REGULARITY OF OSCILLATORY INTEGRAL OPERATORS

ANDERS ISRAELSSON, TOBIAS MATTSSON, AND WOLFGANG STAUBACH

ABSTRACT. In this paper, we establish the global boundedness of oscillatory inte-
gral operators on Besov-Lipschitz and Triebel-Lizorkin spaces, with amplitudes in
general S/T(S (R™)-classes and non-degenerate phase functions in the class F*. Our
results hold for a wide range of parameters 0 < p <1, 0<Jd < 1,0 < p < o0,
0 < g < oo and k > 0. We also provide a sufficient condition for the boundedness
of operators with amplitudes in the forbidden class ST (R") in Triebel-Lizorkin

spaces.
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1. INTRODUCTION

This paper is devoted to the investigation of the global regularity of oscillatory
integral operators (here referred to as OIOs) of the form

1 . ~

T25(0) = e [ €l €) Fle)de,
(2m)" Jgn

with amplitudes in the general Hérmander class S}’ (R") (Deﬁnition, on Besov-

Lipschitz B, (R") and Triebel-Lizorkin F; (R”) spaces of order s € R with 0 <

p < oo and 0 < q < 00, (Definitions [2.14 and [2.15)). Throughout the paper, we are
assuming that the phase function o(z, £) is in the class F* for some k > 0 (Definition
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and is strongly non-degenerate, meaning that | det (85]_ o, € )) | has a uniform

lower bound (Definition . Here we note that we are not assuming any homo-
geneity in the & variable of the phase function ¢, as is the case for Fourier integral
operators where ¢(x, &) is assumed to be positively homogeneous of degree one in
&, Tt turns out that one needs to put further constraints on the phase functions
to deal with the issues related to the (possible) singularity at the origin, and the
L?-boundedness of the associated OIOs. However a very simple example to keep
in mind, is the phase function p(z,&) = - € + [¢]¥ which for 0 < k < oo is in FF
and is SND, to which all the results of this paper are applicable without any further
restrictions.

The motivation for the study of the OIOs that are investigated in this paper comes
from the theory of partial differential equations where phase functions ¢p(z,§) =
z-E+¢(€) frequently appear in the study of dispersive equations. Indeed ¢(&) = |€['/?
corresponds to the water-wave equation, ¢(£) = |£|? corresponds to the Schrodinger
equation, while ¢(£) = |¢]> and ¢(¢) = £|¢| (both in dimension one) correspond to
Airy and linear versions of Benjamin-Ono equations respectively.

The results that are obtained in this paper also accommodate for instance the case
of variable coefficient Schréodinger equations through the earlier investigations of B.
Helffer and D. Robert [14], Helffer [I3] and the work of E. Cordero F. Nicola and L.
Rodino [5], [6].

In [4], the first and the third author in collaboration with A. Castro and M. Yerlanov
established an LP — L9, (1 < p < ¢ < o0) regularity theory for OIOs in the following
two cases: (1) when the amplitude is in S7)(R") and the phase function is in F* with

0 < k < 1. (2) when the amplitude is in S§7,(R") and the phase function is in &
with £ > 1. The authors of [4] also went beyond the scope of LP-spaces and inves-
tigated the regularity of OIOs in classical function spaces such as Besov-Lipschitz
and Triebel-Lizorkin spaces.

In [22] M. Pramanik, K. Rogers and A. Seeger (see Theorem below), proved a
Calderon-Zygmund-type estimate with far-reaching applications, including the reg-
ularity of Radon transforms and Fourier integral operators. In that paper, the
authors also considered local Fourier integral operators T} where a(z, ) € STH(R")
is compactly supported in x and ¢(z, ) is non-degenerate on the support of a(z,§).
Using their Calderon-Zygmund estimate in [22], they showed that if n > 2,2 < p <
00, ¢ > 0, then T¢ : F)) (R") — FJ) (R"), provided that m = —(n —1)|1 — 3|.

In this paper, in Theorem we prove a variation of the aforementioned result of
Pramanik-Rogers-Seeger, which is on the one hand more suitable for extensions to
the case of quasi-Banach scales of Besov-Lipschitz and Triebel-Lizorkin spaces, and
on the other also suitable for applications to the regularity theory of OIOs. More
specifically using certain decomposition in the frequency space and rather intricate
kernel estimates for oscillatory integral operators, a composition theorem for the
action of parameter-dependent pseudodifferential operators on OIOs, atomic and
molecular decompositions of Triebel-Lizorkin spaces in the spirit of Frazier-Jawerth
[9, 10, 1], and vector-valued inequalities of the type provided in Theorem [7.3] we
manage to get a significant extension of the results in [4]. These extensions are both
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in terms of the types of oscillatory integral operators, and also the scales of the
function spaces on which the operators act. Figure [2|illustrates the extensions that
are obtained here.

One of our main results is Theorem [8.1] in which we prove the following:
Let 0<p<land0<d<1,0<pu<1,k>0,=nmin(p,1 — k) and set
1 1

m(p) == —n(1 — %)‘5 — 5’ + min (O, g(p — 6))
Assume that a € S;?ép J(R™), and that ¢ € F¥ is SND and satisfies the L2-condition
of Definition [2.6|and the LF(u)-condition of Definition 2.8 Let T be the associated
OI0.
If s e R, 0< g < oo, and either one of the following cases holds

(1) 2<p<oowhen0<gq<p,

n
1) ——— < p<2whenp<
(i) nin SPs p<gq

then the OIO T¢ is bounded from F; (R") to F; (R™). Moreover in Theorem
we also show the boundedness of T} on Besov-Lipschitz spaces B; (R"), for any
# < p < o0 and any 0 < g < oo. These results are currently the most gen-
eral regularity results for oscillatory integral operators with amplitudes in a general
Hormander class, which include the majority of OIOs that appear in the theory of

partial differential equations.

The case of operators with amplitudes in the forbidden Hoérmander class
Sy f"ll/ =1/ 2‘(R”) is excluded in the results above since these operators do not in
general even allow L?-boundedness. However, for s > n(m = 1) we are able to

show (Theorem the boundedness of OIOs on F; (R™) under either of the cases
(i) and (i) above.

The paper is organized as follows; in Section [2] we provide the necessary preliminaries
from the theory of oscillatory integral operators and the theory of function spaces.
Here the reader will also find some of the basic results that are used throughout the
paper. In Section [3| we prove a basic kernel estimate which lies at the ground for the
establishment of Besov-Lipschitz boundedness of OIOs. This is done by utilizing
a particular frequency-space decomposition adapted to the OIOs with phase func-
tions in the class F*. In Section 4| we prove the basic global L2-boundedness result
for OIOs with strongly non-degenerate phase functions and amplitudes in general
Hormander classes. This is done by using a continuous version of the almost or-
thogonality method and Cotlar-Stein’s lemma. In Section [5| we prove the h? — L
(p < 1) and L* — bmo boundedness of OIOs. In Sections [f| and [7] the Hardy
space results are transferred to Triebel-Lizorkin spaces. Section |8 contains our main
result concerning the boundedness of OIOs on Triebel-Lizorkin spaces. This section
includes the results for both classical and forbidden amplitudes. In Section @ we
conclude the paper by proving our main results on the regularity of OIOs in Besov-
Lipschitz spaces.
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2. PRELIMINARIES

In this section, we gather the necessary background material from Fourier- and mi-
crolocal analysis, and also recall certain results in these fields that will be required
for the development of the machinery of this paper.

As is common practice, we will denote positive constants in the inequalities by C,
which can be determined by known parameters in a given situation but whose value
is not crucial to the problem at hand. Such parameters in this paper would be,
for example, m, p, s, n, and the constants connected to the seminorms of various
amplitudes or phase functions. The value of C' may differ from line to line, but in
each instance could be estimated if necessary. We also write a < b as shorthand for
a < Cb and moreover will use the notation a ~ b if a <band b < a.

2.1. Basic facts related to oscillatory integral operators.

Oscillatory integral operators play a central role in a wide range of mathematical
fields, including harmonic analysis, partial differential equations, and mathematical
physics. In this section, we provide a brief overview of some basic facts related to
oscillatory integral operators that will be used throughout the rest of our paper.

A standard reference for the theory of oscillatory integral operators of the form (),
is the classical book by E.M. Stein [23], from which almost all of the terminology
that is used in this paper stem from.

We begin by recalling the definition of an oscillatory integral operator and discussing
some of its basic properties.

Definition 2.1. Let m € R and p,6 € [0,1]. An amplitude (or symbol) a(z,§) in
the class S;'s(R") is a function a € C*°(R™ x R") that verifies the estimate

[0 07 alx, )] S (&)m ol

for all multi-indices a and 3 and (x,€) € R® x R™, where (€) := (1 + [£]*)'/2

One refers to m as the order of the amplitude and p, 6 as its type. Following [23)|
and [15], we will refer to the class Ss(R™) with 0 < p <1,0 <6 < 1 as classical, to
the class Sis(R"™) with 0 < § < 1 as the exotic class, and to S7 (R") with 0 < p <1
as the forbidden class of amplitudes.

Occasionally and in certain instances one does not require any regularity in the -
variable of the amplitudes, and in this connection we introduce the following class
of amplitudes which was defined by C. Kenig and W. Staubach in [19].
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Definition 2.2. Let m € R and p € [0,1]. An amplitude (symbol) a(z,§) in the
class L*STHR™) is a function a : R" x R™ — R" that verifies the estimate

l0ga(e, )l s=(m) S (€)™,

for all multi-indices o and (x,&) € R™ x R™. Thus we only assume measurability in
the x-variable.

In our treatment of oscillatory integral operators, the phase functions take center
stage, and the OIOs are classified according to their phases. In accordance with this
treatment, the following class of phase function where first given in [4].

Definition 2.3. For 0 < k < oo, we say that a real-valued phase function ¢(x,§)
belongs to the class F*, if p(x,&) € C®(R™ x R™\ {0}) and satisfies the following
estimates (depending on the range of k):

o fork>1,
102 (p(2,€) =z - O < calé]*™, ol 21,
o for0 < k<1,
10807 (p(,6) — 2 - &) < caplél" ", Ja+ 5] >1,
for all x € R™ and || > 1.

Remark 2.4. A well known and typical example of a phase in F* is the phases
EF + 2+ €, k > 0, which are related to operators /™",

An important condition on the phase function in the context of global regularity of
OIOs, is the so-called strong non-degeneracy condition, which is a stronger version of
the non-degeneracy condition for oscillatory integral operators as stated for example
in Stein’s book [23] page 394, in connection to the investigation of the boundedness
of Fourier integral operators.

Definition 2.5. One says that the phase function p(z,&) satisfies the strong non-
degeneracy condition (or ¢ is SND for short) if

(1) !det(@ig_ikgp(x,ﬁ))‘ >4, for some 6 > 0 and all (z,£) € R* x R™\ {0}.

In order to guarantee that the operators at hand are globally L?-bounded, one should
also put yet another condition on the phase, which we shall henceforth simply refer
to as the L2-condition. This condition is essential for the validity of our main results,
since it enables us to control the L2-behavior of the oscillatory integral operator and

is thereby crucial in proving boundedness of the operators in either of the ranges
1<p<2or2<p< oo, through interpolation.

Definition 2.6. One says that the phase function p(x,&) € C°(R™ x R™) satisfies
the weak L?-condition if

(2) 105 0ep(2,€) < Cay 10.0(p(x, )| < Cp

forla|>1,168] > 1, allz € R and |¢| > 1.
We say that p(x,§) satisfies the strong L*-condition if

(3) 020 (. )] < Cap,
forlal > 1, |B] > 1, all z € R and |£] > 1.

Having the definitions of the amplitudes and the phase functions at hand, one has
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Definition 2.7. An oscillatory integral operator (OIO) T¥ with amplitude
a € S;’?(;(R”) and a real valued phase function @, is defined (once again a-priori
on < (R™)) by

~

0 T2() = [ @9 ate.) Fle) de.

If ¢ € F¥ and is SND, then these operators will be referred to as k-type oscillatory
integral operators.

The LF(u)-condition which was introduced in [4], is a natural requirement which
from the point of view of the applications into PDE’s, will always be satisfied and
would not cause any loss of generality. It ensures that the operator behaves in a
predictable and well-behaved manner, which is necessary for the analysis the low
frequency portions of the operators.

Definition 2.8. Assume that p(x,&) € C®(R™ x R \ {0}) is real-valued and
0 < pu<1. We say that ¢ satisfies the low frequency phase condition of order u,
(p satisfies LF(u)-condition for short), if one has

(5) 0807 (p(,€) — x- )] < calg]* 1,
forallz € R™, 0 < [£] <2 and all multi-indices «, [3.

Remark 2.9. As an ezample, note that the phase function associated to the water-

wave equation is x - & + |€|Y?, which satisfies the LF (i) condition with = . The

2
phase function associated to the capillary wave equation is x - € + €32, which is in

LF(u) for any p € (0,1].

We shall also need the following lemma to estimate the phase in the proofs for
Sobolev-boundedness of OIOs with forbidden symbols (whenever the composition
Theorem below is used), the proof of this lemma can be found in [4, Lemma
4.1].

Lemma 2.10. Assume a(x,&) is an amplitude, and o(x, &) is a SND phase function
satisfying

(6) 000 0(w, ) < e 18] > 1 and [¢] = 1.
Then for all |B| > 1, the following estimates

(7) Vaip(, )| ~ [€]

(8) |07 (2, 6)] S (€)

hold true for the phase function @, on the support of a(x,§), provided that the -
support of a(x,&) lies outside the ball B(0, R) for some large enough R > 1 and
Op(x,€) € L*(R™ x S"71), for |B] = 1.

From this lemma it readily follows that

Corollary 2.11. The phase functions in * that also satisfy the L?-condition ,
all verify the estimates (7)) and of Lemma [2.10|

We also recall a composition result proved in [I5]. This will be essential in the proof
of the boundedness of OIOs with forbidden amplitudes on Sobolev spaces as well
as in the proof of the Triebel-Lizorkin boundedness of oscillatory integral operators
and in other situations.
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Theorem 2.12 ([15]). Let m,s € R, p € [0,1], 6 € [0,1). Suppose that
a(z,§) € SJ5(R™), b(x,§) € S7(R") and ¢(x,§) is a phase function that is smooth
on supp a and verifies the conditions

9) €] S [Vap(a, €)] S [l 0800w, )| S (€)'

for all (z,€) € suppa and for all |a| > 0, and all |B| > 1. For 0 <t <1 consider
the parameter-dependent pseudodifferential operator

o~

b, tD) f(x) := / ¢ b, 1€) F(€) de,

n

and the oscillatory integral operator
T25(w)i= [ @9 ae.) Fle) de.

Let oy be the amplitude of the composition operator T := b(x,tD)TF given by

oi(x,€) == / / a(y, &) b(z, tn) VIO qp dy.
Then for any M > 1 and all 0 < ¢ < 1 —max(d, 1/2), one can write oy as

el

(10)  ou(@, &) = b(a, tVap(z,§)) a(z,€) + D —r oalt,z, &) +1Mr(t,2,€),

t
!
0<|a|<M
where, for all multi-indices B,y one has
|8§370a(t z,8)| < min(s,0) <§>8+m—(1—ma><(571/2)—8)\al—plﬁ\+5lv\
|85377"(t T £>| < tmin(s,O) <£>s+m—(l—max(5,1/2)—a)M—p\,@|+6|'y|
T Y ? ~ .

Proof. For a proof of this result see [15]. O

2.2. Some facts from the theory of classical function spaces.

Classical function spaces, such as Triebel-Lizorkin spaces and Besov-Lipschitz spaces,
are central to the study of partial differential equations and harmonic analysis. In
this section, we review some basic facts and results from the theory of classical func-
tion spaces that will be used throughout the paper.

We begin by recalling the definitions of classical Littlewood-Paley operators, Triebel-
Lizorkin spaces, and Besov-Lipschitz spaces and discussing some of their basic prop-
erties. Thereafter, we present some important lemmas and theorems that provide
useful estimates and bounds for functions in these spaces.

A standard reference in the theory of function spaces is H. Triebel’s treatise [24], to
which we refer the reader for further information.

Definition 2.13. Let ¢y € C2°(R™) be equal to 1 on B(0,1) and have its support in
B(0,2). Then let

¥;(€) =0 (277€) — 9o (27U Vg,

where j > 1 is an integer and ¥(§) := Y1 (). Then ;(§) = ¢ (2797Y¢) and one
has the following Littlewood-Paley partition of unity
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il/}j(f) =1, forall £ €R"
=0

It is sometimes also useful to define a sequence of smooth and compactly supported
functions V; with W; = 1 on the support of ¥; and V; = 0 outside a slightly larger
compact set. One could for instance set

U=+ + 1,
with ¥_q1 := .

In what follows we define the Littlewood-Paley operators by

vi(D) f(@) = [ ws(€) Fl§) e,

where d¢ denotes the normalised Lebesgue measure d¢/(27)" and

fo= [ e

is the Fourier transform of f.

Define || - || 1oy and || - ||ga(zry to be the quasi-norms

1 v = H(Z’f’“ ) Lr@n)’
NNy = (S el "

Using the Littlewood-Paley decomposition of Definition the Triebel-Lizorkin
space Iy (R™) and Besov-Lipschitz space By (R™) are defined as follows, see e.g.
[24].

Definition 2.14. Let s € R and 0 < p < o0, 0 < ¢ < 00. The Triebel-Lizorkin
space s defined by

Fry ) = {f e ' ®") : |f

) = 2705 (D) )y < o).
where /' (R™) denotes the space of tempered distributions.

Definition 2.15. Let 0 < p,q < o0 and s € R. The Besov-Lipschitz spaces are
defined by

By, (R") = {f € S (R") : |/l

Bs,, (&) = [[(27°95(D) f)|earry < OO}'

Remark 2.16. Different choices of the basis {1;}32, give equivalent norms of
Fy (R?) in Definition [2.14] see e.g. [24]. We will use either {1;}52, or {¥;}22,
to define the norm of I (R").

We note that for p = ¢ = co and 0 < s < 1 we obtain the familiar Lipschitz
space A°(R"), i.e. B (R") = A*(R"). For —oo < s < oo and 1 < p < oo,
Fyo(R") = H*P(R") (various LP-based Sobolev and Sobolev-Slobodeckij spaces)
and for 0 < p < oo, F),(R") = h?(R") (the local Hardy spaces). Moreover the dual
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space of FT,(R™) is bmo (the local version of BMO).

The following estimate will be useful in the L'(R") to bmo(R™) boundedness of
Oscillatory integral operators. Let X (R") be either By (R") or F; (R"). Then
for all —o0o < s < 0o and 0 < p,q < oo one has

(11) 1f9llx; ,mm) S ( > swp laaf(fﬂ)!)HgHXg,q(Rn)-
|a‘§Mx€R"

Two other useful facts which will be useful to us is that for —0co < s < oo and
0 < p < oo one has

(12) B, ,(R") = F; (R"),
and

s+e n s n s+e n s n
(13) Fp:;O R") = F) (R") and B; *(R") — B, (R")

for —oco < s <00, 0<p<o0,0<qy,q <ooandalle>0.

Furthermore, for s’ € R, the operator (1 — A)*/2 maps F; (R™) isomorphically into
F3.¢(R") and B3 (R") isomorphically into Bs_*'(R"), see [24, p. 58].

In connection to estimates for linear operators in Triebel-Lizorkin spaces, one often
encounters the well-known Hardy-Littlewood’s maximal function

M) = sup oz [ 1wl

where the supremum is taken over all balls B containing x. For 0 < p < oo, one
also defines

(Myf (@) = (MDY
We now present the following abstract lemma which we will make use of in relation
to the boundedness of OIOs with amplitudes in the class ST (R").

Lemma 2.17. Let Xy be either F; (R") or By (R"), and let f € X, for 0 <
p,q < oo and s > n( and assume that (uy)r>1 C X, is an arbitrary
sequence such that

(14) 2w }ioll, 0, < 1]

LP(19)

1
min{p,q,1} 1)’ q

s .
XP»‘Z

Moreover let {hy;(z)}ri>0 be a sequence such that the spectrum of hy(x) (i.e. the
support of its Fourier transform) is in B(0,2*%2) and that there is some N > s
such that hy, satisfies the pointwise estimate,

(15) \hia(2)] < 27N Myug(z),  for some 7 € (0, min{p, ¢}).
Assume that g, = Zkzo hi, then

(16) I>q,. sirls,
1>0 P
Proof. For a proof see [15], Lemma 2.8 in that paper. O

Another important and useful fact about Besov-Lipschitz and Triebel-Lizorkin spaces
is the following:
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Theorem 2.18. Let n : R" — R™ with n(z) = (m(x),...,n.(x)) be a diffeomor-
phism such that ’det Dn(x)‘ > ¢ >0, Ve € R" (Dn denotes the Jacobian matriz of
n), and ||0°n;(x)||Le@ny S 1 for all j € {1,...,n} and |o| > 1. Then for s € R,
0<p<ooand 0 < qg< oo one has

1f onl

The same invariance estimate is also true for Besov-Lipschitz spaces B, (R"™) for
seR, 0<p<ooand0 < q< oo.

Fsq R™) S

For a proof see J. Johnsen, S. Munch Hansen and W. Sickel [I8], Corollary 25|, and
H. Triebel |25 Theorem 4.3.2].

The rest of this section is dedicated to setting up some definitions which will be
used in relation to transference to Triebel-Lizorkin spaces (section [6) and h? — L?
estimates of oscillatory integral operators (section .

For Definition and Definition [2.20| let [z] denote the integer part of x.

Definition 2.19. For a closed cube (), define

(i) co as the centre of Q,
lQ as the side length of Q,

= [1 —logy(lo)];

)
) k

(iv) xq as the characteristic function of Q, i.e. xgo(z) =
)

(v

Observe that kg is the unique integer such that

(i

(13
1, z€@

0, ¢Q
cQ as the cube with centre cg and length l.q = clg, where ¢ € Ryg.

27he < Jo < 27te=D),
Definition 2.20. A function a is called a hP-atom if there exists a cube Q such that
the following three conditions are satisfied:

(7) suppa C Q,
(73) sup |a(z)| < QkQ”/p,
z€Q

1
(idi) If kg > 1, My = {n(; - 1)} then/ 2®a(z)dz = 0, for |a| < M,. No
further condition is assumed if kg < 0.

It is well known (see [24]) that a distribution f € h?(R™) has an atomic decomposition

(17) [= Z/\jaj,
=0

where the \; are constants such that
inf > 17 ~ I ey = 1o
{} =

and the a; are hP-atoms.
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In the analysis of the boundedness of OIOs on classical function spaces, one typ-
ically decomposes the operator into a low- and a high-frequency part, where the
low frequency part corresponds to an amplitude that is smooth and compactly sup-
ported in the ¢ variable. The following theorem, which was proven in [4], addresses
the boundedness of the low-frequency portion of the OIOs. The main boundedness
result for the low frequency part of OIOs.

Theorem 2.21 ([4]). For p,6 € [0,1] let a(z,§) € S)5(R™) be an amplitude which
is compactly supported in . Suppose also that 0 < q1 g2 < 00, and s1,5, € R. If

p(x,§) verifies the LF(u)-condition, then for 3 < p < oo, T maps F;\ (R")
continuously to F3? (R™). Moreover, all the Triebel-Lizorkin estimates above may

be replaced by the correspondmg Besov-Lipschitz estimates.
Proof. See [4, Lemma 6.3|. O

Here we recall a theorem that allows one to lift h”? — L” boundedness to Besov-
Lipschitz boundedness. This result can be applied to a wide class of oscillatory
integral operators. Observe that this lift is only valid for the classical amplitudes
when § < 1.

Theorem 2.22 ([16]). Let 0 < p,q < oo, m < 0, and assume that a € S'5(R") is
such it is supported in R" x R™\ B(0,1). Suppose ¢ is a phase function that verifies
the conditions (9) of Theorem[2.12] If T} is h? — LP-bounded, then T is bounded
from B, . — B}, for all s € R.

Proof. For a proof see [16]. O

The following theorem due to M. Pramanik, K. Rogers and A. Seeger could be found
in [22 Theorem 2.1].

Theorem 2.23 ([22]). Let 1 < g < p < o0, and 0 < b < n. Assume that the
sequence of operators S; satisfy

(18) sup 2°°/7||S; || Lo 1o < Ao,
>0

(19) sup 27| S| pas e < Bo.
>0

Furthermore, assume that for each cube Q) there is a measurable set g and a con-
stant I' > 1 such that

(20) Eq| < Tmax{lg,” b }

where lg is the side length of Q as in Definition and assume further that for
every j € N and every cube Q with 27lg > 1, one has

(21) SHP/ |K;(x,y)| dy < Bymax{277°]°, 2777},
TEQ R”\SQ

for some € > 0.
Then if 0 <r < p and
(22) 32 — Bg/P (A()Fl/p + Bl)lfQ/P

one has

H(Z””T“"‘P IS < A [I"g(“i)rﬁ Up(ZHfJHLpRn))
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"As'”\ /"A'A\v‘
D ree

NS BLIR

SBs sy

FIGURE 1. Covering of supp¢; C {2771 < [¢] < 27t} with balls of
radii 2707*) and centres /.

where U € . (R™), ¥;(D) := W(279D) and f; is a sequence of functions.

3. BASIC KERNEL ESTIMATES FOR OSCILLATORY INTEGRAL OPERATORS

In order to show the Besov-Lipschitz boundedness of OIOs related to forbidden am-
plitudes we prove some preliminary estimates on the kernel of the operators. What
follows is a decomposition which, in contrast to the second angular-radii frequency
decomposition of C. Fefferman (see [8]), decomposes the annuli of the standard
Littlewood-Paley decomposition into balls. Furthermore, this decomposition gener-
alizes the decomposition in [4], which used balls of constant radii to decompose the
case corresponding to the OIOs of Schrédinger type phase functions in F?, to the
more gkeneral case of balls of varying radii adapted to all OIOs with phases in the
class F".

Definition 3.1. Let k > 0. We make the following decomposition of the integral
kernel

K(z,y) = / Ca(w, ) PO ag,

Take a standard Littlewood-Paley partition of unity > 22 1;(§) = 1 with supp by C
B(0,2), and suppy; C {2771 < |¢] < 29%1} for j > 1 as in Definition 2.13] Then
Jor every j > 0 we cover supp ¢; with open balls C7 with radui 270k and centres
7, where v runs from 1 to A} 1= O(2m9%). See Figurefor an illustration. Observe
that |CY| < 2m07%) uniformly in v. Now take u € C®(R™), with 0 < u < 1 and
supported in B(0,2) with u =1 on B(0,1).

Next set '
u(2-U-RI(¢ - €7))
2 u(270RI(E — €x))

and note that

D2 X© i) =1

Now we define the second frequency localized pieces of the kernel above as

Ky (@) = | () xj(©) e a(z,€) de.
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Lemma 3.2. Let 0 < p<1,0<dd <1, n>1, and 0 < k < co. Assume that
¢ € F* is SND, satisfies the L*-condition (3). Then if a(x,£) € LS (R™) (see
Definition , and K}’(x,y) 15 given as in Definition then setting

min{p,1 —k} 0<k<l1,
wik, p) = { MK
k-1 k>,

one has that
93 (m-+lal)9in(1-k)

(27000) (Vep(w, &) — )"
for all multi-indices o, all 7 > 0 and M > 0.

(23) |0y K5 (2, 9)| S

Proof. Observe that we have
02 (6)] 5 274

Therefore, for any multi-index a and any 7 > 0 we have
Oy Ky (x,y) = | () x5 (&) v a(x, ) dg
R’ﬂ

= / el (@6 -y-€) 0;?‘71’(17’ 5) a,
where
03" (x,€) = ¥;(§) X5 (€) (—i€)" a(z, ).

Using the assumption that a(z,§) € L>S]*(R"), we deduce that for any multi-index
v, any j > 0 and any v one has

(24) 0209 (,€)| < 2mHlel-min{p 1=k},

If we now set J%(z,§) := ¢(x,§) — & - Vep(x, ), then we can write

J

n

Oy Y (2,y) = / VeS8 0 o (3, €) dE.

Now we estimate the derivatives of ¥ in £ on the support of oﬁ’y(x, €). To this end,
the mean-value theorem and Definition [2.3] yields for k£ > 1

1
04,8 2,6)] = [deipla. ) = Dol &) = (€ =€) [ (Vebupdlate + (1 =g a

5 2j(1—k) sup |t§ + (1 . t)ij”k—l
te€[0,1]
< 9i(1=k)gi(k=1) _ {

and

909 (2, €)| = 00 p(, ] < 2N O=D for all o] > 2.
Therefore by Faa di Bruno’s formula we obtain that
(25) 0D < N oy agry) < 2 med D0

Y1+ Fyr=y

Observe the simple estimate

o TV j(m+|al)ojn(1—k)
(26) 08 K (2, )] < 2o
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together with integration by parts yield
o3 (m-+lal+1(kp) M) 9 (1—F)
Vep(z, &) — y[M
where w(k, p) = max{—min{p, 1 — k}, max{(k — 1),0}}. These equalities, the ob-
servation that suppoj”” C C7, with |C?| = O(2/"'"®) uniformly in v and j, the

estimates for the derivatives of ¥, and yield

(27) |0y K5 (2, 9)| S

oi(m-+lal) 9in(1-k)

. M)
(20w (Vep(x,€8) — y))
for all multi-indices «, all 7 > 0 and M > 0. O

|0y K5 (2, 9)| S

4. L?-BOUNDEDNESS OF OSCILLATORY INTEGRAL OPERATORS

The traditional way to prove end-point L?-boundedness results for oscillatory in-
tegral operators is to utilize the almost orthogonality principle, as proved in the
continuous version of the Cotlar-Stein lemma due to A. Calderén and R. Vaillan-
court [2] given below.

Lemma 4.1. Let 5 be a Hilbert space, and A(§) a family of bounded linear en-
domorphisms of € depending on & € R™. Assume the following three conditions
hold:

(1) the operator norm of A() is less than a number C independent of .
(13) for every u € J the function & — A(§)u from R™ — S is continuous for
the norm topology of .
(1i) for all & and & in R™

(28) 1A (&) A&l < h(&1,62)%, and [|A(&)A™(&)I] < A&, &),

with h(&1, &) > 0 is the kernel of a bounded linear operator on L* with norm
K.

Then for every E C R", with |E| < oo, the operator Ap = [, A(§) A€ defined by
(Agu,v)r = [L(A(E)u,v)pr dE, is a bounded linear operator on S with norm less
than or equal to K.

Another useful fact that will aid us in the estimate of the oscillatory integrals is the
following lemma whose proof could be found in [7].

Lemma 4.2. Let s(x) and F(x) be real-valued smooth functions in R", and
(29) Lu(z) := D71 —is(z) (V. F, V) u(x),
with D := (1 + s(x)|V,F[*)'2. Then
(Z) L(ez‘F(x)) — eiF(x)
(i7) if 'L denotes the formal transpose of L, then for any positive integer N,
(CL)Nu(x) is a finite linear combination of terms of the form

(30) OD—k{ f[ 9% () }{ f[ 0% F(z) }8;’u(m),

p=1

with
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P
(31) 2N <k <4N; k—2N <p<k—N; |au|20;2|au|§]\f

p=1

q
F—2N<q<k=N;[B|>1> 18| <q+N; <N,
pn=1
Theorem 4.3. If m = min(0,5(p —9)), 0 < p<1,0<0 <1, a€ SGR") and
@ € C®(R" xR") is SND for all (z,€&) € R"xR"™ and satisfies the weak L?-condition
on the support of a(x,§), then the operator

725(0) = [ (e, f) dg

is bounded on L*(R").

Proof. Let x(x,€) € C°(R™ x R") be such that x(z,&) = 1 for |z|* + |¢]* < 1 and
define a.(z,§) = x(ex,&§) a(z,§). Since a. converges to a in SJ5(R") so that for
any f € S (R"), T¢ f converges, as € — 0, to T¢ f in .#(R"™). Since the seminorms
of a. are bounded by a constant (depending on x) times the seminorms of a, we can
therefore assume from now on that a(x, ) € C°(R" x R™). Later on, of course, the
estimates that we obtain won’t depend on the support of a.

Furthermore, we observe that since for § < p, S9 s(R") C S (R™), it is enough to
show the theorem for 0 < p < ¢ < 1 and m = §(p — §). Using the unitarity of the
Fourier transform in L?(R") and a TT* argument, it is enough to show that the
operator

(32) 1if(x) = [ [ W€ =975209 piy) aya
where b(x,y, &) := a(z, £)a(y, §) satisfies the estimate
(33) 0807 0)b(x,y, )| < Ca gy () PTHOWHND,

with m; = n(p —§) and 0 < p < § < 1, is bounded on L*(R™). Moreover due to
assumption of compact support of a(z,£) we can also assume that b € C°(R™ x
R™ x R™), under the understanding that the norm estimates that we obtain will be
independent of the support of b.

Now we introduce a differential operator

L= D72{1 — i)’ ((Veg(w.€) = Vew(y, €), Ve) },

with D = (1 + (§)?|Vep(z,€) — Vgcp(y,§)|2)%. It follows from Lemma that
L(eiw(m,ﬁ)—icp(yé)) — ie(x8)=ip(y,8)

and that (‘L)Vb(z,y,&) is a finite sum of terms of the form
q

(34) D-’f{ o <s>ﬂ}{ T] (0% o(r.6) — 8% olu. s>)} ob(2..€),

v=1

with p, ay,, B,, ¢ and 7 quantified by . Furthermore since ¢ is SND, we can use
Proposition 1.11 in [7] to show that

(35) Vep(2,8) — Vep(y,§)| > arlz -y
(36> |VZ(,0(Z,§1) - VZQO(Z7§2)| > 02|§1 - 52’
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Using , , and , we have
(37) 107 (L) b(z,y, )] < CA(E) (= y)) (€)™ 0,
where A is a function with [, A(§) d¢ < 1. Integration by parts using L, N times,

in one has

(39) Tif(a) = [[ w00 g ayag,
R™xR"™
with c(z,y,&) = (‘L)Vb(z,y,£) and
(39) 07c(x,y,6)] < CA((E)* (w — y)) ()™
and the same estimate is valid for g c(x,y,&). From this we get the representation
(40) 1,— [ A,
where

A©F(@) = [ el =70 fg)dy

Noting that A(§) = 0 for £ outside some compact set, we observe that condition (7)
of Lemma 4.1 follows from Young’s inequality and with ¢ = 0, and condition (i7)
of Lemma 4.1 follows from the assumption of the compact support of the amplitude.
To verify condition (iii) we confine ourselves to the estimate of ||A*(£1)A(&2)]|, since
the one for | A(&;)A*(&)]| is similar. To this end, a calculation shows that the kernel

of A*(&1)A(&2) is given by

(41) K($7Z/,§1,§2) ::/ 5(27%&) (z Yy, & ) ile(2.€2)—p(2,81)+e(@.€1) =0 (y:€2)] 5.

n

The estimate yields

(42)  [K(z,y,6,&)] S €)™ (&)™ /n A((6)"(z — 2)) A({62)"(y — 2)) d=.

Therefore by choosing N large enough, Young’s inequality and using the fact that
Jon Az) dz < 1 yield

(43) [A"(€) A S (€)™ 7" (&)™ ™.
At this point we introduce another first order differential operator M := G—2{1 —

i((V2p(2,6) = Vap(2, &), Vo)) }, with G = (14| V.p(2,&) — Vap(z,6)|%)2. Using
the fact that Me(#(5€2)=¢(28)) — pilp(2£)=¢(=4)) integration by parts in yields

(44) / MYV {E(z, x,6) c(z, 1, &)} elPEEI—eEFTe@) = W) 4

Using the second part of Lemma , we find that (‘M)N'{¢(z,z, &) c(z,y,&)} is a

linear combination of terms of the form

q

(45) Gk{ H(azﬁu(p(z7 52) - 82/6)”90(27 £1>)}8316<27 T, fl) aZQC(Za Y, 52)7
v=1

where k, q, (5, satisfy the inequalities in and |y1| + |2 < N

Now we observe that yields that

GFS(+|a—&)™
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Moreover using we can also deduce that

|02 0(2,62) = 02 p(2, &) S 161 — &l <1+ 16 = &.
Moreover (31)) yields that ¢ — k£ < —N’ and therefore we obtain
q

H@f"@(za52)—85”<P(2a§1))‘ S (+Ha=&)" S (a6 ™ S a6,

v=1

Thus and ([45), yield the following estimate for K(z,y, &, &)
(46) K (2, .60, €)] S 160 — &7V (€)™ (&)™ (1 + [&] + &)™

< [ M) = ) APy - 2)

Once again, choosing N large enough, Young’s inequality yields

« - Ly (L4 & ] + &)Y
< mi1—np mi—np
(47) [A* (&) A& < (1) (&2) AL

Using the fact that for > 0, inf(1,z) ~ (1+ 1), one optimizes the estimates

and by

* mi1—n mi—n |£1 B 52’N, -
49 @Al s e (1 S )
= h*(&,&).

Therefore recalling that m; = n(p — §), in applying Lemma [4.1 we need to show
that

B ns s & — &Y B
(49) K(&,&) = (1+16]) = (1+]8%]) (1 + (1+ &)+ |§2|)6N/)

is the kernel of a bounded operator in L?. At this point we use Schur’s lemma, which
yields the desired conclusion provided that

sup K(fb&) d&, sup K(&,&) d&

& JRn & JRn

Gfk

[NIES

are both finite. Due to the symmetry of the kernel, we only need to show the
finiteness of one of these quantities.
To this end, we fix & and consider the domains A = {(&1,&); || > 2|4}, B =

{(&1,&2); |§2—1| < 1&] < 21611}, and € = {(&1,&); |&] < U}, Now we observe that on
the set A, K(&,&>) is dominated by

(LH1ED 7T (14 &) ~# 70,
on B, K(&1,&) is dominated by

Y

m—aw)%

—nd
aie (14 g

and on C, K(&,&,) is dominated by

né _né N s
(14 &)"F (L + &) 250D,

Therefore, if I := [, K(&, &) d&, then choosing %,(5 — 1) < —n, which is only
possible if § < 1, we have that I4 < oo uniformly in &;. Also,

(50) I <(1+g) 5506 <
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which is again possible by the fact that § < 1 and a suitable choice of N'. In Iz let
us make a change of variables to set & — & = (1 + |£1])°n, then

(51) @g/u+wﬁﬁw<w

by taking N’ large enough. These estimates yield the desired result and the proof
of their theorem is therefore complete. O

5. A h? — LP ESTIMATE FOR OSCILLATORY INTEGRAL OPERATORS

In this section, we shall deal with the boundedness of OIOs on local Hardy spaces
h? for 0 < p < oo and also the boundedness from L* to bmo. Apart from the
distinction caused by the types of the amplitudes (i.e. p and §), the values of
k (related to the phase functions) also play a decisive role in the analysis of the
regularity properties of OIOs. When 0 < k& < 1, it turns out that the type of the
amplitude can be incorporated in the analysis in such a way that the critical order
of decay of the amplitude can be improved compared to the case of £ > 1 where the
order of the amplitude is

1 1 ) n
(52) —kn);—é‘—i—mm{o,E(p—(;)}.
To this end, let
(53) » =min(p,1 — k)
and set
(54) m(p) = m..(p) + C.
where
1 1
)= (1| L
map) i= =1 =) > = 5
and

:= min {O, g(p — (5)}
Observe that for £ > 1 one recovers from , since in that case, » =1 — k.

Lemma 5.1. Let 0 < p <1 and 0 < < 1. Assume that p € & for0 <k < oo is
SND and satisfies the L*-condition [3). Then if a(x,&) € Sy5(R™) for some m € R™,
let

Ki(z,y) = / PUCICRIESRI) o;(x, &) de.
where o;(x,) = (&) a(x,&). For M >0,y € R" and j > 1 we have
(55) (1 + 27|z — y) MO K (2, y) | 2 ey S 2707210,

where m = m — (. Moreover, under the extra assumption of ¢(x,0) = 0 then
estimate is also valid when K;(x,y) is replaced by the kernel of the adjoint

Ki(z,y).
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Proof. Observe that for any multi-index $ and any j > 0 we have

0K (w,y) = | 4(€) 0?97 afz, €) dg
- /n ei(cp(:c,ﬁ)—y{ 033(1.75) df,

where

0} (2,€) 1= 0(x,€) (=i€)".
Therefore, since |8§‘0;’0§3(a:,§)| < 2mHBl=plal+1) e can reduce ourselves to the
case when = 0.

Now, using and and letting ¥; be a Littlewood-Paley function that is
supported on a larger annulus, in the sense of Definition [2.13] we have

(v = )" K;(z,y) = /R n(—z’)‘“'@? eI 0w, €) 'FHTTO dg
:/ Ia\aa[ i(p(z,€)—x (x 5)} i(z=y)€ . (5) d¢
= Z CQI’O‘Q/R a?lgj@?g) 6506261'@(3676)*1?{) ei(w*y)flpj(é‘) de¢

al1toag=x
- Z Cal Q2,150 A 2i(m= %|a|)/ 5?1’%,/\1,...» (Ia 5) el (@€) p—iy-€ \I/j (5) dé¢
o1 tas=« N
A1+ =2
- Z C1041 a2, A1, A 2] m—|al) SOq 2. ( {I\J )( )
a1toas=x
A4+ Ar=ao

where 7_, is a translation by —y, |Aj| > 1 and
x 0gtoy(x, ) 07 (plw, &) —w - €) ... 0" (p(x,6) — - §),

Now we claim that b?“’az’)‘l """ = Sg s(R™), uniformly in j. Indeed, since
a € S)s(R") and ¢ € P, we can write

2Jc2w|a\ g-iplaa] 9j(k—1)[as]
< 2%,

Moreover, observe also that by the F*-condition for k < 1,

00 (p(w, €) — x- &) S PEP 0D when (8] > 0
and for k& > 1 the L2-condition (3] yields that

0202 (ol ) — v ) S 1 when [6;] > 1.

Thus, using these estimates, we have for all £ > 0 and all 1 < j <r 41 that
(56) 0750 (p(, &) — - )] S PEINHL when |] > 1
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Now using we can also check that, for any multi-indices v and £,
(57) 10207 45 (2, )|
S Y R 0, 11020 . ) — )

Y1t Yr1=y
Bit++PBri1=0

>\7' i
X |00 (p(a,€) — - €|
S S gt salgiink ol —plarn gitk-Dlas

Y1 =y
Bi++Bry1=0

S Y gitmHalg iy =ida

Y1t Y=y
it Bri1=p

j 1
< 93 (C+ |5|)’
hence b?l’am)\hm’)\r € Sg’(;(Rn)

Therefore, Theorem [4.3] yields that

1z — )" K;(@,y) | 2 zn)
< Z 93 (—s]al) HS]?éLam)q,--./\r (Ty\/l}j)

al1toas=a
A1+ Ar=asg

S 2

< 2j(—|a\%+fn+n/2)'

|2 @y
R")

From this and the discussion at the beginning of the proof, one can deduce that
(58) (= 9)* 0 K (, y) | 2y S 2/ lberlORman/2),
Thus by summing over all |o| < M for any integer M one obtains

1+ 2% =yl O 0, )z ey S 20747240,

For the kernel of the adjoint, we have that

Ki(x,y) = / e~ e(y,E)—a-€) oy, €) de,

therefore for any multi-index a we have

(z — y) K (x,y) = (¢ — y)° /

R

oy [ 9050y a6
Rn

_ / i€ ol [~ v) 24y, ¢)] e,

o’ <€—i(w(y,£)—w-£) m) de

0;“(:%5) = Z Ch o 0000(y,€) 00 0(y, &) -+ 0 0(y, £),

B1+p2=p
)\1+"'+)\7‘:B2
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and |A\;| > 1. Now, for |\; + 3| > 2,

100907 oy, )] S 1,
and using that ¢(y,0) = 0, the mean-value theorem and L?-condition , we obtain
IVyoly. &) < [€l-

From these estimates, we deduce that for any multi-index y one has |95 0; o By, 6)| <
27 (m+1Bl=plyl+lel)) - Therefore, following the same line of reasoning as in the case of
K;(z,y), we obtaln the estimate given in (55) for K7 (x,y). O

Now we are ready to show the main result of this section.

Theorem 5.2. Letn > 1, 0 < k < 00, and 0 < p < co. Assume that ¢ € F* is
SND, satisfies the LF(u)-condition for some 0 < p < 1, and the L*-condition .

Assume also that a(z,§) € S;%(p)(R”), for0<p<1and0 <6 <1. Then the OIO
T¥ 1s bounded from

(i) h?(R™) — LP(R™), and

(73) L>®(R™) — bmo(R™) provided that one also has |V, (z,0)| € L>(R").

Proof. Let x € C°(R™) be supported in {¢ : || < 1}, and write

~

125w = [ el OFO0 - x(@)dg+ [ am o fie)e) ag

= Thighf('r) + ﬂowf(x)'

The boundedness of Tj,,, follows from the low frequency result Theorem [2.21] Thus
for the remainder of the proof we only consider the high frequency portion of the
operator.

Let T} be the operator associated to the kernel in Definition so that

s
Thigh = Z Z T

j=1 v=1
Case when 0 < p < 1:

First we consider the case when 0 < p < 1. Let a be a p-atom supported in a cube
() with side length Iy and let 2Q) be the cube with the same center and twice the
side length. Since 0 < p < 1 we have

(59) 1 Thign@ 170 gy S (1 Thienlfoag) + X 17500 0 20)
=1

Observe that by Holder’s inequality and the L?-boundedness we have,

2—p)/2
(60) 1 Thignall?oog) S 1 ThignallZ200) I 11% oo gy S NlallZ20gle™ ™

<l n(2— p/2pln(2 p)/2p <1
By Lemma |5.1| we have for 0 < k& < 1 that
11+ 27|z — y)M Kj(z, y)ll 2 ny S 27002,
Observe that for t € [0, 1] and = € R™ \ 2@Q), one has
(61) [z =gl S e —y+ty —9)|
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Now, setting

) = (2"|z — gl)
Observe that we have for 7 > 1,
(62) 9]l 7 ny S 27797

By Holder’s inequality and Lemma and we have for [ > 1 and 7 > 1 that

HgHmm

©) el $ | / Ky (. y)a
< _K. , ) d (@
< / H (.) L2(Rn)|a<y>| 1l
aly)| dy

R Ay
L2(R™)

< ln n/p23 ma(p)+n/2— n%(fff < ln n/PQj(n n/p)

where L =1 1
T 2

1
p

Now, if [¢g < 1, Taylor expansion of K in the y-variable around 7, using the moment
conditions of a yields for all ¢ € [0,1] and N := [n(1/p — 1)] yield that

p
Tallmne € 3 [ ([ 8+ =)l = et do)

|a|=N+1

Moreover, by using that |y — 7|V ™! < vV with and Lemma [5.1| we obtain the
(63)

following estimate by a similar calculation as in

)

™M, n npx np—n N+1
(64) ”TaHLP(IRn\QQ) < Qdms(p)p+inp/2—jnpx(1/p— 1/2)21p(N+1)lQP +p(N+1)

Now, since lg < 1, take the unique integer kg € Z>; such that 27%¢ < |5 < 2~ (ho=1),

Then using and we have

Z HE“HZ(W@Q)
j=1

5 Z 2jp(mk(17)+n/2+n%(%—%))lgpfn

j=kq
k‘Q—l
M. (p)p+np/2+inpx(1/p—1/2) jp(N+1) jnp—n+p(N+1)
+ZQJ p)ptnp/2+jnpx(1/p 9ip I
j=1
kg—1
< Z 2] np— n)lnp n+ Z 2] np— n+p(N+1))lgp n+p(N+1)
Jj=kq 7j=1
S QkQ(np—n)lgp—n + 2kQ(np—n+p(N+1))lgp—n+p(N+1)

—(np—n) jnp—n —(np—n+p(N+1)) ynp—n+p(N+1)
<] ZQ + lQ ZQ

~ 1.
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Now, if [o > 1 we do the same calculation as above but with kg = 0, and do not
consider the case j < kg. Thus we conclude that

(65) ||Thigha||iP(Rn) S ||Thigha||22p(2Q) + Z ||Tja||1£p(Rn\2Q) S L
j=1

Interpolation and arguments for the adjoint operator:

Now, interpolating the result above with the L?-boundedness of Theorem for
0 <p<1land 0 < < 1 using Riesz-Thorin’s interpolation theorem, one obtains
the h? — LP~boundedness of T¥ (with the decay m(p)), in the range 0 < p < 2.

Next we observe that one may write the phase as p(z,£) = ¢(z,§) — ¢(z,0) +
o(x,0) =:P(x,€) + p(x,0). This would certainly yield that

1T fll ony = || T2 f1| o rn,

for 2 < p < oco. Moreover observe that ¢(x,0) = 0, and therefore we can with-
out loss of generality assume that ¢(z,0) = 0 in 7?. Now in order to prove the
h? — LP~boundedness of T¥ for 2 < p < oo, using duality and interpolation, it is
enough to show that the adjoint operator (T)" is bounded from h?(R") to L?(R™),
for 0 < p < 2. However, this can be shown by the same argument as in the proof
of the h? — LP~boundedness of (T¥), replacing the L*-inequality for the kernel with
the corresponding inequality for the kernel of the adjoint (given in Lemma .

Now for the boundedness of T¥ from L*(R") to bmo(R"™) one can write
T¢ = e¥@OTY with ¢(z,0) = 0. Then given the assumption that ¢ € F* that ¢ sat-
isfies the L?-condition of Definition [2.6, and the extra assumption
|V.p(z,0)] € L>*(R™) on the phase function, one can use to reduce matters to
the boundedness of T¥. But the boundedness of T from L*°(R") to bmo(R") is a
consequence of the boundedness of (T¥)* from h*(R™) to L'(R") which was achieved
above, and therefore the proof of the theorem is concluded.

0

6. TRANSFERENCE TO TRIEBEL-LIZORKIN SPACES FOR 0 < p <1 AND ¢ > p

This section is devoted to one-half of the process of going from h? — LP to Triebel-
Lizorkin boundedness. In particular, we state and prove the global boundedness
of oscillatory integral operators with classical and exotic amplitudes on Triebel-
Lizorkin spaces F; for 0 < p < 2 and ¢ > p. To this end, we define a molecular
representation of the Triebel-Lizorkin spaces. Similar to the atomic representation
of the Hardy spaces, this can be used to prove boundedness results for OIOs.

Before we show the main results of this section, we recall a number of useful lemmas
from [I5], and since the proofs are very similar or exactly the same as those in [15],
we leave them out. In particular, this goes for Lemma [6.3] all the way through
Lemma [6.7]

Definition 6.1 (Notation). Let D be the set of all dyadic cubes in R™ and define
the following sets:

(1) Dj:={Q €D : kg = j}

(1) Dy :={Q € D : kg > 0}
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(iti) D;(Q) :={Q € D;: Q C Q}.
Observe that for j < kg, D;(Q) = 0.

We start with defining a space of sequences that is easier to handle than the Triebel-
Lizorkin spaces themselves.

Definition 6.2. For a sequence of complex numbers b = {bg} gep we define
()<t
5(s+n 1/a
b)) = (Y (2 bglg()’)
QeD,
We say that b € f; , is
101l 55,, = llg**(®)l] o (@ny < oo

In what follows, take WQ(z) := 27"16@/2@% (z—cg), where Wy, as given in Definition
Mis a Littlewood-Paley cut-off. The following Lemma is a corollary of [9, Theorem
I B.

Lemma 6.3. Suppose 0 < p < 00, 0 < q < 00, s € R. For any sequence b =
{b@}éep of complex numbers satisfying ||b]|ss < oo, one has

belongs to F; (R") and

/1

Proof. This follows by combining [9 Theorem II A i| and [I2] Theorem 1|. Tt is
worth noting that this result can also be applied to inhomogeneous Triebel-Lizorkin
spaces, as discussed in Chapter 12 of [10]. O

Fs @) S0l 75 -

We now discuss the converse of Lemmal6.3] namely when a Triebel-Lizorkin function
can be expressed in terms of molecules and so-called "oco-atoms", here denoted b, 5.

Lemma 6.4 ([15]). Suppose 0 < p <1, p < q < oo. Every f € Flgq(R") has an
atomic decomposition

Fa) =303 b,59%0), b€ f2,

=1 Q€D+

where {bb,q} }

oep, = b, satisfies
[belsg,, < 25

Moreover

. > 1/p
£l g, ey ~ inf @; )

Next, we define the analog of the Hardy space atoms, which will be used to prove
the boundedness results of our OIO’s.
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Lemma 6.5 ([15]). Let Q € D, 0<p<1,0<g<o0,j>1andb= {bs}
g with |[b]l g, < 2k@n/P - Define

m?q

(66) RQJ(Z‘) = ) Z b@‘ifé(x)

QEDy <

Then Rq j(z) =0 for j < kg. Moreover, for 0 < p < oo,

HRQJHB(RH) < okqn(1/p=1/2)

Now we start with the lifting results for OIO’s to Triebel-Lizorkin spaces. In order
to do that, we need to introduce a partition of unity to R ;. We estimate the pieces
separately. The first estimate is given in Lemma [6.6]

Lemma 6.6 ([I5]). Suppose that 0 < p < 1 and q > p. Let a(z,§) € S;%(p) (R™) be
supported outside a neighborhood of the origin (in the £ variable) and assume that
¢ € F¥ with k > 0 is SND, satisfies the LF(u)-condition for some 0 < p < 1, and
satisfies the L*-condition . Then

(67) IT£%; (D) Xem2ymg Rl Loy S 27077,
for 3 > kq.

Lemma 6.7 ([15]). Let a(x,§) € S)5(R") and that T is an oscillatory integral
operator that is bounded from F,; (R") to F; (R"). Assume also that the phase
function ¢ satisfies the conditions of Theorem 2.12 Then T is bounded from
Fy(R™) to Fy (R™) for o(x,§) € S)'5°(R") where e > 0 is arbitrary.

Proof. This lemma is proven in a similar manner as [15, Lemma 5.8|, with some
minor modifications. One replaces the h? — LP boundedness result in that paper
(Proposition 5.1) with Theorem [5.2|in this paper, apart from this abstract modifica-
tion, the proof remains the same and therefore one only substitutes the hypothesis
on 77 in [15, Lemma 5.8|, by the hypothesis necessary for the h* — LP boundedness
of T¢ in Theorem [5.2] O

Now we are prepared to show the main lifting results of this section.

Lemma 6.8. Let T be an OIO with an amplitude a € Sﬂp) (R™) for p€0,1], 4 €

[0,1). Assume ¢ € F* with k > 0 is SND and satisfies the L2-condition , and
set T; = T2;(D), where T¢ is the OIO associated to a and ¢, and ;(D) is
a Littlewood-Paley operator as in Definition [2.13| Furthermore, suppose that f is
supported in a cube @ with || f||pigny S 25e"(/P=D. Then the following statements
hold true

(1) If 0 <p <1, then

[e.9]

(68) Yo g ST

j=max{kqg+1,1}
(13) If 0 <p <1 and f is an hP-atom, see Definition then

max{kq,0}
(69) Y T Eneg S 1

J=1

Moreover, the same estimates hold true for the adjoint operator (1})*.
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Proof. (i) Using we have

Z ||ij | |Zl)/p (R™\2Q) 5 Z 27 (np—n)lgp—n
j=max{kqg+1,1} j=max{kqg+1,1}

kg (np—n)np—n
< kel
—(np—n) ;np—n
5 ZQ lQ
~ 1.

(77) Observe that for lg > 1, kg < 0 and in this case the statement is trivially true.
Hence we assume that [ < 1.
Now, using we have

max{kqg,0}
> AT g0
j=1
max{kq,0} ( )
im0 (P)p+np/2+jnps(1/p—1/2) o jp(N+1) jnp—n+p(N+1
< Z 90 (p)p+np/2+inpx(1/p 9Jp I
j=1
max{kq,0} ( )
j(np—n+p(N+1)) jnp—n+p(N+1
< Z 9d (np—n+p I
j=1
< QkQ(np—n+p(N+1))lgp—n+p(N+1)

5 lc—g(np—ner(NJrl))lgp—ner(NH)
~ 1.

We observe that the same estimates are also valid for the adjoint T3, because (163)
and are valid for the adjoint. O

Proposition 6.9. Suppose that0 < p <1,q>pandk > 0. Let a(z,§) € Sﬁp)(R")

be supported outside a neighborhood of the origin and assume that ¢ € F* is SND,
and satisfies the L*-condition (3)). Then the OIO T is bounded from (R to
Fy (R

Proof. Observe that it is enough to show the result for s = 0 and by the inclusion

0 0 s+ 3 : 0 n 0 n
F), — ), it is enough to show that T is bounded from F) (R") to F) ,(R").

To this end, we compose a Littlewood-Paley operator ¢;(D) with T and apply
Theorem [2.12] This yields for any M > 1 and 0 < ¢ < 1 — max(6,1/2) one has

9—Jjelal

(70) %‘ (D) Tf = Z ' Tfa’j + ijsMTﬁ;
oclalem—1
where
7 m(p)—(1—max(6,1/2)—e)|a|— 5
(71) 102000 ;(z,€)| S (€)mp)~(1-max(1/2)=)lal=pl3l+3l

|6?6;rj(t,x, §)| 5 <€>M(p)*(1*maX(fil/?)*E)M*p\ﬁlﬂsl'ﬂ.

Now using Lemmal6.7 one can use the very same reasoning as in Step 2 of Proposition
5.4 in [16] to show that

1]

Lp(Rn) 5 Hf||pr,2(17maX(§,l/2)*€)(Rn) g HfHFI?’q(Rn)
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Therefore from now on, we will only consider the F;f»], , — LP(¢?)-boundedness of the
first term T, , = T:710;(Va(x,§)), whose amplitude is equal to a(x, &)1 (Vap(z, §)).
The reason for this is that other terms with |o| > 0 in the sum in have an am-
plitude with a better decay than Ty, , and so considering this case is the worst case
scenario.

Let t(¢) = Vop(z,€) and n : R® — R" be diffeomorphisms such that n(y) - t=1(¢) =
y - &. Then we have

TE0y(Vaplo, D) @) = [ coe0mmey 4(€))ale, ) ) du g

)

L 80 zt71(€))—iyt! 1
//Rann | det(Vt) | e ©;(€)ale, t71(6))f (y) dy ¢

(

(

_ | det(Vn ]Zm 1)) iy -
_//RWR” [det(Vt)| ARy (O a(z, t7H()) f(n(y)) dy A€

=: Tj(f o) ().

Thus in hght of what we mentioned earlier, by Theorem [2.1§]it is enough to analyse
1,
By Lemma , fe Fﬁ ,(R"™) has an atomic decomposition

=> A boU%),  bg€fl, N,

=1 Q€D+
such that

L

. > 1/p
7l e ~ nf (32 IAF7)
=1

Since supp v; C supp WQ it is enough to consider Qe D; and hence

H<§1 ’ij’p>I/ Lp(En) H(Z’ZAT > bo¥9) >1/p

QeD; FrEn
. = p 1/p
Z I\, |p/ Q\IJQ(x) dx)
j QGD
1/p . = P 1/p
S () s (3 b V@) )

-1 LEZ>0 j=1 Lr(R™)

t= = QeD

Therefore it is enough to show that one has an expression of the form

(72) Z TR |70 mny S

uniformly in () € D, where

(Recall from Lemma [6.5] that Rq ;(r) = 0 for j < kg.)
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To show ((72) we need to show the following three estimates for 0 < k < oc:

o)

(73) Z HTRQJHLp (2Q) ST

j=max{l,kq}

o0

(74) Z ”7}X2\/EQRQJ ||1£p(Rn\2Q) S

j=max{l,kq}

o0

(75) Z HTjXRH\Q\/ﬁQRQ,j H:Zp(]Rn\QQ) f, L,
j=max{l,kq}

Step 1 — Proof of (73
To see consider

n(2—p)/2 i1 50 —jm.
IT5 R il17sag) < 1o° 225|279+ 0)T; R 17
Sl 0 Ro 7
< lg(Q*p)/2p22an(l/p—l/2)22jm%(p)
< 9—k@n(2-p)/2p92kqn(1/p—1/2)92jm.(p)

— 22jm%(p)

for all 0 < p < 1, thus we obtain by summing in 7, since m,,(p) < 0.

Step 3 — Proof of (74), (75))

follows directly from using Lemma and Lemma . follows immediately
from Lemma [6.6] This concludes the proof. O

7. TRANSFERENCE TO TRIEBEL-LIZORKIN SPACES FOR p > 2
Definition 7.1. In accordance to Theorem let Q) be a cube and set
£ :=20Q.

Lemma 7.2. Letn>1,0<p<1,0<p<1,0<k<o0and 0 << 1. Assume
that ¢ € ¥* is SND and satisfies the L*-condition [3). Let a(z,§) € S;?g‘(p)(]R”),
and

K, () = / POV 5 (2 €) de,

be the kernel of an OIO T;. Then for all € > 0 we have for an hP-atom a supported
i @ that
(1) If 277 <lg < 1, then

1 (n n/p) %j(n—n/p)

(76) / 759, Dyajdz <2 A E+l” 931 :
(¢1) Iflg > 1, then
7 T*U.(D)aldr < (29m=®) +ln—n/p2j(n—n/p) P
]Rn

Proof. We begin by proving , to this end let w be a real number such that
1jw= 1/p— 1/2, and split R* = £ U (]R”\E) Then

v Pd 1 <1 T 24 is
! )al’ dz 1 Hm) \ (D)a|” dz
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. 2
< |Q‘1/p71/22jmu(p)< la(2)]? d:z:) < gima(v),

Rn
Now, recall that

) = (27e —g)) "

and that we have for w > 1,
(78) gl o my S 27797
Next Holder’s and Minkowski’s inequalities and Lemma [5.1] yield that

(@wm%wwwy "< [ R,

5/ HLKJ'(?J#E)’
|W;(D)a(y)| dy

<2 nj%/w/ H (y7 )‘L2(Rn)

5 lg n/pzj(m%(p)—i-n/Z nsx(1/p—1/2))

LQ(RH)HgHLw(Rn)

ng]<mwnywmam

— [nn/Poj(n—n/p)
— lQ 97 P

where we have also used that a is an hP-atom and that W;(D) is L*-bounded uni-
formly in j.

Interpolation step:

Using the L? result (Theorem [4.1) we obtain by Riesz-Thorin interpolation and
L +Limm0<p<1mm0<k<1mm

bt
/pt . n—n o _
( . \Tf\IJj(D)a]pt da:) < (Qjm%(p) + lQ /Poj(n n/p))(l t)

< 2]m%( p)(1—t) +l1 t)(n— n/p)z(l—t)j(n—n/p)‘

_1
Taking p; =1 and t = . ’{ we have 1 —t = 1_1 and therefore

P p
1
/ ‘T* a‘ dz < (gam% (») + l” n/pQJ(n n/p))

Thus for g > 1 we have

15 (D) 52— w1 j(n—n/p)
TV (D)aldz S o/ " ES o7 b
R»
and for lg < 1 and € > 0 we have
e T (=n/p) 1L jmp
/ |T* a’dx< 2 (p 7—1l E—'—lp 1 2%_1‘7( /p)

O

Theorem 7.3. Let n>1and0 < k < oo. Assume that p € Fk z's SND and satisfies
the L*-condition (3). Furthermore assume that a(x,§) € S5 (]R”), and let T} be
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given as in Lemma [7.2 If we let p > 2, 0 < q < oo, and b > 0 and if we also
assume that the operators T} satisfy

(79) sup 2jb/p||Tj||Lp_>Lp <1,
§>0

(80) sup 22|\ T || 22 S 1,
j>0

then, the following inequality holds:

H(Z 2oy fe) | (Z )

where ¥ € . (R™), U;(D) := W(277D) and f; is a sequence of functions.

Proof. We consider a measurable set £ (as defined in Definition [7.1)). We have the
following inequality:

€1 S 1o,

which means that all the hypotheses of Theorem are satisfied, with ¢ = 2.
Note that the condition b < n in Theorem is not necessary here, because
it stems from Lemma 2.2 in [22], which we substitute with our Lemma (and
duality). We also do not need the assumption about the kernel, because we
show Lemma using a different argument. Therefore, we can obtain the result by
applying the same method as in [22] to the adjoint T, and then interpolating with
L*(R™). OJ

8. TRIEBEL-LIZORKIN ESTIMATES

In this section we use the lifting results from section [6] and [7] to lift Theorem [5.2] to
Triebel-Lizorkin boundedness.

Theorem 8.1. Let 0 < p<1,0<6<1,k>0,0<pu<1, and0<q§oo.
Assume furthermore that ¢ € P z's SND, and satisfies the LF(p) condition and

the L*-condition (3). For a € S (R”) let T be the associated OlO. If s € R and
either one of the following cases holds

(1) 2<p<oo when0<q<p,

n
1) —— < p<2whenp<gq,
(i) nia <SPS p<q

then the O10 T¥ is bounded from F; (R") to F; (R")

Proof. We decompose the operator into a low and a high-frequency part. The re-
sult for the low-frequency part follows from Theorem [2.21] so we only consider the
high-frequency part.

Observe that when p = ¢ = 2, the claim is a consequence of Theorem [£.3]
We split the proof into different ranges of p and ¢, the two parts of the proof corre-
spond to the blue and the red regions in Figure [2] respectively.

Part 1 — Proof when p >2and p>q >0
We use Theorem [2.12] to write

i (D)TF f(x) = TEY;(Vap(x, D) f(z) + Rf (2),
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00 2 1 p

FIGURE 2. Triebel-Lizorkin boundedness for OIO:s with their respec-
tive critical decay. The blue horizontal lines illustrate Theorem [7.3]
The blue vertical lines illustrate the boundedness results obtained by
applying a duality argument for the case p > 2. The red vertical lines
illustrate Proposition together with interpolation with the vertical
blue area.

The operator R is bounded by Lemma [6.7] and a reasoning similar to the Propo-
sition . So from now on we will only consider the first term. Denote T; :=

Ty (Vap(@, D)).

Hence we can use Theorem [7.3{with b := n(1 — 3) and S; := T;(1 — A)~? to prove
the desired result. Observe that the h? — LP boundedness (Proposition and
the L? boundedness (Theorem of T7 yield and respectively.

Theorem immediately yields that

gy 1/q
| (X 21w, (0y1317)
j=0

> 1/p
S (X ilaen)
j=0

L (R™) - H L (R™)

(3 2y (D)5, 17)
=0

Thus S; : BY, — Fp/f which immediately implies that T} : By — Fp/. Now the
assertion follows from the facts that Fg} ¢ ng = Bg’p and the calculus using Bessel
potentials and Theorem [2.12]

Part 2 — Proof when 1 < p< 2 and p < q
Using that the operator is self-adjoint we can also obtain Theorem ([7.3) for the
adjoint, then apply the arguments from part 1.
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Part 3 — Proof when 0 < p<1land p <gq
By Proposition one obtains the result for 0 < p < 1 and ¢ > p.

Part 3.1 — Proof when 0 < p < g <1

In this case using Riesz-Thorin interpolation with F} = By yields the result.
Part 3.2 — Proof when 0 < p <1< q <

Here Riesz-Thorin interpolation with Part 2 above, yields the result.

Now notice that (1—A)27¢(1—A)~ is a similar operator associated to an amplitude
in §™<(P)(R") and phase ¢, and hence bounded from F? (R") to itself. Therefore

using the fact that the operator (1—A)?2 is an isomorphism from Fz (R") to F) (R™)
for 0 < p < oo, we obtain the desired result. 0

8.1. Triebel-Lizorkin estimates related to forbidden amplitudes.

It is well known that the oscillatory integral operators with amplitudes in ST (R")
fail to be L2-bounded, and this serves as a motivation for the designation "forbid-
den", see e.g. Stein [23] Chapter VII, Section 1. However for pseudodifferential
operators E. Stein (unpublished) and independently by Y. Meyer [20], [21] showed
the Sobolev-boundedness for H*(R") for s > 0. This result had a redeeming effect
on the reputation of the pseudodifferential operators with forbidden symbols. But
the main fact that gave the forbidden symbols their current important status is their
important role in J. M. Bony’s paradifferential calculus [1], which is an efficient tool
in the analysis of nonlinear partial differential equations. Regarding psedodiffer-
ential operators with symbols in ST (R"), a refined and sophisticated analysis was
made by J. Johnsen in [I7], which went far beyond other known results for these
operators. Indeed the boundedness of pseudodifferential operators with forbidden
symbols in all classical function spaces (such as Besov-Lipschitz and Triebel-Lizorkin
spaces) can be deduced from the results of Johnsen in the aforementioned paper.
In the analysis that is carried out in [17], great care has been taken to make sense
of operators with forbidden symbols when they act on spaces with p = oco. This
case is problematic because Schwartz space is no longer dense in the spaces at hand
and it behoves one to give a rigorous definition for the action of the operator on a
tempered distribution. This difficulty was overcome by Johnsen [I7] as follows:

Let ¢ be a smooth function so that $ is supported in {£: 27! < |¢] < 2} and

S o) =

keZ

for £ # 0 where ¢y, := 28¢ (2*.). For j, k > 0, set a;,(z,€) := ¢; * a(-,&)(x ) k(€)
Then the action of the pseudodifferential operator a(x, D) with symbol a(x,§) €
T (R™) is given by

a(x,D)f :hmZZajkfo fes,

N—o0
k=0 5=0

whenever the limit exists in .¥”.

In what follows, our main focus is on oscillatory integral operators that are outside
the scope of pseudodifferential operators, and in the results that we are proving, we
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will be avoiding the case p = oo. In this connection, the boundedness of Fourier
integral operators in Besov-Lipschitz and Triebel-Lizorkin spaces with amplitudes
in forbidden classes was established in [3]. In this section, we state and prove two
results about the boundedness of oscillatory integral operators in Triebel-Lizorkin
spaces with amplitudes in ST (R™).

Now we turn to the boundedness of OIOs with forbidden amplitudes in the class
ST (R™) and ask whether they are bounded on Triebel-Lizorkin spaces.

Theorem 8.2. Let n > 1, k > 0, s > 0, 0 < pu < 1. Assume that
a(x,§) € S;fnll/p_l/Q‘(R”), ¢ € F* is SND, satisfies the LF(u)-condition and the
conditions in @D, and the L?-condition . If s > n(m — 1), and either one
of the following cases hold

(1) 2<p< oo when 0 < q<p,

(17) i <p <2 whenp<q,
or if s > % with ¢ = oo, then the O10 T is bounded from Fj (R") — FJ (R").

Proof. The proof is similar to the proof of Theorem 5.13 in [15], and therefore we
shall only highlight the differences here. The only differences appear in connection
to (100). At this point in the proof one instead uses Theorem 8.1 instead of Theorem
5.15. The rest of the proof remains the same. 0

9. BESOV-LIPSCHITZ ESTIMATES

In this section we include both the Besov-Lipschitz boundedness results of OIO’s
with amplitudes in ngé forall0 < p<land 0 <9 <1. We begin with the classical
amplitudes were § < 1.

Theorem 9.1. Let 0 < p <1 and 0 <6< 1, k>0, 0<pup<10<q< o0
Assume that ¢ € F* is SND, satisfies the LF(u)-condition and the conditions in

(©). and the L?-condition (3). Assume also that a € S;%(p) (R"), and let T¢ be the
associated O1O. Then Ty is a bounded operator from By (R") to By (R") for all
sERfor#<p<oo.

Proof. Let x € C2°(R™) be supported in {£ : [£| < 1}, and write

T = [
= Thighf(x) + ,—Tlowf(x)'

The boundedness of T, follows from the low frequency result Theorem [2.21] The
boundedness of Ty, follows immediately by the Besov-Lipschitz lift Theorem [2.22]
and Proposition [5.2] O

~

e 9a(w, T~ (@) dg+ [ @ aa, O fle)(e) ag

n

In the next theorem, we obtain an estimate for OIOs with amplitudes in L>Sg*(R™)
(see Definition [2.2). Observe that this class of amplitudes contains the Hérmander
classes Sg (R™) and ST (R™).
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Theorem 9.2. Letn >1,s € R, 1 < p < 00, 0 < ¢ < 0o. Assume that p(z,€) € FF
with k > 0 is an SND phase, and a € L*S(R") with p € [0,1] and

1
m < —n(l - (1 - E)w(k,p)),
where w(k,p) is defined in Lemma [3.2] Then the associated OIO T¢ is bounded
from B;’q(]R”) — B;}Q(R”).

Proof. We decompose the operator into a low and a high-frequency part. The re-
sult for the low-frequency part follows from Theorem [2.21] so we only consider the
high-frequency part.

Following the proof of Theorem [5.2] we obtain the kernels K7} with the associated
kernel estimate ([23)).

Let T} be the operators corresponding to the kernels K. One observes that

T

T = | [ K s d
1
(Vep(z,8Y) —y)

with weight functions o(y) which will be chosen momentarily. Therefore, Hélder’s
inequality with % + 7% =1, 70" > 1 yields

K} (@, 9)0 (Vep(r, ) —y)—~ fily) dyl

‘ Rn

s

(81) Ty fi())” < / K @) o (Veela, €)=y dy)”
L)
. </Rn \O(Vg@(fﬂ,y&;) —y)r ).

where o is defined by
L, yl < 1
o) :{ /

It Iyl > 1,
with A > . Observe further that for M sufficiently large, one has

| I )l Vet = )l dy

: 2 (Ve &) — )l d
~ . Mr’! g 680 I’ -7 o y y
R7 <2]w(kvl’)(V§<P(I7§}/) - y)>

or'gmor’ jn(1—k) /
/Rn (25 (k) ) M lo(y)|" dy

2jr’m2—Mjr’w(k,p)2jnr’(l—k) 2jr’m2jnr’(l—k)
5/ (M —N) dy+/ — - W
ly|>1 || <1 (20w (kP)y)

< 2jr’m2—Mjr’w(k:,p)2jnr’(1—k’) + 2jr’m2jn(r’(1—k)—w(k:,p))'

Furthermore, using (17) in |23 p. 57|, we have

L) dy P
. et ) T S e Feste )
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where the hidden constant in the estimate above only depends on the dimension n.

Thus yields
T ()| S 2min(t=Rlgmimenl/r N ™ M, £(Vep(x,€)).

Now the estimate above, the SND condition, and the Hardy-Littlewood maximal
theorem yield that for 1 < r < p we have

1T £l oy S 22 n(t-Rgmametbn) Z 1M £5(Ve (- €D o

< 9imgin(1=k)g—jnw(k,p)/r’ 2njk||f]HLP(R”

where we have also used the number of s involved in the sum which is O(2/"%).

Therefore
> 1/q
1T m;, S (D02 IT3 5% )
j=1
1/q
(Z 939s9ima9in(1=k)ag—jnquw(k,p)/r’ QnaqufJ ||Lp(Rn )
j=1
S sy, @y,
whenever "
m<n(1- M),
,r./
Thus since 7 in (1, p) is arbitrary, by choosing m < —n(l — %) = —n(l — <1 —
%)w(k‘, p)), one obtains the desired boundedness. O
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