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Abstract
The fast-ion distribution function in fusion plasmas can be inferred by inverting Doppler-shifted
measurements from fast-ion diagnostics. The full fast-ion distribution function can be
parametrised by three constants of motion with the addition of a binary index. However, with a
limited number of measurements, cogent prior information must be added to regularise the
inverse problem, enabling the reconstruction of the distribution function. In this paper, we
demonstrate how to incorporate wave–particle interactions in the ion cyclotron range of
frequencies (ICRFs) as prior information with the future ITER tokamak as a test case. We find
that the addition of ICRF physics as prior information improves the reconstruction of a test
ICRF-heated fast-ion distribution function in ITER using synthetic data based on the planned
collective Thomson scattering sightlines and the planned gamma-ray spectroscopy sightlines.
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The addition of such prior information is beneficial in the case of a limited phase-space
coverage of fast-ion diagnostics.

Keywords: fast ions, prior information, tomography, wave–particle interactions

(Some figures may appear in colour only in the online journal)

1. Introduction

The study of energetic particles, or fast ions, in magnetic
confinement fusion is of paramount importance due to their
bimodal influence on the plasma state. On the one hand, they
are beneficial as they are needed to sustain the high tem-
peratures of the plasma for steady-state operation of fusion
power plants, and they can suppress turbulence to improve the
confinement of the plasma [1]. On the other hand, they can
drive instabilities in the plasma, which can lead to fast-ion
losses, damaging plasma-facing components and deteriorat-
ing the confinement of the plasma [2–13]. To optimise plas-
mas and mitigate such risks, it is advantageous to measure the
fast-ion distribution function. However, it is not possible to
measure it directly. It must be inferred by solving an ill-posed
inverse problem [14]. To render the problem well-posed, one
must regularise the inverse problem.A zoo of different types of
regularisation exists which all ensure that the solution changes
stably with the initial conditions. However, the choice of regu-
larisation can greatly influence the reconstruction of the distri-
bution function. It is therefore desirable to regularise the prob-
lem by incorporating prior information in the form of known
physics, such that solutions, which do not satisfy the known
physics, will be discarded. As we will see, this can be imple-
mented in the framework of Tikhonov regularisation.

Velocity-space tomography [15–17] has been used to
reconstruct fast-ion distribution functions in plasmas heated
by neutral beam injection (NBI) [17–24] and by electromag-
netic waves in the ion cyclotron range of frequencies (ICRFs)
[25–27]. Several types of prior information have been demon-
strated to improve the inference, e.g. non-negativity [28], the
known location of NBI peaks [23, 28], numerical simulation
[28], null-measurement velocity space [21, 28], monotonicity
[22], collisional physics [23], near-isotropy [29], or anisotropy
[30]. How to incorporate such prior information in the con-
text of phase-space tomography has been described in [31–
33]. This paper introduces a new type of prior information
beneficial to phase-space tomography of energetic particles in
magnetic confinement fusion, which is that of wave–particle
interactions in the ion cyclotron range of frequencies (ICRF).
Interactions between fast ions and waves of lower frequency,
such as neoclassical tearing modes and certain Alfvén eigen-
modes, have been studied extensively [13, 34–40] and consti-
tute a natural extension beyond the scope of this work.

We are interested in determining regions of phase space
where the fast-ion distribution function f is expected to have
weak gradients. To this end we start by examining the orbit-
averaged Fokker-Planck equation that governs the evolution of
the distribution function of the resonating ions on time scales

much longer than the orbit bounce time,

df
dt

= ⟨C( f)⟩+ ⟨Q( f)⟩. (1)

The orbit-averaged distribution function is a function of
three invariants of the unperturbed particle motion, e.g. f =
f(E,Λ,Pϕ;σ) [41], where σ is a binary index needed to dis-
tinguish certain co-passing orbits from counter-passing orbits.
The co-direction is defined to be in the direction of the plasma
current which, in the case of ITER, is also in the direction
of the toroidal magnetic field. E is the kinetic energy of the
ion, Λ = µB0/E is the normalised magnetic moment, Pϕ is
the toroidal canonical angular momentum, ⟨C⟩ is the colli-
sion operator and ⟨Q⟩ is a quasi-linear operator describing the
wave–particle interaction [41–43]. The collision operator has
three components being collisional slowing down, energy dif-
fusion and pitch angle scattering. At high energies, which is
the region of interest here, the slowing-down term, i.e. colli-
sions with electrons, dominates. In particular, the character-
istic energy at which pitch-angle scattering becomes weak is
given by a critical energy Ecrit (see e.g. [44] for a convenient
expression), and we consider energies E≫ Ecrit. The quasi-
linear operator is of diffusion type in invariant space, and it is
therefore expected that, when pitch-angle scattering is weak,
the regions of low gradients in phase space should align well
with the characteristics of this operator. This is the approach
we examine here to find appropriate priors to the regularisation
process.

In this paper, we will describe and demonstrate how to
incorporate wave–particle interaction physics in the ion cyclo-
tron range of frequencies as prior information into the inverse
problems of phase-space tomography. With a limited number
of fast-ion diagnostics available in ITER and other future toka-
maks, any additional physics-based prior information is valu-
able when aiming to reconstruct a full fast-ion distribution
function. In this paper, we consider the collective Thomson
scattering (CTS) diagnostic [45–50] and the gamma-ray spec-
troscopy (GRS) diagnostic [51].

We consider an on-axis resonance scheme for heating deu-
terium, as well as an off-axis resonance heating scheme, typ-
ical for the three-ion heating scheme, where fast ions from
the NBI constitute one of the species [52, 53]. These differ-
ent heating schemes have been shown by velocity-space tomo-
graphy to lead to qualitatively different phase-space distribu-
tions of MeV-range fast ions in the core of the plasma [25, 27],
being symmetric in pitch, and asymmetric in pitch, respect-
ively, which motivates the need for the tomography to accur-
ately account for the ICRF heating scenario. The toroidalmode
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number spectrum is dependent on the ICRF antenna phas-
ing. We will describe how to include ICRF physics as prior
information in the case of a single dominant mode number, as
in the case of toroidally asymmetric ICRF waves with ±90◦

phasing [54], as well as in the case of a symmetric mode num-
ber spectrum [55], as in the case of dipole phasing. Toroidally
asymmetric ICRF waves have been shown to generate both a
peaked radial pressure profile and a tail of energetic ions able
to excite Alfvén eigenmodes depending on which phasing is
chosen [56, 57].

The fast-ion phase space considered in this paper will be
constants-of-motion phase space parameterised by (E,Λ,Pϕ),
as the wave–particle interactions in the ion cyclotron range of
frequencies alter the constants of motion in known, predictable
ways, which allows us to use it as prior information. These
phase-space parameters are not the only ones with which one
can perform orbit tomography. In [31], orbit tomography was
performed in a pure 3D phase-space (E,pm,Rm) (not requiring
an extra binary parameter σ), where Rm is the maximummajor
radius coordinate of the fast-ion orbit, and pm is the pitch at
the maximum major radius coordinate [58–61]. However, the
ICRF physics are more conveniently formulated in constants-
of-motion phase space.

The rest of the paper is organised as follows. In section 2
we review the characteristics of ion motion in constants-of-
motion phase space, and in velocity space, for ICRF heating.
How to incorporate wave–particle interactions, and in particu-
lar ICRF heating, as prior information in the inverse problem
is explained in section 3. The new regularisation technique is
also demonstrated on a test distribution in the σ= 1 part of
phase space, which acts as a simple model of an ICRF-tail dis-
tribution. Section 4 concludes the paper.

2. Characteristics of ion motion in phase space for
ICRF heating

It is of interest to understand the energetic particle distribution
function due to ICRF heating, which generates a tail towards
high energies. For the ICRF heating wave to resonate with an
ion at a specific location in position space, the following local
resonance condition must be satisfied [41],

ω = nωci+ k∥v∥, (2)

where ω is the angular frequency of the heating wave, n is
the cyclotron harmonic of the wave, ωci is the local ion cylo-
tron frequency, k∥ is the parallel wave number and v∥ is the
parallel velocity of the ion. Here, k∥v∥ reflects the Doppler
shift of particles due to motion along the magnetic field dir-
ection. When the electromagnetic wave interacts with the fast
ions, it exchanges energy as well as canonical toroidal angular
momentum Pϕ and normalised magnetic momentΛ. These are
given by

E=
1
2
m
(
v2∥ + v2⊥

)
, (3)

Λ =
µB0

E
=
mv2⊥
2B

B0

E
, (4)

Pϕ = mR
Bϕ

B
v∥ + qΨp, (5)

where m is the mass of the fast ion, R is the major radial
coordinate, v⊥ is the fast-ion velocity perpendicular to the
magnetic field, q is the electrical charge of the particle, B is
the magnetic field strength, B0 is the magnetic field strength
on the magnetic axis, Bϕ is the toroidal component of the mag-
netic field, µ is the magnetic moment and Ψp is the poloidal
magnetic flux per radian. For fast ions interacting with the
wave according to the resonance condition in equation (2), the
changes in energy, canonical toroidal angular momentum and
normalised magnetic moment are related by [41, 43, 62]

∆Pϕ =
N
ω
∆E, (6)

∆Λ= (Λ∞ −Λ)
∆E
E

, (7)

where Λ∞ = nωc0/ω, N is the toroidal mode number of the
wave and ωc0 is the cyclotron frequency on the magnetic
axis. For wave frequencies much lower than the cyclotron
frequency, such as Alfvén waves, the conservation of mag-
netic moment replaces equation (7), and the characteristics
of the phase-space flow are given by the intersections of the
surfaces in phase space given by equation (6) and ∆µ=
0, respectively [63]. From equation (6), we see that high-
frequency waves primarily cause energy transport, whereas
low-frequency waves primarily cause spatial transport (given
by ∆Pϕ).

Equations (6) and (7) suggest that a particle accelerated by
an ICRF wave will move along the characteristic phase-space
direction described by the vector ϵ= (∆Λ,∆Pϕ,∆E)

T, with
the normalised unit vector defined by

ϵ̂=
1

∥ϵ∥

∆Λ
∆Pϕ

∆E

=
1
∥ϵ∥

(Λ∞ −Λ)/E
N/ω
1

∆E, (8)

where the hat-notation denotes that this is a unit vector, and
where ∥·∥ is the two-norm. One such unit vector exists for
every point in phase space. A streamline is defined as a curve
tangent to this unit vector in every point. Particles heated by
ICRF heating will hence follow these streamlines. Since a con-
tinuous stream of particles flows along the streamlines, any
gradients in the distribution function along the streamlines
are expected to be small. We therefore incorporate the phys-
ics of ICRF heating by penalising large gradients along the
streamlines.

Both on-axis resonance heating and off-axis resonance
heating can be treated by varying Λ∞ as the only parameter.
On-axis resonance is defined byΛ∞ = 1, whereas off-axis res-
onance is defined by Λ∞ ̸= 1 leading to qualitatively differ-
ent streamlines. As noted in the introduction, the off-axis res-
onance is typical for the three-ion heating scheme, when the
NBI ions are used as the absorbing species, as they then sat-
isfy the resonance condition in the plasma centre due to their
Doppler shift. In the following we will treat both cases and
show examples of streamlines calculated from parameters typ-
ical of expected ITER scenarios.
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Figure 1. Phase-space streamlines shown in black for the interaction between fast-ion orbits and an ICRF wave in the ITER baseline plasma
scenario. Topological boundaries have been assigned different colours to distinguish them more easily. (a) On-axis resonance heating case
with n= 1, N=−30 and ω = nωc0. (b) Off-axis resonance heating case with n= 1, N=−30 and ω = nωc0/0.85.

Taking on-axis resonance ICRF heating as an example in a
typical ITER plasma, we set N=−30, n= 1 and ω = nωc0,
and use the equilibrium with IMAS-id: #130501-1 [64, 65]
with magnetic field on axis B0 = 5.3 T, and a NBI energy of
1MeV. The resulting streamlines in phase space are illustrated
in figure 1(a). This figure illustrates the directions associated
with each point in (E,Λ,Pϕ) space as given by equation (8),
leading to a pattern of streamlines in analogy to streamlines in
fluid mechanics. Examples of such streamlines are also plotted
in [62]. We note that the phase-space streamlines are identical
for all harmonics n when the injected wave frequency ω is
given by ω = nωc0. As an example of off-axis resonance heat-
ing, we also consider N=−30, n= 1 and ω = nωc0/0.85. The
streamlines in phase for the off-axis resonance are illustrated in
figure 1(b). We will consider these two ICRF heating schemes
throughout the paper, where in one case ω = nωci on the mag-
netic axis, and in the other caseω = nωci off axis. The coloured
surfaces in figure 1 denote topological boundaries between dif-
ferent orbit types [66]. As ICRF heating draws particles along
these streamlines, it leads to the formation of high energy
tails in the phase-space distribution function. Notice that the
streamlines primarily go along the E-direction, and to a lesser
extent in the Λ-direction, with the change in Pϕ being negli-
gible for these frequencies. Figures 1(a) and (b) look similar,
but the streamlines approach different Λ values as the energy
increases. SpecificallyΛ∞ = 1 for the on-axis resonance heat-
ing ICRF scheme and Λ∞ = 0.85 for the off-axis resonance
heating scheme.

Assuming the NBI ions resonate with an electromagnetic
wave, the parametric curves of the streamlines are found by
taking small steps dE and dΛ and integrating both sides of
equation (7) after separating the variables,

ˆ E

E0

dE ′

E ′ =

ˆ Λ

Λ0

dΛ ′

(Λ∞ −Λ ′)
, (9)

such that

E= E0
Λ∞ −Λ0

Λ∞ −Λ
. (10)

As the streamlines in (E,Λ,Pϕ) space are perhaps rather
abstract, we will relate them to the (v∥,v⊥) space com-
monly used to illustrate distribution functions typical for ICRF
heating [67, 68]. The 3D streamlines in constants-of-motion
space suggest 2D streamlines in velocity space in any given
point (R, z). The streamlines in (E, p)-space are found by
expressing Λ in terms of the pitch p= v∥/v, see equation (4),

Λ =
(
1− p2

)
B0/B(R,z) . (11)

From equation (10), we then get [53]

p(E)2 =
E0

E
p20 + p2∞

(
1− E0

E

)
, (12)

where p0 and p∞ are obtained from (11),

p20 = 1− B(R,z)
B0

Λ0, p
2
∞ = 1− B(R,z)

B0
Λ∞. (13)

In velocity space, this becomes

v2⊥ =
1− p2∞
p2∞

v2∥ −
p20 − p2∞
p2∞

v20. (14)

In figure 2, the streamlines in velocity space are shown at
the magnetic axis as well as at three different radial locations
along the midplane. The top row represents the on-axis res-
onance heating case, and the bottom row represents the off-
axis resonance heating case. In the on-axis resonance case we
have Λ∞ = 1, such that the asymptotic resonance is a ver-
tical line at R= R0, as shown by the green lines in figure 2,
which reflects that the on-axis resonance ICRF heating gives
kicks in the v⊥ direction. The tilt of the asymptotic resonance
line for R= R0 in figure 2(e) is due to the off-axis resonance
Λ∞ ̸= 1. When the same ion phase-space flow along stream-
lines due to ICRF heating is observed at different locations in
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Figure 2. Velocity-space streamlines corresponding to the cases in figure 5 with matching colours for on-axis resonance heating in (a)–(d),
and off-axis resonance heating in (e)–(h). The dashed (solid) green lines are the asymptotic resonances in the on-axis (off-axis) resonance
case. Streamlines throughout velocity space are shown for reference in grey dashed lines. The faint solid-line semicircles are contours of
constant energy, of 1 MeV, 1.5 MeV and 2 MeV, respectively. The streamlines on the magnetic axis are shown in (a) and (e) for visualisation
purposes.

(R, z), the conservation of magnetic moment results in a part
of the energy being converted from v⊥ to v∥, such that the
asymptotic resonance line, shown in green in figure 2, has a
tilt in velocity-space, which increases with the distance from
the magnetic axis, where the ions are heated. The asymptotic
resonance line in velocity space for each spatial location in
(R, z) is found from (11),

v2⊥,∞ =
Λ∞

B0/B(R,z)−Λ∞
v2∥,∞. (15)

The asymptotic resonance lines for negative and positive v∥
result from counter-passing and co-passing orbits resonating
with the wave, respectively. As the streamlines in 3D phase
space are used as prior information in this study, the stream-
lines in 2D velocity space can likewise be used as prior inform-
ation in velocity-space tomography.

3. The inverse problem

The fast-ion distribution function cannot be measured directly,
but must be inferred from diagnostic measurements, which can
be based on nuclear reactions resulting in neutrons leaving the
plasma, or charge-exchange reactions emitting photons, both
of which can be observed by fast-ion diagnostic instruments.
The diagnostic signal often depends linearly on the fast-ion
distribution function given by a Fredholm equation of the first
kind [58–60, 69, 70]

s(u1,u2,φ) =
∑
σ=±1

˚ (
w(3D)
COM (u1,u2,φ,E,Λ,Pϕ;σ)

×f(3D)COM (E,Λ,Pϕ;σ)
)
dPϕdΛdE,

(16)

where f(3D)COM is the fast-ion distribution function in constant-of-

motion phase space, and w(3D)
COM is a weight function quantify-

ing the diagnostic sensitivity in phase space. Here a generic
diagnostic is considered as in [33, 71], assumed to measure
u, the fast-ion velocity projected onto the line of sight of the
diagnostic, as this quantity may lead to a Doppler shift of the
signal, which is the fundamental property used to infer which
fast-ion orbit is likely to have been observed. This is com-
mon for many different fast-ion diagnostics, such as FIDA
spectroscopy [72–76], CTS [77], GRS [78, 79] and neutron
emission spectroscopy [25]. The finite resolution of a dia-
gnostic instrument is denoted by the edges of each measure-
ment bin u1 and u2, and φ is the viewing angle between the
line of sight and the magnetic field vector in the measure-
ment volume. The viewing angle has a paramount influence on
to which extent the observed signal will be Doppler-shifted.
Discretising this linear equation, we get the matrix–vector
equation

s=Wf, (17)

where s is a vector containing the measurements, f is the vec-
torised fast-ion distribution function andW is the weight mat-
rix, where each row is a weight function. In this study, we
consider the three GRS lines of sight [51], and the seven CTS
measurement volumes [48] planned for ITER, whose weight
functions have been calculated using the procedure described
in [71].We thus have 10 spectra, which all have viewing angles
close to φ≈ 90◦.

The weight matrix is ill-conditioned, such that a regu-
lar least squares inversion produces nonsensical results. The
inverse problem of calculating f from s and W is ill-posed
and the ill-conditioned weight matrix tends to amplify noise
in s in the reconstruction of f. Therefore regularisation of the

5
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inverse problem is needed. A widespread technique adopted
is Tikhonov regularisation [80]. The general-form Tikhonov
regularisation is formulated as

f̄λ =min
f

(
∥s−Wf∥22 +λ2∥Lf∥22

)
, (18)

where L is the regularisation matrix of choice, which determ-
ines which property of f is minimised in the reconstruction.
The regularisation parameter λ controls to which extent the
reconstruction should fit the observed data relative to the reg-
ularisation term. The addition of the regularisation term in
the least-squares minimisation forces the inversion to change
stably with the noisy signal s. However, it also means that we
cannot achieve a perfect reconstruction, even with completely
noise-free measurements.

Choosing L= 1 to be the identity matrix is referred to as
zeroth-order Tikhonov regularisation, which penalises large
values in f. Choosing L to be a discrete approximation of the
gradient operator ∇ penalises large gradients in f and thus
promotes smooth solutions. This is referred to as first-order
Tikhonov regularisation. Smooth solutions are also promoted
by collision physics, which tends to smooth out the distri-
bution function. By choosing L= L1 ≈∇, collision physics
can be incorporated into the problem as prior information.
This was studied in more detail in the context of phase-space
tomography in [33]. We will use the ICRF physics encoded
in equations (6) and (7) as prior information in a stand-
ard Tikhonov regularisation framework. To penalise gradients
along the phase-space streamlines suggested by equations (6)
and (7) more than across them, we need to formulate the pro-
jection matrix onto the characteristics in each point in phase
space, which is

ϵ̂mϵ̂
T
m =

1
∥ϵm∥2

DΛmΛm DΛmPϕ
DΛmE

DPϕΛm DPϕPϕ
DPϕE

DEΛm DEPϕ
DEE


=

1
∥ϵm∥2


(Λ∞−Λm)

2

E2
m

N
ω

Λ∞−Λm
Em

Λ∞−Λm
Em

N
ω

Λ∞−Λm
Em

N2

ω2
N
ω

Λ∞−Λm
Em

N
ω 1

 ,

(19)

where we have omitted the overall factor of (∆E)2, as it can
be absorbed in the normalisation. The index m= 1, . . . ,M=
MEMΛMPϕ

runs over all of phase space with Mi being the
number of grid points in the i’th dimension, and the elements
Dij are the ICRF diffusion tensor elements [41, 43].

In the case of ICRF dipole phasing, where the spectrum
of toroidal mode numbers N is symmetric around zero, such
that the kicks in the Pϕ direction partially cancel out, the off-
diagonal terms in equation (19) that are linear in N are dis-
carded. In fact, as we see in figure 1, the characteristic changes
inPϕ are small for these high-frequencywaves even for a finite
mode number. Furthermore, since we are only interested in
approximately determining the directions in which the gradi-
ents of the distribution function are weak, we can discard the
terms linear in N for both asymmetric and symmetric mode
number spectra. For completeness, we keep the terms when

writing out the regularisation matrix explicitly. The modified
first-order Tikhonov regularisation matrix, when penalising
according to the wave–particle interaction characteristics, then
becomes [33]

L̂(ICRF)1 = K(M,3)

(
M⊕

m=1

ϵ̂mϵ̂
T
m

)
K(3,M)L1

=

DΛΛ (Λ,E) DΛPϕ
(Λ,E) DΛE (Λ,E)

DPϕΛ (Λ,E) N2

ω21M
N
ω1M

DEΛ (Λ,E) N
ω1M 1M

L1,

(20)

where Dij(Λ,E) are M×M diagonal matrices with
Dij(Λm,Em)/∥ϵm2 from equation (19) on the main diagon-
als, with the (i, j) indices running over (Λ,Pϕ,E), and where
Λ= (Λ1, . . . ,Λm, . . . ,ΛM)

T is a vector with the Λ-value in all
points in phase space, and likewise for E. 1M is the M×M
identity matrix. The sign

⊕
represents a direct matrix sum,

and K(v,w) is the commutation matrix. We note that the three-
by-three matrix above is exactly the one defined by equations
(11)–(16) of [41] up to a constant factor of ω2. This regularisa-
tionmatrix L̂(ICRF)1 is proposed to be suitable for reconstructing
ICRF-tails of fast-ion distribution functions. We will demon-
strate this in the next section. When adding ICRF heating as
prior information, the total regularisation matrix used can be
expressed as

L=

(
L̂(ICRF)1
L1

)
, (21)

where the upper row reflects smoothness along the ICRF char-
acteristics and the lower row reflects smoothness of f in any
direction due to collisions, here effected by standard first-
order Tikhonov regularisation. Note that we need some reg-
ularisation everywhere in phase space in order to have a well-
behaved inverse problem. In order to promote the ICRF regu-
larisation we keep the corresponding regularisation parameter
a factor 10 larger than the first-order Tikhonov regularisation
parameter.

The ICRF regularisation is only implemented in those
phase-space coordinates where the resonance condition is sat-
isfied. The constants-of-motion phase space is parametrised
by (3)–(5). The resonance condition is (2), and we make the
assumption [62, 81],

k∥ ≈ kϕ =
N
R
. (22)

Substituting v∥ in (5) using the resonance condition and
using (22), we get

Pϕ,res =

(
ω− n

qB
m

)
mR2Bϕ

NB
+ qΨp. (23)

Knowing the magnetic equilibrium in (R, z), we can find the
value Pϕ,res that satisfies the resonance condition in all spa-
tial (R, z) coordinates. The distribution function will be drawn
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along the streamlines in phase space to some degree, depend-
ing on how much the ion interacts with the wave. Therefore, it
is justified that we penalise the gradient along the streamlines
in the region of phase space given by equation (23).

We will illustrate where the resonance condition is satis-
fied, i.e. where we apply our ICRF regularisation, using the
ITER test cases. The ICRF system for ITER consists of two
antenna arrays injecting waves in the 40–55 MHz frequency
range [82]. In this test problem we consider the parameters of
the electromagnetic wave to be ω/2π = 41 MHz, the cyclo-
tron harmonic is either n= 1 or n= 2, and the toroidal mode
number is chosen to beN=−30 in the on-axis resonance heat-
ing case. The second harmonic heating case can be achieved
in reduced field scenarios. For the off-axis resonance heating,
we have ω/2π = 48 MHz, n= 1 and N=−30. The Pϕ values
satisfying the resonance condition in all (R, z) points are shown
in the left column of figure 3 for different heating scenarios.
Since E,Λ and Pϕ are not independent if the spatial location is
fixed, we can solve for Λ in all (R, z) points for each energy,

Λres =

(
Eres

B
− (Pϕ,res − qΨ)

2B

2mR2B2
ϕ

)
B0

Eres
. (24)

In the right column of figure 3,Λres is shown for Eres = 1MeV.
SinceΛmust be positive, we can immediately discard all solu-
tions of equation (24) which are negative. These negative val-
ues for Lambda are shown as the white regions in the right
column in figure 3, but 1 MeV particles in the white regions
can move along their orbits to reach the region where reson-
ance is possible. However, deeply trapped orbits that never
leave the white region will never resonate with the ICRFwave,
and hence the ICRF regularisation will not be applied in this
region of (E,Λ,Pϕ) space as we will show in the following.
It is noted that by solving the resonance condition (2) for the
triplets (Eres,Λres,Pϕ,res) we immediately get the familiar ver-
tical resonance region in (R, z), as can e.g. be seen in [83]. Our
approach also includes the broadening of the resonance region
for increasing fast-ion energies, as provided by the Doppler
shift. Here, we emphasise that we can incorporate any heat-
ing scheme by adjusting the parameters in equations (2), (6)
and (7) accordingly.

Knowing which (E,Λ,Pϕ) triplets that resonate in each
(R, z) point, we can check whether these triplets constitute
valid orbits. Doing this in all energy planes, we thus have a
map X denoting whether or not each orbit can resonate with
the ICRF heating wave somewhere in the plasma,

Xijk =

{
1, if (Pϕ,i,Λj,Ek) is a valid orbit-triplet,

0, if (Pϕ,i,Λj,Ek) is not a valid orbit-triplet.

(25)

In figure 4 the (R, z) coordinates where valid orbits are found to
possibly resonate with the heating wave is shown for three dif-
ferent fast-ion energies for the n= 1 on-axis resonance heat-
ing scheme and the off-axis resonance heating scheme shown

Figure 3. Left column: values of Pϕ satisfying the resonance
condition everywhere in physical space. (a) On-axis resonance
first-harmonic heating case. (c) On-axis resonance second-harmonic
heating case. (e) Off-axis resonance heating case. Right column:
values of Λ satisfying the resonance condition everywhere in
physical space for a fast-ion energy E= 1 MeV. Only positive
values of Λres are shown. (b) On-axis resonance first-harmonic
heating case. (d) On-axis resonance second-harmonic heating case.
(f ) Off-axis resonance heating.

above. We observe a resonance region similar to the cold res-
onance layer, which broadens for higher energies due to the
increasing fast-ion Doppler shifts. The corresponding maps in
constants-of-motion phase space depend on the numerical res-
olution used in (R, z)-space, when evaluating equations (23)
and (24). As the resolution in (R, z) goes to infinity, we find
that all orbits traversing the resonance region in (R, z) satisfy
the resonance condition somewhere. The ICRF regularisation
will then be implemented on the phase-space coordinates sat-
isfying the resonance condition, i.e. all coordinates except the
deeply trapped orbits and some stagnation orbits, which never
enter the resonance region in (R, z). We note that an ICRF
heating scheme can have a barrier region in energy, where
the wave–particle interaction becomes weak [83], which could
be included as additional prior information by only regular-
ising up to the barrier energy and penalising any phase-space
densities for energies above the barrier energy. However, we
have not included this additional prior information here.
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Figure 4. Resonance region in (R, z) for three different fast-ion energies. (a)–(c) On-axis resonance n= 1 heating case. (d)–( f ) Off-axis
resonance heating case. The size of the resonance region broadens with the fast-ion energy, as an increasing amount of Doppler shift is
available.

3.1. True test distribution

To create a test fast-ion distribution in constants-of-motion
phase space, we place a Gaussian blob in the E= 1 MeV
energy plane, to mimic the injection energy of the neutral
beam injectors in ITER. The left column of figure 5 shows
the orbit topology in a plane of constant energy at the NBI
injection energy 1 MeV in constants-of-motion phase space,
see e.g. [66, 71]. The dashed line shows which orbits the NBI
can inject for ionization along the beam path from the low-
field side plasma edge to the plasma centre. We study three
different NBI ion birth locations at R= 6.65 m, at R= 7.20
m, and at R= 7.50 m, respectively, all on the midplane, as
in figure 2. In an energy slice in constant-of-motion space,
each position in (R, z) corresponds to a position-space para-
bola, which is the locus of all orbits traversing that position,
and is defined in [71], and the intersection between the NBI
path and the position-space parabola gives possible (E,Λ,Pϕ)-
triplets of the injected ion. The right branch of the position-
space parabola corresponds to co-going orbits and the left-
branch corresponds to counter-going orbits [71, 84]. As the
injection of particles is in the co-going direction, we only mark
in figure 5 the crossing of the NBI path and the right branch of
the position-space parabola.

All the orbits in the Gaussian blob satisfying the resonance
condition are then transported upwards in energy in steps of
1 keV, and accordingly in Pϕ and Λ according to equations (6)
and (7). The streamlines in (Λ,E), given by equation (10), can
be seen in the right column of figure 5. After each kick, the
orbit gets an additional kick only if it still satisfies the reson-
ance condition. In this way, we create test distributions, which

will be considered to be the true distributions ftrue in the inverse
problems.

3.2. Reconstructions

In contrast to velocity-space tomography, phase-space tomo-
graphy allows us to combine diagnostic information from dif-
ferent locations in the plasma. This will be utilised in this study
by considering the CTS and GRS sightlines planned for ITER.
To reconstruct the test distribution, we calculate 10 synthetic
spectra based on the planned CTS and GRS diagnostics for
ITER, and example spectra are shown in figure 6 for the test
distribution shown in the upper row of figure 10. These spec-
tra are calculated by inserting ftrue in equation (17) and illus-
trate the measurement data vector s that we use for the inver-
sion as a synthetic model for the measurement data we can
expect to measure in ITER measurements. The CTS measure-
ment volumes are modelled as Gaussian blobs with variances
as given by table 4 in [48]. The GRS sightlines are modelled
as Gaussian beams. The spectra are comprised of the projec-
ted velocity of fast ions, as described in the beginning of this
section. Correspondingly, no instrumental response function
is taken into account. The central part of each spectra is dis-
carded, as this is dominated by thermal ions. The weight func-
tions are resolved on a 27× 27× 27 phase-space grid with 99
measurement bins in each spectrum, such thatW ∈ R990×19683.
The Index label in figure 6 denotes the 990 rows ofW. Before
the inversion of the spectra, random noise is added s→ s+ e
with e∼N (0,Cs) drawn from a normal distribution with zero
mean and a diagonal covariance matrix, given by
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Figure 5. (a), (c) and (e): The dashed line traverses the orbits born
along the centre of the NBI beamline on the low-field side. The
dashed–dotted grey parabolas denote which orbits pass through
three different radial locations on the midplane, which is noted in
each subcaption. The coloured crosses denote co-passing fast-ion
orbits born along the beam on the three different locations. (b), (d)
and (f ): Streamlines in phase space given by equation (10) for
on-axis resonance heating (dashed line) and off-axis resonance
heating (solid line). The green vertical lines are the asymptotic
resonances Λ∞ = nωc0/ω in the on-axis resonance (dashed) and
off-axis resonance (solid) cases, respectively.

(Cs)ij =

{
max

{
0.02si,10−3max{s}

}
, i = j,

0, i ̸= j.
(26)

For the purposes of this study, we simply parametrise the noise
for both diagnostics as given in equation (26), although in
reality signal-independent noise terms would also contribute
depending on the type of diagnostic considered. If the inverse
and forward models are exactly the same, the inversion of
synthetically generated data is unrealistically accurate, which
is known as an ‘inverse crime’ in the inverse problem com-
munity. In order to use an inverse model different from the for-
ward model, we interpolate the weight matrix onto a slightly
coarser phase-space grid with a resolution of 25× 25× 25, on
which we calculate the inverse problem. To treat the CTS spec-
tra and GRS spectra on an equal footing, we normalise the
CTS spectra with 2% of the maximum of all measured CTS
spectra, and we normalise the GRS spectra with 2% of the
maximum of all measured GRS spectra. The finite-difference

Figure 6. Synthetic spectra with noise. The spectra are normalised
with the measurement uncertainty to treat CTS and GRS on an equal
footing. The first seven spectra are based on the CTS diagnostic
planned for ITER, and the last three spectra are based on the GRS
diagnostic planned for ITER. All spectra are resolved across a range
of projected velocity of [−1.4,1.4] · 107 ms−1.

approximation of the gradient operator used in (20) penalises
the pixel-wise difference along each axis in phase space. Since
the axes have different units, we normalise each axis such that
they are dimensionless, and the elements of ϵ are normalised
correspondingly. Λ and ∆Λ are already dimensionless, but in
the definition of ϵ, equation (6) is replaced by

∆P̃ϕ =
N
ω̃
∆Ẽ, (27)

where

P̃ϕ =
Pϕ

q|Ψp,w|
, Ẽ=

E
ENBI

, ω̃ = ω
q|Ψp,w|
ENBI

, (28)

where ENBI = 1 MeV is the NBI injection energy, and Ψp,w

is the poloidal magnetic flux per radian at the last closed flux
surface. To quantify how well the true distribution function
is reconstructed, we calculate the two-norm of the difference
between the true distribution function and the reconstruction
as a relative error norm,

ε=
∥̄fλ − ftrue∥2
∥ftrue∥2

. (29)

This is possible when using synthetic data, since we know the
true distribution function. The relative error norm for differ-
ent regularisation parameters are shown in figure 7 for recon-
structions of three different true distributions. For the blue data
points with aminimum relative error of ε∼ 0.8 only first-order
Tikhonov regularisation has been used in the inverse problem.
For the red data points with aminimum relative error of ε< 0.7
both first-order Tikhonov regularisation and ICRF regularisa-
tion has been used. The better performance in this case is due
to the added prior information provided by the ICRF regular-
isation. The true distributions as well as the optimal recon-
structions in each case are shown in figures 8–10.
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Figure 7. Relative error norm between the reconstructions and the true distribution for different regularisation parameters. (a) On-axis
resonance heating with true distribution generated from fast-ion orbits born around R= 7.20 m along the NBI beamline. (b) On-axis
resonance heating with true distribution generated from fast-ion orbits born around R= 7.50 m along the NBI beamline. (c) Off-axis
resonance heating with true distribution generated from fast-ion orbits born around R= 7.20 m along the NBI beamline.
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Figure 8. First row: true distribution of ICRF-tail from fast-ion orbits born around R= 7.20 m along the NBI beamline with on-axis
resonance heating. Second row: optimal reconstruction using only first-order Tikhonov regularisation. Third row: optimal reconstruction
using both first-order Tikhonov regularisation and ICRF regularisation.

Figure 9. As figure 8 but for fast ions born around R= 7.50 m.

First-order Tikhonov regularisation alone does a good job
in reconstructing the true distribution in both cases, but, espe-
cially for higher energies, it smooths out the distribution too
heavily and fails to clearly identify the peak of the distribution.
Both these issues are less pronounced when including ICRF
regularisation. The ability to better identify the peak of the dis-
tribution can be attributed to the ICRF streamlines as shown
in figure 1. As noted previously, the streamlines primarily go
in the energy direction, to a lesser extent in Λ-direction and
have a negligible component in the Pϕ-direction. This enables
the regularisation to drag the peak in the E= 1000 keV energy
plane up into higher energies. The same reasoning can explain
how the ICRF regularisation can improve the localisation of
the distribution in each energy plane. The reconstruction is

allowed to have larger gradients in the Pϕ and Λ directions
compared to the energy direction, according to the direction
of the streamlines.

We finish this section with a comment on how to choose the
regularisation parameter in cases where the true distribution is
not known, as is the case when inverting experimental data.
The choice of the regularisation parameter from experimental
data is an important and challenging topic, and many methods
have been proposed, see the overview in chapter 5 of [85]. In
general, it is not possible to favour one parameter-selection
method over the others, since the behaviour of the methods
are very problem dependent. The recommendation is to choose
the best method from computer simulations, combined with
machine learning [86] and visual inspection of the results.
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Figure 10. As figure 8, but for off-axis resonance heating and fast ions born around R= 7.20 m.

4. Conclusion and outlook

In this paper, we considered wave frequencies on the order
of the cyclotron frequency to include wave–particle interac-
tions as prior information in the inverse problem of recon-
structing the fast-ion distribution function in tokamak plasmas.
The streamlines in constants-of-motion phase space given
by the relative change of energy, toroidal canonical angu-
lar momentum and normalised magnetic moment have been
reviewed and applied in the construction of a regularisation
matrix that penalises large gradients along the streamlines. The
resonance condition is employed to only regularise accord-
ing to ICRF physics in those regions of phase space that can
satisfy the resonance condition. It is demonstrated that the
inclusion of ICRF physics as prior information improves the
reconstruction of a test distribution based on synthetic sig-
nals using an ITER equilibrium. This prior information can be
beneficial for ITER and other future tokamaks with a limited
phase-space coverage by the fast-ion diagnostics. It is noted
that in case of low-frequency waves the change in normalised
magnetic moment is replaced by the conservation of magnetic
moment, and the present formalism can therefore be adapted
for such a case in a straightforward manner. This would allow
the possibility of incorporating information about the interac-
tion between fast-ions and modes such as neoclassical tearing
modes and Alfvén eigenmodes in the inverse problem.
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[13] Podestà M. et al 2009 Phys. Plasma 16 056104
[14] Hadamard J. 1902 Princeton University Bulletin 13 49–52
[15] Salewski M. et al (the ASDEX Upgrade Team) 2012 Nucl.

Fusion 52 103008
[16] Salewski M. et al (the ASDEX Upgrade Team) 2013 Nucl.

Fusion 53 063019
[17] Salewski M. et al (the ASDEX Upgrade Team) 2014 Nucl.

Fusion 54 023005
[18] Weiland M., Geiger B., Jacobsen A. S., Reich M., Salewski M.
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