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ABSTRACT

Context. TOI-396 is an F6 V bright naked-eye star (V = 6.4) orbited by three small (R, 2 Re) transiting planets discovered thanks to
space-based photometry from two TESS sectors. The orbital periods of the two innermost planets, namely TOI-396 b and c, are close to
the 5:3 commensurability (P, ~ 3.6 d and P, ~ 6.0 d), suggesting that the planets might be trapped in a mean motion resonance (MMR).
Aims. To measure the masses of the three planets, refine their radii, and investigate whether planets b and ¢ are in MMR, we carried
out HARPS radial velocity (RV) observations of TOI-396 and retrieved archival high-precision transit photometry from four TESS
sectors.

Methods. We extracted the RVs via a skew-normal fit onto the HARPS cross-correlation functions and performed a Markov chain
Monte Carlo joint analysis of the Doppler measurements and transit photometry, while employing the breakpoint method to remove
stellar activity from the RV time series. We also performed a transit timing variation (TTV) dynamical analysis of the system and
simulated the temporal evolution of the TTV amplitudes of the three planets following an N-body numerical integration.

Results. Our analysis confirms that the three planets have similar sizes (R, = 2.004709> Re; R. = 1.979*503 Rg; Ry = 2.00170983 Ry)
and is thus in agreement with previous findings. However, our measurements are ~ 1.4 times more precise thanks to the use of two addi-
tional TESS sectors. For the first time, we have determined the RV masses for TOI-396 b and d, finding them to be M, = 3.55jg:gg My,

and M, = 7.1 £ 1.6 M, which implies bulk densities of p, = 2.44*0% gcm™ and p, = 4.9 gcm™, respectively. Our results suggest
a quite unusual system architecture, with the outermost planet being the densest. Based on a frequency analysis of the HARPS activity
indicators and TESS light curves, we find the rotation period of the star to be Py, = 6.7 + 1.3 d, in agreement with the value predicted
from log R}, -based empirical relations. The Doppler reflex motion induced by TOI-396 ¢ remains undetected in our RV time series,
likely due to the proximity of the planet’s orbital period to the star’s rotation period. We also discovered that TOI-396 b and c display
significant TTVs. While the TTV dynamical analysis returns a formally precise mass for TOI-396 ¢ of M, 4y, = 2.24f8:é§ Mg, the result
might not be accurate, owing to the poor sampling of the TTV phase. We also conclude that TOI-396 b and c are close to but out of the
5:3 MMR.

Conclusions. A TTV dynamical analysis of additional transit photometry evenly covering the TTV phase and super-period is likely
the most effective approach for precisely and accurately determining the mass of TOI-396 c. Our numerical simulation suggests TTV
semi-amplitudes of up to five hours over a temporal baseline of ~ 5.2 years, which should be duly taken into account when scheduling

future observations of TOI-396.

Key words. techniques: photometric — techniques: radial velocities — planets and satellites: fundamental parameters —
stars: fundamental parameters

1. Introduction

Multi-planet systems enable us to place significantly stronger
constraints on formation and evolution mechanisms compared
to single-planet systems (e.g. Lissauer et al. 2011; Fabrycky
et al. 2014; Winn & Fabrycky 2015; Mishra et al. 2023). As
a matter of fact, the temporal evolution of the gas content
in the proto-planetary disc influences planet migration (e.g.

* Based on observations performed with the 3.6 m telescope at the
European Southern Observatory (La Silla, Chile) under programmes
1102.C-0923, 1102.C-0249, 0102.C-0584, and 60.A-9700.

** Corresponding author; andrea.bonfanti@oeaw.ac.at

Lin & Papaloizou 1979; Goldreich & Tremaine 1980; Tanaka
et al. 2002; D’Angelo & Lubow 2008; Alexander & Armitage
2009), which shapes the orbital architecture of a planetary sys-
tem. The latter is further expected to correlate with the planet
composition (e.g. Thiabaud et al. 2014, 2015; Walsh et al.
2015; Bergner et al. 2020; Li et al. 2020) that can be inferred
once the physical parameters of the planets are known (e.g.
Dorn et al. 2017; Otegi et al. 2020b; Leleu et al. 202I;
Haldemann et al. 2024).

If planets are found in mean motion resonance (MMR; e.g.
Lee & Peale 2002; Correia et al. 2018), systems can also shed
light on the migration mechanisms during formation as well as
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on the impact of tidal effects occurring later on (e.g. Delisle et al.
2012; Izidoro et al. 2017). In addition, planets in or close to MMR
likely exhibit transit timing variations (TTVs; see e.g. Agol et al.
2005; Agol & Fabrycky 2018; Leleu et al. 2021) that enable one
to infer planetary masses without necessarily relying on radial
velocity (RV) measurements, which are not always possible (e.g.
Hatzes 2016).

Multi-planet systems also give insights into correlations
between physical and orbital parameters of exoplanets. For
example, Weiss et al. (2018) noticed that planets in adjacent
orbits usually show similar radii, hence the ‘peas in a pod’ label
to describe this scenario. Weiss et al. (2018) further noticed that
the outermost planet is the largest in the majority of cases, which
agrees with the observed bulk planet density (p,) trend high-
lighted by Mishra et al. (2023), where p, decreases with the
distance from the stellar host, as outer planets are expected to
be richer in volatiles (thus bigger and less dense).

The object TOI-396 represents an interesting laboratory to
test these theories, as it is the brightest star known so far to host
three transiting planets (Vanderburg et al. 2019) after v? Lupi
(Delrez et al. 2021). After analysing two sectors from the Tran-
siting Exoplanet Survey Satellite (TESS; Ricker et al. 2015),
Vanderburg et al. (2019) found that the three planets have radii
of ~2 Rg and orbital periods of ~3.6, ~6.0, and ~11.2 d, with
TOI-396 ¢ and b showing a period commensurability close to
the 5:3 ratio. Following the notation introduced in Mishra et al.
(2023), the three planets are ‘similar’ in terms of radii, and one
may wonder whether this architecture class is kept also in the
mass-period diagram. Mishra et al. (2023) found a positive and
strong correlation of the coefficients of similarity between radii
and masses, though exceptions are possible (e.g. Weiss & Marcy
2014; Otegi et al. 2020a, 2022).

In this work, we complement the photometric analysis of new
TESS light curves (LCs) with RV observations taken with the
High Accuracy Radial Velocity Planet Searcher (HARPS; Mayor
et al. 2003) spectrograph to refine the planet radii and constrain
for the first time the planetary masses. Considering the possi-
ble 5:3 MMR between TOI-396 ¢ and b, we also simulate the
evolution in time of the TTV amplitudes. This paper is organ-
ised as follows: Section 2 presents the stellar properties, and
Sect. 3 describes the photometric and RV data. After outlining
the method to jointly analyse the TESS LCs and the HARPS RV
time series in Sect. 4, we present the corresponding results in
Sect. 5. We attempt to dynamically model TTV and RV data
simultaneously and track the temporal evolution of the TTV sig-
nals in Sect. 6, and we study the planets’ internal structure in
Sect. 7 and explore the prospects for characterising the system
with the James Webb Space Telescope (JWST; Gardner et al.
2006) in Sect. 8. Finally Sect. 9 gathers the conclusions.

2. Host star characterisation

TOI-396 is an F6 V (Gray et al. 2006) bright naked-eye star with
an apparent visual magnitude of V = 6.4 (Perryman et al. 1997).
It is located ~31.7 pc away and is visible in the constellation
of Fornax in the southern hemisphere. It is member of a visual
binary system and its companion HR 858 B is a faint M-dwarf
(G ~ 16 mag), about 8.4” away from the main component.

We co-added 78 HARPS spectra (see Sect. 3.2 for fur-
ther details) and then modelled it with Spectroscopy Made
Easy' (SME; Piskunov & Valenti 2017) version 5.2.2. SME

I http://www.stsci.edu/~valenti/sme.html
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computes synthetic spectra from a grid of well established stellar
atmosphere models and adjusts a chosen free parameter based
on comparison with the observed spectrum. Here we used the
stellar atmosphere grid ATLAS12 (Kurucz 2013) together with
atomic line lists from the VALD database (Piskunov et al. 1995)
in order to produce the synthetic spectra. We modelled one
parameter at a time utilising spectral features sensitive to dif-
ferent photospheric parameters iterating until convergence of all
free parameters. Throughout the modelling, we held the macro-
and micro-turbulent velocities, vmge and vmic, fixed to 6 kms™!
(Doyle et al. 2014) and 1.34 kms~! (Bruntt et al. 2010), respec-
tively. A description of the modelling procedure is detailed in
Persson et al. (2018). Finally, we obtained T = 6354 + 70 K,
[Fe/H] = 0.025 + 0.050, logg = 4.30 = 0.06, and vsini, =
7.5+0.2kms™".

To double-check the derived spectroscopy parameters we
performed an additional analysis employing ARES+MOOG
(Sousa et al. 2021; Sousa 2014; Santos et al. 2013). In detail,
we used the latest version of ARES? (Sousa et al. 2007, 2015) to
consistently measure the equivalent widths (EW) for the list of
iron lines presented in Sousa et al. (2008). Following a minimisa-
tion process, we then find the ionisation and excitation equilibria
to converge for the best set of spectroscopic parameters. This
process uses a grid of Kurucz model atmospheres (Kurucz
1993) and the radiative transfer code MOOG (Sneden 1973).
We obtained T = 6389 + 67 K, [Fe/H] = —0.014 + 0.045 dex,
logg =4.58+0.11, and vy = 1.54+0.04 km s~ In this process
we also derived a more accurate trigonometric surface gravity
(log guig = 4.34 + 0.02) using recent Gaia data following the
same procedure as described in Sousa et al. (2021). In the end
ARES+MOOG provides consistent values when compared with
the ones derived with SME.

Using the SME stellar atmospheric parameters, we deter-
mined the abundances of Mg and Si following the classical
curve-of-growth analysis method described in Adibekyan et al.
(2012, 2015). Similar to the stellar parameter determination, we
used ARES to measure the EWs of the spectral lines of these ele-
ments and a grid of Kurucz model atmospheres (Kurucz 1993)
along with the radiative transfer code MOOG to convert the EW's
into abundances, assuming local thermodynamic equilibrium.

The stellar radius R,, mass M,, and age ¢, were derived
homogeneously using the isochrone placement algorithm
(Bonfanti et al. 2015, 2016) and its capability of interpolating
a flexible set of input parameters within pre-computed grids of
PARSEC? v1.2S (Marigo et al. 2017) isochrones and tracks. For
each magnitude listed in Table 1, we performed an isochrone
placement run by inserting the spectroscopic parameters derived
above, the Gaia parallax 7 (Gaia Collaboration 2023, offset-
corrected following Lindegren et al. 2021), and the magnitude
value to obtain an estimate for the stellar radius, mass, and age
along with their uncertainties. From these results, we built the
corresponding Gaussian probability density functions (PDFs)
and then we merged (i.e. we summed) the PDFs derived from
the different runs to obtain robust estimates for R,, M,, and #,.
The radius R, derives essentially from T.g, 1, and the stellar
magnitude, while M, and ¢, are much more model-dependent;
therefore we conservatively inflated their internal uncertainties
by 4% and 20%, respectively, following Bonfanti et al. (2021).
Our adopted stellar parameters are listed in Table 1.

2 The last version, ARES v2, can be downloaded athttps://github.
com/sousasag/ARES
3 http://stev.oapd.inaf.it/cgi-bin/cmd
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Table 1. Stellar properties of TOI-396.

TOI-396

TIC 178155732
Star names HR 858

HD 17926

HIP 13363

Gaia DR3 5064574724769475968
Parameter Value Source
RA (h:min:s) 02:51:56.25 Gaia DR3
Dec (°:":"") —30:48:52.26 Gaia DR3
B 6.862 = 0.015  Perryman et al. (1997)
% 6.382 £ 0.010  Perryman et al. (1997)
Br 6.956 + 0.015 Hgg et al. (2000)
Vr 6.438 +0.010 Hgg et al. (2000)
J 5.473 +0.027 Cutri et al. (2003)
H 5.225 +0.034 Cutri et al. (2003)
K 5.149 + 0.020 Cutri et al. (2003)
G 6.2650 = 0.0028 Gaia DR3
Grp 6.5100 + 0.0029 Gaia DR3
Gpp 5.8555 +0.0038 Gaia DR3
7 (mas) 31.564 + 0.035 Gaia DR3@
Ter (K) 6354 £ 70 Spectroscopy
[Fe/H] 0.025 + 0.050 Spectroscopy
[Mg/H] -0.01 = 0.07 Spectroscopy
[Si/H] —-0.03 + 0.05 Spectroscopy
logg (cgs) 4.30 = 0.06 Spectroscopy
vsini, (kms™") 75+0.2 Spectroscopy
logRj¢ -4.926 +0.014 Spectroscopy
Prot« (d) 6.7+1.3 log Ry,
R, (Ro) 1.258 £ 0.019 n and photometry )
M, (My) 1.204 + 0.052 Isochrones
t« (Gyr) 20+0.6 Isochrones
L, (Ly) 2.31+0.12 From T and R,
Px (o) 0.605 +0.038 From M, and R,

Notes. RA and Dec are reported as in J2000 reference frame. Values
in the bottom half of the table have been derived as part of this paper.
@Zero-point correction from Lindegren et al. (2021) applied. ®R, is
computed within the isochrone placement interpolation scheme as PAR-
SEC isochrones convert stellar luminosity into absolute magnitudes via
a series of bolometric correction tables built as explained in Marigo
et al. (2017) and references therein.

3. Observational data
3.1. TESS photometry

As presented in Vanderburg et al. (2019), TOI-396 was photo-
metrically monitored by TESS during the first year of its nominal
mission in Sector 3 from 20 September to 17 October 2018 (UT)
in CCD 2 of Camera 2, and in Sector 4 from 19 October to 14
November 2018 (UT) in CCD 2 of Camera 1. TOI-396 was later
re-observed by TESS during the first year of its extended mis-
sion in Sector 30 from 23 September to 20 October 2020 (UT)
in CCD 2 of Camera 2, and in Sector 31 from 22 October to 16
November 2020 (UT) in CCD 2 of Camera 1. All data were col-
lected at a 2-minute cadence, except for Sector 3 for which TESS
only sent down data at 30-minute cadence.

We analyse all available TESS time series, including the
Sector 3 and 4 data already presented in Vanderburg et al.
(2019). For Sector 3 we used the TESS Asteroseismic Science
Operation Center (TASOC) photometry (Handberg et al. 2021;

Lund et al. 2021), while for the other sectors we analysed the Pre-
search Data Conditioning Simple Aperture Photometry (PDC-
SAP) LCs generated by the TESS Science Processing Operation
Center (SPOC) pipeline Jenkins et al. (2016), which removes the
majority of instrumental artefacts and systematic trends (Smith
et al. 2012; Stumpe et al. 2012, 2014). We rejected those data
marked with a bad quality flag and we performed a 5 median-
absolute-deviation (MAD) clipping of flux data points. After
that, we built our custom LCs by splitting the TESS sectors in
temporal windows centred around the transit events keeping ~ 4
h of out-of-transit data points both before and after the transit for
de-trending purposes. We ended up with 41 TESS LCs reporting
the epoch of observation (t), the flux and its error, and further
ancillary vectors available from the TESS science data product,
that is MOM_CENTR 1, MOM_CENTR2 (hereafter denoted with
x and y, respectively), POS_CORR1, and POS_CORR?2 (hereafter
denoted with pc1 and pc2, respectively)4.

3.2. HARPS high-resolution spectroscopy

We performed the radial velocity (RV) follow-up of TOI-396
with the HARPS spectrograph mounted at the ESO-3.6 m tele-
scope at La Silla Observatory (Chile). We acquired 77 high
resolution (R~ 115000) spectra between 31 January and 27
July 2019 (UT), covering a baseline of ~ 177 days, as part of
the follow-up programs of TESS systems carried out with the
HARPS spectrograph (IDs: 1102.C-0923, 1102.C-0249, 0102.C-
0584; PIs: Gandolfi, Armstrong, De Medeiros). One additional
spectrum was acquired during a technical night (ID: 60.A-9700)
in February 2019. Following Dumusque et al. (2011b), we aver-
aged out p-mode stellar pulsations by setting the exposure time
to 900s, which led to a median signal-to-noise (S/N) ratio of
~320 per pixel at 550nm. We used the second fibre of the
HARPS spectrograph to simultaneously observe a Fabry-Perot
lamp and trace possible instrumental drift down to the sub-metre
per second level (Wildi et al. 2010). We reduced the data using
the dedicated HARPS data reduction software (DRS; Pepe et al.
2002; Lovis & Pepe 2007) and computed the cross-correlation
function (CCF) for each spectrum using a G2 numerical mask
(Baranne et al. 1996).

We then performed a skew-normal (SN) fit on each CCF
(Simola et al. 2019) in order to extract the stellar radial velocity
along with its error, the full width at half maximum (FWHMgy),
the contrast (A), and the skewness parameter (y) of the CCF.
The advantages of using an SN-fit rather than a Normal fit are
thoroughly discussed in Simola et al. (2019), while the SN-
fitting details are outlined in, for example, Bonfanti et al. (2023);
Luque et al. (2023); Fridlund et al. (2024). After the SN-based
extraction, we ended up with an RV time series, whose ancil-
lary vectors (FWHMgqy, A, y) are the activity indicators used
to constrain the polynomial basis to model and de-trend the RV
component of the stellar activity (see Table A.1).

As stellar activity is not stationary, the correlations between
the RV observations and the activity indicators are expected
to change over time as discussed in Simola et al. (2022), who
proposed to apply the breakpoint (bp) technique (Bai & Perron
2003) to check whether these correlation changes are statistically
significant. If so, the bp algorithm finds the optimal locations
of correlation changes, which defines the segmentation char-
acterised by the lowest Bayesian Information Criterion (BIC;

4 Please refer to https://tasoc.dk/docs/EXP-TESS-ARC-ICD-
TM-0014-Rev-F.pdf for further details about the output of the TESS
science data products.
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Schwarz 1978). Indeed, we found one breakpoint at observation
48 (BJD = 2458667.940719; ABIC ~ —14 with respect to the
zero-breakpoint solution). Thus, we split our RV time series in
two piecewise stationary segments and de-trended it on a chunk-
wise base, rather than performing a global de-trending over the
whole time series, similarly to what has already been done in
Bonfanti et al. (2023); Luque et al. (2023).

4. Methods

We jointly analysed the TESS LCs and the RV time series within
a Markov chain Monte Carlo (MCMC) framework using the
MCMCI code (Bonfanti & Gillon 2020). When fitting the TESS
LCs extracted from Sector 3 that has a cadence of 30 min, we
generated the transit model using a cadence of 2 min (the same
as the other TESS sectors) and then rebinned it to 30 min follow-
ing Kipping (2010), who warns that long-cadence photometry
may lead to retrieve erroneous system parameters. We imposed
Normal priors on the input stellar parameters (i.e. T, [Fe/H],
R,, and M,), as derived in Section 2 with a twofold aim: (i)
the induced prior on the mean stellar density p, (via M, and
R,) helps the convergence of the transit model; (ii) limb dark-
ening (LD) coefficients for the TESS filter may be retrieved
following interpolation within ATLAS9-based® grids that were
pre-computed using the get_lds.py code® by Espinoza &
Jordan (2015). We then set Normal priors on the quadratic LD
coefficients using the values coming from the grid interpolation
(i.e. uy gess = 0.2318 + 0.0065 and uy rgss = 0.3085 + 0.0028)
after re-parameterising them following Holman et al. (2006). On
the planetary side, we adopted unbounded (except for the phys-
ical limits) uniform priors on the transit depth dF, the impact
parameter b, the orbital period P, the transit timing Ty, and the
RV semi-amplitude K, while we set the eccentricity e = 0 and
the argument of periastron w = 90° for all planets. We come
back to the assumption on the eccentricity below. The specific
parameterisations of the jump parameters (aka step parameters)
are outlined in Bonfanti & Gillon (2020).

The LCs and the RV time series were de-trended simultane-
ously during the MCMC analysis using polynomials. To assess
the polynomial orders to be associated with the different de-
trending parameters for each time series, we first launch several
MCMC preliminary runs made of 10000 steps where we var-
ied only one polynomial order at a time. We then selected the
best de-trending baseline (see Table A.2) as the one having the
lowest BIC. After that, we performed a preliminary MCMCI run
comprising 200 000 steps to evaluate the contribution of both
the white and red noise in the LCs following Pont et al. (2006);
Bonfanti & Gillon (2020), so to properly rescale the photometric
errors and get reliable uncertainties on the output parameters.
Finally, three independent MCMCI runs comprising 200 000
steps each (burn-in length equal to 20%) were performed to build
the posterior distributions of the output parameters after check-
ing their convergence via the Gelman-Rubin statistic (R; Gelman
& Rubin 1992).

We also tested the possibility of eccentric orbits by impos-
ing uniform priors on (e cosw, Ve cosw) either bounded to
imply e < 0.3 or completely unbounded (except for the phys-
ical limits). The wider the eccentricity range to be explored
by the MCMC scheme, the poorer the parameter convergence,
which suggests that the available data are not enough to con-
strain the planetary eccentricities well. Moreover, the MCMCI

5 http://kurucz.harvard.edu/grids.html
6 https://github.com/nespinoza/limb-darkening
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runs with e # O are disfavoured by the ABIC criterion (e.g.
Kass & Raftery 1995; Trotta 2007) as well, in fact we obtained
ABIC = BIC,,—BIC,-¢ = +100. This is also in agreement with
the simulations performed by Vanderburg et al. (2019), who sug-
gested that the periods’ commensurability state of planets b and
c is more likely maintained if the system is characterised by low
eccentricities. Therefore, we adopted the circular solution as the
reference one.

5. LC and RV data analysis results
5.1. Joint LC and RV analysis with linear ephemerides

As mentioned in Section 4, we set P and T as free parameters
under the control of a uniform prior, which implies assuming lin-
ear ephemerides. With this setup, we improved the transit depth
precision of all three planets by a factor ~1.4 if compared with
the results of Vanderburg et al. (2019). This improvement level
is consistent with having twice the number of data points with
respect to the LC analysis performed by Vanderburg et al. (2019),
as well as with low TTV amplitudes (see Section 5.2).

By combining the SN-fit onto the HARPS CCFs along with
the bp method, we were able to estimate the masses of TOI-396 b
and TOI-396d to M), = 3.56*00: Mg and My = 7.2 + 1.6 Me
(detections at the 3.8 and 4.50-level, respectively). Instead, we
did not detect any significant Keplerian signal at the orbital
period of TOI-396 ¢ within the RV time series. In detail, we

obtained a median K, = 0.28*32 ms™' (3¢~ upper limit K;" =

1.2 ms™"), which implies M, = 0927023 Mg (M.” = 4.0 My).

When combining the mass and radius values of the three
planets, we obtain the following median estimates for the bulk
planetary densities: p, = 2.567070, p. = 0.670% (poc” = 3.1),
and p; = 5.1713 gem™. We note that the RV-undetected TOI-
396 ¢ would be the least dense planet, while the densest planet
is the outermost one (i.e. TOI-396 d), which constitutes a quite
atypical architecture within the observed exoplanet population
(e.g. Ciardi et al. 2013; Weiss et al. 2018; Mishra et al. 2023).
However, this conclusion is just tentative, given the uncertain-
ties on the mean planetary densities. Moreover, the detection
level of the RV-inferred parameters of TOI-396¢ is not sta-
tistically significant. We further tested whether including the
MINERVA-Australis (Addison et al. 2019) RV data (30 measure-
ments as taken from Vanderburg et al. 2019) can help detect the
elusive planet. However, it turned out that their precision level
(~6ms~") is not high enough to improve the characterisation of
the system. In other words, the RV semi-amplitudes we obtained
are consistent and indistinguishable within the statistical fluctu-
ation with what was derived from the more precise HARPS data
set. This led us to further check that TOI-396 ¢ indeed belongs
to this system (Section 5.2) and to investigate the reason for its
RV non-detection (Section 5.3).

5.2. Joint LC and RV analysis accounting for TTVs

As planet ¢ is undetected in the RV time series, one may
wonder whether TOI-396¢ is a false positive. However, by
using the VESPA tool (Morton 2012, 2015) that accounts for
the constraints from the TESS LCs, imaging, and spectroscopy,
Vanderburg et al. (2019) already computed that the false-positive
probabilities (FPPs) are lower than 1073 for all three planets.

In line with Vanderburg et al. (2019), we also confirmed that
the P./P, period ratio is commensurable and differs from the
5:3 ratio by less than 0.027%. As planets with orbits in, or close
to, resonances are likely to show TTVs, we decided to repeat the
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Table 2. System parameters as derived from the joint LC and RV analysis accounting for TTVs.

Parameter Symbol TOI-396 b TOI-396 ¢ © TOI-396d
Orbital period P@ (d) 3.585287+000009 5 973865+0.000015 || 9305]+0.000043
Transit timing To @ (BJD)  8409.190070%L 8415633441000  g409 7374+0.0028
Transit depth dF (ppm) 213782 208.7+83 213*12

Impact parameter b 0.587+502 0.701*3017 0.712+5:02¢

RV semi-amplitude K (msh) 1.30f8§‘5‘ 0.28f81%g 1.78 £ 0.40
Transit duration W (h) 2.705003% 2.843*004¢ 3.47+0%
Semi-major axis a (AU) 0.04888 + 0.00066 0.06870 = 0.00092 0.1046 + 0.0014
Orbital inclination i) 85.981026 86.591013 87.72+0.10
Scaled semi-major axis  a/R 8.37*01¢ 11.77702% 17.93%031
Equilibrium temperature ~ Teq @ (K) 1552+22 1309 + 19 1061413
Eccentricity e 0 (fixed) 0 (fixed) 0 (fixed)
Argument of pericentre  w (°) 90 (fixed) 90 (fixed) 90 (fixed)
Planet radius R, (Rs) 2.004+5:0% 1.979+0.9%¢ 2.001+5:963
Planet mass M, (Mg) 3.55 0% 0.90*023 71+1.6

Planet density pp (gem™) 2.44%0%9 0.65+01 4.9+12

LD coefficient 1 U1 TESS 0.2318+000%¢

LD coefficient 2 U2 TESS 0.30841'8:8838

RV jitter orares (ms™h)  1.4907001)

Notes. All jump parameters, but the LD coefficients, were subject to unbounded uniform priors following the parameterisations specified in
Bonfanti & Gillon (2020); see text for further details. “Uncertainties from the run assuming linear ephemerides (no TTVs). T, values are shifted
by —2450000. ® Assuming zero albedo and full recirculation. ©The 30 upper limits on the RV semi-amplitude, the planet mass, and the mean

planet density of TOI-396 ¢ are K" = 1.2 ms~!, M;? = 3.8 M, and p” =

same MCMC analysis outlined above, but enabling the transit
timings of each transit event to vary to then compute the TTV
amplitude with respect to the linear ephemerides model derived
in Section 5.1. All jump parameters converged (R < 1.01). The
medians of the posterior distributions of the most relevant sys-
tem parameters along with the 68.3% confidence intervals are
listed in Table 2. The phase-folded LCs of the three planets are
shown in Figure 1, while the phase-folded RV time series are dis-
played in Figure 2. In particular, the middle panel of Fig. 2 shows
that, after subtracting the RV signals of both planets b and d, the
RV time series looks flat consistently with the non-detection of
TOI-3%c.

This analysis gives R;, = 2.004f8:8j§ Re, R, = 1.979”_’8:82‘1‘ R,

and Ry = 2.001*0:9% R, and confirms the RV detection of TOI-
396b and TOI-3964d (at the 3.8 and 4.50-level, respectively)
with M, = 3.55f8:gg Mg and M; = 7.1 +£1.6 Mg. These outcomes
are consistent with the results obtained from the analysis that
assumes linear ephemerides (Section 5.1).

Fig. 3 shows the three planets of the system (star symbol)
along with other exoplanets whose density is more significant
than the 30 level’ (circular marker) in the mass-radius (MR)
diagram. The superimposed theoretical MR models as taken
from Aguichine et al. (2021, A21) and Haldemann et al. (2024)
help guide the eye; however, we warn the reader of possible

7 The planet properties were downloaded from the Nasa Exoplanet
Archive as of 5 June 2024: https://exoplanetarchive.ipac.
caltech.edu/

2.9 gem™3, respectively.

degeneracies occurring in the MR plane. A thorough internal
structure analysis of the well characterised TOI-396b and d is
presented in Section 7.

We found significant TTV signals for planet b and c (see
Figure 4, Top and Middle panels) as expected from the com-
mensurability of their periods. The TTV statistical significance
of TOI-396b and c is evident even by eye when comparing the
data points location with the shaded regions that represent the
1o uncertainties of the linear ephemerides. For each planet, we
further quantified the reduced-y? (¢?) characterising the TTV
amplitudes via

Nur,j

1
A2
XiT Nej-2 ;

where Ny ; is the number of transit event of the j-th planet.
We obtained ¢7 = 4.4, £ = 4.1, and £ = 0.7 for planets b, c,
and d, respectively, which confirms the significance of the TTV
amplitudes for TOI-396b and c.

Furthermore, the TTV amplitudes of TOI-396 b and c exhibit
a clear anti-correlation pattern that we highlight by superim-
posing the TTV measurements in Figure A.l. This is a typical
signature of gravitational interaction between the two planets,
which confirms that TOI-396 ¢ belongs to the system despite
its elusiveness in the RV time series. For each planet, the tim-
ing of each transit event and the corresponding TTV amplitude
computed with respect to the linear ephemerides are listed in
Table A.3.

TTV;\?
( ) ey

O’j’,‘
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Fig. 1. TESS detrended and phase-folded LCs (blue dots) of TOI-396 b
(top panel), TOI-396 ¢ (middle panel), and TOI-396d (bottom panel)
with the transit model superimposed in red. The black markers are the
binned data points (binning 20 min).

5.3. Discussion regarding why TOI-396 c is not detected
in the RV time series

Magnetic activity combined with stellar rotation induces
RV variations that can hide, affect, or even mimic plane-
tary signals (e.g. Queloz et al. 2001; Hatzes et al. 2010;
Dumusque et al. 2011a; Haywood et al. 2014; Sudrez Mascarefio
et al. 2017; Gandolfi et al. 2017). A possible explanation for
the non-detection of the Doppler reflex motion induced by
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Fig. 2. HARPS detrended and phase-folded RV time series of TOI-396 b
(top panel), TOI-396 ¢ (middle panel), and TOI-396d (bottom panel)
with the Keplerian model superimposed in red. For each planet, the time
series were obtained after subtracting the RV contribution of the other
planets. The error bars also account for the jitter contribution (displayed

in grey).

TOI-396 c is that stellar activity destructively interferes with the
Keplerian signal of the planet. This may happen if the star has
a rotation period comparable to the orbital period of the planet
(e.g. Vanderburg et al. 2016). Disentangling the planetary signal
from stellar activity and retrieving the Doppler motion induced
by the orbiting planet would then be challenging (e.g. Dragomir
et al. 2012; Kossakowski et al. 2022).
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Fig. 3. Mass-radius diagram showing the three planets orbiting TOI-
396 (star symbol) along with the exoplanets whose density is more
significant than the 30 level (circle). All the markers are colour-coded
according to the equilibrium temperature (Tq) of the planets. The thick
lines are the theoretical MR BICEPS models as detailed in the leg-
end, except for the light-blue line denoted with A21, which is taken
from Aguichine et al. (2021). Earth-like means 32.5% iron + 67.5%
silicates, while Mercury-like means 70% iron + 30% silicates. Mod-
els were computed for Ty = Teq = 1552 K (dashed-dotted lines),
Teq = Teqe = 1309 K (solid lines), and Teq = Teqq = 1061 K (dashed
lines). The difference between the A21 model and its BICEPS coun-
terpart is due to different assumptions for e.g. pressure-temperature
profiles and opacities. The dotted black lines are the iso-density loci
of points corresponding to 0.5, 1, 3, 5, 10 gcm™ (going from top to
bottom). We recall that the mass estimate of TOI-396 c (the leftmost
star symbol) is not statistically significant and its 30 upper limit is
MP ~4 Mg,

In order to investigate this hypothesis, we performed a fre-
quency analysis of the line profile variation diagnostics (FWHM,
contrast, and skewness) and activity indicators (logR},, and
Ha indexes). Figure 5 displays the time series (left column),
along with the respective generalised Lomb-Scargle (GLS,
Zechmeister & Kiirster 2009) periodograms (right column). We
assessed the significance of the peaks detected in the power spec-
tra by estimating their false alarm probability (FAP), that is the
probability that noise could produce a peak with power higher
than the one we found in the time series. To account for the
possible presence of non-Gaussian noise in the data, we esti-
mated the FAP using the bootstrap randomisation method (see,
e.g., Murdoch et al. 1993; Kuerster et al. 1997; Hatzes 2019).
Briefly, we computed the GLS periodogram of 10° mock time
series obtained by randomly shuffling the data points along with
their error bars, while keeping the timestamps fixed. We defined
the FAP as the fraction of those mock periodograms whose high-
est power exceeds the power of the real data at any frequency. In
the present work, we considered a peak to be significant if its
false alarm probability is FAP < 0.1 %.

We found that the time series of the log Rj;, and Ha indexes
display long-term trends likely due to the magnetic cycles of the
star (Fig. 5, left column, first and third panels). In the Fourier
domain, these trends translate into a significant (FAP <0.1%)
excess of power at frequencies lower than the spectral resolu-
tion® of our HARPS observations (Fig. 5, right column, first and

8 The spectral resolution is defined as the inverse of the time base-
line. Our observations cover a baseline of about 177.4 d, which yields a
spectral resolution of ~0.0056d".
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Fig. 4. TTV amplitudes obtained for TOI-396 b (fop panel), TOI-396 ¢
(middle panel), and TOI-396 d (bottom panel). The grey shaded region
highlights the 10~ uncertainty region as derived from error propagation
of the linear ephemerides.

third panels). We modelled these long-term signals as quadratic
trends and subtracted the best-fitting parabolas from the respec-
tive time-series. The GLS periodograms of the residuals of the
activity indicators display significant peaks between ~6 and 8d
(i.e, between ~0.0125 and 0.167 d™'; Fig. 5, yellow area). The
peaks are equally spaced by ~0.0068 d~!, which coincides with
a peak found in the periodogram of the window function. Given
the current data at our disposal, we are not able to distinguish
between true frequencies and aliases. Although not significant,
the power spectra of the contrast and skewness show peaks in
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Fig. 5. Time series (left panels) and GLS periodograms (right panels) of the line profile variation diagnostics and activity indicators extracted
from TOI-396’s HARPS spectra. In the left panels, the red curves in the first four panels mark the quadratic trends and sine functions as obtained
from the best fit to the most significant peaks (false alarm probability FAP < 0.1%) identified in the corresponding GLS periodograms. In the right
panels, the vertical dashed blue lines mark the orbital frequencies of the tree transiting planets. The yellow area encompasses the peaks likely due
to stellar rotation. The horizontal dashed red lines mark the 0.1% false alarm probability.

the same frequency range, suggesting that the rotation period of
the star might be ~6-8 d.

We note that the periodogram of the FWHM also displays an
excess of power at low frequencies. However, the corresponding
peak remains below our 0.1 %-FAP significance threshold (see
Fig. 5, second to last panel). Yet, if we apply the same proce-
dure described above and remove this signal by fitting a quadratic
trend to the FWHM time series, we find no significant peak in the
residuals.

The projected equatorial velocity of the star (vsini, =7.5 +
0.2kms™"), along with its radius (R, = 1.258 + 0.019R.),
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yields an upper limit for the rotation period of P> = 8.5 + 0.3d.
Using the mean value® of log R{x =—4.926 + 0.014, we inferred
a stellar rotation period of 6.7+ 1.3d and 6.9 + 1.3d from the
empirical equations of Noyes et al. (1984) and Mamajek &
Hillenbrand (2008), respectively. In addition, by inputting the
isochronal age into the gyrochronological relation from Barnes

(2010), we computed a stellar rotation period of 7.1*}) d. These

9 Rather than assigning to the mean an uncertainty equal to the stan-
dard error, we adopted a more conservative uncertainty equal to the
standard deviation of our 78 measurements.
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results corroborate our interpretations that the peaks between 6
and 8 d significantly detected in the power spectra of the activity
indicators originate from stellar rotation.

To check whether a quasi-periodic signal compatible with
~7 d is also present in the photometric data, for each TESS sec-
tor we extracted custom LCs from pixel data using 1ightkurve
(Lightkurve Collaboration 2018). In detail, we adopted the
default quality bitmask and set the aperture to ‘all’, which corre-
sponds to an aperture larger than the one used by the official
SAP pipeline. In fact, larger apertures mitigate the effect of
slow image drifts that could interfere with slow flux changes,
such as the 6-8 d rotation period signals we aim to detect. After
removing the temporal windows containing the transit events, we
computed the GLS periodograms of these 1ightkurve-based
LCs. The FAP was computed following the same bootstrap tech-
nique outlined above for the RV activity indicators. The four
periodograms (Fig. A.2, first column) exhibit very significant
peaks at ~7.7, 7.9, 7.5, and 6.8 days for TESS Sectors 3, 4, 30,
and 31, respectively. Except for Sector 30, they are not the most
prominent peaks; however, they persist even after removing the
most significant signals (Fig. A.2, second column). Whereas we
acknowledge that the likely rotation period of the star is close
to the first harmonic of the orbital period of TESS around the
Earth (Prot « ~ %PTESS ~ 14 days), the photometric signal at 6-8 d
is significant in all the four TESS sectors and persists after pre-
whitening the data. This signal is consistent with the rotation
period detected in the HARPS activity indicators and inferred
from log R}, ., vsini,, and gyrochronology, suggesting it is astro-
physical in nature and due to the presence of active regions
carried around by stellar rotation. Assuming the log R, -based
Prot« = 6.7 £ 1.3 d as our reference estimate, the orbital period
of TOI-396 ¢ (P, ~ 6 d) is close to P+, Which may explain the
non-detection of planet ¢ within the RV time series.

If some kind of destructive interference between the Kep-
lerian signal of planet c and the stellar activity has occurred,
any artificial Keplerian signals with period P = P, added to the
observed RV time series should in principle be retrieved. To test
this hypothesis, we considered Keplerian signals of the following
form

. |27
RVt = =Ky sin |:?(t - TO)] ()

and generated four different RV time series by separately
adding to the HARPS time series synthetic RV signals follow-
ing Equation (2) with P = P, Ty = Ty, and K,y = Kj,, where
K, are the four different amplitude values listed in the first col-
umn of Table 3. For each RV time series, we then performed
an MCMCI analysis to retrieve the RV semi-amplitude of the
artificial signal (Kqy; see Table 3).

We note that the resulting Koy = Ki, + K., where K, =
0.28*0% ms™" is the RV semi-amplitude of planet ¢ as derived
from the analysis on the original RV time series. As we essen-
tially retrieved what we inserted in the HARPS time series,
we may conclude that the destructive interference between the
RV signals induced by the star and by planet ¢ has already
occurred and any further RV signal added to the RV time series
is detected.

As Py is not exactly equal to P., we then repeated the
test outlined above, but this time we injected into the original
HARPS time series artificial Keplerian signals with P = Pyo x.
The K, values obtained by the MCMC analyses depending
on the different Kj, values are reported in Table 4. The Koy
values are systematically and significantly smaller than the corre-
sponding Kj, values, which a posteriori supports the conclusion

Table 3. Radial velocity semi-amplitudes K,, as retrieved from
MCMCT analyses of the RV time series obtained by adding an artifi-
cial Keplerian signal with period P = P, and semi-amplitudes Kj, to
the original HARPS time series.

K; Pp M, Kout Detection
(ms™h) (gem™3)  (Myg) (ms™) level
0.51 1.0 1.6 0.68 +0.36 ~20
0.77 1.5 23 093x042 ~20
1.0 1.9 3.0 1.15+0.38 ~30
K;=1.79 3.5 54 1.94 +0.38 ~50

Notes. Columns p, and M, translate the injected synthetic signals
into the corresponding physical parameters of the planet, while the last
column quantifies the K, detection level in terms of 0.

Table 4. Same as Table 3, but this time the Keplerian signals with K =
K, have period P = Py 4.

K, Op M, Kou Detection ATK AK
(ms™)  (gem™) (Mg) (ms™!) level (o)
1.0 2.0 3.1 0.29+0.28 ~lo  -71% -2.5
K, =179 3.6 5.6 0.80+0.39 ~20 -55% -2.5
3.0 6.1 94 1.90+0.40 ~50  =37% -2.8
10.0 202 314 9.02+x036 ~250 -10% -2.7

Notes. Column % gives the relative difference (in percentage) between
the obtained RV semi-amplitude (K, ) and the expected one (Kj,), while
the last column AK = K,y — Kj, lists the semi-amplitude difference in
terms of the 1o~ uncertainty of Koy.

that the stellar rotation period is around 6-8 d. Furthermore, a
planet with this orbital period would be firmly detected if its RV
semi-amplitude were greater than K;, which is the largest RV
semi-amplitude detected for this system. Instead, by injecting a
Keplerian signal with Kj, = Kz and P = Py «, the MCMCI anal-
ysis is able to barely detect (at ~20) a planetary signal whose
amplitude is half of that expected. The detection level increases
when Kj, increases; however, we still underestimate K. These
tests prove that it is difficult to retrieve planetary signals with
P~P rot,* -

In summary, we conclude that stellar activity is responsi-
ble for generating spurious RV signals whose harmonics also
include the stellar rotation period. As a consequence, it is hard to
reliably detect planets with orbital periods comparable to P «
via the RV technique and Table 4 quantifies the magnitude of
this effect. We note that the K. we obtained from the MCMCI
analysis in Section 5.2 is comparable to the K, retrieved when
inserting an artificial signal having Kj, = 1.0 ms~!, which let
us to speculate that TOI-396c¢ might have M, ~3.0 My and
Pe~2.0gem™.

6. Joint RV and TTV dynamical analysis

As mentioned, the anti-correlation pattern of the observed TTVs
(see Fig. TTVbc) is a typical signal of the dynamical interaction
between TOI-396 b and c. However, the data in our hands are not
enough to currently derive meaningful planetary masses from
the TTVs. Indeed, the photometric observations are clustered in
two groups (about two years apart), which results in a partial
coverage of the curvature of the TTVs. This prevents us from
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Table 5. Best-fit parameters (MAP and HDI at 68.27%) along with their respective priors, as inferred from the dynamical joint modelling of RVs

and TTVs with TRADES.
TOI-396 b TOI-39 ¢ TOI-396d

MAP (HDI) Prior MAP (HDI) Prior MAP (HDI) Prior
My/M, (10°°) 8621076 2(0.02,52.0) 5.597023 (0.02,52.0) 1743 U(0.02,52.0)
P (d) 3.585535+0.0000%2 U3, 4) 5.97291+0.00038 UG, 7) 1123035570001 q/(10, 12)
Ve cos w -0.099*¢5%  U-V05,V05)  -02647%%9  U-+05,V05) 01687592  U-05, VO.5)
Vesinw -0268500%  U-V05,V05)  -0.0667053 U055, V0.5) 0.220+0962 U-V05,V05)
A6) 122.53+02) (0, 360) 230.04+0¢! (0, 360) 9.93+033 U(0,360)
M, (My) 3461027 (derived) 2.24%013 (derived) 6.89+141 (derived)
e 0.082+0011 Hg(0,0.083) 007417001 H,(0,0.083) 0.077+0013 H(0,0.083)
w (°) 250*3! (derived) 194+ (derived) 12748 (derived)
M) 53%3, (derived) 2162 (derived) 6318 (derived)
Pp (0a) 0.426%0913 (derived) 0.288+0:003 (derived) 0.842*012, (derived)
pp (gem™) 23390978 (derived) 1.582+09% (derived) 4.624+070¢ (derived)

MAP (HDI) Prior
ey (ms™) 0.059*0%% (5005, +5005)
108 Cier —30+19 U(~49.83,6.65)
Tiier (ms™h) <107 (derived)

Notes. All parameters have been defined at the reference time 7,er = BJDpg — 2450000 = 8379. U(X, Y) means uniform distribution between X
and Y values; Hg(u, o) means half-normal distribution with mean y and standard deviation o

accurately mapping the full phases and super-periods of the TTV
signals. Hence, a dynamical fit onto the transit times would lead
to a high fraction of low-amplitude TTVs with a short super-
period or to a low fraction of high-amplitude long-period TTV
signals.

Despite this, we attempted to run a dynamical joint fit of
the TTV and RV data set with TRADES'? (Borsato et al. 2014,
2019, 2021), a Fortran-python code developed to model TTV's
and RVs simultaneously along with N-body integration. We have
taken and fixed the stellar mass and radius values from Table 1.
We further fixed the orbital inclinations i to the values in Table 2
and the longitude of the ascending nodes to Q = 180°!! for all the
planets. We fitted the planetary masses scaled by the stellar mass
(Myca/M,), the orbital periods (P), the eccentricities (e) and the
arguments of the pericentre (w) in the form (e cos w, Ve sin w),
and the mean longitudes (1'%). We also fitted for an RV offset
(yrv) and for an RV jitter term (cjiger) by adopting log, cier
as step parameter, although we used the de-trended RV data set
as derived from Section 5.2, where a jitter term was already
included in the RV errors. All fitting parameters were subject to
uniform priors that account for their respective physical bound-
aries (see Table 5); for the eccentricities we applied a log-penalty
(log p.) based on the half-Gaussian (e = 0, o, = 0.083) from Van
Eylen et al. (2019).

The reference time for the dynamical integration of the
orbital parameters was set at Ty = 2458379 BJDrpg, that
is before all available observations. We combined the quasi-
global differential evolution (Storn & Price 1997) optimisation
algorithm implemented in PYDE (Parviainen et al. 2016) with

10 https://github.com/lucaborsato/trades

' 'We assumed the same reference system of Winn (2010) and
Borsato et al. (2014) and later used in Borsato et al. (2019, 2021, 2024);
Nascimbeni et al. (2023, 2024).

12 The mean longitude is defined as A = w + Q + M, where w is the
argument of the pericentre, Q is the longitude of the ascending node,
and M is the mean anomaly.
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the Affine Invariant MCMC Ensemble sampler (Goodman &
Weare 2010) EMCEE implemented by Foreman-Mackey et al.
(2019, 2013). We first ran PYDE and evolved 68 different initial
configurations of parameter sets for 50000 generations (num-
ber of steps for which each parameter is evolved). To perform
the dynamical analysis in an MCMC fashion, we then ran
EMCEE, assuming as starting point the outcome obtained with
PYDE. We set up 68 chains for 600000 steps each. To sam-
ple the parameter space efficiently, we mixed the DEMove()
and DESnookerMove() differential evolution moves'® in the
proportion 80%—-20% (Nelson et al. 2014; ter Braak & Vrugt
2008). We repeated the sequence PYDE+EMCEE twice, with
different seeds for the random number generator. The chains
reached convergence according to visual inspection and statis-
tical indicators, such as the Gelman-Rubin R, the Geweke’s
statistic (Geweke 1991), and the auto-correlation function'. For
both runs, we applied a conservative thinning factor of 100 and
discarded the first 50% of the chains (burn-in). For each run,
we derived the reference outcome (hereinafter also referred to
as best-fit), as the maximum-a-posteriori (MAP) parameters’ set,
that is the set of parameters that maximises the log-probability .
The uncertainty of each parameter is quantified by the high-
density interval (HDI) at 68.27%¢ of its posterior distribution.
For each parameter we computed a Z-score defined as Z-score =

IMAP; — MAP,|/ y/max [ERR > + max |ERR;|2, where the sub-
scripts denote the two different runs and ERR = HDI — MAP.

13 See EMCEE documentation: https://emcee.readthedocs.io/
en/stable/tutorials/moves/

4 See e.g. Goodman & Weare (2010) and the EMCEE documenta-
tion at https://emcee.readthedocs.io/en/stable/tutorials/
autocorr/#autocorr

15 The log-probability is given by log® = log £ + log p,, where log £
is the log-likelihood and log p, is the log-penalty of the eccentricities.
16 An HDI at 68.27% is the equivalent of the 15.87" — 84.14™ percentile
range of a Normal distribution that provides the 1o~ standard confidence
interval.
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It turned out that Z-score <1 for each parameter, which allows
us to merge the posterior distributions deriving from the two
runs to finally compute the MAP and the respective HDI from
the merged posterior distributions. We further checked the Hill
stability of the system (Sundman 1913) when assuming the
entire merged posterior distributions by calculating the angular
momentum deficit (AMD, Laskar 1997, 2000; Laskar & Petit
2017) criterion (Eq. (26) from Petit et al. 2018). Table 5 lists the
parameters returned by TRADES (MAP and HDI) along with
their respective priors.

We note that the dynamical integration with TRADES
allowed for a significant detection (>307) of the mass of TOI-
396¢, that is Mgy = 2.24*013 Mg. However, as explained
above, TESS data do not allow us to fully map the TTV pat-
tern. Therefore, the present-day estimate of M, 4y only provides
an indication of the possible mass of the planet that might not
be accurate, despite its formal precision. Indeed, to accurately
and reliably determine planetary masses via TTVs, it is neces-
sary to monitor the TTV signal by benefiting of a full sampling
coverage, as demonstrated for example by the cases of Kepler-
9 (Holman et al. 2010) and K2-24 (Petigura et al. 2016), whose
orbital parameters and masses were comprehensively revisited
by Borsato et al. (2014) and Petigura et al. (2018); Nascimbeni
et al. (2024), respectively. In detail, Holman et al. (2010) had
reported the masses of Kepler-9b and ¢ with a precision better
than 8%, by performing a TTV analysis on the first three quar-
ters of the Kepler data. Later on, by benefiting of twelve sectors
of Kepler data that enabled the full mapping of the TTV phase,
Borsato et al. (2014) obtained TTV-based masses differing by a
factor ~ 2 from the estimate of Holman et al. (2010). Similarly,
by accounting on more photometric data, Petigura et al. (2018);
Nascimbeni et al. (2024) found that the mass of K2-24 ¢ is lower
by almost 2 o than the estimate of Petigura et al. (2016) who had
claimed a detection at the ~ 4 o~ level.

After extracting all the synthetic transit timings Ty (i.e.
the ‘observed’: O) from TRADES’ analysis, we computed the

‘calculated’ (C) counterpart according to the linear ephemerides
model based on what listed in Table 2. We plotted the O — C as
a function of time as well as the RV best-fit model in Figures 6
and 7.

Additionally, we investigated if the best-fit configuration is
in or close to an MMR. We integrated the MAP parameters with
the N-body code REBOUND (Rein & Liu 2012) and the sym-
plectic Wisdom-Holman integrator WHFAST (Rein & Tamayo
2015; Wisdom & Holman 1991) for 10 000 years. We computed
the evolution of the critical resonance angles of TOI-396 b and
TOI-396 c:

$b = pAp = (P + @QAc + q@ 3)
$e = plo = (p + P + q@e,

where p = 3 and g = 2 (for a second order 5:3 MMR), while
@ = w + Q is the longitude of the pericentre. We also computed
the evolution of Aw = @), — @, = (¢p — ¢.)/q. In case of MMR,
we expect that both ¢, and ¢, librate (i.e. oscillate) around a fixed
value for the entire orbital integration. Instead, if these angles cir-
culate, that is they span the full 0°~360° range (or equivalently
the —180°-180° range), then the planet pair is not in resonance.
We found that both ¢y, and ¢, circulate (see the two upper pan-
els of Fig. 8), which indicates that the system is not in an exact
5:3 MMR. Even if Aw seems to oscillate around 0°, it circulates
every ~ 2000 years (bottom panel of Fig. 8), which further con-
firms that the system is not trapped in an MMR state. We also
found the same behaviour for the resonant angles of 200 random
samples drawn from the posterior distribution (not shown here).
Our conclusions are consistent with the simulations performed
by Vanderburg et al. (2019), who found that most realisations of
the system are not in resonance.

As shown in Fig. 6, the MAP parameter set predicts that
the TTV super-period is longer than the time spanning the two
clustered TESS observations. We decided to track the poten-
tial evolution of the TTV signals over a temporal baseline of
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panel) as inferred when assuming the MAP parameters derived by the
TRADES dynamical analysis and integrated with REBOUND+WHFAST
for 10000 years.

~ 5.2 years. To this end, we ran forward numerical N-body sim-
ulations with TRADES, setting the initial conditions of the
orbital parameters to be integrated at t = Tyr. We ran a first
simulation taking all the parameters from the MAP solution.
Then, we further ran 200 simulations, where the sets of the
system’s parameters were randomly drawn from the merged pos-
terior distributions. We computed the synthetic (i.e. observed:
O) transit times T} and created a simulated O — C plot against
time, where the C counterpart of Ty, was computed assuming
the linear ephemerides of Table 2. The results are displayed in
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Fig. 9 that emphasises a progressive drift of the O — C values
inferred from the MAP parameters (black line) with respect to
the zero value. As a consequence, the TTV amplitudes of plan-
ets b and c increase with time. In particular, the semi-amplitude
of the O — C black curves are about two and five hours for b and
¢, respectively. The TTV super-period seems to be roughly equal
to or larger than the integration time span, that is ~ 5 years. The
variance of the TTV amplitude (shaded area) is inferred from the
results of the additional 200 simulations and reflects the widths
of the posterior distributions from which the system’s parame-
ters were drawn. The remarkable O — C drifts (i.e. the poorly
constrained linear ephemerides) combined with the uncertainty
on the TTV amplitudes make challenging to plan future obser-
vations of planets b and c, as the actual transit timings might
differ from the linear ephemerides predictions by ~5 and ~ 10
hours for TOI-396 b and TOI-396 c, respectively. TESS will not
observe the target in the foreseeable future!”.

7. Internal structure

Using the masses and transit depths reported in Table 2, we ran
the neural network based internal structure modelling framework
plaNETic'® (Egger et al. 2024) to infer the internal structure of
TOI-396 b and d. plaNETic uses a full grid accept-reject sam-
pling method in combination with a deep neural network (DNN)
that was trained on the forward model of BICEPS (Haldemann
et al. 2024) to infer the internal structure of observed planets.
Each planet is modelled as a three-layered structure: an inner
iron-dominated core, a silicate mantle and a fully mixed enve-
lope made up of water and H/He. In the case of multi-planet
systems, all planets are modelled simultaneously.

As modelling the internal structure of exoplanets is a highly
degenerate problem, the resulting inferred structure is, at least to
a certain extent, dependent on the chosen priors. To mitigate this

7 https://heasarc.gsfc.nasa.gov/wsgi-scripts/TESS/
TESS-point_Web_Tool/TESS-point_Web_Tool/wtv_v2.0.py/
8 https://github.com/joannegger/plaNETic
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Fig. 9. Synthetic O — C diagrams obtained after performing for-
ward numerical N-body simulations with TRADES (integration of
5.2 years). The C represents the timings calculated from the linear
ephemerides in Table 2. The MAP model is plotted with a black line,
while the confidence intervals at 1, 2, and 30~ are marked as shaded grey
regions and come from 200 random samples drawn from the merged
posterior distributions derived from the joint RV and TTV dynamical
analysis.

effect, we ran a total of six models assuming six different combi-
nations of priors. Most importantly, we use two different priors
for the water content of the modelled planet, one motivated by
a formation scenario outside the iceline (case A, water-rich)
and one compatible with a formation inside the iceline (case B,
water-poor). For both of these water priors, we choose three dif-
ferent options for the planetary Si/Mg/Fe ratios. In a first case,
we assume that these match the stellar Si/Mg/Fe ratios exactly
Thiabaud et al. (2015). Second, we assume that the planet is
enriched in iron compared to its host star by using the fit of
Adibekyan et al. (2021). For option 3, we model the planet inde-
pendent of the stellar Si/Mg/Fe ratios, but just sampling the
planetary ratios uniformly from the simplex where the molar Si,
Mg and Fe ratios add up to 1, with an upper bound of 0.75 for Fe.
These priors are described in more detail in Egger et al. (2024).
Figures 10 and 11 show the resulting posteriors of the most
important interior structure parameters for TOI-396 b and d,
respectively, in comparison with the chosen priors (dotted lines).
Tables A.4 and A.5 summarise the median and one sigma error
intervals for the full set of internal structure parameters. For
both planets, the posterior distributions for the core and mantle
mass fractions largely agree with the chosen priors for each of
the six models that we ran. Indeed, the only planetary structure
parameters for which the observational data contributed to their
characterisation were the envelope mass fractions. If we assume
that the planets formed outside the iceline, we find envelope
mass fractions of 28 + 10% (A1), 32*7 % (A2) and 30%11% (A3)
for planet b and 2333% (A1), 28 +11% (A2) and 26f}§% (A3)
for planet d, with water mass fractions in the envelope of almost
100%. Conversely, if the planets were to have formed inside the
iceline, we infer envelope mass fractions of the order of 107> for
planet b and 10~* for planet d, almost entirely made up of H/He.

8. JWST characterisation prospects

All three planets in the TOI-396 system share similar radii
(~2 Rg), but span a wide range of masses (0.9-7.1 Mg), which
leaves open the question of whether they have primary or
secondary atmospheres. Furthermore, the progression of bulk
densities with distance from the host star varies in ways that can-
not be described by simple formation and evolution models (e.g.
Weiss et al. 2018; Mishra et al. 2023).

Given the bright host star and combination of planetary
masses, radii, and equilibrium temperatures, the three planets
have favourable metrics for atmospheric characterisation in both
transmission and emission among sub-Neptunes (Kempton et al.
2018, see Fig. 12). This makes the TOI-396 system a highly valu-
able laboratory to study the formation and evolution of planetary
systems. Thus, we explored the prospects for characterisation
with JWST. We focused these simulations on emission observa-
tions, but we note that transmission and emission have their own
advantages and disadvantages in terms of achievable science
goals and challenges.

We employed the open-source PYRAT BAY modelling
framework (Cubillos & Blecic 2021) to compute synthetic spec-
tra of the TOI-396 planets. These models consist of 1D cloud-
free atmospheres in radiative, thermochemical, and hydrostatic
equilibrium (Cubillos et al., in prep.). We varied the models’
atmospheric elemental content to explore the wide range of com-
positions that the planets span. For this comparison we settled on
two models to represent a primary- and a secondary-atmosphere
scenario: the first is a gas giant with a 5x solar metallicity, the
second is a water world with a 80% H,O plus 20% CO, com-
position (based on the C/O ratios seen in the solar system minor
bodies, see, e.g., Mumma & Charnley 2011; McKay et al. 2019).
For the thermochemical-equilibrium calculations we considered
a set of 45 neutral and ionic species, which are the main actors
determining the thermal structure. For the radiative-transfer cal-
culation we considered opacities from molecular species for CO,
CO,, CH,, H,0, HCN, NHj3, and C,H, from HITEMP and EXO-
MoL (Rothman et al. 2010; Tennyson et al. 2016); Na and K
resonant lines (Burrows et al. 2000); H, H,, and He Rayleigh
(Kurucz 1970); and H,—H; and H,—He collision-induced absorp-
tion (Borysow et al. 2001; Borysow 2002; Richard et al. 2012).
We pre-processed the large EXOMOL line lists with the REPACK
algorithm (Cubillos 2017) to extract the dominant transitions.
Figure 13 (top panels) shows the resulting thermal and compo-
sition structure for TOI-396 b (planets ¢ and d follow a similar
trend).

The infrared synthetic emission spectra (Fig. 13, bottom pan-
els) are mainly shaped by H,O, CO,, and CO features. At most
wavelengths the primary- and secondary-atmosphere scenarios
roughly differ by an offset, which would be hard to distinguish
unless the energy budget of the planets are known. In contrast,
the 4-5 wm window shows the most distinctive spectral features;
here the strong CO, absorption band at 4.4 um mainly allows
one to distinguish primary from secondary atmospheres. Thus,
in the following we focus on this region of the spectrum.

We simulated JWST observations using the PANDEIA expo-
sure time calculator Pontoppidan et al. (2016). The brightness
of TOI-396 limits the instrument selection to NIRCam (F444W
filter) to avoid saturation. We selected the fastest readout and
subarray modes, 5 groups per integration, to optimise the S/N.
We generated a distribution of (noised up) realisations for each
model to estimate how many eclipses are required to distinguish
between primary and secondary atmospheres at the 30 level.
We found that 2, 4, and 8 eclipses (for planets b, c, and d,
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Fig. 11. Same as Figure 10 but for TOI-396 d.

respectively) would be sufficient to differentiate between these
two models. Figure 13 shows one of those random realisations
when including the required number of eclipses. The decreasing
equilibrium temperature of the planets as they are located further
away from TOI-396 plays the major role in the decreasing S/N
for planets ¢ and d.

9. Conclusions

The object TOI-396 is an F6 V bright naked-eye star orbited by
three planets of almost equal size, and the two inner planets are
close to but out of a 5:3 MMR. A photometric analysis of the
system was already performed by Vanderburg et al. (2019), but
by benefiting from two additional TESS sectors, we improved the
precision on the planet radii by a factor of ~ 1.4, obtaining R, =
2.0047004 R, Re = 1.9797093 Re, and Ry = 2.00170:93 R,
We determined the masses of the planets by extracting the

RV time series from HARPS CCFs using an SN fit followed by
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a joint LC and RV MCMC analysis, where the RV de-trending
uses the breakpoint method. We obtained a firm detection of the
RV signals of planets b and d, deriving M, = 3.55f8:g‘6t Mg and
M, = 7.1 £ 1.6 Mg, but we can provide only a 30 upper limit
for the mass of TOI-396¢ of M.® = 3.8 Mg. This yields the

following mean planet densities: p, = 2.4470%, p? = 2.9, and

pa = 4.9*17 gem™, implying a quite unusual system architec-
ture (Mishra et al. 2023) where the mid planet is the least dense
and the outermost planet is the densest.

The reason for the RV non-detection of any Keplerian sig-
nal at P = P.~6 d is likely to be ascribed to the vicinity of
P, to the stellar rotation period. As a matter of fact, from the
GLS periodograms of both the RV-related activity indices and
the TESS raw LCs and from log Ry, -based empirical relations,
we consistently inferred Pyory = 6.7 + 1.3 d. After injecting
synthetic Keplerian signals at P = Py, and different semi-
amplitudes (Kj,) into the RV time series, we empirically find that
the RV semi-amplitudes output by the MCMC analyses (K,,) are
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Fig. 12. Transit (top panel) and eclipse (bottom panel) spectroscopic
metrics for the TOI-396 planets (see legend). The metrics were calcu-
lated using the 2MASS Ks-band magnitude. The grey markers show the
metrics for the known sample of transiting exoplanets to date. The blue
markers show the metrics for targets with approved JWST programmes.

systematically lower than the input ones by almost 30, and they
are statistically non-significant as far as Kj, < K. In addition, we
find that Koy ~ K. when considering a planet with M, ~3 Mg
(ie. pp~2 gcm™3), which might correspond to the properties
of TOI-396 c. On a more general perspective, these simulations
confirm that stellar activity destructively interferes with Kep-
lerian signals having P~ Py . (e.g. Vanderburg et al. 2016),
and furthermore, they indicate that — even in the case of firm
detection — values of K, are significantly underestimated.
Longer-baseline RV observations may help disentangle
coherent signals originated by Keplerian motions from non-
coherent signals due to stellar activity, even if degeneracy issues
still hold when the planet orbital period is close to the stellar
rotation period (Kossakowski et al. 2022). Alternatively, a possi-
ble constraint on M, may come from TTVs, as planets b and ¢ are
close to an MMR of the second order. Indeed, the TTV ampli-
tudes of the two planets show a characteristic anti-correlation
pattern, as expected; however, the phase coverage given by the
available observations is too poor to perform a conclusive TTV
dynamical analysis based on the observed transit timings of the
planets. We also attempted to fit the TTV and RV simultane-
ously while integrating the orbits of the system. We found that
the masses and densities of planets b and d are consistent with
the results from the joint LC and RV analysis. TOI-396 ¢ shows
a dynamical mass of M.ay, = 2.24%0-13 Mg, which is greater
than that inferred from the joint LC and RV analysis, but it is
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Fig. 13. Simulations of the atmospheric pressure profiles, eclipse
spectra, and JWST observations. Top-left panel: radiative-equilibrium
thermal profile of TOI-396 b assuming a gas-giant atmosphere (5x solar
metallicity) and a secondary atmosphere (80% H,O plus 20% CO,).
Top-right panels: volume mixing ratio of TOI-396b for the most rel-
evant species shaping the infrared spectrum. Botfom panels: synthetic
secondary eclipse spectra of the three TOI-396 planets (solid curves).
The round markers with error bars show a realisation of JWST obser-
vation with NIRCam/F444W (and their expected uncertainties) when
accumulating two, four, and eight observations for planets b, c, and d,
respectively. The vertical dashed lines mark the spectral window cov-
ered by NIRCam/F444W.

consistent (Z-score = 1.207); the density is consistent at the 1.1
level. However, we emphasise that, although formally precise,
the M, gyn estimate might not be accurate, as the full coverage of
the TTV phase is needed to reliably compute TTV-based masses.
Therefore, to fully confirm the system architecture, a reliable
estimate of the mass of TOI-396 c is still missing.

We also checked the evolution of the system over 10000
years, and the critical resonance angles showed that planets b and
c are close to but not in a 5:3 MMR. We further performed for-
ward N-body simulations over a temporal baseline of ~ 5.2 years
in order to track the transit epochs and evaluate the expected
TTV amplitudes during time. It turns out that TOI-396b and
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TOI-396 ¢ may exhibit TTVs with a super-period of about five
years and semi-amplitudes of approximately two and five hours,
respectively. This translates into a temporal drift of the transit
timings that can rise up to approximately five and ten hours with
respect to the linear ephemerides computed from TESS data.

Studying the planetary atmospheres with JWST would take
advantage of the favourable spectroscopy metrics of the system
(Kempton et al. 2018). Therefore, we set up 1D cloud-free atmo-
spheric models, generated the synthetic emission spectra of the
three planets, and simulated eclipse observations with JWST. It
turns out that two, four, and eight eclipses (for TOI-396 b, c,
and d, respectively) would be sufficient to distinguish between
primary and secondary atmosphere scenarios at the 3o~ level.

Characterising the nature of the planetary atmosphere is also
key to correctly assessing the planetary bulk densities (in partic-
ular for planet c). The potentially high TTVs inferred from our
simulations should be duly taken into account when scheduling
future observations of the target. This holds not only for JWST
but also for CHEOPS (Benz et al. 2021), which appears espe-
cially suitable for collecting exquisite photometric data to enable
the full characterisation of the system.

Data availability

Tables A.1 to A.5 are available at the CDS via anonymous ftp to
cdsarc.cds.unistra. fr (130.79.128.5) or via https://
cdsarc.cds.unistra.fr/viz-bin/cat/J/A+A/693/A90.
Figures A.l, A.2 are available at https://zenodo.org/
records/14216673.
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