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Abstract

We establish the boundedness of weak subsolutions for a class of degenerate Kolmogorov equations
of the hypoelliptic type, compatible with a homogeneous Lie group structure, within bounded product
domains using the De Giorgi iteration. We employ the renormalization formula to handle boundary values
and provide energy estimates. An Lirr type embedding estimate derived from the fundamental solution
is utilized to incorporate lower-order divergence terms. This work naturally extends the boundedness theory
for uniformly parabolic equations, with matching exponents for the coefficients.
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1. Introduction and the main result

Let N > 2 and 0 < mo < N be positive integers, and let z = (x, 7) € RY x R denote a point.
The (backward) Fokker-Planck-Kolmogorov equation of divergence form, which is degenerate
if mg < N, for a function u(x, t), is given by:

Dyu — (Bx, Du) = Zu+ g+ D; ', (L.1)
where, unless otherwise stated, the summation for indices i, j is from 1 to mq. Here, B is a

constant real matrix, D = (Dy, ..., Dn) is the gradient, and (-, -) is the Euclidean inner product.
The functions g(x, t) and f*(x, t) are measurable. The operator .Z is defined as:

Lu = D; (aij(x, HDju + b (x, t)u) +c(x,)Diu +d(x, )u

where a'/ | b, c,d (fori, j =1, ..., mp) are measurable functions, and a =alt. We may also
denote the Kolmogorov operator by % := .7 — £, where 7 = D, — (Bx, D) is the transport
part.

Throughout this paper, we assume the following for some positive constants A and A:

la' (x, )| < A and a” (x, NEE; > AE1%,  V(x,1) e RN £ e RV, (H1)

Additionally, we assume that the matrix B has the following form:

o o --- 0 o
B, O --- O O

B=|0O0 B, --- O O (H2)
O O --- B, O

where O denotes zero matrices with possibly different dimensions, and each Bjisam; x m;_
matrix of rank m j, with j =1, ...,k and m; being positive integers such that:

mo>=my>--->me>1, andmo+my+---+m=N.
The homogeneous dimension is defined as:
Q:=mo~+3m;+ -+ Qx+ Dmy.

To present our main result, we introduce the necessary function space preliminaries. Through-
out this paper, we consider 2 =) x U, where V C R"0 and U C RN-"0 are bounded domains,
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with 8V being C%! and 92/ being C'"!. We assume N > 2, or equivalently Q > 2. The time
cylinder is defined as Q7 :=Q x (0, T).
We define the function space Hlldn(QT) as follows:

H. (Q7) = {u(x,1) € L>(Ur; H' (V)) such that D,u — (Bx, Du) € L>(Ur; H ' (V))},

where Ur :=U x (0, T). This space is equipped with the norm

2

_ 2 _ 5
HL, — ”M”LZ(L{T;HI(V)) + | Du — (Bx, Dl,t)||Lz

[lee| Ur:H1 (V)

where H™1(V) is the dual space of H(l)(V). This is a canonical space for weak solutions to Kol-

mogorov equations. The motivation is that we can identify D;u — (Bx, Du) as an element in the

dual space H! (V), similar to the case of classical parabolic equations, see e.g., [13, Sec. 7.1].
Next, we define the space V%n(QT) as

VO (Qr) :=Hy, (Q7) NC([0, TT; L*(2))

equipped with the norm
||ll||V0_ Q : ”u”Hl, Q sup ”Ll(,t)” 2(Q)
km( T) km( 7) 0<t<T (€)

The weak trace was initially observed in [27] and later formally introduced in [5]. There is a
linear operator

trry : Vi (Qr) = L. (k. | (Bx, n) (%),

where 'k :=V x (oU) x (0, T), ny denotes the outward unit normal for €2, and |(Bx, nx)|2 is
the weight. This operator satisfies the following integration by parts formula for all u € Vgin(QT)
and v € C!(Qr) with v=00n 3V x U x (0, T):

(Dt = (Bx, D), v} 2110, L2 0 1Y)
T

= /u(t)v(t)dx —//(Bx,nx)trrK(u)vda(x)dt—//(D,v— (Bx, Dv))udxder. (1.2)
I'k Qr

Q 0

The proof of this identity can be assembled from the existing literature: It relies on the weak
trace theory developed for the kinetic Fokker-Planck equation (a special case of the Kolmogorov
equations) in [27], and follows the structure of the integration by parts argument for the sta-
tionary case given in [5]. A key difference is that we make use of the additional assumption
u € C([0, T]; L*(2)) to interpret the initial and terminal values of u in time. Related work in [31]
also establishes a similar integration by parts formula for the weak trace in the time-dependent
setting, through the so-called renormalization formula.

It is important to note that for a classical trace operator we expect the weight to be |(Bx, n, )|,
i.e. without the square. However, it is still an open problem if such a trace exists. The difference

3
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between two traces is that, for the weak trace, there is not an integration by parts formula for
two functions belonging to Hlldn(Qr). Thus, directly testing the equation against its own solution
is not feasible. Nevertheless, using the weak trace and (1.2), we can test the equation against
nice test functions to get a renormalization formula, Lemma 2.6, which serves as a substitute
for classical energy estimates. Throughout this paper, we denote u|r, = trry (1), implying that
boundary values are understood in the weak trace sense.

Definition 1.1. A function u € Vgin(QT) is called a subsolution to (1.1) if for all v € Ci(QT)
with v > 0, the inequality

// (—uD,v + u(Bx, Dv) + Z[u,v] — gv + fiDiv) dxdr <0
Qr
holds, where
Llu,v]:= aiijuDiv +b'uD;jv — ¢ (Dju)v — duv.
Now, we state the main result. We further separate the boundary of Q27 into parts:
Ip:=@V xU x[0,T]) U ((Q x {0}),

Iy i={(x,?) e Tk : (Bx,ny) >0},
Ik :={(x,) elk: (Bx,ny) <0}.

Then we define

M:= sup u;, (1.3)
I'{Urp

where u := max{u, 0} denotes the positive part of a function. Define

+2 +2
QQ and qg := QT (1.4)

pPo ‘=
the optimal embedding constants. Assume g > ¢ is fixed, and consider either:
¢ eL¥(Qr), d, g eLU(Qr), b, 1 e L (Qr); (Data 1)
or

¢ eLet2(Qp), d, g eLi(Qr), b, fi=0. (Data 2)

Moreover, |||, ¢, denotes the L”(27) norm.
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Theorem 1. Let @ =V x U C R™0 x RN be a bounded product domain with 3V being C%!
and oU being CY1 and let the assumptions (H1) and (H2) hold. If u € Vgin(QT) is a subsolution
to (1.1), and either (Data 1) or (Data 2) holds, then there exists a constant C = C(,, A, Data)
such that

supu, supu < M + Cmax{1, M, ||(u — M)+ ll2.0, ), (1.5)
g @r
and
supu, supu < (1 + C)max{l, M}. (1.6)
rg @r

Remark 1.2. The first inequality provides an L>-L>° estimate which can be made local and is
crucial for the Harnack inequality. The renormalization formula, Lemma 2.6, and an L'-L?0
type embedding estimate, Proposition 2.3, make it possible to include divergence terms b’ and
f'. The second inequality is a classical boundedness estimate up to the boundary. Therefore,
the current theory is a canonical extension of the classical boundedness theory for uniformly
parabolic equations.

Remark 1.3. Consider the case my = N > 2, the Kolmogorov equation (1.1) becomes the uni-
formly parabolic equation. In this case, Q = N, and under (Data 2), the optimal exponent
(N + 2)/2 from the boundedness theory for uniformly parabolic equations is recovered, see
[22,11]. Under (Data 1), the exponent is still optimal for the terms b, d, f i g, but we cannot
reach N + 2 for the coefficient ¢/ due to the L'-LP0 embedding, see Proposition 2.3. Therefore,
we believe our result is optimal for the ultraparabolic equations.

An immediate corollary is the weak maximum principle.

Theorem 2. Let 2 be defined as in Theorem 1, and let the assumptions (H1) and (H2) hold.
Assume that b*, c' € LQ+2(QT), de LZ(QT), g, ft=0,and forallv e Cé(QT) with v > 0 and

v=00on (V) xU x (0, T) that
/(dv—biDiv) dz <0.

Qr
Ifue Vgin(QT) is a subsolution to (1.1), then

supu, supu < M.
'y Qr

1.1. A brief survey of the question
Kolmogorov equations of hypoelliptic type, also known as ultraparabolic equations, have
broad applications in various fields, for instance, statistical physics and mathematical finance.

It has been extensively studied and a comprehensive overview can be found in [2].

5
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Recent attention has been directed towards the weak solution theory for Kolmogorov equa-
tions with rough coefficients. Significant progress has been made: the Harnack inequality for
weak solutions to the kinetic Fokker-Planck was initially established in [17], followed by an
alternative proof in [18] and a quantitative Harnack inequality [19]. Additionally, [3] general-
izes the Harnack inequality to degenerate Kolmogorov equations. Meanwhile, the function space
Hll(in, which is suitable for a weak solution theory for the kinetic Fokker-Planck equation, was
proposed in [1] and stimulated further interest in the field. The existence of weak solutions has
been well-established in various contexts, e.g. in domains without boundaries [1,6,4], and in
bounded domains [23,31,15,5].

However, proceeding further with the weak solution theory in bounded domains encounters
challenges, notably the trace problem as highlighted in [1]. Specifically, the classical trace for
the function space Hlldn(QT) remains open. This issue has prompted consideration of a weaker
notion of trace, first proposed for local boundary regularity in [27] and formally applied to the
function space Vgin(QT) in [5].

A crucial complement to the weak trace concept is the renormalization formula, e.g.,
Lemma 2.6, which plays a key role in handling energy estimates tested against the weak solution
itself. The concept of renormalization was introduced by DiPerna and Lions in [12], extended by
Mischler to Vlasov and other kinetic equations in bounded domains in [25,24], and applied to
weak solutions to kinetic Fokker-Planck equations in [31]. Recently, the renormalization formula
for functions in the space V%n is introduced in [5].

Regarding the boundedness of weak solutions, it is known in [26] that weak solutions are
locally bounded based on Sobolev embeddings derived from the fundamental solution from [14].
This concept has been further developed in subsequent works, such as [28,30,17,3,29], to obtain
local boundedness which is the key component for both Harnack inequality and Holder regularity.
On the other hand, in [19], a slightly different embedding result (still based on the fundamental
solution), which is also used in [21], was developed. The current work is inspired by [19]. Our
approach integrates the recent advancements in weak trace theory, renormalization techniques,
and an L'-LP embedding estimate. Notably, the global boundedness up to the boundary for
weak solutions to degenerate Kolmogorov equations presented in this work is novel to the best
of our knowledge. Furthermore, it is noteworthy that the renormalization technique utilized in
this study has previously proven effective in enhancing regularity theory, as demonstrated in the
context of the nonlinear elliptic equations with general measure data, see e.g. [9].

1.2. Sketch of the proof and outline

The underlying idea for the proof of Theorem 1 is analogous to its counterpart for uniformly
parabolic equations, see [22,11], and also similar to the proof of local L>~L> estimates appeared
in the literature mentioned above. Essentially, Sobolev embeddings enable higher integrability of
weak solutions. By using the information of the equation, in particular, the Caccioppoli estimate,
this gain of integrability can be further improved by either Moser or De Giorgi iteration. In this
work, we will present the De Giorgi iteration, see e.g. Lemma 3.1.

Here’s an outline of the proof structure: In Section 2.1, we establish the optimal integrability
of the fundamental solution defined in (2.2) to the principal Equation (2.1). In Section 2.2, we
utilize the integrability of the kernel to prove an L!-LP0 embedding result, see Proposition 2.3,
alongside a known L2-L?P0 embedding, see Proposition 2.4. In Section 2.3, we introduce the
renormalization formula (2.5). Based on the Sobolev type estimates and the renormalization
formula we can proceed with the iteration, and we first prove it under (Data 1). In Section 3.1,

6
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we construct truncations Wy ;(u) of the undercut of the subsolution, see (3.5), and show L2Po
integrability. In Section 3.2, we derive uniform energy estimates for Wy ;(u) and show (u — k)
is LP0 integrable in small time intervals. In Section 3.3, we derive a Cappioppoli estimate (3.25).
In Section 3.4, by combining the Cappioppoli estimate and the Sobolev embedding we obtain
iteration inequalities of the form of De Giorgi, see (3.26). In Sections 3.5 and 3.6 we run the
iteration and prove (1.5) and (1.6). Concerning (Data 2), we sketch the proof in Section 3.7 which
is essentially the same as the proof for (Data 1) except the Sobolev embedding, see Lemma 3.8.
Finally, the proof of Theorem 2 is sketched in Section 4 together with some closing remarks.

2. Integrability, embedding and renormalization
2.1. Integrability of the Kolmogorov kernel

It is well-known (see [2] for an overview) that the following constant coefficient equation has
a fundamental solution:

D;u — (Bx, Du) = %yu, 2.1

where %) 1= Dl.zu is the Laplace operator, where i = 1, ..., mg. We denote % := 7 — %.

Indeed, if we define the Lie group structure: (x,7) o (y,s) := (y + E(s)x,t + s) for
(x,1), (v,s) € RNt where E(r) = exp(—tB), then the fundamental solution to (2.1) is given
by K(x,t;y,8) = K((y,s) " o (x,1)), where

C 1 1 1
K(x, 1) = tQ%exp <_Z<C_l(1)5N <$>x,61\1 <$) x>> 2.2)

in which Cy = (47)~ 7 |det C(1)| 2,

t

C@t) :=/E(S)A0ET(s)ds’ Ao:= (I(m)(, 8)
0

and

Sy (r) = diag(rLyg, r Ly, , -+, r**1

m,) forall r > 0.

To derive the embedding results for weak solutions, we need to estimate the integrability of
the kernel K in RN x (0, T) for T > 0 a fixed time. The following estimates, inspired by [19],
suit our needs best.

Lemma 2.1 (Integrability of the fundamental solution). Let K be the fundamental solution of
(2.1) defined as in (2.2). Let T > 0 be any fixed time. Then K € LP(RY x (0, T)) forall 1 < p <
po where

2
po= %, 23)
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and D;K e LP(RN x (0,T)), i =1,...,mq, forall 1 < p < p where

2
p1= % (2.4)

Proof. A direct calculation gives
( N)‘” Pl~—1 1 1
|K|P dxdt = / ——exp| —=(C  ()én | —= ) x,. 08 | — ) x) ) dxdt.
O/.R{ |] $p 4 Jt Jt

By setting y =y (%) X we see

? -1
O/R/NIKll’dxdt / (|t|1\;)p exp (_§<C_1(1)y,y>) dot (\%) v
T
—cw? [ (-Elc wns)) oy [ an
RN o
Hence, as long as
0 .9 o Q+2

_?p+3>—l, which implies p < 0

|K|? is integrable.
Foreach D;K,i =1,..., mo, it is clear from (2.2) that

C
|D;K| < —K
NG

for some constant C > 0. For the kernel of degenerate Kolmogorov operators in non-divergence
form, similar observations can be found in [10]. It follows from the above calculation that we
need to choose p such that

1 2
_gp__p+g>—1, which implies p < o+

20720 0+1

to ensure | D; K| is integrable. 0O
2.2. Some embedding results

For f,g € L'(RN x (0,7)), we define the convolution on the homogeneous Lie group
(RN*1 o) as follows: extend f, g to be 0 on R¥+1\ (RN x (0, T)), and observe (y,s)"! o
(x,t):=(x —E({ —s)y,t —s), then for any 7 > 0,

8
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t
fxglx,t) :=//f((y,s)*lo(x,t))g(y,s)dyd&

0 RN

It is known from [8, Prop. 1.3.21] that the Lebesgue measure on R+ is invariant with respect
to the left and the right translations on the Lie group (R¥*!, o). Thus, Young’s convolution
inequality applies, see e.g. [7, Lemma 1.4].

Lemma 2.2 (Young’s convolution inequality). Suppose 1 < p, q,r < oo such that
1 1 1
—+-=-+1
p q r
If f eLP(RN x (0, T)) and g e L4RYN x (0, T)), then f * g exists almost everywhere and is in
L RN+, with
If* gl ryxo,1) = I RV x0,1) 1811, RN x (0, 7)-

Proof. First, observe that we always have r > p, ¢q. By the Holder inequality, we have

7

|f % g(€)] < / £ o O)IIg@1de | x A1 ER Y o X 181 BN .1y
RN x(0,T)

where £ = (x,t) and ¢ = (y, 5). It follows from Fubini’s theorem that
1 58l oy = / | g @)1 de
RN x(0,T)
_”f”p RNX(O T) ”g”q RNX(O T)

/ / @ 0 8)Plg(0)]¢ dede

RN x(0,7) RN x(0,T)
_”f”P RNX(O T)”g”q RNX(O T)”f”p RNX(O T)”g”q ]RNX(O T)’
which completes the proof. O

We note that a local version of Young’s convolution inequality, applicable when the underlying
domain is only an open subset of RN+ is presented in [20].
The next proposition is a direct consequence of Lemma 2.1 and Young’s convolution inequal-

ity.

Proposition 2.3 (L'-L? embedding). Let K be defined as in (2.2), and let T > 0 be any fixed
time. If u e LY (RN x (0, T)) for some 1 < q < 0o, then

9
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1K xull, mNx0,7) < 00llully RN x 0,7

where 00 = || K || yo—gy RN x(0,7) Jor all p =1 and 0 < &9 < po — 1 satisfying

1 1 1
—_=—4 -1,
P 9 Ppo—éo
where pg is defined as in (2.3).
Moreover, forany 1 <q <ooandi=1,2,...,mgy, we have

I Di (K xu)ll, RV x0,7) < O1llttlly, RN x0,7)

where o1 = ||DiK ||, _¢; RN x 0,7y for all p>1and 0 < ¢ < pi — 1 satisfying

where p1 is defined as in (2.4).

Another commonly used embedding result, originally from [14] and cited in [26], is stated
below. This result is sharp in the sense that it achieves py and p;. It is also a global estimate
where the underlying domain in the time direction can be unbounded, since it uses the weak L”
norm for the kernel K. But it cannot be estimated in terms of the L! norm.

Proposition 2.4 (L>-L? embedding). If u € LL{(RN*TY) for any 1 < g < oo, then there exists a
constant ¢y such that

IK * el gver < Golluelly, gy

where

I 1 2

p g Q+2

Similarly, for any 1 < q < oo, there exists a constant ¢ such that

I1Di (K *u)ll, gy < G1llully ma+

where

1 1 1

P q Q+2

Remark 2.5. These estimates are optimal: Lemma 2.1 coincides with the special case when K
is the heat kernel; by taking ¢ = 2 in Proposition 2.4, we recover the Sobolev embedding for
the uniformly parabolic case, see [22,11]. Moreover, Lemma 2.1 also coincides with the kinetic
Fokker-Planck case as obtained in [19, Lemma 10] (in this case N = 2mg and Q = mqy + 3mg =
4m).

10
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2.3. Renormalization of the weak solution

In this section, we present the renormalization formula for the subsolution u € Vl(()in(Qr)
which is central to our theory. The following lemma is a variation of those renormalization for-
mulas for kinetic Fokker-Planck equations appeared in [31,5].

Lemma 2.6 (Renormalization). Let @ =V x U C R0 x RN=70 sych that 3V is C® and dU is
CYlIfue Vgin(QT) is a subsolution to (1.1), then for any ® : R — R convex non-decreasing
and v € C1(Qr) satisfying ® € WL (R), &' (u(x,1)) =0o0n (3V) x U x (0, T), and v > 0, we
have

// ( — ®(u)D;v + ®(u)(Bx, Dv) +a" D;j®(u)Div + b ud (u) Div — ¢' (D; @ (u))v
Qr
—dud’ (u)v + (ai~/Dju +blu+ fHDud" (v — g u)v + fiCID’(u)Div) dxdt
0

5/(Bx,nx)<l>(ur)vd5dt+ /@(u)vdx , (2.5
'k Q T

where dS is the N — 1 dimensional Hausdorff measure on V x ol.

The proof of Lemma 2.6 is similar to the arguments in [31, Lemma 2.5] and [5]. Roughly
speaking, by using the weak trace and the integration by parts formula (1.2), we carefully sub-
stitute the test function v with ®'(u)v to derive the renormalization formula. The transport part
(Bx, Du) is similarly treated as the kinetic part v - V,u in the kinetic Fokker-Planck equation,
since the latter is a special case of the former. Moreover, B is a constant matrix satisfying (H2),
which does not introduce any additional complications in functional spaces.

Remark 2.7. Regarding the existence of weak solutions in bounded domains, it has been treated
for kinetic Fokker-Planck equations using the vanishing viscosity method in [31,5] and the
method can be generalized to Kolmogorov equations of the form (1.1).

The next lemma is a consequence of the convolution-translation technique which is utilized to
obtain the weak trace and also the renormalization formula, see, [31, Lemma 2.5], and also [5].

Lemma 2.8. Let Q =V x U C R x RN sych that 9V is C®! and dU is CV'. If u €
Vgin(QT) is bounded, then

sup trry (u) < supu.
'k Qr

3. Proof of Theorem 1: the De Giorgi iteration
In this section, we employ the De Giorgi iteration and prove Theorem 1. We will focus on
(Data 1) first, as the proof for (Data 2) follows similarly. Note that besides the notations already

introduced in the introduction, we denote by a <, b to mean a < C(y)b.

11
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Before proceeding, we need the following iteration lemma, which lies at the core of the De
Giorgi iteration. This lemma can be found in [22, Lemma 5.6], [11, Lemma 4.1], among others,
and the proof is an easy induction.

Lemma 3.1. Let Y, n =0, 1,2, ..., be a sequence of positive numbers satisfying the recursive
inequalities

Y1 < CH"Y,H 3.1)

where C >0, b > 1 and o > 0 are given constants. If
CYsy <1 (3.2)

where y is such that y* = b, then Y,, — 0 as n — o0.

Let 0 < <T be a given time and k > M a given number. We define

(M _k)+ ln Q[]v

3.3
0 in RV+1\ @, (3-3)

Up =

and also

A ={(x,1) € @, tu(x, t) > k}. 3.4)
We shall derive iterated inequalities related to uy for appropriately chosen sequences of k’s.
3.1. L?P0 embedding for truncations of the undercut

First, we need to prove an embedding result for the subsolution similar to the uniformly
parabolic case. However, here we can only do this for truncations of the undercut of the sub-
solution.

Consider the following functions Wy ; for [ > k where k > M fixed:

0 forr <k,
Wi (r):=12(r—k) fork<r<lI, 3.5)
2(1—k) forr=>1.
We define

r

<I>k,1(r)=/\llk,l(s)ds. 3.6)

—00
It is then clear by definition that &’ = W € W *°(R). Indeed,

12
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0, r<k,
Oy (r) =1 (r —k)?, k<r<l, 3.7
(I—k)Qr—k —(1—k), [<r

By letting I — oo, we see @y (r) — (r — k)%_ and Wy ; — 2(r — k)4. We call Wy ;(u#) and
@ ;(u) the truncations of the undercut u; and u%, respectively.

The next proposition is a counterpart of the parabolic embedding for Kolmogorov equations,
where we first establish higher integrability of ®; ;(u) that depends on the truncation parameters
k,l. In the next section, we improve the integrability in Proposition 3.5 so that it is independent
of [.

Recall that we denote for any time ¢ > 0 that €, := Q x (0,¢) where Q =V x U C R™ x
RN-m0,

Proposition 3.2. Let (Data 1) hold, and 0 < t; < T be any given time. If u is a subsolution to
(1.1), and uy, is its undercut as defined in (3.3), then for fixed k and 1, and py = po — €9 where
0 < &g < po — 1, there exists a constant C = C(eg, L, A, Data 1) such that

1960700, <€ (lullg, + I1Vmpullag, ) < oo (3.8)
where Vy,, := (D1, ..., Dy,) is the gradient of the first m( coordinates.

Remark 3.3. Note that &g can be any small positive number satisfying g < po — 1. It will later
be fixed as a sufficiently small constant depending on the data in (Data 1) in Proposition 3.5.

The proof of Proposition 3.2 is based on the following lemma, which is a direct consequence
of the definition of & ; and W ; in (3.5) and (3.6).

Lemma 3.4. Assume the conditions in Proposition 3.2. Then

Wkt 1350, = 1WE 1)1 5,0, <41 Pk1@)]5,0, (3.9)

Proof. Note that \IJ,% (1) <4y (r). To see this, recall that @y ;(r) is given by (3.7), and

0, r<k,
e, (=340 -0 k<r<l,
al—-k?% I<r.

Observe that if r > 1, (I — k)(2(r — k) — (I — k)) > (I — k)2. Therefore, the claim is proved, and
consequently, the lemma follows. O

Proof of Proposition 3.2. By taking ® = &y ;, noting ®} ; = ¥, ; > 0 and using the ellipticity
assumption (H1), it follows from Lemma 2.6 that for all v € C'(Q;,) with v > 0, we have

13
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// (—Cbk,l(u)D,U + @ 1 (u)(Bx, Dv) + D,'CDk,l(u)Div) dxdt
Q

< // (Di @1 (w)Div — a" Dy 1 (u) Div — b u®) , (u) Div + ¢' (D; Py (w))v
Q,]

+du®) (v — G'u+ fHDud} (w)v + g (v — f @}, (u)Div)dxdr.

Here the boundary term disappears since k > M, where M is defined in (1.3).
Let’s extend @y ;(u) to be 0 on RN+ \ €, that is, we regard the test function v in the
above equation as the restriction of a function in Cl, (RN+1) to €2, . Consequently, Wy ;(u) is also

0 on RN+ €2;,. By the Riesz representation theorem and the above equation, there exists a
non-negative Radon measure p such that in the sense of distributions,

Ho(®p1(w)) = Di Fl; + Gri — 1, (3.10)
where % is the principal part operator defined in (2.1), and for fixed i = 1, ..., mo,
F{ ;= Ye(u) Diug — a7 Wiy () Djug + b uVe 1 (w) + f Wi (),
and
Gt = ' Wi (u) Diuy + b'uDiu¥y ;(u) + £ DiuV), ,(w) + duWy  (u) + g Wi (u).
Note that (3.10) yields
Dy (u) = (DiK) % F{;+ K * Gy — K * u < (D;K) % Ff; + K * Gy,

where K is the fundamental solution defined in (2.2). Hence, by applying Proposition 2.3, we
get for py = po — &g that

P11 50 RN x(0,6) < O i g ll5, RN 0, T 00l Gt RN 50,01 (3.11)
where P satisfies for some &1 > 0 small to be determined that

1 1 1
— ==+
Po P1 P1—¢€1

—1. (3.12)

In addition, we impose the following condition on pj (this will give us the desired Holder con-
jugate later):

P17—= =2po. (3.13)
2—-Dpi

It is easy to see that as long as we choose p; = p1 — €1, then for each fixed &9 > 0 small, there
exists an &1 > 0 small such that (3.12) and (3.13) hold and we have 1 < p| < p; < 2.

14
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Now it remains to check that the right-hand side of (3.11) is finite. To do this, we inspect the
terms of Fli, ; and Gy in detail. Note that all the integrals are supported on Ay C €4, and that
by construction Wy ;(u#) and u\IJ;C’ ;(u) are bounded by 2/. Therefore, for each i =1, ..., mg, by
straightforward calculations and a careful application of Holder’s inequality we compute

1
Wk ) Diuglls, 4, Sl Diuklls, 4, St l Al ([ Diuglla, 4, »

la" By 1) Djuells, a, Sioa 1Djukliz, 4, Sioa IAkIT‘l’B IDjukllz, A,
16" w1 )l 5, a0 St 16" ull5y 4, S 1B 2g,, 4 1l 4,

1 a5, a0 < 1F Mgy a1k @l 4,

lle" Wi ) Diugellya, Sille" Dingellya, il o, | Diteiclla,a, -

16" u ;) Diuglly, 4, <o 6 Dinglly g, Si 10 Mo, a, | Diteiclla, 4,

I F W, ) Diuglly,a, < I Dintielly g, < 1 F' o a I Divtkllo, a, -
lduWr i @)lly a, Solldully a, Silldllo,a, o, 4,

I8 Wk 1)l 4, = gll2, 4 IVk1 @)z 4,

Note when N > 2, pp < ¢ always holds true. It follows that all the terms above are bounded by
(Data 1), hence (3.8) is proved. O

3.2. L?P0 energy estimate for the undercut in sufficiently small time cylinder

Now we derive the .20 embedding for uy in 2 for sufficiently small #; > 0, which is an
improvement of Proposition 3.2.

Proposition 3.5. Let (Data 1) hold, and 0 < t1 < T be a time sufficiently small (depending on
Data I as constructed in the proof). If u is a subsolution to (1.1), and uy, is its undercut defined in
(3.3), then for fixed k and py = po — €9 where g9 > 0 is a small constant depending on (Data 1)
(constructed in the proof), the following holds:

2 2 201012 i 12 2 2 2
luicll 5o, 4, < v2 \ WVmottielly, g, +K7ND" N5 4, + 1F M5 4, 57N 25y, 1181725
WAk WAk Ak Tpﬁ’Ak 2ﬁl’()Tl”Ak

where yy = y»(mo, A, 09, o1, Data 1).

Remark 3.6. Note from now on, the constant & is fixed, and consequently, so are the constants
00, 01 from Proposition 2.3. In the proof, we first fix this gq; then the step of choosing #; suf-
ficiently small depending on oy, o1 and the constants in (Data 1) is justified. By inspecting the
proof, we also see that #; admits a positive lower bound that depends only on the constants in
(Data 1) and on o9, o1 over the interval (0, T).

Proof. Recall the equation (3.11). We improve the estimates of its terms based on Proposition 3.2
and Lemma 3.4. In the following, we perform delicate calculations using Holder’s and Young’s

inequalities with carefully chosen exponents, as is standard in regularity theory. The key idea in

15
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applying Holder conjugates is to always produce the po-norm of @y ;(«) and 2-norm of D;uy on
the right-hand side, which is crucial for the energy estimate.
Using the assumption (H1) and (3.13), it follows that for fixed i, j =1, ..., mo,

1Wk.1 () Diugli5, 4, < Tomoo, P15, 4, 16m001||Djuk||%,Ak, (3.14)
la" Wiy () Djurlls, 4, < Mm#%mu%(u)nﬁoﬂk +16mgA o1 | Djull3 4. (3.15)
Next, observe
uWi (u) <2® 1 (u) + kW (u). (3.16)
Indeed,
0, u <k,

uVi () =32 —ku, k<u<l,
20 —kyu, [=<u,

and by writing u = (1 — k) + k, we get

0, u =<k,
uW () = 32w — k) ((u — k) + k) =2(u — k)? + k2(u — k), k<u<lI,
20—k ((u—k)+k)y=2w—-k({—k) +k2(—k), [<u.

Note if / <r,then (I —k)2(r —k) — ( —k)) > (r —k)(I — k), thus (3.16) is proved. Then, for
fixedi =1,...,my,

16" U )5, 4, < 200" Pri)ll5, 4, + kIB W1l 5, 4,

1
- I® ’N . (3.17
001 || k,l(u)”po,Ak ( )

<206' |l sopy . 19 A 16moo1 k15" (13
= 2060 mp g NP1 @Oy, 4, F 16mo KIL 4, + T

Similar to (3.14) and (3.15), for fixed i =1, ..., mg, we have

. . 1
L Wi @)ll5, 4, < 16moll £1113 4, + m”q)k,l(”)”ﬁo,Aka (3.18)

and

Ay (u)Diu < O ()5 + 16mgop||c’ 2 Diugl? 4 . 3.19
" Wk 1 () Diuglly, 4, < 16moao“ k1 W) [l 55,4, 000 ||;20pTOPAk|I itkly, 4o (3:19)

16
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Next, note that u\IJ;C () < W (u) + 2k, then for fixed i =1, ..., my,

16" uW ;) Diuklly, a4, < I16" Wi () Diuglly g, + 2k16° Diuglly g,

<

~ 16mgog

I1Px.s @)l 5.4, + K215 113, 4, +<16moao||b'|| o 1) IDiugll3 4, (3.20)

po—l ’

Observe that W) ;(u) =2 on {k <u <[} and ¥, ;(u) =0 on {u < k} and {u > [}, hence we
have ¥ < 2, and then for fixedi =1, ..., mg,

L' W ) Diuelly a, < 125 Diurlly g, < 1FN5 4, + I1Dinekcl3 g, - (3:21)

We also note that observations in (3.17) can be applied to duWy ;(u), hence

lduWi 1l 4, < 201dPri)lly 4, +klldWVe ()l 4,

<20dll 0 4 190100l 4, + 1600k>(|d 15,

2po—

A 16 Pk l5, 4, (B-22)

Finally, we estimate the term involving g:

18 Wi ()l 4, < 1600llg]> 20 g, + — 1 Pr @l 4,- (3.23)

21,0 16
Inspecting the exponents for b', ¢, d, f%, g in (3.17)—(3.23), we can choose & sufficiently

small according to (Data 1) so that all the terms above containing coefficients are finite. Com-
bining all the estimates (3.14), (3.15) and (3.17)—(3.23), then (3.11) becomes

1Pr 5,4, < Vil Pl 5, 4,

+» (nvmouknm+k2||b’||2Ak+||f 15,4 + K201, +||g|| A), (3.24)

Zp() 1°

where

1
—5‘1‘2’”001”[’ Il 7omy 2, + 200|d|| po FoR

P() r’

y2 = y2 (mo, A, 09, 01, Data 1).

It is clear that we can then choose #; so small that y; < %, thus

1
1 | Pr.1 @)l 5y, 4,

(nvmouanﬁkznbl [ A P o eV A)

2pp—1° 2po-1°

17
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Since the right-hand side is independent of /, letting / — 0o and using the monotone convergence
theorem completes the proof. O

3.3. Caccioppoli estimate for the undercut in sufficiently small time cylinder
From this point onward, we can establish a Caccioppoli estimate for the undercut uy.

Proposition 3.7. Let uy be defined as in (3.3). For t; > 0 sufficiently small (as determined in
Proposition 3.5), we have

// [Vongiux 2 dz 5 // (1ei ik + 1wl + Kl + 1B s+ O + P + gl ) dz. (3.25)
.Ak Ak

where 7 = (x,1) € RY x R.
Proof. Choosing ® = ®;; and v =1 in Lemma 2.6, we find that

// (= "W () Diug — duVy 1 (u) + a' D jug Diug Wy (u) + b u Diug ¥ (1)
Q

+ [ Djug V(1) — g Wiy (u)) dxdr <0
Therefore, using the elliptic assumption (H1) and the estimates (3.16) and (3.20) from the proof

of Proposition 3.5, we obtain

1 . A
/ A Vgt | (u) dz < / <X|c'wk,z(u>|2+Z|Diuk|2+|d(2<1>k,z<u)+kwk,z<u))|
Ak -Ak

[ AT S I i2, M2
+X|b (W1 (u) + 2k)| +Z|Dzuk| +X|‘1’k,1('4)f| +Z|Dluk| + Wk, (u)] ) dxdr.

From Proposition 3.5, we know ||\IJk,1(u)||§ﬁ0 A is uniformly bounded in /, hence we first let

| — o0 and then absorb the terms |Vm0uk|2 to derive (3.25). O
3.4. Iteration inequalities

Now, by combining Propositions 3.5 and 3.7, and repeating the arguments similar to the proof
of Proposition 3.5, we can choose #1 to be even smaller, depending on y» and A, to obtain

200 205112 in2 20712 2
il g, 4 <V (k 1615 4, + 11/ M2 4, K ”d”zigﬂl,Ak + IIgIIZ;ggl’A)-

Next, choose g’ < Py to be determined later and

q// _ 2?0261/
(2po — 12q" —2po’

18
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it follows from Holder’s inequality that

. . 1 . . 1
b 2 < |Ib' 2 A7 i2 < i2 A |7
157115, 4, = I II;/‘,_/l Akl Kl 154, = ILF ||q3‘f1,Ak| Kl
1 1
2 2 7 2 2 o
11”25 <\dligr g, 1Akl gl 25 <lgllyr a, Akl
i S N ad ATy = T8l

It can be verified that 2g’/(q’ — 1) and g¢” decrease to the exponents specified in (Data 1) as
q' approaches py. Therefore, they are admissible exponents for the coefficients, provided ¢’ is
sufficiently close to py.

Combining all the estimates above, and assuming k > 1, we get

1
k35, 4, < VK1 AR (3.26)

where, abusing notation slightly, ¥ now depends additionally on |57 ||

i2
T

q'—1

2q'
7 A

q'=1’

2 2
112, 4, and Igl2, 4. .

3.5. Proof of (1.5)

To prove (1.5), we define the following quantities: let

) k

for some k > max{1, M}, and denote A, := Ay, and u, := uy,. Define

Y, ::/|un|2dz-

Q,
It follows from Chebyshev’s inequality that

22(n+1)

|An+1| = 2 Y.

Thus, by using the definition of Y;,, the above estimate on 4,11, estimate (3.26), and setting
a=1/q" —1/poy, we derive

14+«
< Y 2(+anylta
k20t n

22n+2
k2

Yn+1 = sz Y,

This is of the form (3.1) in Lemma 3.1, where we have

C_ V b:22(1+0[)~

T2
By choosing & sufficiently large such that

19
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CYEh'™ = k2 Y oyerat2 <1,

which is equivalent to choose k large enough such that
K > 22— M) 413,

we conclude lim,, . Y¥,, = 0.
Therefore,

supu < M + Comax {1, M, | = M) I, |
Q

where Coy = Co(Data 1).

By propagating this inequality over finitely many subintervals of (0, 7'), we obtain the desired
inequality (1.5) in Theorem 1. For instance, on (¢, t2), we may choose

My =M + Comax{1, M. || = M) 1.0, )

and by the above iteration procedure, we get

supu<M1+C1max{1 M.\~ M)ylhg, }

QI] n
We also note that the propagation on (0, T') is done in finite steps, since from the proof of Propo-
sition 3.5, t1 has a lower bound that depends only on the data in (Data 1). Combining all such
estimates yields the desired inequality (1.5) where the boundary inequality is a consequence of
Lemma 2.8.

3.6. Proof of (1.6)

Next, we set

1
ky :=h<2——>, n=0,1,2,...
2}’1

and define u, :=uy, and A, := Ay,.
Observe that from Chebyshev’s inequality we have

1
lunllapy, A, = nt1 — kn) | Apt1] 770,
thus
At < N —— |An|2q < VY2 (3.27)
which simplifies to
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)

[ Aps1] <y @20 A |4
where in the notion of Lemma 3.1, we have

C = yﬁo’ b = 22Po

Recalling that we have chosen ¢’ < po, hence % > 1, we can apply Lemma 3.1 provided

(3.2) holds, i.e.

_ P _4
yPl Aol n<1
Py _ _
where 1 ¢’ . 2200 To satisfy this condition, we set 1 = o max{M, 1} for some o > 1, replace
kn+1 by h,and k, by M (or 1 if M < 1) in (3.27) to obtain

M

1
Ap| %P0 <
Aol ™0 = Vy o —

1 1 1 NI
{u > MY|20 <y — Hu> M}|*0 < —ﬁlltllz"’ |€2]2".
o — g —

Consequently, by choosing

[ S U B
o=1+y|t|2 |2 n*o ho—d

we obtain

supu < (1 4+ Cop) max{M, 1},
Q,

where Co =0 — 1.

By propagating this on finitely many subintervals of (0, 7') as done in Section 3.5, we derive
the desired inequality (1.6) in Theorem 1 where the boundary inequality is a consequence of
Lemma 2.8.

3.7. Iteration under Data 2

The general framework for the proof under (Data 2) is the same as before, with the difference
that in this case, we can use Proposition 2.4 to achieve sharp exponents. Here, we outline the
proof idea.

Recall for any 0 < t; < T we define u; and Ay as in (3.3) and (3.4). Since b, f! =0, by
setting ®(-) = (- — k) in (2.5) (by approximating (r — k) by convex non-decreasing C'! (R)
functions, e.g. [16, Lemma 7.6], and using the convexity), we get for all v € Ccl(Qr) withv >0
that

// (—ukD,v + ur(Bx, Dv) +aiijukD,-v) dxdr
Q,

< // (c' iy + duxpus iy + i) dadr. (3.28)
o
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It follows from the Riesz representation theorem that there exists a non-negative Radon mea-
sure w such that

Hour = DiF{ + G — i, (3:29)

where foreachi =1,...,mq, F' = Djux —a" Djuy, and G = ¢' Dju + du Xk} + & X{u>k}-

Similar to the case of (Data 1), there is no known Sobolev embedding theorems from the
function space VEiH(QT) itself, thus we need to show the finiteness of |[uk /|, 4, - However, the
presence of du x,~) in (3.28) introduces a challenge since there is not enough integrability on
u. More precisely, we aim to apply the Holder inequality to the term du x,~k}, and we intend
to distribute L9 norm onto d. However, there is no any a priori higher integrability of u X{u>k)s
except for L2. This difficulty is also noted in [3, Sec. 3.1], where the authors constructed an “ad
hoc” Sobolev embedding for solutions by choosing a smaller exponent on d and continuing with
the Moser iteration. Here, we use a similar approach, but to maintain consistency with the De
Giorgi iteration, we apply a bootstrapping argument to achieve higher integrability.

Lemma 3.8 (Sobolev embedding). Let (Data 2) holds, and 0 < t; < T be any given time. If u is
a subsolution to (1.1), and uy be its undercut defined as in (3.3), then ||uy ”2po~4k < 0Q.

Proof. Recall from (Data 2) that d € L4 (27) for some g > go, where g is defined in (1.4). We
define pg =2, and for/ =1,2,..., t, where 7 is a number to be determined,

P p1-14'(Q +2)
(o1 +g)(Q+2)—2p-1G""

where go < ¢’ < g to be determined later. It’s easy to verify that p; is increasing, hence p; > 2
forall/=1,...,t,and

Pl _ 1 > 1 '
Pi—1 1 _ 1 1 _ 1
,0171<(;/ q0)+1 2<q, q0)+1

Therefore, there exists an integer t such that p; > 2pg and p;—1 < 2pg. For a fixed integer
T, we observe that p; is a continuous function of ¢’ (being a finite composition of continuous
functions), and is increasing in §’, since the ratios p;/0;_1 for all [ are monotone increasing in g’
with the fixed initial py = 2. On the other hand, it is easy to see p; — pg as ¢’ — qg. Therefore,
we start by fixing t by setting ¢’ = ¢, and then decrease g’ slightly to achieve p; = 2 py.

We now show that we can bootstrap to achieve integrability up to p;. Recall (3.29), it follows
from Proposition 2.4 that

il vt < S1I(L=a) Dl + S0 Ditel g + il e + 118 lle ). (3.30)

where wy, p/" > 1 such that
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Noting 2 < p; <2pg forall 1 <[ <t — 1, it follows that

2
w; <2, and p] < qy ::ZQ—+<2.

Hence, using the monotonicity of L” norm on bounded domains and (3.30) yields, for a constant
C depends on ¢y, ¢1 and |27 | that

lukllpy. a4, = CUI = a)Djurlly, 4, + llc" Diukllg, 4, + ldullpr 4, + g l2.4,)-

Now, it is easy to estimate, again using Holder’s inequality with carefully chosen exponents,

i Diukllg,, A, < 'l ga,.4, 1 Divticll2, 4, »
1
Idull e a, < Idlig alully_; 4 < Idllg a, Ukl p_, A, + kA=),

Combining (H1) and the above, we get,

1
Nkl 4, < CUDiugllo, 4, + Nully, 4, + KAl 7-1 + IIgII%,Ak),

where C now additionally depends on A, ||c|| o0+2,0, and dllz o, -
Finally, when [ = 0, [|uk/|l,, 4, is finite, and then we can bootstrap on |[uk|l,, 4, to conclude

lukcllapg, 4 <00 O

Remark 3.9. This is not yet a Moser iteration since we cannot continue the bootstrapping for
o1 > 2pg. To proceed with the Moser iteration, we need to return to the renormalization formula
(2.5) and choose ® such that it approximates |-|7, see e.g. [19].

The following Caccioppoli estimate is obtained from the renormalization Lemma 2.6, together
with the truncations (3.5) and (3.6).

Lemma 3.10. Let (Data 2) hold, and let 0 < t| < T be any time. If u is a subsolution to (1.1),
and uy, is defined as in (3.3), then

[z 55 [ (1l + lde + gl gz (331
A A

Next, we derive an inequality of the form (3.26) which is the key iteration inequality. Recall
(3.29), using Proposition 2.4 we obtain

2 ij 2 i 2 2 2
N2y, 4, < S11QU—a)Djuill3 4, + solllc’ Diurl?, y, + Idull2, 4 + 1812, 4)-

where g1 = 2(Q + 2)/(Q + 4). In the following, the calculations are carried out using Holder’s
and Young’s with carefully chosen exponents. The idea of applying Holder’s inequality is similar
to the proof of Proposition 3.5, and our goal is to produce ||uk||% oA and ||Diuk||%’ A, Oon the
right-hand side.
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Note that
i 2 i 12 2
e Diugl2, 4, <113 004, | Diteel_g, -
Combining (3.31) and the above it follows that
etk 13, 4, < viClc uglls, g + Idunglly g, + lguily a, + Idully, a4, +1gl2 4)
kll2pg, A = V1 kli2, 4 ki1, A SUKII1, Ay q1. Ak 8y, A0

where y1 = y1(A, I€'11542.9, S0, S1)-
Next, we estimate

P2 i)2 2 :
IIc ukHZ,Ak <lc ||Q+2,Ak“uk“2pow4k’

For some ¢’ < pg, similar to the calculation of (3.17), we have

1
2 2 2 2 2 2 2 7
Iy, g, < gl g+ NdkIG, g, < N lsn sl g+ K20y 1AL

1

2¢"~q’

1
2 2 2 2 -
Iduuelly 4, = 2Ndully a, + 15701 a4, =20dl 022 g, Nuellsp, 4, + KN4 o, | Akl

q
-1

We continue to estimate the terms containing g:

1
2 2 7
1803, 4, <18l 1A

2q"—q; """

1 1
2 7 2
lguells,a, < 18150 g, AL + 3 k13, 4,

where ¢” > 1 satisfying 1/q” +1/2po) + 1/(2q") = 1. All in all, for #; sufficiently small (de-
pending only on (Data 2)) we have that

1
ek 13, 4, < VK1 ARI7 (3.32)

where y = y (A, A, Data 2). The De Giorgi iteration can be carried through by following the
proof strategy for (Data 1) in Sections 3.5 and 3.6, and (1.5) and (1.6) in Theorem 1 under
(Data 1) follows easily.

4. Proof of Theorem 2 and some remarks

Proof of Theorem 2. By the assumption in Theorem 2, the renormalization formula (2.5) can
be rewritten as

// ( — & (u) Dyv + @ (u)(Bx, Dv) +a" D;®(u)Div — (b' + ') (D; d(u))v
Qr
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+ a’-jD.,'uDiuCD”(u)v) dxdr < //d(u(b’(u)v) — b' D (u®' (u)v) dxdz
Qr

0

+/(Bx,nx)d>(ur)vdet+ /q)(u)vdx
'k Q T

Formally, by choosing ®(r) = (r — k)4 where k > M (by approximating (r — k)4 by con-
vex non-decreasing C"1(R) functions, e.g. [16, Lemma 7.6], and using the convexity), we have
u®’ (u)v > 0. It follows that

/ (—ukD,v + ur (Bx, Dv) +aiijukDiv — (bi +ci)(Diuk)v) dz <0,
Qr

where uy := (u — k). This is of the form of (3.28), and we can follow the same procedure as in
the proof of Theorem 1 under the assumptions of (Data 2). By inspecting the steps in Section 3.7,
we see that all terms responsible for producing a dependence on | Ay |, such as duuy, guy, du, g,
are no longer present. As a result, the right-hand side of (3.32) becomes zero, which concludes
the proof. O

We remark that the Moser iteration can also be carried out by carefully adjusting the renor-
malization function ® to approximate |-|7, as done for kinetic Fokker-Planck equations in [19,
Lemma 10]. Moreover, the local boundedness result can also be established by testing with suit-
able cutoff functions, as discussed in [19, Prop. 11].

Recall (H2). Indeed, this assumption is rather strong, since the sufficient condition for Kol-
mogorov equations of the form (1.1) to be hypoelliptic is to assume

B, x -+ x x
B=|0O B -+ % %
O O .-+ B, =«

where * denotes arbitrary elements. In this case, the function space is different and the structure
of the fundamental solution to (2.1) is more complicated. One of the main difficulties is that
Young’s inequality, [7, Lemma 1.4], is unknown because the Lie group structure is no longer
homogeneous, so [8, Prop. 1.3.21] no longer applies. The same difficulty also appears for the
stationary equation —(Bx, Du) = Zu + g + D; f'. Tt would be an interesting question whether
the techniques in this paper can be extended to this generalized setting.

Furthermore, it is an intriguing question whether we can replace . in (1.1) with nonlinear
operators, such as the p-Laplace, and whether the theory continues to hold as demonstrated in
[11]. In the case of non-linear second-order term with linear growth, the local boundedness result
and regularity has been treated in [15].
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