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Abstract

In this paper, we present evidence of the stability of a model of our Solar System
when taking into account the two biggest planets, a planar (Newtonian) Sun—Jupiter—
Saturn system with realistic data: masses of the Sun and the planets, their semiaxes,
eccentricities and (apsidal) precessions of the planets close to the real ones. (We
emphasize that our system is not in the perturbative regime but for fixed parameters.)
The evidence is based on convincing numerics that a KAM theorem can be applied
to the Hamiltonian equations of the model to produce quasiperiodic motion (on an
invariant torus) with the appropriate frequencies. To do so, we first use KAM numerical
schemes to compute translated tori to continue from the Kepler approximation (two
uncoupled two-body problems) up to the actual Hamiltonian of the system, for which
the translated torus is an invariant torus. Second, we use KAM numerical schemes for
invariant tori to refine the solution giving the desired torus. Lastly, the convergence of
the KAM scheme for the invariant torus is (numerically) checked by applying several
times a KAM-iterative lemma, from which we obtain that the final torus (numerically)
satisfies the existence conditions given by a KAM theorem.
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1 Introduction

In Newton (1687), Newton deduced the equations for the motion of planets and solved
the two-body problem: Bounded orbits follow Kepler’s motions (spin in ellipses with
one focus on the center of mass), and unbounded ones are parabolae or hyperbolae.
Then, Newton (Book 3, Proposition XIII, Theorem XIII) admits that observed plane-
tary motion of Jupiter does not fit the equations, and explains it by noticing that Saturn’s
influence cannot be neglected. Since then, one of the most important problems in math-
ematics has been understanding the dynamics of the three (or higher)-body problem.
Many researchers have pursued this question and realized in different temporal stages
that there are two (among others) important questions: the stability of the solutions—
do planets orbit around the Sun in a quasiperiodic motion ad perpetuum?, and the
existence of chaos. This dichotomy was started by the pioneer work Poincaré (2017).
In this paper, we are interested in the stability problem.

Several steps forward in time and we encounter a fundamental advance towards
solving the stability problem. In 1954, Kolmogorov (1979) presented a methodol-
ogy for proving the existence of Lagrangian invariant tori in Hamiltonian systems of
n degrees of freedom close to integrable ones. Then, Arnold (1963a,b) and Moser
(1962) further explored this and the KAM theory was officially born. Since then, a lot
results have been produced, covering Lagrangian and lower dimensional tori, infinite
dimensional systems, dissipative systems, etc. For the interested reader, we refer to
the books Broer et al. (1996), de la Llave (2001), Chierchia (2003), and the popular
book Dumas (2014).

It was clear from the very beginning that the three-body problem posed several
obstacles that other Hamiltonians do not have. The integrable problem (Kepler’s
Hamiltonian) does not have all the frequencies that the full problem has: In a general
four-degree- of-freedom Hamiltonian, invariant tori have four dimensions with four
frequencies; while in Kepler’s Hamiltonian they have two dimensions with two fre-
quencies. In KAM terminology, it is said that the system is degenerate, and then, the
full problem has several time-scale frequencies: the fast frequencies that correspond
to the spinning of the planets around the Sun and the slow frequencies that correspond
to the spinning of their orbital ellipses (precession motion) and, in the spatial problem,
the changes in the inclination of the rotation planes (inclination motion).

A crucial advance was performed in Arnold (1962, 1963b) where he proved the
persistence of quasiperiodic motion for the planar three-body problem for a ratio of the
semimajor axis close to zero. The theory was later completed for the spatial N-body
problem in remarkable works by Herman and Féjoz (2004), and Chierchia and Pinzari
(2011), among others. In spite of the fundamental importance of all these theoretical
results, they suffer the practical inconvenience that the ratio of the semimajor axis or
the size of masses of the planets (used as the parameter measuring the distance to inte-
grability) have to be ridiculously small. In fact, Hénon (1966) already took Arnold’s
paper and checked that this size, in the simpler and non-degenerate restricted three-
body problem, is of order 107333 (see the beautiful exposition of these facts in Laskar
(2016)). After this result, Hénon asserted L. “Thus, these theorems, although of a

! From the English translation in Dumas (2014).
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very great theoretical interest, do not seem applicable in their present state to prac-
tical problems, where the perturbations are always much larger than the thresholds
[above].” This apparent lack of applicability of KAM theory to practical and physical
problems led over time to some misunderstandings (and laughter) about KAM theory
but, as emphasized in Dumas (2014), Hénon himself goes on to write: “The numeri-
cal results we present here, and those obtained for other problems, indicate however
that the [invariant] curves continue to exist for very strong perturbations, of the same
order of magnitude as the leading term.”

This last observation by Hénon is in fact what leads our research: the combination
of qualitative KAM results with computers. The idea is the use of the computers for
getting initial data that can be then checked to fulfill the conditions of the tailored
KAM theorems. Following this line of thought in combination with all the previ-
ous (classical) KAM methodology, based on performing canonical transformations
on the Hamiltonian, there has been important advancement toward the solution of
the three-body problem for realistic masses Celletti and Chierchia (1995); Locatelli
and Giorgilli (2005, 2007); Laskar and Robutel (1995); Robutel (1995). In partic-
ular, Locatelli and Giorgilli (2007) provides numerical evidence that Kolmogorov’s
theorem applies to the Sun—Jupiter—Saturn system using computer-assisted techniques
and computer algebra, implying the truncation of the Hamiltonian, but falls short from
being a proof: The norms of the generating functions decrease geometrically with the
normalization step up to values of order around 108 at the 17th step, and the reli-
ability tests of the construction of Kolmogorov’s normal form provide discrepancies
of order 10~ between the numerical integration of an orbit and the semianalytical
one. More recently, in Castan et al. (2017) a quantitative version of Arnold’s KAM
theorem has been applied to the plane three-body problem to show, computer-assisted,
the existence of quasiperiodic motion for a ratio of masses between the planets and
the star that is close to 1073, (This estimate accounts for a mass of the planets smaller
than 10~%* times the mass of the electron.) In this paper, however, we propose to use
another approach, based on the so-called parameterization method (see the seminal
works de la Llave (2001); de la Llave et al. (2005)), looking directly for the parameter-
izations of the invariant tori, mitigating the curse of dimensionality. In this approach,
the KAM theorems are written in a posteriori format, so that the results are suitable
for numerical verification and, finally, for computer-assisted proofs. This program has
led to a rapid development of results (Haro et al. 2016; Figueras et al. 2017; Haro and
Luque 2019; Figueras and Haro 2020; Calleja et al. 2013).

Applying KAM theory to the planar three-body problem (for realistic parameters
and observations) is a very demanding problem, both mathematically and computa-
tionally. Hence, further steps must be performed to attack the problem. We have split
this enterprise in three stages, of which the present paper is the centerpiece. Each stage
deals with different questions and methods, so they could be of independent interest
for different publics. Moreover, even though we have been thinking in the applica-
tion to the three-body problem, and specifically to the Sun—Jupiter—Saturn system, the
pieces can be applied to other problems. The first stage, appearing in Figueras and
Haro (2024), is a KAM theorem based on a (modified) parameterization method for
Hamiltonian systems, with sharp control on the bounds and the Diophantine frequen-
cies (with precedents in Haro and Luque (2019); Villanueva (2017)). This first paper
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has two results that we use in this paper: the KAM theorem for verifying the existence
of the invariant torus, and the iterative lemma used for giving an initial approximation
with bounds on it; we perform several steps of the convergence scheme. This allows
to refine the constants to be used later on the KAM theorem. The second stage, this
paper, is a methodology to compute invariant tori in (close to degenerate) Hamiltonian
systems with fast and slow time-scales, applied to numerically verify the existence
of quasiperiodic solutions of the Sun—Jupiter—Saturn in the planar model with realis-
tic masses and observations. We provide numerical evidence that Newton’s method
converges and that we can apply iteratively the iterative lemma to the approximately
invariant torus to obtain an invariant torus, and we estimate the size of the analyticity
strips of the real-analytic parameterization of the torus. The estimated error of invari-
ance is of order 1073*. We emphasize that the method does not involve a truncation
of the Hamiltonian, as it is customary in normal form methods. The last stage is work
in progress, and we plan to present how the numerics from this paper and the KAM
theorem from Figueras and Haro (2024) are combined along with rigorous numerics
for validating the results.

1.1 Our Results and Their Organization in the Paper

We start presenting the model we work on. It is a Hamiltonian with 3 degrees of
freedom (the total angular momentum has been reduced) depending on a parameter
W that accounts for the masses, so that u = 0 corresponds to two uncoupled Kepler
problems, and ;= 1 corresponds to the actual values of the masses of the planets
(in our case o = 1073). Then, we discuss the numerical methods used. The goal is
computing a 3 dimensional invariant torus for the observed values of the frequencies
(for © = o). Two of the frequencies are fast, and the other is slow and of the
order of g. A fundamental obstacle we encounter is that the torus does not come
by continuation from a three-dimensional invariant torus for £ = 0, because Kepler
motions correspond to two-dimensional tori, and the slow frequency collapses to zero.
Hence, we cannot apply a direct continuation technique of the invariant tori from the
integrable problem since the problem is singular at 4 = 0. Following the lines of
thought of Gonzélez et al. (2014, 2022), we perform a continuation of translated
tori, which are invariant tori for a modified Hamiltonian system to which we have
added an extra term (a translation) that compensates the degeneracies of the actual
problem. At u = o, the translation term should be zero. At this stage, the torus
is no longer degenerate, allowing the use of KAM numerical schemes on the actual
problem for its refinement, see de la Llave et al. (2005). This leads to, after iterating
several times the KAM numerical scheme, obtaining a very accurate approximation
for the invariant torus. Finally, with this approximation, we can run the iterative lemma
in Figueras and Haro (2024) several times and, lastly, the KAM theorem so that all
the bounds are satisfied and gives us the existence of a nearby invariant torus, hence
giving a numerical verification of the existence of quasiperiodic solutions close to the
observations of Sun—Jupiter—Saturn configuration. Paraphrasing Henén, the numerical
results we present here indicate that the invariant torus exists for ;& = .
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2 The Planetary Model and the Problem

The planar (1 + n)-body problem (the Sun plus n planets) in Poincaré heliocentric
Cartesian coordinates has Hamiltonian (Laskar and Robutel 1995; Chierchia and Pin-
zari 2011) He : R?" x R?* — R given by

n i 2 .
HC(XJ):Z(II%II _ﬂ)

2\ 2mi il
n 12 S 2.1)
lyill m;m (
o 2 l<i<j i = x;
= <i<j<n

= H2(x,y) + 1 H (x, y),

where the 0-th body (the Sun) has mass 1 and is fixed at the origin and the i-th body
has mass pm; and position-momentum coordinates (x;, y;) = (x; 1, Xi 2, Yi.1, Yi.2)-
Also, the length and time units are chosen so that the gravitational constant is 1 and
the period of an elliptical orbit of semimajor axis 1 is 2. (So its frequency is 1, and
this is the case of the Earth in the Solar System.)

The n = 0 case corresponds to the integrable Keplerian motion of the planets
around the Sun (no interaction between planets). Well-known angle-action coordi-
nates for the Keplerian motion are Delaunay coordinates. See Appendix A for the
sake of completeness. The Hamiltonian (2.1) is then written in Delaunay coordinates
(¢, g,L,G)e T" x T" x R" x R" as a function Hp : T>" x R — R

n 3
Hp(t.g.L,G) =Y —& 2L2 + 1 HeoD(E, g, L, G) = HY(L) + pu Hy(€, g, L, G),
i=1

where D denotes the Delaunay map from Delaunay coordinates (¢, g, L, G) to Carte-
sian coordinates (x, )’)'
Letusdenote by G; = ), <k<i G the angular momentum of the i first planets. Itis

well known that the total angular momentum, G,,, is a first integral of the Hamiltonian
system, so that we can reduce by one the number of degrees of freedom by fixing the
value G, = én,0~ By extending the angular momentum map above to a canonical
transformation, taking g; = g; — giy+1 fori = 1,...,n — 1, and g, = g,, one gets
that g, is a cyclic coordinate in the transformed Hamiltonian in the new coordinates.
Hence, following the standard practice, by fixing the total angular momentum Gptoa

given value G, o, one gets a reduced Hamiltonian Hg : T2 x R?"~1 — R given
by . .

Hg, (€8 L.G) = Hp(L) + quw(z, g.L.G). 2.2)
with ¢ = (g1, s gn—1) and G = (Gl, e én_l). From now on, we will omit the

dependence on G, o from the notation.
A Lagranglan invariant torus of H, with a (2n — 1)-dimensional vector of fre-
quencies (!, ®¥) € R" x R"! and total angular momentum Gn 0, gives raise
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to a Lagrangian invariant torus of Hp, with a 2n-dimensional vector of frequen-
g g

cies (o', w¥) € R" x R". The frequencies are related by a);.g = o] — o,

i=1,...n—1,and 0 = o)} is the average of % over the (2n — 1)-dimensional

n

for

invariant torus. We emphasize that w’ contains the fast frequencies (the ones coming
from the Keplerian motion), and that w8 (or w¥) contains the slow frequencies (that
in our case are proportional to ;). This smallness is a main difficulty when facing the
(1 + n)-body problem with realistic data (big masses and no big axes).

2.1 Invariance Equation

In the light of the parameterization method, finding invariant tori for H with fre-
quency vector w = (w’, w?) reduces to finding a parameterization of the torus
K : T2 1 - T2 1« R2*~! satisfying the invariant torus equation

LoK )+ XH(K(©)) =0, 2.3)

where £, is the Lie operator acting on any smooth function f with domain T?"~! by
£,f(0) =—-Df(@)w, and Xy = QY (DH)" is the Hamiltonian vector field with
respect to the standard symplectic form given by the matrix

Qz((])—o’).

We write J = 2 when we think of such a matrix as a linear map instead of as a 2-form.
In particular, we use J to define a normal bundle to the torus parameterized by K,
framed by the columns of N(6) = JDK (6)(DK (§) 'DK (0))~!, where the columns
of DK (0) frame the tangent bundle. Moreover, the symmetric matrix

T(0) =N©®)' QDXu(K )+ JDX (K (6)J)N®)

measures how much the normal bundle is twisted. (The tangent bundle of an invariant
torus is fixed.) The non-degeneracy of the average of T, the torsion, plays the role of
the classical Kolmogorov non-degeneracy condition in KAM theory.

As itis also customary in KAM theory, we assume that w is Diophantine, i.e., there
exists y > O and t > 2n — 2 such that for any k € Z*Vandk #0, |k-w| > yIkIT".
Given any real-analytic function s : T>*~! — RM  we denote by 2R, (s) the only real-
analytic function f : T2=1 5 RM  with average zero, that satisfies £, f = s — (s),
where (s) denotes the average of the function s. This operator is in the core of KAM
theory.
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3 Continuation from the Integrable Case with Translated Tori
Methods

Notice that for © = 0 the reduced Hamiltonian (2.2) has the invariant tori
K, (6%,6%) = (6°,6%, Lo, Go) 3.1

where the components of Lg are determined by the masses of the bodies and the fast
frequencies w’ (by the third Kepler’s law), but the secular frequency a)g is zero (not
8 ) and éo is free: There is an (n — 1)—parameter family of (2n — 1)-dimensional
tori foliated by n-dimensional invariant tori. As a result, the torsion is noninvertible
(since there is no twist in the G direction). In summary, the problem is degenerate.

3.1 ATranslated Torus Algorithm

As mentioned above, the degeneracy of the problem imposes a first obstacle for apply-
ing any numerical KAM scheme for performing any continuation with respect to . In
the spirit of Gonzalez et al. (2014, 2022), we can overcome this degeneracy by intro-
ducing a counterterm A I, to the Hamiltonian (2.2), where I, : T>*~! xR*"~! — R

is the projection onto the G coordinate. Hence, by denoting X5 = X Mg » instead of
solving Equation (2.3), we solve the extended system

LoK(O) + Xu(K(0)) + X5 (K(6)A =0,

A 32
(I (K(0))) — Go =0, G2

for a fixed constant Go. The invariant tori satisfying (3.2) are translated tori for
the original Hamiltonian system. Since Gy is an extra parameter, under appropriate
non-degeneracy conditions (that we will see later are very mild), we can find families
of translated tori, labeled by Go. The use of counterterms in KAM theory goes back
to the works of Moser (1967), Herman (1998), Féjoz (2004, 2017). We emphasize
that, here, we introduce a minimum number of counterterms to unfold the singularity
of the problem. Moreover, there is a correlation between the added counterterm and
the extra equation and, a posteriori, A is a gradient-like function of the moment Go
(Gonzélez et al. 2014).

Notice that, for a given éo, for u = 0 the parameterization (3.1) satisfies (3.2)
with frequency o = (w°, w?), by selecting A = w?. The idea is then performing a
continuation method for solving the translated torus equation (3.2) for couples (K, A)
up tothe value . = o. The rationale behind this method is that if there was an invariant
torus with frequency o = (w*, w?) and (I goK) = G for W = Mo, then after the
continuation procedure we would find (K, 1) with A = 0. Using perturbation theory
up to order one (expanding in Poincaré-Lindstedt series), we get an approximation
of Go by solving the equation (ITz X 1 0 K5) = w? /1o, where IT; is the projection
onto the ¢ component. We then continue this solution from u = 0 to u = ug by
solving the equations at each step, see below. Finally, since this value of éo is not
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exact, we do not get A = 0 at u = po. However, at 1 one can also tune Go to get

A = 0 by a Newton method (again using perturbation methods for computing a"—(};‘o) 2

3.1.1 Solving Equations (3.2)

More concretely, from an approximate solution (K (8), A) of (3.2) we can perform
a quasi-Newton correction of the form (P (0)£(0), AA), where the matrix P(f) =
(DK @) N (9))), obtained by juxtaposing the tangent and normal frames given above,
is approximately symplectic. Taking into account that the inverse of P (#) is close to
—QP(#)TQ, we end up with the linear system

L,EPK @) + T(0)EN (©) + K @) A = " (0),
L,V (0) + bN @) Ar =1V (),
(M (DK (0™ 0) + N©)&" 0))) = n,

b (6) N@©)T >k () -N@©)"
where <bN(9) = pk@T QX5 (K(9)), N ©) = (pk@7 Q
(LK (0) + Xu(K(©)) + 21X 5 (K (0))), n°° = —(15 o K) + Go.
As it is customary in these types of schemes, one solves them up to some a-priori

unknowns: In this case, the average Sé\’ = (V) and AX. These two satisfy the linear
system

< (T) (6°) ) <sév )

(TT4(N — DKR,T)) —(M5(DKR,HPK + NR,bY)) ) \ AL

(. (7%

B (nGO - <H@DK%wﬁDK>)’ G

where bPX = pPK — TR, bV and 7K = yPK — 79/, pV. If the matrix in (3.3),
to which we will refer to as the supertorsion (T), is regular, then the method can
continue by computing

eN©) =&Y + Run™ 0) — KRB ()AL,
£L0) = R 7PK (0) — R, T (0)E)Y — RWbK (0) AN,

and at the next step we get a quadratically better estimate (K + P&, A + AA).

2 1n applications, estimates of éo could also be obtained by methods such as averaging the G components
of a quasiperiodic orbit obtained using frequency analysis (Laskar 2005; Gémez et al. 2010; Luque and
Villanueva 2009; Das et al. 2017).
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Remark 3.1 In particular, in the case u = 0, the torsion and the supertorsion of the
torus (3.1) are

2770 . D?H'(Lg) 0 O
Ty = <D HO(L()) g)s (7 = o o1,
0 1 O

respectively. Notice that even though the torsion is degenerate, the supertorsion is not,
permitting to start the continuation of translated tori from p = 0.

3.2 An Invariant Torus Algorithm

Once the continuation explained in Sect. 3.1 reaches the parameter value g, one
obtains a translated torus K with translation A that, ideally, should be zero. We can
then tune parameter G so that one gets A = 0, by solving the equation A(éo) =0
by, say, a Newton method. See Gonzalez et al. (2014, 2022). Further refinements can
be done to solve directly Equation (2.3), in which the unknown is K. Following de la
Llave et al. (2005), given an approximate solution K of (2.3), its correction is given
by P(0)&(0) where £(0) solves the linear system

{ L£,6%0) + T©)EY (0) = "X 6),

£.6N0) =),
DK _ T
where (737,\,((:))> = <DgEZ§T> QLLK(O) + Xu(K(0)).

Notice that in this case we assume that the torsion (7') is non-degenerate, so that
this last system can be solved as

£V =1(T©®)" " @) — TO)RMV (),
eN©O) =& +Ruon™ ),
£ (0) = R, (1) — 7OV ©))

Remark 3.2 A minor difference with the constructs presented in de la Llave et al.
(2005) is that here we use explicitly the approximation

1_{ NOT
(DK®) N(@®)) =~ (—DK(Q)T) Q.

4 Application to the Sun-Jupiter-Saturn Problem
We have implemented the algorithms discussed in Sect.3 in C++ (see, e.g., Haro

et al. (2016) for similar implementations). A key point of the implementation is to
use FFT routines for fast evaluations of the vector field on the parameterization, and
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for evaluating the operator R,,. We have adapted the FFT routines from Press et al.
(2002) to work with multiprecision arithmetics with mpfr (see Fousse et al. (2007)).
Another key point is parallelization using openmp (see Chandra et al. (2001)).

Here, we present the specifics for the planar Sun—Jupiter—Saturn problem with real-
istic values of their parameters (masses, frequencies, ephemerides, etc.). The source
for the values of the parameters we have used comes from astronomical observations
from NASA: Planetary fact sheet (2023), Sun fact (2023). (Other important tools such
as frequency analysis (Laskar 2005; Gémez et al. 2010; Luque and Villanueva 2009;
Das et al. 2017) could have also been used for getting these data.)

The masses of Jupiter and Saturn are taken to be 0.9546 - 1073 and 0.2856 - 10_3,
respectively, so m; = 0.9546, m, = 0.2856 and o = 1073. The corresponding
semiaxis and eccentricities are taken to be

ay = 5.21723814923184120006, a, = 9.56220231823193419964
and
e; = 0.048901221343923, e, = 0.056520213912482,

from which we get the first approximation of the torus (and, in particular, its actions).
Also, from the semiaxis and Kepler’s law we fix the frequencies of the Keplerian
motions, say

o' = (8.39549288702546301204.... - 1072, 3.38240117059304358259... - 1072),
4.1)
(with machine precision). From the frequency analysis performed in Locatelli and
Giorgilli (2007), we take the secular frequencies to be

w?® = (2.32008443270689 - 1073, 4.17016431348284 - 107)
from which we take
0¥ = 0¥ — 0% = —1.85007988077595 - 107. 4.2)
The important fact is that the order of magnitude of the secular frequencies is the one

of the fast frequencies times = 1073, Finally, we take the total angular momentum
to be

éz,o = 3.05839852910896096675.

While the total angular momentum éz is preserved (and equal to the value Gz,o),
the one of Jupiter, G,isnot. An approximation of the average of the angular momentum
of Jupiter comes from the Kepler approximation, and approximations of order (¢ are
obtained by solving the equation (TI; X 1 0 Kpz) = w?/1o. After several iterations

of the secant method, we obtain the approximation Go = 2.17647359010273488684.
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These preliminary computations are performed with long double precision C
arithmetic, and the parameterizations are given by grids of size 1283.

The first thing we have done is finding the value of éo such that at u = g, when
performing the continuation of the translated torus algorithm, we obtain A = 0. To
do this, we performed the following 4 times: At u = 0, we have the invariant torus
(3.1) with an approximation of the desired G value. Then, we perform a continuation
using the translated torus algorithm from ;4 = 0 to & = 107> and get an approxi-
mately translated torus (that, unfortunately, does not satisfy A = 0). Finally, by doing
a Newton step for solving A(Go) = 0 we obtain a better estimate of Go Then, we
repeat the process. By doing this, in the first run we obtain an appr0x1mately trans-
lated torus with invariance error 4.8 - 10~%, moment error (Mg K)—Go=15- 10714,
and A = —8.67345532598763273085 - 10~7. The Newton step gives us a better
estimate éo = 2.17658253666877214401. After the fourth time we do this, we
obtain an approximately translated torus with Go = 2.17657425006565519231,
invariance error 5.3 - 1070, moment error (Hé K) — Go = 651077 and,

= 3.14309229785154830993 - 10~14. For this last torus, the supertorsion (3.3)
is

—1.15830235 - 10~ 1.43198239-1073  7.41752484-10~* 2.11280898 - 10!
1.43198239 - 1073 —1.23922829 - 10~! —5.21182674 - 10~3 —3.45764287 - 10!
7.41752484 - 107% —5.21182674 - 1073 —3.18265383 - 1073 5.20444218 - 10~}
2.11280898 - 10~! —3.45764287 - 10~ 5.20444218 - 10~! 8.38171177 - 10°

The norm of the inverse of the supertorsion is 3.9 - 10! and that of the inverse of the
torsion is 3.5 - 10%. The whole computation takes less than one hour, with the first
continuation taking around 17 min, and the last around 12 min. Different projections
of the invariant torus are shown in Figs. 1 and 2.

Later on we refined the approximately invariant torus using the invariant torus algo-
rithm by increasing the precision with long double, _ float128 and, finally
mpfr. We gradually increased the accuracy and the size of the grids. In the last
run, the input torus was given with a grid of size 5123 with 57 digits, and the out-
put with a grid of size 10243 with 76 digits. The input error was 9.1 - 1072, and
the error saturated at the first step to 3.9 - 1074, (The error at the second step was
2.9-107°%)) Although it is not used during the computations, we obtain that this torus
has Go = 2.17657418883872689352084685277943. In this case, one Newton step
took around one week, and the top size of RAM memory used was 194 G.

From this last torus, we have estimated how fast the Fourier coefficients decrease
and, so, its analyticity radius. To do so, we have fit the Fourier coefficients of the
complexifications K¢ + iK%, K 4+ iK™ and K& + iK© with respect to each of
the angles ol gt 68 , thus obtaining estimates of

the analyticity strips p¢, , pe,, p3- The results are shown in Fig. 3 where, for a Fourier
expansion

b ply pé i(kg, 08 +ky, 002 +k ;08
FO1.072.05 = 3" f sk, apetC 0RO,

ke ke, kg
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Fig. 1 Projections of the 3D invariant torus in Delaunay coordinates onto (£1, L), (¢2, Lp) and (g, G)
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Fig.2 Projections of the 3D invariant torus (generating a 4D torus) in Cartesian coordinates onto positions
x1 = (x1,1,X1,2), X2 = (x2,1, ¥2,2) and momenta y = (y1,1, ¥1,2), 2 = (2,1, ¥2,2). Coordinates x1, y;
correspond to Jupiter and x7, y, correspond to Saturn and are plot in orange and gray, respectively

we fit the analyticity strips p¢,, p¢,, pg Of each of the angles by considering the uni-
variate Fourier series
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and doing a standard fit on their coefficients.
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Fig. 3 Fits of Fourier coefficients of the (complexified) components of the parameterization fgl , fgz and
fé, and estimates of analyticity strips

5 Numerical Verification of the KAM Constants

The numerical certification of the existence of the invariant torus is based on the
KAM theorem and the Iterative Lemma appearing in Figueras and Haro (2024). For
the sake of completeness, we include their tailored and simplified versions (with
the most relevant hypotheses) in Appendix B, so it will guide us in all the data
needed for doing the validation. For the specific expression of all the constants,
we refer the reader to Figueras and Haro (2024), where they appear in the appen-
dices.

Given the w = (o, b 1) in (4.1), (4.2) we can certify (using the validation tech-
niques in Figueras et al. (2017)) that at distance less than 10780 there is a Diophantine
vector witht = 2.4and y = 1.69-10~%. Moreover, we choose the radius of analyticity
tobe p =0.1and § = £.

The hypotheses in H; control the Hamiltonian and its associated vector field in
a tubular neighborhood of the torus K (T7'). In our case, it is enough to take these
constants to be

cx, = 0.09, cpx, = 129, ¢ oy, = 129, epey, = 5-10'°.

The hypotheses in H> control the parameterization K and all the geometric infor-
mation it has (the bundles DK, N, and so on). In our case, these constants are computed
with the approximation and obtained

IDK| = 4.7811815833, |(DK)" || = 6.8755882886, || B|| = 7.35806411265,
IN|| = 3.5704498717, |INT|| = 2.8621242724, |(T)|~" = 354.07743243.
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The corresponding o constants are obtained by multiplying these norms by a factor
1410710,

With this information, we can run the Iterative Lemma several steps, say 10, and
with different initial invariance errors and then apply the KAM theorem to see if
it converges. (Inequality (B.1) is fulfilled.) We have obtained that with [|#PX|| =
10738 |n™|| = 10~**. However, from our numerics we obtain that our torus satisfies
7P% || = 3.6-107>* and |n™| = 1.7 - 1077, which are very much smaller than the
thresholds!

With the application of the Iterative Lemma, we validate the existence of the 3D
invariant torus for the reduced 3-degree-of-freedom Hamiltonian H Gno’® in Delaunay
coordinates. We then obtain a 4D invariant torus for the whole system, corresponding
to a realistic planar motion of Sun—Jupiter—Saturn.

Remark 5.1 In order to emphasize the sensitivity of the computations (and their con-
vergence) to the choice of coordinates, we mention that we have also computed a 3D
invariant torus for a properly modified 4-degree-of-freedom Hamiltonian in Cartesian
coordinates, that generates a 4D invariant torus for the original Hamiltonian (2.1). This
is made thanks to a reduction lemma in Figueras and Haro (2024) that implies that, for
our problem, since the total angular momentum induces a circle action on the phase
space, then one can generate 4D invariant tori from 3D invariant tori of a modified
Hamiltonian, without reducing the number of degrees of freedom of the problem. The
algorithms in Haro and Luque (2019), Figueras and Haro (2024) are close to the ones
used in the present paper. Hence, we have also applied this methodology to the partic-
ular Sun—Jupiter—Saturn system. The convergence of the algorithms is compromised
by the bad condition numbers of B and (T'). Even when taking the torus produced in
Delaunay coordinates back to Cartesian coordinates and obtaining errors of the order
10_54, the iterative lemma fails.

Remark 5.2 The choice of appropriate coordinates in Celestial Mechanics is a key
point for solving the general N-body problem Chierchia and Pinzari (2011). It would
be interesting to study the suitability of different systems of coordinates depending
on the data (eccentricities, semiaxis, frequencies, etc.). Important results in this direc-
tion are in Pinzari (2018). We have modestly only considered a particular planetary
system, but there are many exoplanetary systems (or even other problems) for which
the methodology could be applied. In this respect, we mention the important applica-
tions of KAM theory to the study of exoplanetary systems Caracciolo et al. (2024);
Mastroianni and Locatelli (2024, 2023a,b), using normal forms. It would be also
interesting merging different methodologies.

6 Computation Details

For running the continuation method on the translated torus algorithm from the inte-
grable system, we run the programs in an out of date MacBook Air laptop with one
CPU 1.7 GHz Dual-Core Intel i7 and RAM memory 8 G, since for the approximation
we work with 1long double C arithmetics and the tori are discretized in 1283 nodes,
accounting to 32 M of memory for each of the six components of the parameterization
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of the torus. We have also adapted and tested the programs to work with quadruple
precision __float128 C arithmetics. For the invariant torus algorithm, we have
used an iMac Pro with one CPU 3,2 GHz Intel Xeon W with 8 cores and RAM Mem-
ory 256 G, working with several extended precision arithmetics with mpfr (up to 76
decimal digits, that correspond to 64 bytes, respectively) and the torus is discretized
in 1024 nodes, accounting 64 G of memory for each to the components. This last
computation has also been run in the UPPMAX supercomputer.

Finally, we give some numbers to provide an idea of the order of magnitude of the
managed data structures at the final stages of the computations. The data structures
are complex vectors that store couples of real grids. Moreover, handling of memory
(both RAM and disk) by mpfr is anisotropic. For instance, for the computation of
the torus with 76 digits the program uses up to 194 G of RAM memory for handling
one single complex grid of size 10243, and 891 G of memory disk to store the objects
being computed by the program. For files storing the same number of mpfr objects,
2 - 10243 /8, the sizes range from 87 M to 8.8G.

Appendix A. Delaunay Coordinates

Delaunay coordinates are defined body-wise. For the i-th body, they are (¢;, g;, L;, G;)
€ T? x R2, with G; < L; and T = R/2nZ, and which are mapped to the Cartesian
coordinates (x; 1, X; 2, ¥i.1, i 2) € R* through the following steps:

Gi\* L)? m?
e = 1—(—1) ; ai=( ) ,bi=ﬁ, Ei = K¢, ei),

L; m12 i

E) —e .

g\ _ CCC’;S.( e xXi,1) _ (cos(gi) —sin(gi)) (gi
= daj; [ s = .

qi.2 7 sin(Eq) Xi2 sin(g;) cos(gi) ) \gi.2

1

<Pi,l) _ bi C;Sln(Ei) ()&‘,1) _ <COS(81‘) —Sin(gi)> <I7i,l>
pi2 I —eicos(Ep) \ 7 cos(Ei) ' Yi2 sin(gi) cos(gi) ) \pi2
where E = K (¢, e) denotes the solution of the Kepler equation £ = E — e sin(E).

Appendix B. KAM Theorem and Iterative Lemma

Here, we gather both the KAM theorem and the iterative lemma in a tailored form.
For a more detailed exposition of them have a look at Figueras and Haro (2024).

Theorem B.1 Let h : U — C be a real-analytic Hamiltonian, defined in an open set
U CTE xC" Let K : T)) — U be a continuous map, real-analytic in T}, whose
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derivatives are also continuous in ']_1‘21, defining an homotopic to the zero-section
embedding of ’I_Fg into T¢ x C™ (in particular K (0) — (6, 0) is 27 -periodic). Let
w € DJ’/”T be a Diophantine vector, for some y > 0 and v > m — 1. We also assume:

Hy There exist constants cx,, ¢bx,, ¢(px,)T» Cp2x, SUch that

Xl < ex,0 IDXalky < coxye |OX)T | < coxyre [D*Xaly, = oo,

H, There are condition numbers opg, OMDKY > OB, ON, ONT, and ory-1 such that

IDK I, < ook, |OK)T| <opky. 1B, <os,
p

N, < o, ”NT(]p<aNT, T 1] < oyt

Then, for each § €]0, p/6], there exist constants €, Eax depending on p, § and the
above constants and objects, such that if

¢ 1
o e 1], o
y8f+1 o y8T

where nPK = —NTQ (£,K + X;,0K), n = (DK)'Q (£,K + X;,0K), then, for
Poo = p — 66, there exists K : TZZO — U continuous, real-analytic in T}, whose

”NH,;} <1, (B.1)

derivatives are also continuous in ']_I"goo, defining an homotopic to the zero-section
embedding of T’ into U that is invariant under Xy, with frequency w, so that

LKoo + XpoKso = 0.

Moreover, Ko satisfies hypothesis Hy, in T’} , and it is close to K :

"}
P

The proof of the previous theorem consists of iteratively applying the following
lemma.

¢ 1
L P e e
00 Y8t p’ ysT

Lemma B.2 [The Iterative Lemmal] Let us be under the same hypotheses as in Theorem
B.1. Forany$ €]0, p/3], there exist constants Cgym, CSL, C C C C

C C C , éA and Q’:7L, Q):7N, such that if

nNH }<1,
0

then we have a new real-analytic parameterization K T?—zs — U, that defines new

AK’ ©“ADK’ “AMDEK) CAB

AN’ CANT? © AT

¢ 1
e s {17, o
y3t+1 o y8T

objects DK , IE’ NandT (obtained replacing K by K in the corresponding definitions)
satisfying
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HDI;H < ODK, B
p—38

i |

d

<U(DK)T’ < OB,

p—38 prSS

|71, <o
p—38

b3 < UNT, |<T)_1| < O‘<T>7l

and

- k|, = 2 man{ ][]
p—28 V(ST P V(ST
C .
DR —Dk| = S8 max {6 ]
o— 38 8r+1 0 yﬁf
C = 1
(DK)T (DK)T” 3 —A(;?fl)T max{HnDK” ST 77NH },
o= 14 oy p
= C = 1
Bos| = et ma ] o [] )
p—38 y38T p Yot P
= C = 1
A R | Ul PR [ i B
p=38 ~ Y0 ) p
_ C = 1
NT-NT| sevr max ] ]
p—38 J/Sr“ U P J/fSr " o

- C =
= _ A(T)!
Ty =t = 5 max{HnDKH

"}

Moreover, the tangent and normal components of the new error of invariance

o y8T

satisfy
_ O-n
7", = = max {1,
p—38 ) p )/57

L}
i

Remark B.3 We emphasize that this theorem obtains sharper KAM results than in de
la Llave et al. (2005). Instead of obtaining at each step a new approximate solution as

and

. Q-1
[, = 7aver mox i
,0*35 y8f+1 P y81’

K (6) + DK (0)€™ 0) + N(©)§" 0,
(as we made for the numerical algorithm in this paper), it is obtained as

KO +E% @)+ N@6 +%%0)) ¥ 06+ % 0)).
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See Villanueva (2017); Figueras and Haro (2024). However, from the numerical point
of view, this choice seems to be much more difficult to implement efficiently because
it involves compositions of functions.
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