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Abstract

In this paper, we realise the charged Nariai black hole on a braneworld from a
nucleated bubble in AdSs, known as the dark bubble model. Geometrically, the
black hole takes the form of a cylindrical spacetime pulling on the dark bubble.
This is realised by a brane embedding in an AdSs black string background.
Identifying the brane with a D3-brane in string theory allows us to determine a
relation between the fine structure constant and the string coupling, agy = % gs,
which was previously obtained for a microscopic black hole. We also speculate
on the consequences for the Festina Lente bound and neutrino masses.

Keywords: dark bubble, black hole, string theory, Nariai, black strings
1. Introduction

The construction of four-dimensional de Sitter vacua from string compactifications remains a
tremendous challenge in string phenomenology [1-4]. Additionally, string models with phases
of variable cosmic acceleration have been under pressure as well, see [S—14], however see [15,
16] for studies with open universes. Therefore, the fate of cosmic acceleration in string com-
pactifications remains an important topic of study in the Swampland program. All these invest-
igations start from string compactifications down to a 4d effective field theory, but contrarily,
in the dark bubble scenario, this starting point is left behind.
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According to the dark bubble model, the Universe is riding an expanding bubble in AdSs,
with the radial direction along the throat [17]. The bubble is formed through a phase transition,
where a bubble of true vacuum nucleates. Its wall consists of a brane with a tension slightly
less than the critical value, with the difference setting the value of the positive cosmological
constant. The model has been studied and developed in a series of papers, see [17-26], with the
earlier results reviewed in [27, 28] and related studies in [29-35]. In [23, 24] the dark bubble
model was embedded into a specific string theory setting, where the unique hierarchy of scales
of the model was explored. In standard compactifications and RS-brane worlds, the 5d Planck
length is always larger than the 4d one, provided that the size of the extra dimension, and
the AdS length scale, are larger than the higher dimensional Planck length. The dark bubble,
which has a brane with an inside and an outside, rather than the two insides of the RS-brane, is
fundamentally different. What matters is the difference in AdS scale between the inside and the
outside, which leads to a smaller 5d Planck length than the 4d one. This leads to several unique
phenomenological features—including no need for scale separation in the higher dimensions.

As the 4d spacetime is defined on a shell rather than in a vacuum of the theory, the stand-
ard rules of effective field theory do not directly apply to the 4d setup. For this reason, it is
rather non-trivial to study the physics on the dark bubble, such as particle physics, gravitational
waves, gauge theories or even black holes. Nevertheless, the dark bubble model needs to incor-
porate the matter fields we are familiar with in 4d. In [22] it was shown how 4d gravitational
waves are induced from 5d ones. The analysis took the expansion of the Universe into account,
and provided a non-trivial test of the model, demonstrating the intricate interplay between the
5d bulk, the embedding of the brane, and the induced metric in the 4d spacetime. In [25],
a further step was taken, where electromagnetism was identified with the gauge field in the
DBI-action of a D3-brane on which the Universe is riding. To achieve this, it was crucial to
include the presence of the H = dB three-form field of string theory. As was shown in [25], the
electromagnetic field strength in 4d sources an H-field in the bulk, which then backreacts on
the 5d geometry. This affects the induced 4d metric such that the 4d gravitational backreaction
is accounted for. The analysis there was made in an expanding Universe, and is, again, a very
non-trivial result, confirming the consistency of the dark bubble model.

In this paper, we consider another case that further tests the dark bubble model: a (charged)
black hole. We will restrict ourselves to the simplest setup, a charged Nariai black hole as
large as the cosmological horizon! [36, 37]. Such black holes have been studied in the con-
text of the Swampland paradigm [38], where it has been argued that their existence leads to
new constraints on particle masses beyond those of the weak gravity conjecture. In this paper,
we show that the dark bubble scenario can successfully incorporate a Nariai black hole. This
specific construction serves as a stepping stone for realising more general black holes on the
dark bubble. The analysis provides yet another explicit example of how the dark bubble repro-
duces 4d Einstein gravity without localising it on the brane, a characteristic of the RS model.
Instead, the bulk plays an important role in the construction, and the failure to localise yields
well-controlled corrections that become important only at stringy densities, [25].

Furthermore, we find a relation between the fine structure constant and the string coupling,
which is in agreement with the results of [24]. There, using an explicit string theory embedding

! While the Nariai solution is not relevant for a direct realistic application in cosmology, its embedding serves as an
important check on the theoretical consistency of the dark bubble model.
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of a small, extremal black hole of unit charge, it was shown that the fine structure constant agy
is fixed by the string coupling g through

3
QEM = Egs- (1.1)

Remarkably, the same relation can be derived from the embedding of the macroscopic Nariai
black hole.

The outline of the paper is as follows. In section 2 we review some technical aspects of the
dark bubble model. In section 3 we review the 4d Nariai solution. In section 4 we study a 5d
black string solution, which we use in section 5 to uplift the Nariai solution. In section 6 we
match the fine structure coupling to the string coupling, and in section 7 we end with some
conclusions.

2. The dark bubble scenario

In the dark bubble scenario, a bubble with an AdSs space inside is joined together with another
AdSs spacetime on the outside by a brane. The dynamics of the brane are governed by two
sets of key equations, i.e. the Israel junction conditions and the Gauss-Codazzi equations.
The junction conditions are simply the 5d Einstein equations in the presence of a thin brane,
relating the extrinsic curvatures on the in- and outside with the stress tensor on the brane.
The Gauss-Codazzi equation relates the 5d bulk curvatures and the extrinsic curvatures of the
embedding, to the intrinsic 4d curvatures of the brane. We discuss the junction conditions at
length in section 5.1 and refer the reader to its discussion there.

However, it is interesting to emphasise that these junction conditions and Gauss-Codazzi
equations can be combined into the 4d Einstein equations, as was done in [18]:

() - (-0 )m))
GY = 12 (—0cha — Sap) + — - (L L),
ab = 4 (( Ochap = Sar) 22\ k) 2\&k w )M

= KT w, 2.1)

where
Jap = RS} seSeletehhed, (2.2)
and e9 are the tangent vectors to the brane for every b. The ‘—’ and ‘+’ correspond to the

contributions from the in- and outside spacetimes respectively. The 4d Newton’s constant is
related to the 5d one through

2k_k
,@2‘ = e g, 2.3)
where /13 =8nG,= Egl_, dz .2 We have also defined the critical tension
3
o= — (k- —ky). 2.4)
ks

2 Here, we see the cause of the inverted hierarchy mentioned in the introduction. To get the result for an RS brane we
need to replace k— — k4 — k_ 4 k. Usually, the scales are also chosen to be equal, i.e. k_ = k4 = k. In this way,
the RS construction is very similar to a compactification with an extra dimension of size Raas = 1/k. In the case of
the dark bubble, tuning k4 to be just slightly smaller than k_, creates an inverted hierarchy with £pj 5 < £p 4
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We see that the effective energy-momentum tensor has two contributions. The direct contri-
bution from the brane itself, together with any matter that it carries in the form of S,;, and a
geometric contribution from the bulk curvature through the tensor 7. The expression for the
Einstein equation is not exact but has corrections at second order in S, (but no higher orders),
see [18] for more details. These corrections are small as long as the net contribution to the 4d
Einstein equations does not reach stringy densities [25].

An important property, peculiar to the dark bubble, is that S,, seemingly contributes with
the wrong sign to the 4d energy density. This is the minus sign in front of S, in (2.1). In the
case of a pure brane, we simply have S, = —oh,;, which is why a larger value of the brane
density o reduces the effective cosmological constant given by A4 = 0. — . For the dark
bubble to nucleate, its tension needs to be smaller than the critical value o, guaranteeing a
positive cosmological constant.

To get the full energy—momentum tensor 7, in the presence of matter on the brane, one
must take into account its backreaction on the bulk, captured by 7. This gives rise to an
effective total energy density in 4d that is equal to the physical one. It is this phenomenon
that has been exhibited in earlier work mentioned in the introduction. The choice of the bulk
solution is part of setting up the appropriate initial conditions for the physical situation of
interest. It is a non-trivial result of [25] that this can be done for electromagnetic waves such
that the subsequent time evolution is that of general relativity coupled to Maxwell theory. A
crucial aspect is how the electromagnetic field on the brane sources a string B-field in the bulk.
The backreaction of this field on the bulk metric is what allows the tensor 7, to give rise to
the desired energy-momentum tensor 7.

Following [25], we note that the 4d Einstein tensor, and the electromagnetic energy-
momentum tensor on the brane, are both covariantly conserved. The first by construction,
and the latter through its equations of motion. This is what is needed for any consistent coup-
ling of matter to gravity. It then follows, by construction, that the extra piece in the 4d Einstein
equations that changes the sign of the energy-momentum tensor, also is covariantly conserved.
Hence, there is no mixing between the terms, and the Einstein equations remain true for all
times, up to corrections that are relevant only at stringy energy densities.

The goal of this paper is to incorporate the charged Nariai black hole into the dark bubble
scenario, which we review in the next section.

3. Reissner-Nordstrém—de Sitter (RN-dS) black holes and the Nariai limit

In this section, we briefly review RN-dS black holes and the Nariai limit in four dimensions.
These have been receiving increased attention recently and led to the Festina Lente bound in
[38]. These black holes are solutions of Einstein-Maxwell theory given by the familiar action

1

S =
251%1,4

1
/ d*x\/—ga (R4 - ZFWF”” - 2A4) , (3.1

with Ay = +3kﬁ. For finding black hole solutions, we choose the metric to take the usual
expression

T
ds? = —f(7)d? +f(?)

+72d,. (3.2)

3 Note that we are using — -+ ++ signature so that /i, < 0 has S, > 0 (and S} < 0) for a positive energy density



Class. Quantum Grav. 41 (2024) 245011 U Danielsson and V Van Hemelryck

The Maxwell equations then allow for a non-trivial electric field with the familiar form:

F= %—sziAd?. (3.3)
r

Finally, the Einstein equations are solved for the following function f:

2M Q?
fi)=1-= +%—k?ﬁ2 (3.4)
2
= R bR () ) (). (3.5)

The first formulation (3.4) contains 3 parameters, where k4 is the inverse dS, radius and M
and Q are the mass and charge parameters, respectively, both with dimension length. They are
related to the physical mass m and charge Qgy as follows:

_ Q]25M£]23],4
3212¢ephic

hcl?
M= 7])174," QZ

87 ’

(3.6)

The second formulation (3.5) contains 4 parameters, the three radii 7,7_, 7. and k4. Without
loss of generality, we take 7_ < 74 < 7, with 7_ (71) representing the inner (outer) horizon
radius of the black hole and 7, the cosmological horizon radius. These radii must satisfy one
constraint, being:

I (7 47 i iy i Fet i) = 1, (3.7

which is solved for

= (- 3R ) 2 ). 69

Relating the radii to the charge and mass parameters, we find
QP =k r_iypie (Po iy i), 2M =g (P +7y) (P +7e) (g + 7). 3.9)

The constraint (3.8) and the fact that 7_ < 7, < 7, do not allow for every combination of
charge and mass. For black holes in Minkowski space, this leads to the extremality bound
Q < M. The constraint comes from the fact that the inner horizon cannot cross the outer hori-
zon, i.e. 7_ # 7, preventing the development of a naked singularity. For the RN-dS black
hole, the same reasoning goes true, although the extremality bound Q < M is slightly altered.
Additionally, the outer horizon of the black hole is not allowed to be bigger than the cosmo-
logical horizon. As the three radii are related through equation (3.8), these constraints can be
summarised into one inequality, which in terms of the charge and mass takes the following
form [37]:

27 (kaM)* — (kaM)? (36 (ks Q) + 1) + (ks Q) (4 (ks Q) + 1)2 >0.  (3.10)

Both of these constraints can be visualised in the phase diagram of RN-dS black holes, depicted
in figure 1.

In the Nariai limit, one lets the cosmological horizon and outer black hole horizon come
close together such that they become indistinguishable for observers. However, they cannot
become strictly equal, and therefore it is useful to expand the metric for an observer that feels

5
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ka@

Nariai branch

ks M

Figure 1. Only black holes with charge and mass under the curve are allowed. The top
blue line corresponds to extremal black holes where inner and outer black hole horizons
meet, and is referred to as the ‘extremal branch’. The vertical blue line represents the
black holes in the Nariai limit, where the outer horizon and cosmological horizon meet,
which is referred to as the ‘Nariai branch’.The dashed line represents Q = M and illus-
trates that the extremality bound for RN-dS black holes deviates from the one for RN
black holes in Minkowski space.

no force in between those two horizons, located at 7 = 7, with f'(7,) = 0. The Nariai limit
can then be understood by bringing the two horizons close to this static observer, although
not touching. In principle, one can find the solution to the equation f'(7,) =0 in the form
Fo = Fo(74,7c). However, the expression becomes rather lengthy and it is not necessary for
our discussion, so we do not write it here. So in what follows, we want to consider the limit
P4 — Fy <+ Te, see also [39, 40]. It proves to be useful to perform a coordinate transformation
as follows:

P If(rg) | g, 1=\ JIf(F) |1 @3.11)

With this, the 4d metric becomes

~ 2
dsi——]{((;g)ﬂdtz—!— |J;((?))|dr2+< £ (7e) | r+%g> de,. (3.12)

Now we take the Nariai limit 7, — 7, < 7... For that, it is very useful to expand the functions
f(r)/|f(7,)] in terms of r. However, evaluating everything in terms of 7, (74 ,7.), which we did
not write, and then taking the limit 7, — 7, is rather complicated. Instead, it turns out to be
more useful to introduce a small parameter € as follows:

Fo=tc(1—¢€), Fy=r(1—-2e+0()). (3.13)

Notice that the parameterisation above respects f’(7,) = 0 or equivalently 7, = 7, (¢, 74 ), up

to linear order in €. Now, we can perform the whole calculation including up to first order in €

and then take € — 0 in the Nariai limit. Let us now perform a series expansion of the metric in

small r and up to leading order in €. To do that, we note that
d d

a - f(;’g)g, G.14)
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The metric functions become:

r 1 2¢ 1 2\ 2
AT (CREI B L [@(1_4&2‘6)5

P40 (r4, 62)

(3.15)
f 1
= ﬁ<126+ 2y [6kF — — F+0(73,62)> (3.16)
rC
In the Nariai limit, i.e. ¢ — 0, we recover the dS, x S% metric:
dr?
ds? = — (1 - (kzr)z) AP + ———— +72d03, (3.17)
(1 — (kar) )
with
2 2 1
13 =6k — . (3.18)

Cc

One can express these quantities in terms of the charge parameter Q:

62\ /1— 121207, 1+/1-12k202
5= ,  B= . : (3.19)
1+ /1- 12202 6k2

It is important to note that, apart from being a near-horizon limit of the RN-dS solution, the
Nariai metric is also a genuine solution of the Einstein—-Maxwell equations with a constant
electric field. Indeed, with the metric (3.17) and constant electric field like the one in (3.3)
(with 7 = r,.), the Einstein equations reduce to

2
_?:_% _3e (3.20)

Q2
—k§=+?—3kﬁ, (3.21)

c

which have the same solutions as in equation (3.19). Furthermore, the Nariai background is
also a solution of ‘Einstein—Born-Infeld’ theory [41], where one replaces the Maxwell action
of electromagnetism with the Born—Infeld action, with a constant electric field. Additionally,
the role of dilatonic couplings has also been studied for the charged Nariai black hole
setup [42].

As explained in the introduction, the goal of this paper is to embed the Nariai black hole
into the dark bubble. Let us therefore end this section with some expectations on how the 5d
embedding should look. In the dark bubble model, any 4d energy density on the brane bends
it outwards. The first example was discussed in [18], where point particles in 4d correspond to
strings that pull on the brane in the extra dimension. Additionally, in [25] it was shown that in
the presence of an electromagnetic field on the brane, there also exists a B-field that pulls the
brane outwards.

It is therefore expected that other 4d energy sources, like black holes, also bend the brane.
Pictorially, one can think of a black hole as a very thick string pulling on the brane, and we
expect a throat-like structure as in figure 2. For an observer outside the black hole, there are

7
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Black hole horizon

Cosmological horizon

Figure 2. A black hole on top of a dark bubble. In the Nariai limit, the structure close
to the horizons becomes a straight cylinder.

two horizons. The outer one is the cosmological one, while the inner one is that of the black
hole. The mass of the black hole is so large that the brane starts to bend upwards already far
outside of the cosmological horizon centred on the black hole. As explained above, in the
Nariai regime, the black hole horizon and cosmological horizon do not coincide but are close
together such that they become indistinguishable. In figure 2, this corresponds to a strongly
warped regime where the segment of the brane in between the two horizons becomes a cylinder
rather than a cone.

In the next section, we explain in detail how a Nariai black hole on the brane can be under-
stood in a 5d embedding. The upshot is that it can be seen as a perturbed version of a ‘black
string’” background, which was discussed in [43].

4. The 5d black string

In this section, we set up the five-dimensional backgrounds that allow us to embed a brane with
the Nariai geometry. For that, we need a five-dimensional asymptotically AdS spacetime with
the proper topology. It turns out that black string solutions in AdSs do precisely that. Black
strings in such spacetimes have been extensively studied, see [43—47] for a select overview.
The background that is suitable for our purpose is related to the ‘magnetically charged black
string” in AdSs that was described in [43]. In the remainder of this section, we introduce a
modified version of this background, allowing for a dS, subspace.

In particular, we start from five-dimensional Einstein gravity coupled to a three-form field
strength H with the following action:

1

S =
2413>175

/ dxv/—gs (R5 —3A5— ;|H|2) , 4.1)
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where As = —4k? is the 5d cosmological constant with k the inverse AdSs length, and H a
three-form field strength with two-form gauge potential B*. For the metric, we take a modified
black string Ansatz that makes the dS, structure of the Nariai black hole that we are aiming
for more apparent:

7 2
W e edo, s Y wo

(1 - (kzr)z) w(u)

where k, represents the inverse dS, radius. When it is put to zero, the metric corresponds to
the Ansatz of [43, 48] again. We also turn on one non-vanishing, electric component of the
H-field, which we parametrise by

ds? = —f(u) (1 . (kzr)2) 2 +

f(w)f(u)

H=q 5

dtAdrAdu, 4.3)

ur\/w(u

where ¢ is a constant. With this rather particular choice, the field strength H satisfies
*H=gqvol($*), dxH=0, 4.4)

hence it automatically solves the equation of motion for H and g represents an electric charge
for the field strength H>. As usual, the Einstein equations are

1 3 1 1
Run — =R “As == ( |H}wy — = gun|H)? 4.5
MN = 5 gMN+2 5 2(| v 2gMN| |)7 4.5)
This gives five non-independent equations to solve (the tt-, rr-, 86-, uu- and ru-components).
They are the following:

T 1 72 }1+z 1 2 1
f+— w +w —fTJr 2wy ) —err L~ (4.6)
u u? ut u?

4f 4T
(ﬁ}+i)w’+w<—£;+f;f%+:2>—6k2+3j—:2=0 @)
() () () 5 ()
—ké—élé—Z—j i (48)
V:J;}’ Z(J;+§>’ig6k2+§+;;—o (4.9)

41In a string theory context, the cosmological constant arises from moduli stabilisation. Notice also that we have
omitted a dilatonic coupling to H. We have justified this in appendix A, where it is shown that a non-trivial dilaton
can be neglected in the approximation scheme used in this paper.

3 In [43], the authors work with a two-form field strength that we have Hodge dualised into the three-form field
strength H. In their prescription, the constant g is a magnetic charge of their two-form field strength.

9
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for
Bl — =0. 4.10
2(1’ f) 10

It is important to note that all the derivatives appearing above are with respect to the u-
coordinate and that the differential equations involve no r-dependence. As we mentioned
before, when k, vanishes, one recovers the Einstein equations for the charged black string
in AdSs [43]. Fully analytic solutions have only been found for special values of the charge
g, see e.g. [43, 44, 49], and when k*>q?> = 1/12 the solution is even supersymmetric [44, 49].
Nevertheless, the Einstein equations can be solved both for small and large values of ku for any
charge g. We are interested in the latter case, where the functions f,fand w allow Fefferman-
Graham expansions of the following form [43, 48]°:

£9 () = (k) + 2 + — (1 - 12(kq)2) loglhu) | &t ¢ <1°g Um)) @.11)

2" )\ )
~ _ 1 1 log (ku) cr log (ku)
FO ) = ()’ + 5 + 75 (1 - 12(kq)2> W Twr 0 < ) ) 4.12)

O () = kP 2 L 2\ log (ku) ¢,+c.+ (kg)* /3 log (ku)
(u) = (ku) +3+6(1 12(kq)) e + ) +0< o )

(4.13)

The constants ¢, and ¢, determine the mass and tension of the black string and can be determ-
ined in terms of the horizon radius by matching these expressions to the near-horizon expan-
sions of the black string solutions, as was done in [43].

When k; is turned on, the Einstein equations receive additional terms and hence the solu-
tions change. First, equation (4.10) informs us that f = ¢'fand we can take ¢’ = 1 as it can be
absorbed by redefinition of the time coordinate . This implies that we need to take ¢, = ¢, and
such 5d solutions turn out to be extremal at zeroth order in k,. We then solve the system of
differential equations perturbatively when k3 /k* becomes small. We can write the expansions

flw) =1 () + ié V(W) +0 (/) (4.14)
W)= w® 1)+ 200 )+ 0 (11 @15)

When plugging these into the Einstein equations, we find the following Fefferman—Graham
expressions of the first-order corrections:

_ 1 1 log(ku) ¢ log (ki)
f(l) (M) —aq (ku)2 + E (al — 1) + Eal (1 — 12(k61)2) (ku)z + (kul)z +0 < (ku)4 )

(4.16)

6 As explained in appendix A, if a dilatonic coupling to the H-field were to be included, its equation of motion would
impose its non-constant part to be much more subleading in the large (ku)-limit than the order we are considering.
Therefore, it is justified to have omitted it.



Class. Quantum Grav. 41 (2024) 245011 U Danielsson and V Van Hemelryck

W (= L, “2ataa) log (ku)
(u)=—3+ ) +0< ) ) (4.17)

This introduces two new parameters, a; and c;, which are not fixed by the Einstein equations.
One could try to see whether these parameters are constrained when matching these expan-
sions with small (ku)-expansions as in [43] and how the mass and tension of the black string
background are affected, but we postpone this for the future.

5. Glueing two black string solutions together

5.1. Solving the junction conditions

At this stage, we are ready to glue two different black string spacetimes together. They are
joined together by sharing a boundary, which corresponds to a (dynamical) shell. In our setting,
the shell is provided by a three-brane that is embedded at a fixed location in the u-direction,
i.e. at u = a with a constant. The prescription for glueing spacetimes was originally developed
by Israel in the form of junction conditions [50]. The first condition requires the induced metric
on the shell (three-brane) to be continuous:

ho =ht, (5.1)

where h,,, is the induced metric at u = a and the ‘—’ and ‘4’ refer to the spacetime on the inside
and outside respectively. The second junction condition requires that the extrinsic curvature
must be discontinuous across the shell. The jump in the extrinsic curvature is provided by the
stress tensor of the shell, formulated in the second junction condition:

AK), — AKh), = 03 Sh,, (5.2)

where S,,,, is the stress tensor on the brane and the A refers to the difference of the quantities
between inside and outside spacetimes, i.e.
n n
AK,, = (K_), — (K1), AK=K_—K,. (5.3)
Before discussing the extrinsic curvature contributions, let us first take a look at the stress

tensor on the brane. We use a three-brane with a world-volume field strength F, described by
a DBI action of the following form:

Sppi = —0 / d*x/—det (hap + 7 Fap) - (5.4)

The field strength F is a combination of a worldvolume U(1) gauge field A with field strength
F and the pull-back of the B-field on the brane:

TF =TFa, + Bap, (-5)

where H = dB locally. With a stringy embedding in mind, we think of the brane as a D3-
brane and we have 7 = 27 «’, while the tension of the D3-brane is ¢ = m — 0. The
correction do reduces the tension so that o < ., and we get a positive cosmological constant.
Its presence was argued by referring to the weak gravity conjecture in [23], and it was explicitly
calculated in [24] using stringy R*-corrections to the brane action. We must also allow for a

1
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constant electric field on the brane. Due to the coupling to the B-field, such an electric field
sources a jump in the H-field across the brane. As we have already imposed the expression of
the H-field in the previous section, we can use the H-equation of motion with the three-brane
source to evaluate the electric field and hence the stress tensor in terms of a jump in the H-field.
The details are worked out in appendix B, and when we evaluate the stress tensor in the large
u = a limit, we find

1 E? 1(Ag)* 11
S == — — = _—g— 2 5.6
L 7 26123114 2 773 Kkt oat (56)
1 E? 1(Ag)* 11
§O =% — _ I - 5.7
A T R 67

Here Ag = g+ — q_ corresponds to the difference in 5d charges on the in- (‘—") and outside
(‘“+’) as defined in equation (4.3). Now we turn back to the geometrical part. We write the
metric on the out- and inside as follows:

2 du?
dr’, +uPd + ——, (5.8)
wy (u)

S (u)

ds? = —f1 (u) (1 - (kZiri)z) 2 +
(1= sry?)
Note that we allowed for different time and spatial coordinates on the in- and outside with
¢+ and ry, and for different inverse de Sitter radii k,+. Additionally, the functions f (1) and
w (u) have the same functional form as in equations (4.11)—(4.13) and (4.16)—(4.17), but we
allow all the parameters to be different. This amounts to replacing k — k., ¢, — ¢,+, ¢ — g+,
a) — aj+ and Cl —> Cl+.
Now we have everything to solve the junction conditions, for two spacetimes joined together
by a three-brane at u = a. The first junction condition requires us to rescale the time and radial
coordinates as follows, defining new coordinates ¢ and r:

fr(a)ty =/f-(a)1- =1, fel@)ry =f-(a)r—=r (5.9
Additionally, as the induced metric has to be continuous, we have to impose that

ky = oy _ k- , (5.10)

Vi@ ()

where the new k; is now the physical inverse dS, radius that an observer on the brane would
measure. With all this, induced metric becomes indeed of the dS, x S type:

1
higdx"dx" = — (1 - (kzr)z) dr* + 72# +a*dQ, (5.11)
(1 ~ (kar) )

Because the solutions are constructed in the large (k+a)- and small (k4 /k+)-limit, we infer
from equations (4.11) and (5.10) that k, must satisfy

ky ko 1 1
ky(kia) ~kpe = — ~ 2 — & — < 1. 5.12
2 (kxa) ~ ko ke ke < a < (5.12)
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Next, we compute the extrinsic curvature combinations appearing in the junction condi-
tion (5.2). The #t- and rr-components are the same, the 86- and ¢¢-component likewise, which
results in only two independent components, which are

1 <\/w (@f (@) _Vwi(@)f} (a))

AK! — AKh! = % (\/w, (@) —/wy (a)> +5

f-(a) f+(a)
(5.13)
AKY — AKRY = é (\/w, (@) — /s (a)> n (\/@J; (@) \/%; (a)>
(5.14)

These expressions are valid for any functions f4 (a) and w4 (a).

We are now ready to glue two particular geometries together. For the inside, we choose a
geometry described by (4.11)—(4.13) and (4.16)—(4.17), with appropriate constants c, etc such
that the 5d geometry in the k, — O limit is a 5d black string solution as in [43].

On the outside, we allow us a bit more freedom. We still choose a similar black string
solution, but we allow ourselves to choose the constant ¢, as we please. We can do so for
the following reason: the values of ¢, that were calculated in [43] were obtained by requiring
that the large (ku)-expansion of the functions can be glued onto the expressions of the near-
horizon expansion, where the horizon was located at ku, < O(1). However, in our setup on
the outside, we do not need such requirements. What happens for small ku, all the way down
to the would-be horizon, is taken care of by the geometry on the inside of the bubble. This
allows for more freedom in choosing the parameters. A similar situation occurred in [51],
where over-extremal Reisner—Nordstrom geometries were constructed, also by glueing two
AdS spacetimes together with a spherical shell. A naked singularity did not occur, as the inside
of the shell did carry no charge.

With these comments, we are now ready to compute the extrinsic curvature contributions
to the junction conditions. As we discussed before, the functions f and w_ are defined up
to first order in k% L/ k? as in (4.16)—(4.17). These should now be expressed in terms of the
physical k, through the first junction condition (5.10). Since we have constructed the solutions
perturbatively in k>, we can identify the physical k; in a similar manner, by which we mean
that

2
By =k3fs (a) = k3 (fi” (@) + 240 (g) +> (5.15)

+
K
and hence our perturbative expansion allows us to drop the second term and write
k3. =B (a). (5.16)

Additionally, we note that the functions w. and f. are defined up to order (k+a)~2, but we
expand the extrinsic curvature contributions (5.13)—(5.14) up to order (k+a)~*. We should do
this because the functions w.. and f. are leading with (k-a)? and approximated up to (k+a) 2,
but by taking the root in (5.13)—(5.14) lowers that with one power, and dividing by a or taking
a derivative lowers it with an additional one. Hence the combinations are leading by (k+a)®
and are truncated after (k+a)~*. Finally, we also allow us to throw away terms of the order

13
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(k3/k%)/ (k+a)?* because these are much smaller than 1/(k+a)* by equation (5.12). With all
these truncations, the extrinsic curvature contributions become

ko —ko 1 o — L =\ 1
AK — AKK. =3 (k_ —k M rm 4 St T ) L
t t ( +) 2%k k+ a2 + ( k3_ ki_ a4

N (1—12k*¢* )log(k_a) B (1—12k%¢% ) log (k+a) 1
16 12k3+ at
3—2611 3—2(,11,
+ i3 [ (a_k_ —ay ki )a® + ( o * T )} (5.17)
c 1 1=k . 1 112 |
AK? —AKRY =3 (k. —k.) — r— 24 24 ot T4 24 -
6 6 3( +) k3_ ki— a
(1—12k%¢* )log(k—a) (1 —12k3 4% )log(ksa) \ 1
123 12/, at
3 *4(11_;'_ 3 74611_
+ i3 [2(a|_k_—a]+k+)a2+( k6 )] (5.18)

We notice that the logarithmic dependence on a in both of the extrinsic curvature contributions
are the same, and that the junction conditions become insensitive to the constants c; 4+ due to our
approximations. Equating these to the stress tensor contributions (5.6)—(5.7) and rearranging
the terms, we find that the junction conditions become

! ! _Ela)

3 +13 (A(ks,a11) @ +B(ks,a11)) == P - 3k; (5.19)
2 2 03 E( ) 2
—k; (2A (k+,a14) @ +2B (ks a1+) + 1) = + T — 3ky, (5.20)
where we have introduced the following definitions:
k_ky
A(ks,a1+) = 2 ~x; (a—k— —ayiky) (5.21)
k_ky (3-2a;y 3-—2a_
B(k =2 - 5.22
( :I:;alﬂ:) k_ —k+ < 6k+ 6k_ > ( )
=(a) 2% ky ((1-12k2¢%)log(k—a) (1 -12kiq})log(ksa) 5.23)
k- —ky 12k 1243
2k_k A r—— 3 Cr+— g
Q;z — + ( q) 4 ¢ - 24 Crt > 24 (524)
k. —k. |\ 8 £P15 o K ki,
2k ky (1-1224% 11— 12k2q2>
;=0 + ( - (5.25)
"ok —ky 24k% 24k2
2k_k
32 = — (B so =3k —ky)) . (5.26)

k- —k,
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5.2. Matching with 4d Nariai

Ideally, we want the junction conditions (5.19)—(5.20) to take the form of the 4d Einstein
equations in the usual 4d Nariai setting:

1 Q?
= 3k; (5.27)
2
—k5 = +=; = 3k;. (5.28)
a

This is not quite the case yet. For instance, we want no term proportional to k3 in (5.19),
meaning that A(ky,a;+) = 0 and B(ky,a,1) = 0. Additionally, we want no term proportional
to k3a* in (5.20), the only term involving k3 being exactly proportional to — 1, which is accoun-
ted for by the same requirements. These are solved by

3k

a4+ = M (529)

With these choices, there are a few other terms that we do not want to be there, e.g. the ones
with a logarithmic dependence in a. There are a few ways to tackle this problem.

5.3. A special case
If one tunes the 5d charges so they obey

K-k (1- 12k ¢%)
12k ’

Kiqy = (5.30)

we find that the function =(a) becomes constant and that the two charge parameters are the
same:

ko
ko —kg 123 ’

[1]

(@) ===

0 =0;- (5.31)

Now the two junction conditions (5.19)—(5.20) nicely become the 4d Einstein equations of the
Nariai spacetime with the 4d charge satisfying:

2 2 k_
O griz Zeke | 1AL e - e =g (1- 12242 ) og (5
ke —ky | 8 8,5 0 B k3. 12i3

(5.32)

In these expressions, it is useful to identify the 4d Planck scale using the standard dark bubble
relation

2k_ky
P = g, s (533)

Per usual, the Nariai system is solved for a and k; in terms of Q and k4. We find that

1 k2 2
Ba® = \/1- 121202 K= J;aja (5.34)
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and for the tension, we have that

1/1 1 K2
Gso=3(k_—k ()3/83 k. —k (1 4 > (5.35)
P15 ( +) AV A ( +) %k,

We need to check as a consistency requirement that (k,a)? < 1 and o > 0, and preferably that
@1750 —3(k— —ky) < 1. The first requirement stems from equation (5.12) and is accounted
for whenever 1 — 12(k;Q)? < 1. This means that the Nariai black holes we are describing, are
near-extremal, and hence the chargeless-limit k4Q — 0 cannot be taken. Additionally, one sees
that for the near-extremal limit, k3 ~ 1/(6a?). Hence k3 /(2k k_) ~ 1/(12(kya)(k_a)) < 1
and the tension is indeed positive and close to the critical tension. The near-extremal Nariai
limit can be obtained by an appropriate choice of c¢,,.. We want to stress again that, although
q+ and ¢, are not completely independent in the ordinary black string setup, we can take
them independent here as we do not need to meet the requirements that the solution on the
outside extrapolates to a solution for small values of a without naked singularities.

5.4. Unconstrained charges

If the extra term on the right-hand side of equation (5.25), as well as the term = in
equation (5.19), were subleading, we would not need to impose any further constraints on
the charges. This can be achieved provided that Ak =k_ —k < k_, and by taking g_ =0,
k+q+ < 1. Having k_ ~ k4 is natural in the stringy embeddings considered in [23, 24]. As
in the examples studied in [25], it is also natural to have g_ = 0 and the exterior charged g+
fully sourced by the presence of an electromagnetic field on the brane. As we verify later, we
also find that, even though the 4d Nariai is near-extremal, the 5d uplift has kg4 < 1, which
means that it is far from supersymmetric.

6. Relating fine structure constant to the string coupling

In this section, we derive a relation between the gauge coupling of the electric field, i.e. the
fine structure constant, and the string coupling. Before doing so, let us remind ourselves of
some qualitative features of our setup. As we explained at the end of section 3, it was shown
in [18] that fundamental strings pulling on the brane provide very small black holes on the
brane, and we argued that larger black holes can be seen as thick strings. Those can be seen
as multiple strings puffed up into a cylinder-like structure, where the strings dissolve into
electric flux on the brane. Let us tie this idea with the properties of the mass-charge diagram
or sharkfin of 4d black holes in figure 1. A black hole arising from one fundamental string
pulling on the brane, which has unit values of charge and mass, sits in the lower-left corner
of the diagram and corresponds to the smallest possible, extremal black hole. If several such
strings are added on top of each other, one moves up along the extremal branch, where the
inner and the outer horizons of the black hole coincide. This can be done up to the maximal
Nariai value in the upper right corner of the diagram, where both black hole horizons coincide
with the cosmological horizon.

There exists a very non-trivial way to test the dark bubble model of the Nariai black hole.
In [18], it was shown that a string pulling on the brane corresponds to a particle of mass 7L,
where 7, is the effective tension of the string and L = 1/k, the AdS radius. The effective
tension can be obtained by integrating the energy density over the S2. The difference in tension
(including the energy density of the electric flux) compared to the critical tension contributes
to the energy density as the cosmological constant.
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According to the picture painted above (i.e. seeing the extremal Nariai solution as a polar-
ised collection of fundamental hanging strings), this should be true also for the thick string
representing the extremal Nariai solution, implying that

TNariaile = 1. 6.1)

In the following, we show that this indeed holds, provided that the fine structure constant of
electromagnetism is related to the string coupling, precisely as in [24].

To test this condition, let us first compare our charge Q with its usual definition in Maxwell’s
theory in terms of the fine structure constant and fundamental charge. We make use of the
assumptions at the end of the previous section and find using equation (5.24)

1 g% 1
Q2=€%1,4< I _ 4 ) 6.2)

TR 6 3 13
84?1,50' EPI,Sk

where
CM = Cr— — Crt . (6.3)

Here we only include leading contributions in k_ — k and have putk_ ~ k4 ~ k. We double-
check our approximations at the end. Note that ¢y > 0 and ¢, < 0. We first need to properly
quantise the charges. To do this, we recall equation (3.6) and reinstate the speed of light and
reduced Planck’s constant:

2 2 2 2
hcépmm 2 QEM€P1,4 — Mo £P1,4 (6.4)
8r 32712 hege EM e '
. 2
We then take Oy = Ne, where e is the elementary charge, and use apy = m, the fine

structure constant. As explained above, we can think of this 4d charge being supplemented
by N fundamental strings pulling on the brane. These strings also source the H-field on the
outside, providing the 5d charge g . Considering how a fundamental string sources the H-field
(see appendix C), we find

Coy 5
qr1 = 7477%/ ) (6.5)
and hence we can take g = Ngp; (and g_ = 0). All this implies that
2 N?g 03 03 icm
A2 P4 V8sthig P14 6.6
Mg or | ©0
and we conclude that we must choose
Gracm  N*lpyy ( 8s
AT T A+ 7) . (6.7)
E?’],s]& & 2

To further test equation (6.1), let us consider an extremal Nariai black hole. Such black holes
sit in the upper right corner of the charge-mass diagram in figure 1, have a Mink, x S? near-
horizon geometry and correspond to taking k, = 0. We now want to view the extremal Nariai
black hole as a thick string pulling on the dark bubble. To do this we must first identify the
effective tension. This is obtained by integrating the correct energy density over the S°. The
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total energy density as measured in 4d is given by ez—laz This is not the relevant quantity as
Pl,4

observed from 5d. Several quantities contribute to the total energy density (or tension) and
they can be read from how the 5d spacetime is curved. The strategy to find this energy density
is to view one of the junction conditions as the energy conservation equation. Following [52],

we multiply the junction condition in (5.2) by the factor (\/ w_(a)+ /Wyt (a)) /2, evaluate
the extrinsic curvature contributions and rearrange to get (to leading orders)

V@@ 3R -R)a e 68
' 2 2@1,5 61331,5]‘25’3 .

Integrating over S? to get a tension, multiplies the expression with 47 a”. The first (positive)
term on the left-hand side is the total energy density of the brane (expressed in 5d units),
including the electromagnetic contribution, while the second (negative) term is due to the lower
energy inside the bubble. The right-hand side is the total effective tension, TNariai, aS Viewed
from afar. We find

47T LCM ) 8s 1
= = = ( —) e .
M = TNariai Elgjl Skza N | agm + 2 ) 2 (6.9)

We find the same formula by looking at the masses of the black string spacetimes, which were
computed in [43]. The effective energy or mass of the string should be equal to the difference
in masses of the out- and inside spacetimes as energy is conserved in the bubble nucleation
process. From [43], we see that the mass, adapted to our case, is

4L 1
my = % ( —c,i> . (6.10)
gp],sk:t \/f:l: (a) 24

We have an additional factor /f (a) due to the coordinate rescalings that we have introduced
in equation (5.9). The effective mass of the brane to leading order in our approximations is

47 LCM
= — _ = s 6.1 1
e Ef,l,skza ©10

which agrees perfectly with (6.9).
To proceed, we look at the extremal Nariai limit, for which

1 1 Gy 2V2
a= = —m=—0<0, 6.12
N 3 9<¢ (6.12)
where the third relation is obtained by putting 7_ = 7, = 7, in equation (3.9). This leads to
87 Q2 gs 1 3m gs
e [ ( 7)7:7( 7)_ 6.13
M = TNariai £p17405EM QgM + > \/EQ doem QgM + > ( )

This equation is only consistent when we require that agy = 3§*. What we see is that our
identification of the 4d gauge field with the electromagnetic Maxwell field forces the string
coupling g, to be directly related to the fine structure constant agy in 4d.

This is exactly the same value obtained through the very different calculation of [24] using
unit charged extremal black hole as a fundamental string pulling on the dark bubble. The
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calculation does not make use of any resolution of the string into a 4d structure as in the case
of the cosmological Nariai black hole. Instead, it relies on the detailed microscopic stringy
embedding into higher dimensions, in particular on an AdSs x S5 background [23]. Let us
review the calculation and compare.

The 4d extremal RN black hole with unit charge has the mass

8T
mry = | 7 ™ (6.14)
P4

while the effective 4d mass of the pulling string is given by

L [ 127 g
Mps = TpsL = T = 61231 ) . (6.15)

Here we have used the relation

22
L €P1,4 o
05/2

4873g; . (6.16)

This can be obtained by combining different equations, such as the relation between the 10d
and 5d Planck scale, as well as the expressions of the AdSs scale and S° radius in terms of the
Fs-flux quantum N, which are

£13)15 _ K/%() :2671.4&)20[7/47 L4:4'/TgyNCO[/2. (617)
5= Vol (59 I3 |

The final piece of information needed for equation (6.16) is the junction condition (5.33),
which by equation (6.17), is

3N,
lha =" lois- (6.18)

The relation equation (6.16) is also what guarantees that the tension of a pure D3-brane (ignor-
ing the subleading correction that gives the positive cosmological constant) is exactly equal to
the critical one o.. That is,

1 3Ak 6

.= (6.19)
(27)’ a2g,

==
gPl,S L £P1,4

Demanding mrn = m,s, we again find apm = %gs.

What is remarkable for the extremal Nariai black hole, is that the derivation of the relation
between the string coupling and the fine structure constant is done without needing details of a
stringy embedding. Nevertheless, this was necessary in the analysis in [24], for a single string
as reviewed above. This indicates that the dark bubble is a very robust construction. In fact,
the logic can be turned around by using the dark bubble to derive the necessary properties of
the fundamental objects representing, e.g. unit-charged extremal black holes. What we find is
that strings in a background such as AdSs x S° have exactly those properties.
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7. Discussion

In this paper, we embedded the extremal Nariai black hole into the dark bubble scenario. We
did so by joining two (modified) AdSs black string backgrounds together, accommodating the
proper isometries and asymptotics of the Nariai solution. We interpreted this as the black hole
representing a thick string pulling on the brane. Nevertheless, what happens for more general
black holes remains an interesting question. Such black holes are expected to warp the brane
more, and it would be interesting to see how the junction conditions can be solved for such
backgrounds. See [21], for some related results.

Next, one could wonder about Gregory—Laflamme instabilities [53] for the setup we con-
sider. According to the correlated stability conjecture [54, 55], a classical Gregory—Laflamme
instability should correspond to a thermodynamic instability, i.e. when the specific heat
becomes negative. This has been verified for many examples, although counterexamples have
been found as well where the black strings have scalar hair, see e.g. [56-58]. In [43], where
no scalar hair is present and hence the conjecture is expected to hold, a critical value of the
5d charge was identified beyond which the specific heat is always positive. Below this value,
three different branches open up of which two are stable. It turns out that the extremal black
string solution we consider on the outside, i.e. with ¢, = ¢;, has zero Hawking temperature
and belongs to a stable branch. For the inside, where we are also interested in extremal back-
ground with vanishing 5d charge, it was shown in [45] that the classical instability does arise
for this regular background. A possible solution to this problem is to consider a non-vanishing
5d charge on the inside as well. Notice that all these observations are only studied for the case
ko =0. It would be interesting to see how the situation is affected by non-vanishing k, in the
future. Additionally, one should remember that these instabilities have been investigated for
static backgrounds. In the full dark bubble setup that we have in mind, the black hole is more
than the cylinder, as depicted in figure 2. The black hole is riding a brane that is expanding. It
would be interesting to see if there is a connection between this and classical instability.

Next, we managed to relate the electromagnetic fine structure constant to the string coup-
ling, in agreement with the calculation for an extremal black hole of unit charge, as in [24].
Remarkably, the same relation is obtained even though our calculation for the cosmological
Nariai black hole does not make use of the microscopic relations between, e.g. the string scale
and the higher dimensional scale L. This suggests an internal consistency of the dark bubble
that is replicated by string theory.

Finally, as we constructed Nariai geometries, it is only natural to consider the Festina Lente
bound, discussed in [38, 59], which states that any charged particle in a (quasi-) de Sitter
background must obey

m* = miH> ~ 1/ (N2, ) ~ 1/L*, (7.1)

where we have expressed the bound in quantities relevant to the dark bubble. The reason for
this bound becomes apparent when the charge-mass diagram of figure 1 is studied. The weak
gravity conjecture ensures that a charged black hole can be discharged by emitting particles
of mass Q > M. However, when the mass of the particle becomes too small, the charged black
holes close to the Nariai branch in figure 1, could exit the allowed region, and collapse into a
naked singularity. The Festina Lente bound prevents this from happening.

We believe that our embedding of the Nariai black hole into the dark bubble can be used to
further examine this bound. As we see from (7.1), the bound exactly coincides with the size
of the AdSs scale and the size of the extra dimension. According to Festina Lente, all charged
particles must have a mass at least set by this scale. This is particularly true for all fermions. As
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already speculated in [25], we expect that the embedding of the standard model into the dark
bubble involves sets of branes, possibly separated on the internal five-dimensional manifold.
Most of the fermions in the Standard Model, such as the electrons, should have masses which
are given by short strings connecting separated branes. This is equivalent to a coupling to
the Higgs field. The neutrinos, which happen to have masses of the order 1/L, are a possible
exception. Here, the masses could be due to a coupling between massless modes on the brane
(the flavour eigenstates) to massive modes probing the bulk. It could even be that all fermions
are of this form, with a minimum mass set by 1/L. It is just that most fermions have further
contributions to the mass from the coupling to the Higgs fields. This, then, would suggest an
intriguing connection between the Festina Lente bound and the neutrino masses.
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Appendix A. The dilatonic coupling

In this section we write down the conventions for the scales and couplings we use, argue that
the dilaton can be taken as a constant, and derive the energy—momentum tensor of the brane,
which was used in section 5. To connect the black string backgrounds with string theory, we
start from the 10d NSNS action in Einstein frame for the dilaton:

1 1 | B
SNsNs = ﬁ/dlox\/ —810 (Rm — (9p)° — 2@ ¢°)|H|2> . (A
K108 2 2

with H = dB and where e?® = g,. Notice that this has been obtained by Weyl rescaling the
original string frame action with the dynamical part of the 10d dilaton only. When the action
is reduced to 5d, where we allow only for an H-field along the 5d external spacetime, the
reduced NSNS action retains the same form

SNsNs = 215% /dsx\/—igs (Rs - % (99)* — ;e(¢¢°)|H|2> ; (A.2)
where the 5d Planck constant satisfies

K2 = Vols g2 k. (A.3)
Notice that a 5d cosmological constant can arise from moduli stabilisation from internal fluxes

(RR and NSNS). We also remark that there is a dilatonic coupling to the H-field. We have not
included it in the main text, as we assumed the dilaton to be constant, so the dilatonic coupling
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disappears. We justify this assumption here below. With the presence of a dynamical dilaton,
we infer that its equation of motion is

1 1 1
V3¢ + Ee*w*%)m\z == O (8" /85 0u) + 5e*<<f>*ff>o>|H|2 =0. (A.4)

We make the dilaton dependent on the u-coordinate, such that with the metric (4.2) and H-field
(4.3), this equation of motion can be written as

‘/—? (f\/vT/ W2 gl> I (A.5)
Su g 2g

where e?®) = g(u). With the large ku-expansions (4.11)—(4.13) for f and w, one can solve this
for g(u) and finds that the ku-dependence is subleading:

log (ku)
W) =g, +0 2, (A.6)
g(u) =g+ ( (k) )

which justifies taking the dilaton to be constant. If one wants to solve our setup beyond this
order, it is necessary to keep dilatonic couplings in the 5d Einstein equations and solve for
all the metric functions and dilaton accordingly, essentially solving for a dilatonic, magnetic
AdS;s black string. This is beyond the scope of this work.

Appendix B. Energy-momentum tensor on the brane

In this appendix, we derive the stress tensor on the brane. We do so by looking at the DBI
action of a D3-brane in Einstein frame for the dilaton. It is given by

Sppr = —0 / d4x\/ —det (hap + T Fape=(@=90)/2) (B.1)

with o = p3/g; = 1/((27)*a?g,), 7 =27’ and
TFap =TFap + Bap . (B.2)

When using a constant dilaton, we have

SpBI = —O’/d4X\/— det (hab + Tfab) . (B.3)

Now we discuss how this brane sources the B-field. Let us expand the square root such that
the DBI action becomes:

2
Sppr = [ d*xy/—hy <—Cf - 02T|.7'—2> . (B.4)
This is the Maxwell action where o7 is the inverse gauge coupling squared. This field strength

sources the H-field. Indeed, we find that

0SpBI
0B

=—0T* FAO(u—a)du. (B.5)
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On the other hand, we find from (A.2) that

OSNsNs

1
—dxs H B.6
5B 22 *s H, (B.6)

so the equation of motion for H is

1
~dxsH=0T% FANO(u—a)du. (B.7)
2K

With an electric Ansatz F = Edt A dr and using our expression for H, equation (4.3) in terms
of the 5d magnetic charges, we find that this equation is solved when the electric field satisfies:

Ag 1 1
E=———. B.8
2k2 0T a? (B-8)
At last, we compute the stress tensor on the brane, which is given by
E 1 (Ag)’ 11
ngsgz—a—o#f:—a—f(i@ff (B.9)
2 2 (2k2)% 0 at
E? 1(Ag)° 11
Sg:Sf;:fa+U7'2—:for+f( q)z——. (B.10)
2 2 (2r2)%0 a*

Notice that instead of expanding the square root in the DBI action, one could also choose not
to do so. The H equation of motion then imposes that the electric field £ must take the standard
Born—Infeld form. Fortunately, expanding that expression for large a yields the same electric
field at leading order and hence the same stress tensor as was found above.

Appendix C. Fundamental string charge

Finally, we briefly comment on how a fundamental string sources the B-field, to derive the
fundamental charge in 5d. A fundamental string couples to the B-field as follows:

1
Swz,1=1:—2 ,/B- (C.1)
T
It therefore sources the B-field in its equation of motion by
1 dxs H ] op1 =0 (C2)
22 i 2ral N '

Integrating this and using Gauss’ law, we obtain the fundamental charge as

Py

_ 5
T 4n2al (C.3)

gri1
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