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1 | INTRODUCTION

The limsup set E(A,) of a sequence (A4,,)7° | of subsets of some space X consists of those points of
X which belongs to infinitely many of the sets A4,,, that is,

[se] o0
E(A,)) :=limsup A, = A
( n) n—>oop n m U k

n=1k=n
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A random covering set is a limsup set where the selection of the sets A,, involves some random-
ness. In this paper, we consider the case where the random sets A,, are balls with centres chosen
independently at random according to an arbitrary Borel probability measure on R¢ and with
radii given by a deterministic sequence tending to zero. The study of random covering sets may
be traced back to a paper of Borel [3] in the late 1890’s, where he stated that a given point of
a circle belongs almost surely to infinitely many independently placed arcs provided the sum
of their lengths is infinite. That article is the origin of a theorem nowadays known as the sec-
ond Borel-Cantelli lemma. The dimensional properties of related limsup sets were implicitly
studied by Besicovitch [2] and Eggleston [7] in the connection of Besicovitch-Eggleston sets con-
cerning k-adic expansions of real numbers. This kind of limsup sets appear also in Diophantine
approximation as demonstrated by the classical theorems of Khintchine [22] and Jarnik [19].

In this paper, we concentrate on the Hausdorff dimension of random covering sets. For the
closely related topic of shrinking target problem, we refer to [4, 5, 15, 16, 23, 24, 27, 35]. To our
knowledge, the first result concerning the Hausdorff dimension of random covering sets is due to
Jaffard. In [18, Theorem 2], he proved a ubiquity theorem from which it readily follows that the
Hausdorff dimension of the set of points on the d-dimensional torus covered by infinitely many
balls with radii r = (r,,)> | whose centres are placed independently according to the Lebesgue
measure equals almost surely the critical exponent of convergence s,(r) (defined in Equation (2.1))
provided this number is at most d. This result was later reproved by Fan and Wu in [13] and
by Durand in [6] using different methods. Observe that, in the special case r, = n™%, one easily
checks that s,(r) = é Various versions of ubiquity theorems, also known as mass transference
principles (see [1, 5, 11, 18, 26]), have turned out to be useful tools in the study of random covering
sets. In [20], an almost sure dimension formula for uniformly independently placed rectangles
on the d-dimensional torus was derived under a monotonicity assumption on side lengths of the
rectangles. The formula is as in Equation (2.1) with r,, replaced by the singular value function of
a rectangle. Persson [31] proved an almost sure lower bound for uniformly independently placed
open sets. For rectangles, this lower bound equals the value obtained in [20], proving that the
monotonicity assumption made in that paper is not needed, since the upper bound proved in [20]
is (trivially) valid for all realisations. Finally, in [14] Feng et al. derived an almost sure dimension
formulain the case of independent random general Lebesgue measurable sets chosen according to
a compactly supported Borel probability measure on a Riemannian manifold having an absolutely
continuous component with respect to the Riemannian volume.

There are natural ways to continue the study of random covering sets: one may replace the
underlying space, which is a Riemannian manifold in [14], by a metric space, one may study uni-
form coverings, one may investigate random covering sets generated by a dependent sequence
of random sets or one may consider purely singular generating probability measures. The first
line has been pursued in [8, 9, 11, 17, 21, 30]. For uniform coverings, see [25]. Fan et al. [12] and
Liao and Seuret [28] studied the dependent case for balls with radii (n=¢ e, in the setting, where
the centres are distributed along an orbit of an expanding Markov map on the unit circle and the
initial point of the orbit is chosen according to a Gibbs measure. Persson and Rams [33] investi-
gated the similar setting for piecewise expanding maps on the unit interval. In these cases, the
dimension formula depends on a and the multifractal spectrum of the Gibbs measure. Hu and
Li [17] considered the setting with balls in metric spaces with a general sequence of radii r and
centres chosen according to an exponentially mixing measure whose one-dimensional marginals
are Ahlfors regular. In that case, the dimension is given by the critical exponent s,(r). The inde-
pendent case with a purely singular generating probability measure was studied by Seuret [34] for
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balls with radii (n™*);? | and centres chosen independently according to a Gibbs measure on the
symbolic space giving a result analogous to that of [12, 28].

In [10], Ekstrom and Persson studied the model with balls having radii (n™*)° | and centres
placed independently at random according to a general Borel probability measure on R%. They
proved that the Hausdorff dimension of the random covering set is almost surely bounded from
below by i — & provided the upper Hausdorff dimension of the measure is larger than i Here,
d is the essential infimum of the differences of the upper and lower local dimensions in a certain
range, see Equation (2.4). For a general a, they gave almost sure lower and upper bounds for
the dimension depending on the fine and coarse multifractal spectra of the measure and stated a
conjecture that the almost sure dimension is equal to the value of the increasing 1-Lipschitz hull

of the fine multifractal spectrum at the point é In particular, if the upper Hausdorff dimension
of the measure is larger than é it is easy to see that this value is equal to i

In this paper, we prove that the Ekstrom-Persson conjecture is true in the range where é is at
most the upper Hausdorff dimension of the measure, that is, for almost all w,

dimyE(B(w,, n~%)) = é

provided é < ﬁHu (see Theorem 2.3). We also derive a lower (and an upper) bound for the
almost sure dimension which improves the one in Equation (2.3) and is valid for all sequences of
radii, that is, for almost all w,

5,(r)8 < dimyE(B(w,,1,)) < 5,(r)

provided s,(r) < di_mH,u, where § is the essential supremum of the ratio of the lower and upper
local dimensions over a certain range (see (Theorem 2.5). We construct an example showing that
the bounds in Theorem 2.5 are sharp and that the natural extension of the Ekstrom-Persson con-
jecture is not true for general sequences of radii (Example 7.2). Example 7.1 demonstrates that the
dimension may be independent of the difference between the lower and upper local dimensions.
Finally, combining Examples 7.1 and 7.2, we conclude that there is no dimension formula for gen-
eral sequences of radii r which depends only on s,(r) and the lower and upper local dimensions
of the generating measure.

The paper is organised as follows. In Section 2, we introduce some notation and state our main
results. In Section 3, we state some preliminary lemmas needed in later sections. Section 4 is
devoted to the proof of our main technical tool (Theorem 2.8) from which our main theorems
(Theorems 2.3 and 2.5) follow. In Section 5, we prove Theorem 2.3 and, in Section 6, we prove
Theorem 2.5. Finally, in Section 7, we construct examples (Examples 7.1 and 7.2) showing the
sharpness of our results.

2 | NOTATION AND RESULTS

We denote by P(R%) the space of Borel probability measures on R¢ and denote by sptu the support
of a measure u € P(R?). We write B(x, r) for the open ball with centre x € R? and radius r > 0.
We will use the notation r = (ry )2, for sequences of positive numbers.
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Remark 2.1.

(a) We note that our results remain unchanged if all the open balls are replaced by closed balls.

(b) In some articles mentioned in the Introduction, the generating measure is assumed to be
compactly supported. We will also utilise tools stated only for compactly supported measures.
However, our results are valid for all Borel probability measures yu, since the Hausdorff dimen-
sion of any set E may be approximated by the Hausdorff dimensions of sets E n B(0, R) with
R tending to infinity and we may write u = u|p(o gy + lpa\p(o,r), Where | 4 is the restriction
of u to a set A. For a precise statement, see [10, Lemma 9.3] (also stated as Lemma 3.5). Note
that the upper bounds in Theorems 2.3 and 2.5 are trivial.

For a measure u € P(R?), the lower and upper local dimensions of u at a point x are defined
by

- . logu(B(x,r)) — . log u(B(x,r))

dim  u(x) 1= 11rrrl)1(§1f — logr and dimy, u(x) := hr? _?Slp — logr

If these notions agree, we write dim,.u(x) for the common value. The lower and upper Hausdorff
dimensions of u are defined by

dimy ye 1= esginf dim,  u(x) and dimys := esssup dim, . u(x).

Again, if these notions agree, we denote the common value by dimy;u.

Definition 2.2. Let u € P(R%) and consider the probability space (Q, P), where Q := sptu" and
P:=uN. Letr = (ri)p, be a sequence of positive numbers. Given w € Q, the random covering
set generated by the sequence r is the limsup set

E,(@) := 1121 sup B(ay, ri) = [ | Blwn. ).
- k=1n=k

In the special caser;, = k™% forall k € Nand for some a > 0, we write E, () for the corresponding
limsup set, that is,

E (w) :=limsup B(w, k™).

k— o0

By Kolmogorov’s zero-one law, the quantity dimy; E, (w) is constant P-almost surely since {w €
Q | dimy El(co) < B} is a tail event for all 8 > 0 (see, eTg., [21, Lemma 3.1]). Let f,(r) denote this
almost sure value of dimy El(a)). We also write f, () for the almost sure value of dimy E,, (). For
a sequence r of positive numbers, set

and

logk
, S3(r) 1= limsup %8

:=liminf
(D) llgilorol —logry koo —lOgry

sz(z)::inf{s>0|2r;<oo}:sup{s>0|2rfl:oo}. 1

n=1 n=1
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We always have the inequalities

$1(1) < 5,(1r) < 53(1).
Furthermore, if r is decreasing, then s,(r) = s;(r). This follows from the well-known fact (due to
Abel)that 3 | a, < co implies lim,_, ,, na, = 0if(a, ), is decreasing. Since the centres w, are
independent identically distributed random variables, the quantity f,(r) remains unchanged if

the sequence r is reordered. Thus, we may always assume that r is decreasing. The quantity s,(r)
is an upper bound for dimy;E,(w) for any realisation w. This can easily be seen by observing that

[c9)

E(w) € U B(wy, i)

k=N

for every N € N. In the special case where r = (k™)™ |, we have that
1
5:(r) = 83(r) = p (2.2)

and, thus, i is always an upper bound for f,(a). The almost sure dimension f,(a) has been
studied by Ekstrom and Persson in [10, Theorem 2.1]. They proved the following result.

Theorem Ekstrém-Persson. Let 4 € P(R?) and a > 0. If é < EH,u, then

1
Jule) > i 3, (2.3)
where

0= ess’ 1#nf (ﬁloc,u(x) - di_mlocu(x)). 2.4)

dim, u(x)>1/c

Ekstrom and Persson also obtained lower and upper bounds for f,(a) when i > di_mH,u, and
they conjectured that the equality

= /1
fu@)=F, (&) (2.5)
always holds, where F, is the fine multifractal spectrum defined by
Fﬂ(s) := dimy{x € sptu | dim;  u(x) < s}
and 1?/1 denotes the increasing 1-Lipschitz hull of Fw that is,
l?ﬂ(s) := inf{h(s) | h > F,, is increasing and 1-Lipschitz continuous}.

Our first main result is the following theorem, which verifies Equation (2.5) in the case where
i < dimpu.
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Theorem 2.3. Let u € P(R%) and a > 0. Ifi < dimyy, then
1
f,u(a) - a
Since Eg(w) C E,(w) C sptu for § > a, we immediately obtain the following corollary.
Corollary 2.4. Let u € P(R?) be such that dimy;sptu = ﬁH,u. Then for every a > 0,
f (oc)—min{l dimy;spt, }
2 a’ HSptu (.
Our second main theorem provides bounds for f,(r) for general sequences r.

Theorem 2.5. Let u € P(R?) and letr := (ri)p, be a sequence of positive numbers tending to 0.
Ifs,(r) < dimyu, then

$,(1)8 < f,(r) < s,(1),

where
§:= esssup :lo—c '
X~ N
dimy p(x)>s5(r) dimyo.p(x)
Remark 2.6.

(a) One may apply the methods used in [10] to prove a counterpart of the lower bound (2.3) also
for a general sequence r. In order to do this, one has to replace é by s,(r) in some places and
by s5(r) in other places, and this leads to the lower bound

[ = 50 =4,
where

5= essinf (dimigou(x) - dim, u(x) ).

dim, u(x)>s5(r)

Recall that, for a general decreasing sequence r, the strict inequality s;(r) < s,(r) is possible,
whilst s,(r) = s;(r) for all decreasing sequences.

b) The lower bound sz(z)g obtained in Theorem 2.5 is always positive and larger than the quan-
tity s,(r) — 8. Indeed, fix u € P(R?) and a sequence r such that s, := s,(r) < di_mH u. By the
definition of &, we have for u-almost every x satisfying the property dim, u(x) > s, that

< s di—mlocﬂ(x) _ o)

5,8 > 5 (dimioep(x) — dim, u(x) )

— =8
dimyo.u(x) dimy,cp(x)

>s,— (ﬁlocu(x) - di_mlocM(X)>,
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where the last inequality follows from the fact that s, < dim  u(x) < ﬁlocu(x). Since the
above inequality holds true for u-almost every x such that dim; _u(x) > s,, we have (by the

definition of &) that 5,8 > s, — 4.
(c) In [32, Theorem 2.8], Persson obtained an alternative lower bound for f, (a). More precisely,

he showed that if é < s(u), then

1 dimyu
a s’

fu(a) >
where
s(u) = lim sup{t | G,(6) > ¢ —¢}
and Gﬂ(t) denotes the upper coarse spectrum of y. By Theorem 2.3, this is not always opti-

mal. It is an interesting open question whether a similar result could be proved for general
sequences, that is, whether

dimyu

s(w)

Fu®) = 5,(r) (2.6)

holds for all r with s,(r) < s(u). If this indeed were the case, it would be interesting to compare
it to the lower bound in Theorem 2.5. Recall that G,(¢) is defined by the formula

N(t N(t —
G (t) = hmhmsup log(N(t +&,n) — NG —«, r))
F—0 —logr

where N(t,r) is the number of r-adic cubes Q with u(Q) > r'. Fix a sequence r and numbers s
and u with 5,(r) < s < u < 1. Let u; be the measure constructed in Example 7.1 supported on
[0,1]. Since y, is homogeneous in space, essentially all r-adic cubes with positive u,-measure
have almost equal measure. Further, for all t € [s, u], there are infinitely many r with u,(Q)
comparable to r! for essentially all r-adic cubes Q with nonzero measure, which implies that
N(t +¢,7r) — N(t — ¢,r) is comparable to r~*. Thus, G, (t) =t for all ¢ € [s,u]. Let u, be the
natural probability measure on the standard Cantor set with dimension s included in [2,3],
thatis, u, islike u; withu = s.Setu : = —(;11 + ). Then, G, (¢) = tforallt € [s,u], dlmH,u =

s, s(u) > u and & = 1. Therefore, Theorem 2.5 gives better lower bound than Equation (2.6)
for u. We do not know if there exists a measure for which the lower bound in Equation (2.6)
is larger than the one in Theorem 2.5.

By noting that § = 1 in Theorem 2.5, if dim,,.u(x) exists and is larger than 5,(r) in a set of
positive measure, we obtain the following corollary.

Corollary 2.7. Suppose that u € P(RY) is such that the local dimension dim,, u(x) exists in a set of
positive u-measure. Then, for any sequence r satisfying s,(r) < esssup,.., dim;,.u(x), we have that

Fu(®) = 5,().
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In the proof of our main technical result (Theorem 2.8), we will make use of potential theoretic
arguments. The t-potential of a measure u € P(R?) at a point x is defined by

#,00 = [ 1x= I duey)

and the t-energy of u is

1 i= [ #duc = [ [ 1x=y1 duts) duco

The mutual t-energy of two measures u, v € P(R?) is defined by
T(wv) = / / I = yI7 du(y) dv().

We also define the t-capacity of a set A C R by

Cap,(A) :=sup{l,(w)~" | u € P(RY), sptu C A}.
It is well known that if Cap,;(A) > 0, then dimyA > ¢ (see, e.g., [29, Chapter 8]). A measure u €
P(RY) is (C, s)-Frostman if u(B(x,r)) < Cr® for every x € R? and r > 0. If there is no need to
emphasise the constant C, we will just say that u is s-Frostman. It is well known that I,(u) < oo

forall t < s provided u is s-Frostman (see [29, p. 109]). Given u € P(R%) and A C RY, we write u,
for the normalised restriction of i to A, that is,

pa(B) = u(A) "y (B) = u(A)"'u(An B)

for B C RY with the interpretation that u , is the zero measure whenever My, 8.
The proofs of Theorems 2.3 and 2.5 are based on the following theorem, proved in Section 4.

Theorem 2.8. Let u € P(R?) be s-Frostman. Let (ri)pe, be a decreasing sequence of positive num-
bers tending to zero. Let 0 < t < s. Suppose that there exists a bounded sequence of positive numbers

(bk)I;”=1 such that
u({x € sptu | Z)(A;{(x)bk = oo}) =1, (2.7)
k=1

where A] 1= {x € sptu | I {(MB(xr) < b;l} and g is the characteristic function of a set B. Then

fuo >t

3 | PRELIMINARY LEMMAS

In this section, we state and prove some lemmas needed in the proof of Theorem 2.8.
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Lemma 3.1. Let u € P(R%) and let ¢ > 0 be a Borel function. Then

/ pdu = /0 iz | o) > ) dt.

Proof. See [29, Theorem 1.15]. In that theorem, it is assumed that ¢(z) > ¢, but the same proof
works also in the case ¢(z) > t. O

Lemma 3.2. Assume that u € P(R?)is (C,s)-Frostman. Let0 < t < s, z, € sptuandr, > 0. Then,
the following inequalities are valid. For every y € RY,

t

Css 1-L Cs _
t < s g —— S—t d
¢#|B(Zo’r0)(Y) - ro)) ;o an
C N
It(:uB(zo,ro)) _N(B(Z(), ro)) 5,

Proof. The second inequality on the first line is trivial, since u is (C, s)-Frostman. To prove the
first inequality, write B, := B(z, 1) and let

Po :=sup{f0 < p <1y | Cp® < u(By)}

1
Since 0 < u(B,) < Cr; and the map p - Cp® is continuous, p, € ]0,7,] and p, = (Ctu(By)s-
Fixy € RY. By Lemma 3.1 and a change of variables,

¢L|B )= /B lx —y| ™" du(x) = /0 ux €By | |x =y~ > yDdy
= / " By n By ) dy = / " 4By N B(y, a)a da
0 0

Po —t
< t</ Ca*'""'da +/ u(By)a~ (Hl)da) < t( po 'y (BO)P—>
0 Po

Ct

5= 1\t
Cr e ) T+ ((cuimy)’ )

t

Ct L 1__ 1__
(STCA +CF Byt = 2 upy)

which proves the first inequality. The last inequality follows by multiplying this pointwise
estimate by u(B,)~! and integrating with respect to the probability measure Mg, - O

Lemma 3.3. Let (§,)%, be a sequence of independent random variables. Then
liminf £, < liminf E(§,)
n—oo n—oo

almost surely.
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Proof. [8, Lemma 3.6]. [l

Lemma 3.4. Let X C R? be compact and let v € P(X). Suppose that (Ap)y>, is a sequence of Borel
subsets of X with lim v(A,) = 1. Then, lim,_, v 4, = V in the weak- topology and

n—oco
r}g& L(vy,) =1,(v)
foreveryt > 0.
Proof. [14, Lemma 3.5]. Ll
We finish this section with a simplified version of a lemma proved in [10].

Lemma 3.5. Let u < v be Borel probability measures on a separable metric space X such that the
density 3—‘: is bounded. Then f,(r) < f,(r) for every sequence r.

Proof. [10, Lemma 9.3]. ]

4 | PROOF OF THEOREM 2.8
In the proof of Theorem 2.8, we will make use of the following deterministic result.

Lemma 4.1. Let v be a finite Borel measure on a compact metric space X and let (¢,)° | be a
sequence of nonnegative continuous functions on X with the property that lim,,_, ., ¢, dv = v in the
weak-% topology and liminf,,_,  I;(¢,p dv) < I,(p dv) whenever p is a product of finitely many of
the functions {¢, },cn- Then for every t > 0,

»(X)?
I,(v) .

Cap, <sptv N lim sup(sptfpn)> >
n—oo

Proof. [8, Lemma 1.4]. O
We are now ready to prove Theorem 2.8.

Proof of Theorem 2.8. In the proof, we are going to use Lemmas 3.4 and 4.1, which involve com-
pactly supported measures. If the support of u is not compact, we may consider 7 := pp gy for
an arbitrary R > 0 such that u(B(0, R)) > 0. Then, 7 is a compactly supported Borel probability
measure which is (C, s)-Frostman with some constant C different from the one of u. Note that the
value of C plays no role in the statement of Theorem 2.8. We may choose R such that the bound-
ary of B(0, R) has zero u-measure. Thus, for 7-almost all x € spt, we have that 9p , ) = Hp(x,r,)
for all large enough k € N. Therefore, 7 satisfies the assumptions of Theorem 2.8. Since 7 is abso-
lutely continuous with respect to 4 with bounded density, Lemma 3.5 implies that the lower bound
obtained for f, (r) is also a lower bound for f,(r). Thus, we may assume that sptu is compact.
Fix 0 < t < s and a sequence (bk)z"z1 such that Equation (2.7) holds. Our aim is to show that
fu(r) > t.Since t > 0 s fixed, we will denote the sets A;{ from the statement simply by A, . By our
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assumption,

Z bixa, (x) =
k=1

for u-almost every x. Hence, we can choose sequences (M,,);° ; and (N,,)>° , of natural numbers

such that M,, < N, < M, foreveryn € N,

—n

ry, < and u(F,) >1-27",

where

Nn
F, := {x € sptu | Z Xa, ()b > 2"
k=M,

Clearly, F,, is a Borel set. We now establish some notation. Set
z, i={i= (i, s iy,) € {0, 1~ Matly,

Fori = (iMn’ cee gy an) (S En, let

Ny Ny Ny
J:Mn J:Mn JZMV!
;=1 i;=0 ij=1

SetX :={i€X,|c,;>2"} Note that

Ny

U A = U An,i
=M

k=M, iex,

with the right-hand side union disjoint, and

Fn = U An,i'

s !
i€z,

We will now consider the Borel probability measures

iex), J

NV[
My 2= u(F)7! Z KA )ay i Z bjh lajnay;”
=M, ’

where

-1

Nn
a,; = < Z bj,u(Aj nAn,i)>
J

=M,

4.1)

(4.2)

4.3)

(4.4)
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provided that u(A, ;) > 0. Observe that
Ny Ny
Y, by 0 A = [ Dby (UG = i),
Jj=M, A"’i Jj=M,
hence
api= (Cn,ilu(An,i))_1 4.5)
for u(A,,;) > 0. Thus, for any Borel set B C R<, we have that

N,

pa(B) = u(F,) ™" Y u(Ay)an; Y bju(A; N A, ;N B)
iEZ{,l szn

NVl
—uE) T T WA [ D by (ko)
iex), AninB j=M,

= :u(Fn)_l Z /"(An,i)an,i cn,i :u(An,i N B)

5 4
iex,

= u(F)™ Y u(A,; N B) = u(F,) "' w(F, N B).

iex),
Hence

Hn = lan' (46)

Since lim,,_, ., u(F,) = 1, Lemma 3.4 implies that y,, % wand I, (u,) — I,(u) (recall that u

is s-Frostman, hence I,(u) < o0).
For all n € N, define a Borel function E,, : RY 5> R by

Nn )(B(xr-)(z)
E,(x) = u(F,)™" Anan; ). b; ————— du(2). .
o) =) 3 s 3, b / o By 4 (@)

Using the fact yp, ,)(2) = Xp(,(X) and Fubini’s theorem, we conclude that

[ Erduco =1,

hence Markov’s inequality yields
ux € sptu | E,(x) > n*}) <n™2
Fix N € N large enough so that u(G) > 0, where

G := [ |{x €sptu | E,(x) < n*}. (4.8)
n=N
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Clearly, G is a Borel set. Such an N exists since

KRING) < Y N2
n=N
By the Lebesgue’s density theorem,

lim u(GNB(x,r)
o u(B(x,r)

for u-almost every x € G. Thus, we can choose a decreasing sequence (g,,);° | of positive numbers
tending to O such that

wH,) > (1- 2 )uG), (4.9)

where

H}’l ::{xeclw

1
>1—=forallO<r< . 4.10
u(Bx.1)) poo oSt E”} (410

For all n € N, we write
q, = min{n,max{k EN|g > "M,,}}-
Then

lim g, = coandr, <¢, forallk € {M,,...,N,} (4.11)

n—oo

Our goal is to construct, for almost every w € Q, a measure supported on E,(w) having finite

t-energy. To this end, for each w € Q and k € N, write Bl": := B(wy, i) and let U]f C B‘k" be the
u(GNBY)

smallest closed ball centred at w;, such that u(G N UY) > - Since B}’ is open, dist(Uy’, R4\
Bi’) > 0. Let r(w; ) be the radius of U]‘:. Note that lims_,, u(G N B(y, p — 8)) = u(G N B(y, p)) for
ally € R% and p > 0. Fixy € R%, ¢ > 0 and k € N. Let lim;_, , y; = ¥ and denote by B(z, p) the
closed ball centred at z with radius p. There exists § > 0 such that, for all large i € N, we have by
the definition of r(y) that

H(G N By, r = 9))
2

u(G NB(y,;,r(y) — 26)) < u(G N By, r(y) — ) <
_ KGN BOLTY)
< 2 .
Thus, r(y;) > r(y) — 2¢ for all large i € N, which implies that r is lower semicontinuous. There-

fore, (w, x) — Xpe (x) and (w, x) — Xue (x) = )(g(wk,r(wk))(x) are Borel maps and we may choose a

continuous function 1,51": such that

Xue S /S B (4.12)
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and (w,x) — J)I‘:(x) is a Borel map. For example, we may interpolate linearly between the
boundaries of U}’ and By. Finally, for all k € Nand w € Q such that (G n B}) > 0, let

,&w
T . — 413
W= T (4.13)
where ¢ <2 is such that ¢’dy is a Borel probability measure. Note that w ¢ is a
Borel function.
We will now consider the Borel measures ¢ d,u|G, where
Nn
oL 1= u(F,)™ 2 M(A, 1), Z bi X apna,znm,, (@O - (4.14)
ier,l k=M,
We require the following lemma. O
Sublemma 4.2. Let
N}’l
= wEDT Y A D by Xy, (@08,
iEE:,l k=M,

w-%
where 8, is the Dirac measure at wy. Then, 5, — = M almost surely.

Proof. Let h € C(R?) with compact support. Since lim,,_, ., 4(F,,) = 1 by Equation (4.1) and H, g, N
F, c GbyEquation(4.10), we have thatlim,,_, ., u(H g, NF ) = u(G) by Equations (4.9) and (4.11).
Recalling that y1,, = M, (see Equation (4.6)) and writing v(h) := f h dv for a Borel measure v, we
obtain

Ny

) = B Y wanans 3 by [ h(e) duceo,)
iez;l k=Mn AkﬂAn’iﬂan
— _ -1 _ -1
= '/I_an d,un - lu(Fn) /I-an hdluan = M(Fn) /hd,LqunnFn
e Higth):

Set b := supycy by. Recalling Equation (4.2), disjointedness of the sets A, ;, Equation (4.5), the
definition of X/, Equations (4.3) and (4.6), we estimate the variance

Var(u(h))

N,

=Var|u@E) " Y b Y HA DX, @OR@,)
k=M,  iez)
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Nn
= u(F,)7 Y, bpVar| 3 (A, 0ayixanm, o, @@
k=M, iex),

Nn
< R uE,)™ Z bi E 2 WA )03 X A na,; (@)
i

iex)
2

= ||hlIZ,u(F,)~? Z by Z/ > M(An)@ni X ana,; (@) | dper)

jez!, Y Ani \iex],

= I CE,) 2 B Y | s o, 0 du)

jez),

= IRIZuE,) ™ Y, A ay Z b 1(A 0 Apg)

=4
N,
= IRIZuE) Y, kA e ang Z b i(Ag N Apg)
jez), k=M,
Nn
< ”h”cz,obz_n:u(Fn)_z 2 ﬂ(AnJ)anJ 2 bk /’{(Ak nAn,j)
jez;, k=M,

= ||RlI2,b27" u(F,) .

Thus,
Z Var(u®(h)) < co.

Given § > 0, we have by Chebyshev’s inequality that

> e{ Ik - u (] > 8} < 3 52 Var(ee(h)) < oo.
n=1

n=1

Hence, by Borel-Cantelli lemma,

limsup |py/(h) — p;,(R)] <

n—oo

almost surely and, thus, lim,_  u;(h) = w(h) almost surely. Since Co(R%) is separable,

7 =, M), almost surely. This completes the proof of Lemma 4.2. O
n—oo

w-*
Proof of Theorem 2.8 continued. Since u —— M, almost surely, lim; _,  r, = 0 and ;bl‘c" d,u|G
n—oo

is a probability measure for w, € H, (see Equation (4.13)), we have that ¢} du, . My,

n—oo
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almost surely. Let p € Co(R%) be nonnegative. In order to apply Lemma 4.1, we will estimate the
t-energies of the random measures ¢;p dy, .
Observe first that

E(1 (vpdu, ) =S+ (4.15)
where
Ny
Sl = 'L((Fn)_z Z bi Z ,u(An,i):u(An,j)an,ianJ
k=M,  ijex!
X [E(XAkﬁAn,i”an (wk))(AkmA,,Jann (@I <¢,C:P d’“lc)) and
NVZ
Sy i=puF)2 Y byby, D u(A, DA, a,;

LLm=M, ijez),
I#m

X [E(XA,nAn,iann (wl)XAmnA,,dann (@) (IPEUP duy,» PP duy, ) )

We first estimate S;. By Equation (4.13), we have for w, € A N H, that

2 5} 2 1\,
I, (¢CkoPdM|G) <Al | ——— d'“IG <4lpll% <1 _ _> bl
y(GnB;) qr

Thus, using the fact that the sets A, ; are disjoint, Equations (4.5), (4.4), and (4.2), we obtain

-2 N,
1 _
S, <4l <1_q—> WEDT? Y by Y HAH(AR

n k=M,  ijez,

X E( Xayria @)% agnn, @b )

-2 N,
1 _
= 4lpll%, <1 - q—) RED Y by Y (A a2 w(An Ayy)
n

k=M, iex)

—2 N,
1 _ _

= 4|lpl12, <1 - q_> u(F,) 2 Z M(An,i)cnjan,i z b u(ArNA,;)
n iex), k=M,

-2
1 P

<4l (1 - —) W(F) 27" —— 0.
q n—oo

n

To estimate S,, let § > 0 and let n € N be large enough so that

p(X)p(y) < p(wp(v) + 6 (4.16)
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2
whenever x, y,u,v € X are such that max{|x — u|, |y — v|} < M, Let § := 27" so that v, < %

(recall Equation (4.1)). We now write

E(XA,nAniann (@DX 04,500, (@m); (zpl‘“p duy g PP diy, ) )

= E|(I,m,1,j) + E,(I, m,1,j),

where

E (I, m,i,j) := / / XANA,;nH,, (wl))(AmnA,,Jann (@) (4.17)

0= |28
XJ (e duy,, e duy ) du(e) du(w,,) and
Ey(I,m,i,j) : / / XAnA,nH,, (W)xa,na, §NH, (C‘)m) (4.18)
|wj—w,, |<B

XJi (@ pdu,, e dpy ) du(ewp) dulew,,).

We begin by estimating E, (I, m, i,j) for [ # m (or more precisely, the contribution of the E;-
terms to S,). Observe that if |w; — w,,| > B, then

lx =yl > Q= Blw; —
forx € Bl“’ and y € B% . Thus, recalling Equations (4.13), (4.16), the facts that H 9, €G and ;bl‘c" d,u|G

is a probability measure and Equation (4.6), we obtain

u(F,) 2 by ) (A, KAL), ;0. 5E (1 m, i)
I,m=M,, ijez),
l#m

(1_5) M(F )_ Z bl Z /"(Anl):u(AnJ)anlanJ

ILm=M,, ijez),
I#m

// Xanan, @OXa,04,;0m, (@m)lo; = 2
|CU1 m|>ﬁ

X papp(am) +0) [ [ O050) i, (6 doy ) disea) dute)

<A =B uE,)? 2 Dby Y, H(A, (AL )a,;a,

I,m=M,, ijez),

x /G /G Kro @D, (@)l = Dl (@R (@0) + 6) dpe) s

=gy [ [l ol G + 9 du, (), @

< (L= B uE) U (o d py,) + 81,1 )). (4.19)
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Next, we estimate the E,-terms. To this end, for x € G, let
Nn
B() = w(F) ™ Y b Y A [ P20 duce)).
=M, ieZ;l AlnAn,iann

Note that E,,(x) is a Borel function. Recalling Equations (4.13), (4.10), (4.7), and (4.8) and the fact
XB(a,r)(X) = XB(x,r)(w)> W estimate, for x € Gand n > N,

fi0<2 (1= 2) wet 3a 3 O
E,(x)<2(1-—) wuEF,)” #A-a-/ du(w
' n ' =M, liEZ:q e AlnAnlnH IL{(BCO) :
1\ 1\ !
<2<1__> En(x)<2<1—_> n’. (4.20)
dn an

Observe that if o, — w,,| <8, x € B and y € By, then |x — y| < 2§, since ry; < B?%/2 and the
sequence (ry )2, is decreasing. Thus, by Equation (4.20) and Lemma 3.2,

u(F,)? 2 biby Y u(A, (A, ay;a, B (L m,i,5)

ILm=M,, ijez),
I#m

< el pu@,) 2 Dby Y, H(A, DALy,
I,m=M,, ijez,
I#m

X// Xana,ni, (@DXa na, o0, (@p)
jwr—apl<g i

* / /|x yI<28 I = Y179 b () dasy, (%) dpyy, () dp(eop) d ()

<lel, [ /| T B0 di () ki, )
x—y|<

<alll, (1——) / / I =y~ dp(x) du(y)
[x—y|<2p
< Cy llpllZ n*B . (4.21)

Recalling that § = 27", we obtain by combining the estimates from Equations (4.19), (4.21), and
(4.1) that

S, <A =27 wF) AU (pd ) + 81,(wy ) + C fllpllZ n* 27670,

Letting § — 0 (and thus also n — o) yields

lim sup [E(I[ <qo;l"p dy, )) <ILi(p d,ulc). (4.22)

n—oo
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Thus, by Lemma 3.3,
liminf 1, (¢2p dp, ) <Ii(pdgs)
almost surely. Since p € Cy(R?) was arbitrary, we obtain that
P(Qy) := P({liﬂigf[t (go;pi dulG) <I(p;du ) foralli € N}) =1,

where {0}, is a dense subset of the separable space Co(R%) with the property that p it+q€
{0;}ien for every j € N and for every nonnegative g € Q. Let w € Q,, &, > 0 and let p be any finite
product of the functions {¢}, . Then, there is i € N such that p; > p and ||p — p;l|, < &. Thus,

liminf I, (svifp du|G) <liminf 7, (cp;"pi dyy,, ) <I(p; duy,)
<Ilpdw,) + (25llplle + ) I (1;,)-
Since g, > 0 was arbitrary and I;(x ) < oo, we obtain that
liminf T, (g0 dp, ) < Lo diy,)

Since w € Q, was arbitrary, we have that the assumptions of Lemma 4.1 are satisfied almost
surely. By Equations (4.14) and (4.13), we have that sptep? C UI;:M B(wy, ry), implying that
E,(w) D limsup,,_,,(spte;). Hence, by Lemma 4.1,

u(G)?

>0
It(/"|G)

Cap, (E,@)) >

almost surely, which implies that dimy, (E,(cu)) > t almost surely. O

The following corollary of Theorem 2.8 will be convenient for us in the proofs of Theorems 2.3
and 2.5.

Corollary 4.3. Let u € P(R?) be s-Frostman. Let (ridpe, be a decreasing sequence of positive
numbers tending to zero. For u > 0, let

ﬁz :={x esptu | u(B(x,r) > ri'}. (4.23)

Iffor someu > 0and 0 < t < s it is true that

u <{x € sptu | Z)(g},:(x)rk% = oo}) =1, (4.24)
k=1

Proof. Suppose that u is (C, s)-Frostman. For x € A%, Lemma 3.2 yields

then f,(r) > t.

t t

Css -2

N

Css _t
Iz(:“B(x,rk)) < ml«f(B(X,rk)) s < T trk ,
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hence the assumptions of Theorem 2.8 are satisfied with

N w
b, = Css V?
k s—t k-

Thus, f,(r) > t. ]

5 | PROOF OF THEOREM 2.3

To prove Theorem 2.3, we need the following lemma.

Lemma 5.1. Let u € P(RY), a > 0 and let s > dimy u. Write r, := k™ for all k € N. Then for
everye > 0andt < é we have that

0
M ({x € sptu | ZTLXA\?_E(X) = oo}) =1.
k=1

Proof. Since s > dimy u, we have that dim, | u(x) < s for u-almost every x € X. Fix such a point
x. For every ¢ > 0, define the set

ASTE(x) 1= {k € N | u(BCx, 1) > rite).
Since r;, = k™%, it is true that

IOg M(B(X, rk))

dim;, () = i inf === 2

Thus, the number of elements in A%*(x) is infinite for every ¢ > 0. Observe now that if k €
AS*¢(x)and [ < k is such that | & A5*%¢(x), then

K09 = ¥ < p(Bx, 1)) < p(BOx, 1) < r¥ = 172042,

Therefore, k > I” wherey :=1+ i > 1. Hence, we find arbitrarily large natural numbers k such
that {[k'/7], [k}/7] + 1, ..., k} € AS*?(x). Thus, for any t < é,

o k k
Z X s ()T}, = Z r 2 lilzn inf Z r; > lilzn inf Z r;
k=1 k keAs*T2(x) -® j=[ki/7 -® k

=3
ook
> liminf =k™*" = oo,
k- 2
since 1 — at > 0. Since € > 0 was arbitrary, the claim follows. O
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Proof of Theorem 2.3. Assume first that é <dimpu. Fix0<t< i Our aim is to show that

fu(a) > t. Write s 1= dimy u and choose ¢ > 0 small enough so that é < s—e¢and

p3re L (5.1)
S§—¢ (o4

By definition of s, we can choose C > 0 such that u(D) > 0, where
= {x € sptu | u(B(x,r)) < Cr' ¢ forall r > 0}.

Applying Lemma 3.5 with 4 = pj, and v = u, we conclude that it suffices to show that f,, (a) > ¢
Observe that there exists C’ > 0 such that

up(B(x, 1)) < C'r*~* (5.2)
for every x € R? and every r > 0. By Lebesgue’s density theorem, we have that
di—mloc'uD(x) = di—mlocu(x)

for up-almost every x € R? and, thus, dlmH Hp < 8. Using Equation (5.1) and Lemma 5.1 for uj,,
we conclude that

0 ¢ Ste

Z “ a0 =

for up-almost every x € R<. Applying Corollary 4.3 for uy, with u = s + ¢ and s replaced by s — ¢
(see Equation (5.2)) yields

Fup(@ >t

The claim is true also in the case é = mH/x since Eﬁ(co) C E, (w) for 1< i and fM(oc) <

B
U

Q|+

6 | PROOF OF THEOREM 2.5

Proof of Theorem 2.5. Let0 < ¢ < 5. By the definition of 5, there exists a Borel set H, C sptu such
that u(H,) > 0 and, for every x € H,

dim, u(x) =
=0 S § — cand dim, u(x) > 5,(0).

ﬁlocﬂ(x)

For every small enough y > 0, there exists a Borel set H; C H, with u(H;) > 0 such that
dim,  u(x) > s,(r) + y for every x € H,. Further, for some s > s,(r), we find a Borel set H, C H,
w1th u(H,) > 0 such that dim, | _u(x) € [s +y,s + 2y] for all x € H,. Then, for every x € H,, we
have that

dim, u(x) +2
S+y< di_mloc:u(x) dlmloc/"(x) 510C < Sg y
— & —&
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Finally, there exist r, > 0 and a Borel set H; C H, with positive y-measure such that

V+

u(B(x,r) < r*s

for every x € Hy and forallr € 10, r,]. Note that, forany x € R¢ and r > 0, either Hy N B(x,r) =
or Hy N B(x,r) C B(z,2r) for some z € H;. Since u is a probability measure,

~6+5)
u(B(x,r) <1=rCDp*s ¢ (%0) 2l

forallr > %0 Therefore, there exists a constant C = C(s, y, ry, 4(H3)) such that

14

iy, (BCx, 1)) < Cr*3

for every x € R? and r > 0.

We will now apply Corollary 4.3 to u, with u = S+4y

5 and s replaced by s + y . By Lebesgue’s

density theorem,
H(H; N B(x,1))
im——————= =
r=0  u(B(x,r))
for u-almost every x € Hj, hence iy, -almost every x belongs to 21\“ (see Equation (4.23)) for every

k large enough (depending on x). Now observe that if t < sz(r)(é — £)+—4, then

s+ 4y
(5—5)(s+ g)

< 8y(r).

Recalling Equation (2.1), we have that

) s+4y
Gaoeh _

2 X, =

k=1

for uy;, -almost every x € RY. By Corollary 4.3, fo, (r) t. Lemma 3.5 now yields f, (r) > ¢. From

this we deduce that f M(z) sz(r)(é

7 | SHARPNESS OF THE BOUNDS IN THEOREM 2.5

In this section, we provide examples which demonstrate that the bounds in Theorem 2.5 are sharp.
In particular, these examples show that there is no formula for f,(r) involving only the quantity
5,(r) and the local dimensions of the measure. For simplicity, we do our constructions in R but
similar examples can be constructed also in R<.

We start with an example showing that it is possible that f,(r) = s,(r) for every sequence r with

5,(r) < dimyu, no matter how small the quantity 5is. In particular, this example shows that for
some measures, the trivial upper bound in Theorem 2.5 is the correct value for the almost sure
dimension for all sequences of radii.
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Example 7.1. Let0<s<u<landlet0O<a,f < % be such that s = Toga = Tlogh"
Co :=[0,1]. Let (N});2 , be a rapidly growing sequence of integers and let C := N2, C, be the
Cantor set, where C,, is obtained from C,_; by removing the middle (1 — 2a)-interval from each
construction interval of C,,_; for N, < n < N, ; and by removing the middle (1 — 23)-interval
from each construction interval of C,,_; for N,,,; < n < Ny ,,. Let u be the natural Borel proba-
bility measure on C giving equal weight to all construction intervals at same level. We then have

that
" SuBx,rn)sr (7.1)

for all x € C and 0 < r < 1, where the notation g(r) < h(r) means that there exists a constant
¢ such that g(r) < ch(r). If the sequence (N, k)l‘f’zl grows fast enough, then dim, _u(x) = s and

dimyy.u(x) = u forall x € C.

Our aim is to show that f, (r) = s,(r) for any sequence r with s,(r) < s. To this end, let x, € C
and 0 < r, < 1. Let I, be the largest construction interval contained in C N B(x,, r). Let 1, be the
level of I,. Then, u(I,) ~ u(B(xy,ry)), [Iy| = ry and

It(#B(xo,ro)) S (,“10) (7.2)

forallt > 0. Here, g ® h meansthat g Shandh < g.Let0 <t <sandfixx € I,. Let N > n, be
large and for j € {n,,...,N — 1}, set

Di(x) i={y € C | C;(») = C;(x) and €}, () N C;, (x) = B},

where C;(y) denotes the unique construction interval of C; containing y. Note that D;(x) is a
construction interval of C;; and I, = Cy(x) U Ulj\;t D;(x) with the union disjoint. Let y ; denote
the length of the intervals removed from C;_; in the construction to obtain C;. Since a < §, we
have that

dist(x, D;(x)) > 711 > (1 — 2B)a/ ™ |I| (7.3)

for j € {ny,...,N — 1}. Finally, let £, denote the length of the construction intervals of C,,. By
Lemma 3.2, Equations (7.3) and (7.1), we obtain

N-1
8, 0= [yt = [ oyt + B[y duo)
Iz I, Cn(x) Jj=ng 7 Djx
N-1 N-1
SICNGI™ + Y w0y, = £ + Y, 20 o)y
J=ng Jj=ngy
N-1
SO+ p)A = 2B) 7 || Y] 2o T gt (o=D)
J=ng
<o L = 2B S a'’
<O+ Su) = 28) 1| J;O )
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log2
—loga
and normalising, we obtain for some constant ¢; = c(a, 3, t) that

Sincet < § = ,itis true that ™ < 2. Hence, the series above converges. Integrating over I,

L(uy,) <o (u) ey + 1171 -

Letting N — oo yields T t(,ulo) < ¢ ll|™t. Recalling Equation (7.2), we obtain the estimate
L (MB(xyry) S ol ™ =~ ry'. If r is a sequence of positive numbers such that s,(r) < sand 0 < t <
$,(r), then there exists a constant ¢, such that I, (up(y , ) < czr;‘ for all x € C and k € N. Hence,
Theorem 2.8 implies that f,(r) > t. Letting ¢t — s,(r) through a countable sequence then yields
the claim f,(r) = s,(r).

In the next example, we construct a measure u such that the quantity & can be made arbi-
trarily small, and for any y € [, 1], there exists a sequence r of radii such that f #(5) =5,(Ny.In
particular, this example shows that the lower bound in Theorem 2.5 can be attained.

Example 7.2. Let 0 <s <u < 1. We will first construct a measure u € P([0,1]) such that
dim, u(x) = s and dim,.u(x) = u for every x € sptu. Fixsome ¢, € ]0, 1[ and define a sequence
(£1)5, of positive numbers by setting £, := £}, where

u(l—ys)

v = W

s Ls
For every k € N\ {0}, let L, := ¢} = ¢, . Note that £}, < L, <¢_, for every k € N'\ {0} and
(l)y2., tends to zero with super exponential speed. Set C;, := [0, ¢, ]. Construct C; by partitioning

C, into
4
el
Ly

intervals of length L,, and from each of these intervals, keep the leftmost segment of length ¢,
and discard the rest to obtain C,. If C), has been constructed and Cj, is a disjoint union of H’;zl N;
intervals of length ¢}, construct Cy . ; by dividing each interval of C; into N, := LL'iJ intervals

of length L, ; and from each of these intervals keeping the leftmost segment of lengtJfl €} 41- This
way we obtain a decreasing sequence (Ck)l‘j’zo of compact sets with the properties that each Cj isa

union of Hljzl Nj intervals of length ¢ and these intervals are at least (L — £ )-separated. Note

thatL, — &) > %" foralllargek € N.SetC := [, Cy. Let  be the natural uniformly distributed
Borel probability measure on C. Since (I})? , tends to zero fast, (N});? | tends to infinity fast.

Therefore, the facts N, = [%J and
k
1+vs(1—%) _

= /5

3
k=1 s _ 5

Lk k™~ k-1
imply that u(B(x,r)) < r® for all x € R and r > 0. Furthermore, for all x € C, we have that

u(B(x, %)) = u(B(x,£)) ~ £5 = L (7.4)
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fu(ﬁ) 4

dimgy po -

I »
+ >

dimg % So()

FIGURE 1 The almost sure dimension f,(r) depicted as a “function” of s,(r).

for all k € N, and u(B(x,r)) 2 r* for all 0 < r < 1. Thus, dim, _u(x) = s and ﬁloc/x(x) = u for
all x € C and, in particular, S = %, where & is the quantity defined in Theorem 2.5.

In the following, we will demonstrate that by choosing a suitable sequence r, the almost
sure dimension f,(r) can take any value in the interval [32(5)3, 5,(r)], that is, the possible pairs
(55(r), f,,(r)) fill the entire triangle depicted in Figure 1. Let y € [i, 1] and let s, € 10, 5]. We will
show that there exists a sequence r such that s,(r) = s, and f,(r) = s,y. Varying y and s, through
their allowed ranges fills the triangle in Figure 1.

Define a sequence (M; );?‘;1 of integers by setting

SO

for every j € N\ {0}. Set M|, := 0. Consider the sequence r, where 7}, := 7’ forallk =M;_, +
1,...,M;. Then, s,(r) = s, since

(6] o0 o0

to_ t o y(t—sp)
IAEDIEDINE D NI
n=1 j M j

fs/u
. J
intervals of C; are at least é—separated, we have for any x € C and M;_; < k < M; that

and this sum converges when ¢ > s,. Observe that since f}' < =L j and the construction

. 1
CnBx,2) cCnBx,r) C CNBx.£)) = C B, (2r)7). (7.5)

1
Thus, by denoting p;, := (2r,)”, we have that
Fu(@®) <55(0) = 5,(D)y = 57 (7.6)

Next, we will show that s,y < f,(r). To this end, let 0 <t < 5,y. Recall that s,y < s and that,
for some constant D > 0, u(B(x,r)) < Dr® for all x € C and r > 0. In Equation (7.5), we saw
1

that, for all x € C, the ball B(x,(2r,)7) contains exactly one construction interval I of C i and
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U(B(x, 1)) = %,u([). Therefore,

It(:uB(x,rk)) ST (,L{ 1 > .

B(x,(2r)7)

1 1
Since u(B(x, (2r,)7)) ~ lj = ((2r,)7 )%, Lemma 3.2 yields that

_t
Il <lu 1 > S rky'
B(x,(2ri)7)

Note that
o L
v —
2=
k=1
since ¢ < §yy. Thus, by Theorem 2.8, we have that
fu@® >t

Letting ¢t /' s,y through a countable sequence yields the desired lower bound.
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