the hyperedges appear in the same order in the random

hypergraph process as they do as r-cliques in the random graph process. The answer to

this is ‘almost’: a hyperedge which shares two vertices with another hyperedge in Hr
TH

may

appear at a different time as the corresponding r-clique, but whp only about log
2n such

hyperedges exist in Hr
TH

, and we can match up the orders of all other hyperedges and their

corresponding cliques.

The paper is organized as follows. After some preliminaries in Section 2, Theorem 1.6 is proved in

Sections 3–7. An overview of the proof is given in Section 2.5. In Section 8, we formulate and prove

the hypergraph analogue of Theorem 1.6. This will immediately imply that in the random s-uniform

hypergraph process, whp an r-(hyper-)clique factor exists as soon as every vertex is covered by an

r-clique (where r > s ⩾ 3).

2 PRELIMINARIES

2.1 Notation

In the remainder of the paper, we fix r ⩾ 3 and usually suppress the dependence on r in our notation.

For example, we simply write Ht instead of Hr
t and so on. Let M = Nr =

(
n
r

)
and N = N2 =

(
n
2

)
.

By an r-uniform hypergraph H on the vertex set V = [n], we mean a subset of

(
V
r

)
, the set of all

r-subsets of V . That is, we will use H as a set (of sets of vertices of size r) for convenient notation. For

a hypergraph H on the vertex set V = [n] and v ∈ [n], we use 𝑑(v) to denote the degree of v in H. In

a graph G, an r-clique is a clique on r vertices. We denote by cl(G) the set of vertex sets from

(
V
r

)

which span r-cliques in G (so cl(G) is an r-uniform hypergraph in the aforementioned sense).

For two functions a = a(n), b = b(n), we say that a is asymptotically at most b, denoted by a ≲ b,

if a(n) ⩽ (1 + o(1))b(n) as n →∞.
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HECKEL ET AL. 279

Throughout the paper, we fix an arbitrary function g(n) satisfying

g(n) = o(log n∕ log log n) and g(n)→∞. (1)

2.2 Probabilistic tools

We will need the following standard probabilistic tools.

Theorem 2.1 (Chernoff Bound, [13, eq. 2.4, theorem 2.1]). For X ∼ Bin(n, p) we have

P(X ⩾ np + t) ⩽
(

np
np + t

)np+t( n − np
n − np − t

)n−np−t

⩽ exp

(
− t2

2(np + t∕3)

)
, 0 ⩽ t ⩽ n − np,

P(X ⩽ np − t) ⩽
(

np
np − t

)np−t( n − np
n − np + t

)n−np+t

⩽ exp

(
− t2

2np

)
, 0 ⩽ t ⩽ np.

Theorem 2.2 (Harris’ inequality, [2, sect. 2, lemma 3]). Let n ∈ Z+, p1, … , pn ∈ [0, 1]
and consider a product probability space Ω =

∏n
i=1
Ωi, where each Ωi is {0, 1} endowed

with the Bernoulli distribution with parameter pi. We call an event A ⊆ Ω an up-set if,
whenever 𝜔 ∈ A and 𝜔′ is obtained from 𝜔 by changing one component from 0 to 1, then
𝜔

′ ∈ A. We call A a down-set if Ω ⧵ A is an up-set.

1. If A and B are both up-sets or both down-sets, then

P(A ∩ B) ⩾ P(A)P(B).

2. If A is an up-set and B is a down-set, then

P(A ∩ B) ⩽ P(A)P(B).

2.3 The standard coupling and the critical window

It will sometimes be useful to work with the following standard device, which gives a convenient

coupling of the random hypergraphs H(n, 𝜋) for all 𝜋 ∈ [0, 1] as well as the random hypergraph

process.

Definition 2.3 (Standard coupling). For every h ∈
(

V
r

)
, let Uh be an independent

random variable, uniform from [0, 1]. Let

H
𝜋
= (V , {h ∶ Uh ⩽ 𝜋}).

Then H
𝜋
∼ H(n, 𝜋). Furthermore, almost surely all values Uh, h ∈

(
V
r

)
, are distinct.

If they are distinct, they give an instance of the random hypergraph process (Ht)Mt=0
in a

natural way, as we can add the hyperedges in ascending order of Uh.

For much of the proof, we will operate within the following critical window: Define 𝜋− and 𝜋+ by

setting

𝜋± =
log n ± g(n)(

n−1

r−1

) , (2)

 10982418, 2024, 2, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/rsa.21218 by U

ppsala U
niversity L

ibrary, W
iley O

nline L
ibrary on [13/11/2024]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



280 HECKEL ET AL.

where g(n) is the function which was fixed globally in (1), and let

p± =
(
𝜋±∕(1 − n−𝛿)

)1∕
(

r
2

)
, (3)

where 𝛿 is the constant from Theorem 1.4. Note that for n large enough we have p+ ⩽ n−2∕r+𝜀
, where

𝜀 is the constant from Theorem 1.4, so we may apply Theorem 1.4 with p = p+ and 𝜋 = 𝜋+ later.

It is a well-known fact that (𝜋−, 𝜋+) is the ‘critical window’ for the disappearance of the last isolated

vertex in a random r-uniform hypergraph (see [5, lemma 5.1(a)]), and so by Theorem 1.3 for the

appearance of a perfect matching: Whp, H(n, 𝜋−) does not contain a perfect matching, while H(n, 𝜋+)
contains a perfect matching whp. Similarly, (p−, p+) is the critical window for the disappearance of the

last vertex not covered by an r-clique in a random graph (see [13, theorem 3.22]). So if we couple as

in Definition 2.3, then whp we have

Gp− ⊂ GTG ⊂ Gp+ and H
𝜋− ⊂ HTH ⊂ H

𝜋+ . (4)

2.4 Bad events

In this section, we state certain undesirable properties, and show that H ∼ H(n, 𝜋+) does not have them

whp. We first need some terminology. For an r-uniform hypergraph H, let

n(H) = (r − 1)e(H) + c(H) − v(H)

be the nullity of H, where e(H), c(H), and v(H) denote the number of hyperedges, components, and

vertices of H, respectively.

Definition 2.4 ([26, def. 11]). We call a connected r-uniform hypergraph H on at most

2
r+1

hyperedges with n(H) ⩾ 2 an avoidable configuration.

Definition 2.5. We say that a vertex v in a hypergraph on n vertices is a low-degree vertex

if 𝑑(v) ⩽ 7g(n), where g(n) is the function that we fixed globally in (1).

Definition 2.6. We say that two hyperedges in a hypergraph are partner hyperedges if

they share exactly two vertices.

Now we are ready to state the bad events. The first two are essentially the bad events from [26].

Note that the event 1 = 1(𝜋) depends on the choice of 𝜋.

1: There is a vertex of degree more than

(
n−1

r−1

)
𝜋 +max

((
n−1

r−1

)
𝜋, 3 log n

)
.

2: H contains an avoidable configuration.

3: There are more than (log n)8g(n)
low-degree vertices.

4: There are more than log
3n pairs of partner hyperedges.

5: There is an isolated vertex.

Let  = 1(𝜋+) ∪ 2 ∪ 3 ∪ 4 ∪ 5.

Lemma 2.7. Let H ∼ H(n, 𝜋) with 𝜋 ⩽ n1−r+o(1)
, then whp H ∉ 1(𝜋) ∪ 2. If further

𝜋 = 𝜋+, then whp H ∉ .

Proof. First, observe that the degree of a given vertex v in H(n, 𝜋) follows a bino-

mial Bin

((
n−1

r−1

)
, 𝜋

)
distribution. Hence, we obtain the weak Chernoff bound n−9∕8
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HECKEL ET AL. 281

from Theorem 2.1 for the probability that the degree of v exceeds D =
(

n−1

r−1

)
𝜋 +

max

((
n−1

r−1

)
𝜋, 3 log n

)
. Thus, the expected number of vertices whose degree exceeds D

is o(1). As a consequence, 1 does not occur whp. Next, it was shown in [26, lemma 12]

that for the given choice of 𝜋, whp 2 does not hold.

For the rest, we restrict to 𝜋 = 𝜋+. For 3, Theorem 2.1 yields the strong Chernoff

bound

exp(7g(n) log(log(n) + g(n)) − 7g(n) log(7g(n)) − (1 + O(𝜋+))(log(n) − 6g(n)))

for the probability that v has degree at most 7g(n). Consequently, by Markov’s inequality,

the probability that there are more than (log n)8g(n)
such low-degree vertices is o(1). There-

fore, 3 does not occur whp. For 4, note that the expected number of pairs of partner

hyperedges in H(n, 𝜋+) is of order log
2n, and apply Markov’s inequality. Finally, 5 was

mentioned previously in Section 2.3, noting that 𝜋+ is the end of the ‘critical window’ for

the disappearance of the last isolated vertex. ▪

Remark 2.8. Note that two hyperedges overlapping in three or more vertices comprise an

avoidable configuration. Furthermore, a hyperedge with more than one partner hyperedge

is an avoidable configuration. Moreover, two pairs of partner hyperedges that share a vertex

are an avoidable configuration. Therefore, if H ∉ , no two hyperedges share more than

two vertices, each hyperedge has at most one partner hyperedge, and all pairs of partner

hyperedges are vertex-disjoint.

We will also need the following technical lemma, which is proved in the appendix.

Lemma 2.9. Let K be a fixed hypergraph such that E[XK] ⩽ no(1)
, where XK is the number

of copies of K in H = H(n, 𝜋+). Then whp no low-degree vertex of H is contained in a
copy of K.

2.5 Proof overview

Define p+, 𝜋+ as in Equations (2) and (3). Our starting point is the coupling of G ∼ G(n, p+) and

H ∼ H(n, 𝜋+) given by Theorem 1.4. We review this coupling in Sections 3–3.2, and then analyse it

more in-depth in Sections 3.3–3.5. As in [12, 26], the case r = 3 requires special treatment, and the

reader may find it useful to focus on the case r ⩾ 4 at first and skip over the parts related to r = 3

(Sections 3.2 and 3.4). The goal of Section 3 is to prove that whp G does not have any ‘extra’ r-cliques,

meaning cliques which are not represented by hyperedges in H, that are incident with low-degree

vertices. This will ensure later that in the construction of the coupled processes, the ‘extra’ cliques in

G do not affect the hitting time TG.

In Section 4, which is the heart of the proof, we take the coupled G ∼ G(n, p+) and H ∼ H(n, 𝜋+)
and proceed by carefully coupling uniform orders of the edges of G and hyperedges of H. Since p+ and

𝜋+ are the upper ends of the respective critical windows (see Section 2.3), whp this couples (copies

of) the stopped graph process GTG and the stopped hypergraph process HTH . We will show that this

coupling almost does what we want: for all hyperedges h ∈ HTH , except those in a small exceptional

set  , there is an r-clique in GTG on the same vertex set. Moreover, we show that whp all h ∈  have

a partner hyperedge which appears between time TH and time TH + ⌊g(n)n⌋.

To prove Theorem 1.6, we now only need to show that we can get rid of the hyperedges in 

and still have an instance of the stopped random hypergraph process. To this end, in Section 5 we
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282 HECKEL ET AL.

show that  can be whp embedded into a binomial random subset  ⊂ HTH where each hyperedge

h ∈ HTH is included independently with a small probability. In Section 6, we show that if we remove

the hyperedges in from the hypergraph process up to time TH , whp this essentially does not change

the hitting time TH , and in particular whp HTH ⧵ is still an instance of the stopped random hypergraph

process.

In Section 7, we put all the different pieces together, following through the chain of couplings to

construct the coupling in Theorem 1.6.

3 COUPLING OF G(N,P+) AND H(N,𝝅+)

We start this section in Section 3.1 with a brief review of Riordan’s coupling from Theorem 1.4 for

r ⩾ 4. Our description and notation will largely follow that in [26], adapted slightly to our needs.

In Section 3.2, we describe the modifications to Riordan’s coupling for r = 3 which were made by

the first author in [12], and establish some basic properties. In Sections 3.3–3.5, we proceed with a

more in-depth analysis of the ‘extra’ r-cliques in G which are not represented by hyperedges in H.

In particular, in Lemma 3.5 (for r ⩾ 4) and Lemma 3.6 (for r = 3) we give an upper bound for the

probability that a given r-set of vertices which is not a hyperedge in H spans an r-clique in G. Such

a bound was not relevant for the construction of the one-sided coupling in [26], but it will be crucial

for the hitting time version of the coupling. Recall that a vertex v is called low-degree if 𝑑(v) ⩽ 7g(n).
The following result is proved in Section 3.5.

Lemma 3.1. Couple G ∼ G(n, p+) and H ∼ H(n, 𝜋+) via the coupling described in
Sections 3.1 and 3.2. We call the hyperedges in cl(G) ⧵ H extra cliques. Then whp, no
low-degree vertex of H is incident with any extra clique in G.

This lemma will be used later on to show that extra cliques in the random graph process do not

influence the hitting time TG, as none of them are incident with any of the candidate vertices which

are amongst the last to be covered by r-cliques.

As in [12, 26], we will let

p = p(n) ⩽ n−2∕r+o(1)

in order to simplify calculations, although upon closer inspection the o(1)-term could be replaced with

a small constant 𝜀 = 𝜀(r). We let

𝜋 = (1 − n−𝛿)p
(

r
2

)
,

where 𝛿 is the constant from Theorem 1.4. Most of Section 3 will apply to these general p and 𝜋, except

for the proof of Lemma 3.1 in Section 3.5 where we set p = p+ and 𝜋 = 𝜋+.

As was the case in [12, 26], the case r = 3 requires a considerable amount of extra work due to

complications arising from the presence of so-called ‘clean 3-cycles’. It may therefore be helpful to

focus on the case r ⩾ 4 initially, and skip over Sections 3.2 and 3.4 which relate to the case r = 3.

3.1 The coupling algorithm for r ⩾ 4

Order the M =
(

n
r

)
potential hyperedges in some arbitrary way as h1, … , hM , and for 1 ⩽ j ⩽ M,

let Aj be the event that there is an r-clique in G ∼ G(n, p) on the vertex set of hj. We construct the
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HECKEL ET AL. 283

coupling of G ∼ G(n, p) and H ∼ H(n, 𝜋) step by step; in step j revealing whether or not hj ∈ H, as

well as some information about Aj.

Coupling algorithm: For each j from 1 to M:

1. Calculate 𝜋j, the conditional probability of Aj given all the information revealed so far.

2. If 𝜋j ⩾ 𝜋, toss a coin which lands heads with probability 𝜋∕𝜋j, independently of everything else.

If the coin lands heads, then test whether Aj holds (which it does with probability exactly 𝜋j).

Include the hyperedge hj in H if and only if the coin lands heads and Aj holds. (Note that the

probability of including hj is exactly 𝜋∕𝜋j ⋅ 𝜋j = 𝜋.)

3. If 𝜋j < 𝜋, then toss a coin which lands heads with probability 𝜋 (independently of everything

else), and declare hj present in H if and only if the coin lands heads. If this happens for any j,
we say that the coupling has failed.

After going through steps j = 1, … ,M, we have decided all hyperedges of H, and revealed infor-

mation on the events A1, … ,AM of G. Now choose G conditional on the revealed information on the

events Aj. Clearly, this algorithm generates the correct distributions of H(n, 𝜋) and G(n, p), and in [26],

it is shown that for an appropriate choice of constants 𝜀(r), 𝛿(r) > 0, whp the algorithm does not fail.

If it does fail, then

H ∈ 1 ∪ 2 (= 1(𝜋) ∪ 2).

The algorithm, if it succeeds, generates the answers yes/no for each hj, and it generates answers

yes/no/∗ for Aj, where ∗ means that we did not decide Aj. The latter happens either if 𝜋j ⩾ 𝜋 and the

coin lands tails, or if 𝜋j < 𝜋.

So for 0 ⩽ j ⩽ M, let Yj,Nj,Sj ⊂ [j] be the sets of indices i ⩽ j where the algorithm gives the

answer ‘yes’, ‘no’, and ∗, respectively, for the event Ai. Note that these sets are disjoint and their union

is [j].
In particular, before we decide the hyperedge hj and the event Aj, we have exactly the information⋂

i∈Yj−1

Ai ∩
⋂

i∈Nj−1

Ac
i on G, and so

𝜋j = P
⎛
⎜⎜⎝
Aj

||||||

⋂
i∈Yj−1

Ai ∩
⋂

i∈Nj−1

Ac
i

⎞
⎟⎟⎠
.

Furthermore, note that if the coupling does not fail, we have

Yj = {i ⩽ j ∶ hi ∈ H} and YM = {i ∶ hi ∈ H}.

Let

Histj = (Yj,Nj,Sj),

which encodes the relevant history of the algorithm up to and including time j.

3.2 Modified coupling algorithm for r = 3

Riordan’s proof does not extend to the case r = 3 because of a single problematic hyperedge

configuration: clean 3-cycles—which have nullity 1 and therefore do not constitute an avoidable

configuration.
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284 HECKEL ET AL.

Definition 3.2. A clean 3-cycle is a set of three 3-uniform hyperedges where each pair

meets in exactly one distinct vertex. In a slight abuse of notation, we will also call an

edge configuration in a graph where each such hyperedge is replaced by a triangle a clean

3-cycle. In such an edge configuration, we call the copy of K3 spanned by the three vertices

where the pairs of hyperedges meet the middle triangle of the clean 3-cycle.

The key observation in the modified coupling from [12] is that there are very few clean 3-cycles in

both H and G, and that their distributions are essentially the same, which is Lemma 3.3 below. So it is

possible to choose and match up the clean 3-cycles in H and G first, and then run Riordan’s coupling

algorithm conditional on this choice of clean 3-cycles (so that no further clean 3-cycles can appear

during the execution of the algorithm, which circumvents the specific problem in Riordan’s proof for

the case r = 3).

Lemma 3.3 ([12, lemma 4]). For p ⩽ n−2∕3+o(1) and 𝜋 = (1 − n−𝛿)p3 as before, let
G and H be the collections of clean 3-cycles in a random graph G ∼ G(n, p) and in a
random hypergraph H ∼ H3(n, 𝜋), respectively. Then we can couple G and H so that,
whp, G = H .

Modified coupling algorithm:

1. Choose the collections G and H of clean 3-cycles in G and in H, coupling as in Lemma 3.3

so that whp

G = H .

If G ≠ H , we say that the coupling has failed.

Given G = H , let G and H be the events (which are up-sets) that G and H contain

the edges and hyperedges contained in G and H , respectively. Let G and H be the events

(which are down-sets) that G and H contain no other clean 3-cycles.

Now as before, we order the M′ =
(

n
3

)
− |{h ∈ c ∶ c ∈ H}| remaining potential hyper-

edges in some arbitrary way as h1, … , hM′ , and for 1 ⩽ j ⩽ M′
we let Aj be the event that there

is a triangle in G ∼ G(n, p) on the vertex set of hj.

Now for each j from 1 to M′
:

2. Calculate 𝜋j, the conditional probability of Aj given G, G and all the information revealed

on G so far.

3. Calculate 𝜋
′
j , the conditional probability of the hyperedge hj being present in H, givenH ,H

and all the information revealed on H so far.

4. Case 1: 𝜋j ⩾ 𝜋

′
j . If 𝜋j = 𝜋

′
j = 0, then we do not include hj in H, and we decide that Aj does

not hold. Otherwise we have 𝜋j > 0, and in that case we toss a coin which lands heads with

probability 𝜋
′
j∕𝜋j, independently of everything else. If the coin lands heads, then test whether

Aj holds (which it does with probability exactly 𝜋j). Include the hyperedge hj in H if and only if

the coin lands heads and Aj holds (Note that the probability of including hj is exactly 𝜋
′
j∕𝜋j ⋅𝜋j =

𝜋

′
j .).

5. Case 2: 𝜋j < 𝜋
′
j . Toss a coin which lands heads with probability 𝜋

′
j (independently of everything

else), and declare hj present in H if and only if the coin lands heads. If this happens for any j,
we say that the coupling has failed.

After going through the steps j = 1, … ,M′
, we have decided all hyperedges of H, and revealed

information on the events A1, … ,AM′ of G. Now choose G conditional on the revealed information on

the events Aj and on G andG. Clearly this algorithm generates the correct distributions H ∼ H3(n, 𝜋)
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HECKEL ET AL. 285

and G ∼ G(n, p), and in [12] it is shown that for an appropriate choice of constants 𝜀, 𝛿 > 0, whp the

algorithm does not fail. If it does fail, then

G ≠ H or H ∈ 1 ∪ 2.

Similarly to Section 3.1, we let

Histj = (Yj,Nj,Sj)

encode the history of the algorithm up to and including time j, where Yj and Nj are the sets of all i ∈ [j]
where we have received the answers ‘yes’ and ‘no’ for the event Ai, respectively, and Sj = [j]⧵(Yj∪Nj).
Then, when deciding hj and Aj, the information we have on H and G is given by Histj−1 and by G,

H , with the corresponding events

G,H ,G,H

that the clean 3-cycles in G and H are present, and no others. So

𝜋j = P
⎛
⎜⎜⎝
Aj

||||||
G ∩G ∩

⋂
i∈Yj−1

Ai ∩
⋂

i∈Nj−1

Ac
i

⎞
⎟⎟⎠

(5)

and, letting Bj = {hj ∈ H}, unless the coupling failed at an earlier step,

𝜋

′
j = P

⎛
⎜⎜⎝
Bj

||||||
H ∩H ∩

⋂
i∈Yj−1

Bi ∩
⋂

i∈Nj−1
∪Sj−1

Bc
i

⎞
⎟⎟⎠
. (6)

We make a number of observations in the following lemma which is proved in the appendix.

Lemma 3.4. Suppose that we are at time j in the coupling algorithm for 𝜋 = (1− n−𝛿)p3
,

before making decisions on hj ∈ H and Aj, and that ̃H ∉ 1 ∪ 2, where ̃H is the hyper-
graph containing exactly the hyperedges {hi ∶ i ∈ Yj−1} and those from the clean 3-cycles
in H . Then all of the following hold.

1. If 𝜋′j = 0, then 𝜋j = 0.

2. 𝜋′j ⩽ 𝜋.

3. Suppose that 𝜋j > 𝜋
′
j , then

𝜋

′
j = 𝜋(1 + n−1+o(1)).

4. If 𝜋j < 𝜋
′
j , then 𝜋j = 0.

3.3 Extra cliques, r ⩾ 4

We say that an r-clique of G is an extra clique if there is no hyperedge in H on the same vertex set.

So the extra cliques are exactly the elements of cl(G) ⧵ H. In the following lemma, we will bound the

probability that the clique corresponding to a given hj becomes an extra clique in G for r ⩾ 4. The

case r = 3 will be treated separately in Section 3.4.
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286 HECKEL ET AL.

Lemma 3.5. Suppose that r ⩾ 4, let 𝜋 = (1 − n−𝛿)p
(

r
2

)
, j ∈ [M], and let H0 be a

hypergraph so that hj ∉ H0 and H0 ∉ 1 ∪ 2. Set

𝜋

∗
j = P

(
Aj

||||||

⋂
i∶hi∈H

0

Ai

)
.

Then, if the coupling in Theorem 1.4 produces the hypergraph H = H0, we can bound the
probability that the clique on the vertex set of hj is an extra clique in G by

P
(

Aj
|||H = H0

)
⩽
𝜋

∗
j − 𝜋

1 − 𝜋
.

Proof. Condition on H = H0. First of all, note that as H0 ∉ 1 ∪ 2, the coupling does

not fail. Consider the coupling algorithm after we have decided on the final hyperedge hM
(and possibly on AM), but before generating the final graph G. In particular, we know that

H = H0, and (as the coupling does not fail) we have YM = YM ∶= {i ∶ hi ∈ H0}. We

also know Yi = Yi ∶= YM ∩ [i] for all 0 ⩽ i ⩽ M. However, given only the information

H = H0, we do not know what the sets Ni and Si are, 0 ⩽ i ⩽ M. In the following, we want

to find bounds which hold for all possible instances of these sets, so we denote by Si and

Ni specific instances of the random sets. In other words, for all 0 ⩽ i ⩽ M, we consider

disjoint sets Si and Ni whose union is [i] ⧵ Yi, and we let Histi = (Yi,Ni, Si).
We start by observing that, for a given HistM ,

P(Aj
|||HistM = HistM) = P

(
Aj

||||||

⋂
i∈YM

Ai ∩
⋂

i∈NM

Ac
i

)

⩽ P

(
Aj

||||||

⋂
i∈YM

Ai

)
= 𝜋∗j ,

(7)

where the inequality follows by Harris’ Lemma (Theorem 2.2), since Aj is an up-set,⋂
i∈NM

Ac
i is a down-set and G(n, p) conditional on the principal up-set

⋂
i∈YM

Ai is still a

product probability space.

Since the inequality above holds for every possible HistM , it also holds if we condition

only on the partial information Histj−1 = Histj−1, Sj = Sj−1 ∪ {j} and H = H0 (since we

can consider every possible continuation of these Yj−1, Nj−1, Sj to a HistM)
4
:

P(Aj
|||Histj−1 = Histj−1,Sj = Sj−1 ∪ {j},H = H0) ⩽ 𝜋

∗
j . (8)

Furthermore, given a fixed Histj−1, it follows similarly to the above that

𝜋j = P
⎛
⎜⎜⎝
Aj

||||||

⋂
i∈Yj−1

Ai ∩
⋂

i∈Nj−1

Ac
i

⎞
⎟⎟⎠
⩽ P

⎛
⎜⎜⎝
Aj

||||||

⋂
i∈Yj−1

Ai

⎞
⎟⎟⎠
⩽ P

(
Aj

||||||

⋂
i∈YM

Ai

)
= 𝜋∗j , (9)

4
To be precise, Equations (7) implies (8) for the following reason. Let A,B be some events and c ∈ [0, 1]. Then, if for some

countable partition B =
⋃

i Bi of B, we have P(A|Bi) ⩽ c for every i, then P(A ∩ B) =
∑

i P(A ∩ Bi) =
∑

i P(Bi)P(A|Bi) ⩽
c
∑

i P(Bi) = cP(B), so P(A|B) ⩽ c.
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HECKEL ET AL. 287

where the second inequality follows from the fact that Yj−1 ⊂ YM .

The advantage of bounding the two probabilities in (8), (9) by 𝜋
∗
j is that 𝜋

∗
j only

depends on H0 and not on the full Histj−1 or HistM .

In the final graph G, the event Aj can only hold if j ∈ SM , because j ∉ YM since

hj ∉ H0, and if j were in NM then Ac
j would hold. This implies Sj = Sj−1 ∪ {j}. Consider

some Histj−1, and suppose that Histj−1 is such that 𝜋j ⩾ 𝜋. Then we have Sj = Sj−1 ∪ {j}
if and only if the coin in step j of the algorithm lands tails. So, with (9), we obtain

P(Sj = Sj−1 ∪ {j}|Histj−1 = Histj−1,H = H0) =
1 − 𝜋∕𝜋j

1 − 𝜋
⩽

1 − 𝜋∕𝜋∗j
1 − 𝜋

, (10)

because 1− 𝜋∕𝜋j is the probability that the coin lands tails, and 1− 𝜋 is the overall prob-

ability that we do not add hj to H, on which we have conditioned in H = H0 (note that

by construction of the algorithm, the decisions on hi ∈ H for i > j are independent from

what happens at step j of the algorithm or earlier, so only the information hj ∉ H from

conditioning on H = H0 is relevant for the event Sj = Sj−1 ∪ {j}).
So, given some Histj−1 such that 𝜋j ⩾ 𝜋, using (8) and (10) it follows that

P
(
Aj|Histj−1 = Histj−1,H = H0

)
= P

(
Aj ∩ {Sj = Sj−1 ∪ {j}}|Histj−1 = Histj−1,H = H0

)

= P
(
Sj = Sj−1 ∪ {j}|Histj−1 = Histj−1,H = H0

)

⋅ P
(
Aj|Histj−1 = Histj−1,Sj = Sj−1 ∪ {j},H = H0

)

⩽
1 − 𝜋∕𝜋∗j

1 − 𝜋
⋅ 𝜋∗j =

𝜋

∗
j − 𝜋

1 − 𝜋
.

(11)

Furthermore, note that (11) also holds for any Histj−1 such that 𝜋j < 𝜋: In this case,

as mentioned in the proof of theorem 5 in [26] (shortly after eq. 7), we have 𝜋j = 0.

Indeed, Riordan argues that for n large enough, the case 𝜋j < 𝜋 can only occur if adding

the clique on vertex set hj to G would at the same time create a clique that has previously

been confirmed to be absent in G. Therefore, adding clique number j to G in step j would

create a contradiction, because at least one of its edges has been confirmed to be absent

previously, which results in having 𝜋j = 0. If no such contradiction would arise, Riordan’s

proof provides the uniform lower bound 𝜋j ⩾ 𝜋. This means that the probability on the

left-hand side of (11) is 0 (already after conditioning on Histj−1 = Histj−1, the event Aj has

probability 0), whereas the right-hand-side of (11) is nonnegative because 𝜋
∗
j ⩾ P(Aj) =

p
(

r
2

)
⩾ 𝜋. So since (11) holds conditional on every possible Histj−1 = Histj−1, it also

holds when only conditioning on H = H0:

P(Aj|H = H0) ⩽
𝜋

∗
j − 𝜋

1 − 𝜋
.

▪

3.4 Extra cliques, r = 3

As before, we let p ⩽ n−2∕3+o(1)
and set 𝜋 = p

(
r
2

)
(1 − n−𝛿(3)). The following lemma corresponds to

Lemma 3.5 for the case r ⩾ 4.
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288 HECKEL ET AL.

Lemma 3.6. Suppose r = 3, let j ∈ [M′], and let H0 be a hypergraph so that hj ∉ H0,

and H0 ∉ 1 ∪ 2. Set

𝜋

∗
j = P

(
Aj

||||||

⋂
i∶hi∈H

0

Ai

)
,

Let  be the event that the coupling in Theorem 1.4 for r = 3 fails in the first step (i.e., that
G ≠ H). Then, if  does not hold and the coupling produces the hypergraph H = H0,

we can bound the probability that Aj is an extra clique in G:

P
(
Aj|H = H0 , 

c) ⩽ 𝜋

∗
j − 𝜋

1 − 𝜋
+ n−3+o(1)

.

Proof. First of all, note that {H = H0} ∩  c
implies that the coupling does not fail, as

H0 ∉ 1 ∪ 2. Let G and H denote the events that G and H contain exactly the clean

3-cycles of H0. Then the coupling is set up so that the distribution of G, conditional on

H = H0 and 
c
, is the same as the distribution of G conditional on H = H0 and G (note

that H = H0 implies H). In particular,

P
(
Aj|H = H0 , 

c) = P
(
Aj|H = H0 , G

)
. (12)

As in the proof of Lemma 3.5, we will consider different histories Histi = Histi =
(Yi,Ni, Si) of the process which are compatible with the outcome H = H0. As the coupling

does not fail, we have YM′ = YM′ ∶= {i ∶ hi ∈ H0}, which gives us that Yi = Yi ∶=
YM′ ∩ [i] for all 0 ⩽ i ⩽ M′

. Given only the outcome H = H0 (and 
c
), we do not know

what the sets Ni and Si are, 0 ⩽ i ⩽ M′
, so we will consider bounds which are valid over

all possible choices of these random sets, and we denote specific instances of the sets by

Si and Ni. In other words, for all 0 ⩽ i ⩽ M′
, we fix some disjoint sets Si and Ni whose

union is [i] ⧵ Yi, and we let Histi = (Yi,Ni, Si).
Note that if Histj−1 is so that 𝜋j < 𝜋

′
j , then 𝜋j = 0 by Lemma 3.4, thus the probability of

Aj is 0 after step j− 1 of the algorithm, and it follows that P(Aj|H = H0,
c
, 𝜋j < 𝜋

′
j ) = 0.

Hence, we can assume in the following that 𝜋j ⩾ 𝜋

′
j . Further, note that if 𝜋j = 𝜋′j , then in

step j of the algorithm we have decided that hj ∉ H if and only if j ∈ Nj (i.e., we decide

that Aj does not hold). So, as hj ∉ H, we have P(Aj|H = H0,
c
, 𝜋j = 𝜋

′
j ) = 0. Thus,

indeed we only need to bound P(Aj|H = H0,
c
, 𝜋j > 𝜋

′
j ), and for the rest of the proof we

only consider histories Histj−1 so that 𝜋j > 𝜋
′
j .

LetG,G be the events that G contains the clean 3-cycles of H0, and no other clean

3-cycles, respectively, so G = G ∩G. Similarly to (7), we observe that

P(Aj|G , HistM′ = HistM′ ) = P

(
Aj

||||||
G ∩G ∩

⋂
i∈YM′

Ai ∩
⋂

i∈NM′

Ac
i

)

⩽ P

(
Aj

||||||

⋂
i∶hi∈H

0

Ai

)
= 𝜋∗j

(noting that G ∩
⋂

i∈YM′
Ai =

⋂
i∶hi∈H

0

Ai is a principal up-set). Since this bound holds

for every possible HistM′ , it also holds when conditioning only on partial information
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HECKEL ET AL. 289

(analogously to (8)):

P(Aj|G,Histj−1 = Histj−1,Sj = Sj−1 ∪ {j},H = H0) ⩽ 𝜋

∗
j . (13)

Similarly, given a fixed Histj−1,

𝜋j = P
⎛
⎜⎜⎝
Aj

||||||
G ∩G ∩

⋂
i∈Yj−1

Ai ∩
⋂

i∈Nj−1

Ac
i

⎞
⎟⎟⎠
⩽ P

⎛
⎜⎜⎝
Aj

||||||
G ∩

⋂
i∈Yj−1

Ai

⎞
⎟⎟⎠
⩽ P

(
Aj

||||||

⋂
i∶hi∈H

0

Ah

)
= 𝜋∗j ,

(14)

analogously to (9) in the case r ⩾ 4. We have to work a little harder to obtain a statement

similar to (10), and for this, we first split up the hypergraph H = H0 into past, present and

future, as seen from time j. The past is covered by Histj−1 = Histj−1, the present is the

event {hj ∉ H} = {j ∉ Yj}, and we denote the future by f, that is, the event that for all

i > j we have hi ∈ H if and only if hi ∈ H0. So we have

P(j ∈ Sj|G,Histj−1 = Histj−1,H = H0) = P(j ∈ Sj|G,Histj−1 = Histj−1, hj ∉ H,f). (15)

Let  = H ∩G ∩ {Histj−1 = Histj−1, hj ∉ H} and 
′ =  ∩ {j ∈ Sj}. Then, noting that

{H = H0} ⊆ H , using (15) and Bayes’ Theorem, we obtain

P(j ∈ Sj|G,Histj−1 = Histj−1,H = H0) = P(j ∈ Sj| ,Hf) =
P(f| ′)
P(f|) P(j ∈ Sj|).

Now, recalling (6), note that the future hyperedge decisions only depend on j ∈ Sj in

that this implies hj ∉ H: by construction of the algorithm, the probabilities for future

hyperedges decisions for hi, i > j, only depend on the information revealed about H. But

hj ∉ H is already covered by  , so we have P(f| ′) = P(f|) and hence

P(j ∈ Sj|G,Histj−1 = Histj−1,H = H0) = P(j ∈ Sj|G,H ,Histj−1 = Histj−1, hj ∉ H). (16)

Note that G,H ,Histj−1 = Histj−1 is exactly the information on G and H avail-

able to us at time j of the algorithm (before deciding hj ∈ H and Aj). Recall that we

assume that Histj−1 is so that 𝜋j > 𝜋

′
j . Then analogously to (10), using (14) we can

bound

P(j ∈ Sj|G,H ,Histj−1 = Histj−1, hj ∉ H) =
1 − 𝜋′j∕𝜋j

1 − 𝜋′j
⩽

1 − 𝜋′j∕𝜋∗j
1 − 𝜋′j

,

because 1 − 𝜋′j∕𝜋j is the probability that the coin at step j of the algorithm lands tails (so

we add j to Sj), and 1−𝜋′j is the overall probability that we do not add j to Yj (i.e., hj ∉ H),

which we’ve conditioned on. So it follows with (16) that

P(j ∈ Sj|G,Histj−1 = Histj−1,H = H0) ⩽
1 − 𝜋′j∕𝜋∗j

1 − 𝜋′j
.
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290 HECKEL ET AL.

With (13), this gives

P(Aj|G,Histj−1 = Histj−1,H = H0) ⩽
𝜋

∗
j − 𝜋′j

1 − 𝜋′j
.

Bounding 𝜋
′
j with Lemma 3.4 (3), this yields

P(Aj|G,Histj−1 = Histj−1,H = H0) ⩽
𝜋

∗
j − 𝜋

1 − 𝜋
+ n−3+o(1)

. (17)

As the bound (17) holds for every possible Histj−1 with 𝜋j > 𝜋

′
j , it also holds if we only

condition on G, H = H0 and 𝜋j > 𝜋
′
j , which together with (12) gives the result. ▪

3.5 Proof of Lemma 3.1

We will need the following lemma, which was lemma 13 in [26] (for r ⩾ 4) and lemma 3 in [12] (for

r = 3).

Lemma 3.7 ([12, 26]). Fix r ⩾ 3, let H be an r-uniform hypergraph, and let G be the
simple graph obtained by replacing each hyperedge of H by an r-clique. Suppose that
G contains an r-clique T on a set of r vertices and the corresponding hyperedge is not
present in H.

1 If r ⩾ 4, then H contains an avoidable configuration.

2 If r = 3, then T is the middle triangle of a clean 3-cycle of H, or H contains an
avoidable configuration.

Now consider the coupled G and H with p = p+ and 𝜋 = 𝜋+. Condition on H = H0 for some

hypergraph H0 ∉ . Then in particular, there are at most (log n)8g(n) = no(1)
low-degree vertices in H0.

For r = 3, no low-degree vertex is contained in the middle triangle of a clean 3-cycle in H whp by

Lemma 2.9, as their expected number is of order log
3n, which we assume in the following. Let v be a

low-degree vertex. If r ⩾ 4, then by Lemma 3.5 the expected number of ‘extra’ cliques v gets in G is

at most

∑
j∶v∈hj
hj∉H0

𝜋

∗
j − 𝜋+

1 − 𝜋+
∼

∑
j∶v∈hj
hj∉H0

(𝜋∗j − 𝜋+) =
∑
j∶v∈hj
hj∉H0

(
𝜋

∗
j − p

(
r
2

)

+

)
+

∑
j∶v∈hj
hj∉H0

(
p
(

r
2

)

+ − 𝜋+

)
,

(18)

where we take the sums over hyperedges (or potential cliques) containing v which are not in H0. As

𝜋+ = p
(

r
2

)

+ (1 − n−𝛿), the second sum can be bounded by n−c
for some small constant c > 0.

Now for r = 3, we can bound the expected number of ‘extra’ cliques v gets in G with the help of

Lemma 3.6 in the same way, except that we get the extra term
∑

h∶v∈h
h∉H0

n−3+o(1)
. But this term is of order

n−1+o(1)
, because only of order n2

hyperedges h appear in the sum.

Thus, for both r = 3 and r ⩾ 4, it only remains to bound the first sum in (18). This sum is,

roughly speaking, the number of extra cliques containing v we expect to get in G if we condition on

the cliques corresponding to hyperedges in H0 being present, versus without any conditioning. In the

following lemma, we show that this first sum is also small—it follows from the lemma and our previous

observations that the expected number of extra cliques containing v can be bounded by n−c
for some
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HECKEL ET AL. 291

small constant c > 0. As there are only no(1)
low-degree vertices in H = H0, whp no such vertices

exist, which concludes the proof of Lemma 3.1.

Lemma 3.8. Suppose that H0 ∉ 1 ∪ 2, and define 𝜋∗j as in Lemmas 3.5 (for r ⩾ 4)

and 3.6 (for r = 3). Let s = min

(
2

r
, 1 − 2

r

)
> 0. Let v be an arbitrary vertex, and in the

case r = 3 suppose that v is not an endpoint of the middle triangle of a clean 3-cycle in
H0. Then

∑
j∶v∈hj
hj∉H0

(
𝜋

∗
j − p

(
r
2

)

+

)
⩽ n−s+o(1)

. (19)

Proof of Lemma 3.8. Let G0 be the graph obtained by replacing every hyperedge in H0

with an r-clique. Then conditioning on
⋂

i∶hi∈H
0

Ai is the same thing as conditioning on all

the edges of G0 being present.

As H0 ∉ 1, the maximum degree of G0 is no(1)
. Fixing some vertex v, we want to count

all possible hyperedges hj which appear in the sum in (19), and bound their contribution

to (19). Let Chj be the clique corresponding to the hyperedge hj. For some given hj ∉ H0

so that v ∈ hj, let the components of the subgraph induced by hj in G0 have c1, … , ct
vertices respectively, so that

∑t
i=1

ci = r. If c1 = c2 = · · · = ct = 1, then none of the edges

of Chj are already present as edges in G0, so then 𝜋
∗
j = p

(
r
2

)

+ . Hence, such hyperedges

hj contribute 0 to the sum in (19), and in the following we only consider those hj (and

corresponding Chj ) where ci ⩾ 2 for at least one i.
Given a fixed sequence c1, … , ct, there are at most

nt−1+o(1)
(20)

ways to pick the clique Chj (i.e., the hyperedge hj): because we already have v, we make

one choice (from n vertices) for the first vertex from each of the other t − 1 components,

and for each of the r − t remaining vertices there are only no(1)
choices as the maximum

degree of G0 is no(1)
.

In particular, if c1 = r (so t = 1), there are only no(1)
choices for Chj . Not all edges in

the clique Chj can be contained in G0 already, otherwise H0 would contain an avoidable

configuration—this follows from Lemma 3.7, noting that in the case r = 3, v is not in

the middle triangle of a clean 3-cycle in H0—so 2 would hold. So, in the case c1 = r
we have

𝜋

∗
j ⩽ p+ = n−2∕r+o(1)

,

which implies that the overall contribution to (19) from hyperedges hj with c1 = r is at

most n−2∕r+o(1) ⩽ n−s+o(1)
.

Hence, in the following we only consider sequences c1, … , ct where ci < r for all i.
After conditioning on the edges in G0 being present, a potential clique Chj is missing (at

least) all the edges between different components, so

𝜋

∗
j ⩽ p

(
r
2

)
−

t∑
i=1

(
ci
2

)

+ .
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292 HECKEL ET AL.

Together with (20), given a fixed sequence c1, … , ct (with ci < r for all i and ci ⩾ 2 for at

least one i), the contribution to (19) from hyperedges hj (and cliques Chj ) corresponding

to this sequence is at most

nt−1+o(1)p

(
r
2

)
−

t∑
i=1

(
ci
2

)

+ =

(
nr−1p

(
r
2

)

+

)
n
−r+t+ 2

r

t∑
i=1

(
ci
2

)
+o(1)

= n
−

t∑
i=1

(ci−1)+ 1

r

t∑
i=1

ci(ci−1)+o(1)

= n
o(1)−

t∑
i=1

(ci−1)(1−ci∕r)

.

Note that all summands in the sum in the exponent are non-negative. Further, there is at

least one i0 with ci
0
⩾ 2, and since ci < r for all i, we have (ci

0
− 1)(1 − ci

0
∕r) ⩾ 1 − 2∕r

(taking the minimum over all possible values 2, … , r − 1 for ci
0
). So, the sum in the

exponent above is at least 1− 2∕r, and hence we may bound the contribution to (19) from

all hyperedges hj corresponding to the fixed sequence c1, … , ct by

n−1+2∕r+o(1) ⩽ n−s+o(1)
.

Since there are only finitely many potential sequences c1, … , ct, this concludes the proof

of the lemma, and thereby of Lemma 3.1. ▪

4 PROCESS COUPLING–STEP 1

In Section 3, we revisited and analysed the coupling of G ∼ G(n, p) and H ∼ H(n, 𝜋) from Theorem 1.4.

Building upon this coupling, we now proceed with the first step in coupling the random graph process

with the random hypergraph process.

The aim of Section 4 is to prove Proposition 4.1. Roughly speaking, this states that we may couple

the random graph process and the random hypergraph process so that there is almost a copy of HTH

within the r-cliques of GTG : for all hyperedges in HTH except those in a set  (the exceptional hyper-

edges), there is an r-clique in GTG on the same vertex set. Moreover, the exceptional hyperedges in 

all gain a partner hyperedge within a short time window after time TH (which will allow us to identify

and deal with them in the next step of the coupling).

Proposition 4.1. We may couple the random graph process (Gt)Nt=0
and the random hyper-

graph process (Ht)Mt=0
so that whp the following holds. There is a set of hyperedges  ⊂ HTH

so that

1. HTH ⧵  ⊂ cl(GTG ), and
2. for every h1 ∈  there is a h2 ∈ HTH+⌊g(n)n⌋ ⧵ HTH so that |h1 ∩ h2| = 2.

The remainder of Section 4 will be devoted to the proof of Proposition 4.1. In Section 4.1.1,

we start with G ∼ G(n, p+) and H ∼ H(n, 𝜋+), recalling p+, 𝜋+ from (2) to (3), and coupled as in

Theorem 1.4. We then equip G and H with (appropriately coupled) uniform orders 𝜎G, 𝜎H of their

edges and hyperedges.

It is clear (e.g., by the standard device in Definition 2.3) that G equipped with 𝜎G gives an instance

of the first |G| graphs in the random graph process (Gt)Nt=0
. Similarly, H with 𝜎H can be embedded
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HECKEL ET AL. 293

into the random hypergraph process (Ht)Mt=0
as the first |H| hypergraphs. Moreover, note that whp in

G every vertex is contained in an r-clique, and whp H has minimum degree at least 1. So whp these

initial sequences of the graph and hypergraph processes capture TG and TH . Thus, the coupling of

𝜎G, 𝜎H will induce a coupling of GTG and HTH . Furthermore, it follows from (4) that whp |H| − TH ⩽
(1 + o(1))(𝜋+ − 𝜋−)

(
n
r

)
∼ 2g(n)n∕r < ⌊g(n)n⌋. So to prove Proposition 4.1, it is sufficient to prove

the following statement.

Proposition 4.2. We may construct a coupling (G, 𝜎G,H, 𝜎H) so that all of the following
hold.

1. We have G ∼ G(n, p+), and 𝜎G is a uniformly random order of the edges of G.

2. We have H ∼ H(n, 𝜋+), and 𝜎H is a uniformly random order of the hyperedges of H.

3. Let e
𝜎G(1), … , e

𝜎G(|G|) be the edge order given by 𝜎G and h
𝜎H (1), … , h

𝜎H (|H|) the
hyperedge order given by 𝜎H . For t ∈ N0, set

G∗
t = {e𝜎G(1), … , e

𝜎G(t)} and H∗
t = {h𝜎H (1), … , h

𝜎H (t)}

and define

T∗G = min{t ∶ every vertex of G∗
t is in an r − clique },

T∗H = min{t ∶ H∗
t has minimum degree 1};

then whp T∗G,T∗H are finite. Furthermore, whp there is a set  ⊂ H∗
T∗H

such that

H∗
T∗H
⧵  ⊂ cl(G∗

T∗G
), (21)

and so that for every h1 ∈  there is a h2 ∈ H ⧵ H∗
T∗H

such that

|h1 ∩ h2| = 2.

4.1 Proof of Proposition 4.2

We start with the coupled G,H as in Theorem 1.4, with p = p+ and 𝜋 = 𝜋+. In Section 4.1.1, we define

coupled uniform orders 𝜎G of the edges of G and 𝜎H of the hyperedges of H. Thereafter, we show that

item (3) of Proposition 4.2 holds.

The idea of the coupling is the following. If we put a uniform order on the edges of G, then for

any edge-disjoint set of r-cliques, the induced order in which they emerge in the random graph process

is uniform by symmetry. The only ‘obstacle’, therefore, are the pairs of partner hyperedges in H, and

the corresponding edge-overlapping cliques in G, which share two vertices (whp there are no higher

overlaps). For each pair of partner hyperedges, we put in a ‘dummy edge’, and choose a uniform order

of the edges and dummy edges. For the hyperedges (cliques), we take the induced order where each

partner in a pair of partner hyperedges uses a distinct edge (or dummy edge), which by symmetry is

uniform. This will be made more precise below.
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294 HECKEL ET AL.

4.1.1 Auxiliary time and construction of 𝜎G and 𝜎H

In the following, we will want to compare the times at which events happen in the graph process and

in the hypergraph process—for example, to check that the graph and hypergraph hitting times match

whp in some natural way, or happen ‘at the same time’. For a convenient notion of what this means, we

rescale time appropriately, introducing an auxiliary time in the interval [0, 1] (this will be made more

precise below). Every edge e ∈ G and hyperedge h ∈ H will be assigned a time 𝜏(e) and 𝜏(h) in the

interval [0, 1], so that 𝜎G is the edge order given by ordering the edges in ascending order according

to 𝜏(e), and 𝜎H is the hyperedge order given by ordering the hyperedges in ascending order according

to 𝜏(h). This auxiliary time will allow us to compare when events happen in the graph and hypergraph

process.

We now describe the construction of 𝜎H , 𝜎G. Note that, whp, the coupling of H and G does not fail

and we have H ∉ . In particular, whp we have H ⊂ cl(G), no two hyperedges of H overlap in three

or more vertices, no hyperedge has more than one partner hyperedge, and there are at most log
3n pairs

of partner hyperedges in total (see Remark 2.8). As these properties hold whp, it suffices to specify

the construction of 𝜎G and 𝜎H if they hold, which we assume from now on.

So denote the pairs of partner hyperedges of H in some arbitrary order by (u1, v1), … , (uk, vk),
where k ⩽ log

3n. Set

S1 = {u1, … , uk} and S2 = {v1, … , vk}.

For each h ∈ H, let E(h) ⊂ G be the edge set of the clique in G on the same vertex set. For i = 1, … , k,

let e∗i be the shared edge of the partner hyperedges (ui, vi), that is, {e∗i } = E(ui) ∩ E(vi).
Now to construct the uniform orders, let

{𝜉e ∶ e ∈ G} ∪ {𝜉′i ∶ 1 ⩽ i ⩽ k}

be uniform random variables on [0, 1], independent from each other and everything else. Almost surely,

all their values are all distinct, which we assume from now on.

For e ∈ G, let

𝜏(e) = 𝜉e ∈ [0, 1]

be the auxiliary time of e, and order the edges in G by the value of 𝜏(e) in increasing order. This defines

the order 𝜎G, which clearly is uniform by symmetry.

For h ∈ H ⧵ S2, let

𝜏(h) = max{𝜉e ∶ e ∈ E(h)}

and for h = vi ∈ S2, let

𝜏(vi) = max
(
{𝜉e ∶ e ∈ E(vi) ⧵ e∗i } ∪ {𝜉′i}

)
.

Now order the hyperedges of H by the size of the auxiliary times 𝜏(h) in increasing order, defining the

order 𝜎H . As the times 𝜏(h) each depend on disjoint sets of

(
r
2

)
i.i.d. random variables 𝜉e, by symmetry

𝜎H is uniform.
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HECKEL ET AL. 295

4.1.2 Induced clique order versus hyperedge order

The edge order in the graph process induces a (partial) order of the clique edge sets {E(h) ∶ h ∈ H},
given by the auxiliary times

𝜏(E(h)) ∶= max{𝜏(e) ∶ e ∈ E(h)} ∈ [0, 1].

In the case of partner hyperedges ui, vi, the corresponding cliques may appear at the same time

𝜏(E(ui)) = 𝜏(E(vi))—this happens if the shared edge e∗i is the last to appear, that is, if 𝜏(e∗i ) =
max{𝜏(e) ∶ e ∈ E(ui) ∪ E(vi)}.

It is clear from the definition that for all h ∈ H ⧵ S2, we have

𝜏(h) = 𝜏(E(h)), (22)

so h and its corresponding clique appear at the same (auxiliary) time. However, for h ∈ S2, 𝜏(h) and

𝜏(E(h)) do not always agree, and so the order of the hyperedges of H differs slightly from the induced

clique order in G.

The crucial property of our construction is that we maintain some control over when pairs of partner

hyperedges appear; we formulate the following key observation as a lemma.

Lemma 4.3. For all i = 1, … , k,

max(𝜏(E(ui)), 𝜏(E(vi))) ⩽ max(𝜏(ui), 𝜏(vi)).

That is, if both ui and vi are present in the hypergraph process, then both of the corre-
sponding cliques with edge sets E(ui),E(vi) are present in the coupled graph process as
well (in the auxiliary time correspondence given by 𝜏(⋅)).

4.1.3 Analysis of the coupled hitting times

In this section, we show that, in auxiliary time, the hitting times of the graph process and the hypergraph

process match whp. First of all, note that by our choice of p = p+ and 𝜋 = 𝜋+, whp the hitting times

T∗G,T∗H as defined in (3) of Proposition 4.2 are finite (because p+, 𝜋+ are at the end of the ‘critical

window’, see Section 2.3). Now for t ∈ [0, 1], let

H(t) = {h ∈ H ∶ 𝜏(h) ⩽ t} (23)

and

G(t) = {e ∈ G ∶ 𝜏(e) ⩽ t}, (24)

and define

tG = inf{t ∈ [0, 1] ∶ in G(t) every vertex is contained in at least one r-clique}, (25)

tH = inf{t ∈ [0, 1] ∶ H(t) has minimum degree at least 1}. (26)

Then whp tG and tH are finite, and in fact G(tG) and H(tH) are exactly G∗
T∗G

and H∗
T∗H

.
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296 HECKEL ET AL.

Lemma 4.4. Whp, tG = tH .

Proof of Lemma 4.4. Our overall strategy is as follows: We will first define an auxiliary

time t− ∈ [0, 1] so that H− ∶= H(t−) has essentially the distribution H(n, 𝜋−). Recall that

𝜋− was defined in (2) as the beginning of the ‘critical window’ for H having minimum

degree at least 1. In particular whp H(n, 𝜋−) and therefore H− has at least one isolated

vertex and so t− < tG.

We then consider the set  ≠ ∅ of isolated vertices of H−, and prove that, whp, (a)

 is exactly the set of vertices not contained in any r-clique in G− ∶= G(t−), and (b) all

vertices in  get their first hyperedge (in the hypergraph process) and their first r-clique

(in the graph process) at the same auxiliary time in [0, 1]. This implies tG = tH .

Turning to the details, let F(y) = P(Y ⩽ y) be the distribution function of the ran-

dom variable Y = max
1⩽i⩽

(
r
2

) Ui, where the random variables Ui, 1 ⩽ i ⩽
(

r
2

)
, are

independent and uniformly distributed on [0, 1]. Set

t− = F−1(𝜋−∕𝜋+), and H− = H(t−).

Then by the construction of auxiliary time and the graphs H(t), t ∈ [0, 1], given some

H = H(1) ∉ , any hyperedge h ∈ H is also in H− with probability exactly 𝜋−∕𝜋+.

So, since H ∼ H(n, 𝜋+) and whp H ∉ , essentially H− is distributed as H(n, 𝜋−). More

specifically, H− can be coupled with the hypergraph H′
− ∼ H(n, 𝜋−) so that

H− = H′
− whp. (27)

In particular, whp H− contains isolated vertices and so whp t− < tG. Let

 = {v|v is an isolated vertex in H−},

then whp  ≠ ∅.

Consider the following two lemmas. Their proofs are routine applications of the first

moment method and will be given in the appendix. Recall that we called a vertex in a

hypergraph low-degree if 𝑑(v) ⩽ 7g(n) (where g(n) is the function from (2) which we

fix throughout). Let S be the set of hyperedges of H with a partner hyperedge (another

hyperedge overlapping in exactly two vertices). So in the notation of Section 4.1.1, we

have S = S1 ∪ S2.

Lemma 4.5. Whp all isolated vertices in H− are low-degree vertices in H.

Lemma 4.6. Whp all non-isolated vertices in H− are incident with at least one hyperedge
from H ⧵ S in H−.

Suppose that the whp-statements of Lemmas 3.1,4.5, and 4.6 all hold, and that H ∉ .

Further, note that it follows from Lemma 2.9 that whp no low-degree vertex of H is incident

with any hyperedges from S, and in the case r = 3 with any clean 3-cycles, since the

expected numbers of pairs of partner hyperedges and of clean 3-cycles are Θ(log
2n) and

Θ(log
3n), respectively—so suppose that these whp-statements also hold.

Then the following is true for any v ∈ . By Lemma 4.5, v is a low-degree vertex in

H. By Lemma 3.1, in the coupled graph G, v is not included in any extra cliques, so any
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HECKEL ET AL. 297

r-cliques containing v are represented by hyperedges in H. Furthermore, by Lemma 2.9,

v is not contained in any hyperedges which have a partner hyperedge. Recall that in the

construction in Section 4.1.1, any hyperedge of H which does not have a partner hyperedge

is assigned the same auxiliary time as the corresponding r-clique in G (see (22)). So all

hyperedges incident with v have the same auxiliary times as the corresponding r-cliques

of G. In particular, v is not contained in any r-cliques in G− = G(t−).
So none of the vertices in  are contained in any r-cliques in G−; and for any hyperedge

h ∈ H which meets , 𝜏(h) = 𝜏(E(h)). Furthermore, G− does noes not have any other

vertices v ∉  not contained in any r-cliques: By the whp-statement of Lemma 4.6, any

v ∉  is incident with a hyperedge h ∈ H−⧵S, which implies 𝜏(h) = 𝜏(E(h)), and therefore

v is contained in the clique E(h) in G−.

In summary,  is exactly the set of vertices not contained in any r-clique in G−, and

for any hyperedge h ∈ H meeting , 𝜏(h) = 𝜏(E(h)). This implies tG = tH . ▪

4.1.4 Finishing the proof of Proposition 4.2

Proposition 4.2 now follows easily from the construction of 𝜎G and 𝜎H in Section 4.1.1 and Lemma 4.4:

Let

 = H∗
T∗H
⧵ cl(G∗

T∗G
) = H(tH) ⧵ cl(G(tG)), (28)

then by definition  satisfies (21). By Lemma 4.4, whp tH = tG, which we assume from now on, and

in particular  = H(tH) ⧵ cl(G(tH)). By (22), for all h ∈ H(tH) ⧵ S2 we have

𝜏(h) = 𝜏(E(h)),

so for any such h the corresponding clique with edge set E(h) is present in G(tH). Hence, we have

 ⊂ S2.

So suppose that the hyperedge vi ∈ S2 is in  , and let ui ∈ S1 be the partner hyperedge of vi. To

prove (3), we need to show that ui ∈ H ⧵ H(tH). So suppose that is not the case, that is, suppose that

ui ∈ H(tH). But then both ui and vi are in H(tH), which implies

max(𝜏(ui), 𝜏(vi)) ⩽ tH = tG.

It follows by Lemma 4.3 that

𝜏(E(vi)) ⩽ max(𝜏(E(ui)), 𝜏(E(vi))) ⩽ max(𝜏(ui), 𝜏(vi)) ⩽ tG,

which implies vi ∈ cl(G(tG)). But vi ∈  , so this contradicts the definition (28) of  . It follows that

ui ∈ H ⧵ H(tH), giving (3). This concludes the proof of Proposition 4.2. □

5 PROCESS COUPLING–STEP 2

The aim of this section is to show that, whp, we can embed the set  of ‘exceptional’ hyperedges

from Proposition 4.1 into a random set  which includes every h ∈ HTH independently with a small

probability.
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298 HECKEL ET AL.

Proposition 5.1. We may couple the random r-uniform hypergraph process (Ht)Mt=0
and

a set  ⊂

(
[n]
r

)
of hyperedges so that both of the following properties hold.

1. We have  ⊆ HTH , and (given only HTH ) each hyperedge h ∈ HTH is included in 
independently with probability

𝜋 =
10r4g(n)

n
. (29)

2. Let  ⊂ HTH be the set of hyperedges in HTH which have a partner hyperedge in

HTH+⌊g(n)n⌋ ⧵ HTH .

Then, whp,

 ⊂ . (30)

Proof. We start by constructing the random hypergraph process H0,H1, … ,HTH up to

the hitting time TH as usual. For each h ∈ HTH , there are at most

( r
2

)(n − r
r − 2

)

potential hyperedges which could be a partner of h and which are not present in HTH . Of

those potential partner hyperedges, there may be some which would, at the same time, be

a partner to another hyperedge h′ ∈ HTH . Let h be the set of potential exclusive partner

hyperedges which h would not share with any other hyperedge in HTH , and set

xh = |h| ⩽
( r

2

)(n − r
r − 2

)
⩽ r(r − 1)

2(r − 2)!
nr−2

. (31)

We first define an auxiliary random hyperedge set I, and use this to construct the

remaining hypergraph process and. So let I be a set of hyperedges in which we include

every h ∉ HTH independently with probability

𝜋I =
10g(n)r!

nr−1
.

We realize the rest of the random hypergraph process by putting a uniform order on the

hyperedges in I and including them in the random hypergraph process in that order (yield-

ing HTH+1, … ,HTH+|I|), and then including the remaining hyperedges in a uniform order.

Then by symmetry the overall hyperedge order is uniform.

Now we turn to the construction of. Let


′ = {h ∈ HTH |h ∩ I ≠ ∅} (32)

be the set of hyperedges with an exclusive partner hyperedge in I. Note that by (31), every

h ∈ HTH is included in
′

independently with probability exactly

𝜋h = 1 − (1 − 𝜋I)xh ∼ 𝜋Ixh ⩽ 5r2(r − 1)2g(n)∕n, (33)
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HECKEL ET AL. 299

independently of the other hyperedges. Note that 𝜋h ⩽ 𝜋 by (29), so to construct the set

 from 
′

we only need to increase the probability of including each h slightly. We do

this in a standard way: for each h ∈ HTH :

1. If h ∈ ′
(which happens with probability 𝜋h), include h in.

2. If h ∉ ′
, include h in with probability 𝜋

′
h defined by

𝜋

′
h =

𝜋 − 𝜋h
1 − 𝜋h

independently of everything else.

Then each h ∈ HTH is included in independently with probability exactly 𝜋.

It only remains to show that whp (30) holds. First note that, since whp TH = O(n log n),
|I| ∼ Bin(

(
n
r

)
−TH , 𝜋I) has expectation (1+ o(1))10g(n)n →∞, and so whp |I| ⩾ ng(n).

Thus by construction of the hypergraph process, whp

HTH+⌊g(n)n⌋ ⧵ HTH ⊆ I. (34)

Further, whp HTH ∪ I = HTH+|I| contains no avoidable configurations, and so in particular

no hyperedge with two (or more) partner hyperedges.
5

So whp I does not contain any

non-exclusive partner hyperedges, that is, whp

{h′ ∈ I ∶ h ∈ HTH , |h ∩ h′| ⩾ 2} ⊂
⋃

h∈HTH

h. (35)

Now suppose that (34) and (35) hold. If h ∈  , then h has a partner hyperedge h′ in

{h′ ∈ HTH+⌊g(n)n⌋ ⧵ HTH ∶ |h′ ∩ h| ⩾ 2} ⊆ {h′ ∈ I ∶ h ∈ HTH , |h ∩ h′| ⩾ 2} ⊆
⋃

h∈HTH

h.

This partner hyperedge h′ cannot be in some h′′ for h′′ ≠ h, because then it would not

be an exclusive partner hyperedge to h′′. So it follows that h′ ∈ h, and so h′ ∈ h ∩ I.

But then (32) implies that h ∈ ′
. Since h ∈  was arbitrary and

′
⊆ , it follows that

 ⊆ . ▪

6 PROCESS COUPLING–STEP 3

As the final piece of the puzzle, we show that after removing every hyperedge from HTH independently

with a small probability, whp we still have an instance of the stopped random hypergraph process.

Proposition 6.1. Let HTH be the stopped random hypergraph process, and let  ⊂ HTH

be a subset of hyperedges where we include every h ∈ HTH independently with probability

𝜋 =
10r4g(n)

n
.

5
In more detail: Note that because whp TH+|I| = O(n log n+𝜋Inr−1) = O(n log n), by the standard coupling in Section 2.3, HTH+|I|

can whp be embedded into H′ ∼ H(n, 𝜋′) for some 𝜋
′ = n1−r+o(1)

, and by Lemma 2.7, H′
contains no avoidable configuration.
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300 HECKEL ET AL.

We may couple HTH and  with another instance H′
T ′H

of the stopped random hypergraph
process so that, whp,

HTH ⧵ = H′
T ′H
.

Proof. Let HTH be given together with the whole random hypergraph process (Ht)Mt=0
, with

the hyperedges appearing in the uniform order

h1, h2, … , hM .

Now remove every hyperedge from this sequence independently with probability 𝜋,

resulting in a thinned sequence

h′
1
, h′

2
, … , h′M−k,

where k ∼ Bin(M, 𝜋) is the number of removed hyperedges. Note that every poten-

tial hyperedge h appears with probability 1 − 𝜋 = 1 − o(1) somewhere in this thinned

sequence, independently, and the order of the hyperedges in the thinned sequence is still

uniform. Conditional on k, the thinned sequence canonically induces the first M − k + 1

hypergraphs in a random hypergraph process. This gives rise to the coupling of (Ht)Mt=0

and with (H′
t )Mt=0

.

Considering HTH , we removed a set  of hyperedges independently with probability

𝜋 each, yielding some hypergraph H′
t
0
.

It remains to show that whp t0 = T ′H . We certainly have t0 ⩽ T ′H , because we only

removed hyperedges, so we cannot have minimum degree 1 any earlier than before. So we

need to show that T ′H ⩽ t0 whp, that is, whp H′
t
0

has no isolated vertices.

This follows easily from the following observations:

1. Let T1,T2 be independent of everything else, with T1 ∼ Bin (M, 𝜋−) and T2 ∼
Bin (M, 𝜋+). Then HT

1
∼ H(n, 𝜋−) and HT

2
∼ H(n, 𝜋+). Furthermore whp T1 ⩽ TH ⩽

T2, and so HT
1
⊆ HTH ⊆ HT

2
whp. This is the well-established critical window, see (2).

2. Whp, no vertex is incident in HTH with more than one hyperedge in.

To see this, consider the hypergraph HT
2
. The expected number of pairs of hyper-

edges overlapping in at least one vertex which are present in HT
2

but later removed

with probability 𝜋 is of order n2r−1
𝜋

2
+𝜋

2


= O(log (n)2g(n)2∕n) = o(1). So whp there

are no such two hyperedges in HT
2
, nor in HTH ⊆ HT

2
.

3. Whp, no vertex is incident in HTH with one hyperedge in , and no other hyperedges

in HT
1
.

If HT
1
⊆ HTH ⊆ HT

2
, which holds whp, such a vertex would have to be incident

with a hyperedge h ∈ HT
2

which is removed in the thinned process, and in HT
1

it would

be incident with no other hyperedges. The probability of that is of order

O
(

nr−1
𝜋+𝜋(1 − 𝜋−)

(
n−1

r−1

)
−1

)
= O

(
log ng(n)eg(n)∕n2

)
= o(1∕n).

So whp there is no such vertex.

As HTH has no isolated vertices, it follows from the second and third observation, we

find that whp HTH ⧵ = H′
t
0

also has no isolated vertices. So whp T ′H ⩽ t0 as required. ▪
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HECKEL ET AL. 301

7 PROOF OF THEOREM 1.6

We now have all our ducks in a row. Combining Propositions 4.1,5.1, and 6.1, we obtain a chain

of couplings that whp embeds the stopped hypergraph process into the cliques of the stopped graph

process:

H′
T ′H

whp

= HTH ⧵
whp

⊆ HTH ⧵ 
whp

⊆ cl(GTG)

In more detail: First of all, note that we may combine different couplings via the Gluing Lemma (which

is trivial in this finite setting
6
). We start with a stopped hypergraph process H′

T ′H
, which we couple

according to Proposition 6.1 with a stopped hypergraph process HTH and a set  ⊂ HTH where every

hyperedge is included independently with probability 𝜋, so that whp

H′
T ′H
= HTH ⧵.

Then, via Proposition 5.1, we embed HTH into a full hypergraph process (Ht)Mt=0
so that whp  ⊂ ,

where  is the set of all h ∈ HTH with a partner hyperedge in HTH+⌊ng(n)⌋ ⧵ HTH . It follows that whp

HTH ⧵ ⊆ HTH ⧵  .

Finally, couple (Ht)Mt=0
with the random graph process (Gt)Nt=0

via Proposition 4.1. By part (2) of

Proposition 4.1, we have  ⊂  , and so whp

HTH ⧵  ⊆ HTH ⧵  ⊂ cl(GTG).

Following through the chain of couplings, we have coupled H′
T ′H

and GTG so that, whp,

H′
T ′H
⊆ cl(GTG ).

□

8 THE HITTING TIME OF K(S)R -FACTORS IN RANDOM S-UNIFORM
HYPERGRAPHS

In the following, for r > s ⩾ 3, let K(s)
r denote the complete s-uniform hypergraph on r vertices. By

adapting the proof of Theorem 1.6, it is straightforward to prove a corresponding result for K(s)
r -factors.

To emphasize the analogy with Theorem 1.6, let (Gt)
Ns
t=1
= (Hs

t )
Ns
t=1

and

TG = min{t ∶ every vertex in Gt is contained in at least one K(s)
r }

be the hitting time of a K(s)
r -cover. Finally, for an s-uniform hypergraph G, let cl(G) be the set of vertex

sets from

(
V
r

)
which span the copies of K(s)

r in G, such that cl(G) is again an r-uniform hypergraph in

the usual sense. Then, in fact, the following holds true:

6
Given couplings of X and Y and of Y and Z, that is, desired distributions for (X,Y) and for (Y , Z), we construct (X,Y , Z) by

starting with Y and, given the value of Y , taking the appropriate conditional distributions for X and for Z–for example with

conditional independence.
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302 HECKEL ET AL.

Theorem 8.1. Let r > s ⩾ 3. We may couple the stopped random r-uniform hypergraph
process HTH and the stopped random s-uniform hypergraph process GTG so that, whp,

HTH ⊆ cl(GTG ).

That is, whp, for every hyperedge in HTH there is copy of K(s)
r in GTG on the same vertex

set.

The combination of Theorems 1.3 and 8.1 then immediately implies the following:

Theorem 8.2. Let r > s ⩾ 3 and n ∈ rZ+, then whp GTG has a K(s)
r -factor.

The proof of Theorem 8.1 proceeds exactly along the lines of the proof of our main theorem,

Theorem 1.6, and we therefore only point out the necessary modifications in the following. Moreover,

it is actually slimmer than that of Theorem 1.6, due to the major simplification that whp, no two

hyperedges of Hr(n, 𝜋+) overlap in three or more vertices (see Remark 2.8). Therefore, there are no

“partner hyperedges” whose corresponding K(s)
r ’s would not appear independently, and we can simply

take uniform orders without dummy edges in the process coupling. Correspondingly, Theorem 8.1 will

be established once we have proved the analogue of Proposition 4.2.

8.1 Terminology and critical window

Throughout the proof of Theorem 8.1, to illustrate the analogy with the case s = 2, we will often use

the word “clique” for the hypergraph K(s)
r or s-edge for a hyperedge of cardinality s.

We start from the following extension of Riordan’s coupling Theorem 1.4:

Theorem 8.3 ([26, theorem 5]). Let r > s with s ⩾ 2 and r ⩾ 4. There are constants

𝜀(s, r), 𝛿(s, r) > 0 such that, for any p = p(n) ⩽ n−(r−1)∕
(

r
s

)
+𝜀

, the following holds. Letting

𝜋 = (1 − n−𝛿)p
(

r
s

)
, we may couple the random s-uniform hypergraph G = Hs(n, p) with

the random hypergraph H = Hr(n, 𝜋) so that, whp, for every hyperedge in H there is a
copy of K(s)

r in G on the same vertex set.7

The coupling of Theorem 8.3 is identical to the coupling presented in Section 3.1, replacing every

“r-clique” by “copy of K(s)
r ” along the way.

For 𝜋−, 𝜋+ as in (2) and the constant 𝛿 from Theorem 8.3, let

p± = p±(s) = (𝜋±∕(1 − n−𝛿))1∕
(

r
s

)
. (36)

Note that for n large enough, we have p+ ⩽ n−(r−1)∕
(

r
s

)
+𝜀

, so we may apply Theorem 8.3 with

p = p+ and 𝜋 = 𝜋+ later on.

8.2 Coupling of Hs(n,p+) and Hr(n,𝝅+)

The process coupling from Theorem 8.1 proceeds exactly as before: Given an elaborate coupling of

G ∼ Hs(n, p+) and H ∼ Hr(n, 𝜋+), we equip G and H with appropriately coupled uniform orders 𝜎G, 𝜎H

7
Again, in [26], Theorem 8.3 was given with an unspecified o(1)-term in place of n−𝛿 . As in the case s = 2, the formulation

above follows from a closer inspection of the proof of [26, theorem 5].
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HECKEL ET AL. 303

of their respective hyperedges. This section explains the main features of the coupling (G,H) that are

needed for the process version.

The goal of the current section is to prove that whp, in the coupling of Theorem 8.3, G ∼ Hs(n, p+)
does not have any extra cliques that are incident to low-degree vertices of H ∼ Hr(n, 𝜋+). In other

words, we aim to show the following analogue of Lemma 3.1:

Lemma 8.4. Couple G ∼ Hs(n, p+) and H ∼ Hr(n, 𝜋+) via the coupling described in
Section 3.1. We call the hyperedges in cl(G) ⧵ H extra cliques. Then whp, no low-degree
vertex of H is incident with any extra clique in G.

Observe that Lemma 3.5 transfers to the current setting without modification. Also, the analogon of

Lemma 3.7 for s-uniform hypergraphs was proved in [26, lemma 13]: Let H be an r-uniform hypergraph

for r ⩾ 4 and G the s-uniform hypergraph obtained from H by replacing each hyperedge by a copy of

K(s)
r (merging multiple edges if necessary). If G contains a copy of K(s)

r on a set of vertices that is not

a hyperedge in H, then H contains an avoidable configuration.

Proof of Lemma 8.4. Consider the coupled G and H with p = p+ and 𝜋 = 𝜋+ and con-

dition on H = H0 for H0 ∉ . Then in particular, there are at most (log n)8g(n) = no(1)

low-degree vertices in H0. Let v be a low-degree vertex. As in the case s = 2, by

Lemma 3.5, the expected number of ‘extra’ cliques v gets in G is at most

∑
j∶v∈hj
hj∉H0

𝜋

∗
j − 𝜋+

1 − 𝜋+
∼

∑
j∶v∈hj
hj∉H0

(𝜋∗j − 𝜋+) =
∑
j∶v∈hj
hj∉H0

(𝜋∗j − p
(

r
s

)

+ ) +
∑
j∶v∈hj
hj∉H0

(p
(

r
s

)

+ − 𝜋+). (37)

As 𝜋+ = p
(

r
s

)

+ (1−n−𝛿), the second sum can be bounded by n−c
for some small constant c >

0, and again, it only remains to bound the first sum in (37). In the subsequent Lemma 8.5,

which corresponds to Lemma 3.8, we show that the first sum is also small. It then follows

from Lemma 8.5 and our previous observations that the expected number of extra cliques

containing v can be bounded by n−c
for some small constant c > 0. As there are only no(1)

low-degree vertices in H = H0, whp no such vertices exist, which concludes the proof of

Lemma 8.4. ▪

Lemma 8.5. Suppose that H0 ∉ 1 ∪ 2, and define 𝜋∗j as in Lemma 3.5. Let k =

min

(
(r − 1)∕

(
r
s

)
, s − 1 − s∕r

)
> 0. Let v be an arbitrary vertex. Then

∑
j∶v∈hj
hj∉H0

(𝜋∗j − p
(

r
s

)

+ ) ⩽ n−k+o(1)
. (38)

Proof of Lemma 8.5. We mimic the proof of Lemma 3.8, shortening it where appropriate.

Let G0 be the s-uniform hypergraph obtained by replacing every hyperedge in H0 with a

K(s)
r .

As H0 ∉ 1, the maximum degree of G0 is no(1)
. Fixing some vertex v, we want to count

all possible hyperedges hj which appear in the sum in (38), and bound their contribution

to (38). Let Chj be the clique corresponding to the hyperedge hj. For some given hj so that

v ∈ hj, let the components of the subgraph induced by hj in G0 have c1, … , ct vertices

respectively, so that
∑t

i=1
ci = r.
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304 HECKEL ET AL.

Again, hyperedges hj with c1 = c2 = · · · = ct = 1 contribute 0 to the sum in (38), and

in the following we only need to consider those hj where ci ⩾ s for at least one i.
As before, given a fixed sequence c1, … , ct, there are at most nt−1+o(1)

ways to pick

the clique Chj . If c1 = r, then there are only no(1)
choices for Chj , and

𝜋

∗
j ⩽ p+ = n−(r−1)∕

(
r
s

)
+o(1)

.

This implies that the overall contribution to (38) from hj with c1 = r is at most

n−(r−1)∕
(

r
s

)
+o(1) ⩽ n−k+o(1)

.

So in the following we only consider sequences c1, … , ct where ci < r for all i. After

conditioning on the s-edges E0 being present, the potential clique Chj is missing (at least)

all the s-edges between different components, so

𝜋

∗
j ⩽ p

(
r
s

)
−

t∑
i=1

(
ci
s

)

+ .

Overall, given a fixed sequence c1, … , ct with ci ⩽ r− t+ 1 for all i and ci ⩾ s for at least

one i, the contribution to (38) from the hyperedges hj corresponding to this sequence is at

most

nt−1+o(1)p

(
r
s

)
−

t∑
i=1

(
ci
s

)

+
Lemma A.1

⩽ nt−1+o(1)p
(

r
s

)
−
(

r−t+1

s

)

+ = no(1)+t−r+(r−1)
(

r−t+1

s

)
∕
(

r
s

)

Lemma A.2
⩽ no(1)+1−s+ s

r .

In the above, we have used two analytical lemmas that will be proved in the appendix.

Since there are only finitely many potential sequences c1, … , ct, this concludes

the proof. ▪

8.3 Process coupling

To prove Theorem 8.1, it is sufficient to show the following:

Proposition 8.6. We may construct a coupling (G, 𝜎G,H, 𝜎H) so that all of the following
hold.

1. G ∼ Hs(n, p+), and 𝜎G is a uniformly random order of the s-edges of G.

2. H ∼ Hr(n, 𝜋+), and 𝜎H is a uniformly random order of the hyperedges of H.

3. Let e
𝜎G(1), … , e

𝜎G(|G|) be the s-edge order given by 𝜎G and h
𝜎H (1), … , h

𝜎H (|H|) the
hyperedge order given by 𝜎H . For t ∈ N0, set

G∗
t = {e𝜎G(1), … , e

𝜎G(t)} and H∗
t = {h𝜎H (1), … , h

𝜎H (t)}

and define

T∗G = min{t ∶ every vertex of G∗
t is in an r-clique},

T∗H = min{t ∶ H∗
t has minimum degree 1}.
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HECKEL ET AL. 305

Then whp T∗G,T∗H are finite. Furthermore, whp we have

H∗
T∗H
⊂ cl(G∗

T∗G
). (39)

The remainder of this section explains the necessary steps in the proof of Proposition 8.6.

The process coupling proceeds as in Section 4.1.1: Given the coupling G ∼ Hs(n, p+) and

H ∼ Hr(n, 𝜋+) from Theorem 8.3, we aim to equip G and H with appropriately coupled uniform orders

𝜎G, 𝜎H of their respective hyperedges. Only this time, since s ⩾ 3, we can exploit the major simplifi-

cation that whp, no two hyperedges of H overlap in s ⩾ 3 vertices, as this would form an avoidable

configuration (see Remark 2.8). Therefore, there is no need for dummy (s-)edges. As H ∉  holds

whp, it again suffices to specify the construction of 𝜎G, 𝜎H for this case, which we assume from now

on.

In the current extension, the process coupling takes the following simple form: Let {𝜉e ∶ e ∈ G}
be uniform random variables on [0, 1], independent of each other and everything else. For e ∈ G, let

𝜏(e) = 𝜉e ∈ [0, 1]

be the auxiliary time of e, and order the s-edges in G by the size of 𝜏(e) in increasing order. This defines

the order 𝜎G, which again is uniform by symmetry.

For h ∈ H, let E(h) ⊂ G be the s-edge set of the K(s)
r in G on the same vertex set, and set

𝜏(h) = max{𝜉e ∶ e ∈ E(h)}.

Now order the hyperedges of H by the value of the auxiliary times 𝜏(h) in increasing order, defining the

order 𝜎H . Since no two hyperedges of H overlap in at least s ⩾ 3 vertices, any two distinct hyperedges

of H depend on

(
r
s

)
distinct and therefore independent random variables from the family {𝜉e ∶ e ∈ G}.

Thus, by symmetry, 𝜎H is uniform.

As in Section 4.1.2, 𝜎G induces an order of the K(s)
r -edge sets {E(h) ∶ h ∈ H}, such that for all

h ∈ H we have 𝜏(h) = 𝜏(E(h)), so that any hyperedge h and its clique appear at the same auxiliary time.

Define (G(t))0⩽t⩽1 and (H(t))0⩽t⩽1 as well as the times tG, tH as in (23)–(26). In the present coupling,

we have tG ⩽ tH , and since tH is finite whp, so is tG. We obtain the following identity:

Lemma 8.7. Whp, tG = tH .

Proof. The proof proceeds exactly as the proof of Lemma 4.4, so we only summarize it

here. Define the hypergraphs H− and G− as in the proof of Lemma 4.4, and let  denote

the set of isolated vertices in H−. Suppose that the whp statements of Lemmas 8.4 and 4.5

hold, and that H ∉ .

Then  is exactly the set of vertices not contained in any K(s)
r in G−: First, G− does

not have any other vertices v ∉  not contained in cliques, since all the hyperedges of

H− are present as cliques in G−. But it could potentially be that one of the vertices v ∈ 
is covered by an extra clique in G−. To exclude this possibility, observe that Lemma 4.5

implies that all v ∈  become low-degree vertices in H. By Lemma 8.4, in the coupled

hypergraph G, none of the vertices in  are included in any extra cliques. In particular,

none of the vertices v ∈  are covered by any extra cliques in G−. Finally, all cliques

covering the vertices v ∈  appear in the same order as the corresponding hyperedges.

This proves the claim that tH = tG. ▪
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306 HECKEL ET AL.

Proof of Proposition 8.6. By Lemma 8.7, whp we have tG = tH and, moreover, G(tG) =
G∗

T∗G
as well as H(tH) = H∗

T∗H
. Using that 𝜏(h) = 𝜏(E(h)) for all h ∈ H(tH), the claim

follows. ▪

Open problems

In their breakthrough paper [14], Johansson, Kahn and Vu found thresholds not only for perfect match-

ings and r-clique factors, but also for F-factors whenever F is a fixed strictly balanced graph. Is it

possible to obtain sharp thresholds, or even a hitting time result, for the existence of an F-factor? Rior-

dan’s coupling result [26] can be extended from the case F = Kr to certain nice graphs F (see definition

9 in [26]) with some convenient properties. Thus, for these F, a sharp threshold for F-factors can be

obtained via this coupling from Kahn’s sharp threshold result for perfect matchings [15]. Building

upon Riordan’s coupling, the approach from this paper may extend to these nice F, yielding a hitting

time result—or perhaps some additional constraints are needed to make the proof go through in this

case. However, for F which are strictly balanced but not nice, it is unclear how to proceed.

One might also consider thresholds and hitting times for other hypergraph properties, which could

then be transferred to the graph setting by methods similar to those in this paper. The hitting time result

for perfect matchings in r-uniform hypergraphs, Theorem 1.3, is an extension of the corresponding

classic result for r = 2 in [3] that the hitting times for the existence of a vertex cover, a perfect matching

and connectivity coincide whp. The hitting time results for the connectivity thresholds were extended

to hypergraphs in [25], thus we know that the hitting times for minimum degree 1, connectivity and the

existence of a perfect matching coincide. Another classic result in [3] states that the hitting times for

minimum degree 2, 2-connectivity and the existence of a Hamilton cycle coincide whp. Equivalence

of the former for the extension to hypergraphs was established in [25]. The notion of a Hamilton

cycle does not extend canonically to hypergraphs. For one version, loose Hamilton cycles, there was

significant progress towards the threshold [6, 7, 10, 24], but both its exact location and the hitting time

version are still outstanding.

Similarly, one may consider 2-factors, that is, 2-regular spanning subhypergraphs, and in particular

connected 2-factors. As opposed to loose Hamilton cycles, where all but two 2-degree vertices incident

with each hyperedge have degree 1, all vertices in connected 2-factors have degree 2. For regular

uniform hypergraphs, the location of the threshold for the existence of 2-factors has recently been

established by Panagiotou and Pasch in [22] following the weaker result in [21].

A problem that is closely related to the existence of perfect matchings is the existence of exact

covers. Here, we ask for a selection of vertices such that each hyperedge is incident with exactly one

vertex. While the threshold has been established for uniformly random regular r-uniform hypergraphs

in [20], locating the threshold for this problem in the binomial random r-uniform hypergraph is still

open [17].
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13. S. Janson, T. Łuczak, and A. Ruciński, Random graphs, Wiley-Interscience Series in Discrete Mathematics and

Optimization, Wiley-Interscience, New York, 2000.

14. A. Johansson, J. Kahn, and V. Van, Factors in random graphs, Random Struct. Algoritm. 33 (2008), no. 1, 1–28.

15. J. Kahn, Asymptotics for Shamir’s problem. arXiv:1909.06834, 2019.

16. J. Kahn, Hitting times for Shamir’s problem, Trans. Am. Math. Soc. 375 (2022), no. 1, 627–668.

17. V. Kalapala and C. Moore, The phase transition in exact cover, Chic. J. Theoret. Comput. Sci. (2008), 5.

18. J. H. Kim, Perfect matchings in random uniform hypergraphs, Random Struct. Algoritm 23 (2003), no. 2, 111–132.

19. M. Krivelevich, Triangle factors in random graphs, Comb. Probab. Comput. 6 (1997), 337–347.

20. C. Moore, The phase transition in random regular exact cover, Ann. Inst. Henri Poincaré D 3 (2016), no. 3, 349–362.

21. K. Panagiotou and M. Pasch, Satisfiability thresholds for regular occupation problems. Paper presented at: 46th

international colloquium on automata, languages, and programming, volume 132 of LIPIcs. Leibniz Int. proc.

inform, pages art. no. 90, 14. Schloss Dagstuhl. Leibniz-Zent. Inform., Wadern, 2019.

22. K. Panagiotou and M. Pasch, Satisfiability thresholds for regular occupation problems. arXiv:1811.00991, 2023.

23. J. Petersen, Die Theorie der regulären graphs, Acta Math. 15 (1891), 193–220.
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APPENDIX A

Proof of Lemma 2.9

Let k be the number of vertices in K, and fix a vertex v in K with degree 𝑑 (in K). Denote by Y the

number of copies (v′,K′) of the rooted hypergraph (v,K) in H, with v′ being a low-degree vertex. Then

we have E[Y] ⩽ kE[XK]P(D ⩽ 7g(n) − 𝑑), where D is binomial with parameters

(
n−1

r−1

)
− 𝑑 and 𝜋+.

As E[D] = Θ(log n), the Chernoff bound, Theorem 2.1, gives P(D ⩽ 7g(n) − 𝑑) ⩽ e−Θ(log n) = n−Θ(1),
thus E[Y] = n−Θ(1) using E[XK] ⩽ no(1)

. Therefore whp no low-degree vertex of H exists in a copy of

K in H. □

Proof of Lemma 3.4

For (1), considering (6), we can only have 𝜋
′
j = 0 if hj is the last missing hyperedge in a forbidden

3-cycle which was excluded in the event H . But then the corresponding triangle in G is the last

missing triangle in a forbidden 3-cycle excluded in the event G, so by (5) we have 𝜋j = 0.

Now let

 = H ∩
⋂

i∈Yj−1

Bi,

 =
⋂

i∈Nj−1
∪Sj−1

Bc
i .

Then we have

𝜋

′
j = P(Bj| ∩ ∩H). (A1)

For (2), consider the auxiliary random hypergraph H′
where the hyperedges hi, i ∈ Yj−1, are deter-

ministically present, as are all the hyperedges from the clean 3-cycles in H (so H holds), and the

remaining hyperedges are drawn independently with probability 𝜋. Then as∩H is a down-set, we

can apply Harris’ inequality to H′
, giving

𝜋

′
j = P(Bj| ∩ ∩H) ⩽ P(Bj| ) = 𝜋.

For (3), assume 𝜋j > 𝜋
′
j . As 𝜋

′
j ⩽ 𝜋 by (2), we only need to bound 𝜋

′
j from below. First of all note that

𝜋j > 𝜋
′
j ⩾ 0, which by part (1) implies

𝜋

′
j > 0. (A2)

In particular P(Bj| ∩ ) = 𝜋 > 0, and further P(H| ∩ ) > 0.
8

So an application of Bayes’

theorem to P(⋅| ∩) gives

𝜋

′
j =

P(H|Bj ∩ ∩) ⋅ P(Bj| ∩)
P(H| ∩)

=
P(H|Bj ∩ ∩)

P(H| ∩)
𝜋.

Next we split up the eventH further, distinguishing between clean 3-cycles that contain hj and those

that do not. LetH,1 be the event that H does not have any forbidden clean 3-cycles which contain hj,

8
Since H is the event that there are no further clean 3-cycles, which is compatible with the clean 3-cycles in H , and if any

subset of hyperedges in the eventH ∩
⋂

i∈Yj−1

Bi included a forbidden clean 3-cycle, then the last index i from that subset would

not have been added to Yj−1 as then 𝜋
′
i = 0.
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HECKEL ET AL. 309

and let H,0 be the event that H does not have any forbidden clean 3-cycles which do not contain hj,

so we have

H = H,0 ∩H,1.

Plugging this in above, we obtain

𝜋

′
j =

P(H,0 ∩H,1|Bj ∩ ∩)
P(H,0 ∩H,1| ∩)

𝜋 =
P(H,0|Bj ∩ ∩) ⋅ P(H,1|H,0 ∩ Bj ∩ ∩)

P(H,0| ∩) ⋅ P(H,1|H,0 ∩ ∩)
𝜋

=
P(H,1|H,0 ∩ Bj ∩ ∩)

P(H,1|H,0 ∩ ∩)
𝜋,

(A3)

because P(H,0|Bj ∩ ∩) = P(H,0| ∩) since both events Bj ∩ ∩ and ∩ only include

or exclude certain hyperedges from H, and the forbidden clean 3-cycles in H,0 do not contain hj, so

their presence is independent from Bj = {hj ∈ H}.
For a lower bound on 𝜋

′
j , we will simply bound the denominator in (A3) from above by 1, but we

need a useful lower bound on the numerator. For this, using the union bound, we write

P(H,1|H,0 ∩ Bj ∩ ∩) = 1 − P(c
H,1|H,0 ∩ Bj ∩ ∩)

⩾ 1 −
∑

c={hj ,hi ,hk}
clean 3-cycle, c∉H

P(c ⊆ H|H,0 ∩ Bj ∩ ∩), (A4)

where the sum goes over all potential clean 3-cycles c = {hj, hi, hk} containing hj.

The conditional probability of {c ⊆ H} is clearly 0 if {i, k} ∩ (Nj−1 ∪ Sj−1) ≠ ∅, so we assume that

the intersection is empty. We distinguish the contributions of c = {hj, hi, hk} depending on the number

a = |{i, j, k} ∩Yj−1| of hyperedges known to be present. Clearly we cannot have a = 3 since j ∉ Yj−1.

But we also cannot have a = 2: by (A2) the numerator in (A3) is positive—but it would be 0 if there

were a forbidden 3-cycle c ∈ H,1 where only hj is missing, as we condition on Bj = {hj ∈ H}.
So we only need to count contributions to (A4) from c = {hj, hi, hk} with a ∈ {0, 1}. We start with

the case a = 1, say i ∈ Yj−1. Suppose that hj consists of the three vertices v1, v2, v3, then without loss

of generality we can assume that hj ∩ hi = {v1} (as this only changes our bound by a factor of 3). As

̃H ∉ 1 ∪ 2, we have 𝑑 ̃H(v1) = no(1)
, so there are no(1)

choices for hi, and with hj, hi fixed, there are

at most n choices for the missing vertex to complete hk, yielding O(n1+o(1)) possible choices for c with

a = 1.

On the other hand, letting  = H,0 ∩Bj ∩ ∩, we have P(c ⊆ H|) = P(hk ∈ H|). Using the

auxiliary hypergraph with the hyperedges in the events {Bj ∩  } included deterministically and the

remainder drawn independently with probability 𝜋, by Harris’ inequality and independence obtain

P(c ⊆ H|) ⩽ P(c ⊆ H|Bj ∩ ) = 𝜋.

So the overall contribution to the sum in (A4) from c with a = 1 is O(n1+o(1)
𝜋) = n−1+o(1)

.

For a = 0, we choose the three remaining vertices in the clean 3-cycle c, giving O(n3) choices for

c = {hj, hi, hk} with a = 0. In the same way as above, we obtain P(c ⊆ H|) ⩽ 𝜋

2
. So the overall

contribution to the sum in (A4) from c with a = 0 is O(n3
𝜋

2) = n−1+o(1)
. Overall, we obtain from (A4)

that

P(H,1|H,0 ∩ Bj ∩ ∩) ⩾ 1 − n−1+o(1)
,
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310 HECKEL ET AL.

and plugging this into (A3) and bounding the denominator by 1 yields the required lower bound on 𝜋
′
j ,

concluding the proof of (3).

Finally, part (4) follows analogously to the equivalent observation in Riordan’s proof [26], that is,

the remark in the paragraph below eq. (7). For brevity (but at the expense of not being self-contained),

we only describe the required changes, so recall the proofs from [12, 26], and in particular the relative

error

Q = Qj =
∑
i∈N

1

p|Ei⧵(Ej∪R)|

from eq. (4) in [26], and from the first equation on p. 620 in [12], so that 𝜋j ⩾ p
(

r
2

)
(1 − Q). Recall

that in [26], the set N1 comprises the indices of hyperedges hi, i < j, where we decided Ai does not

hold, so that the edge set Ei of the corresponding clique overlaps with Ej ⧵ R (where R are the edges

already known to be present at time j of the algorithm). In [12] the set N1 = Ne ∪ Nc contains indices

Ne for such clique edge sets Ei and indices Nc for such overlapping edge sets Ei of clean 3-cycles that

are known not to be present. In both cases, let Dj be the set of indices i ∈ N1 so that Ei ⊂ Ej ∪ R.

The point in [26] was that if 1 ∪2 does not hold, then for all j so that Dj = ∅ we have Qj = o(1).

Thus, a function 𝜋 ∼ p
(

r
2

)
can be picked so that for all such j, 𝜋j ⩾ p3(1 − Q) ⩾ 𝜋—and thus the

coupling can not fail at such a step. Hence, in particular 𝜋j < 𝜋 is only possible if 1 ∪2 holds, or if

Dj ≠ ∅. But the latter case implies 𝜋j = 0, since the edge set Ei was decided earlier not to be completely

present in G, but Ei ⊂ Ej ∪ R and Aj would imply that Ej ∪ R is present in G.

In our setting, that of [12], the same argument can be made: Suppose 1 ∪ 2 does not hold and

that Dj = ∅—we aim to bound Q by o(1). The contribution of Ne to Q can be bounded o(1) exactly

as in [26], so we only consider the contribution of Nc to Q. This contribution is bounded by o(1) in

the last equation on p. 620 in [12], except if there is a clean 3-cycle with edge set Ei so that k = 0,

ei = 0 (for the definition of k, ei see [12]). But in the latter case it follows that Ei ⊆ Ej ∪ R (as noted

in [12, p. 620]), and hence Dj ≠ ∅. Thus, we can choose 𝜋 ∼ p
(

r
2

)
so that for all j such that Dj = ∅,

𝜋j ⩾ p3(1 − Q) ⩾ 𝜋 ⩾ 𝜋

′
j . Hence, we can only have 𝜋j < 𝜋

′
j if Dj ≠ 0, and in that case 𝜋j = 0 follows

in exactly the same way as above. This completes the proof of part (4). □

Proof of Lemma 4.5

Let 𝑑 ⩾ 0 be an integer. Our aim is to show that the expected number of vertices which are isolated in

H−, and with degree 𝑑 > 7g(n) in H, is o(1).
So let 𝑑 > 0 be an integer and v a vertex, then setting nr =

(
n−1

r−1

)
, the probability that v has degree

exactly 𝑑 in H ∼ H(n, 𝜋+) is

(nr
𝑑

)
𝜋

𝑑

+(1 − 𝜋+)nr−𝑑
≲

(enr𝜋+
𝑑

)
𝑑

exp(−nr𝜋+) ≲
(enr𝜋+

𝑑

)
𝑑

n−1
.

Given H, by (27) we obtain H− by keeping every hyperedge in H independently with probability exactly

𝜋−∕𝜋+ (at least as long as H ∉ , otherwise we had not defined the construction). More accurately,

H− = H′
− whp, where H′

− is obtained by keeping every hyperedge of H independently with probability

𝜋−∕𝜋+ (whether or not H ∈ ). So, given v with degree 𝑑 in H, the probability that v is isolated

in H′
− is exactly (1 − 𝜋−∕𝜋+)𝑑 . So, the probability that v has degree 𝑑 in H but is isolated in H′

− is

asymptotically at most
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HECKEL ET AL. 311

(enr(𝜋+ − 𝜋−)
𝑑

)
𝑑

n−1 =
(

2eg(n)
𝑑

)
𝑑

n−1 ⩽
(

6g(n)
𝑑

)
𝑑

n−1
.

Now note that, as g(n) → ∞, the expected number of vertices with degree 𝑑 > 7g(n) in H which are

isolated in H′
− is bounded by

n
∑

𝑑>7g(n)

(
6g(n)
𝑑

)
𝑑

n−1 = o(1).

So whp no such vertex exists, and since whp H− = H′
−, the proof is complete. □

Proof of Lemma 4.6

Whp all pairs of partner hyperedges in H are vertex-disjoint (see Remark 2.8). Therefore, it suffices

to show that whp there is no vertex contained in the union of a pair of partner hyperedges in H which

is otherwise isolated in H−. The expected number of such vertices is bounded by

(n
r

)( r
2

)(n − r
r − 2

)
⋅ (2r − 2) ⋅ 𝜋2

+(1 − 𝜋−)
(

n−1

r−1

)
−2 = O

(
n2r−2

𝜋

2
+e−𝜋−

(
n−1

r−1

))

= O(log
2n ⋅ e−(log n−g(n))) = n−1+o(1)

.

An application of the first-moment method concludes the proof. □

Proof of two analytical lemmas from Section 8

Lemma A.1. Let t ∈ {2, … , r − s + 1}. For any c1, … , ct ∈ {1, … , r − t + 1} with∑t
i=1

ci = r,

t∑
i=1

(ci
s

)
⩽
( r − t + 1

s

)
. (A5)

Proof of Lemma A.1. The claim is that the sum in (A5) is maximized if one ci takes

the maximal value r − t + 1, while the remaining ones are equal to 1. To prove this

claim, w.l.o.g., consider a non-increasing sequence (c1, … , ct) ∈ {1, … , r − t + 1}t
with∑t

i=1
ci = r that is different from c∗ ∶= (r−t+1, 1, … , 1), such that in particular c1 ⩽ r−t.

Because of c1 ⩽ r − t, the fact that c1 ⩾ c2 ⩾ · · · ⩾ ct and
∑t

i=1
ci = r, this enforces

c2 > 1. Define c′
1
∶= c1 + 1, c′

2
∶= c2 − 1 and c′i ∶= ci for i ⩾ 3. This operation only

increases the binomial sum from the lemma:

t∑
i=1

(ci
s

)
⩽

t∑
i=1

(
c′i
s

)
. (A6)

By construction, (A6) reduces to showing that

(c1

s

)
+
(c2

s

)
⩽
(c1 + 1

s

)
+
(c2 − 1

s

)
, (A7)
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312 HECKEL ET AL.

which is equivalent to

(c2 − 1

s − 1

)
⩽
( c1

s − 1

)
. (A8)

Since c2 ⩽ c1, (A8) is satisfied. Correspondingly, any non-increasing configuration

(c1, … , ct) ≠ c∗ can be changed into c∗ in a sequence of steps that does not decrease the

binomial sum. This completes the proof. ▪

Lemma A.2. Consider the function w ∶ [2, r − s + 1] → R,w(t) ∶= t − r + (r −
1)
(

r−t+1

s

)
∕
(

r
s

)
. Then

max
t∈[2,r−s+1]

w(t) = w(2) = 1 − s + s
r
< 0.

Proof of Lemma A.2. We show that w is strictly convex on [2, r−s+1], w(2) = 1−s+s∕r
and w(r − s + 1) = 1 − s + (r − 1)∕

(
r
s

)
⩽ w(2). For this, we compute

w′(t) = 1 − r − 1(
r
s

)
s!

s−1∑
j=0

s−1∏
𝓁=0

𝓁≠j

(r − t − 𝓁 + 1)

and

w′′(t) = r − 1(
r
s

)
s!

s−1∑
j
1
=0

s−1∑
j2=0

j2≠j1

s−1∏
𝓁=0

𝓁∉{j1 ,j2}

(r − t − 𝓁 + 1).

In particular, w′′(t) > 0 on [2, r − s + 1] and w is strictly convex. The computation of

w(2),w(r − s + 1) is straightforward. To show that w(2) ⩾ w(r − s + 1), it is sufficient to

show that s
(

r
s

)
⩾ r(r−1) or equivalently, that (r−2) ⋅ · · · ⋅ (r− s+1) ⩾ (s−1)!. However,

the left-hand side is increasing in r with r ⩾ s + 1. Plugging in r = s + 1 establishes the

claim. ▪
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