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Abstract

We consider the physical setup of a three-dimensional fluid—structure interaction prob-
lem. A viscous compressible gas or liquid interacts with a nonlinear, visco-elastic,
three-dimensional bulk solid. The latter is described by an evolution with inertia, a
non-linear dissipation term and a term that relates to a non-convex elastic energy
functional. The fluid is modelled by the compressible Navier—Stokes equations with
a barotropic pressure law. Due to the motion of the solid, the fluid domain is time-
changing. Our main result is the long-time existence of a weak solution to the coupled
system until the time of a collision. The nonlinear coupling between the motions of
the two different matters is established via the method of minimising movements. The
motion of both the solid and the fluid is chosen via an incrimental minimization with
respect to dissipative and static potentials. These variational choices together with a
careful construction of an underlying flow map for our approximation then directly
result in the pressure gradient and the material time derivatives.

Mathematics Subject Classification 76N10 - 76NO6 - 35Q40 - 35R35

B Dominic Breit
dominic.breit@tu-clausthal.de

Malte Kampschulte
kampschulte @karlin.mff.cuni.cz

Sebastian Schwarzacher
schwarz @karlin.mff.cuni.cz

I TInstitute of Mathematics, TU Clausthal, Erzstrae 1, 38678 Clausthal-Zellerfeld, Germany
2 Department of Mathematics, Heriot-Watt University, Riccarton, Edinburgh EH14 4AS, UK

Department of Mathematical Analysis, Faculty of Mathematics and Physics, Charles University,
Sokolovska 83, 186 75 Prague, Czech Republic

Department of Mathematics Analysis and Partial Differential Equations, Uppsala University,
Lagerhyddsvigen, 1 752 37 Uppsala, Sweden

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s00208-024-02886-w&domain=pdf
http://orcid.org/0000-0003-2787-3250

5496 D. Breit et al.

1 Introduction

The interaction of fluids with elastic structures has attracted the interest of scientists
from various fields due to the immense potential for applications ranging from hydro-
and aero-elasticity [9] over bio-mechanics [2] to hydrodynamics [6]. In the last two
decades there has also been a huge development in the understanding of the math-
ematical models—typically highly coupled systems of nonlinear partial differential
equations (PDEs).

The interaction of incompressible viscous fluids with elastic structures has been
studied intensively. Results concerning the existence of weak solutions to the coupled
system (which exist as long as the moving part of the structure does not touch the
fixed part of the fluid boundary) can be found, for instance, in [7, 12, 16, 21-23]. The
first result in [7] is concerned with a flexible elastic plate located on one part of the
fluid boundary. The shell equation is linearised and the shell is assumed to be one-
dimensional. The existence of a weak solution to the incompressible Navier—Stokes
equations coupled with a plate in flexion is proved in [12]. In [21] the incompressible
Navier—Stokes equations are studied in a cylindrical wall. The movement of the latter
is modelled by the one-dimensional cylindrical linearised Koiter shell model. The
elastodynamics of the cylinder wall in [23] is governed by the one-dimensional linear
wave equation modelling a thin structural layer, and by the two-dimensional equations
of linear elasticity modelling a thick structural layer. The interaction with a linear-
elastic shell of Koiter-type in a general geometric set-up (where the middle surface of
the shell serves as the mathematical boundary of the three-dimensional fluid domain)
is studied in [16]. The result has recently been extended to the original (and fully
nonlinear) Koiter model, cf. [22].

What all these results have in common is that the incompressible Navier—Stokes
equations are coupled to a lower dimensional equation for the structure. We are inter-
ested in models where fluid domain and structure have the same dimension which is
the case for the interaction with an elastic bulk. This has only been studied for small
deformations/linear elasticity, in the regime of strong solutions in [3, 14]. We are,
however, interested in the more difficult situation of large strain elasticity. A major
difficulty is that the associated elastic energy involves a non-convex functional. Con-
sequently, it is not possible to apply fixed point arguments to obtain a solution and
one is forced to use variational methods instead. A corresponding approach has been
developed recently by the second and third author together with BeneSova in [1]. They
provide an approach to the fully coupled system which is based on De Giorgi’s cel-
ebrated minimising movement method. The key idea in [1] is that the second order
time derivative of the structure displacement is discretised in two steps (yielding a
velocity scale and an acceleration scale) and to use a Lagrangian approximation of
the material time derivative on the time-discrete level. The result is the existence of
a global-in-time weak solution to the coupled system describing the interaction of an
incompressible fluid with a three-dimensional visco-elastic bulk solid.

The situation in the compressible case is completely different and the analysis
of problems from fluid—structure interaction is still at the beginning. A first result
has been achieved by the first and third author in [4]. They prove the existence of
a weak solution to a coupled system describing the motion of a three-dimensional
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compressible fluid interacting with a two-dimensional linear elastic shell of Koiter-
type. Recently, they extended the result to heat-conducting fluids and fully nonlinear
shell models in [5]. Results on the existence of local strong solutions appeared recently
in [18-20, 24]. In this paper we aim at the natural next step and consider the interaction
of a compressible fluid with a three-dimensional visco-elastic bulk solid in order to
arrive at a compressible counterpart of the result in [1].

Let us present the model in detail. The fluid together with the elastic structure are
both confined to a fixed container—a bounded Lipschitz domain 2 C R"” withn > 2
(where n = 3 is the most interesting case, but also n = 2 has physical relevance).
The deformation of the solid is described by the deformation function n : O — €,
where Q C R” is the reference configuration of the solid, which is assumed to be a
bounded Lipschitz domain as well. We denote by M the part of Q which is mapped
to the contact interface between the fluid and the solid and set P := dQ\M. For a
given deformation, we then deal with a fluid domain €2, := Q\n(Q), which will be
time-dependent. In €2, we observe the flow of a viscous compressible fluid subject to
the volume force fr : I x 2, — R". We seek the velocity field v : I x Q, — R"
and the density ¢ : I x €, — R solving the system

dro + div(ov) =0 in I x Q, (1.1)
9 (ov) +div(ov ® v) = divS(Vv) — Vp(o) + o fr inl x Q. (1.2)

Here, p(p) is the pressure which is assumed to follow the y-law, thatis p(o) ~ oY for

large o, where y > 1 (see Sect.2.1 for the precise assumptions). Further, we suppose
Newton’s rheological law

Vv + Vol

S(Vv) = 2u < 5

1
——divv]I) + Adivol
n

with strictly positive viscosity coefficients u, A. The balance of linear momentum for
the solid is given by

0s0°n+dive = f, in I xQ, (1.3)

where o, > 0 is the density of the shell and f; : I x Q — R3 a given external
force. We suppose that the first Piola—Kirchhoff stress tensor o can be derived from
underlying energy and dissipation potentials; that is

dive = DE(n) + DyR(n, 3;1)

for some energy- and dissipation functionals E and R. Prototypical example examples
are given by

R, a,n>=/ 19y TV + VT8, V[ dy, (14)
[
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Lagrangian Eulerian

n 0 Q
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Fig. 1 A typical setting of fluid/structure interaction

ng

and for some ¢ > n and a >
q—n

— 1 Ty —1) - Ty, — ; l 2 q)
E(n) = 3 /Q <(C(Vn Vn—=D:(Vyp Vp-0I)+ et Ve + p [Venl? ) dx.
(1.5)

The latter is defined provided det Vi > 0 a.e. in Q and we set E (1) = oo otherwise.
Here C is the positive definite tensor of elastic constants. The general assumptions for
E and R are collected in Sect.2.1. Equations (1.1)—(1.3) are supplemented with the
coupling conditions and boundary data

o(t, x)v(x) = (S(Vv) — p(e)T) v(t, n(t, x)) inl x M, (1.6)
v(t, n(t, x)) = on(t, x) inl xM, (1.7)
v(t,x) =0 inI x 0Q\n(P), (1.8)
n(t,x) =np inl x P. (1.9

Here v(x) is the unit normal to M while (¢, n(t, x)) = cof(_Vr](t, x))v(x) is the
normal transformed to the actual configuration and 7, : P — 2 is a given function.
Finally, we assume the initial conditions

0(0) = g0, (0v)(0) =qo in ;0. (1.10)
n@0,) =mno, 9n0,)=mn in Q, (1.11)

where ng : Q — 2, n1 : Q@ — R” are given functions with n, = nin P, E(ng) < 00
and 7o not in collision, i.e. injective on M with no(M) N 92 = @. For simplicity
of presentation we assume that 7, (P) consists of connected components of 2. See
Fig. 1 for an example of such a configuration. Yet we note that it suffices for all our
arguments that ng is not in collision and the initial fluid domain 2\no(Q) has itself a
Lipschitz-boundary, i.e. there are no cusps formed between solid and rigid boundary.
We aim to prove the existence of a weak solution to (1.1)-(1.11), where the precise
formulation can be found in Sect.2.3. A simplified version of our main result reads
as follows and we refer to Theorem 2.11 for the complete statement and the precise
assumptions on the data.
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Theorem 1.1 Under natural assumptions on the data there exists a weak solution
n, v, 0) to (1.1)=(1.11) which satisfies the energy inequality

s s
E(s) -|-/ / S(Vv) : Vudx dr + 2/ R(n, 9;n) dt
0 Ja, 0

55(0)-1‘/ fo-vdx—i-/ Sfs - omdy, (1.12)
Q, 0

5(t):/
()

2 2
(o292 + Hie) ar+ o, [ B8 4y 4 Er),
n(t 0
for almost any s € I, where H is the pressure potential related to p by p(0) =
H'(0)o — H(0). The interval of existence is of the form I = (0, T), where T is the
first time of collision' or oo if there is none.

To prove Theorem 1.1 we aim to apply a variational approach in the spirit of [1],
where the same problem was solved in the easier case of an incompressible fluid. This
approach is based on a time-delayed approximation: One seeks a continuous solution
for which the inertial terms (i.e. d;; and the material derivative %) occur in form of a
difference quotient involving a time step 2 > 0. The resulting equation is of gradient-
flow type, which allows us to construct solutions using the minimizing movements
scheme. On a formal level, this method is well suited to the compressible case: The
flow map, that is constructed to obtain the material derivative, can directly be used to
transport the density. It turns out that the variational nature of the scheme allows us
to generate the pressure term directly from the pressure potential which we include in
the functional we are minimising in each step. The material derivative of the density
also occurs as a difference quotient which leads to the desired equation of continuity
in the limit.

Let us now explain how to make these ideas rigorous. When solving the compress-
ible Navier—Stokes equations it is common to work with an artificial viscosity ¢ in (1.1)
and add ¢ Ap on the right-hand side to make it a proper parabolic equation. As it turns
out the limit ¢ — 0 can only be performed if the integrability of the density (which
results from the parameter y in (1.2)) is large and thus outside the realm of physical
interest. Consequently, a second regularisation (§-level with artificial pressure) is used
and one adds an additional term 8o# (with g sufficiently large) to the pressure in (1.2).
This approach has been introduced in [11]. In order to solve the regularised problem
with ¢, § > 0 fixed, we aim at a variational approach as described above. Due to the
additional term € A, we need to modify the mass transport from a simple update of
the densities via the flow map. This change also necessitates a rather specific choice
of the discretised inertial term in order to obtain the correct energy inequality (see
Sect.4.1 for details). Additionally, when combined with the pressure potential, this

1 By collision we refer to a configuration in which the solid either ceases to be injective on the boundary,
or its free part touches d€2. Both generally result in a change for topology of the fluid domain and possible
concentration effects which are outside of the scope of this article.
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perturbation creates in the limit of the time-step # — 0 the term
5// Vo - (Vv + V) dx dr
2J1 e,

in the momentum equation (as well as a similar term in the energy inequality). This
corresponds to a regularisation used similarly in [11] and many subsequent papers.
In order to recover this term, it turns out that we have to exclude the vacuum for the
limit passage i — 0, see Eq. (4.29). Excluding the hypothetical vacuum is a big open
problem for the compressible Navier—Stokes system even in presence of positive ¢.
To overcome this difficulty, we split the regularisation of v, that was already present
in [1], on the A-level into its own k-level: For fixed k > 0 we add a higher order
dissipation to the momentum equation. This gives sufficient regularity of the velocity
which ultimately yields a minimum principle for the equation of continuity.

For fixed «, ¢,5 > 0 we are able to apply the ideas just explained and to obtain
a solution to the approximate problem by the minimising movement method (with
the acceleration scale limit t — 0 in Sect. 3.3 and the velocity scale limit 27 — 0 in
Sect.4). Eventually, we pass to the limit with respect to the regularisation parameters
k, & and § in Sect.5. For technical reasons this has to be done in three independent
steps. The limit x — 0 is rather straightforward as the density remains compact for
¢ > 0. The compactness of the density becomes critical in the subsequence limit
procedures where we pass to the limit in ¢ and § respectively. This is done via the
method of effective viscous flux which is due to Lions [17] (with important extensions
by Feireisletal. [11]). This method has been extended to the setting of variable domains
in [4].

It is important to note that in each of these approximations, our approximate solu-
tions are already confined to the set of admissible states. In particular, on each level the
solid deformation 7 is injective, the solid and the fluid move with the same velocities
at the interface and the total mass of the fluid is conserved at all times. Additionally,
an energy inequality holds on each level. It mirrors the physical energy inequality and
will be our main tool to obtain a priori estimates.

2 Preliminaries
2.1 Assumptions

The assumptions on the solid and its dissipation (see (1.4) and (1.5) for examples of
such functionals) are identical to those in [1]:

Assumption 2.1 (Elastic energy) We assume that ¢ > n and E : W24(Q; Q) — R
satisfies:

S1 Lower bound: There exists a number E,,;, > —oo such that
E(1) > Epin forall n € W24(Q; R").
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S2 Lower bound in the determinant: For any Eo > 0 there exists g9 > 0 such that
det Vg > go forall n € {n € W24(Q: R") : E(n) < Ey).

S3 Weak lower semi-continuity: If n;—n in W2>9(Q;R") then E() <
liminf;_ o E(17).

S4 Coercivity: All sublevel-sets {n € £ : E(n) < Eg} are bounded in W24(0; R").

S5 Existence of derivatives: For finite values E has a well defined derivative which
we will formally denote by

DE:{ne&:E®) < oo} = (W>1(Q: R")).
Furthermore, on any sublevel-set of E, D E is bounded and continuous with respect
to strong W>4(Q; R")-convergence.

S6 Monotonicity and Minty-type property: If m—n in W>7(Q;R") with
sup; E(n;) < oo, then

liminf (DE() — DE(). (n —m)y) = 0forall yr & C5°(Q; [0, 1D).

If additionally lim sup;_, . (DE() — DE(n), (n —n)y¥) < O0thenn — nin
W24(Q; R").

Definition 2.2 (Domain of definition) The set of admissible deformations in
W24(0; Q) (injective a.e. and satisfying the Dirichlet boundary condition) can be
expressed as

€= {n € WH4(0; Q) : E(n) < oo, [1(Q)] = /QdetVndx, nlp = nb} @.1)

where n, : P — 0% is a fixed injective function of sufficient regularity so that £
is non-empty. By a slight abuse of notation, we use L*°(I; &) to denote the set of
functions  : I x Q — €, for which n(t) € £ forallt € I and t — E(n(t)) is
bounded.

Assumption 2.3 (Solid dissipation) The dissipation functional R : & X
Wh2(0; R") — R satisfies:

R1 Weak lower semi-continuity: If b;—b in WL2(0; R") then

liminf R(n, b)) > R(n, b).
=00

R2 Homogeneity of degree two: The dissipation is homogeneous of degree two in its
second argument, i.e.,

R(n, Ab) = A>R(n,b) Vi € R.
In particular, this implies R(#, b) > 0 and R(n, 0) = 0.
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R3 Energy-dependent Korn-type inequality: Fix Eg > 0. Then there exists a constant
cx = cx(Ep) > 0 such that for all n € W>9(Q; R") with E(5) < Ep and all
b e Wh2(Q; R") with b| p = 0 we have

ck 1613129y < R(1. D).

R4 Existence of a continuous derivative: The derivative D> R(17, b) € (W12(Q; R"))
given by

d
L RO.b+e9)| = (D2R(1b) @) Vg€ WO RY)

exists and is weakly continuous in its two arguments. Due to the homogeneity of
degree two this in particular implies

(D2R(n, b), b) = 2R(n, b).

A more thorough discussion of these assumptions is given in [1, Sec. 2.3]. For the
solid energy S1, S3 and S4 are standard for any type of variational approach, while
S5 and S6 help us in obtaining a proper limit equation. The important observation
here is that together with the behaviour of the interface S2 gives us injectivity of
the deformation, which is not only physical but also results in a non-degenerate fluid
domain.

Similarly, R1 is necessary for the variational approach, while R2 and R4 simplify
the situation slightly, as they imply that the resulting term in the equation is linear in
the time-derivative. Finally the energy dependence in R3 is needed to allow for the
frame-invariance required by physical considerations.

Additionally, we need to state some assumptions on the potential energy of the
density, which will also result in the pressure response.

Assumption 2.4 (Pressure) The function p : [0, 0c0) — [0, 00) satisfies the following.

P1: p € C*((0, 00)) N C!([0, 00));
P2: p’(0) > Oforall o > 0;

P3: I;has y-growth with y > %, i.e. there exists @ > 0 and y > % such
that
/
lim 2@
im ——— =a
0— 00 QV

We will also consider the regularised pressure ps given by

ps(0) := p(0) + 80” + 80*

for § > 0, where 8 > max{4, y}. The function p; clearly inherits P1 and P2 but has
B-growth instead of y-growth. Additionally, one also has that

ps(0) > 28 forallp > 0.
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Given the pressure through the function p the potential energy of the density can be
described by the fluid potential

©
Uy(0) :=/ H(o)dx, H(o):= Q/ —5—dz,
\n(Q) 2

which satisfies the relation p(¢) = H'(0)o — H (o). For the pressure potential H
we also obtain a regularised version given by Hs(0) = o || 1@ pi—(f) dz = H(o) +

%Qﬁ + 802. During the minimising movement approach in Sects. 3 and 4 only Hj
appears. Some of its properties, which follow directly from P1-P3 above, are listed in
the following lemma.

Lemma 2.5 (Fluid potential) For fixed § > O the function Hs satisfies the following
for some cs > 0.

HI: Hy is bounded from below,
H2: Hj is strictly convex, i.e. H{'(0) > ¢5 > 0 for all ¢ > 0;
H3: Hs has B-growth, i.e., we have

Hs(0) = ¢5(0oP — 1) for all ¢ € [0, ).

2.2 Function spaces on variable domains

For a given deformation n : O — 2 we parametrise the deformed fluid domain by
Q) == Q\n(Q).

Ifn: I x Q — Qis additionally taken to be time-dependent, this defines a deformed
space-time cylinder I x Q, = U,el{t} x ) C I x . To save on notation, we
will sometimes define shorter notation in the presence of indices and parameters, e.g.

(h) oy
Q@) = in(h)(t).
Recall that the moving part of the boundary of €2, is given by n(t)|y : M — .

The corresponding function spaces for variable domains are defined as follows.

Definition 2.6 (Function spaces) For I = (0,T), T > 0,and n € C(I x Q; Q)
defining a changing domain Q2 (¢) := Q\n(¢, Q) we define for 1 < p,r < 0o

. . 1 L u(t,)EL" () forae. t,
LP(I, Lr(Q()) = {U e L (I x 977) : ”U(ts')llLr(SZn(t))ELp(l) } s

LY WH(QE)) = {v e LP(I; () : Vv e LP(I; L(Q())} .

Function spaces of vector- or matrix valued functions are defined accordingly. We
now give a definition of convergence in variable domains. Convergence in Lebesgue
spaces follows from an extension by zero.
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Definition 2.7 Let (;) € C(I x Q; Q) with n; — n uniformly in T x Q. Let p €
[1,00] and k € Ny.

(a) We say that a sequence (g;) C LP?(I, L9(2;,)) converges to g in LP (I, LI(82;))
strongly with respect to (1;), in symbols g; —" gin L? (I, LY(2y)), if

xe, 8 —> xe,8 in LP(I,LY(R")).

(b) Let p,q < oco. We say that a sequence (g;) C L¥ (I, L9(2,,)) converges to g in
LP(I, L1(82;,)) weakly with respect to (1;), insymbols g;—"7g in L? (I, L1(2,)),
if

xQ, 8&i—xe,8 in LP(I,LY(R")).

(c) Let p = oo and ¢ < oo. We say that a sequence (g;) C LI, L9(2y,))
converges to g in L°°(I, L1(K,)) weakly* with respect to (1;), in symbols
gi—""gin L>(I, LY (S2y)), if

xe, &—"xe,g in L*(,LYR").

Next we state a compactness lemma from [4, Lemma 2.8] which gives a variant of
the classical result by Aubin—Lions for PDEs in variables domains. It allows to pass
to the limit in the product of two weakly converging sequences provided one is more
regular in space and the other one in time. Let us list the required assumptions.

(A1) The sequence (;) C C(I x Q; Q) satisfies ; — n uniformly in I x Q and for
some o > 0

ni —n in C%(I x Q).
(A2) Let (v;) be a sequence such that for some p, s € [1, co) we have
vi—"Tv in LP(I; WS ().
(A3) Let (r;) be a sequence such that for some m, b € [1, co) we have
ri—"Tr in L™(I; LP(Q)).

Assume further that (9,r;) is bounded in the sense of distributions, i.e., there is
¢ > 0 and k € N such that

// rl3t¢dxdt<c</||¢||wk2(9) )m’

uniformly in i for all ¢ € CG°(1 x Q,).

In [4, Lemma 2.8] the corresponding version of (A3) assumes k = 2. But the very same
argument is also valid in the general case as in the classical Aubin—Lions argument.
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Lemma 2.8 Let (1;), (v,) and (r;) be sequences satisfying (Al)—(A3) where =+ - b =
% < 1 (with s* = 2 lfS € (1,n) and s* € (1, 00) arbitrarily otherwzse) and

Ly % = 5 < 1. Then there is a subsequence with

viri—"Tvr weakly in LY(1, L (Q2y)). 2.2)
Corollary 2.9 In the case r; = v; we find that

v; =" v strongly in L*(I, L*(2,)).
2.3 Weak solutions and the main theorem

In this session we make the concept of a weak solution to (1.1)—(1.11) rigorous. We
begin with the function spaces to which the triple (7, v, ¢) belongs.

e For the solid deformation n : I x Q — 2 we consider the space
= (¢ e WAL WH(QiR) NLY(L: 6) ).
e Given 7 € Y/, for the fluid velocity v : I x @, — R" we define the space
X) = L*(I; W@, RM).
e Given 7 € Y/, for the fluid density o : I x 2, — [0, 0o) we define the space
Z) = Cu(T: L7 (),

where the subscript w refers to continuity with respect to the weak topology.

A weak solution to (1.1)—~(1.11) is a triple (1, v, 0) € Y x Xg X Z,I; that satisfies
the following.

e The momentum equation holds in the sense that?

d
/—/ Qv~bdx—/ (ov-9:b+0ov®v:Vb) dxdt
14t Jau Q)
+/ S(Vv) : Vbdx dr — // ps(o) divbdx dt
1JQ@) 1JQ(1)

/( /Qsaznaz¢dy~l—(DE(n) #) + (D2R(1, am),¢>) dr

// of- bdxdt+//fs ¢ dxdt 2.3)
Q@)

2 Clearly, it holds [ % fQ(z) wdxdr = fQ(,) w(r) dx|;zg, where it turned out be useful to work with
the first expression.
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5506 D. Breit et al.

for all (¢, b) € L*(I; W>4(Q; R") N Wh2(I; L2(Q; R™) x C(T x ;R
with® ¢ (1) = b(t) o n(¢) in Q and b(z) = 0 on P for a.a. t € I. Moreover, we
have (ov)(0) = go, n(0) = no and 9,;1(0) = n1 as well as 9;n(¢t) = v(¢) o n(¢) in
0,n()eEandv(t) =0on 0o foraa.t € 1.

e The continuity equation holds in the sense that

d
/—/ Ql//dxdt—// (0¥ + ov- V) dxdf = 0 2.4)
1 dt Jao 1Jo0)

for all y € C*®°(I x R3) and we have 0(0) = go.
e The energy inequality is satisfied in the sense that

—/8t1ﬂ£’dt+/1ﬂ S(Vv) : Vvdxds—i-Z/WR(n, o) ds
1 1 Q(1) 1
=< 1ﬂ(())éj(())*-// fo'vdth‘f‘/’ﬁ/ fs 0rmdydt (2.5)
1JQ®) I Q

holds for any ¢ € Cé’o([O, T)). Here, we abbreviated

1
0= [ (Gewnwr+Hew)ax+ [ o
Q(t) 0

Remark 2.10 Due to the bulk setting, it is possible to extend the fluid variables onto
the fixed domain 2 using their solid counterparts. We will do so quite often for the
velocity, where it is convenient to set v (¢, (¢, y)) := 9;n(¢, y) forall y € Q, as this
results in the complete Eulerian velocity v € LI, W(}’ (£2; R™)). For the density, one
can similarly consider pushing the solid density forward onto 2 using 1. However, this
is less useful in practice as the resulting function will still have a jump at the interface
between solid and fluid. Instead, it is often more convenient to keep the inertial effects
of the solid in their Lagrangian description and to think of ¢ as extended by 0 onto
2, as this allows for the removal of most of the time-dependent domains in the weak
formulation.

|9/

dy + E(n()).

We are finally in the position to state our main result in a complete form.

Theorem 2.11 Assume that the assumptions from Sect2.1 are satisfied and

|CIO|2 1 2
— e L (2,,), e LY (2,,), €€, el R,
20 (£249), 00 (259), M0 1 (Q; R™) 2.6)

fr € L2, T; LY(R";R"), f; € L*((0,T) x Q); R").

Then there is a weak solution (n, v, 0) € vy x X,1] X Z,I’ to (1.1)—(1.11) in the sense of
(2.3)—(2.5). Here, we have I = (0, Ty), where Ty < T only if the time Ty is the time
of the first contact of the free boundary of the solid body either with itself or 0S2 (i.e.,
n(Tx) € 9E).

3 By o we denote a purely spatial composition, i.e. b(t) o n(t) = b(t, n(t, -)).
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As will be apparent by the analysis we will show that the renormalised continuity
equation is satisfied in the sense of Di Perna and Lions, cf. [8, 17].

Definition 2.12 (Renormalized continuity equation) Letn € Y andv € X ,1] We say

that the function ¢ € Z,’] solves the continuity equation (2.4) in the renormalized sense
if we have

/i/ e(e)wdxdz—// ()3 +6(@) - Vi) dxdr
1 dt Jaw 1JQG@)

= — / / (09" (0) — 0(0)) div vy dx dt 2.7
1JQ@)

forall € C®°(I x R?*) and all @ € C'(R) with 6(0) = 0 and 6'(z) = 0 for z > M.

2.4 The damped continuity equation in variable domains

Here we present some results concerning the continuity equation in moving domains.
Some of the results are direct consequences of our previous papers [4, 5], but
Lemma 2.14 below is new and contains some improvements.

We assume that the moving boundary is prescribed by a function : I x Q — Q.
For a given function w € L2(I; W'2(Q,; R")) with 8,1(t) = w(t) o n(t) in M for
a.a.t € I and some ¢ > 0 we consider the equation

0,0 +div(ow) = eAp in I x Qy,
. 2.8)
0(0) = 00in Ry, ,0lyg, =0 on 1 x 9. (

A weak solution to (2.8) satisfies

/%/ QK/fdxdt—// (08, + ow - V) dx dr
1 Qy 1JQ,
=—// eVo - Vyrdxde 2.9)
1/,

forall y € C (T x R3). We have the following version of [4, Thm. 3.1].

Lemma 2.13 Let n € L>(I; WH°(Q; R™)) be the function describing the boundary.
Assume that w € L>(I; W'2(Q,; R")) with 3;n(t) = w(t) on(t) in M and w(t) = 0
in 9Q\n(P) fora.a. t € I and gy € L2(Qn(o)). Assume also that there is a weak
solution o to (2.8) such that

0 € Lo(I; L*(2,)) N L*(I; Wh2(2,)).
a) The solution ¢ is unique in the class o € L*°(I; LZ(Q,,)) NL(I; Wl’z(Qn)).
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b) Let 0 € C*(Ry; Ry) be such that 0'(s) = 0 for large values of s and 6(0) = 0.
Then the following holds:

/i/ Q(Q)wdxdt—/ 0(o) 0; dx dr
1 dr Jg, xS,

=—/ (QQ’(Q)—@(Q))divwl/fdx—i-/ 0(0)w - Vi dx dt
Ix,

IxQy,

—/ SVQ(Q)-dexdt—/ 80" (0)|Vol*y dx dr (2.10)
Ix,,

IxQ,

forall y € C®(I x R3).
c) Assume that 09 > 0 a.e. in Q). Then we have ¢ > O a.e. in I X Q.

Proof The proof follows by the lines of [4, Thm. 3.1], where much stronger conditions
on the regularity of 1 and also sightly more on w is assumed. One easily checks that
these assumptions are only used there to prove the existence of a solution, which we do
not claim here. The statements from a)—c) do not require it. Note that the assumption
nt)ew Loo( Q; R™") fora.a.t € I isneeded to guarantee the existence of an extension
operator W1’2(S2,7; R") — WL2(R"; R"). The latter is required for the proof of b). O

Lemma 2.14 Let the assumptions of Lemma 2.13 be satisfied and suppose additionally
that w € L*(I; Wko’z(Q,,)) and n, 3 € L*>(I; Wko-2(Q)) for some ko > % + 2 and
no € W»9(Q: R").

(a) We have
T
inf ogexp ( - / I div wllLee(g,) dt)
2500) 0

T
< o(t,x) < sup goexp </ I divwllL>(g,) dt)
2,00 0

fora.a. (t,x) € I x Q.
(b) We have

0 € L WhA(Q,) N LI, WH2(,))

and it holds

sup/ |VQ|2dx+// |V20|? dx dr
rel JQ, 1/,

T
< c(e)eXP< / (Il ) + llarnlliw<g>)df)
0

T
x (/Q (|VQO|2dx+c/0 ldiv w7, 01172, dz).
n
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Proof Let us initially suppose that n, w and g are sufficiently smooth and g is strictly
positive such that all the following manipulations are justified.
Ad (a). Multiplying (2.8); by 0’(0) shows
36(0) +w - VO(0) + div wob'(0) = e div (6'(0)Ve) — £0”(0)|Vol’

as well as

di 6 (o) dx +/ (00'(e) — 0(0)) divwdx = —8/ 6" (0)IVol® dx
! QW Qn n

using Reynold’s transport theorem, d,,0 = 0 and w(#) o n(t) = 9;n(z) in M for a.a.
t € 1.If0” > 0and |0'(z)z| < cp|0(z)| for z > 0 we clearly get

i 0(0) dx S/ (o) — 08’ (0)) div w dx
dt , Q,

< (cp + DIl div w”LOO(Qn)/ (o) dx.

n

Gronwall’s lemma yields

/ 0(o(t))dx <exp (C@/H diVU}”LOO(Qn) dt)/ 0 (0o0) dx,
Q I Q

n n

where Cy = cg + 1. Choosing 6(z) = 7 form > 1 we get ¢y = m and hence

1 1
( / |g<z>|’"dx> < exp (— / ||d1vw||mg,7)dz) < / IQolde>
Q, m I Q,

for all t € I. Passing with m — oo we obtain

sup [lo®) Il Lo, () = leollL>(,,) exp (/ [l div wll Lo () dt) .
I

tel

Similarly, choosing 8(z) = z7™, we have

/ (0(1) ™" dx < exp ((m 1) / || divwnLeo(szn)dr) / (00) ™ dx.
Q) 1 Qy

Taking the m-th root shows

1

1 1
m 1 m
</ (o™ dx) < exp (& / I div wllL(e,) df) (/ (00)™ dx) :
Q) moJi 2y
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Passing with m — oo implies

1 1
sup — < exp </ I divwllL>(g,) dt) sup —
Q) O I o Q0

or, equivalently,

exp (— / Idiv wll (g, df) inf go = inf (r).
i g

n(r)
Ad (b). Multiplying (2.8) by Ap shows
—d:0 Ao + 8|AQ|2 =Vo-wAp+divwoAp

as well as

|Vol* dx +e/ |V20|* dx

2 dt o .
1
=_/ |VQ|23tr)-vndx+/ Vo - wApdx
2 Jae, Q,
+/ divw oApdx — 8/ (Vv))Vo - Vodx
o I,
=141+ +1IV

using Reynold’s transport theorem and 9,, 0 = 0 (note that we used an |Apo|>dx =
2,12 ;
fﬂn [V20|? dx + faQn(an)VQ - Vo dx). The first and last term are estimated by

I+IV < (c+ 19mll=)lIVel 2 g,

IA

c(l+ ||8t77||L°°(Q))||VQ||L2(Q,7)||V2Q||L2(Q,7)

A

< c@® U+ 18mllL=0)1Vel 2, + &1Vl 72, -

where £ > 0 is arbitrary and where we used the trace theorem (note that our assump-
tions and Sobolev’s embedding imply n € L®(I; W*°(Q; R"))) together with an

interpolation argument. We also have
I < c®lwlie,lVeliz g, +E1Vel7g, )

as well as

< c@lldivwlieog,llelfzg,) +E1V7el72q, -
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Absorbing the £-terms and applying Gronwall’s lemma proves

sup/ |VQ|2dx+// V2% dx dr
tel JQy 1JQy
T

<c / IVool* dx + ¢ / 1 div oo l0ll72 g, 47
0

2y

where the constant depends on [, ||8,77||%00(Q) dr and [, ||w||%oo(9n) dr.

Let us now remove the regularity assumptions on 7, w and o. We can regularise
n and w by smooth approximation as follows. First, we extend w by ;7 o ™! to Q
and regularise w by a standard smooth approximation in space-time. This yields a
smooth sequence (w)s which converges to w in the L2(I; W22 (2; R™))-norm. We
define ()¢ as the solution to the ODE we (¢, (n)e (-, x)) = 9;(n)e (-, x) for each given
x € Q with n(0, x) = (no)e(x), where (n0)¢ is a regularisation of g in space. The
function (1)¢ (-, x) does indeed exist for all given x € Q on the interval [0, T'] by the
Picard-Lindeloff theorem as H Vweg || o 18 uniformly bounded (in dependence of §). By
its equation one directly deduces that ()¢ is smooth. Now [5, Theorem 3.3] applies
to the regularised problem and we obtain a solution g¢ with g¢ € cl(I x 5,,) and
Vzgg e C(I x 5,,). Also ¢ is stricly positive (as long as g is). One easily checks
that the estimates derived above do not depend on &. It remains to pass to the limit
& — 0. Since ng € W>9(Q; R") by assumption and ¢ > n we have (19)s — no
in WH°°(Q; R"). Hence, (using the ODE, the properties of (w)g and Gronwall’s
lemma) one deduces that (n): — n as § — 0 uniformly in Q. Actually, for this
purpose convergence of w in the L2(I; W12 (; R"))-norm is sufficient. Since we
have convergence in L?(I; W (Q; R")) we have similarly V() — Vnas& — 0
uniformly in Q. Also, passing to the limit with the ODE implies that d;(n)s — ;7
in L2(I; L*°(Q; R")). These convergences are sufficient to pass to the limit in the
estimate. Since (2.8) is linear the limit procedure & — 0 in (2.9) is straightforward
and the limit is indeed the unique solution (see Lemma 2.13 a)). O

3 The time delayed problem

Following [1] we begin constructing a solution to a time-delayed problem, where the
material derivative in the momentum equation and its solid counterpart are discretised
at level 4 > 0, but all other variables are already continuous. We initially solve only
on the interval [0, k] and then iterate this in the next section to a time-delayed solution
on [ by decomposing it into intervals [0, k], [k, 2k], .... As it is common in the
literature on the compressible Navier—Stokes system we use an artificial diffusion in
the continuity equation and an approximate pressure. As it turns out this alone does
not yield sufficient regularity to pass to the limit in the time-step &, which we are going
to do in the next section. In order to overcome this problem we add additional terms
and set for k > 0 and ko € N large enough

Ec(n) = Em) + V1720, Re(n,b) = R0, b) + k| VDI T5 -
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In the model for the bulk we replace E by E, and R by R, respectively. Additionally,
we add « fQ @ |Vk0y|2 dx to the dissipation of the fluid. Similar terms are also used
in [1] with & instead of k. Hence there they disappear already in the limit 4 — 0,
simultaneously with turning the differential quotient into the material derivative. In
our case this is split into two limit procedures.

Given suitable initial state g, 179, 20 := 2\no(Q), a previous solid velocity ¢ :
[0, 7] x Q — R" and a corresponding quantity w : [0, k] x Q¢ — R” for the fluid,*
we call a triple (1, v, @) solution to the time delayed problem in [0, /] provided

e The time delayed momentum equation holds, that is we have

(DE.(1(1)), ¢) — / ps(o)divhdx
Q)

+ (DaRe (1, 1) , P) + S(Vv) : Vbdx+/</ vkoy . vKp dx
Q) Q(1)

1 1
+i_z/ Qs(atn—g)qﬁdy—f-z/ (Qv—\/E\/detVCD—lwoCD_lybdx
0 Q(r)

=/ fsqjdy—i-/ off-bdx 3.1
0 Q(r)
for almost any ¢+ € [0,k] and all ¢ € C.([0, h]; WK-2(Q;R™), b €
C.([0, h]; Wgo’z(ﬂ; R™)) satisfying ¢|p = 0 and

bon=¢ and von=29n in Q,

here we have set Q2(¢) = Q\n(z, Q) and ® : [0, h] x Qo — Q(¢) solves 3, D =
vo® and ®(0, -) = id where o is meant with respect to space (i.e. (vo ®) (¢, x) :=
v(t, d(t, x))).

e The approximate equation of continuity holds, that is we have

d0r0 = —div(vp) + eAp 3.2)

in (0, h) x () and 9,(1o(t) = 0in 982(z) forall z € (0, k) as well as ¢(0) = go.
e The energy balance holds in the sense that
n
Ec(nt1) + U (o(1)) + h/ V02 dx di
0

Q(t)

131
+/ <2RK (n, 9n) + S(Vv) : Vudx + 8/ Ha”(Q)Wledx) dr
0 Q) Q(1)

4 Due to the dissipation of density in the equation of continuity, we cannot simply work with the previous
fluid velocity. Additionally, we need to deal with the transport effects inherent in the Eulerian description
of the fluid. As a result, the natural quantity w(#) turns out to be \/o(t — h)v(t — h) transported forward
along the flow to the domain €2( at time t = 0. This will become more apparent in the subsequent section,
when we extend the problem to [0, 7'] and perform the limit 7 — 0. For the purpose of the current section,
all terms involving w can be thought of as a given force term.
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n 1
+/ —[Qs/ |3m|2dy+/ ov]? dx] dt
o 2h [0} Q@)
n 1
SEK<'70>+U30<90>+/ —[@s/ |c|2dy+/ w2 dx] ar
o 2h 0 %

141
+/ |:/ on fs dy+/ ov - fr dx] dr (3.3)
0 0 Q(1)

for a.a. t; € (0, h), where U,‘;(Q) = an H;s(o) dx.

We have the following result.

Theorem 3.1 Suppose that there are

¢ € L*(0,h; L*(Q; R™), w e L*(0, h; L*(Q0; R")),
no € ENWK2(0: Q), 09 € L®(Q), essinf g9 > 0,
0

fs € C(0, 1Y L*(Q; R™),  fr € C([0, h]; L*(Q; R")).
Then there is a triple (n, v, 0) with

n e L0, h; £) N W20, h; Wk2(Q; R™)),
v e L*(0, h; Wko2(Q; R")),
0 € L0, h; LP(2,)) N L*(0, h; W>%(2,))

which solves the time delayed problem in the sense of (3.1)—(3.3).

The rest of this section is devoted to the proof of Theorem 3.1. Some aspects are
reminiscent to Theorem 4.2 and its predecessors Theorems 2.2 (for the FSI) and 3.5
(for the time delayed terms) in [1] to which we refer when possible. The main effort
is to understand the contribution of ¢ and its behaviour.

In order to construct a solution we now split [0, /] again into small time-steps of
length © < h and discretise in time. For each of these steps we solve a stationary
minimisation problem (the iterative problem), prove a discrete version of the energy
inequality and finally pass to the limit T — 0 with the resulting piecewise constant
and affine approximations.

3.1 The iterative approximation

Assume that 7, A, k,€,6 > 0 are fixed and that the forces f; and f; as well as
&k = :k(kH){dt : Q0 — R" and wy = :k(kH)wdt : Qo — R” are given.
Suppose thatalsong : Q — Q, Q= Q\nx(Q), ok : 2 — Rand adiffeomorphism
Dy 1 Qo — Q are known. Then we define nx4+1 : O — R, vr+1 @ Qi — R” and

Ok+1 : Qk+1 — R to be a minimizing triple (not necessarily unique) of
(. v.0) — Ec(n) + U} (0)
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1
+T[RK (Uk,n_,i)—i-/ —S(vu):vvdx+5/ |Vk°v|2dx]
o 2 2 Joy

2
T — 2 _ _
+ — Qs/|’7,”’<—§k| +/ Jorv —/det VO, w0 @7 dx

- z/ = 'fy(tk)dy—r/ okv - f7(Th) dx, (3.4)
0 T Qe

where we require n € £ N W*-2(Q), v € Wk0-2(Q; R") with v]3q = 0 and subject
to the coupling of velocities

n— Nk
T

=von in M. 3.5

For the fluid, we require a regularised condition for mass transport, that is o and v are
related through

(id — teA) "ok
V= — 3.6
Qe det V0, (36)

Here and in the future W, := id + v is a helpful shorthand and (id — teA)~ ! is to
be understood as the solution operator to the respective Neumann problem on €2, i.e.
(id — 'L’SA)_IQk is the unique function gy : 2 — R solving

{ék—feAék =0, in €, 3.7)

avék =0 on 0€.

Clearly, there is a unique solution g; € WP (k) since o can be assumed to be
in LA (%) and Q is a C1%-domain.’ Furthermore, due to the fact that v uniquely
determines o through (3.6) we can rewrite (3.4) as a minimisation problem in (7, v)
only. Specifically, we can write

U (@=[ Hyodx= /Q Hy(0(Wy (y)) det VI, (y) dx
k

Q41
(id — reA) " lor s
= Hs | —————— | det Vv)dx =: U%¢ ) 38
/Qk 5( det(I+ tVv) et + Vv dx nox (V) (3.8)
Finally, we update @ to @41 by setting

Dpy1 = Wy, o Di.

5 In fact, we can infer from Lemma 3.2 that Ok € w3-p (£2¢), but note that this cannot be iterated for
increasing k, as the Wy, appearing in the definition of ox4] presents an upper limit to regularity.
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Lemma 3.2 Suppose that g, and ok are given, where

e € ENWOHQO: Q). or € LF(), esginf o > 0,

wp € L2 Qo R, ¢ € LAQs R, fi(th) € LA(Q;s R, fr(h) € L2(Qu: RY).
Then the minimisation problem (3.4)—(3.6) has a solution (Nk+1, Vk+1, Ok+1), where

Mer1 € ENWR2(0: Q) vy € W2 RY), Qg1 = Q\ir1(0),

Ok+1 € LP(Qi41), essinf ggy1 > 0, infdet(I + tVugy;) > 0.
Qi1 Q

Proof We argue by the direct method in the calculus of variation. The functional is
clearly well-defined by the choice of the function spaces. Using Young’s inequality to
estimate the force terms we can also show that it is bounded from below in each term.
Inserting (1, 0, o) as a candidate shows that the minimiser must have a finite value.
Using (3.8) we can rewrite the problem as a minimisation in (1, v) only. Coercivity in
the relevant functional spaces is now obvious, recalling Assumption 2.1 S4. However,
we still need to verify that any limit obeys the lower bounds.

A standard application of the minimum principle® to (3.7) implies that inf g . Ok > 0.

Since t || Vkov”?zk is part of the functional, we know that ||Vv||ce(gq,) is uniformly
bounded along any minimising sequence. Thus det(I+ t Vv) is trivially bounded from
above, which gives us infg, 0 > 0 for any o of finite energy in the functional.

Additionally, by the growth condition H3 of Lemma 2.5 and (3.8) we find the
following bound

Up (@ =0y () >c (/Q det(I+ tVv) P dx — 1)
k

in dependence on the lower bound of gx. Combining this with the C* bound on Vv
and choosing 8 sufficiently large, we get a nonzero lower bound on det(I + tVv) by
[1, Prop. 2.24 (S2)], which ultimately goes back to [13]. Note that together with the
uniform C**-bounds on 7, this also implies that id +7v is a diffeomorphism up to the
boundary of the fluid domain, which in turn implies that there cannot be a collision.
The final point which needs clarification is lower semi-continuity, which for most
terms does not differ from the analysis in the incompressible case and for these we refer

to [1, Propositions 2.13 and 4.3]. For the new term U gf , however, weak convergence

in Wk0-2(Q;) implies strong convergence in C'(€2). Since the functional f]gf is
continuous on C!(€2) (as det(I 4+ 7 Vv) is strictly positive for all velocities for which
the functional is of finite value) the proof is complete. 0O

Next we calculate the corresponding Euler—Lagrange equation, which will give us
the discrete, time-delayed momentum-balance. Assuming that (g1, Vk41) is in the

6 Here we use the assumption that pj is strictly bounded from above and below. Due to the Neumann
boundary conditions, we find that py, satisfies the same upper and lower bounds as pj.
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interior of the admissible set (i.e. the solid has no collisions and det V¥,, > 0), we

can vary with (¢, E%S)\ch that bong = ¢ in Q. For the fluid potential we now calculate
T

s.e
SUp o (V1)

d T —
Ha(m>det(ﬂ+erk+1+st)dx

= a % det(I4+tVvg41+sVb)
/ ( Gd—teA)"Top
Hy ( etV 1)

det(V¥,,, )

s=0

= _/ tr(Vh - cof (VW ) ") (id — reA) 'or dx
Q
Sy -1
+/ tr(Vb - cof (VW,,,,) ) Hs (%‘L“’VSTA)M?) dx
Q

dx

B derenr-1o\ (1d — TeA) " log
=— [ uw(vb-vu! H’((‘d L) Qk) det VU
/Qk ( wi) o Caerww, ) det VW, |

: —1
+/Q tr(Vh - V! )Hj (M) det VW, dx
k

Vk+1

Vk+1 det(V\IJ,,kH)

__ /Q divib o (W, )™") (Hy(oksn)okst — Hlorsn) d
k+1

__ / div(b o (Wyy,) ™) ps(oisn) dx
Q41

using the definition of Hj in the last step. The integral on the right-hand side is the
discrete version of the pressure term. Furthermore, we note that a short calculation
reveals

T b
8 (35(Vue) : Vo) (;) =S(Vuky1) : Vb
Referring to [1, Propositions 4.3] for the remaining terms in the Euler-Lagrange
equation we then conclude:
Corollary 3.3 Suppose that the assumptions of Lemma 3.2 hold. Any solution of the

minimisation problem (3.4)—(3.6) satisfies

(DEc(Mk+1), ) o — / V.o (‘I’le)_])Pé(QkJrl)dy

Qg1
+<D2RK (nk,%ﬂ),¢>g+/ S(Vvk+1):Vbdx+/c/ VKo uy - VRO dx
Qe Q

1 . 1 — B
+E/QQs (M_gk) <z>dy+ﬁ/Q (kakJrl_«/Qk detV@klwko®k1>~bdx
k

=/ fs(fk)~¢dy+/ ok fr(tk) - bdx (3.9)
(4] Qe

ora.a. t € [0, h] and a € ’ ; ,b e ’ ; satisfying ¢|p =
fi [0, h] and all ¢ € W2(Q; R™), b € Wy"(2; R") satisfying ¢l p = O
andbon, =¢in Q.
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3.2 The discrete energy inequality

A key in the analysis is the energy inequality. We start with a discrete energy inequality
for the solution of the minimisation problem (3.4)—(3.6).7

Lemma 3.4 Suppose that 1o, vo and 0o, as well as w, ¢, fr and f; are given, where

no € ENWRZ(Q:RM), vy e W2(Qo; R™), 00 € LP(Q0),
¢ e L*([0,h] x Q; R™), w € L*([0, h] x Qo; R™),
fs € C([0, h]; L*(Q; R™)), fr € C(0, hrl; L?($2; R™)).

Then the solutions (ny, vy, Qk)llcvz1 to minimisation problem (3.4)—(3.6) satisfy

N—-1
Ec(n) + U, (on) + Z r,/ VO 4112 d

— 11— 1 - _
S [Re (e 272 45 [ sy Vonar e [ @orva? o]
=0 k k

N—-1 5
T _ 2 — B
+ Z W [QS/Q ’M—é“k’ dy+/gk ’«/kak_;_l —kao¢kl dxi|
k=0
N—-1 .
= EK(WO)+U$O(Q0)+ Z 2h [QS/Q|§k|2dy+/Q Iwklzdx]
k=0 0

+Z [/ WL p (k) dy + /Q kaUkJrl'ff(Tk)dx]

Proof We compare the value of the actual minimizer in (3.4) with the value at
(1, v,0) = (k. 0, &), where gy = (id — reA) ™' or. Thus we get

1
Ee(Mk+1) + U,fkﬂ (Ok+1) +7 |: (nk, M) + > S(Vrs1) : Vokat dx]
Qe

K K
z vko dx + — Bl ‘ d
+12/le Vet 2 x+2h [Qs/ G| dy

2
—1 —1
+ 2 |:/Qk './kakﬂ —4/det VO, w0 &, dxj|

_ / Wbl 20k £ () dx — / OkVk+1 - fr(th) dx
0 S

7 Note that this inequality is not optimal; one would expect an additional factor of two in front of all
dissipation terms. Using a more involved argument, one can indeed derive an improved inequality at this
point. But since there is no qualitative improvement on the resulting estimates and this inequality will be
replaced by a more correct, continuous energy inequality afterwards, there is no need to do so here.
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< E.(m) + U, (Qk)+_|:QA/ |2k dy+/Q |wi | dX} (3.10)

We are now going to estimate the error between U,?k (ox) and U,‘?k (ok)- Since Hj
belongs to C 2((0, 00)) and is convex we have

Hs(ox — eTAdk) > Hs(0x) — H{(Or)eT Adk
and thus

Uy (@x) — U (ox)

= (Hs(ok) — Hs(ox)) dx = / (Hs(or) — Hs(ox — et Agy)) dx
Qx Qe

< [ Hj@oeras dx = - / et HY (30| V|2 dx
Qe Q

using also (3.6) and the Neumann boundary condition for gx. Plugging this into (3.10)
and summing over k € {0, ..., N — 1} yields the claim. O

Next we construct piecewise constant and piecewise continuous interpolations of
all our quantities by setting

70, y) = m1(y) fortk <t <tk+1),yeQ
M@, y) = n(y) fortk <t <tk+1),y€eQ,

7, y) = D= fortk <t <tk+1),y€e0,

v (1, x) = vk_H(x) fortk <t <tk+1),x €,
v (1, x) = Bl o ()~ 1 fortk <t <t(k+1),x € Q\Q,
(1, x) = Dr(x) fortk <t <tk+1),x€Q
0 (1, x) = oky1(x) fortk <t <tk +1),x € Q,
0, x) = ok (x) fortk <t <tk+1),x €,
(1, x) = Gk (x) for tk <t < T(k + 1), x € S,
t O, y) = G(y) fortk <t <t(k+1).y€Q,
w O, x) = wi(x) fortk <t <tk+1),x € Q,

as well as QM () = Qp fortk <1 < 7(k + 1). Note that from this point on, we
extend v to all of €2, using the corresponding solid velocity, cf. Remark 2.10.

Lemma 3.4 implies the following corollary for the interpolated quantities by setting
t=1N:
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Corollary 3.5 Under the assumptions of Lemma 3.4 we have

_ _ ko[
Ec@ ) + Uy @7 1) + 5 / / VR ®? dx dr
2 Jo Jaow

n 1
+/ [RK (n(f),atﬁ(f’)+/ —S(Vv @) : vp® dx] dr
0 QO (1) 2
| noq
e / / HY @)IVa™ 2 dx dr + / —o, / 107 = ¢ dyde
0 Jo@W(@) o 2h 0
t
+/I i/ Vo@v® — /det V(@@)~1y® o (@)1
0o 2h Jg,

1 1
< EK<no>+U$O(Qo)+/ 5 [Q/ |¢<’>|2dy+/ |w<f>|2dx] dt
0 [} Q0

n
+/ [/ 8tﬁ(”~fs(rk)dy+/ g(”v(”.ff(rk)dx] dr
0 0 978

forallt; € tNN IO, h].

2
dx dr

Absorbing the forcing terms into the left-hand side by means of Young’s inequality
we obtain the following estimates

18611 2 o g who 2oy + 5P N7 2
L2([0,h]; WH0-2(Q)) 1e(0.h) WH0-=(Q)
+ swp (11710200, + 177 Bytgz ) = G.11)
1e(O.1) who-2(Q) wko-2(0)
2 ki 2
V01720 ey 1V 172 0. xam) =< € (3.12)
~ (1) B () B
sup (12715 o, + 10715 g1
1e(0.h) LA(Q®) LA(Q(®)
+el (Vo™ V@) 175 omxam) = ¢ (3.13)

They are uniform in  but may depend on the other parameters #, «, ¢ and §. Note also
that (3.12) implies

N

Y T, , S ¢ (3.14)
k=1

for some « > 0 using Sobolev’s embedding.

Let us finally deduce uniform bounds for det V&;. Note the even though the general
idea stays the same as in [1, Prop. 4.6], the estimate is slightly different since we cannot
use that div v = 0 in the compressible regime.
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Lemma 3.6 (Bounds on ®) There exists constants ¢, C > 0 such that for all small

enough h and t
h
exXp (-C/O ||Vv<t) ||LOO(Q(‘[)) dl)
h
< det VO, < exp (c/ V@l Lo 0y dt) , (3.15)
0

as well as

VOl < C and |V>®xllLoq) < C (3.16)
uniformly in k, v and h.

Proof We obtain as in [1, Lemma A.1]

k k n
det Vo = [ [ et + tVvi)] o @iy =] | [1 +> thl(Vvi)] od;_i,

i=1 i=1 =1

where M; are the polynomials of order / stemming from the expansion of the
determinant. Estimating the arithmetric mean by the geometric mean yields

k n
1
det Vb, < (1 + 7 Yo MV o c1>,»_1)|)

i=1 [=1

k n
< exp (c Z T Z = vy IIILOO(QI,))

i=1 [=1

k

where we now note that by throwing away almost all terms in the energy estimate,

Lemma 3.4 we get r||Vv,~||ioo(Qi) < CT”VkOUi”iz(Q[,) < c1, with the last constant

only depending on initial data and « and thus can further estimate

h G
< exp (c /0 Vo gy Y e T2 dt)

=1

h
< exp <C/o Vo™ oo gy dt) .

In order to get a similar bound from below we use (1 + a)~' <14 2|a| for |a] < 1
as well as uniform boundedness of /7| Vv (@, (;)) Which we used in the last
estimate. We then can infer similarly to the above

k k n -1
(det V)~ = [ [det@+ Vv o d; o =] | [1 + Zthl(Vv,-)] o d;;

i=1 i=1 =1
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k

n

2 _
< (l—i-EZf ! 1|1‘/I(Vl)ioq>i1)|)

i=1 I=1

h
< exp (c /O IV oo o) dt) (3.17)

In total we arrive at (3.15). Arguing in the same way, we can show

h
IV @il Lo () < €Xp (c /O VOOl ooy dr) <C

uniformly in &, T and 4 using also (3.12).
Similarly to the above we can also control second order derivative of ®y. It holds

k
Vol = v (]_[(11 +1Vy) o q>,~)

i=1

|
.M’”

~
Il
LR

V(@ +1Vvjo@;) [ [T+ 1Vv) o @;
i#]

V200 ®,; Vo, [ [T+ V) o @
i#i

~
Il
LR

|
.M’”

such that, using (3.16),

k
V2Dl oo (520)

IA

k k
1
CZ'L’”VZUJ'H 1+_ZT”VUi”L°°(Q,-)
= Lo°(R2;) k

i=1

IA

h
VA0 L2 0.0: Loy €XP (c /0 IV oo o) dt)

C (3.18)

IA

uniformly in & by (3.12) provided we choose kg large enough. Again c is independent
oftand h. O

3.3 Thelimit1— 0

Estimates (3.11)—(3.13) give rise to

7, @, 7O—~*n in L0, h; WR2(Q; Q)), (3.19)
7V —=dm in L0, h; WH2(Q; RY)), (3.20)
v v in L2(0, h; W2 (9 RY)), (3.21)
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0,0 —~*Mg in L>(0, h; LP(2,)), (3.22)
0™ —Tg in L*0,h; WH(Qp)). (3.23)

at least for a (non-relabelled) subsequence. As in [1, Prop. 2.20] we also have
7™ = in €0, h1; CM(Q)) (3.24)
for some « > 0. Furthermore, the definition of ®; and (3.15) imply
195 — Dr—1ll72 g = Tk © Prctllfa gy < T lklfagg, e (3:25)
Combining this with (3.16) we conclude that
o™ — @ in (0, h]; C¥(Q)), (3.26)
where the limit ®(#) now maps ¢ to the limit fluid domain €2 (¢). We want to obtain
a similar statement for the function ¥,, = id 4 v, and write ¥,, = ®; o <I>,;_11. This
motivates the definition
VO =0 (@) od™(t — 1) =id + 0@,
Due to (3.15) and (3.16) we also have
@ 5 o7 in Y0, n]; c*(QD)) (3.27)
in addition to (3.26). Combining (3.26) and (3.27) shows
v® id in CY([0, h]; C*(QD)). (3.28)
By definition we have VW (") — I = £ Vv(® such that we also have
v® 5 id in L%(0, h; WhE(Q®)) (3.29)

by (3.21). The aim is now to pass to the limit in order to obtain (3.1)—(3.3). As far as
the momentum equation is concerned, we rewrite Eq. (3.9) as

h h
| (pEG6@) ar= [T divio @) pse ) dxar
0 0 JQO(r+1)
h
+/ [(DQRK (n<f>,atﬁ<f>),¢<f>>+ S(Vu®) : Vbdx:| dr
Q@

0
h 1 h
+ K/ / vkoy @ . ykop dx dr + _/ / 0s (3tﬁ(r) _ é-(r)) ¢(r) dydr
0 Q@ h 0 0

1 h
+ E/ / (Q(t)v(f) — oy det V(@®)~ 1™ o ((I)(f))]> -bdx dr
0 JQ®
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h h
=/ /fs-¢<’)dydt+/ / 0@ fr - bdx dt.
0 Jo 0 JQ®

Note that due to the coupling condition, which involves (), we cannot pick the same
pair of test-functions for all 7. Instead, we fix & € ([0, hl; CSO(Q; R3)) and then
derive ¢ := & o (n()~! from there.

We only have to prove that the terms involving the density converge to their correct
counterparts, that is

h h
// div(bo(qﬂf))*l)ps(@(f))dxdt—>// div b ps(o) dx dt,
0 JQO(+1) 0 JQ@)

(3.30)

l/h/ ( @,(®) -
- —/o®Vdet V(@) ~1w® o (@)~ ) . pdx dr
0 —/0®/de
hJo Jaow
1 h
= E/ / (Qv—\/éx/detV(CID)*lwo@_l)~bdxdt (3.31)
0 Q(t)

h h
/ / Q(r)ff .bdxdr — / / ofr-bdxdr, (3.32)
0o Jao 0 Jem

as T — 0. The limit in the remaining terms can be performed as in [1, Section 4.1].
The convergence in (3.32) follows directly from (3.22) and (3.24), whereas (3.30) and
(3.31) require strong convergence of the density. Using (3.6) and (3.7) we can write

/ Ok+1(x + T (x)) — Qk(x)w(x)dx
Qp T

= —/Q e(Vor)(x) - Vi (x) dx —/ >ék(X)1//(X)dx (3.33)
k

1 q 1
T det(VWy,)

forallyr € wlz2 (2%). Now we choose a parabolic cylinder J x B suchthat2B € Qn(r)
for all T small enough. This is possible due to (3.24). We obtain for ¢ € W(} ’2(B)

() _ 5@
/Q t+1,x)—0 (t,x)w(x)dx
B T
(1) () _ 5@
:_/Q (t+1,x+ 71V 1—(x)) 0 (t+r’x)1p(x)dx
B

- / evVoD(t, x) - Vir(x) dx
B

1 1
[ (1= —==)3"7
/B T (1 det(V\I/(r))> ot )Y (x)dx

1
= —/ / Vo@Dt + 7, x +stv@(x))ds - v Py (x) dx
B Jo
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- / eV (1, x) - Vi (x) dx
B

/ div o™ + o(7)
g 1+ 1dive® +o(1)

8@ (r, x)y¥ (x) dx.

Here the quantity o(t) is such that o(r)/t vanishes in the L2(J; L*®(B))-norm as
a consequence of (3.21). Using (3.6) we may deduce from the regularity of v(™ in
(3.11)—(3.13) as well as the uniform lower bound for det V&, from (3.15) that

o™ e wh; wA(B) N L*(1; W(B))
uniformly in 7. Combining this with (3.23) we conclude that

e@—o in WA WTIA(B) N L2 WA(B)),

5 (3.34)
and 0¥ — o in L%*(J x B).
This together with (3.29) yields
6,6 > o in L*(J x B). (3.35)

Using (3.13) and arbitrariness of J x B, the convergences in (3.34), and (3.35) even
holdin L4((0, h) x Q™) forallg < B+ 2. This in combination with (3.24) and (3.29)
is enough to prove the convergence (3.30). Taking into account also (3.21), (3.26) and
(3.27) proves (3.31) (note also the uniform lower bound for det V& from (3.15)). We
thus conclude that (3.1) holds.

Now we take a look at the continuity equation. We use a test-function ¢ €
C((t, h — 1) x Q) and obtain similarly to (3.33)

T v _ 50
/ / U €M 1) o w® dydr
Q@ T

h
—/ / eV o W™ . V(Y (r + 1) o WD) dx dr
Q@

1
5Ot WO dx dr
/ /Q(r) T ( det(V\p(r))) oY +1)o x dr,

which we denote by I = II 4 III. The term I on the left-hand side can be rewritten as

h —_ oy
= / / oA AU 2 LA
0 Jo® T

" divv®@ @+ +o(m)
_/0 /Q(T) 1 +Tdivv(r(t+f))+0(f)g (f)lll(t)dxdt

=L +D
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with o(7) as above. Due to (3.26), (3.34), the smoothness of ¥ and (3.25) we find

h
Il—>/ / 0 (0:¢¥ +v-Vy) dxdr.
0 Q(t)
On the other hand,
h
I, — —/ / divv(t)o(t)y(¢) dx dr
0 JQ()

using (3.21), (3.24) and (3.34). Similarly,

h
I — —/ / divv(t)o(t)y(¢) dx dr
0 JQu

which cancels with I,. Finally, we have

h
II—>—/ / eVo - Vyrdxdt,
0 JQ()

which yields

h h
—/ / 0y +v- V) dxdt:—/ / eVo-Vydrdr  (3.36)
0 Jaw o Jaw

forall Y € C°((0, h) x ). We have shown (3.2).

Finally, for the energy inequality (3.3), we note that we cannot simply pass to the
limit in Lemma 3.4, as this is missing a factor 2 in front of the dissipation terms.
Instead, we obtain it as in [1, Lemma 4.8] by testing (3.1) with (9,1, v). The only
substantial addition here is the pressure term which reads as

- / div v(H{(0)o — Hs(0)) dy
Q1)

_ /S2 (VGO @ +v- VoHi(o) + divuH; ) dy
t

=/ (d0Hj(0) + div(vH;(0))) dy—/ eAgHj(o)dy
Q@) Q)

d
=5 [ H@dye [ H@I9eP ay

dr Jaou Q@)

using (3.2) and Reynold’s transport theorem (due to Lemma 2.14 (b) the density is
smooth enough to rigorously perform these computations). For the inertial term we
now have

/ (Q(t)v(t) —Vo)VdetVo—lw(t) o <I>_1> -v(t)dx
Q1)
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- / (Q(t) )2 = Vdet VO-Tw(r) o &~ -,/g(t)u(t)) dx
Q)

-1
z/ (Q(”| OPF - de‘%jw(r)o@—l\z) dx
Q)

lv(®)? / lw(t)[*
= dx — d
/Q(t)g(t) > X o > X

by Young’s inequality and a change of variables. This also shows the need for the
factor v/ det V@~ in the equations.

4 Inertial problem (h — 0)

The aim of the present section is to pass to the limit # — 0 in (3.1)—(3.3) and to
obtain a solution to the regularised system (where «, ¢ and § are fixed). We begin with
a definition of the latter.

We introduce the function spaces

Yig =10 € WHAI WRO2(QiR") N LX(1; ) ),
Lk = L2 WRR(Q R,
2] = Cy(I; WH2(Qy R N LF (),

x!

which replace the spaces Y/, X; and Z,I] (defined in Sect.2.3) on the x and e-level
respectively.
A weak solution to the regularised system is a triple (1, v, 0) € Y/ o X X !

71
. . nko % ZT/,E
that satisfies the following.

e The momentum equation holds in the sense that
d
/E/ ov-bdx — (ov-0:b+0ov®v:Vb) dxdt
Q’I
/ / Vo - (Vvb + Vbv)dx dr + / S(Vv) Vbdx dt
Q@)

+K// vkoy - vRpdx dr — // ps(o) divbdx dt
Q,

/( /Qsazn3z¢dy+<DE (), @) + (D2R (1, aﬂl),¢)> dr

// of- bdxdt—l—//fs ¢ dx dt 4.1

forall (¢, b) € Wh2(I; Wko2(Q; R™)) x CO(I x ; R") with b(t) on(t) = ¢ (1)
in Q and ¢(¢) = 0 on P. Moreover, we have (ov)(0) = qo, n(0) = no and
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9;1n(0) = ny we well as 9;n(t) = v(t) on(t)in Q, n(t) € £ and v(r) = 0 on N
foraa.t e l.
e The continuity equation holds in the sense that

00 4+ div(pv) = eAp 4.2)

holds in / x €2, and we have ¢(0) = gg as well as dv,0 = 0.
e The energy inequality is satisfied in the sense that

—/a,l//éi;,,( dt+/¢/ (S(Vv) : VU+K|VkOU|2> dx dr
I 1 Jo,

+2/wRK(n, 8:n)dS+8/l/// Hy'(0)IVel* dx dt

I 1 Jey,

51/f(0)£’3(0)+// Qf,«-~vdxdt+/w/ fs omdydt 4.3)
1JQ, I 0

holds for any ¢ € C2°([0, T')). Here, we abbreviated

9;m]?
2

1
@@(s,x(t)=/ <§Q(t)|v(t)|2+H5(Q(t))> dx+/ Os dy + Ec(n(2)).
Q,(t o

n ()

Theorem 4.1 Assume that we have for some « € (0, 1)

q01? —
MO ¢ LN(Quy). 00 € C2*(Ry). 0 € €. n1 € LA(QRY),

00
fr € C(U0, TT; LA*R™; R™) N L*(I; LX(R* R™), fs € L*(I x Q).

Furthermore suppose that oo is strictly positive. Then there is a solution (n, v, 0) €
Yk’0 X Xé,ko X Z} 10 (4.1)~(4.3). Here, we have I = (0, T), where T € (0, 00) is
arbitrary.

4.1 A priori analysis

We proceed as follows. First we need to produce an 2-approximation on the whole inter-
val I. For h <« 1 we decompose the interval / into subintervals (0, k), (h, 2h), . ...
For any given & we obtain from Theorem 3.1 the existence of a solution to (3.1)—(3.3)
in (0, h). We will then use the resulting 1 (k), o(h), 9;1 and a suitably modified version
of vo ®(t) o ®(h)~ ! as N0, 00 ¢ and w on (h, 2 h). We can prove that these are valid
initial data, because of the energy inequality (3.3). We repeat this procedure on the
following time-intervals to get a global solution (ny,, v, 05) which solves a variant of
B.)in 1.

Specifically, given a solution (nl(h), vl(h), Ql(h), @l(h)) to (3.1)—(3.3) on the interval
[0, A] (note that later this will correspond to [(I — 1)A, [h] in I, but for now, we will
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consider each of these intervals as [0, /] and distinguish them by the index /), we apply
Theorem 3.1 with

nl(h) (h) as no
Ql(h) (h) as go (defined on Q\nl(h)(h, 0) = Q\no(Q) =: Qo)
atﬁl(h)(t) as ¢ (1) forall t € [0, h]

and

<,/Q}h)(z)u{”>(t)) o ®M(1)o CDl(h)(h)_l\/det V(@ (1) 0 @M (h)~1)

as w(t) for all € [0, 2] (defined on Q\n\" (h)(Q) = Q). We also write as usual

") ="« 0.

These assignments are obvious, except for w. Here one should keep in mind that
w(t) needs to be defined on the new initial fluid domain €2, but needs to correspond
to the quantity ,/ov for the matching fluid particle at an earlier time. We thus employ
the flow map to move it there. As this flow map was only defined with respect to the
previous reference configuration, we take a slight detour there, resulting in ®(#) o
®(h)~! and finally we need to correct the distortion due to the extra term £ Ag in the
continuity equation such that, in particular,

h h) |2
/ lw ()| dx:/h oM 0)|v|* dx
Q 0]

From the energy inequality (3.3) applied to the previous solution, we can con-
clude that our new initial data fulfills the conditions for Theorem 3.1. The solutions
constructed by this theorem will then be denoted by (’71@1 , vl(flr)l , Ql@l , CDI(T] ).

With these solutions at hand, we can now construct an h-approximation on the
whole interval I. Specifically, we set

™) :=n" -1 - Dh)
T R Ry (R §V))
e" (1) =" (1 = (1 = D)
Q") =" -1 - h) =2u®e, 0)

for ¢t € [(I — 1)k, [h] as well as a redefined flow map for ¢ € [(I — 1)k, [h]

M (1) := @M (s +1 — (I — Dh) o @ (¢ — (L — )~
oM (1) 1= o (s +1 — 1h) 0 & (W) 0 @V (¢ — (1 — )™
oW (1) := M (s + 1 — 1 = 2)h) 0 D™ (W) 0 @ (t — (1 = HI)™!
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fort +s e[ —Dh,lh],t+s e€[lh,(+ 1hlandt 4+ 5 € [(I —2)h, (I — D)h],
respectively, and so on. Here the new flow map needs to be read in the style of semi-
groups, i.e. <I>§h)(t) maps the fluid domain at time ¢ to the fluid domain at time ¢ + s,
in such a way that we follow the fluid flow. Note that in concert with the uniform
(only «x-dependent) bounds on det V& () derived in the last section in (3.15) and the
C!-regularity of 7, this also implies that ®(¢) is a diffeomorphism up to the boundary
and thus there cannot be a collision.

If we now translate (3.1)—(3.3) into this new notation, then we have that the h-
approximation fulfills the following:

e The momentum equation (3.1) translates to

(DEGP@n.0) = [ st divbax+ (Dare (1. 0™ 0)
QU (1)
+/ S(vv®™) : Vb dx —|—/</ vhoy ) . vkop dx
QM (1) QM (1)

M (1y—, n™ (r— 1
+/ RIS W) ,¢dy+_/ o™ (™ (1) - bdx
0 h Jawa

- % /Q(h)m \/Q(h)(l‘)g(h) (t —h) o ®") det Vo' v® (¢ — h) 0 ") . pdx
=/Qﬁ,.¢dy+/9(h)([)gff~bdx. (4.4)
e The continuity equation (3.2) holds unchanged, i.e.,
do™ = —divw®o™) +eAo® 4.5)

in I x Qy and 9,m ;0" (1) = 0in dQ" (1) forall 1 € (0, h) as well as ™ (0) =
00-
e The energy balance holds in the sense that

En" @)+ U e™)

13 |
+/c/ / |Vk°v(h)|2dxdt+/ 2R, (n(h),f)m(h)) dr
0 QM (1) 0
131
+/ (/ S(vo®y : vo® dx—i—e/ Hg’(g<h>)|vQ<h)|2dx> dr
0 Q) (1) QM (1)

51 1
+/ o |:Qs/ |8m(’”|2dy+/ Q(h)|v(h)|2dx] dr
n—h 2h 0 Qi ()

1
< Ec(n0) + Up, (00) + 3 [Qs/Q Imi > dy +/ 0o [vol? dx] dt

Q0
1

+/ [/ ™ f dy—i—/ Q(h)v(h)'ffdx:| dr (4.6)
0 0 Q1)
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fora.a.t; € I.

Most of this is a straightforward replacement of the new definitions together with
a telescope argument for the energy balances. Note that in the intertial term of the
momentum-equation, the different flow maps from the equation and the definition of
w combine to @y, as do their Jacobian determinants.

Additionally, we recover the expected properties of the flow map:

Corollary 4.2 Let the assumptions of Theorem 4.1 be valid. For any t,t + s € [0, T,
CI>§h)(t) is a diffeomorphism between QM (t) and QU (¢ + s) such that CD(()h) = id and

3, 2M (1) = v (1 +5) 0 2P (1).
As a consequence, we have
3y det VO = div o™ (t + 5) 0 @M det Vo,

which, in particular, implies

9 (Q<h) (t+5)0d® (;)) - (sAQ(h)(t +5) = 0™t + ) divo® (1 + s)) o (1)

s (g“’) (t +5) 0 ®P (1) det vq>§h>(t)) =AM (1 +5) 0 ®W (1) det VO P (1).

Proof The first set of assertions follows directly from the definition and the properties
of the short-time solutions. Additionally, we can calculate

3y det VO (1) = tr(Va; @M () cof VO (1))
=tr(Vw® (1 +5) 0 @D (1) (VOP (1)) det VO (1)
= tu(Vo)(t +5) 0 @M (1) det VO (1)
=divv (1 +5) 0 ®P (1) det VO (1)

as well as
% (0 +5) 0 0P 0))
= 30"t +5) 0 @M (1) + (Vo™ (t + 5)) 0 V(1) - (3,0™ (1))
= (80" @ +5) = div@Pv ")t +5) + vVt +5) - VoW ¢ +5)) 0 2 (1)

_ (SAQ(h) (t +5) — 0™t +5)divo® (s + s)) o @M (r)

using the continuity equation. Combining the two relations above results in the final
assertion. O

From (4.6) we obtain the following uniform bounds:

18V ™72 gy + 80P 1P 00 gy <€ (4D)
tel
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SuII) “Q(h) ”iﬂ(s‘z(h)) S c, (48)
te

VO™ 132y + 1V 132 gy, + IV @I gy S €0 (49)

(h) ”2

h) 2 h) 2
IV wio 2 @y FSUP I k02 00) + 181 12 wi02 gy S € (4-10)

which are uniform in 4. As a consequence we have the following convergences for
some o € (0, 1)

n™—*y in LI Wh2(Q: Q)), (4.11)
n®—n in WhI Wi RY), (4.12)
" —>n in C*(I'x Q:Q), (4.13)
oW sy in L2(1; W@ RYY), 4.14)
oW —*g in L®(I; LP (), (4.15)
oW —Mo in L2(I; W(R,)). (4.16)

after taking a (non-relabelled) subsequence. Taking further Lemma 2.14 into account
we have

oW —~*g in L®(I; Wh2(R,)), 4.17)
oW —1o in L*(I; W2(Q))). (4.18)

Using this together with (4.14) in the equation of continuity we also have
oM —="3,0 in L2(I; L}(Ry)). (4.19)
Moreover, o stays bounded and strictly positive, that is
0<o™(t.x)<p foraa (t,x)elxQ® (4.20)

for some 0, © > 0 which do not depend on 4.
Finally, passing to the limit in (3.15)—(3.16) and using (4.14) yields uniform bounds
for @ In particular, we have

c<detvo <7 4.21)

for some ¢, ¢ > O independent of & and s (however, diverging with 7 — coorx — 0)
as well as

" — @& in €0, T1; C*(Q0)) (4.22)
fora.a.sash — 0.
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4.2 Strong convergence

To pass to the limit in (4.4)—(4.6), we need to improve some of the convergences from
the last subsection to strong convergence. First we will argue similarly to [1, Lem.
4.14, Prop. 4.15] and use (4.4) to estimate

Lemma 4.3 (W —"2-estimates) There exists a constant C > 0 independent of h such
that for an m € N large enough

o™ — ™ (- — h)
h

<, (4.23)
L2(I;W—2(Q))

T Vo -

RNy T

/ / Vo o hh)del v =h) o®Whdxdr<C ||b||L2(I~W”’v2(Q))'
0 JeW) |

(4.24)

forallb € Cc(I; Wg2()).

Proof We need the following key estimate to correct the flow map. For any Lipschitz
continuous functiona : I x  — R and any s € [0, ] we have by Corollary 4.2 and
4.21)

2
dx

/ o™ (1) ‘a(t) —a(t —s)od®
Q1)
0 d 2
= / Q(h)(t) s][ — (a(t +r)o <I>§h)) dr
Q) _s dr
0 2

csz/ ][ dra(t+r)o <1>£h) + NVa(t +r) - v(h)(t +7r))o dbfh)’ dr dx

Q) J—s

0
csh ][ / ((Lipt a)? + 1P+ r)l2 (Lip, a)2> dx dr
—h JQ@t+r)

< shC(Lip, , a)*, (4.25)

dx

IA

IA

where we used boundedness of o” from (4.20) and the fact that

’ 2 g 2
][ / |v(h)| dxdr < c][ / Q(h)|v(h)| dx dr
r—h JQ(1) r—h JQ()

is uniformly bounded by the energy estimate. By Lip,, Lip, and Lip, , we denote the
Lipschitz constants with respect to time, space and space-time respectively. Note that
this estimate varies from the corresponding estimate in [1] by the necessary inclusion
of the density, as the flow is no longer volume preserving.

Now we consider (with oV per convention extended by 0 to all of £2)

T Sy o) (p— () (h) (4
oMv oM (t—h)det VO, v (t—h)
/0 /Q m oMb dx dt

@ Springer



Compressible fluids interacting with 3D visco-elastic... 5533

)b dx dr

/ / Vo®y® — \/Q”’)(t B)od™ det vl v ® (1 h)ocp”” T

h

oM™bdx dt,

T \/detvqﬂ‘; \/Q(’”(t—h)o<D£hv(h)(tfh)o<1>(f,)ﬁ./g(h)(tfh)L'(m(ffh))

where the first term can be estimated using Eq. (4.4). For the second one we perform
a change of variables with @;,h)(t — h) in its first term to obtain

T \/det vol) <\/g<h) (t—h)o® ") v® (t—Ryod™) /o ® (1—h)v™ (t—h))
/ / 7 oMb dx dr

/ / det Vo (1— h)\/detvqﬂ’;oo(”)(t o™ (t—hyv™ (t—h)

% \Jo® 0 &Pt — b o &P (¢ — h) dx
® D m e
_/ m\/@hm DO [ ax s
Q

/T/ \/detV@;lh)(t—h)\/g(h)od);lh)(t—h)bocbzh)(t—h)ﬁ/detV@ﬂlzb
= T

o Jo
x oo™ — ™ — ) dx ds
T o (h) —_ —
:/0 AW@M 0™t — ™ (¢ — hydx dt

+/T/ \/detVq>](lh)(t—h)\/g(h)c,@;lh)(,_h)—\/detVcbg'})’,/g<h>
h

x bo ®" (1t —h)\/o® (& — ™ — h)dxdr

=141

On account of (4.21) the absolute value of the first integral can be estimated by

T
I s/ /Qm) |v(h>|2 dx\// o™
0 Q Q

by using that

T (I+1)h
/ /Q(h)|v(h)|2dxdt— ][ / oM w2 dx dr
0 Q

consists of T /h terms uniformly bounded by a multiple of %, due to the energy-
inequality and by applying (4.25) withs = handa = b

2
b(t+h)od —b )
D02 2| dxdr < CLip, b

T/h 1
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For the second integral we have by Corollary 4.2

T
/ / ][ 3y <\/detVCI>§h)Q(h) o d)s) dsb o @, (1 — h)
0 QJt—h
x1/o® (t — o™ (+ — h) dx dt

< o™ L2(1;W22(Q) le™]
< ClbllLeuxs)

I =

Loxey =< I o® ”L2(1><§2)

using (4.10), (4.18), (4.20) and (4.21). O

Finally, we need to prove strong convergence of the density. For this purpose we
choose a parabolic cylinder J x B such that 2B € QU (¢) forallt € J and all & small
enough. This is possible due to (4.13). From the continuity equation (4.5) we obtain

ao™ e L*(J; W2(B))
uniformly in 4. This, in combination with the gradient estimate from (4.8), yields
o™ = o in L*(J x B).
Using (4.20) and the arbitrariness of J x B we obtain
o™ =M in LP(I x Q) (4.26)

for some p > B. Using Theorem 2.13 (b) with 6(s) = s2 (which is admissible by
approximation) we obtain

1
/ |Q(h)(t1)|2dx+// 2¢|Vo ™| dx dr
Q) 0 Q)

1
- / 05 dx — / / 20 div o™ dx dr. (4.27)
Qo 0o Jaw

Now we apply Theorem 2.13 (b) to the limit version of the continuity equation (that

is, Eq. (4.2)) which results in a counterpart of (4.27). On account of (4.26) all terms

converge except for fot /; 2 2¢|Vo™|? dx ds, which yields convergence of the latter.
n

Hence we obtain
o™ =0 in L2(I; WhA(Q,)). (4.28)
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4.3 Derivation of the material derivative

We take the inertial term from (4.4) and shift its second half in time by a change of
variables. This gives us (note the symmetry of the ,/o-terms)

T
hyy (h) () (h (h)
/ /Q(h) <Q( Tl )—\/ﬁ\/@(}')(l—h)od)_h detVdD_hv( )(z—h)oq>_h> .bdx dr
M p—Jo®\/o® (1t +h)o o det VoL bt + q>(h)>, ") dr dr
//Q(h)( J?\/Q t+ho e t+h)od,” ) v™ dx

recalling that (GDZ;’))*1 (t,x) = (I)g’;l (t + h, x)). Using the fundamental theorem of
8

calculus and Corollary 4.2 the integrand can be rewritten as

h
—/ Jo® (1)d, (\/Q(h>(t+s)oq>§h)(t)detvq>§h)(t)b(t+s)o<1>§h>(z))-v“’)(t)ds

) (h) (h)
g (t+s)det VO’ (£,x)]od (1)
/ Vo™ () )b(t +5) 0 @M (1) v W (1) ds

2 g<h>(z+s)oq><h)(z)detVcb(h)(z x)

_/ [o® (1) |:\/Q(h)(t+s)detV<I>§h)(t,x)8;b(t—|—s):|od>§h)(t).v(h)(t)ds
0

h
- / Jo® (1) |:\/Q(h)(l‘ +5)det VO (¢, x)o P (t +5) - Vb (t + s):|

0

o ®M (1) - v ™ (1) ds

/ [o® (1) [\/detvfb(h)(t )SAQ((h)(([f)b(t—f—s)}oCID(h)(t) v® (1) ds
- /0 ye® @ [V det VO (1, x)y/ o™ (1 + 5)3,b(1 + S)} o @ (1) - v (1) ds
h
— [ Jo® [\/dtVdﬁ’” 1, o® @ + )0t +5)- Vbt + }
/OQ() e (t, x)y/ e (t + )™ (t +5) - V(1 +5)

o ®M (1) - v ™ (1) ds
= —(Dp — D)y — ADy.

We can now deal with each of these terms one after the other. Using (@ﬁh) ) -1 (t,x) =
CD(h)(t + 5) and 8V(h>(t)g( )(t) = 0 on 32" (¢) we find

T
/ —/ (D), dx dt
Q)
/ f / Q(h)(t)ocb(h)(t-l-s x)\/detVCD(h)(t x)
QM) (145)

8 Note that det V¢§h)(t, x) signifies that this term is always evaluated at x, while most other terms (those

at time ¢ + s) are evaluated at ¢§h) (t, x). In general, all terms are evaluated at their “natural” point.
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x SBEED (s 45) 00 (1) 0 91 45, ds dr e
W (t

/ f / \/Q<h>(z)o<p<h>(z+s x)\/detVQ(h)(t 0
Q) (145) 2\/Q(h)(l+s)

ceAo P (t + )bt +5) - v (1) 0 @M (¢t + 5, x) ds dx dr

/ ][ / Evo +s)V( M1y o d™(t + 3, x)) b(t +s)ds dx dr
QU (145) 2
—/ ][ / Evo® (1 4s5) - Vbt + 0P @) o " (1 45, x)ds dx dt
Q0 (145) 2
=: AV)p + V)i + (VD).
As h — 0 we have
avy, —- 0

on account of (4.18), (4.20) and

/ WM ()0 @M (1 + )2 dx < c/ V™ @) dx,
QM (t-+s) Q®(r)

(+1)h
sup ][ / |v(h)| dx
1€{0,....T /h—1} Q)

the latter one being a consequence of (4.6) and (4.20). Moreover, it holds

IA

C7

T
Mn — —/ / iVg(z) -Vu(t)b(t) dx dt
o Jan 2
as well as
T &
(VDp — —/ / —Vo(t) - Vb(t) - v(t) dx dt.
0o Jaw 2

by (4.22), (4.26) and (4.28). We conclude that

T T
/ l/ (I)hdxdt—>—/ / EVo(t) - (Vb() - v(t) + Vo0)b(t)) dx dr.
o hJom o Jam 2

(4.29)

Similarly, we have

T T
/ l/ (I dx dt — / / o(®)v(t)d:b(t) dx dt
o hJaw o Jawn
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as h — 0. The remaining term involving (III), is more critical since v, which is
based on our a-priori estimates only weakly converging, appears in a product with
itself. However, we may use the discrete time derivative for the momentum. It holds

t+h
3 ][ Vo™ (s)y/det VO (¢, x)v ™ (s) ds
t . S
Vot + hyy/det VO (1, x)v® (¢t + h) — /o® (1)v™ (1)
- h

such that

t+h
3 [\/g(T(t)][ \/Q(h)(s)\/detvcbgh)(t,x)v(h)(s)dsi|
\/7\/Q(h)(t + h)y/det Vo, x)v(h)(t +h) = Vo@D ™ (1)

(h)(

0™ (1) / / () 0
ZW][ oM (s)y/det VO (¢, x)v'" (s5) ds.

For the first term we have a W —"2-estimate given in (4.24). The second term can be
estimated in L' (I; L2(Q™)) by (4.18), (4.19), (4.20) and (4.21). We conclude that

T t+h
3 | /o™ @) ][ Jo® (s)y/det VO ¢, x)v® () ds] -bdx dt
A /Q(h)(t) ' |: t ’

= Clblipia.wm2 )

uniformly in 4. Thus, Lemma 2.8 yields

T h
[ f o favofion
0 QM) Jo
x [\/M—Jrs)v(h)(t +5) - Vb(r + s)] o™ (1) ds dx dr

T
—>/ / o(Hv(t) - Vb(t)v(t) dx dt (4.30)
0 Jawu

as h — 0 taking also (4.18), (4.22) and (4.26) into account. It remains to “add” the
shift
o <I>§h) (). For this purpose we decompose

T h
JoW@e)/det vo ¢ o) ... 1o @™ ) - v™ (1) ds dx ds
/0 /sz(h>(z)][0 ¢ * [ ] *
T h
- Jo® @)/ det v (1, x)
/o /sz<h>(t)]{) ¢ '
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x <[]$ oM (1) — []E> o (1) ds dx dr
T h
+/0 /Q(h)(t)]{)m det VO, (t,x)[ L [ ] v (1) ds dx dr
T h
+/0 /Q(h)()]{) \/m\/m[...]-v<h)(t)dsdxdz
t

Here [-]¢ denotes a regularisation in space defined by an extension to the whole space’
and a mollification with a smooth kernel. In the above we use [. .. ] as a shorthand for

[. . ] = [,/Qﬂﬂ(r L)W +5)- Vbt +s)j| .

For fixed & we can use smoothness of [-]¢ to conclude that the first term vanishes as
h — 0. This is a consequence of (4.25) and the a priori estimates. Also, the second
term converges to zero as & — 0 (uniformly with respect to A, recall (4.17), (4.18)
and (4.20)) by standard properties of the mollification. The last term converges to the
expected limit as we have seen in (4.30). In conclusion, we have

T h
/ / ][ Jo®()y/det Vo (1, x)
0 Q™ Jo
x |:\/Q(h)(t + )M +5) - Vo + s):| o M (1) . v™ (1) dsdxdr

T
—>// o(H)v(t) - Vo (t)v(r) dx dt
0 Ju

as h — 0, which finishes the proof of (4.1).

5 Removal of the remaining approximation parameters

In this section we pass to the limit in the approximate equations. For technical reasons
the limits k — 0, ¢ — 0 and § — 0 have to be performed independently from each
other. The limit x — 0 is rather straightforward as the density remains compact for
& > 0. For the greater part of this section we study the limit ¢ — 0 and only highlight
the differences in the §-limit.

5.1 The limit system for k — 0

Recalling the definition of the function spaces from Sect. 2.3 we seek a triple (1, v, 0) €
Yix X é X Z,g that satisfies the following.

9 Since 3™ is a Lipschitz boundary uniformly in time by (4.7) standard results on the extension of
Sobolev functions apply.
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e The momentum equation holds in the sense that

d
/—/ Qv~bdx—/ (ov-9:b+0ov®v:Vb) dxdt
1 dr Jaw 10)
+/ S(Vv) : Vbdx dr — // ps(o) divbdx dt
1JQ0) 1JQ@)

f// Yo - (Vub + Vbv) dx d
2 )1 Jaw

+/< /Qsatn31¢dy+(DE(n) @) + (D2R (1, 3m),¢>> dr

// off- bdxdt+//fy ¢ dx dt (5.1)
Q)

forall (¢, b) € L>(I; W>4(Q; Q)NWI2(I; L2(Q; R™) x C°(I x Q; R™) with
@) =b(t)on(t)in Q and ¢ () = 0 on P, where Q(¢) := Q\n(z, Q). Moreover,
we have (ov)(0) = go, n(0) = no and 9;1n(0) = n; as well as 9;n(t) = v(t) on(t)
in Q,n(t) e fandv(t) =00ndRfora.a.r e l.

e The continuity equation holds in the sense that

d
/—/ Qdedt—// (00 + ov - V) dx dr
1 4t Jow 1Jew

=¢ // Vo - Virdxdr 5.2)
1JQ@0

for all ¥ € C®(I x R?), d,¢o(t) = 0in 3Q(¢) for a.a. t € I and we have

0(0) = co.
e The energy inequality is satisfied in the sense that

—/atl/fggdl—i-/df S(Vv) : Vvdx ds
I I Q1)

2/wR<n, dm) ds + e/w/ Hj (0)|Vel* dx ds (5.3)
I I Q1)

SI/f(O)é%(O)Jr/I/f/ fo~vdxdt+/1/f/ 8s O dydr
I Q1) 1 (0]

holds for any ¢ € C2°([0, T)). Here, we abbreviated

1
&s(1) =/ <§Q(t)|v(t)|2 + Ha(@(t))) dx +/ Os
Q) 0

We have the following existence result.

0 tTI|2

dy + E(()).
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Theorem 5.1 Let ¢, 8 > 0 be given. Assume that we have for some a € (0, 1)

qo1? —
o © LY (), 00 € C**(Qy,), 10 € E, n1 € L2(Q; R™),

fre LU L@ RY), fy € L*(I x Q:R").
Furthermore, suppose that g is strictly positive. There is a solution (n, v, 0) € Y I'x
X} x Z} 10 (5.1)~(5.3). Here, we have I = (0, T,.), where Ty < T only if the time T,

is the time of the first contact of the free boundary of the solid body either with itself
or 02 (i.e., n(Ty) € 0&).

Proof First of all, we replace 7o by a suitable regularisation 7 which satisfies n; €
W2k (0) and Ec(ng) — E(no) as k — 0. For T > 0 to be fixed later and any
given ¥ > 0 we obtain a solution (n*), v®), o)) to (4.1)—(4.3) by Theorem 4.1. In
particular, we have

1 ) (1.2
/ N [§Q<K>|v<“(n>|2+Ha(@“)(n»] dx + / 0s M5 dy + Ec(n (1))
Q« 0
1
+/ [ S(Vu®)y : vy dx+2/ R(n("),a,n("))dy] dr
0 Q) 0
1
+/ [a Hg/(Q<K>)|vQ<K>|2dx+K/ |Vk°v(")|2dxj| dr
0 Q) Q)

131
+2K/ /IVkOn(”)IzdydtJr/ K| VR )2 dy
0 [0) 0

1 2 I «
< —oo0lvol” + Hs(oo) | dx + | os——dy + Ec(ng)
Q L2 o 2

n
+/ [/ 0" fr-v® dx