Mathematische Zeitschrift (2026) 313:62

https://doi.org/10.1007/500209-026-04020-9 Mathematische Zeitschrift
()

Check for
updates

A classification of n-representation infinite algebras of type A

Darius Dramburg’ - Oleksandra Gasanova?

Received: 11 December 2024 / Accepted: 29 January 2026 / Published online: 30 June 2026
© The Author(s) 2026

Abstract

We classify n-representation infinite algebras A of type A. This type is defined by requir-
ing that A has higher preprojective algebra IT,;1(A) =~ k[xi,...,Xy+1] * G, where
G < SL,+1(k) is finite abelian. For the classification, we group these algebras accord-
ing to a more refined type, and give a combinatorial characterisation of these types. This is
based on so-called height functions, which generalise the height function of a perfect match-
ing in a dimer model. In terms of toric geometry and McKay correspondence, the types form
the lattice simplex of junior elements of G. We show that all algebras of the same type are
related by iterated n-APR tilting, and hence are derived equivalent. By disallowing certain
tilts, we turn this set into a finite distributive lattice, and we construct its maximal and minimal
elements.

Mathematics Subject Classification 16G20 - 16S35 - 16E65 - 14E16

Introduction

The famous McKay correspondence, named after John McKay who first discovered it [28],
gives a bijection between finite subgroups of SL;(C) and simply laced Dynkin diagrams.
It can be realised geometrically by studying the associated quotient singularities C2/G and
their resolution graphs, and relating them to the McKay quivers Q (G) of the involved groups.
The McKay quiver Q(G) turns out to be a doubled version of the corresponding extended
Dynkin diagram.

Another interpretation involves the skew-group algebra C[x, y] * G, which is Morita
equivalent to a quotient of the path algebra k Q (G) by commutativity relations /. This quotient
kQ(G)/I is the preprojective algebra of an acyclic orientation of the underlying extended
Dynkin diagram. In fact, different acyclic orientations yield the same preprojective algebra,
so via the preprojective algebra every basic connected tame hereditary algebra appears in the
correspondence.
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It is of great interest to generalise the correspondence, or at least parts of it, to
higher dimensions. Geometrically, one can consider finite subgroups of SL,;(C). On the
representation-theoretic side, a generalisation of the situation is provided by Iyama’s higher
Auslander—Reiten theory (AR-theory).

The higher versions of hereditary representation infinite algebras are called n-representation
infinite algebras, which were introduced by Herschend, Iyama and Oppermann in [15]. In the
same paper, the authors also introduced r-hereditary algebras, and proved in a dichotomy-
style theorem that this class of algebras naturally splits into n-representation infinite algebras
and n-representation finite algebras.

The n-representation finite algebras and the related n-cluster tilting subcategories have
been studied extensively since their introduction [8, 14, 20, 21]. The infinite side has received
less attention, and fewer examples are known, partly due to the difficulty of checking directly
whether a given algebra satisfies the definition of being n-representation infinite. There are
some general constructions like tensor products [15] and n-Auslander-Platzeck-Reiten (-
APR) tilting [30] which produce n-representation infinite algebras directly, and they may be
obtained by finding suitable tilting objects in derived categories of varieties [6].

The main source, however, is the class of (n + 1)-Calabi—Yau algebras, taking a detour
via the higher preprojective algebras: In detail, to an n-hereditary algebra A, Iyama and
Oppermann [21] associate the higher preprojective algebra as the tensor algebra

M41(A) = Ta Ext"(D(A), A),

which naturally comes with a grading induced from tensor degrees. Then one obtains A as
the degree O part of IT,,41(A). It was shown [15, 22] that if A is n-representation infinite,
then IT,,41(A) is locally finite dimensional and bimodule (n + 1)-Calabi—Yau of Gorenstein
parameter 1. Furthermore, these properties characterise all n-representation infinite algebras.
Thus, one may take an ungraded (n + 1)-Calabi—Yau algebra and produce a grading of
Gorenstein parameter 1 to construct an n-representation infinite algebra. This leads to the
following general question [34].

Question Let I" be bimodule (n + 1)-Calabi—Yau. When does there exist a grading making
I' into an (n + 1)-preprojective algebra?

When the Calabi—Yau algebra T is basic, the gradings we refer to are called cuts, see
Definition 1.8. Performing an n-APR tilt then amounts to a change of grading called cut
mutation [20]. We follow this strategy of computing preprojective algebras, and use it to
give a description of all n-representation infinite algebras of type A. This type is defined
by analogy with the classical McKay correspondence. A 1-representation infinite algebra A
is nothing but a hereditary representation infinite algebra, and type A means that A ~ kQ
where Q is an acyclic orientation of an extended Dynkin diagram of type A. In this case, the
preprojective algebra I, (k Q) is isomorphic to a skew-group algebra k[x1, x2] * G, where
G < SL,(k) is a finite abelian group acting on the variables of k[xy, x;]. The higher case is
defined by requiring that A is n-representation infinite and that IT,4;(A) >~ R * G, where
G < SL,4+1(k) is a finite abelian group acting on R = k[xy, ..., Xp+1].

The first subtlety that arises with this definition is that not every such skew-group algebra
R+ G will appear as a higher preprojective algebra [34]. Additionally, itis a priori not obvious
how to decide whether a given R+ G does appear, and if so how to find the correct grading that
will make it into a higher preprojective algebra. Furthermore, there may be several different
gradings that turn R * G into a higher preprojective algebra. We investigated this question
for the case n = 2 in [9] and gave a classification for type A. The case n = 2 has also been
studied from a more geometric perspective by Nakajima using dimer models in [31].
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We exploit the same ideas we used for n = 2 in [9], and show that they generalise to
arbitrary n. The algebra R * G can be equivalently described via an embedding of lattices
Ly < Lo = Z" which gives a presentation of the dual group G ~ Lo/L1. To every cut
of interest we assign a so-called fype vector and show that these types naturally are certain
(IG| - LY)-lattice vectors.

Theorem (=Theorem 3.7) Let L1 < L be a cofinite embedding of lattices with |Lo/L1| =
m. Then a vector y € N0+ s 4 type vector of a cut if and only ifZ?:ll y; = m and

(yl,...,y,,)em-le.

Furthermore, y is a type of a higher preprojective cut if and only if in addition, y; > 0 for
alli e{l,...,n+ 1}

The conditions of Theorem 3.7 show that the types of higher preprojective cuts are the
internal Ng-lattice points of a certain n-dimensional simplex P embedded in R"*+! with the
lattice Ng determined by G, see Corollary 3.10. Deciding whether a given algebra R x G
has a preprojective cut is then equivalent to deciding whether P has an internal lattice point,
and the negative case splits naturally into some lower dimensional families and finitely many
exceptions, see Corollary 3.14.

The analogy with McKay correspondence then continues as follows. Since G is abelian,
the variety X = Spec(R©) associated to the invariant ring is toric, hence defined by a lattice
cone o. The simplex P, which we obtain in a purely combinatorial way, turns out to be
isomorphic to the simplex one obtains by intersecting o with a suitable hyperplane at “height
1”. In standard toric terms, this can be seen as a consequence of a cut, that is a grading, on
R * G defining a certain 1-parameter subgroup of X.

Theorem (=Proposition4.6) Let P be the Ng-lattice simplex whose lattice points correspond
to the types of cuts on R x G ~ kQ/I, and N the lattice of 1-parameter subgroups of the
toric variety X = Spec(RY), and 0 € Nr = N Q®gz R the defining cone of X. Then the
lattice simplex in NR given by intersecting the defining cone o C N with the hyperplane
corresponding to the degree condition | H;’:ll xi| = 1 on R, is isomorphic to P.

Using the language of Ito and Reid from [19], we can see that our types correspond to
junior elements in G, which are known to form the same simplex we have been considering,
see Remark 4.8. This completes the pictures, since our initial construction, following Amiot,
Iyama and Reiten [1], is based on finding certain junior elements. The geometric perspective
shows that the decision problem of whether R * G has such a higher preprojective grading
is equivalent to deciding whether G contains certain nontrivial junior elements, which in
turn correspond to exceptional crepant divisors in a relative minimal model of X. While this
is of course computable for a given G, we are not aware of a simple criterion similar to
[34, Theorem 5.15] that allows us to decide the existence of such a junior element without
computing all elements of G, or the simplex P, or some geometric data. We furthermore
note that the quivers, and in particular the degree 0 parts of our cuts, have appeared in work
by Yamagishi [36], based on the work of Logvinenko on geometrically natural families of
G-constellations [25, 26]. There, Yamagishi works with G-constellations and their moduli
spaces for a finite abelian group G < SL, (k). The motivation is purely geometric, and
we are not aware of an a priori reason for why quivers of n-representation infinite algebras
should appear.

After fixing an algebra R * G and a type, we investigate how to obtain all the cuts of this
type. We show that cut mutation is transitive on the set of cuts of a given positive type.
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Corollary (= Corollary 5.12) Any pair of Li-periodic cuts C1 and C» of a positive type y
can be obtained one from another via a sequence of (nonzero) mutations.

This was already known for n = 2 from the dimer perspective [31] or from combinatorial
considerations [9]. In this way, we answer a question of Amiot, Iyama and Reiten [1] by
showing that all cuts are mutation equivalent to cuts arising from cyclic groups.

This also leads to an algorithmic classification of n-representation infinite algebras of
type A: For each abelian group G of order m, we can go through all embeddings of G into
SL,+1(k) by considering generating sets of G of size n. In the next step, for a fixed embedding
we can calculate the simplex P of types of cuts. Then for each type, we can construct a cut.
Finally, we can apply mutations until we found all cuts of the same type. In this way, we can
list all type A algebras with m simple modules.

Our transitivity result is part of a broader observation. The set of cuts of a fixed type can be
given the structure of a finite distributive lattice, whose cover relations are given by certain
mutations. More precisely, we fix a vertex in the quiver Q of R * G at which we do not
allow mutations, and the remaining mutations, called the nonzero mutations, give the cover
relations.

Theorem (=Proposition 5.7, Corollary 5.8 and Theorem 5.11) For a fixed positive type vector
y, the set {C | C is Li-periodic and 6(C) = y} becomes a finite distributive lattice for the
order induced by C1 < C if and only if C1 can be obtained from C> via a nonzero sink
mutation.

One way to view this lattice is by considering the height functions on Q, which we define
in Sect. 2. These functions generalise the n = 2 theory of dimer models, and they turn
out to capture our combinatorics in any dimension. Since Q is finite, the height functions
are determined by finitely many values, so they can be seen as vectors in some Z™, and the
lattice of cuts of a fixed type translates via height functions to a sublattice of (Z™, <). A more
thorough investigation of these lattices seems warranted, and we initiate this by constructing
their minimal and maximal elements in Sect. 5.3. We also observe that the lattices are always
self-dual.

We may view Q as being embedded on the n-torus, and the height functions as a replace-
ment for perfect matchings of the dimer model. This idea was previously considered from a
statistical point of view in [24] for bounded regions. It would be interesting to generalise our
observations to quivers of other (n 4 1)-Calabi—Yau algebras.

Outline

We begin by recalling some facts about n-representation infinite algebras, their preprojec-
tive algebras, quiver descriptions, higher preprojective gradings and skew-group algebras in
Sect. 1. The first technical tool we need is called the height function, which is the main focus
in Sect. 2, and it is used to prove one implication of our first main theorem Theorem 3.5 in
Proposition 2.15. In Sect. 3, we then prove the other implication via an explicit construction in
Proposition 3.4, and comment on the problem of deciding the existence of cuts in Sect. 3.2.
After that, we reinterpret Theorem 3.5 and give explicit connections to toric geometry in
Sect. 4. Finally, in Sect. 5, we consider cut mutation. In Corollary 5.8, we show that cuts
of the same type form a finite distributive lattice, and obtain in Corollary 5.12 that they are
related by a sequence of mutations. We construct the maximal element of such a lattice in
Theorem 5.17.
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Notation

We use the following notation and conventions throughout.

1. Unless specified otherwise, we denote by k an algebraically closed field of characteristic
0.
2. All undecorated tensors ® are taken over the field k.

3. We denote by diag(xy,...,x,) the diagonal (n x n)-matrix with diagonal entries
X1y ennyXp.
4. We write %(61, ..., ey) for the diagonal matrix diag(¢¢, ..., &) of order m, where &

is a primitive m-th root of unity which will be specified when necessary.
5. A quiver Q consists of vertices Qg, arrows Q and the source and target maps s, : Q —

Qo.

6. Fora € Z and n € N, we write a mod n for the smallest non-negative representative of
the residue class a + nZ.

7. Fora,b € Z and n € N we write a =, b if a + nZ = b + nZ. We drop the subscript n
when no confusion is possible.

1 Setup

In this section, we collect the necessary definitions and tools we will use throughout. We
work over an algebraically closed field k of characteristic 0.

1.1 Higher representation-infinite algebras and their preprojective algebras
Let A be a finite dimensional k-algebra of finite global dimension n» > 1. In Iyama’s higher
Auslander—Reiten theory, the following functors play an important role:

V= DRHomA(—, A): Db(mod A) — Db(mod A)

is the derived Nakayama functor on the bounded derived category of finitely generated A-
modules, and its quasi-inverse is

-1 . b b
voo= RHoonp(D(—), A): D’(mod A) — D°(mod A).
The derived higher Auslander—Reiten translation is the autoequivalence
vp := v o[—n]: D’(mod A) — D°(mod A).

Definition 1.1 [15, Definition 2.7] The algebra A is called n-representation infinite if for any
projective module P in mod A and integer i > 0 we have

v,l_iP e mod A.

For a given A, this condition may be difficult to check since it requires knowledge of
the infinitely many translates v, ' (A). However, the higher preprojective algebra allows a
different characterisation.

Definition 1.2 [21, Definition 2.11] Let A be of global dimension at most n. The (n + 1)-
preprojective algebra of A is

M1 (A) = Ta Exty (D(A), A).
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We will refer to such an algebra IT,11(A) simply as preprojective. It was established
by Keller in [22] that such a preprojective algebra is Calabi—Yau in the sense of Ginzburg
[11]. The preprojective algebra comes naturally equipped with a grading, given by tensor
degree, and we recover the original algebra as the degree O part, i.e. we have A = I1,,+1(A)o.
The properties of this grading, together with being Calabi—Yau, essentially determine such
preprojective algebras. The following definition is a convenient summary of the relevant
properties.

Definition 1.3 [1, Definition 3.1] Let I' = ;. I'; be a positively graded k-algebra. We
call I' a bimodule (n + 1)-Calabi—Yau algebra of Gorenstein parameter a if there exists a
bounded graded projective I"-bimodule resolution P, of I" and an isomorphism of complexes
of graded I'-bimodules

P, >~ Homre(P,, T'®)[n + 1](—a).

Note thatif I' is bimodule (n+1)-Calabi—Yau of Gorenstein parameter a, then the ungraded
version of I is simply (n 4 1)-Calabi—Yau. Conversely, different gradings may be introduced
on I', so that the projective bimodule resolution becomes graded, and we can study the
resulting Gorenstein parameter. It was shown by Minamoto and Mori in [29] that the degree
0 part of a bimodule (74 1)-Calabi—Yau algebra of Gorenstein parameter 1 is n-representation
infinite. The theorems from [29] and [22] are summarised in the following bijection.

Theorem 1.4 [15, Theorem 4.35] There is a bijection between n-representation infinite alge-
bras A and bimodule (n + 1)-Calabi-Yau algebras T of Gorenstein parameter 1 with
dimg I'; < oo for all i € N, both sides taken up to isomorphism. The bijection is given
by

A I,4+1(A) and T +— T.

In particular, this means that being higher preprojective is the additional structure of a
specific grading on a Calabi—Yau algebra. Just like the term graded algebra means an algebra
I' with a chosen grading, we therefore mean by preprojective algebra an algebra I' with a
chosen grading such that I' = I1,41(I"g). We can therefore phrase the general motivating
question as follows.

Question 1.5 Let I' be bimodule (n + 1)-Calabi—Yau. Is I" higher preprojective? How many
different gradings exist that make I" higher preprojective?

We restrict our interest to the so-called type A in this article. The type A is also defined
in terms of the preprojective algebra. For this definition, we briefly recall the construction of
a skew-group algebra. Given a k-algebra A and a group G acting on A via automorphisms,
the skew-group algebra is the tensor product

ARkG
with multiplication given by
(a®g) - (b®h)=(agb) ® gh).

In particular, given a group G < SL,1(k), we have that G acts by left-multiplication on
V = (x1, x2, ..., Xp+1), and hence on the polynomial ring R = k[V].

Definition 1.6 Ann-representation infinite algebra A has typeA if I, 1 (A) = k[xy, ...y Xpt1]
* G for a finite abelian group G < SL,,4+1 (k).
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For the purposes of classifying the n-representation infinite algebras we may therefore
first compute R * G, and then compute all possible higher preprojective gradings. However,
there are many examples of finite abelian groups G < SL,, (k) such that R * G can not be
endowed with this additional structure, and we are not aware of an easy criterion to decide
when this is possible. We note an important result in this direction, proven by Thibault also
for non-abelian groups.

Theorem 1.7 [34, Theorem 5.15] Suppose that the embedding of a finite subgroup G <
SL,,+1(k) factors through some embedding of SL,,, (k) x SLy, (k) into SL, 1 (k) forni+nz =
n+ 1. Then R x G can not be endowed with the grading of a (n + 1)-preprojective algebra.

However even for abelian groups, there are examples showing that this criterion is not
sufficient, see [9, Example 3.15, Example 6.5]. To give some constructions of preprojective
structures, we need an explicit quiver description of R * G, and we need to describe how it
interacts with preprojective gradings. Before we do so, we need the following simplification
of the setup.

1.2 Cuts

Note that for an abelian group G, the algebra R * G is basic and can therefore be written
as the quotient of a quiver algebra, i.e. we have R * G ~ kQ/I. To construct a grading, it
then often suffices to grade the quiver Q, i.e. to place certain arrows in Q in degree 1 so that
kQ/I becomes graded. This method has been employed e.g. in [9, 12, 15]. However, it is
a priori not clear that every possible higher preprojective grading will arise in this way. We
therefore make the following definition.

Definition 1.8 Let R x G ~ kQ/I. A higher preprojective grading on R * G is called a cut
if every arrow in Q is homogeneous of degree O or 1. For such a cut, we let C = {a € Qg |
deg(a) = 1} and refer to the set C as a cut as well.

Taking the preprojective degree O part of an algebra with a cut amounts to removing, or
cutting, all arrows in C from the quiver Q and removing all relations from / which contain
arrows in C. In order to refer to this procedure, the following notation will be used throughout.

Definition 1.9 Let C € Q; be a cut. Then we refer to the cut quiver Q¢ = (Qp, @1 — C)
and the cut quiver algebra (kQ/I)¢c = (k(Qc¢)) < kQ/I.

Note that not every higher preprojective grading is a cut. For a detailed discussion of this
problem, we refer the reader to [9, Section 3.1]. However, in many cases it is possible to map a
higher preprojective grading to a cut via some necessarily ungraded automorphism of R x G.
This has been investigated in [10]. In particular, if every higher preprojective grading can be
mapped to a cut, it suffices to study cuts to classify all n-representation infinite algebras that
give rise to the same higher preprojective algebra.

Remark 1.10 The original definition of higher type A in [15] only mentions n-representation
infinite algebras that arise from cuts. While we can produce other higher preprojective grad-
ings by applying ungraded automorphisms to cuts, the resulting n-representation infinite
algebras will be isomorphic to those constructed via cuts. We therefore only consider cuts in
this article.

@ Springer



62 Page8of42 D. Dramburg, O. Gasanova

1.3 Quivers and universal covers

In this subsection, we give a detailed summary of the quiver description of R *x G for abelian
G. This is based on [4, 15]. See also [9, Section 7.1] for a similar summary. We recall that G
actson V = (x1, ..., x,41) viathe embedding of G in SL,, (k). In particular, we view V as
arepresentation of G. Since G is abelian, we can diagonalise this representation. That means
decompose V = p1 @ --- @ pu+1 into 1-dimensional representations so that the subspace
(x;) affords the representation p;. As proven in [4], the quiver for R * G is the McKay quiver
of G. That means R « G ~ kQ/I, where O = (Qop, Q1) has vertices Qo = Irr(G) given
by the irreducible representations of G. For x1, x2 € Irr(G), the arrows x; — x2 are a
basis of Homg (x1, x2 ® V). Since V is a faithful representation, it follows that {p1, ..., o}
is a generating set for the dual group G = Hom(G, C*) [9, Lemma 4.2]. We arrive at the
following observation.

Remark 1.11 Let G be abelian. The quiver Q for R * G is the directed Cayley graph of
G with respect to the generating set determined by V': The representation V decomposes
into n + 1 irreducible representations p1, ..., p,4+1 of G, which can be seen as elements
of the dual group G. Since V is a faithful, the set {p1, ..., pn+1} generates G. The quiver
is therefore given by the elements of G together with arrows from every element x to each
product xp; = x ® p;. In particular, every vertex of Q has n+ 1 outgoing and n+ 1 incoming
arrows.

The fact that Q is a Cayley graph also suggests that we associate a type to each arrow,
corresponding to the p; it is associated to.

Definition 1.12 Let Q be the quiver of R * G, where G is abelian. Every arrow a: x; — x2
corresponds to an isomorphism x; >~ x» ® p; for a unique 1 < i < n + 1, and we call
0(a) = i the type of the arrow.

We recall from [4] that the relations I for R « G >~ kQ/I are generated by commutator
relations.

Remark 1.13 The isomorphism R * G =~ kQ/I takes the element x; ® 1 € R * G to the
sum of all arrows of type i. The commutativity relations x;x; = x;x; in R give rise to
the defining relations of kQ/I as follows. Let ¢;: x — y and a;j: y — z be of types
0(a;) =i # j = 0(a;). Then there exist arrows b;: x — y" and b;: y’ — z of types
0(bj)=jand6(b;) =i.InkQ/I, we have

ajaj = bjb,‘,
and [ is generated by all relations of this form.

Next, we describe a universal cover of Q as detailed in [15, Section 5]. We denote the stan-
dard basis of R” by {«1, ..., a,}and fix 041 = — Z;’:l o; . We consider the n-dimensional
lattice

Lo={ei |1 =i <n)
and the corresponding infinite quiver
O=(Lo{x>x+a|l<i<n+1)).
To cover Q, we consider the map

Ly — G,a; = pi,
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where V = p1 @ - -+ @ p,41 is the decomposition of the representation V. This is a group
homomorphism, which on the level of quivers induces a surjection

0— 0,

such that the arrows x — x +; in Q map to the arrows of type i in Q. Completing this into
a short exact sequence of abelian groups

0—>L1—>L0—>é—>0,

we see that the kernel L is itself an n-dimensional lattice, so we may think of the quiver
Q being embedded on an n-torus, while Q is the universal cover of this quiver in R". The
precise relationship between finite subgroups of SL,,; (k) and sublattices L < L, as well
as toric quotient singularities, will be made precise in Sect. 1.4.

We now use the cover Q to fix important terminology.

Definition 1.14 We keep the setup for 0.

1. We say that an arrow x — x + «; has type i.

2. A cycle of length n + 1 in Q consisting of arrows of n + 1 distinct types is called an
elementary cycle.

3. We call a set of arrows C C Q) a cut if every elementary cycle passes through exactly
one arrow in C.

4. The same terminology applies to arrows and cycles in Q.

5. We call a cut in Q periodic with respect to L if it is invariant under L-translation, that
i, x > x +«; isinéifandonlyif(x +y)—> x+y)+ao; isinéforally e L.

Remark 1.15 The purpose of perlodlclty is that the periodic cuts are premsely the ones that
descend to Q. More precisely, let C be a cuton Q then for every arrow a € C, its L-orbit
is contained in C, and this orbit is naturally identified with a single arrow in Q. This clearly
gives a bijection between L |-periodic cuts of Q and cuts of @, and to alleviate notation we
identify these without explicit mention when no confusion is possible. Hence we also refer
to the infinite cut quiver Oc in analogy with Definition 1.9.

Let us now characterise a higher preprojective cut purely in quiver terms. This has been
proven explicitly for n = 2 in [9]. See also [15, Theorem 5.6] and [12, Corollary 4.7] for
parts of this statement. The part of the proof showing finite-dimensionality uses a statement
that is most conveniently proven using height functions, which we introduce in Sect. 2. The
implication using height functions is in fact slightly stronger. We obtain that the cut Q ¢ quiver
is acyclic. In [15, Question 5.9], the authors ask whether the quiver of an n-hereditary algebra
is acyclic, so our result confirms this for all algebras of type A, in any global dimension.

Proposition 1.16 Let C € Q1 be a cut. Then declaring deg(a) = 1 for all arrows a € C
defines a higher preprojective structure on k Q /1 if and only if C contains arrows of all types.
In this case, the cut quiver Q¢ is acyclic.

Proof We need to check the conditions from Theorem 1.4. To do this, we use the bimodule
resolution of R « G =~ kQ/I given by the superpotential @ as in [4]. In detail, w is a
linear combination of all elementary cycles in Q, and its i-th partial derivatives generate the
(n + 1 — i)-th term in a projective bimodule resolution of kQ/I. Since we assumed that
C is a cut, it follows that with the grading induced from C, the superpotential @ becomes
homogeneous of degree 1. Now consider the last term in the projective bimodule resolution,
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which is generated by the 0-th derivatives of w. That means it is generated by w itself, and
hence in degree 1 with respect to the induced grading. Therefore, every cut induces a grading
of Gorenstein parameter 1 on kQ/I. It remains to consider when the grading is locally finite
dimensional. Since k O/ is generated by Q, and C € Q) is finite, it clearly suffices to check
that the induced degree O part (kQ/I)g is finite dimensional. If C does not contain arrows of
all types, we assume without loss of generality that C contains no arrows of type 1. Then it
follows from Remark 1.13 that the sum of these arrows corresponds under the isomorphism
kQ/I ~ R« G to the element x; ® 1. Clearly, this element generates an infinite dimensional
subalgebra isomorphic to k[x1] in (kQ/I)p, so the cut is not higher preprojective. Now
suppose that C does contain arrows of all types. Then it follows from Lemma 2.16 that the
quiver Qc, which generates (kQ /1), is acyclic and hence (kQ/I) is finite dimensional. O

Note that the above proposition clearly applies to L;-periodic cuts as well. We therefore
now fix a cofinite sublattice L1 < Lo and want to study L-periodic cuts of Q. Once L is
fixed, we also fix the size of the quotient |Lo/L1| = |G| = m.

Construction 1.17 We recall the short exact sequence
B A
0—>L; — Ly— G— 0.

We choose B’ as a matrix for the embedding, with respect to the fixed basis {ay, .. ., oy} for
Ly. Since B’ is then defined up to GL,,(Z)-right action, that means up to base change of L1,
we furthermore assume that det(B’) = |G|, and consider B' up to SL,, (Z)-right action. We
will also refer to the matrix

Remark 1.18 It will be convenient at times to consider a specific B” which has only non-
negative entries. This is possible by computing the Hermite normal form of B’'.

A crucial tool to study cuts are their types, which we define only for Q but can be defined
analogously for Q by choosing a fundamental domain for the L;-action.

Definition 1.19 For a cut C on Q, we call
0(C)=@#{aecC|0@) =i})i<i<n+1
the type of C.

We make some observations on these types.

Proposition 1.20 Let C € Qg be a cut of type 6(C) = (Y1, ..., Yn+1). Then Z:’:l Vi =
|[Lo/L1| = |G| = m. In particular, 0 < y; < m foralli.

Proof First note that Q contains m - n! elementary cycles, counted up to cyclic permutation.
Indeed, there are m arrows of type 1, and every arrow of type 1 gives rise to n! different
elementary cycles. For every arrow a € C let S, be the set of elementary cycles passing

through a, and note that |S,| = n! for every a € C. Since every elementary cycle passes
through exactly one arrow in C, the sets S, form a partition of the set of all elementary cycles,
and hence |C| = m. O
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Remark 1.21 Tt follows from Proposition 1.20 that the vectors 6(C) are certain integer
points on the hyperplane Z?:ll x; = m intersected with the cone spanned by the vectors
©,...,0,m,0,...,0). These are precisely the type vectors of the trivial cuts, which are
obtained by cutting all arrows of type i. This connection will be made more precise in
Sects. 3.2 and 4.

1.4 From representations to lattices and back

Before we continue, let us briefly but thoroughly discuss the relationship between the choice
of a finite abelian subgroup G < SL,, 11 (k), the associated representation, and the constructed
cofinite sublattice L1 < Ly, as well as the choice of the matrix B’, and even the toric variety
X = Spec(RY).

We first note that we may always assume that G < SL,, 11 (k) is diagonal.

Remark 1.22 Let G < SL,11(k) be a finite group, and let M € GL,41(k) be a matrix.
Then the group G’ = M ~'GM consisting of the conjugates of G under M is isomorphic to
G, and we have R * G ~ R x G'. Furthermore, if G is abelian, the elements of G can be
simultaneously diagonalised by conjugation. When viewing the embedding G < SL,,4+1 (k)
as a representation of G, this is simply the decomposition of the representation into its
irreducible summands.

Next, we note that R % G only depends on the chosen subgroup, while addressing G <
SL,+1(k) via a representation leaves room for ambiguity. This ambiguity is precisely the
choice of an automorphism of G.

Remark 1.23 Let p1, p2: G — SL,41(k) be faithful representations of the finite group G
such that the images agree, i.e. p1(G) = p2(G). Then clearly R % (p1(G)) =~ R * (02(G)).
However, p; and p; need not be isomorphic representations. Indeed, let ¢ be a non-trivial
automorphism of G, then for a faithful representation p{, the homomorphism ps = pjop~!in
general gives rise to a different representation, but still the images clearly agree. Furthermore,
itis easy to see that if p; and p; are faithful representations with equal images, then p, Yo 01

gives an automorphism of G by which the two representations differ.

A particular consequence of this observation is that we do not need to specify a primitive
root of unity.

Remark 1.24 If G is abelian and the integer d is coprime to the exponent ¢ = exp(G) =
min{n € N.o | g" = 1forallg € G}, then the morphism G — G, g — g% is an
automorphism. This justifies the use of the notation %(el ,...,ey) for adiagonal matrix with
diagonal entries £ where & is an unspecified primitive m-th root of unity. Changing the root
of unity amounts to applying an automorphism to the group ( %(e] , ..., ey)) which yields a
different representation with the same image.

Thus, we now may simply think of diagonal abelian subgroups G < SL,,11(k), which can
be produced by different representations. From this, we construct L1 < L¢, and note that
the construction does not depend on the chosen representation, only on the image. However,
since we view L as generated by the ordered basis vectors «j, ..., o, the ordering of the
diagonal of G needs to be taken into account.

Remark 1.25 Let p: G < SL,,11 (k) be the embedding of a diagonal abelian subgroup, and
decompose it as p;1 @ - - - @ pu+1. Next, let ¢ be an automorphism of G, which gives rise to
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an automorphism of the dual group G via x — x o ¢~!. This means that when we construct
L as the kernel of
Lo — G,ai — pi,

it is clear that L is also the kernel of

Lo — é,(xi = pioq)*l.

We have thus established the following correspondence.

Remark 1.26 There is a bijective correspondence between diagonal finite subgroups G <
SL,+1(k) and cofinite sublattices L1 < Lg. Taking abelian finite subgroups G < SL;, (k)
up to conjugation, which means that we additionally allow ourselves to permute the diagonal
entries, we thus obtain cofinite sublattices L1 < Lq up to the permutation of the basis vectors
of L.

Next, we consider the matrix B’ we use when dealing with L1 < L.

Remark 1.27 The matrix B’ is chosen as a matrix for the embedding L; <> L with respect
to the chosen basis a1, . .., &, of Lo and an arbitrary basis of L. Therefore, the matrix B’ is
unique only up to GL, (Z)-right action. Thus, we obtain a further bijective correspondence
between diagonal finite abelian subgroups G < SL,,41 and full rank n x n integer matrices
up to GL,, (Z)-right action.

Finally, as a preparation for Sect. 4, let us add the toric variety X = Spec(R°) into the
picture. We refer the reader to [7, Chapter 11.4] for details.

Remark 1.28 We associate to the lattice Lg the torus Tp = k" /Lo, and to the lattice L the
torus 77 = k" /L. The fact that L} < Lg gives rise to a morphism 77 — Ty with kernel
Lo/L;. If we choose a basis {b1, ..., b,} of L1 and view the cone spanned by these vectors
as an L-lattice cone, the associated toric variety is simply X; = k" with torus 7;. When
viewing the cone instead as an L-lattice cone, we obtain a variety X with torus 7. The map
Ty — Ty extends to a map X; — Xo, which shows that Xg = X1/(Lo/L1) is the quotient
of affine space by the action of a finite abelian group. Furthermore, the action is precisely
determined by the data of the embedding L < L, and knowing the action we can recover
L1 < Lg. The involved matrix B’ is simply given by putting the chosen vectors by, ..., by
as columns for the matrix B’.

To recover X, we simply recall that the action of G in the missing (n 4 1)-th coordinate
direction is recovered from the actions in the known ones, that is we add one extra dimension
to X1 on which G acts by scalars which are completely determined by Xg. This is mirrored

B/
by passing from L| <> Lg to the corresponding matrix B which embeds a lattice of rank
n + 1into Z"*1,

Let us illustrate the above correspondences in an example.

Example 1.29 Let g = %(1, 1,0)and h = %(1, 4, 1), and define G = (g, h) < SL3(k). As
we have seen above, it is not necessary to specify the roots of unity, we simply fix one choice.
It is easy to compute that G >~ C, x Cg is non-cyclic of order 12. To describe the lattice
L < Ly, we need to find the minimal relations between the diagonal entries, viewed as linear
characters of G. More precisely, we consider the linear characters (1, 1), (1, 4), (0, 1) of G,
where the linear character (a, b) sends g to eg and h to Gg , where the € are the chosen primitive
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roots of unity. Clearly, as elements in é, the linear character (1, 1) has order 6 = exp(G).
Furthermore, it is easy to see that a minimal relation between the first two characters is
4.(1,1)+2-(1,4) = (0, 0). Hence, a matrix B’ for this group is

, (6 4
p= (5 3).

Computing the Smith normal form of this matrix also shows that we are indeed working with
a group of isomorphism type C; x Cg. The lattice L is given by Z-column span of B’, read
in coordinates with respect to the fixed basis of Lo. Had we instead chosen a different way
to present the minimal relations, we could have obtained for example the matrix

0o -2

6 2/
Lastly, since G < SL3(k), we know that (1, 1)+ (1,4)+(0, 1) = (0, 0). This can be checked
by hand, of course, and leads to the matrix

6 4
B=|0 2
0 0

2 Height functions

In this section, we introduce the main tool to investigate cuts, called the height function. This
is inspired by the case n = 2, where one can associate a height function to a perfect matching
on a dimer model [17, 23]. The same generalisation also appeared in [24]. Since there is no
dual bipartite graph in the case n > 2, we instead define the height function directly on the
lattice Lg. When n = 2, this recovers a function which is equivalent to the height function

/

B
for the hexagonal dimer model. As in Construction 1.17, we fix a cofinite L; < L and we
write |Lo/L1| = m. We first introduce height functions abstractly. Then we will show that
(L1-equivariant) height functions are equivalent to (L-periodic) cuts.

Definition 2.1 A map h: Lo — Z is called a height function if it satisfies the following two
conditions:

1. We have h(0) =0,
2. Forany x € Loandi € {1,...,n + 1} we have

hix +o;) € {h(x) + 1, h(x) —n}.

Ifin addition h(x +y) = h(x)+h(y) forallx € Lyand y € L1, we call h an L{-equivariant
height function.

Clearly, every height function gives rise to a cut.

Proposition 2.2 Let h: Lo — Z be a height function. Then the set
Ch={(x > x+a) € 01 | h(x + &) = h(x) = n)

is a cut. If furthermore h is Li-equivariant, then Cy, is Li-periodic.
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Proof Letx — x + a;; — --- — x be an elementary cycle in Q Since the cycle starts and
ends at the same vertex x, and & changes by 1 or —n along each arrow, it follows that exactly 1
arrow in this cycle leads from a vertex with greater height to one with smaller height. Hence,
every elementary cycles has exactly one arrow in Cj,.

Now assume in addition that 4 is Li-equivariant. By construction, an arrow x — x + «;
is in Cj, if and only if A(x + «;) = h(x) — n. Since h is Li-equivariant, we then have
h(x +y+o;) =h(y)+h(x +a;) = h(x + y) — n, hence Cj, is L-periodic. O

Now, we want to construct a height function hc: Lo — Z from a (not necessarily Li-
periodic) cut C. To do this, we first consider the height increment Ak (p) of a path p. The
height function k¢ at a point x will simply be the height increment of any path from O to x.

Definition 2.3 Let C beacutandleta € Ql be an arrow. We define

=, 116

Let p = ajay - - - a; be a path in Q. Then we define the height increment along p as
l
Ahc(p) =) Ahc(ap).
i=1

Remark 2.4 For any pair of points x, y € Lg there is a path from x to y in Q In other
words, Q is strongly connected. This follows from the more general observation that, as an
undirected graph, Q is connected, and that any arrow can be completed into a cycle. Indeed,
choose an undirected path from x to y. If this undirected path contains a reversed arrow, we
can simply replace this arrow by a directed path that completes the arrow into a cycle.

In the next proposition, we show that the height increment of any cycle is 0. We do this by
showing that we may deform a path by commuting arrows of different types or contracting
elementary cycles without affecting its height increment. As a consequence, we will obtain
that the height increments of any two parallel paths are the same.

Proposition2.5 Letc: x — ... — x be a cycle in Q Then Ahc(c) = 0.

Proof First, note that any elementary cycle ¢ has length n + 1, and exactly one of its arrows
isin C, so we have Ahc(c) = 0. Next, let py = a;a; and p; = aja; be two paths from x to
X +o; +aj. Then Ahc(p1) = Ahc(p2). Indeed, this is obvious for i = j, and otherwise
p1 and p> can be completed into elementary cycles by the same path p3, that is, there exists
a path p3 such that p; p3 and pj p3 are elementary cycles. But that means

Ahc(p1) + Ahc(p3) = Ahc(p1p3) = 0= Ahc(p2p3) = Ahc(p2) + Ahc(p3),

and hence Ahc(p1) = Ahc(p2). This means that deforming a path using commutativity
relations a;a; = aja; does not change the height increment. Finally, let ¢ be any cycle

X — ... — x and let #; denote the number of arrows of type i in ¢ foralli € {1,...,n+1}.
Then

n+1 n n n

0= Ztiai = Ztiai + tnt1 (— ZO@') = Z(li — 1)

i=1 i=1 i=1 i=1
from which we conclude that t; =, = ... = t,,41. Using commutativity relations, this path
can therefore be deformed into the path (¢’)"!, where ¢’ is an elementary cycle. Since ¢’ gives
height increment 0, so does (¢’)! and hence the proof is complete. O
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Corollary 2.6 Let p, q be paths from x to y in 0. Then
Ahc(p) = Ahc(q).

Proof Letr:y — ... — x be any path in Q, which we know exists by Remark 2.4. Then
both pr and gr are cycles x — ... — x. Then

Ahc(p) +hc(r) = Ahc(pr) =0 = Ahc(qr) = Ahc(g) + Ahc(r),
which implies Ahc(p) = Ahc(q). O
This allows us to make the following construction, which is the converse of Proposition 2.2.

Proposition 2.7 Let C be a cut, and for x € Lq denote by p, any path from 0 to x in Q. Then
the map
hc: Lo = Z, he(x) = Ahc(px)

is a height function. If furthermore C is Li-periodic, then hc is L1-equivariant.

Proof Let x € L. It follows from Proposition 2.6 that /¢ is well defined, since any two
paths p, g from O to x have the same height increment. Next, recall that for every arrow
ac Q, we have Ahc(a) € {1, —n}, and hence Ahc(x + ;) € {hc(x) + 1, he(x) — n} for
any x € Loand any i € {1, ...,n + 1}. Since any path from O to O is a cycle, it follows that
Ahc(0) =0, so hc is indeed a height function.

Now assume in addition that C is L;-periodic, and let y € L. It follows from periodicity
that there exist paths 0 — --- — x and y — --- — x + y of the same height increment.
Therefore, we have hc(x + y) = Ahc(pxyy) = Ahc(py) + Ah(px) = he(x) + hc(y),
and hence h¢ is L-equivariant. O

Thus, we have established that height functions and cuts carry the same information.

Corollary 2.8 The maps h — Cj, and C — hc are mutually inverse bijections between
the set of height functions and the set of cuts. They restrict to bijections between the set of
L1-equivariant height functions and L1-periodic cuts.

Proof Follows from combining Propositions 2.2 and 2.7. O

Just as with cuts, we will often drop the adjective Lj-equivariant for a height function,
since we will only consider those which are L{-equivariant.

Remark 2.9 Note that a height function /4 does not descend to a function on Lg/L1, but
equivariance implies that a height function 4 restricts to a homomorphism 2: L1 — Z.

Next, we aim to compute the values of the homomorphism 4¢ on L explicitly, based
on the type of C. For the computation, we fix the type 6(C) = ¥ = (¥i)1<i<n+1. Due to
the discrepancy between the number of entries in y and the dimension of L, the following
notation will be convenient throughout.

Definition 2.10 1. We denoteby 1 = (1, ..., 1) the vector consisting of all 1. Its length will
be clear from context.
2. For row or column vectors x = (x1,...,x;) and y = (y1,...,y,), where l1,l €

{n,n + 1}, we write

n
(X, =) Xiyi.
i=1
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Ifl; =1, =n+ 1, we also write

n+1
(x, YIn+1 = th Yi-
Proposition 2.11 Foranyy € L and L{-periodic cut C oftype y = (¥1, . .., Ynt1) We have

1
he(y) = <y,1——+ y>.
m n

Proof Leto; denote the order of ; in L/ L. First we prove the claim for the points o;t; € L.

To compute ¢ (0;¢;), consider the path O — «; — 20; — -+ - — 0;0;, where each arrow is

oftypei. Thenhc(o;a;) = 0;—(n+1)6], where 6] = #{j € [0, 0;) | (jo; = (j+Da;) € C}

is the number of arrows in this path which lie in C. Next, consider any path x — x + o; —
- — X + 0;a;. Since o;a; € L1, equivariance implies

he(x + oja;) — he(x) = he(oio) = 0j — (n + 18],

Equivalently, this means that the number of arrows in C in this path is also

1
0] = P 1(01' — hc(oi;)).
To cover all arrows of type i in Q exactly once by these paths, we let {xy, ..., x;r,(} be a

system of representatives of the cosets of {(«;) in Lo/L1. This means that each arrow of type
i in Q lies in exactly one cycle

xj+L - xj+o+L — - — xj+ojo; + Ly,

and hence we have that

m 0! m 1 ( he )
= — U, = — 0; — 0;iti)),
Yi 0; i 0; n+1 i Cc\O;i;

which gives

n+1 n+1
hc(oia;) = 0; — ——Yi0; = 0; (1 - Vi) ,
m m
which is the desired statement, given that o;or; = (0,...,0,0;,0,..., O)T. Now for an
arbitrary y = (yy, ..., y,,)T € L we compute hc(my) in two different ways. On the one

hand we have

he(my) = he <Zmyiai> = hc (Z Vi - Oﬂ - (0it7) ) Zyz -he(0i),

i=1 i=1 ! i

since 0;; € L and since 7- € Z for all i. Since we already established the height values of
o;a;, the above equality becomes

he(my) 2": m <1 n+1 )
c(my) = Yi-—-oi{1— Vi
iz Y mn
n
n+1
:’"Zyr<1 ->=m<y,1— y>
i=1 mn n

On the other hand, k¢ (my) = mhc(y) since y € L. This completes the proof. O
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The homomorphism from the above proposition will be useful later on, so we fix notation
for it here.

Definition 2.12 For a type y we write

1
hy:L1—>Z,yr—><y,1—n+ )/>.
m n

The formula we give above for &, is invertible, so we can use h,, or the type y inter-
changeably, as the following proposition shows.

Proposition 2.13 Let y and § be types of Li-periodic cuts. Then h, = hs if and only if
y =34.

Proof One implication is obvious. For the other, assume that 45(y) = h,, (y) forall y € L;.
Therefore, from Proposition 2.11 we get

DD () = hs(r) = (v D — (0 + D22

8
1)y —@m+1
m m

which implies (y, y — ), = O0forall y € Ly. Setting y = ma; € Ly foralli € {1,...,n},
we obtain y; = §; foralli € {1,...,n}. Since (y,1),41 = m = (5, 1),4+1, we also get
Yn+1 = 8n+1« O

The following reformulation of Propositions 2.11 and 2.13 will be useful in Sect. 5

Corollary 2.14 Let h be an Li-equivariant height function and let y € Z'*'. Then h(y) =
<y, 11— wy)ﬂfor all y € L if and only if Cy, has type y.

m

We are ready to show the necessity of the condition from Theorem 3.5.

Proposition 2.15 Let C be an L-periodic cut on Q of type y and B as in Construction 1.17.

Then we have

y - B € mzX 0D

Proof Write y = (y1, ..., Yn+1)- It suffices to show that

(y]”"’yn)y elexn

for all columns y of B’. Recall from Remark 1.18 that we may choose B’ with non-negative
entries. It suffices to show the claim for this choice of B’ since clearly the SL, (Z)-action
leaves invariant the sublattice mZ!*", more precisely we have mZ'*" . SL,,(Z) = mZ"*".
Thus, lety = (y1, ..., yn)T be a column, where y; > 0. We follow the path

0— oy = 20 > -+ —> Y] =y +o2 = -+ = Y] + oo —> - — Y.

This path has (y, 1), arrows. Denote by ¢ the number of arrows in this path that belong to C.
Then, hc(y) = (y, 1), — (n + 1)&. On the other hand, it follows from Proposition 2.11 that

n+1

1
hc<y>=<y,1—%y> — =

n

Comparing the two expressions for 2¢ (y), we obtain (y, y), = me € mZ, which proves our
claim. O
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We conclude this section by using height functions to prove that cuts of positive type
give acyclic cut quivers. In other words, a cut of positive type is higher preprojective, see
Proposition 1.16.

Lemma 2.16 Let C be an Li-periodic cut of type 0C) =y =172 s Vnt1) such that
yi > 0 for all i. Then there is no infinite path in Qc. Equivalently, the cut quiver Qc for
Lo/L is acyclic.

Proof Assume there is an infinite path in QC Since Lo/L is a finite group, there exists a
nontrivial subpathc: x — ... > x 4+ yin Qc suchthat y € Li. Lety = (y1,...,y.) .
We know that hc(x + y) — hc(x) = he(y), therefore, the height increment of ¢ is hc(c) =
hc(y) = hy(y). Now, the height increases exactly by 1 each step and hence c has exactly
hy(y) steps. Let t = (t1, ..., fy+1), where #; denotes the number of arrows of type i in c.
Then we have 11 = hy, (y) — (t, 1), and

n+1

n
Z Yidi = Z lio
i=1 i=1

=Y tiai + (hy (y) = (t, D)nsr

i=1

= Ztlal +(h ) - ( Zat>

i=1

- ZtiO{i + (t, 1)y — 1y () (Zai)
i=1 i=l
= > i ({t. Uy +1; = hy ().

Comparing the «;-coefficients, we obtain for each i € {1, ..., n} that
yi=(t D+t —hy,(y).
Summing over all i, we obtain
(o D =n(t, 1)y + (£, Dp — nhy (y) = (n + D(t, D) — nhy (y),

in other words,
_ 0 D +1hy ()

t,1
(1, 1), .

This, combined with the equation for the «;-coefficient, gives

(y, )y +nhy (y) hy (y) = (y, Dn
i=yi+h —(t, ), =yi+h - =y
ti=yi+hy(y)— (6, )y =y +hy,(y) T yi + T

foralli € {1, ..., n}. We also conclude that

(%1)" +nhy(y) _ hy()’) - (y’l)n

tn—‘rl:h)/(y)_(tsl)n:h}’(y)_ n+1 - n+1
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Now,
hy (y) — {y, 1)
(£, Y)nt1 = (3 ¥In + Ty, D1
n+1
hy()’) — (v, 1)y
=Vt T -m
m n+1
= , —— h —(y,1
nl <<y o V>n +hy(y) =y >n>
m n+1
=——|h —(y,1— =0,
n+1<y(y) <y m y>>
where the last equality follows from Proposition 2.11. Since yi,...,¥s+1 > 0 and
t,...,thy1 > 0, we conclude t; = ... = t,41 = 0, which implies that the path c is
empty, which contradicts our assumption. O

3 Construction of cuts and simplices of types
3.1 Construction of cuts

In this subsection, we construct a cut for a given type, following the ideas outlined in [9].

We fix as in Construction 1.17 L <£> Loy and m = |Lo/L1|. We begin by recalling the
construction by Amiot-Iyama—Reiten from [1, Section 5], which produces a cut for the
quiver Q of a cyclic group generated by a junior element. In the following, recall that we
refer by x mod m to the smallest non-negative representative of the equivalence class x +mZ.

Proposition 3.1 [1, Theorem 5.6] Suppose Lo/L1 is cyclic. If there exist ey, ..., eyt1 €
{0,...,m — 1} with Z;’:ll e; = m and an isomorphism

&: Lo/Ly —> Z/mZ
such that £E(o; + L) = e; + mZ for all i € {1, ...,n + 1}, then there exists a cut of type
(e1,...,ent1) 0n Q.

Proof We use the isomorphism & to label the vertices of Q by {0, ..., m — 1}, by identifying
&(x) with its smallest non-negative representative. This way, every arrow x — x + o; of
type i corresponds to j — (j + ¢;) mod m for E(x) = j € {0, ..., m — 1}. We then define

C={j—>(+e)modm| j> (j+e)modm}.
We claim that C is a cut. To see this, consider an elementary cycle c. Let D denote the set of
decreasing arrows of ¢, thatis, D = C N ¢, and let N = ¢ \ D be the set of non-decreasing

arrows in c¢. Each decreasing arrow acts by adding e; — m, and any non-decreasing arrow
acts by adding e;. Then we get

0= Z eo(a) + Z (eg(a) —m)

aeN aeD
=S eww-Ym=n-3m
aec aeD aeD

which means there is exactly one decreasing arrow in c. To see that C is of the correct
type, simply note that an arrow of type i is in C if and only if it ends at one of the vertices
0,1,...,¢ — L. O
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Remark 3.2 Note that the condition on the ¢; in Proposition 3.1 means that we are considering
the group Z/mZ as generated inside of SL,41(k) by the element %(el, ..., ent1). In the
terminology of Ito—Reid [19], this is a junior element.

Now, our construction proceeds in two steps. We construct an epimorphism £ as above
for each potential type y, and then lift a cut from this to our quiver. Equivalently, we are
showing that we can find a cyclic subgroup of G generated by the correct junior to realise y
as a type, and extend to all of G.

Lemma3.3 Let y = (y1,...,¥ne1) € N>XOFD such that (y,1),41 = m and yB €
mZ>X D Then
& : Lo —> Z/mZ,x — (x,y)n + mZ

m

is a group homomorphism with Ker(§)) 2 L and cyclic image of order AT

Proof 1t is clear that &, is a group homomorphism. We first investigate

Ker(§)) ={x € Lo | {x,y)n =m 0}.

Recall that any y € L can be written as y = B’v for some v € Z". Using our assumption
that y B € mZ>* "D we find

& (y) = (v, B'v)y = (¥ B, v}y =m O,

and therefore Ker(§,,) 2 L. To compute the order of Im(é, ), note that we can write d =
ged(y1, -, Ynt1) = ged(y1, ..., ¥n, m) as an integer combination of y; ..., y, and m.
That means there exist numbers xi, ..., x, € Z such that &, (xy, ..., x,) = d + mZ. Since
d | yi, ..., Vn, it follows that the subgroup Im(§,) € Z/mZ is generated by the coset of d,

m
and therefore has order TR O

Proposition 3.4 Let y be as in Lemma 3.3 and let L, = Ker(§,,). Then there exists an L;-
periodic cut C of type (%, ..., y"d“ ), where d = gcd(yi, ..., Vut1). In particular, C is
Li-periodic of type (y1, - .. Yn+1)-

Proof We write m’ = . If m" = 1, one of the y; is m and Ly = Lo, hence we take C
to be the trivial cut of the corresponding type as defined in Proposition 1.20. Otherwise, by
Lemma 3.3, the morphism £, has a cyclic image Im(§,) ~ Z/m'Z. Hence, we have that
Lo/L, is cyclic of order m’, and we will use Proposition 3.1 to construct an Lj-periodic
cut. To do this, we factor &, as the projection ¢g: Lo — Lo/L>, followed by the induced
isomorphism &, to Z/m'Z, and the inclusion of Z/m'Z as Im(&,) < Z/mZ.

Lo LN Z/mZ

qi Ta

Lo/L> s% Z/m'Z
Y

We claim that g o g satisfies the conditions from Proposition 3.1. Since &, (o;) = y; +mZ,
we have that (g oq)(aj) = % + mZ. Furthermore, since (y, 1),4+1 = m, it follows that
(éy, )41 = % = m'. Therefore, the values ¢; = % together with &, o g satisfy the
conditions from Proposition 3.1. Thus, there exists an Lj-periodic cut C of type 5)/, and
since L has index d in L, it follows that the type of C as an L-periodic cut is y. ]

This leads to our first main theorem.
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B/
Theorem 3.5 Let Ly <> L be a cofinite embedding of lattices and m = |Lo/L|, with B’
and B as in Construction 1.17. Then a vector y € N0 s g type of a cut if and only if
(v, Dny1 =mand
VB e leX(rH—l).

Furthermore, y is a type of a higher preprojective cut if and only if in addition, y; > 0 for
allie{l,...,n+ 1}

Proof The first implication follows from Proposition 2.15. The other implication follows
from Proposition 3.4. The statement about higher preprojectivity is Proposition 1.16. O

In the following, we rephrase Theorem 3.5 in terms of dual lattices. For this, we need to
fix terminology for dual lattices.

Remark 3.6 The lattice L is identified with column vectors Z" < R". We therefore view
the dual lattice Ly as row vectors Z'" < R We have fixed a basis {a1, ..., a,} of Lo,
which gives rise to the dual basis {)', ..., a,/} of L. Therefore, we express vectors in L}
with respect to this dual basis. In particular, since L is generated by the columns of B’ as in
Construction 1.17, the lattice L} is generated by the rows of (B~

Theorem 3.7 Let L1 — L be a cofinite embedding of lattices with |Lo/L1| = m. Then a
vector y € NV s g type of a cut if and only if (v, 1), 41 = m and

1
%(yl,...,yn)ele.

Furthermore, y is a type of a higher preprojective cut if and only if in addition, y; > 0 for
alli e{l,...,n+1}.

3.2 Simplices of types

Now, we want to investigate the problem of when a higher preprojective cut exists for a given

B’ . . .o .
Ly < Ly as in Construction 1.17. To do this, it suffices to show that a type of a higher
preprojective cut exists. We first note, as alluded to in Proposition 1.20, that the types of all
cuts are the lattice points of a certain lattice simplex.

Construction 3.8 Recall from Construction 1.17 the definition of the matrix B, which contains
the matrix B’ as a submatrix. We interpret B as embedding a lattice of rank n + 1 into 7"+
by taking its Z-column space, just as Ly is the Z-column space of B'. Furthermore, this
lattice has a dual lattice in R"™ "D which we denote by Ng. More precisely, we write

Ng = (Colz(B))” € RI*+D),

Remark 3.9 Let y be the type of a cut. Since y,4; is determined by (y1, ..., ¥»), We can
reinterpret Theorem 3.7 as saying that %y lies in Ng. Combining this with the condition
thaty; > Oforalli € {1,...,n + 1} and (y, 1),41 = m, we see that %y lies in the convex
hull P = ConV({%G(C) | C is a trivial cut}) € R @+ Recall that a trivial cut C is given
by placing all arrows of a fixed type i in degree 1, and that its type therefore is given by
0(C); = m. We fix this polytope P, and since the vertices of P are in Ng we consider it as

an Ng-lattice polytope. Furthermore, since P has n + 1 vertices, it is a lattice simplex.

Rephrasing Theorem 3.7 then yields the following characterisation.
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Corollary 3.10 The skew-group algebra R x G admits a higher preprojective cut if and only
if the polytope P has an internal Ng-lattice point.

Proof To see this, simply note that an Ng-lattice point in the interior of P has strictly positive
entries, and conversely a point on the boundary has at least one entry 0. O

We now consider the case when P has no internal N-points.

Definition 3.11 A lattice polytope P is called hollow if there exist no interior lattice points
in P. A lattice polytope is called empty if the only lattice points in P are the vertices.

Given a lattice polytope, it is of course possible to check whether it contains an interior
lattice point. However, given just the group G, we are not aware of an easy criterion for the
existence of a higher preprojective cut that avoids computing P. Let us comment on this
problem for cyclic groups.

Remark 3.12 Consider a cyclic group G = (;ll(el, coovent1)) < SL,41(k), and fix some B
for it. Consider any y € Z!'**+D such that

]/B c lex(n+l)
and 0 < y; < m for all i. Then %(yl, ..., Yn+1) defines an element in G, and conversely
every element %(fl, ..., fug1) in G satisfies

(fis s fug1) B € mz>0FD,

Hence, to find types of cuts, we need to find elements %(fl s+, fat+1) in G such that
Z?Ll fi = m. These are simply the junior elements (see Section 4), so we need to compute
all elements in G to decide whether G has a junior element % (f1, -+, fa+1) withall f; # 0,
and hence whether a higher preprojective cut exists. We are not aware of a general procedure
that avoids computing all elements of G to check whether such an element, respectively such
an internal point in P, exists. In [9, Example 6.5], an example for the group of order 11 was
given, further illustrating this point.

The upshot of this perspective is that a generic lattice polytope is not hollow, as the
following theorem by Nill and Ziegler shows, which we phrase for the standard lattice Z" C
R". Recall that a lattice projection is a surjective affine map

f:R" > R" x> Ax+b

which preserves the lattices, that means which satisfies that f(Z") = Z™. In this case, the
lattice projection of the lattice polytope P C R" is f(P), which is a lattice polytope in R"”.

Theorem 3.13 [32, Theorem 1.1] For every n € N, there are only finitely many hollow
n-dimensional lattice polytopes that do not project onto a lower dimensional hollow lattice

polytope.
The finitely many exceptions in the above theorem are called exceptional polytopes.

Corollary 3.14 Let G < SL, 41 (k) be finite abelian such that the skew-group algebra R * G
does not afford a higher preprojective cut. Let P be the simplex associated to R x G.

1. If P is an exceptional polytope, the order of G is bounded.
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2. For all but finitely many G, the polytope P admits a lower dimensional hollow lattice
projection.

Proof To prove the first statement, simply note that the proof of [32, Theorem 1.1] shows that
the volume of an exceptional hollow polytope is bounded and hence the order of an abelian
group G < SL,4(k) giving rise to such an exceptional polytope is bounded as well. The
second statement follows directly from Corollary 3.10 and Theorem 3.13. O

Remark 3.15 The width (see e.g. [32, Section 1.4]) of a lattice polytope does not decrease
under lattice projection. It therefore follows from Theorem 3.13 that the width of a hollow
lattice polytope of a fixed dimension is bounded. However, the width of the simplex P of types
is not bounded, so in this sense a generic simplex we consider has an internal lattice point,
which means that generically the algebra kQ/I we consider admits a higher preprojective
cut.

The hollow lattice polytopes in dimension 2 are known, and lead to the classification of
3-preprojective algebras of type A as given in [9]. In higher dimensions, we are not aware of
a complete classification of the exceptional hollow polytopes. Let us conclude by comparing
the infinite families from Theorem 3.13 and from Thibault’s criterion Theorem 1.7.

Remark 3.16 Let G < SL, (k) be abelian such that the embedding of G factors through
some embedding of SL,,, (k) x SL,, (k) withn| +n> = n+1andny, ny > 0. Then it follows
from Theorem 1.7 that the simplex P for G is hollow, and one can show that P projects onto
a lower dimensional hollow lattice polytope. However, this is not an equivalence: The group
G ~ Cy x Cy x C; embeds into SL4 (k) in a unique way so that the embedding does factor
through a product SLy, (k) x SL,, (k). The resulting simplex P of types of cuts projects onto
the simplex P’ of types of cuts for the group C, x C; embedded in SL3 (k). Itis easy to compute
that P’ is the unique exceptional hollow lattice triangle. It follows from Theorem 3.13 that
P is hollow, but the embedding of G does not factor.

We therefore note that it would be interesting to find a more refined version of Theorem 1.7
that covers more of the infinite families of hollow polytopes. Ideally, this would give a purely
algebraic description of the polytopes that appear in the second part of Corollary 3.14. In
particular, the orders of the lattice generators oy, . . ., &1 modulo L may be used to describe
the width of the lattice simplex. Since the width of a hollow lattice polytope is bounded, this
might be used to characterise these infinite families of hollow simplices.

4 Toric geometry

In this section, we want to highlight the connections between higher preprojective cuts and
toric geometry. When n = 1, these observations are part of the classical McKay corre-
spondence. When n = 2, dimer models can be used, and these observations were made by
Nakajima in [31], based on the work of Ishii and Ueda [16-18]. We show that the same cor-
respondence holds for any n: The lattice simplex P of types of cuts is naturally isomorphic
to the lattice simplex of junior elements in G, which in turn is the slice of the cone of the toric
variety X = Spec(RY) at height 1. For a general resource on the parts of toric geometry we
use, we refer the reader to [7, Chapter 1], and we will use the standard notation established
in this book. In particular, that means that when we consider an affine toric variety X, we
denote by N the lattice of 1-parameter subgroups and by 0 € Nr = N ®z R the cone
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defining X. After choosing an appropriate basis for N, this lattice corresponds to the lattice
N¢g from Sect. 3.2. As before, we assume that G < SL,;1(k) is abelian and acts on the
polynomial ring R = k[xy, ..., x,4+1]. We assume without loss of generality that the action
of G is diagonalised, so that the invariant ring R is generated by monomials. We begin with
the following observation.

Remark 4.1 The invariant ring R® embeds into R * G viar — r ® 1, and in this way we
obtain precisely the center of the skew-group algebra Z(R % G) = RS, which is true in more
generality for any commutative domain R and finite group G [27, Proposition 4.8]. Since R G
is generated by monomials, it is the coordinate ring of an affine toric variety. The torus action
on X = Spec(RY) is diagonal in the coordinates induced from the invariant monomials. We
fix these coordinates.

Next, we note that the center is automatically a graded subalgebra.

Remark4.2 LetI" = @iez I'; be a Z-graded algebra, and let z € Z(I") be a central ele-
ment. This is equivalent to az = za for all ¢ € T, which is equivalent to az = za for all
homogeneous a € I'j. Decompose z = ) ;5 z; into its homogeneous components, and note

that

Zazi =az=1za = Zzia

i€l i€Z
has az; as its homogeneous component of degree i + j. But this component is also z;a, and
hence z; is central. Therefore, the center is generated by homogeneous elements, and hence

is a graded subalgebra. When we refer to a grading of the center of a graded algebra, we are
referring to this grading if not specified otherwise.

To alleviate notation, we write monomials as X¢ = ]_[f’;L ]1 xf " € R, where ¢ € N1,

Proposition 4.3 Let C be a periodic cut of type y, and x° € R be an invariant monomial.
Then the degree of X° with respect to the grading induced by C is

|Xg| — (e! V)n-H
7’" .

In particular, two periodic cuts have the same type if and only if they induce the same grading
on RC.

Proof We note that it is enough to prove the claim for the pure powers x¢ = x;" fori €
{1,...,n 4+ 1}, and the rest follows by linearity. For every vertex v € Qg, denote by c,
the cycle starting at v and consisting of m many arrows of type i. Then the element x;"
corresponds via R+ G ~ kQ/I to ZveQ , Cv- We recall from Proposition 2.11 that each such
cycle ¢, has the same degree, so it suffices to compute the degree for one such cycle. We fix
without loss of generality the cycle ¢ = cg which passes through 0. Then we view c instead
on Q as a path p of length m from 0 to ma;. We note that i (mo;) can be computed as

hce(ma;) =m — (n+1) - cl,

since |c| is the number of cut arrows in p. Using Proposition 2.11, foranyi = 1,...,n we
get

1
m—m+1)-|c| =hc(ma;) = <mai,1— iy> =m— (n+ Dy,
m n
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hence |c| = y;, as desired. Fori = n 4+ 1 we have ma,,+| = —moy — - -+ — may,. Using the
above equations and equivariance of ic, fori =n 4 1 we get

m—(n+1)-lc| =hcma,1) ==Y he(ma) ==Y (m—(n+1y)

i=1 i=1
=—(mn—m+ D1+ + )
(n+ D —ypp1) —mn=m— (n+ D)ypt1,

hence |c| = y,41, as desired. This proves our claim. Since the formula for the degree of x¢
only depends on e and the type of the cut, and since y can be reconstructed from the degrees
of the pure powers in R¢, we conclude that two cuts define the same grading if and only if
they have the same type.

O

Remark 4.4 Note that the above proposition and its proof can be extended to the following
statement. The polynomial ring R O RY becomes a graded ring when declaring the variables
x; to have fractional degrees %, and then RC becomes a graded subring that is supported
only in integer degrees.

The above proposition means that we can identify the types of cuts with certain gradings
on RY. Since we are in the toric case, this has an especially nice interpretation.

Remark 4.5 Note that Z-gradings of a coordinate ring k[ X] correspond to k*-actions on the
affine variety X = Spec(k[X]) by [13, Proposition 4.7.3]. In detail, a Z-grading on k[X]
is equivalent to a coaction morphism k[X] — k[X] ®x k[, +~11 for the ring of Laurent
polynomials. Taking the spectrum on both sides then gives an action of k* = Spec(k[z, 1~'])
on X. Since our variety X = Spec(RG) is toric, with a fixed torus T, and because the
generating monomials of R® are homogeneous for the gradings we consider, we obtain
that these gradings on RY correspond to 1-parameter subgroups of (X, T). Furthermore,
X is defined by the cone 0 C N, where N = Hom(k*, T) is the lattice of 1-parameter
subgroups. We note that this lattice is isomorphic to the lattice we considered in Sect. 3.2.

Proposition 4.6 Let P be the lattice simplex from Sect. 3.2, whose lattice points correspond
to the types of cutson R+ G >~ kQ/1, and N the lattice of 1-parameter subgroups of the toric
variety X = Spec(RC). Then the lattice simplex in N given by intersecting the defining cone
o C Ng with the hyperplane corresponding to the degree condition |x'| = | ]_[;':11 xil =1,
is isomorphic to P.

Proof Using Proposition 4.3, we identify types with the induced gradings, and with lattice
points in N. Under this identification, we have for any type y that [x!| = % =1,
so the types lie on the hyperplane specified by this degree condition. To see that the lattice
point X corresponding to a type lies in the cone o, it suffices to check that A, seen as a 1-
parameter subgroup, converges. But this is immediate since the grading assigns non-negative
degrees d; > 0 to any invariant monomial, so in appropriately chosen coordinates, A acts by

multiplication by % for ¢ € k*. O

With these gradings, the Gorenstein ring R becomes graded so that its Gorenstein param-
eteris 1. We remind the reader that the a-invariant is the negative of the Gorenstein parameter,
so equivalently we have a = —1. This corresponds precisely to the condition in Theorem 1.4
that R * G has Gorenstein parameter 1.
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Proposition 4.7 Let RC be as before, graded by some cut. Then the graded canonical module
of RY is the ideal generated by (H;’:llx,-). In particular, as a graded Gorenstein ring, RC
has Gorenstein parameter 1.

Proof The fact that RC is Gorenstein is well known, since G < SL, 41 (k) [35]. In particular,
the graded canonical module w is generated by a single element. By [5, Theorem 6.3.5], @
is generated by the monomials in the interior of CV, and in our case it is clear that this is
generated by (H;’:llxi). By Proposition 4.3, we have that |1'I:7:11x,-| = 1 for any cut, and

therefore w(—1) >~ R. Hence the Gorenstein paramater is 1. O

For completeness, we give another interpretation more directly in line with the McKay
correspondence: The types of (nontrivial) cuts correspond precisely to junior elements in G.
This brings us back to the original construction from [1], since we made explicit use of the
juniors in Proposition 3.1 and hence in Proposition 3.4 to construct our cuts.

Remark 4.8 In [19, Section 2.2], a different interpretation of the lattice of 1-parameter
subgroups is chosen. We recall that we have diagonalised the action of G, so that every
element can be written as g = %(el, ..., ent1). Of course, this notation depends on a
choice of root of unity, but if we fix the diagonalisation and the root of unity, we can, after
choosing a basis, identify N with the lattice Ng from Sect. 3.2, which is generated by
/s {é(el, oo enp )’ | g € G} in R"! where we now view é(el, coyeny1) as

a column vector with rational entries. An element g = Iéfl(eh ..., eny1) is called junior if

é(m + -+ e,+1) = 1, and our simplex P of types of cuts is then the Ng-lattice simplex
of junior elements in. Note that this means that the Ng-points of P, excluding the vertices,
correspond to the junior elements of G.

We conclude by pointing out that by general toric geometry, the lattice vectors in P
respectively the vectors of junior elements in N correspond to crepant divisors.

Remark 4.9 Let N be as above, and denote o € (N )R the cone defining X = Spec(RG).
By [19], the lattice points in o corresponding to junior elements in G are in bijection with
crepant exceptional prime divisors of any resolution of X. Furthermore, it was shown in [36,
Section 3.2, Section 6] that the rays generated by these lattice vectors in Cg correspond to
exceptional crepant divisors in a relative minimal model.

5 Mutation lattices

In this section, we recall mutation of cuts, show that cuts of a given type can be turned into a
finite distributive lattice whose cover relations coincide with (nonzero) mutations, and hence
that any two cuts of the same type are related by a sequence of mutations. We also give an
explicit construction of the maximal element in the lattice. As in Construction 1.17, we fix a

B/
cofinite L1 < Lo and m = |Lo/L1].

5.1 Mutation
In this subsection, we provide a summary of cut mutation and its relevance to the n-

representation infinite algebras we consider. This mutation is a higher version of the reflection
functors of Berstein, Gel’fand and Ponomarev [3]. In modern language, these functors are

@ Springer



A classification of n-representation infinite algebras... Page 27 of 42 62

rephrased via Auslander—Platzeck—Reiten tilting modules [2], and we refer to n-APR tilting
as introduced in [20]. We fix a cut C on Q, and recall that Q¢ = (Qop, Q1 — C).

Construction 5.1 We call a vertex x in Q¢ mutable if it is a source or a sink in Q c. Note that
if x is a source, i.e. if all arrows a € Q1 with t(a) = x are in C, then all arrows a € Q1 with
s(a) = x are not in C, since otherwise we could complete such an a € C into an elementary
cycle, whose last arrow is also in C by assumption. Therefore, we can construct a new cut

ux(C) ={a € Clt(a) #x}Ufa € Q|s(a) =x}

which we call the mutation of C at x. We further call this a nonzero mutation ifx #0. We
also use the same terminology for the infinite cut quiver QC Note that two sources in Qc
can not differ by an element «; for any 1 < i < n + 1. Therefore, when mutating at a source
x in Qc¢, we can and do mutate at all points x + Ly simultaneously to preserve periodicity.
Mutation at a sink is defined dually.

Clearly, mutation at a source x in Q¢ turns it into a sink in Q, (c) and vice versa.

Remark 5.2 Cut mutation as defined above is interesting because it corresponds to n-APR
tilting of the n-representation infinite algebra kQc/Ic, as defined in [20]. In particular, cut
mutation from C to u, (C) gives rise to a derived equivalence between the n-representation
infinite algebras kQc/Ic and k Q. (cy/ 1. (C)-

We also note that nonzero mutations have very nice effect on height functions.

Lemma 5.3 Let C be a periodic cut on Q, and hc the associated height function. If 0 # s €
Qc is a source then
{hc(x)—l—n—}— I, x—selL
hyuc)(x) =
he(x), else.

Proof If x — s ¢ L1, an arbitrary path p: 0 — --- — x leads to the same height increment
for both i¢ and A, (c): All arrows which lie in both Qc and Q s (c) and all arrows which lie
in both C and u, (C) contribute the same height increment. Those which are in C and not in
s (C) are followed by an arrow that necessarily lies in us(C), and vice versa, so also those
subpaths of length 2 contribute the same height.

If instead x — s € L1, we conclude by the previous argument that ¢ and 4, (c) agree on
a vertex x” which has an arrow a: x’ — x. Since x is a source in QC, it follows thata € C
and a ¢ ug(C), so the functions h¢ and h, (c) differ at x by exactly n 4 1. O

5.2 Lattices

The goal of this section is to show thatfor any type y, the set {C | C is L-periodic and 8(C) =
y } is a finite distributive lattice whose cover relations are given by nonzero mutations. This
insight comes from the heuristic that we normalised height functions to ¢ (0) = 0, so we
“should not” mutate at 0. As a corollary, we show that any two cuts of the same type are
related by a sequence of mutations.

For the reader’s convenience we briefly recall the relevant notions. A poset is a pair
(V, <) where V is a set and < is a partial order on V, that is a reflexive, antisymmetric,
and transitive binary relation on V. A poset (V, <) is called a lattice if each subset of two
elements {x, y} € V has a least upper bound called a join, denoted by x Vv y, and dually a
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greatest lower bound called a meet, denoted by x A y. Alattice (V, Vv, A) is called distributive
if for any {x, y,z} € Vonehasx vV (y Az) = (x Vy) A (x V z). Further background on
poset and lattice theory can be found in [33, Chapter 3], and we use the standard notation
established there. The following is well known.

Proposition 5.4 (Z™, <) is a distributive lattice with x V' y = max(x,y) and x Ay =
min(x, y), where < and max and min are taken componentwise.

/

‘We return to our situation of interest. As in Construction 1.17, we fix a cofinite L <£> Lo
and a type y. Furthermore, we enumerate the elements of Lo/L{ by {1, ..., m} to fix an
isomorphism Z!Lo/L1l ~ 7 We construct a function which generalises the relative height
function of two perfect matchings in a dimer model.

Proposition 5.5 Let C| and C; be two Li-periodic cuts of type y and let hc, and hc, be the
hcl _hCz
n+1

corresponding height functions. Then
Lo.

is an integer valued L-periodic function on

Proof 1t is clear that (n + 1) | (hc,(x) — hc,(x)) for any x € Lo and any pair of cuts
regardless of their types. Hence hC}‘q:rlllCZ is integer valued. Let x € Lo and y € L. Since
0(C1) = 6(C2) = y, we know from Proposition 2.11 that hc,(y) = hc,(y) = hy(y).

Therefore:

(hey —hey))(x +y) =he,(x +y) — hey(x +y)
=hc, (x) + he, (¥) — hey (x) — he, ()
=he, (x) + hy (y) — hey(x) — hy ()
= h¢, (x) — hey (x) = (he, — hey) (X),
c;—hc,
PRSI

which shows L-periodicity of " O

Construction 5.6 Let Co be an L1-periodic cut of type y. We will fix it and call it the reference
cut. Then for any Li-periodic cut C of type y, the function

he(x) — hey(x)
n+1

is well-defined and called the relative height function of C with respect to Co. We suppress
the dependence on Co whenever possible. Therefore, any C can be identified with the cor-
responding vector vc = (h¢ (x + L1))x+LieLo/L; € Z™. By Corollary 2.8, the assignment
C +— vc € Z™ is injective and this way the set of all L-periodic cuts of type y becomes a
subset of 7"

he =hecy: Lo/Ly — Z,x + Ly

We will now show that the set of vectors v¢ is closed under taking min and max, in other
words that this subset is a sublattice of Z™.

Proposition 5.7 Let C| and C be two Li-periodic cuts of type y and let hc, and hc, be
the corresponding height functions. Then the functions hyin = min(hc,, hc,) and hmax =
max(hc,, hc,), are Li-equivariant height functions. Moreover, Cy,, and Cy,,. have type

Y.

Proof We will only prove the claim for /i, since the proof for iy is analogous. It is obvious
that sipin (0) = 0. Secondly, we will show that Apyin(x + ;) € {hmin(x) 4+ 1, Apin(x) — n}
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forany x € Lo and any i € {l,...,n + 1}. Fix such an x and such an i. We will assume
without loss of generality that hc, (x) < hc,(x).If hc, (x) = hc,(x), we are done since hmin,
restricted to points x and x 4o, equals either h¢, or hic,, restricted to the same pair of points.
Therefore we will furtherassume ¢, (x) < hc, (x). If he, (x+a;) < hc,(x+a;), we are done
again by the same argument as before. Therefore, the only interesting caseis k¢, (x) < hc,(x)
and hc, (x +o;) > hc, (x + o;). These two conditions imply A¢, (x +o;) = hc,(x) + 1 and
hc,(x+a;) = hc,(x)—n.Butthenhc, (x) < he,(x) = he,(x+0o3)+n < he, (x+a;)+n =
hc,(x) + 1 + n, which in particular gives hc,(x) < hc,(x) < hc,(x) + 1 + n, in other
words, 0 < hc,(x) — hc,(x) < n + 1. This is a contradiction since for any pair of cuts C;
and C, and for any point x € Lo we have (n + 1)[(hc, (x) — hc, (x)).

Next, we need to show equivariance of hpiy. Let x € Lg and y € Lj. Since 0(Cy) =
6(C2) = y, we know from Proposition 2.11 that ¢, (y) = hc,(y) = hy (y). Therefore,

hmin(x +y) = min(he, (x + y), he, (x + )
= min(hc, (x) + hy (), hey (X) + hy ()
= min(hc, (x), he, (%)) + Iy (¥)

hmin(x) + Amin ().

Finally, the height function /i, corresponds to a cut of type y, which follows from Corol-
lary 2.14. O

The above clearly translates to relative height functions and hence to the vectors vc. Note
that there are finitely many L -periodic cuts of a given type, hence we obtain the following.

Corollary 5.8 The set {vc | C is an Ly-periodic cut, 6(C) = y} is a finite sublattice of
(Z™, <). Therefore, it is a finite distributive lattice.

We transfer notation along the bijection C +— vc.

Remark 5.9 It follows that the set {C | C is an L-periodic cut, 6(C) = y} is a finite dis-
tributive lattice, where we write C1 < C; iff ve; < vc,. The join and meet of two cuts C; and
C, is given by the cuts C1 v C» and C| A C; defined by the height functions /pyax and iy
from Proposition 5.7. These satisfy vc,nc, = min(vc,, v¢,) and ve,ve, = max(ve,, vc,).-
We therefore refer to the lattice of cuts of type y from now on.

Next, we will explore the cover relations of the lattice in question. Recall that a cover
relation is a relation of the form C; < C» such that there is no C3 with C; < C3 < C».
A cover relation is denoted by C; < C,. From now on we will mostly be interested in the
case when y is positive, in other words, y; > 0 for alli € {1,...,n + 1}. In this case
cover relations have a particularly nice interpretation. We will first briefly note which effect
a mutation of a cut C has on the vector vc. This is a reformulation of Remark 5.3.

Lemma 5.10 Let Cy and Cy be two Li-periodic cuts of a positive type y. Assume Cy can be
obtained from Cy via mutation at a nonzero sink s. Then vc, = vc, — e;, where e; is the ith
standard vector, with i being the position indexing the point s + L.

Theorem 5.11 Let C| and Cy be two Li-periodic cuts of a positive type y. Then Cy < Cp

if and only if C| can be obtained from C via a nonzero sink mutation (or, equivalently, C
can be obtained from C| via a nonzero source mutation).
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Proof First, we assume that C; can be obtained from C; by a mutation at a nonzero sink s.
Then by Remark 5.10 we have vc, = vc, — e; for some i. Since there are no integer vectors
strictly between vc, and vc,, it follows that C; <- C,. Conversely, assume that C; < Ca,
then in particular it follows that ¢, (x) < hc,(x) forallx € Lo. If we have h¢, (x) = hc,(x)
for all x € Ly, then C; = C,, which is a contradiction, hence we fix some x € L such that
hc, (x) < hc,(x). Next, recall that it follows from Lemma 2.16 that there are no infinite paths
in the infinite cut quiver QCQ. We follow any path starting at x in ch, and this path must
be finite, which means it ends at a sink s € Lg. Since we followed a path in QC2, the height
function ¢, increased along each arrow, so we have ¢, (s) < hc,(s). Notethats ¢ Ly, since
otherwise Proposition 2.11 gives h¢, (s) = hy, (s) = hc,(s). That means we can perform a
nonzero sink mutation of C; at s and obtain a new cut C3. Note that hi¢c, (x) < hc, (x) for all
x € Lo, combined with k¢, (s) < hc,(s), implies vc, +e; < vc,. Here ¢; is the ith standard
vector with i being the position indexing point s + L. Together with that, Remark 5.10 gives
Ve, = Ve, — ¢; with the same index i, hence we get v, < vc; < vc,. Since we assumed
C1 < C, we cannot have vc, < vc; < VUc,, hence ve, = vc;. It follows that C1 = C3,
which by construction was obtained from C» by a single nonzero sink mutation. O

Corollary 5.12 Any pair of Li-periodic cuts C and Cy of a positive type y can be obtained
one from another via a sequence of (nonzero) mutations.

Proof Since C1 A C; < C; and C; A Cy =< C», there are chains of covering relations
Ci > ... > C1 ANCy < ... < (. Each of these relations corresponds to a nonzero
mutation and thus the statement holds. O

Let us note an interesting consequence of the above.

Remark 5.13 In [1], Amiot, Iyama and Reiten construct a cut for the skew-group algebra
R+ G where G is a cyclic group generated by a junior element. This is the same construction
we used in Proposition 3.1. They furthermore note that it would be interesting to generalise
their result to non-cyclic groups. Our results show that for abelian groups, there are no other
cuts up to n-APR tilting and skewing. More precisely, it follows from Proposition 3.4 that
the cuts we first construct arise by decomposing the abelian group G >~ H X K so that
H is cyclic. Then R x H is given a cut via Amiot-Iyama-Reiten’s procedure, and this is
extended to R * G via the isomorphism (R xG) >~ (R H) * K, see [9, Section 5] for details.
Then Corollary 5.12 shows that every cut is mutation equivalent to one induced from Amiot-
Iyama-Reiten’s procedure, and hence any n-representation infinite algebra A is n-APR tilting
equivalent to some A’ * K where K is an abelian group acting on the n-representation infinite
algebra A’ obtained from Amiot-Iyama-Reiten’s construction.

5.3 Constructing the minimal and the maximal element of the mutation lattice for a
positive type

For a fixed type y, the mutation lattice is finite and distributive. Therefore, it has a unique
maximal element, the construction of which can be done explicitly if y > 0 and is the
goal of this subsection. In a dual procedure (see Corollary 5.21), one can construct the
unique minimal element. We fix a type y (which does not yet need to be positive), and use
the following notation throughout this subsection: for x € Z" and z € Z we will write
x,0) = (x1,...,%x,,0) and u,(x) = (x,0) — z1. Further, we consider the linear map
v(y) = (v,0) — %1 and write L = ¥ (L{) C Z"t!. Note that (I, y),41 = 0 for any
l € L.Foreveryx € Lo,letS, ={ze€Z |3 €L :u,(x)>1}.
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Construction 5.14 For every x € Lo, the set Sy is nonempty and bounded above. Therefore,
we can construct the function

p: Lo — Z,x — max Sy.

Proof To see that S is nonempty, simply note that by taking z small enough, one can always
reach a situation when u,(x) > (0,...,0) € L. Now we show that Sy is bounded above.
Indeed, there exists zg such that for any z > z¢ all the coordinates of u,(x) are negative.
Fix any z1 > zo. We claim that z; ¢ Sy. Assume on the contrary that u,, (x) > [ for some
I € L. Then uz (x) = I+ &, where ¢ is some vector with nonnegative coordinates. Then
0 ={l,¥)n+1 = (uz,(x) — &, ¥)u+1, which is a contradiction since all the coordinates of
uz, (x) — € are negative, and y is a nonzero nonnegative vector. Therefore, Sy is a nonempty
bounded above set of integers. Therefore, it has a maximum and hence the function p is well
defined. O

Next, we need to show the following properties of p.

Lemma5.15 Fory € Lo, we have (1) = (2) = (3), where

1 upy(y) €L,
2. yely,

3. ply) =,
Proof (1) = (2): Let up(yy(y) € L. Then upy)(y) = ¥ (y") for some y’ € Ly, which gives

(. 0) = p()L = (', 0) — %1

which, if one compares the last coordinates, gives p(y) = WZTV)” and hence (y, 0) = (¥, 0)
andthus y =y € Lj.
(2) = (3): Lety € L. Then

py)=max{z€Z|3A eL:(y,00—z1>1}

:max{zemaleL;(y,O)_<Z+M>IZl}+<y,y>n
m m
:maX{Z€Z|31€L:W(y)—zlzz}+%

—max (e €21 €L -y el =)+ DI
=max{z€Z|EIleL:—zlzl}+(y’m7V>".

Now, we claim that max{z € Z | 3] € L : —z1 > I} = 0. Indeed, if zo € Z belongs to this
set, we get —zol = [ + ¢, where ¢ is a nonnegative vector, and then

—zom = {=zoL, ¥)n+1 = (L, ¥)u+1 + (& ¥V)n+1 = (& ¥V )ut1 = 0,

(852)
" L |

which gives zg < 0. Clearly, 0 belongs to the above set, and thus we get p(y) =

Remark 5.16 In fact, it is possible to show that (1) < (2) = (3) in Lemma 5.15, and that the
remaining implication (3) = (1) holds if additionally y is assumed to be positive. However,
we only ever need the implications (1) = (2) = (3).
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Now we are ready to define a candidate height function for our maximal element.

Theorem 5.17 Let y be a (not necessarily positive) type and let
h:Ly— Z,x — (”p(x)(x)v Dyyr.
Then h is an L1-equivariant height function and Cy, is of type y .

Proof We first show that % is a height function. Since 0 € L1, the implication (2) = (3) of
Lemma5.15 tells us that p(0) = 0 and thus 2(0) = 0. Now we want to compare & (x +«; ) with
h(x)foralli € {1,...,n+ 1}. First we will consider the case i € {1, ..., n}, where we can
without loss of generality assume i = 1. We will first show that p(x+a1) € {p(x), p(x)+1}.
Indeed,

px)y=max{zeZ|3A eL:(x,00)—z1>1}
<max{zeZ |3 eL:(x,0—z1+(1,0,...,0) >1}
<max{zeZ|3delL:(x,0—z1+1>1}
=max{zeZ |3 elL:(x,00—(z—1D1=>1}
=max{z€Z|3A eLl:(x,00—z1=>1}+1=pkx)+1.

Since p(x +«1) =max{z € Z |3 €L : (x,0)—z14+(1,0,...,0) > [}, we conclude that
px 4+ ap) € {p(x), p(x) + 1}. Recall that

h(x +ap) — h(x) = <up(x+ot1)(x +oap) — up(x)(x)v 1)n+l~
If p(x + 1) = p(x), we get

Mp(x+a1)(x + o) — up(x)(x) = “p(x)(x + o) — ”p(x)(x)
=upx)(x) +(1,0,...,0) —upu)(x) =(1,0,...,0)

and hence h(x +a1) — h(x) = 1. If p(x + 1) = p(x) + 1, we get
Up(eta) X +a1) — Up@)(X) = Up)+1 (X + 1) — Up)(x)

=up)+1(x) +(1,0,...,0) — upu)(x)
=upey(x) —1+(1,0,...,0) —upuy(x) =0, -1,...,=1)

and hence h(x + 1) — h(x) = —n.
The case i = n + 1 can be treated analogously, showing that

p (x — <Z(Xl>) = p(x +05n+1) € {P(x) -1 p(x)}’
i=1

andthath(x+ay,+1)—h(x) = 1 when p(x+a,41) = p(x)—land h(x+opy1)—h(x) = —n
when p(x + o41) = p(x). Therefore, we conclude that % is a height function.

Now we want to show that 4 is L1-equivariant. In order to show this, it is enough to show
Li-equivariance of p(x). Indeed, p(x + y) = p(x) + p(y) implies

h(x+y) = (Mp(x+y)(x +3), Dt
= <up(x)+P(y)(x +¥), g1 = <up(x)(x) + up(y)()’)a | DI
= <MP(X)(x)a Dpy1 + (”p(y)()’): Ly =h(x) + h(y).
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Now, the implication (2) = (3) of Lemma 5.15 tells us that for any y € L; we have

p(y) = % and hence u (y)(y) = ¥ (y). Therefore,

px+y)=max{zeZ |3 elL:(x+y, 0 —z1>1}
=max{zeZ|IAel:(x,0)=-@—-pON1+(.0)—pN1=1}
=max{z€Z | eLl:(x,0——pON1+y¥() =1}
=max{z€Z|AW €L —-¥»):(x,0)—(z—pOyNl =1}
=max{zeZ |3 el:(x,0——pONl=I}
=max{ze€Z|3A eLlL:(x,0—z1>1}+ pQ) =px)+ p(y).
We conclude that k(x) is an equivariant height function. Therefore, it defines an L-

periodic cut Cy,. As before, Lemma 5.15 gives us u () (y) = ¥ (y) forevery y € L1, and we
compute

h(y) = (upe)y (), Dns1 = <(y, 0) — M1, 1>
m n+1

(¥ ¥In

=((,0), 1)yq1 — (1, 1),
n+1 n+1
=y, 1, - (v, v = <y, 1- y> ,
m m n

hence Cj, has type y by Corollary 2.14. O

Proposition 5.18 Let h be as in Theorem 5.17. If x is a source of Qch, then x € L.

Proof Assumex = (xq, ..., x,)isasource. Thenallarrows x—a; — xfori € {1,...,n+1}
belong to C‘h. In other words, A(x) — h(x — ;) = —n foralli € {1, ..., n + 1}. From the
proof of Theorem 5.17 we know that this happens if and only if p(x) = p(x — ;) + 1 for
i €{l,...,n}and p(x) = p(x — ap41). By definition of p(x) we know that there is some
I =(,...,lp+1) € L such that (x,0) — p(x)1 > [. Since p(x — 1) = p(x) — 1, we get
that (x — a1, 0) — p(x)1 can not be greater or equal to any element in L, in particular, we get

£ x—01,00) — p(x)1=(x,0)— px)1—(1,0,...,0).

Combining this with / < (x,0) — p(x)1 gives /1 = x; — p(x). The same holds for all i
{1, ..., n}. Finally, we have p(x) = p(x —a,+1), which means (x — o1, 0) — (p(x) + 1)1
can not be greater or equal to any element in L, in particular, we get

l£dx4+a+...4+a,,0) = (px)+ D1 =(x,0) — p(x)1 = (0,...,0,1).

Combining this with [ < (x, 0) — p(x)1 gives [,,41 = —p(x). Therefore, we conclude that
Upx)(x) = (x,0) — p(x)1 =1 € L, and then the implication (1) = (2) of Lemma 5.15
implies that x € L. O

To show that Cj, is maximal, we need to assume that y is positive, since then mutations
and cover relations coincide by Theorem 5.11.

Corollary 5.19 If y is positive, then Cj, constructed in Theorem 5.17 is the unique maximal
element in its mutation lattice. Furthermore, Qc, has a unique source, located at 0.
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Proof Assume that Cj is not maximal, then there exists D > Cj and a chain of cover
relations Cj, < ... < D. Then by Theorem 5.11, Q¢, has to have a nonzero source, which
is a contradiction with Proposition 5.18. Finally, note that Qc, is acyclic by Lemma 2.16,
and since Qc, is in addition finite, it must have a source, which must be located at 0. ]

Next, we note that the lattice of cuts is self-dual. This follows essentially from the fact that
X > —x is an automorphism of L which stabilizes L, and gives rise to automorphisms of

Q and Q.

Construction 5.20 Let C be an Li-periodic cut of type y. We define the dual cut C* as
Sollows: for each x € Loy and for eachi € {1,...,n+ 1} we have x — x + «; € C* if and
only if —x —a;j — —x € C. One can easily see that C* is indeed a cut, which in addition is
L-periodic and has type y. Furthermore, one can observe that hc(—x) = —hc=(x) for all
x € Lo. In particular, a vertex x is a source (respectively, sink) in Q¢ if and only if —x is a
sink (respectively, source) in Qcx, and (1 (C))* = pu—_x(C*).

As an immediate consequence, we obtain the following.

Corollary 5.21 If y is a (not necessarily positive) type vector, the mutation lattice of cuts of
type y is self-dual.

In particular, the minimal element can be obtained by taking the dual of the maximal
element. For completeness, we also give the direct construction of the minimal element in
case y is positive. All relevant proofs can be transferred from the construction of the maximal
element. In particular, we recall the notation u,(x) = (x, 0) — z1. The reader will notice the
duality in the construction as well.

Construction 5.22 [n order to construct the minimal element, we proceed as for the maximal
element. Define the set S\, = {z € Z | 3l € L : u;(x) < I}. One can prove that min S, exists,
and hence we define p'(x) = min S, for every x € Lo. The height function of the minimal
element is then h'(x) = (1 () (x), 1) 1.

If y is not positive, the corresponding finite distributive lattice is harder to understand.
Cover relations are not given by mutations, since none of the cut quivers have sources or
sinks. The construction from Theorem 5.17 still produces a cut, but we are aware neither of
a proof that it is the maximal element, nor of a counterexample.

Question 5.23 Let y be a nonpositive type and let C, be the cut constructed in Theorem 5.17.
Is it true that C}, is the maximal element in the corresponding mutation lattice?

5.4 An example

We conclude by going through one example in detail. For this subsection, we let G =~
Cy x Ce = (g) x (h) be non-cyclic of order 12, where the generators g and & have order 2
and 6 respectively. We embed G into SL3(k) by sending g to the matrix %(1, 1,0) and A to

é(l, 4, 1), which we will from now on also address by g and & respectively. As we saw in
Example1.29, this subgroup gives rise to the matrix

(6 4
B3 3):
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We will later use the fact that the same lattice is generated by the column space of

0 -2

6 2)°
This subgroup exhibits some extra symmetry, which we will use to simplify many of the
computations.

Remark 5.24 Let G = (3(1,1,0), (1,4, 1)) < SL3(k) as above. We have the standard
action of the symmetric group S3 on R = k[x1, x2, x3] by permuting the variables. This gives
rise to the standard conjugation action of S3 on SL3 (k). Furthermore, this induces an action
on Lo by permuting {«1, a2, a3}, which extends to an action on Q The relevant observation is
now that G is stabilised by this action. Equivalently, L = Colz(B’) is stabilised. Therefore,
the action descends to one on Qg = Q/L1.

In particular, we see that if C is a cut of type (y1, y2, ¥3) and o € S3, then the set o (C)
is a cut of type (Vo (1), Yo (2)s Yo (3)), and the 2-representation infinite algebras arising from C
and o (C) are isomorphic.

We first compute all possible type vectors and draw the simplex of types. This has already
been done in [9].

Remark 5.25 With the above setup, any type vector (y1, 2, ¥3) for G < SL3(k) satisfies
¥1 + 2 + y3 = 12. Furthermore, by Theorem 3.5, we need that the entries of

(v1,72) - B = (6y1, 471 +212)

are divisible by 12. We therefore see that | needs to be even. Since it is also at most 12, we
have y1 € {0, 2, 4, 6, 8, 10, 12}. Next, we note that the condition 12 | 4y + 2y, simplifies to
6 | 2y1 + y». Keeping in mind that y; + 35 + y3 = 12, we can then list all types as follows.

0,0, 12) 0,6,6) 0, 12,0)
(2,2,8) (2,8,2)

4,4,4)

6,0,6) (6,6,0)

8,2,2)

(12,0,0)

We notice immediately that the symmetric group acts on the type vectors by permuting
entries, as expected. Arranging the vectors in a simplex as in Theorem 3.7 then gives the
following picture.

(12,0,0)

6,0,6) (6,6,0)

(0,0, 12) (0,6,6) (0,12,0)

In this picture, the aforementioned S3 symmetry is visible as the dihedral symmetries of this
lattice triangle.
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5.4.1 The mutation lattice for (2, 2, 8)

Now, we describe the mutation lattices in detail. As mentioned before, the S3-symmetry
takes cuts of type (2, 2, 8) to those of type (2, 8,2) and (8, 2, 2). The corresponding 2-
representation infinite algebras are isomorphic, and furthermore the mutation lattices are
isomorphic, so it suffices to compute just one of them. We choose (2, 2, 8) here.

Before we compute the mutation lattices, we introduce conventions on how we draw the
quivers.

Remark 5.26 We work in the case when n = 2, that means the lattice Ly has rank 2 and
every vertex in the quiver Q has 3 outgoing and 3 incoming vertices, and the elementary
cycles have length 3. We therefore draw Q as an infinite triangular grid. We visualize Q¢
as the quotient of Q by the L;-action, so we draw below the infinite grid with the vertex 0
labelled explicitly as such. The L-equivariance implies the following. The hexagon that we
draw gives rise to the torus by identifying opposing sides, and the quiver Q¢ is the image
of the drawn hexagon under this identification. For the reader’s convenience, we draw three
red points which are identified, and three blue points which are identified. We follow the
convention that the horizontal arrows are type 1, the arrows pointing down are type 2, and
the arrows pointing up are type 3.

l
|

~
el
~
el
~
el

|
|

~
Pt
~
pd
~
pad
<
P

i
|
[
|

et
~
el
~
el
~
el
~

l
|
|

7
~
el
~
pad
~

l
|

Remark 5.27 Let y = (2, 2, 8). The maximal element in the mutation lattice and the corre-
sponding height function are drawn below.

-1

/.

'
!

0 1

l\

0 1 2 3

N\
v/

PR
l/l

1 2

0 1 2

l\
l\

/7
3/\1 2 3
VY

l\
~

2—>3 4

We see that the cut quiver has a unique source, located at 0. Clearly, this means that this is
indeed the maximal element, since no further mutation at a source is possible. Furthermore,
there is only one sink, located at vertex 2a; + «3. Thus, this is the only mutable vertex, and
hence there is a unique cover relation involving the maximal element. Continuing down the
mutation lattice, we obtain the picture on the following page.
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A classification of n-representation infinite algebras...

Next, we make some comments on the duality.

cut quivers and cover relations, we also

Remark 5.28 In addition to the height functions,

draw coloured circles around the cut quivers. Two cut quivers are circled in the same colour

if and only if the cuts are dual to one another. Our convention of drawing the quiver in a

pringer

Qs
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hexagonal shape has the effect that the duality may be visualised by rotating a cut quiver
around 0 by 180 degrees, and then reversing the direction of the arrows. We note that no cut
in this lattice is self-dual.

Finally, we explain that this lattice contains significantly more information than just the
isomorphism classes of certain 2-representation infinite algebras.

Remark 5.29 The reader may notice that many of the 2-representation infinite algebras arising
from different cuts are isomorphic as algebras. Indeed, consider for example the minimal and
maximal elements in the lattice. To see the isomorphism, translate the infinite cut quiver by
201 + a3, and then quotient again by L to obtain the cut quiver for the minimal element.
The resulting algebras are isomorphic. Furthermore, we note that all cut quivers have either
1 sink and 1 source, or 2 sinks and 2 sources. A similar translation argument shows that all
the algebras resulting from a cut quiver with 1 sink and 1 source are isomorphic, as are those
arising from a cut quiver with 2 sinks and 2 sources. We will later see that the number of
sinks and sources does not determine isomorphism type. However, it is a common feature of
the mutation lattice that it contains many cuts which give rise to isomorphic algebras, which
nonetheless embed into R * G as different algebras.

We also interpret the above observation in terms of n-APR tilting.

Remark 5.30 As noted above, different cuts in the mutation lattice can give rise to isomorphic
n-representation infinite algebras, which are different when viewed as subalgebras of their
common higher preprojective algebra. From the perspective of n-APR tilting, this is to be
expected. The mutation sequence from one cut to the other gives rise to two different iterated
n-APR tilting modules. However, it is not surprising that different iterated tilting modules
have the same endomorphism ring, meaning that the cut algebras are isomorphic.

5.4.2 The mutation lattice for (4, 4, 4)

Now, we continue with the remaining type vector, which is (4, 4, 4). The resulting mutation
lattice is significantly larger. We first draw its Hasse diagram, and then remark on some
properties of the lattice. Finally, we list the values of the height functions on a fundamental
domain.

Remark 5.31 One can compute the mutation lattice for the type vector (4, 4, 4). This lattice
has 57 elements, so we only draw its Hasse diagram here.
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The reader may notice that the lattice has rank 16, meaning that we have drawn 17 rows.
To avoid confusion with conventions from combinatorics, we henceforth only refer to rows
1 to 17 from the top to the bottom. The lattice duality can be visualized as reflection along
row 9. Every element in this row is self-dual.
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Elements of the mutation lattice for (4, 4, 4)
Row Elements
012342
1 (933133)
012312
2 (923123)
012312 012012 012312
3 (]20]23) (123123) (]23]20)
012012 012312 012012
4 (120]23) (]20]20) (]23]20)
5 012012 01231-1 01201 2 (012012)
1-10123 12012 0 1231-10 120120
6 012012 01201 -1 01201 2 01-1012
1-10120 12012 0 1201-10 120120
7 01201-1 012012 0120 1 —1
1-1012 0 1-101-10 1201—-1 0
01 —-1012 01—-101-1 01-101 2
1-1 0120 120120 120 1-10
8 01201 —1 01 —-101-1 01 -1012 01—-101 —1
1-101-10 1-1 0120 1-101-10 1201-10
9 0120-2-1 1 —101-1 0-2-1012 01—-10 1 —1
1-101-10 -2-10120 1-101-10 120 -2-10
01 -101 -1
1-101-10
10 01 -10-2-1 0 1-101 -1 0-2-101 -1 01 -10 1-1
1-101-10 —-2-101-10 1-101-10 1-10 -2-10
11 01 -10-2-1 0-2-10-2-1 01 -10 -2-1
—-2-101-10 1-101-10 1-10 -2-10
0 -2-101 -1 0 1-10 1 -1 0-2-10 1 -1
—-2-101-10 —2-10-2-10 1-10 -2-10
12 0 —2-10-2-1 0 1-10-2-1 0-2-10 —-2-1 0-2-10 1 -1
—-2—-101-10 —-2—-10-2-10 1-10 —2-10 —2—-10-2-10
13 0 -2-10-2-1 01 -1-3-2-1 0-2-10 -2-1 0 -2-10 -2-1
—2-101-1-3 —2—-10-2-10 1-1-3-2—-10 —2—-10 —2-10
14 0-2-10 -2-1 0 -2-1-3-2-1 0 -2-10 -2-1
—2—-10 —2—-1-3 —2—-10 -2-10 —2-1-3-2-10
15 0 —-2-1-3-2-1 0 -2-10 -2-1 0 -2-1-3-2-1
—-2-10 -2-1-3 —2-1-3-2-1-3 —2—-1-3-2-10
0 —2-1-3-2-1
16 (727173727173)
0 —2—4-3-2-1
17 (—2—1—3—2—1—3)

We list in the above table the height functions of all elements of the mutation lattice for
y = (4,4, 4), according to the following convention. The quiver has 12 vertices, and all
vertices are uniquely determined as jo + iop for 0 < j < 5and 0 <i < 1. We therefore
write the height function ¢ of a cut C as a2 x 6 matrix with v; 1 j+1 = hc(joy +iaz). The
other values of /¢ are determined by L1-equivariance, combined with Proposition 2.11. For
the reader’s convenience, we write the values of mutable sinks in boldface. We list the height
functions according to the rows, and the entries of a row, read left to right, correspond to
the vertices of the Hasse diagram, read left to right. For the reader’s convenience, we briefly
explain how to read the duality from the heights we have provided.

Remark 5.32 Let C be a cut, and as before write the heights at the twelve chosen points as

hc(0)

(

he(ar)
he(a2) he(@r+az) he Qui+az) he Bai+az) he(dar+az) he (Sai+az)

hc(ay) hc(3ar) hc (4ay)

hc(Sar)

).

Then the heights & ¢+ with respect to the dual cut C* on the same twelve points are given by

he(0)

- (
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hc(5a1) hc (4ay) he (Bar)

he(2ay)
he(daj+az) he Bay+az) he Quy+az) he(laj+az) he(on) he(Sap+ar)

he(ar)

).
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Applying this for example to the height for the cut in row 9 which has the highest outdegree
in the Hasse Diagram, we see that

01 —-101 -1\ _ 0 -110 —11
(171 0 1-1 0)—(_1)'(71 10-11 0)’
so indeed the element is self-dual.

As for type (2, 2, 8), many of the resulting 2-representation infinite algebras are isomorphic,
despite arising from different elements in the mutation lattice.

Remark 5.33 Denote the cut corresponding to the maximal element in the mutation lattice
by C1, and the leftmost cut in row 5 by Cs. It is not difficult to see that the cut algebras are
isomorphic, i.e. we have (kQ/I)c, = (kQ/I)c,. To visualise this, one may take the cut C;
and translate it by o1 + o to obtain C;. One can see similarly that the 3 first elements in row
5 all define isomorphic cut algebras.
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