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1. Introduction and main result

Let T be a tree of order n and v be a vertex in 7. The mean subtree order of T, also
known as the global mean of T, denoted by ur, is defined as the average order of all
subtrees of T'. Similarly, the local mean of T at v, denoted by pr(v), is defined as the
average order of all subtrees of T' that contain v.

Jamison initiated the study of the global and local mean of a tree in the 1980s [3,4].
These two papers not only laid groundwork for research into this invariant, but also made
in total seven conjectures, which received attention and progress of different degrees over
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the last two decades. Before this paper, five of the seven conjectures were settled [1,2,6-8],
and the two that remained open are

(1) Caterpillar conjecture: Is the tree of maximum density of each order a caterpillar?
(2) Contraction conjecture: The global mean of a tree decreases by at least % in con-
tracting an edge.

This paper focuses on the contraction conjecture, which is put forward in [4]. In the same
paper, Jamison showed that in general the global mean respects contraction monotonic-
ity, namely, the global mean decreases under edge contraction. It is then of interest to
establish a bound for this difference. In the case of a path, the global mean decreases
exactly by % Indeed, for T = P, ur = "T"‘Q, and T* = P, _1, where T™* is obtained from
T by contracting any edge. This observation justifies the constant % in the contraction
conjecture since the minimum global mean is always attained by the path. Concerning
an upper bound for the contraction difference, Jamison showed in the same paper [4]
that contracting a pendant edge attached at the center of a path can lead to a difference
of roughly %.

In 2023, Luo, Xu, Wagner and Wang [5] showed that if the edge to be contracted
lies on a pendant path, i.e., one end of the edge connects to some leaf through only
vertices of degree two, then the difference under contraction is at least %, with equality
if and only if the tree is a path. In this article, we will prove that when the edge to be
contracted is a general internal edge, namely, an edge that does not lie on a pendant

path, the difference is strictly greater than %

Theorem 1.1. Let T be a tree and e be an edge that does not lie on a pendant path. Let
T* be the tree formed by contracting e from T. Then

1
M7 — P> > 3

Hence, we settle the contraction conjecture with an affirmative answer. Note that the
case of the difference being equal to % is then characterized by contracting any edge in
a path. Combining Theorem 1.1 with the result of Luo et al. [5], we have the following
corollary.

Corollary 1.2. Let T be a tree and e be an edge in T. Let T* be the tree formed by
contracting e from T. Then

T — pire 2

9

W =

with equality if and only if T is a path.

Two inequalities that we establish to facilitate the proof are also interesting in their
own right.
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It is known that the local mean at some vertex is no less than the global mean ([3],
Theorem 3.9). The first inequality provides a lower bound on the difference between local
mean and global mean.

Let Nt be the number of subtrees in T and Rp the total cardinality of these subtrees.
Similarly, NV, is the number of subtrees in T" that contains v and R, is the total cardinality
of these subtrees.

Lemma 1.3. Let T be a tree and v a verter. Then T satisfies
3(NrR, — N,Rr) > N2 — N,Nr,

which is equivalent to

The second inequality establishes an upper bound for the global mean of T'— v, i.e.,
the tree with vertex v removed. Note that here T'— v can be a forest, i.e., a union of
several disjoint trees.

Lemma 1.4. Let T be a tree and v a verter. Then T satisfies
N,Np — N2+ Ny — N, > 3(Rr — R,),
which is equivalent to

Rr — R, <Nerl
Nr—-N, = 3

Ur—v -
2. Auxiliary inequalities
We first state without proof four inequalities from earlier papers.

N? + N, > 2R,, (

N? + Ny 4+ Np > 3R,. (
R, > Nr, (

N,Nr + 2N7 > 3Ry (

The first goes back to Jamison’s [3], Lemma 3.2(c). The second is proved in [5], Lemma
3.1. Inequality (2.2) can be seen as a refinement of (2.1), in the sense that R, is in general
greater than or equal to Ny (by (2.3)) which makes (2.2) tighter than (2.1). Note that
equality holds in both if and only if 7" is a path and v is a leaf. The third and fourth
inequalities are also proved in [5], Lemma 2.2 and Corollary 4.3. Note also that if one
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(A) P2’2 (B) P2’3

Fig. 2.1. PQ’Q and P213‘

attaches a pendant vertex vy to any vertex v € T and applies Lemma 1.4 to vy in T + vy,

< % which is equivalent to (2.4).

then one has urp

Apart from the inequalities above, we shall also establish several inequalities for rooted
trees to facilitate the proof. Two rooted trees will be dealt with separately in some cases,
one is S3 with root at the center and the other is P, rooted at an internal vertex. For
the sake of simplicity, we call these two rooted trees P, 2 and P> 3. Indeed, an alternative
way to construct P o is to identify two end vertices of two instances of P, and let the
identified vertex be the root. For P; 3, one can identify the end vertex of P, with that
of P; and again let the identified vertex be the root (see Fig. 2.1).

Let T, = (T,v) be a rooted tree with deg(v) > 2, where deg(v) = degp(v) is the
degree of v in T. When there is no ambiguity, we omit the subscript of deg,(v). Let
Ty, # P2 or P, 3. Then the following two inequalities are true.

N2 + N, > 3R,, (255)
NyNpr + Np > 3Rp. (2.6)

The following two inequalities, which have been introduced before, hold for any tree T
and any v € T.

3(NrR, — N,Ry) > N2 — N,Nr, (2.7)
N,Nr — N2+ Nr — N, > 3(Rr — R,). (2.8)

Observe that (2.2) and (2.8) together imply (2.4) by taking the sum.
The inequalities above will be proved in Section 4.

3. Proof of the main result

A general edge that does not lie on a pendant path must lie in some internal path
whose ends both have degree greater than 2 and all vertices in between have degree
2. Then contracting such an edge has the same result as contracting any edge in that
internal path. Thus, it suffices to consider the case of contracting the edge that lies in
one end of the path. Let v; and vy be the two ends of such a path, and v;w; be the edge
to be contracted, as shown in Fig. 3.1. Note that v; and vs both have degree no less than
3. Let the number of vertices in the path between v; and v be [ + 1, where [ > 1.

Let Ty (T3) be the component containing vy (ve) in T — vywy (T — w;—1vz). Let
N1, R, N, and Ry be the number of subtrees in 7T} that contain vy, the sum of the
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Fig. 3.1. Contraction of the edge viw;.

cardinalities of all such trees, the number of subtrees in 77 and their sum of the cardi-
nalities. In the same way, we define Ny, Ro, N and Rp. In general, for other cases, we
use IV for the number of subtrees involved, and R for the total cardinality. Then the
mean subtree order can be expressed as a function of I, u(l).

R(subtrees of Ty + wy ... w;—1) + Ry, + R(subtrees of T' containing vjw;)
N (subtrees of Tp +wy ... w;_1) + N, + N(subtrees of T containing vwy)’

u(l) =

where wi ...w;_1 is the path from w; to w;_1, consisting of | — 1 vertices, and Tb +
wy ... w;—1 is the subtree T'— T7.
N (subtrees of To + wy ... w;—1) can be calculated as follows,

-1 -1
ZN(subtrees of To + w; ... w;—1 that contain w;) + Ng = Z(NQ +1—14)+ Ng.
i=1 i=1

Correspondingly, their total cardinality, R(subtrees of Th4w;s ... w;—1), can be expressed
as

-1
Z R(subtrees of Th + w; ... w;—1 that contain w;) + Rr
i=1
-1 i
. i(t+1
:Z <R2+ZN2—|- ( 5 )> + RRg.

i=1

As for N(subtrees of T containing viwy), it simply equals the product

Nj - N(subtrees of To + w; ... w;—1 that contain wy) = Ny(No +1—1).
For their total cardinality, note that each subtree of 77 that contains vy is counted
exactly N (subtrees of T5 + wj ... w;—1 that contain wy) times in the total cardinality
R(subtrees of T containing viw1 ), and similarly, each subtree of T + wq ... w;—; that

contains wi is counted exactly Ny times. Therefore, it can be calculated as follows,

N (subtrees of Ts + wy ... w;—1 that contain w) - Ry

+ Ny - <32+(1_1)N2+l(l;1)>
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(l—-1
:(N2+171)R1+N1 (R2+(11)N2+ ( 5 )> .
Putting all parts together, we have

3 (M4 2224+ A1+ B

l )
) 2+ (N1 +No— DI+ C
where
A=Ri+ Ry+ NNy — 2N, — Iy, L
1 2 14V2 2 1 2 2 67

B =NiRy + NoRy — Ni1N2s + Ry, + Rr — R1 — Ry,
C =NiNo+ N+ Nr— Ny — Ns.

For simplicity, we rewrite

()_113+(3N1+3N2)12+6A1+6B_1@
MO = 3 2 N, 12N, — 11+ 2C 3g()

where f(I) and g(l) are the expressions on numerator and denominator, respectively.
The difference of mean subtree orders under the contraction of vyw; is simply

d(t) = p(l) — (1 — 1).

Our goal is to show

d(l)—é>0
Lf() 1f1-1) 1

390) 3g(-1 3"

fOg(t=1) = fI=1)g(l) — g(D)g(l = 1) > 0.

The last inequality, after simplification, is equivalent to

[1-1(1— 1)+ [11] - (20 — 1) + [I11] > 0,

where
C 34 1 1
[1}25—7+§(N1+N2+1) (N1+N2_§>;
C 3B
[11] = E(Nl + N2 +1) — -

[IIl] = 3AC — 3B <N1 + Ny — %) -2



R. Wang / Journal of Combinatorial Theory, Series B 169 (2024) 45-62 51

Since [ > 1, the main result follows if [I] > 0, [II] > 0 and [III] > 0. We deal with each
part separately. Also, from this point of this section, we will use inequalities (2.5) and
(2.6) on Ty and Ts. Both inequalities are established based on the assumption that the
rooted tree is not P o or P» 3. The cases in which at least one of T} and 75 is either Ps o
or P, 3 will be dealt with separately afterwards. Note that 77 and T, not being P o or
Py 3 implies N1, No > 6, since degp, (v1),degr, (v2) > 2.

3.1. Part [I]

Replacing the expressions for A and C in 2[I] and simplifying yields

1 1 1
2] = (Ni1Ny+ N, + Ngp — Ny — N3) — 3 (R1 + Ry + N1 Ny — §N1 - §N2 - 6)

+ (N1 + Na+1) <N1+N2—%>
= Np + Ng + (N? + N2 4+ N1 + N» — 3R, — 3Ry).
Applying (2.5) yields
2] > N + Ng > 0.

3.2. Part [1I]

Replacing the expressions for B and C in 2[II] and simplifying yields

[IT] = (NyNa + Np, + Ng — Ny — No)(Ny + Ny + 1)
—3(N1Ry + NoRy — NyNo + R, + Rp — Ry — R»)
= No(N? + Ny — 3R;) + Ny (N3 + Ny — 3Ry) + Ny Np + No N + Ny Ng
+ NoNg + N + Ng — Nf — Ni — Ny — Ny — 3Ry, — 3Rg + 3Ry + 3Rs.

By (2.5), the two terms in parentheses are both non-negative. Therefore,

2[lI] > N1Np + NaNp, + NyNr + NaNgr + N, + Ng
— N? =N} =Ny, — Ny —3R;, —3Rr + 3R, + 3R,
= (NiNp + Ny — N2 — Ny — 3Ry, + 3R))
+ (NaNg + Ngr — N3 — Ny — 3RR + 3R»)
+ NaoNp, + N1 Ng.

Finally, by (2.8), the terms in both parentheses are non-negative. Hence,

Q[H] > NoNp + N1Np > 0.
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3.3. Part [I1I]

Replacing the expressions A, B and C' in part [ITI], we have

1 1 1
(111} =3 (R1 + Ry + NNy — §N1 - §N2 - 6) (N1N2 + N, + Np — N1 — No)

—3(N1Ry 4+ NaRy — NyNo + R, + Rr — Ry — Ry) (N1 + Ny — %)
— (N1N3 + Ni + Ng — Ny — Ny)2.
Simplification leads to
[IIT] = (2N?N3 + 3N Ry +3NrRy — 3N Ry — 3N R — 3N Ry, — 3NoRR)

1 1
+ N1NoNp, + N1 NoNg + 3 2Ny + §N1N22 — N1Ny + 3N Ry +3NrRy

1 1 1 1
— N? —2N; N — N3 + 3NN + 5NoNL + SNiNg + S No N

1 1 1 1 1 1

— 5NL = 5Nr+ NP+ SNF + SNy + 5N; = 3NiRe — 3Nz Ry
3 3 3 3 3 3
— — N — — - = — —Rs.

+2 1R2+2 2R1+2RL+2RR 2R1 2R2

Next, we regroup the terms in parentheses as follows and apply inequalities (2.5) and

2.7).

2NZN2 +3NL R, + 3NgrRy — 3N?Ry — 3NZ2R, — 3N, Ry, — 3N2Rp
= N2(NJ —3Ry) + N3(N? —3Ry) + 3(NLRy — N1Ry) + 3(NgRy — N2 RpR)
> NZ(—N3) 4+ N2(—N;) + N} — N\Np + N3 — NoNpg.

We plug this into the main expression, then simplification and regrouping terms yields

1
[111] > §(N1N2NL + Ny{NoNg — NNy — Ny1Ni — NiNj, — NoNp + N + N3)

1 1

+§ 1N2NL+§N1N2NRfN1N2+3NLR2+3NRR172NLNR
1 1 1 1 1 1

+ §N2NL + §N1NR - §NL - §NR + §N1 + §N2 —3N1Rp — 3N2 Ry,
3 3 3 3 3 3
“N1Ry+ SNoRy 4+ 2Ry + =Rp— =Ry — 2 Rs.

+212+221+2L+2R2122

Note that Ny No Ny and Ny Ny Npg are split into two halves in order to proceed. Again,
we deal with the terms in parentheses separately. Regrouping and applying (2.8) yields
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1
§(N1N2NL + NiNoNg — N2Ny — NN — N;Np, — NoNp + N + N3)
1 1

= §(N2 —1)(NyNp, — N?) + §(N1 — 1)(NaNg — N3)
1 1

2 §(N2 —1)(3(Rr — R1) — N + N1) + §(N1 —1)(3(Rr — R2) — Ngr + Na).

Plugging this into the main expression, after simplification and cancellation of terms, we

have

1 1 3 3
[IT1] > §N1N2NL + §N1N2NR + 3N Ry 4+ 3NrR; — 2N N — §N1RR - §N2RL

1 1
= §N1(N2NR — 3RR) + §N2(N1NL — SRL) + 3N Ry +3NgR1 — 2N Ng.
Finally, applying (2.6) to the terms in parentheses yields

1 1
[III] > §N1(—NR> + §N2(—NL) + 3NLRys + 3NgrR; — 2N, Ngp

1 1
=3Nr Ry +3NrR; — 2N Ngp — §N1NR — §N2NL

w

>

3
> §NLR2 + §NRR1 > 0.

The last step follows from Ny > Ny, Ry > Ny, Ng > N2, Ry > N and (2.3).
3.4. Cases when at least one of Ty and Ty is small

The inequalities (2.5) and (2.6) break when the rooted tree is Py 2 or Ps 3. For P, o, we
have N, =4, N7 =6, R, = 8 and Ry = 10. For P, 3, we have N, = 6, Ny = 10, R, =15
and Rp = 20. There are five subcases to be dealt with in order to complete the proof.
Without loss of generality, assume N7 < Ns. Also, recall that v; and vs both have degree
at least 3 (or have degree at least 2 when considered as root of 71 and Tb).

o T4 = P35, Ty # P2y,Pr3. So (2.5) and (2.6) apply to T» only. For Tj, we have
N1 47R1:8,NL:6,RL:10, thus

35 7
A= 4 N+ R
ot ot Ry,

B=2+4+4Ns+ 3R> + Rg,
C =2+3Ny+ Ng.

Plugging these into the three parts yields

(2.5)
2] = N2+ Ny —3Ry + Ng+2 > Np+2>0,
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and
2[I1] = (NyNg + Ng — 3Rg) + 3(NZ + Ny — 3Ry) + 4Ng + 2N, + 4,
so applying (2.5) and (2.6) yields
2[1) > 4Nz + 2Ny +4 > 0.
At last,

(1] = 2(3NgrRy — 3Ny Rr — N3) + 9No Ny + 21N?
4+ 27Ng + 27Ny — 21Rp — 51 Ry + 20,

so applying (2.7) to the terms in parentheses yields

O[IIT] > TNy Ng + 21N2 4 27Nk + 27Ny — 21Rp — 51 Ry + 20
= (17N3 + 17Ny — 51Ry) + (TN2Ng + TNg — 21RpR)
+4N3 + 10Ny + 20Ng + 20
> 4NZ 4+ 10Ny + 20Np + 20 > 0,

where the last step used (2.5) and (2.6) for the terms in parentheses.
Ty = Po3, Ty # Pya,Ps3. So (2.5) and (2.6) apply to T only. For T3, we have
N1 == 6,R1 = 15,NL == 1O,RL = 20. Thus

7111
A=+ =N +R
ot 5Nt R,

B=54+9Ny; +5Rs + Rp,
C =4+5Ny + Ng.

Plugging these into the three parts yields

2] = N2 + Ny — 3Ry + Np + 13 (225) Ng +13 >0,
and
2[lT] = (NoNg + Ng — 3RRg) + 5(NZ + No — 3Ry) + 6N + TN, + 13,
so applying (2.5) and (2.6) yields
2(I) > 6Ng + TN2 + 13 > 0.

At last,
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2[I11] = 2(3NgRy — 3Na R — N2) + 13N, Ny + 61N
+ 55Ng + 80N, — 33Rp — 141R, + 87,

so applying (2.7) to the terms in parentheses yields

2[IT] > 11Ny Ng + 61N2 + 55Nk + 80N, — 33Rg — 141Ry + 87
= (4TN2 + 47Ny — 141R5) 4+ (11N, N + 11Ng — 33RpR)
+ 14N3 + 33N, + 44Np + 87
> 14N3 + 33Ns 4+ 44Nk + 87 > 0,

where the last step used (2.5) and (2.6) for the terms in parentheses.

o Tt =Ty = Pyo. We have Ny = 4,Ry = 8, N;, = 6, R, = 10, and the same for
N3, Ry, Ng, Rg. Then A = 187 B = 52,C = 20, thus [I] = 2, [II] = 12, [III] = 100.

. T1 = P272,T2 = P273. ‘We have N1 = 47R1 = S,NL = 6,RL = 10, and N2 = 6,R2 =
15,Ng =10, Rr = 20. Then A = 21 B =91,C = 30, thus [I] = ,[II] = 5, [III] =
543

. T21 =T, = P3. We have N; = 6,R; = 15, N, = 10, R, = 20, and the same for
N2, Ry, Ng, Rg. Then A = 332 B = 154, C = 44, thus [I] = 7, [II] = 55, [I1I] = 649.

This concludes the proof of Theorem 1.1.

Now we know that the difference between global means is % if and only if we contract
an edge in a path, and for all other cases, the difference is strictly greater than % A
natural question to ask at this stage is whether this lower bound is asymptotically sharp
for trees that are not paths. We answer this question in the following proposition.

Let T and Ty be two rooted trees, and T'(T1,T5,1) be the tree constructed by con-
necting the two roots by a path of [ vertices.

Proposition 3.1. Let Ty and Ty be two rooted trees and T'(1) = T(T1,Ts,1). Then

1
li — )= —.
zg& M@y — Br(-1) 3

Proof. Using the same notations, d(l) — % can be expressed as follows,

((%Jr DD+§-9) -+ ((F+3)C-%)@-1)+AC— BD
PA-124+DIl-D)2-)+(D2+CO)(l-1)+DC2l-1)+C? +

where D = Ny + Ny — —, and A, B and C are the same as defined in the beginning
of this section. Observe that A, B,C and D are all constants given fixed 77 and T5.
Therefore, d(I) — % is the quotient of polynomials of [ whose numerator is quadratic and
denominator is of degree four. The statement follows after letting ! go to infinity. O
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Fig. 4.1. T, is the root union of T} and T5.

Intuitively, as the length of the path tends to infinity, the structures at both ends be-
come negligible and the tree becomes more path-like. Thus one can expect the difference
to converge to that obtained for a path.

4. Proof of inequalities

The four inequalities (2.5)—(2.8) will be proved in this section.

For two rooted trees T and 15, we define the root union of Ty and 15, T} U Ty, as the
rooted tree obtained by identifying the two roots of 71 and T, as shown in Fig. 4.1.
We start with the proofs of (2.5) and (2.6).

Lemma 4.1. Let T), be a rooted tree with root v and deg(v) > 2. Let T,, # Pa 9, Py 3. Then
N2+ N, > 3R,.

Proof. Since deg(v) > 2 and T}, # P22, T, can be expressed as a root union 7, = T3 LUJTg7
where both T and T5 are non-singletons. Without loss of generality, assume N7 < Ns.
We know that N1 > 2, Ny > 3, and when Ny = 2, Ny > 4.

Thus, one has

N2+ N, — 3R, = N2N2 + NNy — 3(N Ry + NoR; — N1 No)

N2+ N.
2NfN22+4N1N2—3N172—2|_ 2

= NN, ((N1 - g)(N2 - g) - Z) ,

where inequality (2.1) is used in the second step. The result is non-negative if Ny >
N1 > 2 or Ny > 4, N; = 2. Therefore, the inequality is proved. O

Lemma 4.2. Let T, be a rooted tree with root v, and deg(v) > 2. Let T, # Pa2, P2 3.
Then

NyNt + Np > 3Ryp.
Proof. It follows immediately from Lemma 4.1 that

Ny +1 > 3p, > 3pr.
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The right inequality is strict because local mean equals global mean if and only if the
tree is a trivial singleton ([3]). Now, multiplying the two sides with Nt yields the desired
inequality. O

For (2.7), we use a two-step strategy. First, in the case deg(root) = 1, we prove that if
the subtree rooted at the only neighbor of the root satisfies the inequality then so does
the entire rooted tree. Then, we prove that if two rooted trees both satisfy the inequality,
then their root union also satisfies the inequality. At last, the general conclusion follows
by induction on the order of the tree.

Claim 4.3. Let T' be a rooted tree with root at v and deg(v) = 1. Let v1 be the only vertex
adjacent to v and Ty =T —v. If Ty satisfies (2.7), then so does T .

Proof. Let N,, R,, Ny and Rt be the number of subtrees in T that contain v, the sum
of the cardinalities of all such trees, the number of subtrees in T" and their sum of the
cardinalities. N1, R1, Nr, and R, are defined similarly with respect to T} and v;.

We start with

Ny=N1+1,R, =R+ N1 +1,
Nr=Np, +Ni+1,Rr=Rp +R1 + N1+ 1.

By assumption, we have
NiNr, — N2, + 3Ny, Ry — 3N1 Ry, > 0.
Thus

NyNr — N2 4+ 3NrR, — 3N, Ry
=2N;Np, + 2Ng, — N3, — 3Ry, + 3(Nr,R1 — N1 Rr,)
> N1Np, +2Np, — 3Ry

>0,
where the last step uses (2.4). O

Claim 4.4. Let T, be a rooted tree with root at v and deg(v) > 2. Let Ty and Ty be two

non-singleton subtrees also rooted at v such that T,, = T} U Ts. If Ty and Ty both satisfy
(2.7), then so does T,.

Proof. Using the same notations, we start with

N, = NNz, R, = N1 Ry + Na Ry — N1 Ny,
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Nt = N1 Ny -i-.NT1 — Ny + ]\/YT2 — Ns,
R = N1Rs + NysRy — N1 N> + RT1 — Ry + RT2 — Rs,

and the assumption provides

3(Nr,Ri — N1Ry,) > N3, — N1 Ny,
3(Nr,R2 — NoRr,) > N7, — NoNy,.

Now

NyNr — N2+ 3NrR, — 3N, Ry
=—(Np, — N1+ Np, — N2)2 — 4Ny No(Np, — N1) — 4N No(Np, — No)
+3 ((NT1 — Ny + NT2 — NQ)(NlRQ + N2R1) — NlNQ(RTl — R+ RT2 — RQ)) .

Simplifying and regrouping the terms in the last line separately, we have

3((Nt, — N1+ Np, — No)(N1 Ry + NaRy) — NiNo(Ry, — Ry + Ry, — Ry))
= 3NNy, Ry + 3Ny Ng, Ry — 3N2Ry — 3N3R,

+ 3Ny (N, Ry — NoRp,) + 3No(Npy, Ry — N1 Rpy)
> 3NNy, Ry + 3NoNp, Ry — 3NERy — 3NZ R,

+ Ni(N7, — NaNr,) + No(N7, — N1 Np)
= (Ng, — N1)(3N1 Ry + NoNp, ) + (N7, — No)(3NoRy + N1 No,),

where the inequality follows from the assumption. Plugging this into the entire expres-
sion, we have

NyNp — N2+ 3NrR, — 3N, Ry

> — (N, — Ny + Ng, — No)® — 4N No(Np, — N1) — 4Ny Nao(Np, — No)
+ (Ngy — N1)(3N1Ra + NoNz,) + (Nz, — No)(3NaR1 + Ny N1,

— (Nz, — NV)(3N1Ro + NoNp, — 4N\ N — Ngy + Ny — N, + Na)
+ (Ng, — N3)(3N3Ry + N1Np, — 4Ny Ny — Ny + Ny — Np, + Na).

In the last step, as Ny, > N7 and Np, > Na, the main inequality follows if

3N1Ry + NoNp, — 4NNy — Ny, + Ny — N, + N2 > 0
3NoR; + N1Np, —4N1Ny — Ny, + N1 — N, + N2 > 0.

Due to symmetry, it suffices to prove only the first one. By (2.3), Ry > Nr,, hence
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Fig. 4.2. T and T;.

left hand side > 3N1NT2 + NQNTI —4N{ Ny — ]VT1 + N1 — NT2 + Ny
= (Ng, = N2)(3N1 — 1) + (Ngy, — N1)(N2 — 1)

>0. O
Now we are ready to prove inequality (2.7).

Proof of Lemma 1.3. Let NV, be the number of subtrees in 1" containing v. Let v1,...,vq
be all the vertices adjacent to v, with integer d > 1. Let 11, ..., Ty be the rooted subtrees
with roots at v1,...,v4. We prove the statement by induction on the order of T. For
T being a singleton tree, both sides of the inequality are equal to 3. Now assume (2.7)
holds for 771, ...,Ty. Then by Claim 4.3, it also holds for the subtrees 71 + v, ..., Ty + v
with roots all at v. If d = 1, then we are done. If d > 2, one can apply Claim 4.4 to
T, +wv,..., Ty + v, and the statement follows. O

Next, we go to the inequality (2.8). We use a similar but modified induction.
Claim 4.5. Let T be a rooted tree with root at v and deg(v) = 1. Let vy be the closest
vertex to v with degy(v1) > 2. Let Ty be the subtree containing vy obtained by removing

the path vvuy. If Ty satisfies (2.8), then so does T (see Fig. /.2).

Proof. Let |T| —|T1]| =1 > 0. We have

1
No= Ny 1Ry = Ry 413+ D,
and
l
) I(l+1)
NT:;(N1+Z)+NT1:NT1+ZN1+ o
l L/
. (2 +1
RT—Z<R1+ZN1+ ( 5 ))+RT1

i=1

(D) o, 0+ D+2)

ZRT1+ZR1+ D) 6

By assumption, we also have
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NiNz, — N{ + Ng, = Ny = 3(Ry, — Ry) > 0.
Now

N,Ng — N>+ Nr — N, —3(Rr — R,)
=I1(N} + Ny —3Ry) + NiNg, — N2 + Ny, — Ny — 3(Ry, — Ry) + [ Np,.

Applying (2.5) to the first expression in parentheses yields

NyNg — N>+ Ny — N, —3(Rr — R,)
> NNy, — N2 + Ny, — Ny — 3(Ry, — Ry1) + [N,

>INt >0,

where the last step uses the assumption. Recall that inequality (2.5), which will be proved
later, requires N7 > 6. However, as degp(v1) > 2, we only need to deal with N; = 4 and
N; = 6, which corresponds to the two cases P52 and P» 3. In the first case, 11 = Pa o,
and we have
Ny =4,Np, =6,R; =8, R, = 10.
Then
Ny,Np — N2+ Np — N, —3(Rr — R,) =2l +4 > 0.
In the second case, we have
Ny =6,Np, =10,R; =15, Ry, = 20.
Then

NyNy — N>+ Ny — N, -3(Rr —R,)=7l+13>0. O

Claim 4.6. Let T be a rooted tree with root v and deg(v) > 2. Let Ty and Ty be two

non-singleton subtrees also rooted at v such that T, =T} U Ts. If T1 and Ty both satisfy
(2.8), then so does T,,.

Proof. We start with

Ny, = NiNy, R, = NiRy + NaRy — N1 No,
Np = NyN2 + Ny, — Ny + Np, — No,
Rr = N1Ry + NoRy — N1N2 + Ry, — Ry + Ry, — Ro,
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and the assumption yields

NiNp, — N2+ Ny, — Ny —3(Ry, —Ry) >0
NyNp, — N3 + Np, — Ny — 3(Ry, — Ry) > 0.

Now

NyNp — N>+ Ny — N, — 3(Rr — R,)
= N1N2o(N1Ny + Ny, — N1+ Np, — N3) + Ny, — N1+ Np, — N»
— N12N22 —3(RT1 — Ry +RT2 — Rg)

For the last expression in parentheses, we use the two inequalities provided by the as-
sumption,

NyNp — N>+ Ny — N, — 3(Rr — R,)
> N1 Nao(N1Ny + Ny, — Ny + N, — No) + Ngy — Ny + Np, — N»

— NiNZ — (N{Np, + Ny, — N} — Ny + NoNp, + Np, — N3 — N»)
= (Ng — 2)(N1 Ny, — N?) + (N7 — 2)(N2Ng, — N3)

+ N1(Np, — N1) + No(Np, — Na)
>0,

as N1, Ny > 2 and Ny, > Ni, Ny, > Ns. Indeed, both observations follow from the
assumption that 77,75 are non-singleton subtrees. O

After the two claims, (2.8) holds for trees with root of degree 1.
Claim 4.7. Let T be a rooted tree with root v and deg(v) = 1. Then T satisfies (2.8).

Proof. We prove the statement by induction on the order. For a singleton tree, the
inequality reduces to 1 > 0.

Now assume that 7" is not a path. Let w be the closest vertex of degree greater than
2, and T, be the subtree with root w. Denote the neighbors of w in T3, by wy,...,wq.
Let T;,7 = 1,...,d, be the subtree that contains w and w; and all that is attached, as
indicated by dotted curves in Fig. 4.3. Note that degy, (w) = 1. Then, by the induction
hypothesis, T1,...,Ty all satisfy (2.8). So Claim 4.6 implies that T, satisfies (4.6) as
well. Now Claim 4.5 yields the statement.

Now we deal with the case of a path. If T is a path with n vertices, we have

n(n+1)(n + 2)

,RT: T

_ n(n+1)

NU:TL,NT: B
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Fig. 4.3. T,,: dashed curve, T1,..., T4: dotted curves.

Hence

N,Nr — N2+ Ny — N, — 3(Rr — R,)

<n(n + 1g(n +2) n(n2+ 1))

2
BTy nee)

=0. O
Inequality (2.8) for general cases now follows immediately.

Proof of Lemma 1.4. If deg(v) = 1, then Claim 4.7 yields the statement. If deg(v) > 2,
then Claim 4.6 and 4.7 together yield the statement. O
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