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ABSTRACT

We observe that the join operation for the Bruhat order on a Weyl group
agrees with the intersections of Verma modules in type A. The statement is
not true in other types, and we propose a weaker correspondence. Namely,
we introduce distinguished subsets of the Weyl group on which the join
operation conjecturally agrees with the intersections of Verma modules.
We also relate our conjecture with a statement about the socles of the
cokernels of inclusions between Verma modules. The latter determines
the first Ext space between a simple module and a Verma module. We
give a conjectural complete description of such socles which we verify in
a number of cases. Along the way, we determine the poset structure of
the join-irreducible elements in Weyl groups and obtain closed formulae
for certain families of Kazhdan—Lusztig polynomials.

1. Introduction

Let g be a finite dimensional complex semisimple Lie algebra with a fixed tri-
angular decomposition

g=ntohon .
Let W be the associated Weyl group, which we view as a Coxeter system (W, S).
Consider the associated BGG category O and its principal block Op (the in-
decomposable summand of O containing the trivial g-module). The Verma
modules in Oy are indexed by the Weyl group elements. For w € W, we denote
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by A, the Verma module of heighst weight w.0 = wp — p, where p is the half
of the sum of all positive roots. The set W has a poset structure with respect
to the Bruhat order <. By a result of Bernstein, Gelfand and Gelfand, see [Di,
Chapter 7], for w,x € W, the following assertions are equivalent:

e there is a (necessarily unique up to scalar and injective) non-zero ho-
momorphism from A, to A,.
o w>1.

This allows us to unambiguously write A,, C A, provided that w > z. In
particular, we can view each A, as a canonical submodule of the dominant
Verma module A,. In other words, we have an isomorphism of posets as follows:

(1) (W, <) = ({Aw CAc[we W}, D).
Being a poset, W has the join operation
vV WH{‘does not exist’},

where 2" denotes the power set of W. The main purpose of the current paper
is to understand the module-theoretic interpretation of this structure on the
right-hand side of (1). The obvious candidate is the intersection:

Question A: Given U C W, do we have w = \/ U if and only if Ay = Ay?

zeU

Using the results of [KMM], we observe that the answer to Question A is
always positive in type A (see Corollary 4.12). A similar observation is made
in [Kol.

THEOREM B: Suppose g = sl,,. Then for any U C W, we have \|/U = w € W
if and only if (), .y Az = Ay.

In general, the answer to Question A can be negative (see Example 5.42
in type Eg). In this paper, we explore a number of other special cases and
examples which suggest that full understanding of Question A is very likely to
be highly non-trivial. Our main idea for relating the join operation on W and
the intersection of Verma submodules is to restrict V from 2" to certain subsets
consisting of join-irreducible elements, which we introduce now.

An element w € W is called join-irreducible if there is no ‘join expression’

w:\/U
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with w € U. We denote by JI the set of join-irreducible elements in W. Then
every element w € W has a distinguished join expression, as the join of join-
irreducibles, given by the subset JM(w) C JI defined as follows. First, recall
that s € S is a left (resp., right) descent of z € W if sz < x (resp., s < x).
Consider the set

JI(w) = {x € JI |z < w and each left (resp., right) decent of z
is a left (resp., right) descent of w}.

We will see in Lemma 3.1 that the elements in JI(w) in fact have unique left
and right descent. Now we let

JM(w) = max JI(w) = the set of Bruhat maximal elements in JI(w).

Then JM(w) is, in fact, a join expression of w, that is, we have (see Lemma 3.4)

w=\/IM(w).

What we conjecture to hold, in all types, is that each Verma module has an
expression given by JM(w).

CONJECTURE C: For each w € W, we have
Av= () A
zeIM(w)

When W is dissective (see Subsection 2.4), Conjecture C answers Question A
completely and positively (see Corollary 4.11), and, in fact, this is how we prove
Theorem B in type A.

In our proof of Conjecture C in type A, the following property plays a cru-
cial role and provides a connection to the results in [KMM]. Recall that, by
definition and (1), for each € JM(w), we have a canonical map

Ye : Ao/ Ay = A /A,

Definition D: An element w € W is said to have the socle-sum property if

(i) each v, restricts to
@ 1 80C A /Ay — s0c A AL

(i) we have ), cyni(w) ket do = 0;
(iii) the maps ¢,, where z € IM(w), are surjective.
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Note that the property (i) says that ¢, maps socA./A, to
socAe/A,; € A./A,. The properties (i) and (iii) make precise the statement
that ‘soc Ae/A,, contains the sum of soc A./A, taken over all x € IM(w) in-
side A.’. The properties (i) and (ii) together say that ‘soc A./A,, is contained
in the sum of soc A./A,’. Often, and always in type A, this sum is direct. In
such a case, the socle-sum property is equivalent to a simpler condition

S0c A /A, = @ SocAc /A,
2€IM(w)

The main result of [KMM] can be interpreted as the socle-sum property
in type A. The socle-sum property does not hold in general as we show in
Remark 5.25 in type B and in Example 5.50 in type F'. However, one direction
of the socle-sum property is true in general.

THEOREM E: For each w € W, the properties (i) and (ii) hold. In other
words, the socle of A./A,, Is contained in the sum of socA./A, taken over
all z € IM(w).

Motivated by the socle-sum property, we determine the socles of A./A,,
for x € JI, in almost all cases (we know the answer but do not have complete
proofs in the remaining cases). We also establish the socle-sum property for
many special cases and examples. In order to obtain a description of the socles,
we explicitly give a set of generating relations for the poset of join-irreducible
elements with fixed descent sets, for each W. There we encounter several in-
teresting examples which illustrate the complexity of the combinatorics and
representation theory outside type A. In exceptional types, this relies heavily
on computer assisted computations.

Determining soc A./A,,, for w € W, is an important problem independently
of Question A or Conjecture C. As pointed out in [KMM], it has interesting
applications to understanding various homological invariants of category O. In
particular, knowing soc A./A,, would completely determine the dimension of
the extension spaces

Ext!(Lg, Ay) =2 Ext' (Vo Ly).
We use the notation
sJMi(w) = {z € IM(w) | the left (resp., right) descent of z is s (resp., t)},

for w € W and s,t € S. Note that we have IM(w) = [], ,cs sJM¢(w) by
Lemma 3.1. Let wg € W be the longest element in (W, S) and let J be the
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two-sided Kazhdan—Lusztig cell containing the elements w5 and consider the

decomposition
J = H sHt
s,tes
= H {u € J| the left (resp., right) descent of z is S\ s (resp., S\ t)}
s,tes

into the Kazhdan-Lusztig H-cells (see Subsection 2.2). Then Theorem E, to-
gether with Propositions 2.3 and 2.6 and [Ma, Theorem 32], gives the following
statement.

THEOREM F: Let w € W.

(a) Ifx ¢ J][{wo}, then Ext!(L,, A,) = 0.

(b) Ifz = wo, then dim Ext!(L.,, Ay) equals the rank of the minimal parabolic
subgroup containing wow.

(¢) If & €5H', then

(2) dim Ext' (L., Ay) < [soc Ae/Ay : Ly] < |« JMy(w)]

where

b=\/IM;(w).
In particular, Ext’ (L., A,) = 0 if JM;(w) = 0.

For information on Theorem F(c) depending on the type of (W, S), see Sub-
section 5. The number [soc A./Ay : L;] is bounded

e by 1 in type AB (see [KMM, Corollary 2] for type A where both
inequalities in (c) are, in fact, the equalities),
e by 2 in type DF,
e by 3, 4, and 6 in types Eg, E7 and Eg, respectively.
Each of these bounds is achieved by dim Ext*(L,, A,,), for some z,w € W. The
number |;JM,| can be larger, e.g., up to 21 in type Fjs, although we include it
to give a purely combinatorial bound.

The paper is organized as follows: the next section contains all necessary
preliminaries. Section 3 studies the join operation for Bruhat orders and then
Section 4 discusses the module-theoretic interpretation of the join operation for
Verma modules. Section 5 contains a case-by-case combinatorial analysis of the
posets of join irreducible elements for all types and, in particular, determines the
socles of A./A,. Here we also provide figures illustrating the poset structure
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of join irreducible elements and closed formulae for some families of Kazhdan—
Lusztig polynomials in type BD. We finish the paper with an Appendix which
provides tables of some families of Kazhdan-Lusztig polynomials in types Er
and Fg.

2. Preliminaries

2.1. HECKE ALGEBRA AND KAZHDAN-LUSZTIG BASIS. We refer to [KL, So]
for more details on this subsection. A more expository reference is the book
[EMTW]. Note that we use the normalization of the Hecke algebra as in [So]
and [EMTW].

Let (W,S) be a finite Coxeter system. We denote by < the Bruhat order
on W, and by £ : W — Z the associated length function. As usual, the identity
element in W is denoted by e and the longest one by wy.

The Hecke algebra H(W, S) associated to (W, S) is the Z[v, v~1]-algebra gen-
erated by H,, for s € S, which satisfy the (Coxeter) braid relations and the
quadratic relation

(Hy +v)(Hy —v™') =0,
for all s € S. Given a reduced expression w = st---u of w € W, we let
H, = H;H;--- H,. The element H,, is, in fact, independent of the choice of
the reduced expression, and {H., }wew is a (Z[v,v!]-)basis of H(W,S) called
the standard basis. Now consider the (Z-algebra-)involution

: H(W, S) — H(W, S)

uniquely determined by v = v~! and Hy = H;!. Then there is a unique
element H,, in H(W, S) such that H, = H, and
(3) H,=H,+ Z Py.wHy,

yew
for some py, ., € vZ[v]. The elements H ,, where w € W, form a basis of H(W, .S)
called the Kazhdan—Lusztig (KL) basis. Given z,y € W, the coefficient of v
in pgy+py.e is denoted by p(x,y) = u(y, ), defining the (Kazhdan—Lusztig)
p-function. If s € S, then H, = H, + v, and

-1
(4) o, =Ty sy <Y,
Hsy + Zsz<m,z<y ,LL(IE, y)Hmv sy > Y.
0(wo)—L(x)

Another basic fact is that py , = v
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2.2. THE SMALL AND PENULTIMATE KL CELLS. We call an element s € S a
left descent of y if sy < y and a left ascent of y if sy > y. Right descent
and right ascent are defined similarly. We denote by LD(y) and RD(y),
respectively, the sets of left and right descents of y, and by LA(y) and RA(y),
respectively, the sets of left and right ascents of y. An element w € W is called
bigrassmanian if it has a unique left and a unique right descent.

We consider the Kazhdan—Lusztig left, right, and two-sided orders on W,
denoted, respectively, by <p, <z, <;, and the associated equivalence rela-
tions ~p, ~g, and ~;. The corresponding equivalence classes in W are called
left, right, and two-sided cells. We have an explicit description of the two small-
est two-sided cells with respect to the two-sided order. The first one is Jy = {e}.
The next one Ji, the so-called small two-sided cell, consists of all elements
in W having a unique reduced expression. The left and the right cells in J; are
both indexed by S: for each s € S, the elements in J; with the right (resp.,
left) descent set {s} form a left (resp., right) cell in J;.

The p-function is easy on Jp, see [KMMZ, KM]:

PROPOSITION 2.1: Let x,y € J1. Then u(x,y) # 0 if and only if z,y are
adjacent in the Bruhat graph, in which case u(x,y) = 1.

Multiplication by wg induces an involution on the set of two-sided cells, un-
der which the small cell 77 corresponds to the penultimate two-sided cell
denoted by J. That is, J = woJ1 = J1wo-

The left and the right cells in 7 have unique ascents, so we index them by S.
For example, L£°, for s € S, is the left cell that has the right ascent set {s}
(and hence the right descent set S\ {s}). Similarly, ‘R, for ¢ € S, is the right
cell that has the left ascent set {¢}. We index the intersections of left and right
cells (called H-cells) by S x S. An H-cell in 7 is thus written as ‘H* = L3N 'R,
and y €'H* satisfies RA(y)={s} and LA(y)={t}. In (Weyl) types A, D and E,
all H-cells in J are singletons. The latter property fails in types B, F' and G.

PROPOSITION 2.2: Let z,y € J. Then u(xz,y) # 0 if and only if z,y are
adjacent in the Bruhat graph, in which case u(x,y) = 1.

Proof. By the Kazhdan-Lusztig inversion formula, see [KL, Section 3] (or,
equivalently, by Koszul duality, see [BGS]), we have u(z,y) = u(woz =1, woy1).

Now, the claim follows from Proposition 2.1.
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2.3. KAZHDAN—LUSZTIG COMBINATORICS, DESCENT SETS, AND VERMA MOD-
ULES. The statements in this subsection are proved in type A in [KMM, Sub-
section 2.2]. The general case has exactly the same proof.

PROPOSITION 2.3: Let z,y,z € W be such that x > y and L, is in the socle
of Ay/Ag. Then z € J.

By the Kazhdan-Lusztig conjecture (proved in [BeBe, BK, EW]), the mul-
tiplicities of the graded composition factors in A, isomorphic to each L.,
for z € J, are determined by the Kazhdan—Lusztig polynomials as

(5) Z[Ay : LZ<_d>]Ud = Py,z»

d
where p, . is defined in (3). Since each Verma module A, is canonically a
submodule of A., we restrict our attention to the case y = e.

We denote by a: W — Zso Lusztig’s a-function, see [Lu]. The value a(w)
does not change when w varies over a two-sided cell J’. We write a(J’) = a(w),
for w € J'. By definition, the value a(w), for w € J’, describes the minimal
possible degree shift d, for which there exists u € J' such that A, has L, (—d)
as a simple subquotient. The minimal shift is achieved exactly when u is a Duflo
element (called distinguished involution in [Lu, Section 1]). It follows that

(6) Pew € Z{v® | a(w) < a < {L(w)},

where the first equality holds if and only if w is a Duflo element. Moreover, all
exponents appearing in p, , are of the same parity. Every Duflo element is an
involution, and hence belongs to a diagonal H-cell.

PROPOSITION 2.4: Let x € W and s € S.

(i) If sz < z, then the socle of A./A, contains some L, such that sy > y.
(ii) If xs < z, then the socle of A./A, contains some L, such that ys > y.

COROLLARY 2.5: Let w € W be such that the socle of A /A, is simple. Then w
is bigrassmannian.

PROPOSITION 2.6: Assume that x € W and y € *H?, for s,t € S, are such
that L, is in the socle of A./A,. Then s € LD(x) and t € RD(x).

The following statement is implicit in [KMM], but we provide a proof.
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LEMMA 2.7: Let x,y € W, with < y, and suppose that the socle of A./A,
contains a graded component X (of A.) isomorphic to Lq{d), for w € $H*.
If there exist z € W with x < z < y, such that s ¢ LD(z) or t ¢ RD(z)
(equivalently, if x < sy or x < yt), then soc A./A, does not contain X.

Proof. Consider the quotients maps A./A, —» A/A, —» A./A,. Since
s € LD(z), by Proposition 2.6, the socle of A./A, does not contain any L., {(d).
So X is not in the socle of A./A, and thus is not in the socle of A./A, ei-
ther.

2.4. JOIN-IRREDUCIBLE ELEMENTS AND DISSECTORS. Let (P, <) be a partially
ordered set, and let V denote the join operation (i.e., supremum) in P. Of
course, not every subset of P needs to have a join. An element z € P is called
join-irreducible if © # \/Y for any Y C P\ {z}. Equivalently (see [LS,
Lemme 2.3)), there exists y € P such that x is minimal in P\ {z € P: z < y}.
Note that the smallest element e in P (if it exists) is not join-irreducible, since
then, by convention, we have \/ & = e.

Denote by JI the set of all join-irreducible elements in P. This set forms a
base of P in the sense of [GK, Page 284]. In more detail, denote by P(JI) the
poset of all subsets of JI ordered by inclusion. The map P — P(JI),

w— {x e JI: z <w}

is an isomorphism of posets onto the image, and, moreover, any subset of P
with this property must contain JI.
For w € P, denote

JM'(w) := the set of maximal elements in {z € JI: z < w}.

LEMMA 2.8 ([GK, Page 284] or [Re, Proposition 9]): For any w € P, we
have w = \/ IM'(w).

An element x € P is called a dissector if P can be written as a disjoint

union
P={z:z Zx}H{z: z <y},
for some y € P (such y is called a codissector associated to x).

LEMMA 2.9 ([Re, Proposition 12]): Every dissector is join-irreducible.
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The poset P is called dissective (one also says that it admits clivage,
see [GK]) if every join-irreducible element is also a dissector.

PROPOSITION 2.10: Suppose P is dissective, and fix w € P. Then JM'(w) is

the unique minimal set of join-irreducible elements with the property
that w = \/ IM'(w).

Proof. Assume w = \/Y for Y C JI. We will prove that JM'(w) C Y. Suppose
x € JM'(w)\Y, and let y be the codissector associated to the dissector z. Since,
for z € Y C {u € JI: u < w}, we cannot have z > x by the maximality of x
in the latter set {u € JI: u < w}, we must have z < y. Also, since w > x, we
cannot have w < y. This contradicts w = \/ Y.

3. Join operation on Bruhat orders

In this section we collect and prove some properties of the join operation on
a Coxeter group (W, S), partially ordered with respect to the strong Bruhat
order <.

LEMMA 3.1 ([GK, Theorems 2.5, 3.4, 4.6, and Table I]): Every join-irreducible
element in W is bigrassmanian. For finite Coxeter groups, the converse is true
if and only if (W, S) is of type A, B3 or of rank 2.

LEMMA 3.2 ([LS] and [GK, Table I)): A finite Coxeter group W is dissective if
and only if it is of type A, B, H, or of rank 2.

Given w € W, we can find z,...,y € JI such that w =2V ---Vy. We call
this a join expression of w. One way to find a join expression is to consider
JM'(w). We can find a potentially smaller join expression by restricting the
descent sets. More precisely, for T, U C S, denote

Wy :={z € W: LD(z) C T, RD(z) CU}.

This is a poset with the order induced from the Bruhat order on W. Note
that Wy is the set of Bruhat minimal representatives of the two-sided
cosets Wi \W /Wy, where Wz, W are the parabolic subgroups of W generated
by T =S \ T and U=S5 \ U, respectively. We would like to point out that
our notation Wy is different from, in particular, the notation TWU used in
[Re]. Also note that, for s,t € S, the set (o3 Wys \ {e} is exactly the set of all
bigrassmannians with left descent s and right descent {. We will simplify the
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notation in such a case and write
SBGt = {s}W{t} \ {6}
For fixed simple reflections s,t € S, we let
JI = JIN BGy,

the (po)set of all join-irreducible elements with fixed descents.
For w € W, define

JM(w) :=the set of Bruhat maximal elements
in {l‘ eJIn (LD(w)WRD(w)): r < w}

LEMMA 3.3: Let X C vWy and w € W such that w is a minimal upper bound
of X in W. Then w € tWy. Consequently, the following diagram commutes:

oW Y W [T{*does not exist’}
N N
orWu Y Wy, 11{ ‘does not exist’.}

Proof. Suppose s€ LD(w)\T'. Then sw<w and sz >z, for all x € X. From w>z
and the lifting property of Coxeter groups, it follows that sw >z, for all x€ X,
which is in contradiction with the minimality of w. This shows LD(w)CT. An
analogous argument applies for the right descents of w.

By Lemma 3.3, the join operation for the poset (W, <) can be computed in the
subposets (sBGy, <). It is worth noting that, according to [Re, Proposition 32]
(see also [GK, Corollary 2.8]), an element x € ;W; is join-irreducible (resp. a
dissector) in W if and only if it is join-irreducible (resp. a dissector) in the
poset W;.

LEMMA 3.4: For any w € W, we have w = \/ IM(w).

Proof. According to [Re, Proposition 27 and Proposition 31], the join-irre-
ducible elements in the poset 7Wy (with T = LD(w) and U = RD(w)) are
exactly JIN rWy. From Lemma 2.8 we have that w = \/ JM(w), where the
join is taken inside the poset 7Wy. From Lemma 3.3 we see that the same
equality also holds in the poset W.
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LEMMA 3.5: Given w € W, if M/ (w) C IM(w) then JM'(w) = IM(w).

Proof. Take x € JM(w) and assume that @ ¢ JM'(w). Then there is y € JI
such that z < y < w. Without loss of generality we can take y to be maximal
with this property. This gives y € JM'(w). But then y € JM(w) which
contradicts z € JM(w). This proves JIM/(w) = IM(w).

COROLLARY 3.6: If W is dissective, then JM'(w) = IM(w), for all w € W.

Proof. This follows from Proposition 2.10, Lemma 3.4 and Lemma 3.5.

Alternatively, this also follows from the essential set description of JM'(w)
from [KMM, Subsection 4.3] (originally introduced in [Fu]) for type A, and [An,
Theorem 2.2] for type B.

Example 3.7: Corollary 3.6 is not true in non-dissective Weyl groups. For ex-
ample, in type D4 with the following labeling of simple roots:

ot

take w = 07107210710". Then we have JM(w) = {0710%7210~, 107210*},
but JM/'(w) = JM(w) U {10707 1}.
In type Fjy, with the following labeling of simple roots:

take w = 3423123432. In this case, we have JM(w) = {34231234, 32341232},
but JM/(w) = IM(w) U {3234323}.

Remark 3.8: Note that w = \/ JM(w) is the unique minimal join expression
of w in the dissective types (see Proposition 2.10, Lemma 3.2 and Corollary 3.6).
This is not true in general. The smallest type where one can find a counterexam-
pleis D4. In this type, we have a unique counterexample, namely w = 1010~ 21.
It has JM(w) = JM'(w) = {10721,10721,107071}. None of the latter three
elements is a dissector. However, w can be written as the join of any two of
them. In particular, w is a bigrassmannian which is not join-irreducible. We
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give the Bruhat graph of 1BGy, which contains all the above mentioned ele-
ments:

1

T

10721 10721 1070™1

10021

i

107210110721

In Subsection 5.4.2 below, we show that these three elements correspond to three
distinct simple submodules of the isotypic subquotient 2L,(—9) in A., and the
sum of any two is necessarily the entire 2L, (—9). This is the place (unique in
type D4) where the polynomial p. ., with € 7, has a coefficient bigger than
one. Namely, z = 071072107210712 € 'H! and p. , = v!! + 209 +27.

Example 3.9: The smallest W where JM(w) ¢ JM'(w), for some w, is of
type Dg. We denote the simple roots by

ot
o
and take w = 1072107321074321073210%12. Then we have
IM(w) = {4321070%12, 107210~3210+43210~,
10-21073210-43210*, 10+210~ 102132},
IM (w) = {4321070%12, 107210~3210+43210",
107210+321043210%, 10~210*3210 210321},
while JM(w) N JM/'(w) contains only 3 elements.

Put
(7) IM" (w) := {z € IM'(w) | € Lp@w)WrD(w)}

and note that JM" (w) = JM(w) NIM'(w). We do not know if w = \/ IM" (w)
holds in general. In type Dg (and all types of rank smaller than 6) we do
have w = \/ JM" (w).



640 H. KO, V. MAZORCHUK AND R. MRDEN Isr. J. Math.

4. Join operation and Verma modules

4.1. INTERSECTION CONJECTURE. Our main conjecture is that the join expres-
sion w = \/ JM(w) gives rise to a join expression for the Verma module A,,.

CONJECTURE 4.1: For w € W, we have
(8) Av= () A
z€IM(w)

where the intersection is taken inside (the ungraded module) A..

Each Verma module A,, is uniquely determined by the socle of A./A,,. By
Proposition 2.3, each simple subquotient of the latter socle is isomorphic to a
shift of L,, for some uw € J. Thus, if each L,{d) (for u € J and d € Z) is
multiplicity-free in A, then (8) is equivalent to
) (A=) : Luld)) = _min [As(=0@) : Lu(d))
for all u € J and d € Z. This reduces the module-theoretic Conjecture 4.1
to Kazhdan—Lusztig combinatorics. The multiplicity-free assumption holds in
types A and B. In type A, Conjecture 4.1 follows from the results of [KMM],
see Corollary 4.5. In type B, we checked (9) for small ranks on a computer.

In the next subsections, we discuss another approach to Conjecture 4.1.

4.2. SOCLE-SUM PROPERTY AND THE INTERSECTION CONJECTURE. The fol-
lowing proposition explains a relation between the intersection of Verma mod-
ules and the socles of the corresponding quotients.

PROPOSITION 4.2: Let w € W and U C W. Assume that the following holds:
o x <w, for any x € U;
e the natural surjection Ac/A, — A./A, restricts to a surjection
¢r 80C Ap /Ay — soc A /A, for any x € U;
° ﬂmeU ker(¢,) = 0.
Then (Ve Az = Ay

Proof. That Ay C (), ey A, follows directly from the first assumption. For the
opposite inclusion, consider the quotient map 7 : A, — A./A,,. We claim that
the kernel of 7 contains (), ; Az =: M. Suppose not. Then (M) intersects
the socle of A./A,,. If the nonzero intersection 7(M) NsocA./A, C ker(¢y)
for all z € U, then our assumption [, ker(¢,) = 0 is not satisfied. Thus
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there exist # € U such that ¢, (m(M) NsocAc/A,) # 0. But this contra-
dicts M C A,. Therefore, the map 7 factors through A./M —» A./A,,, which
implies that M C A,,.

Note that the converse of Proposition 4.2 is not true. For example, if x <y=w,
then A, N A, = A,,. However, the map socA./A, — soc A./A, is often not
surjective.

Proposition 4.2 and Conjecture 4.1 motivate Definition D.

COROLLARY 4.3: If every w € W has the socle-sum property, then Conjec-
ture 4.1 is true for (W, S).

Proof. This follows from Proposition 4.2.

The result in [KMM] readily proves the socle-sum property and Conjecture 4.1
in type A.

THEOREM 4.4: Let (W,S) be of type A. Then every w € W has the socle-sum
property.

Proof. Since the bigrassmanians are exactly the join-irreducibles in type A, the
statement follows from the main theorem in [KMM].

COROLLARY 4.5: Conjecture 4.1 is true in type A.
Proof. This follows from Corollary 4.3 and Theorem 4.4.

Note that it is crucial to take the intersection over JM(w) in Definition D,
as we see in the following easy example.

Example 4.6: We have w = w V z, for any < w. In this case, soc A./A, does
not contribute to soc A./A,,. For example, if w = st for s,t € S with st # ts,
then soc A, /A, is of the form L, (up to shift) with x € H! (see Proposition 2.3
and Proposition 2.6). Writing st = stV s we see that soc A /A, which is of the
form L, for x € *H?* (see Proposition 2.3 and Proposition 2.6), is not contained
in soc A /Ay

In contrast, Conjecture 4.1 seems to be less sensitive to the choice of a join
expression. Here is a comparison with the situation in Example 4.6.

Example 4.7 We have w = w V z, for any x < w. In this case, we
have A, = A, NA, since A, D Ay.
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The following proposition also suggests that (8) may not require the join
expression to be given by JM.

PROPOSITION 4.8: If (), .y Az = Ay, then w = \/U.

Proof. Suppose [|,cyy Az = Ay. Then we have x < w, foreachz € U. If z € W
is such that z < z, for all x € U, then A, D A, for all x € U, so
Ay=[]A:2A..
zecU
The latter implies w < z which proves the claim.

This motivates the main question of the paper (Question A).
Question 4.9: Given U CW, do we have w=\/U if and only if (|, o, Az = Ay?

Note that the join \/ U does not exist in general, in which case [, ., A, is not
isomorphic to a Verma module by Proposition 4.8. Therefore, for such U C W,
the answer to Question 4.9 is positive.

Under a combinatorial condition on the Bruhat order, the socle-sum property
guarantees that the answer to Question 4.9 is positive.

PROPOSITION 4.10: Let (W, S) be dissective and suppose Conjecture 4.1 holds
for W. Then the answer to Question 4.9 is positive, for any U C W.

Proof. The “if” claim follows from Proposition 4.8. To prove the “only if” part,
let U C W and \/U = w. Consider the equality
(10) V V 2=V =
yeU z€IM(y) 2€IM(w)

Since W is dissective, by Proposition 2.10 and Corollary 3.6, we have that
JM'(w) = JM(w) is the unique minimal set of join-irreducible elements whose
join is w. It follows that the expression on the right-hand side of (10) is a subex-
pression of the left-hand side. Therefore, for any y € U and each 2 € JM(y),
either x € JIM(w) or = < z, for some z € JM(w). Therefore, we have
(11) N N 2= ) A-

yeU zeIM(y) z€IM(w)

Now the validity of Conjecture 4.1 reduces (11) to [,y Ay = Ay

COROLLARY 4.11: Let (W, S) be dissective and suppose all w € W have the
socle-sum property. Then the answer to Question 4.9 is always positive.
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Proof. This follows from Corollary 4.3 and Proposition 4.10.

COROLLARY 4.12: Let (W, S) be of type A. Then, for any U C W, we have
VU =weW ifand only if (|, Aw = A

Proof. This follows from Theorem 4.4, Lemma 3.2, and Proposition 4.10.

As we will see later in Example 5.42, in the situation when W is not dissective,
the answer to Question 4.9 can be negative, for some U C W. Therefore, we
ask a more precise question:

Question 4.13: Given w € W, which U C W satisfying w = \/ U have the
property (\,cy Az = Ay?

4.3. ANOTHER INTERPRETATION OF QUESTION 4.9. Let Sub be the poset of
all submodules of A, where the poset structure is given by inclusion. Then we
have an embedding of posets

(12) A (W, <) — (Sub, ©)°P

given by
w— Ay C A

In (Sub, D) = (Sub, C)°P, arbitrary joins exist, since joins are given by intersec-
tions. If a join of some elements in the image A(W, <) lies in A(W, <) again,
then the join exists already in (W, <). While the above statement is true for
any poset inclusion, the converse, that is, whether joins are mapped to joins
under the inclusion, is not true in general.

Let CSub be the subposet of Sub consisting of the submodules of A, with
simple head. The join operation on (Sub, D) restricts to that in (CSub, D), that
is, the meet in Sub restricts to CSub, in the following sense.

PROPOSITION 4.14: For P C CSub, the meet A\ P exists if and only if (), p M
has simple head, in which case we have \ P = (;cp M.

Proof. The “if” statement is clear. Conversely, if the head of (),,cp M is
not simple, then there are two incomparable submodules X,Y C (,cp M
with simple heads, none of which is properly contained in any other sub-
module of (),,cp M with simple head. If the meet exists, then it satisfies
Narep M 2 AP 2 X,Y, contradicting the maximality of X,Y".
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COROLLARY 4.15: The answer to Question 4.9 is positive, for every U C W, if
and only if the join operation on CSub®® restricts to the join operation on W.

Proof. Consider the following diagram where the downward map
Sub®® — CSub®? H{‘does not exist’}

is given by M — M, if M € CSub, and M — ’does not exist’, otherwise. The
map below the latter is given similarly.

9Sub®” Y Sub®®
N T

208ub* Y OSuhoP [T{*does not exist’}
N T

2V v W I]{‘does not exist’}

Conjecture 4.9 says that the big square commutes. Proposition 4.14 says that
the upper square commutes. It follows that Conjecture 4.9 is equivalent to the
lower square being commutative, which is our claim.

Intuitively, the poset CSub is isomorphic to the poset of simple subquotients
of A, where the partial order is given by (some kind of) generation. Let us
make this statement more general and precise. For M € O, consider the set of
subquotients of M given by

SQ(M) = {(X,Y)|Y Crad X C M},

where one thinks of (X,Y) as the subquotient X/Y of M. Then SQ(M) is a
poset with the partial order

(X,Y)<(Z, V)<= XCZandY CV,

which should be thought of as the induced map X/Y — Z/V. (Here we are
not considering all subquotients, for example, we only consider ‘quotients of
submodules’ and not ‘submodules of quotients’. The zero subquotients are also
not included in SQ(M). But the above definition suffices for our purpose and
allows us to avoid lengthy discussions.) The poset of simple subquotients
of M is the subposet SSQ(M) in SQ(M) consisting of the pairs (X,Y") such that
hd X is simple and ¥ = rad X (so that X/Y is simple). Then CSub(M) (the
submodules of M with simple head) is isomorphic to SSQ(M), the isomorphism
being given by X — (X, rad X).
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Note that in SSQ(M) we have (X,Y) < (Z,V) if and only if X C Z, since
the second condition Y C V is automatic. We thus see that the partial order
on SSQ(M) is alternatively given by (X,Y) < (Z,V) if and only if there is a
composition series of the form 0 C --- C X C --- C Z, which is the most natural
partial order that can be given to the simple subquotients of M.

Taking M = A, and relating to the poset (W, <), we have the diagram of
posets

(13) (W, <) < (CSub, 2) 2% (83Q, >) 2% (2, <),

where the first map is induced from (12) (where (CSub, D) denotes the opposite
poset of CSub and similarly for SSQ) and the last map takes the minimal degree
of a (not necessarily graded) simple subquotient in the graded module A.. The
composition in (13) gives the length function on (W, .S).

The discussion above proves the following reformulation of Corollary 4.15.

COROLLARY 4.16: The answer to Question 4.9 is positive, for every U C W, if
and only if the join operation on SSQ restricts to the join operation on W, i.e.,
if and only if the following diagram commutes.

988Q” Y . g5Q°P 11{‘does not exist’}

N T
oWV W 11{ does not exist’}

We note that Corollary 4.16 is non-trivial. Indeed, it follows from Corol-
lary 4.16 and Example 5.42 below that the join operation on SSQ or CSub does
not restrict to the join expression on W in type E.

4.4. HALF SOCLE-SUM PROPERTY VIA COMBINATORICS. Here we give a crite-
rion for the socle-sum property to hold in one direction. Type by type analysis
in the next section will prove that the criterion is always satisfied, hence estab-
lishing Theorem E.

LEMMA 4.17: Let s,t € S and m := ) .y Pe,u(1). Suppose there exists a
chain

T << Ty
in ;BGy. Then every composition factor of A, isomorphic to L, with u €% H?
is contained in the sum of soc A./A,, taken over all y € (JI,.
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By ‘X is contained in the sum of socles of A./A,,’ we mean the following:
Given a maximal isotypic subquotient X 2 ¢L,(d) in A., let M be the submod-
ule of A, generated by X, so that hd M = X. Then there are some y; € (JI;
so that A,, C rad M and the kernels of the induced maps

i X <> soc(A./rad M) — soc(Ae/Ay,)

have trivial intersection in X.

It is more convenient to formulate the dual statement. Let K, be the kernel
of the canonical surjection V. — V., so that a statement about socA./A,
is dual to a statement about hd K,. Let Y be a graded isotypic component
in V. corresponding to an element in #H(a,b) and N C V. be the submodule
generated by Y. Then the statement in the previous paragraph is equivalent to

D,
being surjective. Here y runs over all elements in ,JI; for which the map K,—V,
restricts to n; : Ky — N.

Proof. By Proposition 2.3 and Proposition 2.6, the numbers

Z [Ac/Az, i Ly
uesH?
strictly increase along x; < --+ < z,,, and moreover, each component of the
form L, with ue*H! in A,, ,/A., belongs to soc A./A;, under

ANg, Az, = Ac/A,,.

Thus the length of the sum of socA./A,,,...,s0cA./A,, strictly increases
with 4. In particular, the sum of soc A./A.,,...,s0cA./A,,  has length at
least m. But, by Proposition 2.6 and (5), the length is at most m. The claim
follows.

PRroPOSITION 4.18: Suppose that, for each s,t € S, every composition factor
of A, isomorphic to Ly, with u € H', is contained in the sum of soc A. /A,
taken over y € ;JI;. Then, for each w € W, we have

ﬂ ker{soc A /A, 2, soc Ac/Ay} =0,
yeIM(w)

where the maps ¢, are induced by A, C A,,. In other words, the socle of A. /A,
is contained in the sum of soc A. /A, taken over x € JM(w).
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Proof. Suppose not. Then we have a simple socle component X C socA./A,,
such that ¢,(X) = 0, for all y € JIM(w). By Proposition 2.3, it is isomorphic
to (some shift of) L, € J. Let a and b be the left and right ascents of =,
respectively, i.e., x € “H’. Then the assumption provides y; € ,JI; such that
the sum of socA./A,, contains X. By replacing y; < w by y, € JM(w)
with y; <y}, we get a contradiction.

PROPOSITION 4.19: Suppose, for each s,t € S, there exists a chain in ;BGy of
length 3 oyt Pe,u(1). Then, for each w € W, we have

ﬂ ker{soc A./A, 2, soc Ac/Ay} =0,
yeIM (w)
where the maps ¢, are induced by A, C A,. In other words, the socle of
A./A, is contained in the sum of soc A, /A, taken over x € JM(w).

Proof. This follows from Lemma 4.17 and Proposition 4.18.

The proof of Corollary 4.19 is also easier to make precise in the dual setting.
The dual statement of Lemma 4.17 gives that @yi Ky — M, for some y; € oJI,
where M is the submodule of K, generated by a head component isomorphic
to Ly, for x € H(a,b). Then, taking y; € JM(w) with y, > y;, we factor the
above surjective map as @, Ky, — ®y; K, 2y M. This implies that 7 is
surjective, as desired.

4.5. SOCLE-SUM PROPERTY AND JM”. Recall the set JM" (w), for w € W,
defined in (7). One could ask whether JM" (w) might be a better join expres-
sion than JM(w) for the socle-sum property. However, Example 5.50 gives an
example of w € W with JM(w) 2 JM" (w) such that
S0cA. /A, = Z soc A /A, C Z socAc/A,.
2€IM” (w) 2€IM(w)

Also, Remark 5.25 shows that the socle-sum property does not hold, in general,
if we replace JM by JM” either. In fact, Remark 5.25 shows that there is no
join expression such that the socle-sum property always holds, since it provides
a non-join-irreducible element f € W such that

soc Ao /Ay = L(d) & L'(d')

while there is no z € W with soc A./A, = L{d). We also do not know whether
JM" provides a join expression, i.e., whether \/ JM" (w) = w is true in general.
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5. Join-irreducibles and Verma modules

The goal of this section is to explicitly describe soc A./A,, for y € JI C W,
by closely studying combinatorial aspects of (W,S). Our first ingredient is
the Kazhdan-Lusztig combinatorics. We explicitly compute p. ,, for y € 7,
which determines the multiplicities of the composition subquotients of A, of the
form L,(d). The second ingredient is the Bruhat order on W. We determine
the subposet (JI; C W, for each s,t € S, and match them with the Kazhdan—
Lusztig polynomials.

We collect some general lemmas in Subsection 5.1 and proceed to Weyl type
analysis in the following subsections.

5.1. STRATEGIES.

5.1.1. Useful equations in KL polynomials.

LEMMA 5.1: Lety € J,z€ W and s € S. If z < sz and z # vy, sy, then we
have

-1
v *Pzys sy <y,
Pszy = Pz,sy + ZttGS Pzty — V- Pzy, SY >,
Y~y
ty<Ly

if z < zs and z # y,ys, then we have

1
v *Pzys ys <y,
Pzsy = Pz,ys + Z iGS Pzyt — V- Pzy, YS >y.
Yi~ryY
yt<Ry

Proof. We prove the first case. The second case has the same proof. In Equa-
tion (4) we take the coefficients next to H, on both sides. Note that all x
appearing in the sum there satisfy « ~1 y, by the definition of the order <; and
the penultimate cell J. Proposition 2.2 finishes the proof.

We record separately the case z = e.

LEMMA 5.2: Supposey € J and s € S are such that sy >y. Then we have

(14) V- Pey T Ps,y = Pe,sy T Z Peuy-

uesS
uy~Ly
uy<y
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If y € J and s € S are such that ys > y, then we have

(15) V- Pey + Psy = Deys + Z Pe,yu-

uesS
Yyu~ry
yu<y

Moreover, if y € “H7 with i # j in either case, then both sides of (14) or (15)
are equal to (v +v71) - pey.

5.1.2. Socle-killing combinatorics. By Lemma 2.7, the following combinatorial
property plays an important role in determining socles.

Definition 5.3: A relation z < y, with y € JI;, is called socle-killing if ei-
ther x < sy or x < yt holds. A chain zp < z1 < -+ < z,, in (JI; is called
socle-killing if the pair z; < x;41 is socle-killing, for each ¢+ =0,1,...,m — 1.

To bound the degrees in which the socle of A./A, can appear, we start with
the following lemma. Here we denote by max.deg. M, for a graded module
M = @,c; Mg, the maximal value of d € Z such that My # 0.

LEMMA 5.4: Let x,y € W.

(i) If z < y, then max.deg. A./A, < max.deg.A./A,. If, moreover,
max. deg. A. /A, = max.deg. A./A,, then the maximal degree compo-
nent of A./A, is contained in the maximal degree component of A./A,.

(ii) Ify is join-irreducible, and the relation x < y is socle-killing, then we have

max. deg. A /A, < max. deg. A /A,.

(ili) If all the composition factors of soc A /A, appear in A./A,, then z < y.

Proof. The first two claims follow directly from the definitions. To prove the
last claim, assume that £ y. Then the composition factor L, that comes
from the top of Ay, appears in A./A;. So, the image of A, in A./A, has a
non-trivial intersection with the socle of A./A,. This is a contradiction to our
assumption.

Let us introduce some auxiliary notation. For a fixed penultimate H-cell $H?,

write

(16) Psti= 3 Pew = cov® +crv™ + -+ vt
weSH?
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Here ¢; = c¢i(s,t) # 0 and, furthermore, d; = d;(s,t) € N form a strictly
increasing sequence. In particular, the number r + 1 = r(s,¢) + 1 is the number
of homogeneous terms in pg. For y € (JI;, define skal(y) (here “skal” stands
for socle killing above length) to be the maximal length of all socle-killing
chains in (JI; ending at y, i.e., the maximal m such that there exists a socle-
killing chain yo < - -+ < Yy, = y with y; € ;JI;. Similarly, define skbl(y) (socle
killing below length) to be the maximal length of the socle-killing chains
in ¢JI; starting from y.

LEMMA 5.5: Let y € (JI;. Then we have
dgiar(yy < max. deg.soc Ay /Ay < dip_gkbi(y))-

Proof. This follows from Lemma 5.4.

The minimal degree is not bounded by socle-killing chains on the nose but
can be determined inductively by the following lemma.

LEMMA 5.6: Let y € (JI; and suppose that the sum of soc A./A,, taken over
all x € (JI; such that x < y is socle-killing, contains all subquotients in A,
isomorphic to L, (—d;) with w € *H' and i < m. Then we have

dy < min. deg. soc Ag /A,
Proof. This follows from Proposition 2.6 and Lemma 2.7.
In particular, if ¢; = 1, for all ¢ < skal(y), then we have
dsial(yy < min. deg.soc A, /A, < max.deg.soc A /Ay < dir_sibi(y))

where the first inequality comes from Lemma 5.6 and the last one from Lem-
ma 5.5. If, moreover, y belongs to a socle-killing chain of length r, i.e., if

skal(y) + skbl(y) = r,
then soc A./A, is homogeneous.
5.2. TYPE A. In type A, the join-irreducibles in (W, S) are exactly the bigrass-
mannians in (W, S), see Lemma 3.1. The relevant Kazhdan—Lusztig polynomials

are computed in [KMM, Proposition 12] and a complete description of the socles
of the cokernels of inclusions of Verma modules is given in [KMM].
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5.3. TYPE B. Let (W,S) be of type B,+1. We use the following labeling of S:

0 1 2 n
c—O——O0——F—O

We have £(wp) = (n+ 1)2. The element wy is central, and the multiplication
by wqo gives rise to a natural bijection between the H-cells in the small two-
sided cell and the H-cells in the penultimate two-sided cell J, which preserves
diagonal H-cells. Denote by s;; € W the product ¢---j of simple reflections
along the unique shortest path starting in ¢ and ending in j in the Dynkin
diagram. Put also

tiji=81-0-s1;,=4(i—1)---101---(j —1)j, ifi#0orj#0,
too := 010,
(17)
Wy 1= 845 - Wo,
Uij = tij - Wo.

The H-cell “H7 is equal to the two-element set {u;;,w;;}, if both 4,5 # 0
or i = j = 0, and to the singleton {u;; = w;;}, otherwise. We present the
Bruhat graph of the penultimate cell 7 in Figure 1. There, the cell*H7 is the
gray square placed in the i-th row and j-th column. The left cell £7 consists
of all gray squares in the j-th column, and the right cell “R consists of all gray
squares in the i-th row.

5.3.1. Some Kazhdan—Lusztig computation in type B. Note that u,, € "H" is
the maximal element in the parabolic subgroup generated by
I={0,1,...,.n—1} CS.

From this, we have

a(J) = a(unn) = L tnn) = L(wo) —2n — 1 = n?.
PROPOSITION 5.7: Lety €'H7 C J. Ifi =n or j = n, then p., = '@,
Proof. The equality pe ., = v follows from the fact that t,,, is the maximal
element in a parabolic subgroup. Moreover, we have pe v, _, , = U"2+1, because
of the formulae ¢(uy,—1,) = n? + 1 and a(u,_1,,) = n?, Equation (6) and the

parity condition. From Lemma 5.2, we get a recursion (v+v"1)pe.p = Pe.a+De.c,
for any consecutive a — b — ¢ in the chain

Unn =7 Up—1,n —7 " = Uon —7 Win —> W2n —7> =+ —> Wpp

(see Figure 1).
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Isr. J. Math.

Uon

wnn

Figure 1. Bruhat graph of the penultimate two-sided cell in

type Bny1.

By a two-step induction, we get the claim of the proposition in the case j = n.

In the case i@ = n, the claim follows by recalling that (£")~! = "R, and

that pew = Pew-1-

A similar computation to Proposition 5.7 (as well as a part of Proposition 5.8

below) is made in [Bo|] which is given a geometric interpretation in [Pe].
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PROPOSITION 5.8: Let y €“H/ C J be such that (i, j) # (0,0). Then we have
(18) pey = 0" W 4+t W2 4 1 W=2dW)  where d(y) := min(n—i,n— j).

Proof. The case d(y) = 0 is considered in Proposition 5.7, which gives us the
basis of the induction.

Take y € “H’ with d := d(y) € {1,...,n — 1}, and assume that the assertion
of the proposition is true for all ¥’ € J, for which d(y') < d. Assume that
t=n—d and j < n—d (the opposite case will follow by symmetry). Note that

y = (i+1)-ye Ty
(see Equation (17) and Figure 1). Applying Lemma 5.2 to y’ (observe
that i + 1 # j), we get

DPe,y> d= 1;
Pe,y + Pey’’, d> 2,

(WHvTh) pey =

for

Y= (i4+2) -y € TPHI.
Applying the inductive assumption to pe, and pe~, we get that p., has the
desired form.

We now consider the remaining cases, namely the two-sided cell °H°, which
has the following two elements: woo = 0 wp and ugo = 010 wp (note that here the
symbols 0 and 1 denote the simple reflections corresponding to the respective
verticies of the Dynkin diagram).

PROPOSITION 5.9: We have

(19) Pe,woo T Peyugy = Ul(wo)*l + Ul(wo)73 4ot Ul(w0)72n71.
More specifically, if n + 1 is odd, then woo is the Duflo element in “H° and we
have
DPe,woo = ptwo)—1 + pt(wo)—5 4t vé(wo)—2n—17
(20)

Pewgy = ,UE(wg)73 + UE(wg)f’? N UE(wg)72n+1;

if n + 1 is even, then wug is the Duflo element in®H° and we have

Pewoy = ,Ué(wo)—l + ,Ué(wo)—f) N U@(wo)—2n+1,

21
( ) DPeugy = pt(wo)—3 + Lt wo) =7 4t pt(wo)—2n—1
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Proof. Applying Lemma 5.2 to y = ujp and sy = wqo (see also Equation (17)
and Figure 1), we get the equation

(U + vil) “De,uro = Pe,woo T Pe,uo T Pe,uszg-

Plugging in pe ., and pe .y, from Proposition 5.8, we obtain (19).
Note that x € J is a Duflo element if and only if p., contains the

£(wp)—2n—1

term v , 80 it remains to prove Formulae (20) and (21).

Applying Lemma 5.2 to y = wqg, $ = 0, and, respectively, to y = ugg, s = 0,
we get
(22) V- Pewoo + Dowoy = ,Ul(wo) + ,UE(wg)72 + UZ(wg)fél NI UZ(wg)72n,
(23) U Peyugo T P0ugo = pfwo)=2 4 ptlwo)=d 4 . 4 pf(wo)=2n,

From (5) and the fact that Ag(—1) C A, it follows that, for s € S, x € W, the
polynomial p. » — v - ps , has non-negative coefficients. In particular, we have

(24) ps,z(l) < pe,m(l)-

Assume that n = 2k, the other case being similar and therefore omitted. By
evaluating v = 1 in (22) and (23), and using (24), it follows that pe w., (1) > E+1,
and that pe 4, (1) > k. Combining this with (19), we see that pe (1) =k+1,
and that pe ., (1) = k. Going back to (23), we see that pg ., (1) = k. So the
polynomial

Peugo — U " PO,ugo s

with non-negative coefficients, vanishes at v = 1. It follows that

Pe,ugo = U * PO, uo -
This makes (23) into
(v+ Ufl) Dewos = pfwo)=2 4 lwo)—4 4 UZ(WO)*‘UC’
which, in turn, gives (20).

We visualize the results in Figure 2 by depicting each simple subquotient
Ly{(—k) of A, w € "H7, as (i,4,k) € Z3. If |"H?| = 1 or if w is the shorter
one of the two elements there, we denote this point by o; otherwise we denote
it by x. Note that both o and x can appear at the same coordinate. The bottom

of the picture consists of the points that come from the elements w;; = i - wy,
for ¢ € S, and the top of the picture comes from the Duflo elements.



Vol. 263, 2024 JOIN OPERATION FOR THE BRUHAT ORDER 655

(0,0,4)

R (2,2,4)

(2,0,6)d b (0,2,6)

(0,0,8)

(2,2,8)

(0,0,16)

(0,3,12) ( b (0,4,20)

4,0,20)

(0,0,24)

(3,3,15)

(4,4,24)

Figure 2. Composition factors of A, from the penultimate cell,
forn=1,2,3,4.

Remark 5.10: The number of graded composition factors in A, isomorphic
to Ly, for w € J, adds up to the octahedral number

(2n% +4n+3)(n+1)
5 :

If we depict Ly, (—k), for 4,5 > 0, as a point with the coordinates

m+1—i,n+1—4jk),
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we indeed get a “combinatorial” octahedron inscribed in the cuboid
[0,n] x [0,n] x [n?,n? + 2n].

We present it in Figure 3 for small ranks.

(3,3,15)

Figure 3. The octahedron for n = 1,2, 3.

5.3.2. Join-irreducibles in type B. Join-irreducible elements in W of type B
are explicitly determined in [GK, Section 4], and, in a different way, in [An,
Section 2]. We describe these and determine the Bruhat order on each ;JI;. By
symmetry, we only consider the case ¢ < j.
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The reduced expressions appearing here are rather lengthy. So, we
also present elements in W as signed permutations and provide the correspond-
ing pictures. Recall that a signed permutation is a permutation w
of(—n—1,-n,...,—1,0,1,...,n,n+1) with the property that w(—k)=—w(k).
We identify such w with the sequence (w(1),w(2),...,w(n)), which uniquely
determines w. We write k instead of —k (only in this subsection).

For example, when n = 2, i.e., in type Bs, we have so = (1,2,3), s1 = (2,1, 3),
s0s1 = (2,1,3) and s150 = (2,1, 3) depicted, respectively, as follows:

3210123, 3210123, 321012 3, 3 210123,

We read the pictures from bottom to top and read the expression from right to
left.

PRroOPOSITION 5.11: Let 0 < j < n. Then the set ¢JI; consists of the elements
(25) sz = bg := 500510 " " Sk—1,0 " Sk1 " Sk41,2" " Sktj—1,, 1<k<n+1-j,
with by having the following picture:

ntl... kbl k) o kHl kB ... 1 0 1 .- Kk K+l ... kg k4l . ..ontl

Ll bkl pbk o pHL 3 e 1 0 1 ccc g Gl e gtk bkl mel

There is no cancellation in the above product, i.e., one obtains a reduced expres-
sions for by, by concatenating the reduced expressions for the factors. Moreover,
as a subposet of (W, <), ¢J1; is a chain

(26) {b1 <by < -+ <bpyi-j}.

Proof. The first part follows directly from [GK, Theorem 4.6]. The Bruhat
relations in (26) follow from the reduced expressions obtained from (25).
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PROPOSITION 5.12: Let 1 < ¢ < j < n. Then the set ;JI; consists of the
following three types of elements:

o (type O4) for 1 <k <min{i,n+1— j}:
b?k = bo,k = Sii—k+1 " Si+l,i—k+2 " Sk+5—1,5
with the picture

Al gL R o el o cakflek ... 1 0 1 ... i—ki—ktl ... il ... bk gtk ngl

nHl bkl gtk gL 3 ackle—k 1 0 1t ickickdl ot § o GHL 0 gk bkl ndd
e (type Op) fori <k <n+1-j:
ijo_ ._
bo g = bok = Si0 - Sit1,0 "+ Sk—1,0 * Sk,1 * Sk+41,2 " * Skj—1,5

with the picture

ntl oo kbl kb o kL ke bl 4 oo 1 0 1 ee- i il .. ko kbl ... kb kbl ... ntl

bl bkl bk LI 1 0 1 G gk e gtk gkl L

rk—t1

Frk—
Jk—i
Gtk—it1

o (type X)for1<k<n+1-j:

i
bik =by k= tis  tit1,i bitk—1,0 * Sitk,itl * Sidhk+1,i42 " Sj4k—1,s
with the picture

R R AU R S K N P L S| SRS SRR S 15 RRUUPRE AL A0 R NE 1) U S |

L T e N L S S R A== RN S 25 BEEERN AF O 0 NS IR RS
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There are no cancellations in the above products, i.e., one obtains reduced ex-
pressions for b j and by j by concatenating the reduced expressions for the
factors. Moreover, the partial order on ;J1; is generated by the following rela-
tions (see Figure 5):

(27) bo ke < bokt1, 1<k<n-j

(28) by k < bx k1, 1<k<n-—j,

(29) bok < bx i, 1<k<n+1-j
(30) bk < bo ktis 1<k<n+1-—j—i.

Proof. The fact that ;JI; consists of the elements as above follows from [GK,
Theorem 4.6]. The reduced expressions we choose to give agree with the expres-
sions used in [GK]. The case I = 0 in [GK, Theorem 4.6] is our type O4; 3 =0
or [ = cis our type X (for i = j ori # j), and ¢ = m + [ is our type Op. The
Bruhat relations (27), (28) and (29) follow directly from the reduced expressions
given above. For the relation (30), we see from the reduced expressions above
that it is enough to prove it in the case i = j, which follows easily from, e.g.,
[BjBr, Theorem 8.1.8].

To prove that (27)—(30) are generating relations in ;JI;, it is enough to observe
that bor € bx g—1, since o involves the simple reflection (j + &k — 1) in its
reduced expressions while by ;1 does not, and, moreover, that by ; £ bo
for k' < k + i, by comparing the number of occurrences of s¢ in their reduced

expressions.

COROLLARY 5.13: Let i,5 € S. Then

n+ 1 —max{z,j}, t=0o0rj=0,
L= 3 pey(1) - Xty y

yet 2(n+1—max{i,j}), otherwise.
Proof. Follows from comparing Propositions 5.11 and 5.12 with Propositions 5.8

and 5.9.

We will need also to use some information on ;BG;. However, neither a
complete enumeration of ;BG; \ ;JI; nor determination of the corresponding
poset structure is needed. The following proposition is enough for our purposes.
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PrRoOPOSITION 5.14: Let 1 < i < j <n. The elements
ij 145 ij
i’ = bo,k—i—l vV b><,k € 1BGJ \1.]]:]

are well-defined, for each 1 < k < n — j, and

(31) IM( ;g) = {bi{kﬂvbixj,k}-
Moreover, we have
(32) < b

foreach1 <k <n-—j.

Proof. Fix i,j and 1 < k < n — j. We define the elements f = f,ij as follows.
Take the reduced expression for bgj k41 given in Proposition 5.12. Note that
the k-th factor is s;4r—1,—1, both for k¥ < i and 7 < k. Let f be given by
Skt
first k factors of the form sy, ; by ¢, i—1. The result is an expression of the form

the expression obtained from the reduced expression of b by replacing the
used in Section 4 in [GK]. In particular, it is reduced and the element belongs
to ;BG;. More explicitly, we have

f=tiic1 tig1i—1 " bitk—1,i—1 " Sidthyi * Sith+1,i+1 """ Sjtk,j-

To show that f = bijkﬂ \% bixj w» we use [GK, Proposition 4.5], which states
that any f € ;BG; is written as f = f_ V f;, whenever f > f,, f_ € ;BG; are

such that

(i) f and f_ have the same number of sy appearing in their reduced ex-
pressions (note that the number is independent of reduced expressions);

(ii) f, f+ € Wi \ Win—1, for some m < n, where W,,, C W is the parabolic
subgroup generated by {so,...,sm} C S.

By construction, the pair f_ = bixjyk and f; = bi{kﬂ satisfies the conditions,
with the numbers k£ and m = j + k, and establishes the first claim. Dissectivity,
Proposition 2.10, and Corollary 3.6 give (31).

The relation (32) follows from the given reduced expressions since the two
are comparable factor by factor.

LEMMA 5.15: The Bruhat relations in (26), (27), (28) and (29), as well as (32),
are socle-killing.

Proof. This is a routine check of all the cases, e.g., using the given reduced

expressions.
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PROPOSITION 5.16: For any 0 < 4,5 < n, there exists a chain of length
> ycini Pey(1) in ;BGy.

Proof. When ¢ = 0 or j = 0, the elements in ;JI; form a chain, as shown in
Proposition 5.11. This chain is of the desired length.

When i # 0 # j, then Proposition 5.12 and Proposition 5.14 provide the
chain

(33) bo,l < b><,1 < fl < b><,2 < f2 <o < fn—max{i,j} < bx,n—max{i,j}—i—l
which has the desired length by Corollary 5.13.

COROLLARY 5.17: Let w € W. The socle of A./A,, is contained in the sum of
soc Ag /A, taken over x € JM(w).

Proof. This follows from Proposition 5.16 and Proposition 4.19.

5.3.3. The join-irreducible socles in type B. Recall from Subsection 5.3.1 the
structure of the penultimate cell 7.

PROPOSITION 5.18: For by, € oJIg, where 1 < k <n + 1, we have

Ly (—C(ugo) + 2(n — k)), k=n (mod 2),

soc A /Ay, =
/B Lo (—l(woo) +2(n+1—k)), k#n (mod 2).

Proof. From Proposition 5.11 and Lemma 5.15 we know that ¢JIj is a socle-
killing chain. By Proposition 2.3 and Proposition 2.6, the socles corresponding
and L
gives the degrees in A, in which these composition factors appear. The claim

to the elements by are direct sums of shifts of L Proposition 5.9

uoo woo *

now follows from Lemma 2.7, Lemma 5.13 and the pigeonhole principle.

PROPOSITION 5.19: For 1 < j <n and by, € ¢JI;, where1 <k <n+1-j, we
have

soc Ae /Ay, = Ly, (—L(ugs) +2(n+1—j —k)).
Proof. Analogous to the proof of Proposition 5.18.

To determine the case 1 < ¢ < j < n, we need some further computation
of KL polynomials. The following lemma, which is derivable from Lemma 5.1
directly, determines all p; ,, for € W and y € J inductively. Note that the
induction also works when we restrict toy € £L C J.
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LEMMA 5.20: Let z € W and s € S be such that zs > s.

i) Fori > 0 and y; ; € “H?, we have
(i) Yi,j

-1 .
VT Py if s # s5,

(34) DPzs,y:; —
sYi,j .
_,Upz7yi,j +pzayi,j+1 +pzayi,j71 + 6yi,j'sj7w0pzaw0’ IfS = S]

Here, by convention, u; ; = w; —j, if j <0, and y; ; = 0, if j > n. Note
that 6yi,j-sj;w0 = 6yi,j;wi,i'
(ii) For yo ; € “H7, we have

-1 .
v pz,wowja if s 7& Sj,

(35) Pzs,wo ; =
>y WO, j .
—VUPzwo,; t Pawo i1 T Prwo ;55 T 01Dz, I §= 55,

2J JJ+ .55 J s J

and

1 .
v pz,uaﬁoa if s 7& 50,

(36) Pz.suo0 = .
7vpz,u0’g +pz,uo,17 if s = 50-

LEMMA 5.21: For 0 <i¢ < j<mnand0 < j, we have:

(37) Dsiyous; = pt(wo)=20+1) 4 y0(wo)=2(+2) 4 ... 4 4t(wo)—2n

(38) sy wn; = Pt wo)=2(—i+1) 4 l(wo)=2(j=i42) 4 ... 4 ,f(wo)=2(n+1-1)
= U2(i—1)(v€(wo)—2j F Dsssuiy )s

(39) Pt =0 Dy s

(40) Ptijwi; = Psijouig-

Proof. Follows from Lemma 5.20 by various inductions.

COROLLARY 5.22: For 0 <i<j<mnand0 < j, we have
[Ae/Abx,l : Lui]‘] =0 and [Ae/Abx,l : Lwij] =1,

and, moreover, the composition factor L., appearing in A./Ay, , is in the
minimal degree among the composition factors Lq,; in Ae.

Proof. Comparing Proposition 5.21 with Proposition 5.8 gives the claim.
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PROPOSITION 5.23: Let 1 <i < j<mn. Foreachl <k <n+1-—j, and for
the corresponding join-irreducible elements b, 1, and by 1 in ;JI;, we have

Ly, (—l(ui) +2(n+1—j —k)), bo i, is of type O,

(41) socAc/Ayp, =
(Luy; @ Ly, ) (—(uij) +2(n+1—3j—k)), bo is of type Op,

and
(42) socAc/Ay, , = L(—L(wiy) +2(n+1—35—k))
for either Ly = Ly, or Ly, = Ly,;.

Remark 5.24: For k =1 and k > n+1—1i— j, we have Ly = L,,; by Corol-
lary 5.22 and for degree reasons. We conjecture that Ly = L, is the case for
all k, but to prove this in general, a computation of KL polynomials similar to
Lemma 5.21, e.g., using Lemma 5.20, seems required.

Remark 5.25: In the proof, we also prove
(43) socAc/Ap, = Li(l(uij)+2(n+1—j—k))® Li(—L(wy) +2(n+1-j—k))

with L}, 2 Ly, if Ly = Ly,;, and L}, = Ly, if Ly,_; = Ly,,;, where fy is from
Proposition 5.14. Thus the socle-sum property does not hold for f; when k& > 4.

Proof. We use Proposition 5.8 and Lemma 2.7 throughout the proof without
referring to it.

Consider the chain (33) which we rename 1 < - -+ < Z2,—2;+2. Since the total
multiplicity of composition factors in A, isomorphic to shifts of L, with y € *H7
agrees with 2n — 25 + 2 by Proposition 5.13, we have

[Ac/AL, : Lyl +[Ac/As,, : Ly =m,

for each 1 < m < 2n —2j + 2 (see the proof of Proposition 4.17), where u = u;;
and w = w;;. Here we use that both subquotients L, and L., of A, are graded
multiplicity free. By Proposition 5.15, for each even number m, the relation
Tm—1 < Ty, 18 socle-killing. Thus, by Lemma 2.7, the socle of A. /A, issimple,
for each even number m. That is, each soc A./Ay, , is simple. Now, Corol-
lary 5.22 gives (42), for k = 1. Since by < bx k41 is socle-killing, Lemma 5.4(ii)
establishes (42) for all k.

Similarly, each subquotient A, _,/A, = contains exactly two penultimate
composition factors (i.e., composition factors isomorphic, up to shift, either
to L, or to L,,). By the socle-killing relations and Lemma 2.7, this subquotient
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must contain the maximal degree penultimate component in A./A, . Also,
the socle-killing property shows that each soc A./Ay, has length at most two.
By (42) and degree comparison, we conclude that

socA/Aj = L'(~d) & L(—0(w) + 2(n+ 1 — j — k)

(44)
= L'(—d) ®socAc /Ny, .

Here L and L’ are just notation for the simple subquotients in the socle.
Then (31) and Proposition 5.17 imply that the component L'{—d) is contained
in soc Ac /Ay, -

We prove, by inductiononl=n+1—-j5—-k=1,...,n— 7, that

(45) max deg(soc A /Ay, , ., ) = £(u) —2(1 = 1).

Note that Lemma 5.5 gives the “>" inequality in Formula (45). Let | = 1. We
claim that the “<” inequality in Formula (45) follows from the following facts:

e that there is at most one (graded) penultimate composition factor of
A, in each degree > £(u) — 2(1 — 1),

e that such composition factors are the socle of Ae/Abek,, for some
K >n+2—i—j, by (42),

o that, for each ¥ > n + 2 — i — j such that b, g+1 > by x’, the latter is
socle-killing by Proposition 5.15.

Indeed, let I > 1, then the socle-killing relation b, jx+1 < bo x+2 and induction
provide the desired bound.

From Formula (45), we obtain Formula (41), for type O4, immediately. For
type Op, the (non-socle-killing) relation boj > by x—i, Formula (42), and
Lemma 5.4(i), together with Formula (45), imply Formula (41).

Finally, Formula (45) and the second equality in Formula (44) imply

d="L0(u)—2(n+1—j—k)
in Formula (44). Now, the socle-killing relation by x—; < bx ; shows that L’ %

Ly, as claimed in Remark 5.25.

5.4. TYPE D. We assume (W, S) is of type D, 2. We use the following labeling
of S:

ot
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Since J is strongly regular, i.e., all H-cells inside J are singletons, we denote
the unique element in “H7 as w;;. These elements can be described as follows.
Denote by = the identity on S, if n is even, and the unique automorphism of the
Dynkin diagram that swaps 07 < 07, if n is odd. For simple reflections i, j,
denote by s;; € W the product i---j of simple reflections along the unique
shortest path starting in ¢+ and ending in 7 in the Dynkin diagram. Then

Wi = S;7+ Wo-

The Bruhat graph of J, for n even, is given on Figure 4. The Bruhat graph
of J, for n odd, is obtained from Figure 4 by reversing all the arrows that start
from or end in one of the following elements: wy-¢-, wo-o+, Wo+o-, Wo+o+-
Both for even and odd n, the rows are right cells, and the columns are left cells.

Wo-0- Wo-o0+ Wo-1 Wo-2 Wo-3 Wo—n

Wo+0- Wo+0 Wo+1 Wo+2 Wo+3 Wo+n

O W1+ w11 w12 w13 Win
\T_/

W20 Wa0+ w21 W22 w23 Wan
\T—/

W3p— W3o+ w31 w32 w33 W3n
T T T T |
. |

Wn0o- Wy0+ Wn1 Wn2 Wn3 Wnn

Figure 4. Bruhat graph of the penultimate two-sided cell in

type D,,4+2 with n even.
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5.4.1. Some Kazhdan—Lusztig computation in type D. Since the Coxeter number
for D12 is h = 2n+2, we have {(wg) = (n+2)h/2 = (n+2)(n+1) = n?+3n+2.
We do not know any reference for an explicit formula for the value of the a-
function on J, so we will compute this value below. We start with the following
estimate.

LEMMA 5.26: We have a(J) > ¢(wg) — 2n — 1.
Proof. Consider I = {0~,0%,1,...,n— 1} C S. We have
((wr) = (n+1)2n/2 =n? +n = L(wy) — 2n — 2.

We want to prove that wj is not in J. If it were, then it would have to be
in "H™. But "H" has only one element wy,, = n-wp, whose length is ¢(wg) — 1,
a contradiction. Now, wy <; J implies a(wy) = f(wr) = f(wo) —2n—2 < a(J),
proving the claim.

We will simplify the notation and use p;; := pe w,;, for i, j € S. The following
is the base case of the inductive computation of the p. ,, for y € J.

PROPOSITION 5.27: For y = w;g+, Wip-, Wo+4, OF Wo—;, Where ¢ > 1, we have
(46) Pey = Wt 4 fW)=2 L ) =2(n—i)

Proof. Applying Lemma 5.2 to w;o+ — w;_1 0+, for, respectively, i = 2,3,...,n
(see also Figure 4), we get a series of equalities:
(47) (U+’U71) " Pio+ = Pi—1,0+ +pi+1,0+a i= 2,3,...,”- 13
(U + Uﬁl) *Pnot = Pn—1,0+-

Suppose that v™ is the smallest monomial that appears in p,g+, and note
that m < €(w,g+) = ¢(wy) —n — 1. By induction, it is easy to see, using (47),

m—n+1

that p;o+ must contain v as a monomial. Since wig+ is not a Duflo

element, we have
m—n+1>a(J)>£l(wy) —2n—1

(see Lemma 5.26). This gives us m = £(wg)—n—1, and therefore p,o+ =v*“no+),
The statement of the proposition, for y = wy+, now follows from (47) by a two-
step induction.

The statement for the remaining elements follows from the symmetry of the
Dynkin diagram, and from the fact that p;; = pj;, for i,5 € S.
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From the proof of Proposition 5.27 we also get:
COROLLARY 5.28: We have a(J) = l(wg) —2n —1=n%+n+ 1.
ProposITION 5.29: For 1 <i < j <n and y = w;j, we have

N pi = i ='W 42 L )20y
(48) § W)= ) =2i=2 ) =2n—iHD)

Note that higher multiplicities appear in (48) if and only if ¢ + j < n. These
multiplicities are at most 2.

Proof. We apply Lemma 5.2 to wo+; — wi; to get
(v4+v7")  po+j = puj-

Proposition 5.27 applied to py+; above proves our claim (48) for i = 1. Applying
again Lemma 5.2 to wi; — we; and j > 2, we get

(V407" pry = pay + po+; + Po-j-

Here we apply Proposition 5.27 and (48) for ¢ = 1, which proves (48) for i = 2.
For ¢ > 2 we apply Lemma 5.2 to w;—1,; — w;; and j > ¢ to get

(v+v7") pic1y = pij +Pi-2
where the induction hypothesis establishes (48). The proof is complete.

Finally, we treat the remaining four cases where 4,5 € {07,07}. The result
depends on the parity of the rank.

ProposiTION 5.30: For n even, we have

(49) Poto+ = po-o- = v 0T ot 0) =8 g flwo) =2
(50) Po+o- = Po-o+ = v/ (073 4 pfw0) =T g gfwo) =2
For n odd, we have

(51) Pototr = Po-o- = ,Ul(wo)73 + ,Ul(wo)*7 NI UZ(wg)72n71’

(52 oo =poor = oW1 4yl T5 L )2,

Proof. The equalities pg+o+ = pg-g- and po+g- = pg—o+ follow from the sym-
metry of the Dynkin diagram.
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Assume first that n is even. Applying Lemma 5.2 to wg-g+ — wqg+ yields

(v+v7Y) - po-o+ = Pro+
(see Figure 4), where the right-hand side is known from Proposition 5.27. This
gives (50).
Applying Lemma 5.2 to wig+ — wg+g+ yields

(v+v7")  pro+ = poro+ + Pao+ + Po-o+

(see Figure 4). Now we use Proposition 5.27 and (50) to get (49).
Assume now that 7 is odd. We apply Lemma 5.2 to wg+g- — wg = 07 wg+o-,
which gives
(0407 poro- = v ) + pig-.
From this, one easily gets (52).
Finally, we apply Lemma 5.2 to wig+ — wg-g+, which gives

(v4+v7")  pro+ = po-o+ + P20+ + Poto+-

From this, one easily gets (51).

5.4.2. Join-irreducibles in type D. In this subsection we study join-irreducibles
in type D, 12 via relating the Weyl group with that of type B,,4+1 and using the
results in Subsection 5.3.2. We note that the maps we use are not directly related
to the ones in [GK] which relates type B, with type Dy, ;1. Consider the Weyl
groups W(Bp+1) and W(D,,;2) with Dynkin diagrams as in Subsection 5.3.1
and Subsection 5.4.1. Define a map

¢: W(Bpi1) = W(Dny2)
by 0+ 070~ =070" and i — 4 for 1 < i < n. Since
0707107071 =10T0"1070",
this defines a group homomorphism.

We denote by JI the join-irreducibles in W(D,2), by JI? the join-irre-
ducibles in W(B,,41). From the braids of the elements in JI? given in Sub-
section 5.3.2, we see that no element in JIZ has a reduced expression that
contains consecutive simple reflections 0101, and so, in particular, no two re-

duced expressions of an element in JIZ are related by the type B braid relation
0101 = 1010. Therefore, we have two well-defined maps

¢F: JIP = W(D,12)
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which are given by taking a reduced expression and replacing every other ap-
pearance of ‘0’ by 0% and 0~ alternatingly. The result is an expression of an
element in W (D,,42). We let ¢T(w) have 07 at the first (leftmost) appearance
of 0 in a reduced expression of w, and ¢~ (w) has 0~. For example,

$(0102103210) = 070~ 10707210707 321070,
¢*(0102103210) = 07107 210%3210",
$~(0102103210) = 0~ 10*210~3210".

Note that ¢ and ¢~ differ by the automorphism of the Dynkin diagram which
swaps 07 <+ 0~ and preserves the other simple roots.

PROPOSITION 5.31: For j € S, define the following elements in W (D,,12):
A= t0Y),  1<k<nt1-j
(i) Then we have finite sets
(53) o dTge = {d)70 < dy 0 <20 <Y,
(54) 0+ dTg- = {30 < df" 0 < dd"0 < ...},

where the last elements above are d?:o and d?;rol, depending on the parity
of n.
(ii) For j > 1, we have
+; + +; +;
(55) o JL ={d) 7 <dy 7 <dy T < <d) g}

(ili) Analogous statements hold for o-JI;.

. + . 075
Proof. Note that by applying ¢~ to the reduced expressions of elements b,’
described in Proposition 5.11, we get exactly the reduced expressions of the
elements from [GK, Theorem 5.7], from which the rest follows easily.

PROPOSITION 5.32: Let 1 < ¢ < j < n. The set ;JI; consists of the following
three types of elements:

o (type O4) for 1 <k <min{i,n+1— j}:
Ay, = o = 0(b)) = &7 (04) = 67 (b)),
e (type Op) fori <k <n+1-j:

dii,k =di = ¢i(bi{k)7
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o (type X) for 1 <k<n+1-j:
dlxj,k =dx k= (b(bg,k)'

Moreover, the partial order on ;JI; is generated by the following relations (see
Figure 5):

(56) do e < do 11, 1<k <min{i —1,n—j},
(57) do; < diit1, ifi<n—j

(58) dy < dt pt1, derx < dx pt1, i<k<n-—yj,

(59) dy i < dx k+1, 1<k<n—y,

(60) do e < dx ki, 1<k <min{i,n+1—j},
(61) dyp <dx i 1<k<n+1-j,

(62) dy i < diprists 1<k<n—j—i

Proof. The fact that ;JI; consists of the elements as above follows from [GK,
Theorem 5.7], as well as the fact that applying the maps ¢ and ¢T to the
reduced expression of the corresponding element, we get a reduced expression.
The Bruhat relations (56)—(61) follow directly the construction of the elements.
For the relation (62), we see from the reduced expressions above that it is enough
to prove it in the case ¢ = j, which follows from e.g. [BjBr, Theorem 8.2.8].

To prove that (56)—(62) are essentially all relations in ;JI;, it is enough to
observe the following:

o doj £ dy -1, for 1 <k < min{i,n + 1 — j}, since the former one
involves the simple reflection (j + & — 1) in its reduced expressions
while the latter does not,

o dy £dy g1, fori <k <n+1-—j, for the same reason as above,

o dy i £dyt gy, for 1 <k <n+1-j—1, which can be checked using
[BjBr, Theorem 8.2.8].

LEMMA 5.33: The Bruhat relations in (53)—(55) and (56)—(61) are socle-killing.

Proof. This is a routine check of all the cases.

We note that the formulation of Lemma 5.33 lists all the relations from Popo-
sition 5.32 except (62).
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bo,l

do,l

b><,n+1—j

Figure 5. The Bruhat graph of ;JI; in types B,4+1 (left) and
Dy, 42 (right), for 1 <i < j < nandi < n—j, with solid arrows
socle-killing. In the right-hand side diagram, all but the first
two arrows from (60) are omitted, as well as all but the last
four from (61). The case ¢ > n — j is similar, but without

type Op elements (i.e., no dashed arrows).
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As in type B, it helps to consider some of ;BG; in addition to ;JI;:
PROPOSITION 5.34: Let 1 < i < j. Then the elements
gi = &(fi/) € W(Diy2)
belong to ;BG; and we have in W (Dy42)
dlxjk < glicj < dixj,k-i-l'
Proof. The left and right descents of ¢(f,’) are {i} and {5}, respectively, by

construction of ¢. The second claim follows from bixjyk < f,ij < bixjyk in W(Bpn+1)
since the map ¢ preserves the order relations.

LEMMA 5.35: Let 1 <14 < j. The relation g,ij < dixj pi1 Is socle-killing.

Proof. This follows from the fact that f = f,ij < blxj k41 = b is socle-killing. In
fact, the former implies either f < s;b or f < bs;. If f < s;b, then
90 = o(f) < $lsib) = $(s:)9(b) = sid .11,
and the second case is similar.
COROLLARY 5.36: Let i,57 € S. Then
e (1), i=0% orj = 0%,
| = Pt ”
pe,’w”‘(l) + cij) 1 S Za] S na

where ¢;; := max{0,n+1—j —i}.

Proof. The claim follows from comparing Proposition 5.31 and 5.32 with Propo-
sition 5.27, 5.30, and 5.29. Note that ¢;; is equal to one half of the number of
type Op elements, and also to the number of monomials in p;; with coeffi-
cient 2.

PROPOSITION 5.37: For any i,j € S, there exists a chain of length pe .,;(1)
in ZBGJ

Proof. When i = 0% or j = 0%, the elements in +JI; form a chain, as shown in
Proposition 5.31, of the desired length.

Otherwise, Proposition 5.32 and Proposition 5.34 provide the chain
(63)  don <dx1<g1<dx2<9g2<-<Gn-max{ij} < Dx,n—max{i,j}+1
which has the desired length by Corollary 5.36.
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COROLLARY 5.38: Let w € W. The socle of A./A,, is contained in the sum of
soc A. /A, taken over x € JM(w).

Proof. This follows from Proposition 5.37 and Proposition 4.19.
5.4.3. The join-irreducible socles.
PROPOSITION 5.39: Let i = 0% and j € S. Then, for dj, € ¢+JI;, we have

Ly, (—0(wo) + 14+ 2(n+1—k)), j=0%,

soc Ao /Ag, %{
Ly, (=lwi) +2(n+1—-j—Fk)), j=1.

Proof. Since ;J1; is a chain with socle-killing relations by Proposition 5.31 and
Lemma 5.33, and since |;JI;| = p;;(1) by Proposition 5.30 and Propostion 5.27,
the claim follows from Lemma 2.7 and the pigeonhole principle.

PROPOSITION 5.40: Fix 1 < i < j < n. Ford € ;J1;, the socle of A./Aq is
isomorphic to some shift of Ly,,,. To be more precise,

(i) for 1 <k <min{i,n+1—j}, we have

socAe/Ag, = Ly, (—l(wij) +2(n+1—j+1i—k)),

(ii) for i < k < n+ 1 —j, the socles socA./Ag, ,, socA./Aq_, and
socA./Aq, ,_, are three distinct simple summands of the isotypic com-
ponent 2Ly, (—l(wij) +2(n+1—j+i—k)) in A,

(iii) forn+1—j—i<k<mn+1-—j, we have

socAc/Ag, , = Ly, (—(wi;) +2(n+1 -7 —k)).

Proof. Using Lemma 5.1 and induction one obtains the type D analogue of
Lemma 5.21 which shows that the penultimate simple multiplicity of maximal
degree in A, /A, , equals 1. This implies (ii) for dx ;. This allows us to follow
the steps in the proof of Proposition 5.23.

We use Proposition 5.29 and Lemma 2.7 throughout the proof without refer-
ring to it and we set w = w;;.

Consider the chain (63) which we rename x; < -+ < ZTa,-2j42. Since the
total multiplicity of penultimate composition factors (i.e., composition factors
isomorphic, up to shift, to L,,) in A, agrees with 2n—2j+2 by Proposition 5.29,
we have

[Ac/A,,, : Ly =m,
for each 1 < m < 2n — 2j + 2 (see the proof of Proposition 4.17). By Proposi-
tion 5.35, for each even number m, the relation z,,—1 < x,, is socle-killing, and
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thus by Lemma 2.7 the socle of A./A,, , for each even number m, is simple,
that is, each soc A./Ag, , is simple. As proved in the first paragraph, we have
soc Ag/Aq, , as stated in the formulation, and, in particular, it is in the desired
degree. Since dy k < dx k41 is socle-killing, Lemma 5.4(ii) shows that, for all &,
the socles soc Ac/Ag, , are as in (ii) and in (iii).

We prove, by inductiononl=n+1—-j5—k=1,...,n — 7, that

(64) maxdeg(soc Ac/Ag, ) = L(w) — 20 —2(1 - 1)

Note that Lemma 5.5 gives “>” in (64). Let [ = 1. Then “<” in (64) follows
from by combining the following facts:

e that there is at most one (graded) penultimate composition factor of A,
in each grade > ¢(w) — 2i — 2( — 1),

e that each such composition factor is the socle of Ae/AdX,w for
some k' > n + 2 — i — j, by the previous paragraph,

e that dy 11 > dx i, if true, is socle-killing (see Proposition 5.33), for
each k' >n+2—1i—j.

Now let { > 1. Then the socle-killing relation d+ y4+1 < d+ k42 and induction
provides the desired bound.

The socle-killing relation dy —1 < di x and Lemma 5.6 upgrades (64) to
deg(soc Ac/Agy ,py) = L(w) — 20 —2(1 = 1).

This implies (i) immediately. For (ii), it remains to observe that either of

soc Ac/Ag, , having the maximal possible multiplicity, namely 2, with respect

to the composition factor L,, in the maximal degeree contradicts that d j

and d_ j are Bruhat incomparable. This proves the claims for d4 ; and do .
The proposition is proved.

5.5. TYPE Eg. Before we discuss type E in general, it is useful to first look at
type Eg in detail. Let (W, S) be of type Eg. We denote the simple reflections by

Since J is strongly regular, i.e., all H-cells inside [J are singletons, we denote
the unique element “H7 as w;;. These elements can be given as follows. Denote
by ~ the unique non-trivial automorphism of the Dynkin diagram. For simple
reflections i, j, denote by s;; € W the product ¢ - - - j of simple reflections along
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the unique shortest path starting in ¢ and ending in j in the Dynkin diagram.

Then we have w;; = s;7- wo.

The Kazhdan-Lusztig polynomials p. ., for w € J, are collected in Table 1.

We put pe ., in the position (7, j) of the table, where i is the left, and j the right

ascent for w. The computation was performed in SageMath v.9.0.

Table 1. Kazhdan-Lusztig polynomials pe ., for w € 7, in Eg.

1 2
1 3l 42 32 4 28
2 32 428 35 4 3l 29 4 925
3 1}32 + ,USO + ,U26 ,U33 + v31 + 1}29 + ,U27
4 33 Bl 29 27 34 4 32 4 930 4 28 | 26
5 03 430 428 033 43 4929 4?7
6 03 4 029 032 428
4 5

V33 4 3L 29 4 27
34 4 32 4 2930 4 28 4 26

V3 + 2032 4 2030 4 2028 4 26

3 4 2032 4+ 2090 4 2028 4 426

1,33 + ’U31 + U29 + U27

D Ot e W N =

0P 4 30 4 28

033 4 3L | 29 4 2T

035 4 33 g 3l 4 9029 | 27
030 + 2033 4 3031 4 3020 4+ 2077 + 02 34 4 2032 2080 1 2928 4920 33 4 9Bl 4 29 4 4?7
033 L 9231 1 29 | 2T 4 25

U32 + U30 + UQG

032 4 30 4 )26

V33 03l 4 29 4 27

033 4+ 2030 402 4027 4 0%
V3 9032 | 9930 4 928 4 )26
035 4 33 43l 4 2929 4 %7

,U34 + U30 + ,U28

6
V35 4 29
032 4 28

v34 + 1]30 +U28

032 + 30 +,026‘

U31 + U25

The posets 1JI;, for j = 1,2,...,6, are given in Figure 6, with all the relations

socle-killing.

1 1342 13 134
| |
13452431 13456245342 1345243 134524
134562453413 1345624534
13456245341324

1345 13456
13456245 1345624534132456
134562453413245

Figure 6. The posets 1JI;, for j =1,2,...,6, in type Es.
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In Figure 7 and Figure 8, we present all the remaining ;JI;, up to symme-
tries, with the non socle-killing arrows dashed. Moreover, to the right of each
element = € ;JI; in the diagrams, we assign a symbol of the form cL({—d), which

means the following:
e the maximal degree component of A./A; is isomorphic to Ly, (—d)

(calculated by computer),
[Ac: Ly, (—d)] = c (see Table 1).
2 L{-25) 243 L{-27) 2 L{—26)

245342 L(-29) 2453413 L(-29) 24534 L(-28)

24563451342 L(-31) 2456345243 L(-31) 245341324 245634524 2456345134 2L(—30)
245341324565432451342  L(—35) 24563413245432413  L(—33) 245634132454324 L(-32)
24534132456543245134 L(-34)
z L(-25) 345 L(-27)
;41; L(-27) 3413245 3456245 34561345  2L(-29)
l T /
- p
P
.
smu L(-29) 3413245643245 e L(-31)
-
L
34561343 ,z.n ;.1%74,;41; 3413 12.15.13741; 2L(-31) 34562453413245 L(-33)
P -
54131400.1514J.1s)415 L(-33) 3456245341324562453413245 L(-35)

/ i e
345134 34524 341324 2L(—28)
< P

£
345624534 N N 3456134524 34132454324 2L(-30)

“ B
3413245643245134 3456245341324 34132456432454324  2L(—32)

34132456453413245341324 L{-34)

Figure 7. The posets oJI5, 2JI3 and 2JI4 in the first row,
3JI3 and 3JI5 in the second row, and 3JI4 in the third row,
in type Fg.



Vol. 263, 2024 JOIN OPERATION FOR THE BRUHAT ORDER 677

2L(-27)

P3 \ v N
43245134 _ 45624534 45341324 45634524 456345134 432454324 3L(—29)
= = | =

453413245341324 432456432454324 3L(-31)

&
£
&
2
g
&
A4
I
.
&
£
]
g
&%
/ ':
5
g
B
8
g
5
<
<
R
b
b
.
&
g
S
£
8
£
&
a
5
g
g

~ T
4534132456543245134 453413245634132454324 432456453413245341324 2L(—33)

45624534132456453413245341324 L(-35)

Figure 8. The poset 4JI4 in type Eg.

PROPOSITION 5.41: Foreachz € JI\{24563451342}, the socle of A. /A, is sim-
ple, and hence equal to the maximal degree component of A./A,.
For x = 24563451342, we have

(65)  socAg/Ay X Ly, (—31) or socAc/Ay 22 Ly, (—31) & Ly, (—29).

Proof. Comparing the diagrams in Figure 6 with the corresponding Kazhdan—
Lusztig polynomials in Table 1, one immediately gets the socles of A./A,, for
all  in Figure 6.

For 2JI;, we have the same argument for all elements except for
x = 24563451342 which is hit by a non-socle-killing relation from 245342. We
thus have the two possibilities as stated.

In 5JI3, the only possibility for a non-simple socle is

Ac/D2456345243 = Lupyy (—31) © Luyy, (—29).

But in such a case, Lemma 5.4 would imply that there is an arrow (dashed)
between the two middle elements in 2JI3, a contradiction.
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The claim for 2JI; follows from the Kazhdan—Lusztig polynomials. Note
that, in this case, the three non-comparable elements in the same degree have
isomorphic socles, and that any two of the three socles generate the full isotypic
component 2L, (—30) in A..

In 3JI3, the element 345243 has a simple socle again because of Lemma 5.4.
The biggest element there has a simple socle because it is hit by two socle-killing
arrows, and the socles corresponding to the sources of the two arrows generate
the full isotypic component 2L,,.,(—31) in A.. Similar arguments apply to 3JI5.

Let us consider now 3J14. For 2 = 345624534, the quotient A./A, contains
the composition factor L., (—28) with multiplicity one, as one can check by
a Kazhdan—Lusztig computation. This composition factor must be the one
coming from the socle of ' = 34524. Since the arrow =’ — z is socle-killing,
this composition factor is not in the socle of A./A,, and therefore A./A, has
a simple socle. An analogous argument applies to 3456245341324.

Finally, consider now 4JI4. One can check that the socles are simple for all
the elements in degrees 25, 27, and 29 by the same arguments as above. In
degree 31, the first two elements from the left, as well as the first two elements
from the right contain Ly,,, (—29) with multiplicity 2, and therefore it is enough
to observe that each is hit by at least two solid arrows.

Consider now z = 43245643245134 in degree 31. There are four socle-killing
relations ' < x for 2’ in degree 29 and it is enough to show that the sum of
A./A;,, where we name these four elements x1, 29,23, x4 from the left, is the
isotypic component 3L(—29). Suppose not. Then the sum is a subquotient

X = 2L(—29)

in 3L(—29). However, computation shows that the joins y = x1 V xa
and z = z1 V x4 exist and that y # z. By Proposition 4.19, the socles of A./A,
and A./A, are contained in X. At the same time, by 21 < y and x; < z, these
socles strictly contain soc A./Ag, . It follows that soc A /A, = X =socA./A,
which contradicts y # z.

Analogous arguments cover the rest of the elements in 4J14.

Example 5.42: Let b € W be the join of the six elements in Figure 8 whose socle
is contained in 3L(—29) (computations confirm that this join exists). Compu-
tation also shows that JM(b) consists exactly of these six elements, while we
also have b = z V y where z,y € JM(b) are the two length 9 elements among
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these six. Since
soc A /A, = L{—29),

for each z € JM(b), by Proposition 5.41, we have

[Ag(—(x)) N Ay (—L(y)) : L(=29)] =1,
while a Kazhdan—Lusztig computation shows

[Ap{—£(b)) : L(—29)] = 0.

It follows that

Ap(—=L(z)) N Ay (—L(y)) # Au(—L(D)),

which provides an example where the answer to Question 4.9 is negative.

5.6. TYPE E. Let (W, S) be of type E. The polynomials p. ,,, for w € J, in
types E7 and Eg are listed in Appendix (see Subsection 5.5 for Eg).
Computer computations confirm the following fact:

PROPOSITION 5.43: For any i,j € S, there exists a chain of length pe .,;(1)
in ZBGJ

As a consequence of Proposition 5.43, we have:

COROLLARY 5.44: Let w € W. The socle of A./A,, is contained in the sum of
soc A /A, taken over x € JM(w).

Proof. Proposition 5.43 and Proposition 4.19 proves the claim.
CONJECTURE 5.45: For each x € JI, the socle of A./A, is simple.

Remark 5.46: Conjecture 5.45 is verified in a majority of cases in types FEr
and Fg by the bounds from Subsection 5.1 and various computer computations.
Completely proving Conjecture 5.45, however, seems to require new ideas, as
already seen in (65).

If Conjecture 5.45 is true, all socA./A,, for z € JI, are determined by
Kazhdan—Lusztig computations and follow a pattern similar to the one de-
scribed in Subsection 5.5 for type Fg. For example, consider the case of a ‘large’
iJ1;, for example, 4J14 in type Eg. Recall our notation (c,) for the coefficients
of KL polynomials, see (16), (e.g., we have (1,2,3,4,5,6,6,6,6,6,5,4,3,2,1)
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in type Es at 4J14). Then, for each degree r, the isotypic component ¢,L{(d,)

contains
(¢r + Dey
2
distinct simple subquotients which are the socles of (CT?)CT elements in ;JI;.
It would be nice to explain why the number (C'El)c appears.

Remark 5.47: 1t is interesting to point out that, in the simply laced types, the
maximal number appearing as a coefficient of the KL polynomial between e
and a penultimate element coincides with the maximal coefficient of a root. For
non-simply laced types this fails.

5.7. TYPE Fy. Assume that (W, S) is of type Fy. We denote the simple reflec-
tions by

We let
M= {uij, wij},
where either u;; = w;; or u;; is strictly shorter than w;;.
The Kazhdan-Lusztig polynomials p. ., for w € J are collected in Table 2.

We put pe ., in the position (7, j) of the table, where i is the left, and j the right
ascent for w. The computation was performed in SageMath v.9.0.

Table 2. Kazhdan-Lusztig polynomials p. ., for w € J, in Fy.

1 2 3 4
19 4 13 20 | 18 4 14
Chaa o v+ v+ 5 5 p
1 v 4019 4ol 4 gld 020 4 16
v23 417 v?2 4 18 4 16
20 4 18 4 14 21 19 4 17 4 415 4 .18
v + 0 v v 420 ot 0 o s
2 022 + 2070 4 2018 4 2016 4 o 21 419 4T 410
022+ 18 4 10 023 v 019 4 2017 4 918

021 4 219 4 17 4 15 4 13 020 4 18 4 4,14

B 2 % 4 217 4910 022 4 18 4 916

3 02 !9 p T 1B 22 4 2920 4 9918 4 2916 4 14

20 4 18 4 14 19 4 13
20, 16 21,19 4 17 | 15 G v+
4 v+ v +vT+u +o . ) .
0?22 4 18 4 16 v 4l
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Figure 9 lists all ;JI;, up to symmetries, where the dashed arrows denote
non-socle killing relations.

1 12 123 1234
12321 1232 123423 1234231234
|
|
A
12342321 1234232 — — = 12342312 123423123
123423123412321 12342312312 1234231234123
12342312341232
2 23
232 - — — — = 2312 23123 23423
234232 = ; 2341232 = 2342312 2312312 231234123 23423123 231234323
| | | ~ _ -
| | ~ -
e AN
Y Y Y =~ S
2342312312 2312341232 23123432312 234231234123 231234323123
2342312341232 — > 2342312342312312 231234323123423123
23123432312342312312

Figure 9. The Bruhat graph of ;JI; in type Fy, for (i,j) =
(1,1), (1,2), (1,3), (1,4), (2,2) and (2, 3), with the non-socle-
killing arrows dashed.

A Kazhdan—Lusztig computation determines the maximal degree components
of A./A,. Using this information, we calculate the socles of A./A,.

PROPOSITION 5.48: Table 3 gives the socles of A./A,. In Table 3 ,we denote
a simple subquotient by its parameter y, instead of L,,. If a socle component is
not a (graded) isotypic component in A, but a simple submodule in an isotypic
component of multiplicity 2, we write y in gray.
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Table 3. The socle of A./A, for z from Figure 9
zeJl soc A /A, rzeJl socA. /A,
1 u11(—13) 2 U2 (—13)
12321 wy1(—17) 232 Was(—15)
12342321 u11(—19) & w1 (—17) 2312 (u22 @ waz)(—15)
123423123412321 wiy (—23) 234232 Uga(—17)
12 Up(—14) 2312312 waz (—17)
1232 w12<—16) 2342312 (u22 (5] 11'32)<*17>
1234232 u12(—18) 2341232 (uzp @ 12)(—17)
12342312 (u12 @ wiz)(—18) 2312341232 s (—19)
12342312312 u12(—20) 2342312312 u22(—19)
12342312341232 wy2(—22) 23123432312 (1122 & w32)(—19)
123 ur3(—15) 2342312341232 wao(—21)
123423 u3(—17) 2342312342312312  (ugo B wan)(—21)
123423123 u3(—19) 23123432312342312312 Wap(—23)
1234231234123 urz(—21) 23 ug3(—14)
1234 ur4(—16) 93423 oz (—16)
1234231234 u14(—20) 23123 ug3(—16)
23423123 ugz(—18)
231234123 wo3(—18)
231234323 U3 (—18)
234231234123 U3 (—20)
231234323123 ug3(—20)
231234323123423123 g3 (—22)

Proof. Note that soc A./A, always contains the maximal degree component of
A./A,, but, other than that, all other summands, if any, must be of strictly
higher degree. Using the diagrams in Figure 9, the Kazhdan-Lusztig com-
putation of the maximal degree components, and the property of socle-killing
relations (Lemma 2.7), we can verify Table 3 except maybe in the following

three cases, each of which has two possibilities:

(66) soc Ae/A12342321 =Ly, <—19> or Ly, <—19> @ Ly, <—17>,
(67) SOC AB/A234232 = Luzz <7].7> or Lu22 <*17> © Luzz <*15>,
(68) SOC AB/A2342312341232 = Luzz <721> or Lu22 <721> D Lw22 <7].9>

For (67) and (68), one can check by calculating the Kazhdan—Lusztig poly-
nomials that the hypothetical summand above the maximal degree does not
appear in the corresponding A./A,, and therefore cannot appear in the socle.
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Now we consider (66). For x = 12342321, we claim that L., (—17) does
appear in A, /A,. Assume that it does not appear in the socle. Then Ly, (—17)
must extend to Ly, (—19) inside A., which implies that the projective cover P,,,
of L,,,, must contain L,,,, (—21) as a composition factor. However, this is not the
case, as one can check by Kazhdan—Lusztig computations. The claim follows.

COROLLARY 5.49: Let w € W. The socle of A./A,, is contained in the sum of
soc A /A, taken over x € JM(w).

Proof. The socles of A./A, for z€ JI determined in Proposition 5.48 satisfy the
assumption of Proposition 4.18, thus the claim follows from Proposition 4.18.

Example 5.50: Let
x = 32341232, y=234231234, 2z =2312312, w = 23423123432.
We have x,y,z € JI and w € W are such that
IM(w) = {z,y,2},  IM"(w) = {z,y}

andw=zVyVz=zVy. We claim

s0C A /Ay =s0cA /AL Dsoc A /A,

69
(69) C socAc/Ay +s0oc A /Ay +s0oc A /A,

In particular, the socle-sum property does not hold for w.
To prove the claim, we need to consider the elements z’, 3y’ € 2JI given by

' = 2341232, 3y = 2342312

which satisfy 2’ < x and y’ < y, necessarily socle-killing, and 2’ V 3y’ > z. The
sum of socles of A./A, and A./A, thus contains soc A./A, while it is not
contained in soc A,/A,. On the other hand, by Corollary 5.49, the socle of
A./A, is contained in soc A /A, ®soc A /A, @ socA. /A, (the sum is direct
since z,y, z € JI with distinct descents). We conclude that

s0C A /Ay Cs0cAe /Ay DsocA /A,

but a strict inclusion would imply w = x or w = y which is not true. This
proves Formula (69).
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5.8. TYPE G. Assume that (I, 5) is of type G2. We denote the simple reflec-
tions by

1 2

.

The KL polynomials are trivial (see Table 4) and the submodule structure of
the dominant Verma module is well-known. For x # e, wg, we have
soc A /A, = LU(E)<*£(Z‘)>

where o is the diagram automorphism swapping the two elements in .S, and the
socle-sum property and Conjecture 4.1 hold, for all w € W.

Table 4. Kazhdan-Lusztig polynomials p. ., for w € J in Go

1 2
v 2
v
1 3
U4
U5
9 v
v
2 v3
vt .
,l)O
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Appendix A. Kazhdan—Lusztig polynomials for E; and Ejg

In the tables below we list the Kazhdan-Lusztig polynomials pe ., for w € 7,
for the exceptional types E7 and Es. We put pe, in the position (7,j) of
the table, where 7 is the left, and j the right ascent for w. The computations
for F7 were performed in SageMath v.9.0. For Eg, some additional tricks were

necessary.
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A.1l. TypE E7. We denote the simple reflections by

1

1 3 4

See Table 5 for the results.

685

Table 5. Kazhdan-Lusztig polynomials pe ., for w € J in E7

1

I e

2 0% % 4% 4t

B L A A A

4 ’L‘BO+’U;8+U56 +2’U54+U52+

030 4 18
I T e R T

6 078 4070 4052 4 %0

7 T %

5

O A A A O it

2 V904058 42070 0P 4 2052 4

50 4 4,48
v 4w

3 0004209842056 42054 42052+

2090 4 %8

4 0914209943057 4+-30% + 3053+

2

59 4y 4 33 4 29

W2 4 58 56 4 54 4 52 |
020 40

v00 4 58 496 4 2951 4952 4
90 4 8

V014059 42057 4 205° 4 2053 4
20%1 4 10 4 047

000 4458 4 2056 4954 4 252 4
020 4 18

U59+l,37+v55+l,33+v51 +U49

158 + 54 + 150

6

V49

VB 4 6 4 )52 4 )50

59 LT 455 53 4Bl 4 g4

%9 42057 4050 453 42051 -

00042098 4205642954 420524

3

WO 457 55 483 gL g 47

000 458 4950 4 294 4452 4
V50 4 48

002 4980 4 58 42950 4 251 4
2052 4 50 4 A8 4 46

V814205942057 43055 4- 3053+
2091 + 2040 17

09042058 42056 42054 42052+
2050 + ¢18

©%9 4 2057 4050 453 2051 -

v

158 + 156 + 152 + 30

7

,U57 + ,!/,51

V98 4+ B4 4 50

4

050 4058 4 050 4 2074 052 4
020 4 8

0O 0% 42057 42090 4+ 2058
2051 + 040 4 47

V0142099 42057 43095 + 3053 4
2051 4 2019 4 17

’1762+2’UGU+3’U58+41'56+4’U;4+
41/52 + 37‘.50 + 21/48 + ,1,46

VO 4205943057 +-305° 43053+
3091 4 2019 4 17

0004205842050 4 2054 1 2052
2050 4 8

V99 0T L5 )53 1 gyBL 4 gy49

1,58 + ,056 + 1!52 + 050

V99 5T 455 453 Bl 449

3051 4 219 4 47

052 4960 4 2998 42456 4 3954 4
2052 + 2050 4 p48 4 16

ot

6 S+ 0% 4057 4 20%% 42058 4
W51 19 7

7 ,L,GO +‘USG + 1,54 +’U52 +U48

2950 4 48

VO 59 4057 4 2055 42053
0Ol 4 10 4 47

000 4 %6 4 5% 4 52 448
W62 00 56 4 9954 4 52 | 61 4 )55 4 58 L 47
VA8 4 46

,UBI + 1,55 +’1)53 +v47 ,US2 +,054 +’U46

A.2. TYyPE Eg. We did not manage to get the polynomials directly from the
computer, due to the complexity of the Weyl group, and the length of the ele-
ments from J, so we use a different approach here. Denote the simple reflections

by
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The element wy is central, and we have £(wg) = 120. According to [GP, Table
C.6], we have a(J) = 91. Since J is strongly regular, i.e., all H-cells inside J
are singletons, we denote the unique element‘H’ as w;;. These elements can be
given explicitly as w;; = s;; - wo, where s;; € W denotes the product i---j of
simple reflections along the unique shortest path starting in ¢ and ending in j in
the Dynkin diagram. The Bruhat graph of J is given on Figure 10. The rows
are right cells, and the columns are left cells. We will simplify the notation and
use pij = Pe,w,; fori,j € 5.

W1s W1ie w17 w18

W25 W26 wa7 wWas

w35 w36 wsar w3s

W41 Wy2 W43 W44 Wys5 W46 w47 W4s

W51 W52 W53 W54 Ws5 W56 Ws7 W58
\—T—X—T—/

We1 We2 We3 We4 Wes We6 We7 Wes
\—T—X—T—/

wr1 wr2 wr3 Wr4 wrs Wre wr7 wrs
\—T—X—T—/

ws1 ws2 w3 w4 wses ws6 wsr wss
W

Figure 10. Bruhat graph of the penultimate two-sided cell in type Fjs.

PROPOSITION A.1: The polynomials p;; are given in Table 6.

Proof. By applying Lemma 5.2 to non-diagonal elements of 7, one can see that
all p;;’s can be reconstructed from pig (similarly to the proofs from Subsection
5.4.1), see Figure 10. In fact, it is convenient to use the computer to calculate
each p;; from pig. So it is enough to prove that pig = 113 4 107 103 4 97,
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Using Lemma 5.2 along the vertical arrows in the last column in Figure 10,

we can get

Vvt —140v4 406

70 = .
(70) Pprs v+ -1 P1s,
(71) pss = (00 = 1+07°%)  pis.

Applying again Lemma 5.2 to wgg — wp, we get

(72) V- Pss + Pswgs = V0 + Prs.

From (5) and the fact that Ag(—1) C A., it follows that pgs — v - Ps wss has
non-negative coefficients. From (70), (71) and (72) we get

16 14 10 8 6 2

v +ot—v? —0v® =0 +v +1 121
73 —-v- = . — vt
(73) Dss P8,wss W02 +1) p1s

Recall that wgg is a Duflo element, so the lowest degree monomial appearing

9

in pss is v®87) = ¢!, and moreover, it appears with coefficient 1. Therefore,

from (71) we see that we can write

113

111
P18 =v ""+a1v

+a30"% 405017 0,01 4450 4060 "+ a0 4077, a;>0.
From (73) we see that pis must be divisible by v? + 1, and therefore

a1 —as +as —ag +as —ag + ay = 2.

Write also
(74) o6 (5211 3 = 010 4 51019 4 b0 130”0 + by 4 b5v? + b? 0%t
where
a1 =1+ by,
(75) a; =bi_1+b;, 1=23,...,6,

ay = bg + 1.
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By multiplying (74) with the numerator in (73), and from the non-negativity
of the coefficients in (73), we get the following conditions on b;’s:

by + by — 1> 0, by — by — by —bs +2 > 0,
—b1+b3+bs—12>0, b1 +by— by —bs —bg >0,
—by —by+bys+b5—-12>0, by +b3 —bs —bsg—12>0,
—by — by — b3+ b5 +bs > 0, b3 +by—bs —12>0.

by — by —by+bg+2>0, by+bs —1 > 0.

Under (75), these conditions translate to the following conditions on a;’s:

az > 1, az +2 > az + as,
a4 2 ay, az+12>as +ar,
as > az + 1, az > ag + 1,

ag +1 > a1+ as, aq > az,

a1+ ar > ag + ag, as > 1.

The fact that the latter set of conditions implies a1 = a2 = a4 = ag = a7 =0
and az = a5 = 1 is left as an exercise. This finishes the proof.
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