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ABSTRACT The robust estimation of the covariance matrix is a frequent task in practical applications
in which, more often than not, some data samples are outliers. There are several methods that can be
used to robustly estimate a covariance matrix from corrupted data, a representative example of which is
the minimum covariance determinant (MCD) method. In this paper we present a maximum conditional
likelihood interpretation of MCD that provides a new motivation of as well as further insights into this
method. To perform at its best MCD requires information on the number of outliers in the data, which
usually is not available. We propose two new methods for covariance matrix estimation from data with
outliers that do not suffer from this problem: TEST (multiple-hypothesis testing method) which uses the
FDR (false discovery rate) to test a set of model hypotheses and hence estimate the number of outliers and
their locations, and LIKE (penalized likelihood method) that solves the outlier estimation problem using a
GIC (generalized information criterion) to penalize the complexity of a high-dimensional data model. We
show by means of numerical simulations that the performances of TEST and LIKE are relatively similar to
one another as well as to the performance of the oracle MCD (which uses the true number of outliers) and
significantly better than the performance of MCD that uses an upper bound on the outlier number.

INDEX TERMS Robust covariance matrix estimation, outlier detection, minimum covariance determinant,

false discovery rate.

I. INTRODUCTION

The estimation of a covariance matrix from data containing
outliers is an omnipresent problem in applications and
consequently it has received significant attention in the
literature. The statistical literature contains a multitude of
works on this subject, see for example [1], [2], [3], [4],
[51, [6], [7]. Comparisons of performance reported in these
papers have found that the minimum covariance determinant
(MCD) method proposed in [1], [3] outperformed most of the
other state-of-the-art procedures for robust covariance matrix
estimation. The problem of covariance matrix estimation from
data with outliers has been investigated also in the engineering
literature, see for instance [8], [9], [10], [11], [12], [13], [14],
[15], [16], [17], [18]. The MCD has been found to be one of
the most competitive methods for robust covariance matrix es-
timation in some of these works as well, see for example [13],

[14], [17], [18]. In the present paper we will consider and use
the MCD as a reference method (a.k.a. benchmark) due to its
simplicity and frequent use in a host of diverse applications.
We begin this paper by showing that MCD is a maximum
conditional-likelihood method, which provides not only a new
motivation of but also further insights into MCD. A difficulty
with using MCD in practice is that it requires information on
the number of outliers in order to achieve its full potential.
Because such information is rarely available in applications
we make use of the false discovery rate (FDR) (see, e.g., [19],
[20]) and the generalized information criterion (GIC) ([21],
[22]) to propose a multi-hypothesis testing method (TEST)
and, respectively, a penalized likelihood procedure (LIKE)
for estimating the number of outliers and their positions in
the data string. We use numerical simulations to show that
the performances of TEST and LIKE are relatively similar to
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one another as well as to the performance of the oracle MCD
(which uses the true number of outliers) and significantly
better than the performance of MCD that uses an upper bound
on the outlier number.

Il. PROBLEM FORMULATION

To formally state the problem, lety; € R" (fort =1,...,N)
denote the collected data samples, out of which N, samples
are corrupted (i.e. outliers): {y;} forr € C C {1, ..., N} with
|C| = N,. The rest of the samples are uncorrupted: {y;} for
t e U, with |U| =N, and N, + N, = N. The latter samples
are assumed to be independently drawn from a normal distri-
bution with zero mean and covariance matrix R:

1

—e—%YrTR_IYr
(27‘[)”/2|R|1/2

p(y,; R)= forr eU. (1)

Note that we use the same symbol | - | to denote either the
cardinality of a discrete set or the determinant of a matrix,
depending on the context. Also note that, in order to keep the
notation and the following discussion as simple as possible we
have assumed that the mean in (1) is equal to zero. The case
of nonzero (unknown) mean is slightly more complicated but
mostly only at the algorithmic level (see, e.g., [1], [14]).

The problem considered in the following sections is the
estimation of R as well as U (and implicitly &,) from {y; }ﬁ\':l.

Notation: When dealing with quadratic expressions of the
form y,T A_ly,, where A is a positive definite matrix, we
always assume that the samples are ordered such that:

yIATly >yl Ay, > > yEA ly. )

The indexes of the ordered samples obviously depend on
the matrix A. This convention avoids the use of a different
symbol for the indexes of the permuted samples (such as [7]
or 7 (¢) that is sometimes used in such a case) and hence
simplifies the notation.

11l. MINIMUM COVARIANCE DETERMINANT METHOD:
MCD

The original derivation of the MCD algorithm in [1] relied on
the following simple result. Let JV be any subset of {1, ..., N}
with [W| = N,, and let (for N, > n)

- 1
R=—3 vyl 3)
“iew
Then:
IR| > |R], (4)
where
1 Nll
R=+ D YNV ©®)
U i=1

and where the samples are ordered as in (2) with A = R.
Furthermore the equality in (4) holds if and only if R = R.
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Algorithm 1: MCD.

Il’lpllt: {Yj}ivzl7 Nu
Output: R
Initialize R

repeat

1
2
3 Order the samples as in (2) with A = R
4
5

Compute R using (5)
until convergence

Next we present a simple proof of this result (which is more
direct than other proofs in the literature, see e.g. [1], [14]):
I Ao
(RI/RI)" = RR!/7

1

| D a
= IVZYN+1—tyIC+1—tR7]
Ur=1
- 11 T R
SN, — YN+1—¢ YN+1—1
1 55|
<-Tr(RR™") =1 (6)
n

The first inequality in (6) follows from the AM (arithmetic
mean)-GM (geometric mean) inequality (see e.g., [23]), and
the second from the ordering of the samples as in (2) (with
A = R). The AM-GM inequality also implies that equality in
(4) holds if and only if R = R.

The MCD algorithm uses the above result (assuming that
Ny, or N. = N — N, is given) to minimize the determinant
of the covariance matrix (and hence the volume of the un-
certainty hyperellipsoid estimated from &, samples). Its main
steps can be summarized as follows:

0) Initialization: choose an initial estimate R of R see,

e.g., [1], [14] and also Step 0 of TEST in Section I'V.
1) Using the latest estimate of R, sort the samples as in (2)
with A = R and obtain a new estimate of R from 5).

2) Iteration: iterate step 1 until R remains the same in two

consecutive iterations.

The pseudocode of the MCD is summarized in Algorithm 1.

The MCD algorithm decreases IR| at each iteration and
converges in a finite (usually quite small) number of itera-
tions [1]. Because in general the MCD iterative algorithm
has multiple stationary points it can be advisable to run it
with several initializations, obtain several estimated covari-
ance matrices and then choose the one that has the smallest
determinant. For details on multiple random initializations or
deterministic initializations of a special type see, e.g., [1], [2].

IV. CONDITIONAL LIKELIHOOD INTERPRETATION OF
McCD

Let {b; fvzl be binary latent variables defined as shown below:
1 ifreU

by = , @)
0 ifreC
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For given {b;} the conditional likelihood function of the
uncorrupted samples has the following expression:

P ({yi}ieu Ib: R) 1'[ PR ®)

=1
Maximization of (8) with respect to (w.r.t.) Rand b = {b[}f’: 1
is equivalent to minimizing the negative log-likelihood func-
tion:
N
= Y b [nIn@27) +In[R|
t=1

+y/ Ry ] )

—2Inp ({yi}ep I0; R)

where

N
> bi=N,=N-N..
=1
A. CYCLIC ALGORITHM
Assuming that N, is given, we can use the following cyclic
algorithm (see, e.g., [24] for a concise discussion on this type
of algorithm) to minimize (9):

0) Initialization: choose an initial estimate R of R.

1) With the samples ordered as in (2) with A = R, observe

that the minimization of (9) w.r.t. b (for given R = R
and fixed N,) yields:

N 0 fort=1,...,N,
by = o ¢ (10)
1 fort=N.+1,...,N

Furthermore, the problem of minimizing (9) w.r.t. R (for
given b = b) has the following solution:

Z YIYt

t=No+1

N,
1 u
= 2 INH¥hgn (D)

U=

(assuming that the above matrix is nonsingular).

2) Iteration: iterate step 1 until R does not change any-

more.

Comparing (11) and (5) shows that the above cyclic al-
gorithm is identical to MCD. The maximum conditional
likelihood interpretation of MCD, which follows from this ob-
servation, strengthens the statistical basis of the MCD method.

B. MAJORIZATION-MINIMIZATION ALGORITHM
Interestingly we can also arrive at MCD in another way. Using
the fact that &V, is given, we can rewrite (9) as:

N
const. + N, In [R| + Tr (R—l Z bly,er) (12)

The minimization of (12) w.r.t. R, for fixed b, yields the
following expression for the minimizer (as a function of b):

N
1
R(b) =~ > by (13)
“ =1
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Inserting (13) in (12) yields the concentrated conditional
likelihood that is to be minimized w.r.t. to b (omitting the
constants):

rrgn In |R (b)] (14)

This is exactly the type of problem (i.e. covariance deter-
minant minimization) solved by MCD using the result in (4).
However here we will use a different approach to solve (14).
First we note that the function in (14) can be upper bounded
as shown below:

In|R| < InR|+ Tr[R™'(R - R)] (15)

where R is any positive definite matrix (this result is known,
see e.g. [25]; however to make the paper as self-contained as
possible we include a simple proof of (15) in Appendix A).
Because equality holds in (15) for R = R, the right hand
side of (15) is what is called a majorizer of In |R|. It follows
from this observation and the properties of the majorization-
minimization approach (see [24], [25]) that we can monotoni-
cally decrease In |R(b)]| (or, equivalently, |[R(b)], as the In(-) is
a monotone function) by minimizing the majorizing function
in (15), that is (after omitting the additive constants):

thy R™ Yt

Clearly the minimizer b of (16) is the same as (10). There-
fore the majorization-minimization approach also leads to the
MCD algorithm.

The fact that MCD can be obtained in different ways,
as shown above, provides interesting interpretations of this
method as a maximum likelihood procedure. However MCD
has a problem in that in order to perform at its maximum
potential it requires the knowledge of N,. In the next section
we will present a solution to this type of problem.

Tr[R™'R(b)] = (16)

V. MULTIPLE HYPOTHESIS TESTING METHOD : TEST

The quadratic forms {y, R- 1yt} (for given R) are the suffi-
cient statistics in the MCD decision/estimation process. Under
the null hypothesis Hy that y; € U, and assuming that R is an
accurate estimate of the true covariance matrix, the (approxi-
mate) distribution of yTR ly, is chi-square with n degrees of
freedom (see, e.g., [1], [26]):

T, £ y/ Ry Ho ~ x*(n) a7

The consequence of this observation is that we can use hy-
pothesis testing to estimate U (and implicitly &,). Individual
testing of each 7; may not be advisable for the values of N
encountered in applications: indeed this type of testing can
achieve a small Pg, = probability of false alarm (i.e. the prob-
ability of classifying uncorrupted samples as outliers) only at
the expense of a large Pp,;s = probability of miss (i.e. the
probability of classifying outliers as uncorrupted data). Mul-
tiple hypothesis testing appears to be preferable in such cases.
One of the most prominent methods for multiple hypothesis
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Algorithm 2: TEST.

Input: {y,};\,,a.

Output: R.

Initialize R.

repeat
Compute the test statistics {7} } in (17)
Obtain U using (20)
Compute R as in 21

until convergence

A i R W N =

testing is the FDR, see e.g. [19], [20]. To briefly describe it
let:
_ ot

Pt = }i; t = 1, e ,]V

where « is a user parameter that (implicitly) controls the Py,
(see [19], [20] for details on this aspect). Also, let 1, denote
the quantile corresponding to p;:

(18)

prob(7; > n;|Hot) = pr (19)

Following these preliminaries we can now summarize the

main steps of TEST:

0) Initialization: a) Let N, be a (loose) upper bound on

N,. For instance, in many applications N, < 0.5N and
in such a case we can conservatively use N. = 0.75N
provided that N — N, > n. Clearly the selection of N,
should be made with the following tradeoff in mind: N,
should be large enough to eliminate as many outliers as
possible but not too large such that sufficiently many
samples are left for the initial estimation of R (see b)
below).
b) Compute the sample covariance matrix R of {y:}
(e.g. use (5) with N, = N), sort the data samples as in
(2) with A = R, and obtain an enhanced initial estimate
of R from (5) with N, = N — N,.

1) Using the most recent estimate R obtain an estimate N..
of N, as the largest value of ¢ for which the ordered test
statistics are consecutively larger than the thresholds:

N
t=1

T=n (t=1,....N)
T, 41 < NN.+1
Reject the corresponding null hypotheses H for ¢ =
1,...,N,.. Besides an estimate of N, viz. N, = N — N,

the above test also provides an estimate U of U, which
we use to re-estimate R:

R= %Zyzyf

u N
teU

(20)

21

2) Iteration: Iterate step 1 until convergence.

The pseudocode of TEST is summarized in Algorithm 2.

It is our empirical experience that the above algorithm, like
MCD, converges in a small number of iterations (usually less
than 10) and, once again like MCD, it can be run with multiple
initializations. On the other hand, unlike the case of MCD
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whose convergence follows from any of the three derivations
presented in Sections II and III, the convergence of TEST does
not follow from the previous discussion and remains to be
analyzed, which we will do in the rest of this section.

To prove that TEST converges we will consider the follow-
ing function:

1Y N
InRI+—> by Ry + ) n
Nu t=1 =1 N-—t

We will show that TEST (approximately) minimizes (22)
cyclically w.r.t. R and (b, N,):
* For given b and ](JC the minimization of (22) w.r.t. R
yields

(22)

N
R 1 “ 1
R=—>"byy == > vy (23)
N, = N,

Uil
where N, = N — N... Observe that (23) coincides with
210).
% For given R =R we have to minimize the following
function w.r.t. (b, N.):

R Yoo
b T,
N_NcgtHr;N_tm

where {7;} are the ordered test statistics in (17). For fixed
N, the minimizer of (24) w.r.t. {b;} is given (as a function
of N.) by:

(24)

Oforr=1,...,N,

@t =
lfort=N.+1,...,N

(25)

Inserting (25) in (24) we get the following concentrated
function that is to be minimized w.r.t. N,:

Y h+Y

A straightforward calculation shows that:

(1>
—_

Cw.
Ne ™ NN,

(26)

N

1
Cn—1—Cy. = ——— T;
VO = T

1 N 1
ji:: 7; - UAQ
N-N. 4=, N—N,

1 1 N
— 1— T,
N —N, ( Nu+1>[§:N ;

N
- Z T;_nNc

t=N.+1

1
~ — (T, — nw.) (27)

Ny
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where the first equality follows from the definition in (26),
the second equality from a simple calculation, and the
approximate equality from the assumption that N, > N,.
Consequently, the two inequalities below are equivalent (for
Ny > Ne):

Cn.—1 =2 Cn, & Ty, = 1n, (28)

Therefore the TEST estimate of N. coincides with the
(smallest) minimizer of (26), and the TEST estimates of R and
b are identical to (23) and, respectively, (25). This implies that
TEST is an (approximate) cyclic minimization algorithm for
(22) and therefore it monotonically decreases this function at
each iteration. This observation, combined with the fact that
the function in (22) is bounded from below, proves that TEST
is a convergent algorithm (for N, > N,, which is usually the
case in practical applications). For another interpretation of
TEST as an (approximate) cyclic minimization algorithm (for
N, > N,), which leads to the same conclusion as above, see
Appendix B.

Interestingly the above result, which shows that TEST is a
cyclic minimizer of (22), is also relevant to MCD. To see this,
observe that minimization of (22) w.r.t. R, for fixed b and NV,
yields

N
1
R(b,Ne) = = D by, (29)
=1
and the following concentrated function
Ne 1
In [R(b, No)| + > —— (30)

=1

which is to be minimized w.r.t. b and N.. We can use the
MCD algorithm to minimize (30) w.r.t. b for each value of
N, in a pre-specified interval (such as [1,N.]) and select
the pair (b, N,) that gives the minimum value of (30). The
minimization of the penalized MCD criterion in (30) should
theoretically lead to the same estimates of b and N, as TEST’s.
While the above idea provides MCD with a possible approach
for estimation of N,, we should note that from a computational
viewpoint minimizing (30) requires running MCD for many
values of N, and therefore can be significantly more costly
than cyclically minimizing (22) using TEST.

VI. PENALIZED LIKELIHOOD METHOD: LIKE

In order to write the likelihood of the full data string {y;}
we need to make some assumption on the distributions of the
outliers. We consider shift outliers, the distributions of which
are:

N
t=1

y: ~N(¢,,R) forteC (31)

where {c¢;} denote unknown arbitrary means. Because these
means are allowed to vary with the sample index, the outlier
model in (31) is reasonably general. Using (31) the negative

VOLUME 5, 2024

log-likelihood of {y,}f’: | can be written as follows:

nN N 1 _—
— In@7)+ = InR| + E;y’ Ry,

1
+§ Z [Yt - ct]T R™! [Yt - Ct]
teC

(32)

Minimization of (32) w.r.t. {c;} yields the following con-
centrated function (after multiplication by 2 and omitting an
additive constant):

Nin[R[+ ) y/Ry,
teU

(33)

Notice the difference between (33) and the conditional like-
lihood in (12) where the factor in front of In |R] is N, instead
of N as in (33). This seemingly minor difference is quite
important when we also want to estimate », in addition to
U and R, as we want to do here. Indeed a scaling of the data
in (33) adds a constant term that is independent of N,,, whereas
this is not true for (12).

We will use GIC to estimate N.. This model selection cri-
terion adds a penalty, which increases with the number of
estimated parameters, to the concentrated negative-likelihood
function and estimates R, U and N, as the solutions to the fol-
lowing penalized negative-likelihood minimization problem:

Ne

in NIn|R 8
i Nn| I+§U:yl yt+n;

N7 (34)
where the penalty factor n may depend on n and possibly
on N too (note that Zf]; h 1% ~ N, for N > N,). Before dis-
cussing the choice of the penalty factor 1 in (34) we comment
on a number of aspects regarding the above minimization
problem.

First observe that (34) is quite similar to (22): the main dif-
ference is that the penalties in (34) and (22) may be different
but, for the purpose of solving (34), that is an insignificant
difference indeed. Therefore the same cyclic minimization
algorithm used for (22) can be employed for (34). The al-
gorithm outputs estimates of R, U and N.. The latter two
need no correction but the estimate R of R is biased (in
much the same way as the maximum-likelihood estimate of
a covariance matrix is biased when one also estimates the
mean). Consequently we will use the unbiased estimate R%

in lieu of R.

Next we remark on the fact that, similarly to what we said at
the end of Section IV, the function in (34) could be minimized
w.r.t. R (for fixed N, and U) which would yield a penalized
MCD criterion. However the minimization of the said crite-
rion would require a repeated use of the MCD algorithm for
many values of N,, which would be significantly less efficient
than using the cyclic algorithm mentioned above.

The method based on (34) has been introduced as a pe-
nalized negative-likelihood minimization method but, as we
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FIGURE 1. Scatter plot of two dimensional data with outlier clouds at (-5, —5) and (5,5). n = 2, N = 500, and N. = 0.5N.
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FIGURE 2. N =500, n = 5, and two outlier clouds with means +10.

show below, it can be reformulated as a multi-hypothesis test-  fixed N, yields the following concentrated function:
ing procedure. This is the opposite of what we have done in v v
Section IV where TEST was introduced as a multi-hypothesis Cu 2 Z T + Z‘ N
testing method and was later shown to be also a penalized- Ne e N —t
function minimization procedure. =Nt =l

To interpret (34) as a multi-hypothesis testing approach, (we keep the same notation as in Section IV for the above
observe that the minimization w.r.t. U, for given R = R and criterion due to its similarity to (26)). Next we note that,

(35)
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FIGURE 3. N =500, n = 5 and two outlier clouds with means +5.

similarly to (28), it follows from (35) that:

N
CN.—1 —Cn. =Ty, — —1 (36)
Ny
and therefore
Ny
Cn.—1 2 Cn, & FTNC > 37)

The conclusion is that similar to TEST (34) can also be
interpreted as a multi- hypothesis testing method (as expected,
using the corrected estimate N, N R of R).

Finally we consider the important problem of choosing
n in (34). Because we are dealing with a high-dimensional
scenario, the first GIC that comes to mind is the extended
Bayesian information criterion (EBIC) whose penalty has the
following general expression [22]:

nplnnd4-2h1(2f) (38)
.

VOLUME 5, 2024

where ('r'l’:‘) denotes the binomial coefficient (i.e. n,, choose
n¢), np is the number of free parameters in the current model,
ny the number of data points, n,, the maximum possible model
size, and n. the size of the current model (the size of a model
is the number of its free parameters, or parameter vectors
whenever an entire parameter vector is either zero or free as
in (32)). In our case:

np =nNe, ng =nN, ny =N, n. = N,. (39)

Note that there are n(n + 1)/2 free parameters in R, but
their number is not included in 7, because it does not de-
pend on N.. Inserting (39) in (38) and using the fact that
In (””f) ~ n.In(n,y,) (for n, > n.) and nln(nN) = nln(n) +
nln(N )~ nlIn(N) (for N > n), the EBIC penalty becomes:
N:(n+2)In(N).

In our experience EBIC tends to underestimate N, (espe-
cially for n > 1). To understand this issue of EBIC consider
the hypothesis testing interpretation of (34) (see (37)). Under
H, it follows from the properties of x2 distribution that the
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FIGURE 4. N = 2000, n = 20, and two outlier clouds with means +10.

standard deviation of (%Tt — n) is proportional to /n. How-
ever the threshold associated with EBIC is such that n — n =
n(In(N) — 1) + const. grows faster than /n as n increases.
This observation implies that, for large values of n, n can
take values that are much larger than those recommended by
standard statistical practice. Consequently the corresponding
Ps, of (34) with EBIC can be quite small but the P can
be much larger than what one would want. Note that methods
with small P, (Ppiss) but large Ppiss (Pg,) do not perform well.
Striking a balance between Py, and Ppiss and keeping both
small appears to be a requirement for a method to achieve a
good performance.

To fix the above issue of EBIC we have to modify the
penalty factor 1. To do so we make use of a property of the
X2 distribution [27]:

N,
Prob (NMTt >n+ \/%-i- 2,0|Hot) <e’ (40)
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Therefore to achieve a P, < e~ ? we can choose

n=n-4++2np+2p

(observe that n — n is proportional to /n, as expected). The
penalized likelihood method (34) with the penalty factor (or
threshold) in (41) will be called LIKE (penalized likelihood
method). Note that, unlike TEST’s thresholds, the threshold
used by LIKE is constant. The performance of LIKE can
therefore be expected to be inferior to that of TEST.! Nev-
ertheless our experience with these two methods is that they
have relatively similar performances in a reasonable number
of cases (see the next section for examples). The pseudocode
of LIKES is summarized in Algorithm 3.

(41)

'However note that in Appendix B we briefly describe an enhanced version
of LIKE that uses the same FDR thresholds as TEST.
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FIGURE 5. N = 2000, n = 20, and two outlier clouds with means +10. The four methods are initialized using step 0 of TEST but with I instead of the

sample covariance matrix of {y¢}) , (which was used in Figs. 2-4).

Algorithm 3: LIKE.
Input: {y;};,, p.
Output: R.
1 Initialize R.
2 repeat
3 Compute the test statistics {7} } in (17)
4 Obtain U by finding the global minimum of (35)
s | Compute R= 1, ;viy7
6 until convergence
7R+ #R

Finally we comment on the selection of the user parameters
p of LIKE and o of TEST. While a precise guideline for
choosing « and p is difficult to give in general, our experi-
ence is that the performance of TEST or LIKE is relatively
insensitive to the variation of these parameters within certain
reasonable limits. For example, while we will use TEST with
o« = 0.2 in the next section we have also tried other values of «

VOLUME 5, 2024

and noticed that the performance did not change significantly
when o was decreased to 0.05 or even 0.01.

VIl. NUMERICAL PERFORMANCE STUDY
We will compare the performance of the following methods

* Oracle MCD (with N, = true value)

* MCD (with N, = 0.75N)

x TEST (with @ = 0.2) and LIKE (with p = 3) both with

N. = 0.75N in the initialization step

The following metrics will be used in this comparison ex-

ercise:

* Pfa
* Pmiss N
* NRMSE = average (”Iﬁl_{ll‘{” )
where || - || denotes the Frobenius matrix norm. The above

metrics are computed using 10 Monte-Carlo simulations.
Note that, unless otherwise indicated, all four algorithms are
initialized using the estimated covariance matrix provided by
step 0 of TEST. Also note that, we will not use the corrective
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step suggested in [1] for modifying the MCD estimate. The
reason for not considering the said post-processing step is
that we want to study the accuracy of the covariance matrix
estimate provided to it by the main MCD step whose per-
formance is important in itself. The specifications of the data
generation are as follows:

* N = 500 or 2000

* n=>5or20

% R = a randomly generated diagonal covariance matrix
with condition number = 100.

* N, = varied from 0.01N up to 0.3N or 0.5N or even
0.6N.

* The outliers are generated adding 10u or 5Su to N, /2 data
samples and subtracting 10u or 5u from N,./2 samples,
whereu =[1,..., 1]7.

For a visual illustration of the data scatter as well as the sep-
aration (or lack thereof) between uncorrupted and corrupted
samples, Fig. 1 shows the uncorrupted data cloud (centered at
(0,0)) and the two outlier clouds (at (—5, —5) and (5,5)) for
N =500, N, = 0.5N and n = 2.

Figs. 2 and 3 show the metrics for N = 500 and n = 5. As
one can see from these figures the performances of TEST
and LIKE are relatively similar to one another as well as
to the performance of the oracle MCD and much better
than the performance of MCD with a loose upper bound
onN,.

Fig. 4 considers the same scenario as in Fig. 2, but now
with n =20 and N = 2000. Once again TEST and oracle
MCD have similar and quite good performances and the per-
formance of LIKE is relatively close to that of TEST.

In the last example of this paper we will illustrate the
fact that, as expected, the initialization matters. To do so we
consider the scenario in Fig. 4 for which the performance of
the four methods was only mildly satisfactory, but now we
initialize the methods using I (in step O of TEST) in lieu of the
sample covariance matrix of {y,}f’: | (using the latter matrix
can lead to the masking of some outliers, see Appendix C for
an illustration of this effect). The results, shown in Fig. 5, are
much better than those displayed in Fig. 4. While using I to
initialize the four methods might not work well in all cases
(such as in cases in which the distribution of the uncorrupted
samples is very skewed) the point of this example is that the
initialization is important (for details on this aspect as well as
suggestions for both deterministic and random initializations
we refer the reader to [1], [2]).

Finally note that Figs. 2-5 also contain a fourth box that
shows the corresponding average run times for one data real-
ization. All four methods are reasonably fast (their run times
are on the order of 1073 sec. for {N = 500, n = 5} and 102
sec. for {N = 2000, n = 20}) and the differences between
them are relatively small.

VIIl. CONCLUSION

We have considered a maximum conditional likelihood prob-
lem and showed that two algorithms (viz. a cyclic procedure
and a majorization-minimization technique) for solving this
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problem coincide with the MCD algorithm. The derivation
of MCD in a maximum likelihood context provides a new
statistical interpretation of this method.

We used the FDR to formulate a multiple hypothesis testing
procedure called TEST for estimating the number and loca-
tions of the outliers as well as the data covariance matrix. To
establish the convergence of the TEST algorithm we showed
that it can be viewed as a cyclic minimization procedure of a
penalized objective function (for N, > N.). Using the GIC we
derived another algorithm called LIKE that cyclically mini-
mizes a penalized negative-likelihood function, and which can
also be interpreted as a hypothesis testing method.

As indicated above both TEST and LIKE can be viewed
as penalized function minimization algorithms as well as
multi-hypothesis testing procedures. The latter interpretation
of these methods appears to be preferable when their user
parameters that determine the Py, (viz. « in (18) and, respec-
tively, p in (40)) have to be selected. The numerical examples
included in the paper confirmed the good performance of
TEST and LIKE : these methods performed as well as the
oracle MCD and in general much better than MCD with a
loose upperbound on N,.

APPENDIX A

PROOF OF (15)

Using the AM-GM inequality once again (see (6)) we have
that:

(42)

n

RR[" < 1 (R'R)
or, equivalently,

1 N 1 A N
- [ln IR| — In |R|] <In|-Tr(R™'R) | £ In(x) (43)
n n

Because In(x) is a concave function it is majorized by its
tangent at any point xg:

1
In(x) < In(xp) + —(x —xo) (44)
X0
which, for xo = 1, becomes:
In(x) <x-—1 (45)
From (43) and (45) it follows that
In|R| —In|R| < Tr (R™'R) —n (46)
which proves (15).
APPENDIX B

FURTHER INTERPRETATIONS OF TEST AND LIKE IN THE
PENALIZED LIKELIHOOD CONTEXT

B1 TEST

Consider the following penalized form of the negative log-
likelihood in (9):
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N
nNyIn@27) + N, In [R + ) " biy/ Ry

t=1

Ne
+ [Z n — nN,In(27) — N, 1n|R|] (47)

t=1

Penalty

where {1,} are the FDR thresholds defined in (19).
1) For given R = R and fixed N, the minimization of (47)
w.r.t. {b;} reduces to the problem:

N
min b: T
{br) ; v

the solution of which is given by (25). The remaining problem
of minimizing w.r.t. N, is:

(48)

N

Ne
lelicn CNCé Z T;+an

t=N.+1 =1

(49)

(see (25) for the definition of T;). It can be easily verified that:

Cn.—1 — Cn, = Ty, — 1N, (50)

and therefore the (smallest) minimizer of Cy, coincides with
the TEST estimate of N, and {b,}.

2) For given {b; = l;t} minimizing (47) w.r.t. R, on the other
hand, is not a well defined problem. To see why this is so note
that the minimization of (47) w.r.t. R reduces to the problem:

N
min Y by Ry,

t=1

(5D

which does not have a finite solution. It follows that we cannot
use an exact cyclic algorithm to minimize (47). However we
can use an approximate algorithm in which the update of R
is obtained by minimizing only the first three terms in (47)
(therefore considering that the penalty term, evaluated at the
current estimate R of R, is constant). The so-obtained update
of R coincides with the TEST estimate in (21).

In the signal processing literature the above type of algo-
rithm is called iterative approximate ML (IAML) or iterative
quadratic ML (IQML) when the problem in Step 2 is quadratic
(see, e.g., [28] and references therein). Therefore TEST can be
interpreted as an IAML algorithm for the penalized likelihood
in (47). Such an algorithm does not necessarily converge to
a minimum of (47) but usually it converges to a point that is
close to the global minimum of this function (see [28]).

Next we consider the function in (47) but with a different
penalty term:

N
nN, In(27) + Ny In [R| + > by Ry,

t=1

Ne
+ [Z i + nN.In(27) + N, In |R|:| (52)

t=1

Penalty
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Clearly TEST is an IAML algorithm also for (52). More
interestingly, TEST can be shown to be an approximate cyclic
algorithm for (52) (for N > N,, or equivalently N, > N,).
To see this, first observe that Step 1 for (52) is the same as
for (47). However, Step 2 is different. Indeed now for given
{b; = @,} the minimization of (52) w.r.t. R reduces to:

N
mRin |:N In |R| + Zi?zYZTR_lyt] (53)
=1
The solution to the above problem, which is
N 1
R==D> vyl (54)

tel

is not exactly equal to the TEST estimate of R (see (21)) but
it is close to it for N, > N,.

B2 LIKE

Observe that the function in (52) becomes the penalized log-
likelihood used to derive LIKE (see (34)) if we slightly change
the first term of the penalty in (52):

(55)

N Ne

< N
const. + N In |R| + thytTR_ly, + Z N_"
=1

t=1

The main implication of this observation is that we can use
the FDR thresholds {n;} (see (19)) in LIKE, instead of the
constant threshold 7, which is expected to yield an enhanced
version of this method.

APPENDIX C

ILLUSTRATION OF THE MASKING EFFECT

In this appendix we will show that using the sample covari-
ance matrix R of {y;}", in the quadratic forms {y/ R~'y,}
can lead to a masking effect in the sense that a group of
outliers can mask another outlier, which would have been
detectable if the group did not exist. To do so we consider the
scenario in Fig. 2 with two sub-groups of outliers with means
10u and, respectively, —10u where u = [1, ..., 1]7. To keep
the following algebraic calculations as simple as possible we
assume that R = I. We also assume that there is an additional
outlier y. = Su. The sample covariance matrix can then be
approximately written as (for N > 1):

.25 N, N,
R~ —uu” + =< (100ua” +1) + —21
Nuu + N ( uu + )+ N
25 100N,
= NuuT — <! 41 (56)

To simplify let us say that N/N. = 4. Then (again for

N> 1)
R~ 25uu” +1 (57)

On the other hand, if the group of outliers was absent then:

A

R~T (58)
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Let y, denote a generic uncorrupted sample. Then, if the
only outlier was y., we have from (58) that

yeR ™y = 25n (59)
and
Vi R™'yu = lyull® ~ x*() (60)
It follows that the inequality
viR™ye > yi Ry, (61)

holds with a probability close to one (see (40)), and therefore
the outlier y. will be detected in this case.

However, in the presence of the N, outliers we have:

25un’
——|u

1+ 25n

(25)%n2

1+ 25n

y! (25w’ +1) 'y, =25u” |:I

= 25n

25n

— =1 62
14 25n (62)

and

2 25 (uTyu)2
14 25n

(uy.)’

YRy, = llyu

~ lyull® — ~ lyull? (63)

where the approximation holds for reasonably large n (for
which, in particular, u’'y, & 0). Because a y >-distributed ran-
dom variable with n degrees of freedom is larger than 1 with
a probability that approaches one (as n increases) it follows
from the above calculation that for nearly all uncorrupted
samples,

'Ry, > y' Ry, (64)

and consequently the outlier y, will not be detected (it has
been masked, and disguised as an uncorrupted sample).
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