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1 Introduction

Symmetries have been the most fruitful source of exact results in the study of quantum field
theory. For most of this endeavor, they have also been a settled concept: symmetries are
transformations that leave a physical system invariant. Such transformations necessarily
form a group and, following Wigner, fields and quantum states are organized according to
the representations of this group. However, in the past decade or so, this solid concept
has become surprisingly fluid.

The newfound activity stems from the observation that symmetries can be realized by
operators that depend topologically on their support [1]. The flurry of current development
comes from turning this relationship on its head and defining symmetries in a theory to
be its topological operators. Topological operators in a theory can be composed in more
elaborate ways than standard group multiplication. The correct mathematical framework
to describe these generalized symmetries is believed to be that of (higher) fusion categories
(see [2–8] for a review and [9–13] for recent developments).

An important conceptual underpinning of this paradigm is the symmetry topological
field theory (SymTFT) [14–18]. For a d-dimensional theory T , the SymTFT is an auxiliary
topological theory in d + 1 dimensions that encodes the symmetries of T as well as their
categorical structure. In this framework, the theory T can be realized by considering a
bulk-boundary system. As bulk, we take the SymTFT on Xd+1 = Md × I, with I a closed
interval, while at the two ends of the interval I we take two different boundary theories
coupled to the SymTFT. One of them is a relative theory T̂ and the other is a topological
theory that fixed boundary condition B for the fields of the SymTFT. With a suitable choice
of T̂ and B, the theory T can be recovered by shrinking the interval I. Topological operators
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of the SymTFT correspond to symmetry operators of T , and symmetries of the SymTFT
correspond to various operations on the topological boundary, manipulations that connect
T with other global variants of the same dynamical theory. In particular, to this second
kind of operators belongs the gauging of finite symmetries of T or the stacking of some
SPT for a symmetry of T . In this sense the SymTFT decouples the topological aspects (i.e.
symmetries) of T from the detailed dynamics [15, 19–36].

Since topological quantum field theories are much more tractable than ordinary quantum
field theories, the SymTFT is a powerful tool for probing symmetries and their anomalies.
E.g. in low dimensions TQFTs can be classified and, in turn, this becomes a classification
of the SymTFT constraining possible realization of symmetries in one dimension lower.
However, usual axioms of a TQFT as postulated by Atiyah require it to assign a finite
dimensional Hilbert space to every closed manifold, this approach naively only works for
finite symmetries. Describing continuous symmetries (and even infinite discrete symmetries
like Q/Z) requires a relaxation of the standard TQFT axioms. Such generalizations of
the standard TQFT axioms have been studied in various contexts, however the correct
generalization for describing continuous symmetries is still under development (for a general
overview of TQFT see [37]). Physically such a generalization is highly desirable, and recently
some proposal were put forth [38–42]. These theories are important data points for developing
an axiomatic generalization and hence deserve further study.

In the specific case of Maxwell theory, the proposed SymTFT is a generalization of 5
dimensional BF theory where the dynamical fields are not gauge field for a finite group,
but rather they are R connections. The scope of this work is to investigate further these
theories. We aim at providing new insight on their structure, using parallels with the
symmetries of quantum mechanical system to study the automorphisms of said SymTFT,
i.e. electromagnetic dualities of Maxwell theory. This analysis will motivate a new proposal
for continuous non-invertible symmetries, that restore classical symmetries broken at the
quantum level. This procedure, however, will be shown to be consistent only at the price of
introducing particular projectors that trivialize Wilson and ’t Hooft lines of the dynamical
theory. This suggests that classical continuous symmetries can be recovered in the quantum
regime as non-invertible ones, at the price of trivializing all non-local operators of the theory.

This work is organized as follows: in section 2 we introduce the proposed SymTFT for
the Maxwell theory and the group SL2(R) of its automorphisms. We derive its action on the
SymTFT and its boundary conditions by utilizing the Lie algebra of the operators in the
theory. In section 3 we use this action to construct non-invertible symmetries corresponding
to the U(1) subgroup of SL2(R) that stabilizes the gauge coupling τ and discuss the action
of these symmetries on line operators of the Maxwell theory. Consistency of the fusion rules
for this symmetry will force the introduction of special kind of condensates that acts on
the theory by projecting out all charged line operators. We end with a summary of results
and outlook for the future in section 4.

Note: while this paper was in preparation, [41] appeared on the ArXiv. The two papers
present some complementary descriptions of similar phenomena in the context of non-invertible
symmetries. In [41], non-invertible symmetries are studied in the context of massless QED,
while in this paper we tackle Maxwell theory. Both approaches are complementary and lead
to similar results.
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2 Brief review of SymTFT for Maxwell theory

For convenience, in this section we reproduce the discussion of [38] and [39] about the
SymTFT of Maxwell theory. This will give us the chance to fix some notation and discuss
some aspects of the SymTFT for continuous symmetries.

As claimed in [38, 39], the SymTFT for Maxwell theory is given by a BF-like theory

S5d = 1
2π

∫
M5

a ∧ db , (2.1)

where a and b are two-form R connections, i.e. differential two forms.
Similarly to ordinary BF-theory, one can study the solutions to the equations of motion,

i.e. da = db = 0, which constrain the a and b to be closed forms. Thus one can always
choose representatives a, b ∈ H2(M5,R). The space of classical solutions is thus H2(M5,R)⊕
H2(M5,R).

We can now define the observables of the theory

W (M2)α = e
iα
∮

M2
a

, V (N2)β = e
iβ
∮

N2
b
, (2.2)

with M2, N2 ∈ H2(M5,R). It is easy to see that these operators are well defined and gauge
invariant for any choice of α, β ∈ R.

These operators also satisfy the commutation relation

W (M2)αV (N2)β = e2πiαβ⟨M2,N2⟩V (N2)βW (M2)α, (2.3)

where ⟨, ⟩ is the linking form on M5. Because of this relation, we can interpret the W and
V operators as generators of a Heisenberg group. Since this is now a continuous Lie group,
with parameters α and β, we can explicitly study its Lie algebra. Taking derivatives of the
group elements, we obtain that its Heisenberg algebra is generated by

∮
M2

a and
∮

N2
b. In

particular, we can define the following functions

xM2(a, b) =
∮

M2
a , pN2(a, b) =

∮
N2

b, (2.4)

on the space of classical solutions of the SymTFT. They satisfy the commutation relation

[xM2 , pN2 ] = 2πi⟨M2, N2⟩ . (2.5)

These functions, upon quantization, are the analog of “position” and “momentum”
operators in quantum mechanics. In the following, we will use this observation to construct
the automorphisms group of the SymTFT.

2.1 Boundary conditions and automorphisms

As discussed in [38], there are two sets of inequivalent boundary conditions, i.e. two choices
of sets of mutually commuting operators in the SymTFT. This can be seen easily from the
commutation relations that follows from the E.O.M.

W (M2)αV (N2)β = e2πiαβ⟨M2,N2⟩V (N2)βW (M2)α ,

W (M2)αW (N2)β = W (N2)βW (M2)α , V (M2)αV (N2)β = V (N2)βV (M2)α . (2.6)
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We now easily see that two operators commute either if they are of the same kind, i.e. both
are, say, Wα and Wβ over any support, or if αβ ∈ Z, since ⟨M2, N2⟩ is an integer.1 Before
considering the most general case, let us analyse the ones with the simplest interpretation
in terms of the bulk theory

• Algebra generated by Wα (analogous for X(α,β)):

This condition consists in imposing Dirichlet boundary conditions (DBCs) for Wα

and Neumann (NBCs) for Vβ . Upon squeezing the SymTFT, this boundary condition
realizes a 1-form R symmetry implemented by the Vβ operators i.e. the operators which
cannot end on the topological boundary. The Wα operators, instead, can end on the
topological boundary and on line operator of the dynamical theory.

We will call this theory, the R-Maxwell theory.

• Algebra generated by Wm and Vn:

The operators allowed to end on the topological boundary are now Wm and Vn with
m, n ∈ Z, which will also end on the Wilson and ’t Hooft lines of the dynamical theory.
The theory then admits two U(1) 1-form symmetries with integrally quantized charges.
These symmetries are implemented by Wα̂ and Vβ̂ .

This theory will be dubbed from now on U(1)-Maxwell theory.

Any other boundary condition is related to one of these by the SL2(R) action as we will
explain shortly.

Having discussed the interpretation of the gauge invariant operators of the SymTFT
in terms of the symmetries they implement on the dynamical theory, we now turn to
the discussion of the automorphisms, or 0-form symmetries, of the SymTFT, explaining
their action on the boundary conditions and the consequences for the dynamical theories.
Indeed, ordinary symmetries of the SymTFT can be interpreted as -1-form symmetries of the
dynamical one, since their action changes the global variant and in general has non-trivial
effects on the parameters defining the theory.

To describe the automorphisms of the SymTFT, we can use the fact that the operators
satisfy commutation relations eq. (2.3) describing a Heisenberg group. The same group
structure is found in the study of the free quantum particle in 1d, where Stone-von Neumann
theorem states that all irreducible representation of this Heisenberg group are unique up
the action of SL2(R). This action furnishes a unitary and faithful representation of SL2(R).
Therefore we can identify SL2(R) as the group of automorphisms of the Heisenberg algebra.

To construct these automorphisms we use the fact that the sl2(R) algebra can be expressed
in terms of the generator of the Heisenberg algebra, [43, 44]:

1
2p2 →

(
0 1
0 0

)
,

1
2x2 →

(
0 0
1 0

)
,

1
2{x, p} →

(
1 0
0 −1

)
. (2.7)

1More generally, if one considers operators of the form X(α,β) = eiαxM2+iβpM2 and their commutation
relations, one will reach the same conclusion.
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By a straightforward generalization, the generators of the group of 0-form symmetries of
the SymTFT, and the associated SL2(R) elements, are

Ta = exp

i
a

4π

b2∑
i,j=1

pM i
2
p

Mj
2
Qij

 →
(
1 a

0 1

)
,

Ub = exp

i
b

4π

b2∑
i,j=1

xM i
2
x

Mj
2
Qij

 →
(
1 0
b 1

)
,

Gc = exp

−i
c

4π

b2∑
i,j=1

{xM i
2
, p

Mj
2
}Qij

 →
(
1/c 0
0 c

)
,

(2.8)

with a, b, c ∈ R. The M i
2 are a basis of H2(M4,R) ∼= Rb2 and Qij is the intersection pairing

of the compact 4-manifold on which the operator has support. This definition is manifestly
invariant under any change of basis that preserves the intersection form of M4 and thus
invariant under diffeomorphisms of M4. The adjoint action of these generators on the basis
of the algebra, (x := xM2 , p := pN2), is given by matrix multiplication, for example

T−a

(
x

p

)
Ta =

(
1 a

0 1

)
·
(

x

p

)
=
(

x + ap

p

)
, (2.9)

and the action on Wα and Vβ follows similarly.
We can now discuss how these symmetries of the SymTFT act on boundary conditions.

We start with the R-Maxwell theory where we choose DBC for the W (M)α = eiαx operator.
In this case, it easy to see that the action of Ta and Gc leave the condition unchanged.
Indeed, we have that

Ta(1, 0) = (1, 0) , Gc(1, 0) = (1/c, 0) . (2.10)

However, the action of Ub changes the BC. Since

Ub(1, 0) = (1, b) , (2.11)

this action results in a DBC for X(α,bβ) = eiαx+ibβp. This still leads to an R-Maxwell theory.
In general, starting from an R-Maxwell theory and acting with an element of SL2(R), one
ends up with another R-Maxwell. R-Maxwell boundary conditions form an orbit under the
automorphisms of the SymTFT.

The case of U(1)-Maxwell is more involved and necessitates more care. First of all we
can notice that if a and b are integers, the action of Ta and Ub not only does not change
the kind boundary conditions, it also preserves the quantization of charges which remain
integral. In fact, it turns out that T1 and U1 are the generators of the discrete subgroup
SL2(Z), which is the duality group of U(1)-Maxwell theory. Non-integer values of a and b

can be obtained by composing T1 and U1 with Gc,2 thus to complete our analysis we only
have to discuss the effect of Gc on the B.C.

2Indeed Ta = G1/
√

|a|Tsign(a)G√
|a| and Ub = G√

|b|Usign(b)G1/
√

|b|.

– 5 –



J
H
E
P
1
2
(
2
0
2
4
)
1
3
1

From eq. (2.8) we have that

mx → m
x

c
,

np → ncp . (2.12)

This action preserves the commutation relation eq. (2.3), but now the coefficients of the
generators of the Heisenberg group are, in general, no longer integers. In [38] it was argued
that this fact can be interpreted as a rescaling of the coupling constant τ → τ/c2. We will
show that this is indeed the case, since the action of Gc, with c ∈ Q, can be interpreted
as a discrete gauging of a non-anomalous subgroup of the global U(1)2 1-form symmetry.
However, when c ∈ R\Q, one cannot interpret this as a “discrete” irrational gauging, but, as
we will show, one can make sense of it, matching its action on the coupling with an infinite
sequence of gauging operations in the bulk theory.

2.2 Effect of the discrete gauging

In order to make sense of the action of Gc on the U(1)-Maxwell’s boundary condition, we
first make a small detour and we discuss the effect of gauging a non-anomalous3 ZNe × ZNm

subgroup of the U(1)2 global 1-form symmetry. The effect of this discrete gauging will be
a rescaling of the coupling constant, τ = 4πi

e2 + θ
2π , of the theory, [45, 46]. To this end, we

will mainly follow [47] and appendix A of [48].
Let us consider the partition function of U(1)-Maxwell theory

Z[τ ] =
∫

DAe
i

2e2
∫

M F∧⋆F +i θ
8π2
∫

M F∧F . (2.13)

We start by regularizing the theory, putting it on a lattice so that differential k-forms
belong to a finite-dimensional vector space of dimension Bk. Furthermore, we denote by
bk the k-th Betti number of the spacetime manifold, which we assume to be torsion-free.
After the regularization, the continuous limit can be safely restored, as discussed in [47],
at the price of adding a UV cut-off

Z[τ ] = (Imτ)
1
2 (B1−B0)

∫
DAe

i
2e2
∫

M F∧⋆F +i θ
8π2
∫

M F∧F . (2.14)

Let us now perform a ZNe×ZNm gauging by coupling the U(1)e×U(1)m 1-form symmetries
to ZNe,m background fields Be,m. Upon summing over these backgrounds, we have the following

|H0(M,ZNe)|
|H1(M,ZNe)|

|H0(M,ZNm)|
|H1(M,ZNm)|

∑
Bm∈H2(M,ZNm )

∑
Be∈H2(M,ZNe )

(Imτ)
1
2 (B1−B0)

∫
DAe

i
2e2
∫

M(F−Be)∧⋆(F−Be)+i θ
8π2
∫

M(F−Be)∧(F−Be)+ i
2π

∫
M(F−Be)∧Bm .

(2.15)

First, we perform the sum over magnetic backgrounds, i.e. we evaluate

|H0(M,ZNm)|
|H1(M,ZNm)|

∑
Bm∈H2(M,ZNm )

e
i
2π

∫
(F−Be)∧Bm = δ

(∮
F−Be

2π
∈NmZ

)
N b0−b1+b2

m , (2.16)

where we have used the fact that N bi
e,m = |H i(M,ZNe,m)|.

3The “no-anomaly” condition is discussed in [45] and boils down to requiring gcd(Ne, Nm) = 1.

– 6 –



J
H
E
P
1
2
(
2
0
2
4
)
1
3
1

To see the effects of the Dirac delta above, it is convenient to decompose the field strength
as F = da + m, where a is a globally defined 1-form, and m ∈ H2(M,Z) is an integral class
that computes the flux of F through closed surfaces,

∮
F/2π ∈ Z. We see that the Dirac

delta constrains both the flux of F and Be to be multiples of Nm. In particular we have
that m = Nmm̂, with m̂ ∈ H2(M,Z), and Be = NmB̂e, where B̂e ∈ H2(M,ZNe). Now, in
order to have again a properly quantized field strength, we perform the change of variable
a → Nma. According to the split of the field strength, the path integral measure decomposes
as
∫
DA = ∑

m∈H2(M,Z)
∫
Da, thus the Jacobian factor is Da → NB1−b1−B0+b0

m Da. As
a result, the effect of summing over the magnetic backgrounds rescales the whole action
(F − Be) → Nm(F̂ − B̂e), where from now on we will drop the hat.4

The path integral now reads

N b0−b1
e Nχ

m

∑
Be∈H2(M,ZNe )

(Im(τN2
m)) 1

2 (B1−B0)
∫

DAe
i

N2
m

2e2

∫
M

(F−Be)∧⋆(F−Be)+i
θN2

m
8π2

∫
M

(F−Be)∧(F−Be)
,

(2.17)

where 2b0 − 2b1 + b2 = χ is the Euler characteristic of M.
We now perform the sum over electric backgrounds. To do so, we proceed as before by

decomposing F = da + m. The sum over topological sectors depends only on the difference
m − Be which defines an element of H2(M,Z/Ne), i.e. m̂/Ne = m − Be, with m̂ an integer
class. This fact can be interpreted as a fractionalization of fluxes of the theory, i.e. F has no
longer integer fluxes in unit of τ after gauging, but fractional ones, i.e.

∮
F/2π ∈ Z

Ne
.

The above sum over the electric backgrounds can be rewritten as

N b0−b1
e Nχ

m

∑
Be∈H2(M,ZNe )

(Im(τN2
m)) 1

2 (B1−B0)
∫

DAe
i

N2
m

2e2

∫
M
(da+ m̂

Ne
)∧⋆(da+ m̂

Ne
)+i

θN2
m

8π2

∫
M
(da+ m̂

Ne
)∧(da+ m̂

Ne
) .

(2.18)

We can now perform safely the change of variables a → a/Ne, since this is a global 1-
form and it doesn’t effect the period of the fluxes. The measure get rescaled by the factor
Da → N

−(B1−b1−B0+b0)
e Da, obtaining

Z[τ ]gaugued = Nχ
m(Im(N2

mτ/N2
e ))

1
2 (B1−B0)

∫
DAe

i
N2

m
2e2N2

e

∫
M F∧⋆F +i

θN2
m

8π2N2
e

∫
M F∧F

. (2.19)

Putting everything together, we have that the effect of gauging a non-anomalous subgroup
ZNe × ZNm , is, up to overall constants, the rescaling of the coupling constant of the theory

Z[τ ]/(ZNe × ZNm) = Nχ
mZ

[
N2

m

N2
e

τ

]
(2.20)

In U(1)-Maxwell, symmetry operators are given by Wα̂ and Vβ̂, with α̂ and β̂ in R/Z.
The action of Gc on these operators changes the quantization of their periods, in particular,
α̂ → α̂/c and β̂ → cβ̂. From the field theory point of view, this means that the charges of

4Notice that, since we assumed gcd(Ne, Nm) = 1, the rescaling of Be by Nm only change the representative
Be of H2(M,ZNe ). Since we are summing over all Be, this change has no effects.
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Figure 1. A 0-form symmetry defect of the SymTFT with a boundary becomes an interface between
two global variants of the dynamical theory upon shrinking the SymTFT.

Wilson and ’t Hooft loop, respectively, are now measured to be in Z/c and cZ respectively.
This means that, after the action of Gc, the theory has improperly quantized fluxes, in
the same way it does after a gauging procedure. Thus, we can interpret the Gc action on
boundary conditions as a discrete gauging, for c = Nm/Ne, and ultimately, as proposed
in [38], a rescaling of the coupling constant of the dynamical theory.

2.3 Action of SL2(Q) on τ and the restoration of SL2(R)

From the point of view of the 4d theory Maxwell theory, the subgroup SL2(Q) of the
automorphism of the 5d BF-theory becomes the duality group of the theory. Indeed, when
squeezing the 5d SymTFT between the two boundaries in the presence of such defects,
the topological boundary conditions are changed and consequently the dynamical Maxwell
theory is mapped to another global variant. In particular, if the defects of eq. (2.8) have a
topological boundary,5 such a boundary becomes a topological interface between two Maxwell
theories at different couplings [26], related by a SL2(Q) transformation, consistently with
the analysis in [38, 39, 46].

Nevertheless, when c ∈ R, the relation between gauging and Gc action breaks down, since
only rational rescaling of the coupling can be achieved via gauging. We thus propose that the
full SL2(R) action can be restored if one allows for countably infinite gauging procedures.

In order to show this, we use the following two facts: first we have that the full SL2(R)
group is generated by T1, U1 and Gc, second any irrational number can be expressed as an
infinite product of rational ones. This can be achieved as follows: consider a sequence of
rational numbers xn monotonically converging to c, then we have that an infinite product
approximation of c is given by c = x1

x2
x1

x3
x2

· · · = z1z2z3 . . . This can be shown easily using
the fact that partial products of the zn are

ck = a1

k−1∏
i=1

ai+1
ai

= ak , (2.21)

thus the sequence of partial products ck converges to c.6
It is now easy to see that, since discrete gauging rescales the coupling constant by a

rational number, Gzi(τ) = τ/z2
i , an infinite number of them can rescale it by any real number.

All the operators Gzi ∈ SL2(Q) are per se well defined.7 One can now think of taking a
5This is achieved by considering (2.8) with M i

2 ∈ H2(M4, ∂M4;R), i.e. they are cycles in relative homology.
6In appendix A.2 we further expand on how to realize this product using only fractions of prime numbers.
7As discussed in appendix A.2, they can be constructed avoiding any anomaly.
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Figure 2. An infinite collection of codimension one operator positioned in the interval I = [0, 1]
along the normal axis. The nth operator is located at the point n/(n + 1), so that none are touching.

“thick” operators, made of all the Gzi operators in the approximating sequence, put along
a closed interval, such that none of them is touching, see figure 2. Then, this collection of
operators will act on the theory as an SL2(R) duality between the two sides of the thick
defect. Finally, we take the (formal) limit in which all the defects coincide and define the
resulting operator as the genuine SL2(R) defect.8

Gc(τ) =
∏

i

Gzi(τ) = τ
∏

i

1/z2
i = τ/c2 . (2.22)

In a TQFT with a discrete set of operators (e.g. a BF theory with finite gauge group),
an infinite product of defect does not always make sense, since that limit might not exist.
However, for continuous one this may not be the case. Nevertheless, in the current set up
we can match the sequence of gauging on the dynamical boundary with the operator Gc

in the bulk of the SymTFT. Since the fields of the SymTFT are R connections and the
automorphisms group of the theory is the full SL2(R), thus Gc is a well defined -1-form
symmetry of the dynamical theory and can be realized as the limit of infinite gauging as
above. When the bulk operator Gc admits a topological boundary, figure 1, upon shrinking
the SymTFT, the operator becomes an interface between two Maxwell theories. Let us note
that said boundary, the red line in figure 1, can be interpreted as higher gauging, in the
sense of [49], of U(1) flat connections.9,.10

Thus, it may seems that we can recover the full action of SL2(R) on BC in terms of the
Maxwell’s SL2(Z) duality plus a possibly infinite number of discrete gauging. However, a
more careful analysis shows that this comes at a price.

In the quantum theory, duality defects not in SL2(Z), enjoy a non-invertible fusion rule,
as shown in [32, 46]. As we will show in the next sections, these fusion rules are invertible up

8Although we cannot prove the convergence of this limit, we view it as natural consequence of the SymTFT
described by (2.1). To motivate this, let us consider a closely related theory: a Q BF-theory. This theory
has a SL(2,Q) duality group and it is enough to capture the results of [46]. If infinite products do not exist,
from the perspective of the dynamical boundary, both Q and R BF theories are equivalent, with the difference
being the extra Gc, with c irrational, operators in the latter. Therefore, either a boundary for the bulk Gc

operator doesn’t exist, and the two theories cannot be distinguished, or it does. Assuming the latter to be
true, and since the passage from Q to R consists of adding the infinite products we are considering, we use
the above construction to then study the consequences of a bulk R BF-theory. We would like to thank the
anonymous JHEP refree for generous feedback on this point and encouraging us to motivate it better.

9In this case, we do not have higher anomalies, since the defects we are interested in trivialize all bulk
anomaly and, therefore, there is no inflow on the boundary.

10We do not have a proof the equivalence of these two approaches. We leave this investigation to future works.
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to condensates, which in the case of SL2(Q) dualities/symmetries have a mild effect on the
theory, but for SL2(R) they become projectors that trivialize every line operator in the theory.

3 The U(1)on-invertible symmetry

In [46, 50], it was shown that one can construct a (non-)invertible symmetry for a fixed
U(1)-Maxwell’s coupling constant τ . This is because the duality group SL2(Q) acts on τ as

τ → τa + b

τc + d
, (3.1)

with a, b, c, d ∈ Q and ad − bc = 1. Imposing that τ remains invariant under the action
of SL(2,Q) leads to

τ = a − d + i sign(c)
√
4− (a + d)2

2c
, (3.2)

with the constraint −2 < (a + d) < 2, such that Im(τ) > 0. Thus, the coupling is stabilized
by the element of the duality group associated to the matrix

A =
(

a b

c d

)
, (3.3)

which will produce a finite, i.e. Zn, or infinite, i.e. Z, (non-)invertible symmetry depending
on its eigenvalues being, respectively, nth-roots of unity or not. This symmetry is nothing
but the enhancement of the SL2(Q) duality group we described in previous sections to a
symmetry of the theory, for certain value of τ .

Now, since we expect that via infinite gauging one can recover the full classical SL2(R)
duality group of the theory, it is natural to ask whether the theory can now admit continuous
and possibly non-invertible symmetries as well. Indeed, it turns out that every value of τ is
stabilized by a U(1) subgroup of SL2(R). Such a symmetry is present classically, but not
at the quantum level since it is inconsistent with the quantization of electric and magnetic
fluxes. However, we can nevertheless try to describe it.

For sake of concreteness, suppose that the theory is at a generic τ , one can now perform
an SL2(R) transformation, say Pτ→i, to bring the coupling to τ ′ = Pτ→i(τ) = i. Now, there
is an SO(2) ⊂ SL2(R) group that stabilize the coupling

τ ′ = i → ia + b

ic + d
, (3.4)

if we choose a = d =cosθ and c = −b =sinθ, this acts as Rθ(i) = i. We now act with another
SL2(R) transformation, P−1

τ→i,to bring the coupling back to τ . It is easy to see that any τ

is left invariant by the composition of these transformations, i.e. P−1
τ→i(Rθ(Pτ→i(τ))) = τ .

From now on, for sake of simplicity, we fix τ = i.
The defect implementing the rotation, Rθ, in the dynamical theory can be expressed

using the operators in eq. (2.8), with a slight abuse of notation,11 as follows:

Rθ = Utan θT− cos θ sin θG 1
cos θ

, (3.5)
11Un, Tm and Gc here indicate the 3 dimensional defects obtained from the 4 dimensional ones defined in

eq. (2.8), with a topological boundary.
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for cos θ ̸= 0. Furthermore, if sin θ ̸= 0, we can rewrite

Utan θ = G√
| tan θ|U±1G 1√

| tan θ|
, (3.6)

where the plus is needed for tan θ > 0, while the minus is obtained for tan θ < 0, and we
can also rewrite (with the same sign conventions as above)

T− cos θ sin θ = G 1√
| cos θ sin θ|

T∓1G√
| cos θ sin θ| . (3.7)

Since it is required for later discussions, we write the complete formula in the case where
tan θ > 0

Rθ = G√
tanθU1G1/sinθT−1G√

tanθ , (3.8)

and in the case where tan θ < 0

Rθ = G√
|tanθ|U−1G1/| sin θ|T1G√

| sin θ cos θ|
cos θ

, (3.9)

where Gc can be obtained via a series of infinite gauging as explained in the previous section.
One could now conclude, naively, that the theory admits a U(1) global 0-form symmetry.

However, as we will discuss in the next sections, the defects implementing the U(1) symmetry
enjoy a non-invertible fusion rule. Therefore, before discussing the action of this symmetry
on the dynamical theory, we find more instructive to first discuss its fusion rules. From that
analysis, it will become clear that this classical symmetry can be restored, at the quantum
level, at the price of introducing in the theory some special condensates that act by projecting
out all the line operators of the theory.

3.1 Fusion and continuous condensates

We now address the issue of the fusion rules of these operators, starting by considering fusion
of discrete gauging operators. Following [45], we have

Gq/n =
∫

Da1Da2e
i
2π

∮
M3

[a1∧(qdAL−ndAR)+a2∧(ni⋆dAL−qi⋆dAR)]
, (3.10)

where a1 and a2 are a U(1) gauge connection and AL/R are the Maxwell’s gauge fields
respectively on the left and right of the defect. This operator corresponds to gauging a
Ze

q × Zm
n 1-form electric and magnetic symmetry, which is non-anomalous provided that

gcd(n, q) = 1.
The fusion of this operator with its “opposite”,12 i.e. the operator that gauges a Ze

n ×Zm
q

subgroup, can be computed explicitly. With the convention dAI = FI and i ⋆ dAI = F̃I ,
the fusion reads

Gq/nGn/q =
∫

Da1,2Db1,2 exp
{

i

2π

∮
M3

[
a1 ∧ (qFL − nFM ) + a2 ∧ (nF̃L − qF̃M )

]
+ i

2π

∮
M3

[
b1 ∧ (nFM − qFR) + b2 ∧ (qF̃M − nF̃R)

]}
,

(3.11)
12The generic fusion of gauging defects can be found in appendix A.1.
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where we introduced new Maxwell’s connections AM in the region between the two defects.
By imposing the equation of motion for AM , we have that

nda1 = ndb1 → a1 = c + λn , b1 = c

qda2 = qdb2 → a2 = f + λq , b2 = f (3.12)

where λl is a Zl connection. We are thus left with

. . . =
∫

DcDfDλ exp
(

i

2π

∮
M3

(
c ∧ (qFL − qFR) + f ∧ (nF̃L − nF̃ )+

− qλn ∧ FL + nλq ∧ F̃L

))
,

(3.13)

integrating out c, f leads to the identification AL = AR up to flat connection, i.e. acting like
the identity operator, while the integral over λl gives the following condensate

C(q
n) =

∑
M2∈H2(M3,Zn)

N2∈H2(M3,Zq)

exp
(
iq

∮
M2

F + in

∮
N2

F̃
)

, (3.14)

where the sum is over M2 and N2 cycles, Poincare dual to λl.13

If one performs multiple gauging operations in sequence and compensates them with their
opposite, the end result will be a collection of condensation defects which follow the fusion rule

C(q
n)C( p

m) =
∑

M2∈Zn,N2∈Zq

S2∈Zm,T2∈Zp

exp
(

iq

∮
M2

F+in

∮
N2

F̃+ip

∮
S2

F+im

∮
T2

F̃
)

=
∑

X2∈Zlcm(m,n)
Y2∈Zlcm(p,q)

exp
(

i
pm+qn

gcd(m,n)

∮
X2

F+i
mp+nq

gcd(p,q)

∮
T2

F̃
)
=gcd(m,n)gcd(p,q)C( lcm(p,q)

lcm(m,n)) ,14

(3.15)
where we used the short hand A2 ∈ Za for A2 ∈ H2(M3,Za). Note also that the subscript

is not a fraction, no simplification occurs between the two number in parenthesis.
Now, for a rotation Rθ ∈ SL2(Q), we recover the analysis carried out in [46]. These

rotations correspond to rational angles, thus producing an infinite discrete set of symmetry
operators enjoying a non-invertible fusions. In particular, the fusion of one defects and its
opposite produce a condensate.

This fact can be easily generalized to the case of rotations by irrational angles if one
allows for infinite gauging. As discussed at the end of the previous section, Gc operators,
for c ∈ R, can be realized via a series of infinite gauging and now we know how to deal
with the fusion of condensates. We thus define15

GcGc = lim
n→∞

n∏
i=1

Gqi/ni

1∏
i=n

Gqi/ni
= lim

n→∞

n∏
i=1

C(qi
ni
) = Cc , (3.16)

13We used the fact that
∮

λl/2π ∈ Z/l to fix the factors in the exponential.
14As shown in appendix A.2, one can always choose qi and ni such that all the factors are coprime, so all

gcd are 1.
15There is some abuse of notation here, the operators Gc, Gc and Cc depend not only on c but also on the

sequence qi
ni

which converge to c.
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where Cc is the “continuous” condensate, corresponding to the condensate of all the Ze
qi
×Zm

ni

symmetry gauged. As before, this can be taken as the formal superposition limit of, otherwise
separated, infinitely many condensation defects.

It now easy to compute the fusion rules of two opposite16 rotations Rθ

RθRθ = G√
tanθU1G1/sinθT−1G√

tanθG1/
√

tanθT1GsinθU−1G1/
√

tanθ = CR, (3.17)

where now CR is given by

CR = C1/
√

tanθCsinθC√
tanθ . (3.18)

For θ = ±π/2,±π, the above formulas do not hold, but for those values the U(1) rotation
is implemented by S = T−1U1T−1 and C = S2 respectively.

3.2 Action on lines

Finally, let us address how this continuous symmetry, as well as the continuous condensate,
act on Wilson and ’t Hooft lines of U(1)-Maxwell. At τ = i, we have the following Wilson
and ’t Hooft loops

W (γ)n = e
in
∮

γ
A

, T (λ)m = eim
∮

λ
Ã , (3.19)

with again dÃ = F̃ = i ⋆ F the dual field strength.
Now, the action of Rθ on F and F̃ is given byF ′ = cos θF − sin θF̃

F̃ ′ = sin θF + cos θF̃
, (3.20)

as discussed in [46].17

From eq. (3.20), it is easy to see the action on extended operators, since one can attach
a disc to the loops and rewrite them in terms of the field strength

W (γ)n = ein
∮
Γ F , T (λ)m = eim

∮
Λ F̃ , (3.21)

with ∂Γ/Λ = γ/λ.
We thus have

RθW (γ)nT (λ)m = W (γ)n cos θ+m sin θT (λ)m cos θ−n sin θRθ, (3.22)

where if n cos θ + m sin θ and m sin θ − n cos θ are not integers, the loops on the right hand
side are improperly quantized and are meaningful only if attached to a disc.

We finish our discussion by addressing the effect of the continuous condensate. A regular
condensate acts as a projector of Wilson/’t Hooft operators as follows, [7, 46, 49],

C(q
n)W

pHm =


W pHm if p = 0 mod n and m = 0 mod q

0 otherwise
. (3.23)

16The fusion of two generic rotations can be realized using the formulas in appendix A.1 for the fusion of
gauging operators and regular matrix multiplication for Tn and Un operators.

17Let us note that this action on the fields correctly reproduce, as expected, the classical electro-magentic
duality one can deduce from the E.O.M. of Maxwell theory in the vacuum.
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This property is a consequence of eq. (3.14): a condensate passing through a line operator
will “measure” it via link of the 1-form operator it is made with the charged line. Thus,

C(1n)W
p =

∑
M2∈H2(M3,Zn)

exp
(
i

∮
M2

F
)
W p = W p

n∑
k=1

e2πi k
n

p , (3.24)

where the sum now is a discrete delta function, that is zero whenever p ̸= 0 mod n. A
continuous condensate is made of an infinite sequence of condensates C(qi

ni
), where∏i qi/ni ∈ R.

As commented at the end of section 2.3, c can be approximated by a monotonic sequence
xi such that qi = xi, ni = xi−1 and x0 = 1. This means that for every line of fixed charge
p, a continuous condensate will eventually have an element C(qi

ni
) that projects the line out.

Thus, continuous condensates acts as zero projector for every line operator.
Before concluding, let us summarize our discussion: Maxwell theory enjoys, at the quan-

tum level, an SL2(Z) duality, enhanced to SL2(Q) if one admits discrete gauging and further
enhanced to SL2(R) if one allows infinite gauging. The theory has a Z2 symmetry, charge con-
jugation, and for special value of the coupling, τ = i, e

2πi
3 , the theory admits an invertible Z4,6

symmetry, respectively. Upon discrete gauging, one can construct infinitely many non-finite
discrete symmetries that enjoy a non-invertible fusion rule. Finally, via an infinite number
of gauging, one can recover the full classical U(1) symmetry of Maxwell equations i.e. the
stabilizer of τ in SL2(R), at the price of introducing continuous condensates, that effectively
project out all lines operators of the theory, making it effectively a “classical” theory.

4 Conclusions and outlook

In this work we have demonstrated that SymTFT proposed by [38, 39] can be used to better
understand topological interfaces in Maxwell theory. This is done by studying the action
of SL2(R) automorphism group of the SymTFT, which now is a continuous group. By
exploiting the analogy with free quantum particle systems, we where able to write down
explicit expressions for the action of SL2(R) on both the operators and boundary conditions
for the SymTFT.

Using these automorphisms we have constructed defects for the dynamical theory, by
appropriately decorating them with boundary conditions. This leads to topological interfaces
between Maxwell theory at different couplings. The salient properties of these interfaces
is that they are non-invertible and partially restore, at the quantum level, the classical
duality/symmetry of the theory. In particular, since any value of coupling τ is stabilized by a
U(1) subgroup of SL(2,R), these defects give rise to U(1) non-invertible 0-form symmetries
in the Maxwell theory. This is a refinement of the work of [46] which constructed defects for
the rational points of this U(1). Moreover, this is an example of a restoration of a classical
symmetry in the quantum regime, which was not broken by anomalies.18

This is a preliminary work and there are many interesting future directions to explore.
Fist of all, a natural question is to investigate the role of continuous non-invertible symmetries
in the study of dynamical constraints, such as Ward identities and spontaneous symmetry
beaking. Similarly it is important to better understand properties of infinite sequence of

18We thank Daniel Brennan for insightful discussions on this point.
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discrete gauging of subgroups of U(1) which is required to implement the non-invertible
symmetries. Indeed, this procedure requires the presence, as a byproduct, of continuous
condensates, which trivialize extended operators of the theory. It would be interesting to
better understand how general is this feature, since it seems to pose a strong constraint, i.e.
no extended operators, for theories admitting continuous non-invertible symmetries up to
condensates, i.e. symmetries obtained via higher-gauging [49]. Second, it would be interesting
to compare our realization of “U(1) non-invertible symmetries” which utilizes the non-trivial
topology of the group to those presented in [41] which instead treat it as having discrete
topology. Finally, another important application of these ideas will be to apply them to
SymTFTs for non-abelian continuous symmetries presented in [42].
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A Classical and quantum defects

In [45], the duality defect interpolating between two U(1)-Maxwell theories at different
couplings is given by

DQ =
∫

D(a, b)e
i
2π

∮
M3

(a,b)·((FL,F̃L)−Q(FR,F̃R))
, (A.1)

where a and b are auxiliary fields defined on only on M3 and Q is a two by two matrix
acting on the vector (FR, F̃R = i ⋆ FR) from the left.

A crucial role is now played by the fact that a can either be a R or U(1) connection,
leading to different constraints for the coefficients of the matrix Q.

When a is a R connection, the coefficients of Q can take any real value since there are no
large gauge transformation that can spoil the gauge invariance of the operator DQ. We will
call this a ‘classical’ defect, since, in general, it does not preserve the quantization condition
of the fluxes of the U(1)-Maxwell theory.

When a is a U(1) connection, instead, the coefficients of Q are forced to be integers
in order to ensure gauge invariance, thus for Q ∈ SL2(Z) and one recovers the invertible
quantum duality defects that preserve the quantization of the Maxwell fluxes. However,
this is not the end of the story, as one can further relax the condition on the coefficients
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of Q, asking that Q ∈ SL2(Q). In this case, the defect DQ is not gauge invariant, but
can be made so by stacking it with a three-dimensional topological theory that absorbs
the anomalous gauge transformation, [51–53]. This operation has the effect to make the
duality group non-invertible, as discussed in [46] and reviewed in section 3. Furthermore,
as discussed in this paper, and in [41] as well, one can further relax the condition on the
coefficients and recover the full SL2(R) duality group, via infinite gauging or via stacking
a TFT with a continuous spectrum.

A.1 Fusion of gauging defects

We now compute the following fusion

Gq/nGp/m =
∫

Da1,2Db1,2
(
exp

( i

2π

∮
M3

a1 ∧ (qFL − nFM ) + a2 ∧ (nF̃L − qF̃M )

+ i

2π

∮
M3

b1 ∧ (pFM − mFR) + b2 ∧ (mF̃M − pF̃R)
))

,

(A.2)

where we assume gcd(p, m) = 1 and gcd(q, n) = 1.
We proceed as in section 3, by integrating out AM . This leads to the following equations

for the auxiliary fields ai and bi

nda1 = pdb1 , ⇒ a1 = p

gcd(p, n)c + λgcd(p,n) , b1 = n

gcd(p, n)c ,

qda2 = mdb2 , ⇒ a2 = m

gcd(q, m)f + λgcd(q,m) , b2 = q

gcd(q, m)d , (A.3)

where c is a U(1) connection and λl is a Zl connections. Plugging these solutions back into
the path integral we are left with∫

DcDfDλgcd(q,m)Dλgcd(p,n) exp
( i

2π

∮
M3

(
c ∧

(
pq

gcd(p, n)FL − mn

gcd(q, m)FR

)
+

+f ∧
(

mn

gcd(n, p)(F̃L)−
pq

gcd(m, q)(F̃R)
)
+ qλgcd(n,p) ∧ FL + nλgcd(m,q) ∧ F̃L)

))
.

(A.4)

The integrals over λi gives the following condensate

C(gcd(q,m)
gcd(p,n))

=
∑

M2∈H2(M3,Zgcd(p,n))
N2∈H2(M3,Zgcd(q,m))

exp
(
i

∮
M2

qFL + i

∮
N2

nF̃L

)
, (A.5)

while the integral over c, f implements the new gauging operator G pq
mn

, where the fraction
should be simplified to its irreducible form.

Thus the general result for the fusion of gauging defects is

Gq/nGp/m = G pq
mn

× C(gcd(q,m)
gcd(p,n))

. (A.6)

A.2 Infinite gauging without condensation

To realize the defect Gr with r irrational, we need to fuse an infinite sequence of operators
G pi

ni

with pi, ni ∈ Z. If there exists a pair such that gcd(pi/i+1, ni+1/i) ̸= 1, the fusion product
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of the sequence will involve a condensate. We now show that one can always avoid this,
i.e. for any irrational number r, there is always a sequence of rational numbers pi

ni
,19 such

that gcd(pi, nj) = 1 for all i, j and ∏
i

pi

ni
= r . (A.7)

To show this, it is more convenient to work with the partial products of the sequence,
i.e. the sequence r̃k defined by,

r̃k =
k∏

i=1

pi

ni
= p̃k

ñk
. (A.8)

We can now proceed by iteration, given r̃k we want to find pk+1
nk+1

such that r̃k+1 ≡ r̃k
pk+1
nk+1

satisfies r̃k+r
2 < r̃k+1 < r, ensuring that the sequence r̃k converges to r. Furthermore pk+1

qk+1
must satisfy

gcd(pk+1, ñk) = 1 = gcd(p̃i, nk+1). (A.9)

Now, since the set P = { p
n |p, n ∈ Primes} is dense in the reals,20 the set Ik =

(
r̃k+r
2r̃k

, r
r̃k

)
∩

P ⊂ R contains infinitely many points of the from p
n with gcd(p, n) = 1. Thus, since the

number of prime factors of rk is finite, we can always find two primes pk+1 and nk+1 satisfying
eq. (A.9) such that pk+1

nk+1
is in Ik. Therefore, it is always possible to construct an approximation

of a real number r via a sequence r̃k as above, which means that it is always possible to
perform a series of infinite gauging whose fusion does not produce condensates.21

The sequence described above is not canonical, and in fact there are infinitely many such
sequences. As a result the operator Gr obtained using this sequence is also not canonical
and its fusion rules with other operators depend on the precise sequence chosen, e.g. we
can always construct the sequence such that it avoids primes a and b. In that case we have
GrG a

b
= G ra

b
and no condensate is produced.
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