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1. Introduction
We study the gradient estimate for the parabolic double-phase system
ug — div(b(2)(|VulP72Vu + a(2)|Vu|?2Vu)) = — div(|F|P2F + a(z)|F|97%F)
in Qr = Q x (0,T) where Q is a bounded domain in R™, n > 2, T > 0 and the coefficient function b(z)
satisfies the ellipticity condition in (2.4). Throughout the paper, we shall assume that the coefficient function

a(z) is non-negative and (o, a/2)-Holder continuous for « € (0,1], that is, there exists a constant [a], > 0
such that

la(z,t) = a(y, t)| < [aalz —y|*  la(z,t) —al(z,s)| < [ala]t — 5|2 (1.1)
for all z,y € Q and ¢, s € (0,T) while exponents p and ¢ satisfy

2n a(p(n +2) — 2n)
_ <2 <
nta PSS PSASPTTIETS
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Note that “(eGrt2i2n _ _op p(ni2)-2n plnt2)—2n
system as in [17]. The aim of this paper is to prove the Calderén-Zygmund type estimate of the following

where is the scaling deficit of the singular p-Laplace

implication

|F|P +a|F|? € L], = |Vul’ + a|Vul|? € LT, (1.3)
for all o € (1,00).

The double-phase system has a non-standard growth condition due to the presence of the coefficient
a(z). For each point z, if a(z) = 0, the system is reduced to the p-Laplace system while, if a(z) # 0,
the system is the (p,q)-Laplace system. It is presumed that double-phase systems exhibit two different
phases, nevertheless, further analysis is necessary as a(z) # 0 does not always imply a(-) is comparable
in the neighborhood of z. For such a neighborhood, arguments in the (p,q)-Laplace system cannot be
utilized. Moreover, as nonlinear parabolic systems demand intrinsic geometries for the regularity theory,
it is necessary to connect phase and intrinsic geometry. In this paper, we adopt the phase analysis for
the double-phase system developed in [24] to provide the proper intrinsic geometry for each point. In our
phase analysis, there are two types of phase, p-intrinsic case and (p, ¢)-intrinsic case. In the p-intrinsic case,
estimates for the double-phase system are treated in the p-intrinsic geometry, which is intrinsic geometry for
the p-Laplace system. Despite there being a g-Laplace part a|Vu[P~2Vu, those terms from g-Laplace part
are perturbed to terms from the p-Laplace part |Vu|P~2Vu. Furthermore, we will see that in this case, the
double phase system is scaling invariant under the p-intrinsic geometry. In contrast, if (p, ¢)-intrinsic case
holds, then we will show that there exists a neighborhood in which a(-) is comparable and we will apply the
intrinsic geometry of the (p, ¢)-Laplace system.

Additionally, we point out that the existence of the upper bound for ¢ in (1.2) naturally arises in the non-
ﬂp(n+2)f2n
n+2 2p

in elliptic double phase system in [19,20], sharpness for (1.2) is not known to the best of our knowledge.

standard growth problems. The term in the upper bound appears to be natural, but unlike

The regularity properties of non-standard growth problems were first studied for elliptic equations in
[30,31]. The development of regularity results for elliptic double-phase problems and its phase analysis are
proved [2,3,10,11,15,16,19]. For the parabolic case, non-standard problems have been addressed in [5,33],
while regularity results for the parabolic double-phase problem can be found in [24-27,34]. We also refer to
[13,32] for more general structures of non-standard growth problems.

Regarding Calderén-Zygmund estimates, the elliptic p-Laplace system has been studied extensively, with
key results in [6-9,18,22,29], while the parabolic p-Laplace system was established in [1]. The elliptic double-
phase system case has been considered in [12,14]. For the parabolic double-phase system, the degenerate
case (p > 2) was established in [23]. This paper extends the analysis to cover the singular case (p < 2).

2. Notations and main result
2.1. Notations

For a point z € R""! we denote z = (x,t) where € R™ and t € R. A ball with centered at zo € R"
and radius p > 0 is denoted as

By(zo) ={z € R" : |z — x¢| < p}.
Parabolic cylinder centered at zg = (xg,to) and its time interval are denoted as
Qo(20) = By(wo) x I,(to), I,(to) = (to — p°,to + p°).

For a(z) described in (1.1), we define a functional H(z,s) : Qr x RT — R as
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H(z,s) =s? +a(z)s?.

In this paper, we use two types of intrinsic cylinders. For A > 1 and p > 0, a p-intrinsic cylinder centered
at zg = (l‘o,to) is

Q) (20) = By (o) x Ip(to), Bp(xo) = BAPng(ﬂfo)a (2.1)

and a (p, ¢)-intrinsic cylinder centered at zo = (g, to) is

Gy (20) = By (o) x J))(to), J))(to) = (to — TP to + #;A)PQ) (2.2)

The time interval includes the information of zg, however, we always omit zy for the time interval as H(zg, \)

will remain fixed during our proof. Nevertheless Gf;(zo) has the scaling factor A both in space and time
2

direction, note that H(/;j 5P = H(’z\j /\)(/\¥ p)? and thus G)(z) is the standard intrinsic cylinder for

(p, q)-Laplace system. For d > 0, we write

dQ)(z0) = Qi,(20), dG)(20) = Gy, (20).

Finally, for f € L'(Qr,RY) and a measurable set E C Qr with 0 < |E| < oo, we denote the integral

average of f over E as
(e =g [ ra==ff1a
E = T— z = A
|E|
E E

2.2. Main result
This paper is concerned with the parabolic double-phase system
uy — div (b(2)A(z, Vu)) = —div A(z, F) in Qr, (2.3)
where we abbreviate the parabolic double-phase operator as
Az, €) = [€]P2€ + al2)[¢]%¢

for z € Qr and £ € RY" with N > 1 and b(z) is a positive measurable function satisfying the ellipticity
condition

0<v<blz) KL< forae z€Qr. (2.4)
The weak solution to (2.3) is defined in the following sense.
Definition 2.1. A measurable map u : Qp — RY such that
we C0,T; L*(Q,RY)) N LY(0,T; W, ' (2, RY))

with //H(z, lu]) + H(z, |Vu|) dz < oo
Qr

is a weak solution to (2.3) if for every ¢ € C§°(Qr, RY), there holds
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// (—u- 1 +b(2)A(z, Vu) - Vo) dz = //A(Z,F) -Vydz.
QT QT

Some estimates of weak solutions to (2.3) involve data of u and F. For this, we write ¢ = ¢(data) if the
constant ¢ depends on the following values

1, N, p, g, e, v, L, [a]a, dlam(Q), [Jul| o 0,122 (), [ H (2, [Vul) + H(z, [F]) |21 @r)-

Before we introduce the main result of this paper, we first state the partial result. In fact, it will play a
crucial part in proving the main result.

Theorem 2.2 ([27], Higher integrability). Let u be a weak solution to (2.3). Then there exist g = eo(data) €
(0,1) and c = c(data, ||a|| L~ (a,)) such that for any Q2,(20) C Qr and e € (0,&0), there holds

2
1+ p(n,+g)€—2n

]é[ (H(z,|Vul))'Tedz < ¢ ]§[ H(z,|Vul)dz
Qp(20) Q2p(20)
2q
p(at2)—2n
+c ]§[ (H(z, |F|)'™edz+1
Q25 (20)

To prove the full range o in (1.3), we further assume the following two conditions. Firstly, we assume the
coefficient b has the VMO condition

i sup s [ - Ol dz = (25)
r—=0% | 1|<2r2 B,.(20)CQ
BT(xU)XI

where I C (0,7T) is any open interval. Secondly, we will assume

zler%sz a(z) > 0. (2.6)

With these assumptions, the Calderén-Zygmund type estimate is as follows.

Theorem 2.3. Let u be a weak solution to (2.3) with assumptions (2.5) and (2.6). Suppose Q4r(z0) C Qr
for some R € (0,1). Then there exists pp € (0, R) depending on

data, || H(z, [F|)l|Lr+eo (1), @l L= or), B

such that for any o € (14 eg,00) and p € (0, pg), there holds

2q(c—1
e e

]§[ (H(z,|Vul))?dz <c ]5[ H(z,|Vul) dz
Qp(20) Q20(20)
2q
p(n+2)—2n
be ]§[ (H(z [F]))" dz + 1 ,

Q2p(20)

where ¢ = c(data, ||a|| =), 0)-
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Remark 2.4. We point out that the assumption (2.6) is made purely for technical reasons and does not
diminish the novelty of our paper. It might be misconstrued that Theorem 2.3 could be deduced from the
estimate of the (p, ¢)-Laplace system where a is constant. If (2.3) is interpreted as a (p, ¢)-Laplace system,
then inf a serves as the lower bound for the ellipticity constant, resulting in the constant in the estimate
depending on inf a and diverging as inf a approaches 0. Indeed, regarding ¢|Vu|9~2Vu as a g-Laplace part
with fixed constant ¢ > 0 locally, the remaining term c¢~'a(z) is considered as the coefficient function to
proceed further by adopting technique in (p, ¢)-Laplace system. However, as presented, our estimate remains
stable with respect to inf a.

In this paper, the assumption (2.6) is employed only to construct the Dirichlet boundary problem, as
there is no existence result when inf ¢ = 0. This assumption characterizes the double-phase operator as a
g-Laplace type given as

inf a(2)[{|* < A(z,€) - £ < (1+ |lal| L)) (1 + [€])*?

ZEQT

and the existence result of the g-Laplace type system can be employed. Moreover, as noted in [25], the
existence of the Dirichlet boundary problem when inf a = 0 can be proved by applying the global Calderén-
Zygmund type estimate.

3. Comparison estimates

This section aims to provide comparison estimates. As the double-phase system (2.3) has two distinct
phases, it is necessary to establish these estimates for each phase. We will explain the heuristic approach
for distinguishing between the phases and provide a more detailed description in the next section.

In the Calderén-Zygmund type estimate of the double-phase system, we consider the upper-level set

U={H(z|Vu(z)]) > A}

for each sufficiently larger A > 1+ [|a|| 1 (q,). In order to study the intrinsic geometry, for each w € U, we
defined )\, to be

A=H(w,\,) =N + a(w)A.

w

Since H (w, |s|) is an increasing function on [s|, it easily follows that
[Vu(w)| > Ay

For the constant K defined as

2
n+2

180(1 + [a]a) ﬁ // (H(z,|Vu|) + 6 " H(z, |F|)) dz + 1 : (3.1)
Q2po(Z0)

where constant ¢ € (0, 1), either of the following holds

KNP > a(w)AL or K2X\P < a(w)AL.
The first case is equivalent to a(w) < K2M?77 and it changes terms deduced from the g-Laplace part,
a(2)|Vu|9=2Vu, into the term of the p-Laplace part on some neighborhood of w in the context of intrinsic
geometry. Moreover, this condition enforces the g-Laplace part invariant under the scaling argument in the
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p-intrinsic geometry (2.1), see Lemma 3.6. On the other hand, if the second case holds, then we will prove
a(z) is comparable on some neighborhood of w and (p, ¢)-intrinsic geometry in (2.2) would be applied for
the discussion.

In this section, constants ¢, d, pg will be used throughout the paper to carry out comparison estimates
and the estimate in Theorem 2.3. The constant ¢ € (0,1) will be used for the iteration argument and
be determined later in (5.4). The constant 6 € (0,1), which also affects K in (3.1), will be utilized to
derive comparison estimates and be chosen depending on € and data. Finally, po € (0,1) will also be used
for obtaining comparison estimates, be selected after taking 0 and depend on ¢, 6, data, |al|=q,) and
| H (2, |F|)||L1+<0 (07)- On the other side, we will encounter the situation that constants in some estimates
will also depend on §. For this case, we will write

cs = cf...,0).
Finally, we shorten the following constant
V =9K. (3.2)
This constant will be used for the Vitali covering constant of our case in Lemma 4.4.
3.1. p-intrinsic case

In this subsection, we will obtain comparison estimates for the case K?\P, > a(w)\? with the assumptions
on the stopping time argument in the p-intrinsic cylinder defined as in (2.1).

Assumption 3.1. For w = (y,s) € Qr(20), there exist A\, > 1 and p, € (0,pg) such that Qi‘gva (w) C
Q2r(z0) and satisfying the following conditions.

(i) p-intrinsic case: K2\P > a(w)A\9,
(ii) stopping time argument for p-intrinsic cylinder:

(@) fon, ) (HIVu) +07 H(z |F))) d= < A,
(b) ﬁ@éw(w) (H(z,|Vul) + 6 H(z, |F|)) dz = AP,

In this subsection, we omit the referenced point w and write A, p, Q;}Z (w) as A, p and Qf; for simplicity.
Along with the stopping time argument assumption, the following energy bounds hold.

Lemma 3.2. There exists cs = c¢(data, ) such that

lu — ug|? ]5[ |u — up|?
sup ][ ———dx + —————dz < cs NP,
Tsve (8Vp)? (8VA'Z p)p

8Vp QSVp
where we shorten the notation
uo = (u)qy,, = (Wedy (w)-

Proof. The proof of this estimate is based on the Caccioppoli inequality and uses (i) and (a) for the
conclusion. In particular, note that (a) implies
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[ v+ HG ) ds < v
Q18v,
The conclusion follows from the argument in [27, Lemma 3.6 and (3.8)] by replacing K in there with

(3.1). O

Remark 3.3. The parabolic Poincare inequality with the previous lemma leads to

o
[ g te <o
2 p

by
Vp

for any ¥ € [1, 272 where ¢5 = ¢(data, ).

n

The above inequality is first established for the p-Laplace problems in [28]. The p-intrinsic geometry in
(2.1) plays a role in assigning the same ¥ to both sides of the inequality. Meanwhile, for the double-phase
problem, it is necessary to perturb the term, produced by the ¢g-Laplace part like

)
u—u
P~ ]§[ % dz,
(8VAT=p)?
Qv
into terms from the p-Laplace part. Moreover, it is relevant to the admissible range of q. We put this issue

in the intrinsic geometry setting in the following lemma.

Lemma 3.4. For any constant 1 < c¢s = c(data,|la|c, [|H (2, |F|)||g1+<0(p),0), there exists py =
po(data, Ha’HOOa ||H(Z? |F|)HL1+50(QT)’R7 67 6) € (071) such that pr € (Oap0)7 then

1
csp A < WEXD.

Proof. Since it is assumed Q4r(29) C Qr, we apply Theorem 2.2 to obtain

2qeg(
() T

]§[ (H(z,|Vul))'te0dz < c ]5[ H(z,|Vu|)dz
Q2r(20) Qar(20)

2q
p(n+2)—2n

+ec ]5[ (H(z, |F])'*Tdz +1 ,
Qar(20)

where €9 = go(data) and ¢ = c(data, ||al| L~ (a,)). Therefore we have
// (H(z, [Vul)) " dz < cp,
Q2r(20)

where cgp = cr(data, ||a|| L), |H (2, | F|)| 21+<0 (2, ). On the other side, we deduce from (b) and Q; C
Q2r(20) that
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AP = #(H(z, \Vu|) + 0~ H(z,|F|)) dz
Qp
=
< ]§[(H(z, |Vul|) + 0" H(z, \F|))H—€(J dz
Qp

A—

< cr|@Q,| e
__1
< cn ()\ n(l’z—Q) pn+2> T+ego

Thus we get

/\ffz = ()\p) e <cp ()\n(p2_2) Pn+2) e .

In order to reach the conclusion, we use the above inequality to get

_ _ap ap
csp AT = csp AT 2 \ni2

agq _ _ap an(2—p)
< cscrpTHeo 24 nt2 T30 Feq)(na D) .

Since it follows from (1.2) that

ap an(2 —p a(p(n+2)—2n
q— + ( >=q— (b ) )Sp,
n+2  2(n+2) 2(n+2)
we have
ap an(2 — p)

_ + <

T2 2+ )1 +eo) =7
and thus

aegq

csp*AN! < c(;cRpS?O)\p.
The proof is completed if we take py sufficiently small. O
We now start to construct maps to apply comparison estimates. Consider the weak solution
§S C(ISVP; LZ(Bg\Vp’RN)) N Lq(ISVp5 leq(Bg\vaN))
to the Dirichlet boundary problem

{ct—div(b(z)A(z,vc»:o in - QQy,

(=u—ug on 6pQ§‘Vp.

Lemma 3.5. There erist § = 0(data,e) € (0,1) and po = po(data, ||H(z, |F|)||L1+<0(0p),0,€) € (0,1) such
that if p € (0, po), then

1 1

A
Qv,
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Also, there exists cs = c¢(data,d) such that

‘ S (x, ) 95 p
teb}??/p J[ GE dx + ]é[ ((SV)\])zzp)P +H(z,|VC|)> dz < csAP.

8Vp 8Vp

Proof. We apply the standard energy estimate in [23, Lemma 3.4]. Testing u — ug — ¢ to
(u—up — )¢ — div(b(A(z, Vu) — A(z,V())) = div A(z, F)

in Qg‘vp, there exists ¢ = ¢(n, N, p, ¢, v, L) such that

sup ][|u—u0—C| (z,t)dz + ]§[H , | Vu— V() dz

|I8Vp‘ teISVp
QSVp

<c]§[H JEDd

QSVp
At this point, we employ (a) to the right hand side of (3.3). Then it follows
—un — C12(z. t
sup ][ [u = o — ¢, )d:r—l— ]§[ H(z,|Vu — V(|)dz < cdNP.

telsv, K (8Vp)2

X
Bgv, Qivp

On the other side, by using triangle inequality, we obtain

<17 195
tes}fv)pr (8Vp)? de + ]f[ ((SVA;/))? +H(Z,|VC|)> dz

8Vp 8Vp

lu — ug|? ]5[ |u — up|?
<c sup ][ ————dr+c ————— + H(z2,|Vu|) | dz
tehav, J (8Vp)? )\ (8VATE p)r (=, [Vul)

8Vp QSVp

+ P72 sup ][ deJrc ]§[H(Z7\V“_VC|)dZ
tEIgvp (Svp)

X
8Vp Qivp

]§[ lu—uo = ¢
| B aa
) (8VAT= p)P

8Vp

Thus, applying Lemma 3.2 and Poincaré inequality in the spatial direction to absorb the last term into the
former term, it follows that

P P
s e F (g v ema) o
BR by

8Vp 8Vp

< es AP+ cONP.

As ¢ € (0,1), the second inequality in this lemma follows.
To derive the first inequality of this lemma, we omit the first term of the left hand side in (3.3) and write
the remaining term by using (a) as follows.
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|QA‘ /H 2, |Vu — V¢|)dz < cdK"P2\P,

where we used facts that V = 9K and the choice of K in (3.1). The proof is completed if c§K™*2 is smaller

than ﬁe Observe that

1 1
- s K
180(1 + [ala)

- é—“| // H(z,|Vul) dz + 6% + 65" // H(z,|F|) d=
1

Q2p (20) Q2 (20)

a
n+2

Therefore, if a € (0,1), then we take § = §(data) small enough to handle the term c§K"*2 less than size.
On the other hand, if « = 1, then the last term of the above display cannot be small by taking § small
enough. Meanwhile, the Holder inequality implies

1
1+eg

/I H(z,|F|>dz<(ﬂ//(H(zm»lﬁwz (@apo| %

Q20 (z0)

Hence, the desired estimate follows by taking § small enough and then pg small enough. 0O

In order to employ the regularity property of constructed map, we will apply the scaling argument in the
intrinsic cylinder as in [1]. Recalling a weak solution ¢ to

G — div(b(2)A(2, V() =0 in Qdy,,

we set
C (.’17 t) = —1 C()\p;2p£L' /72t)
ALy )\%p ) ’

ba(z,t) = b(\"T pa, p?t),

ax(z,t) = )\q_pa()\ppox,p%),
Ax(z,€) = [P + ax(2)[€] 7%,
Hx(z,5) = 5" + ax(z)s?,

for (z,t) € Qgyv. Note that by(z) still satisfies the ellipticity condition (2.4).
Lemma 3.6. The scaled map (y is a weak solution to
9 — div(ba(2)Ax(2, V() =0 in Qsv.

Moreover, the function ay is (o, «/2)-Holder continuous with [a)]a < [a]a and

Hy (2, IVG) = 5 H (= 9¢))

Proof. From (1.1) and the scaling setting, it is easy to see ax(z) is («, a/2)-Holder continuity and we also
have



W. Kim / J. Math. Anal. Appl. 551 (2025) 129593 11

[ak]a = )‘q_ppa[a]a < [a]a,
where we used Lemma 3.4. Also, the identity
[ eivona: =5 ff #evend
Qsv Qdv,

directly follows from the scaling argument. Finally, the solvability of PDE is proved in [23, Lemma 3.5] as
it is enough to replace p in the reference by )\pT_Qp for the setting of this paper. O

Nevertheless, (2.3) is the double-phase system, it is invariant under the scaling argument in the p-
intrinsic cylinder with Assumption 3.1. We apply it to obtain the proper quantitative estimate of the higher
integrability of (.

Lemma 3.7. There exist 5 = ¢(data,d) and cs = c(data, ) such that
]§[ (H (2, [VC]) 5 dz < esap(+20),
Qfl\Vp
Proof. Recalling the center point of Qg‘v and Qgsy is w, we observe from (i) and Lemma 3.6 that
laxll=(@ev) < ax(w) + [ax]a(8V)"

< A7 Pg(w) + 8V]a)a
< K? +8V]d]a.

On the other hand, it follows from Lemma 3.5 and Lemma 3.6 that

]§[H(z, [VEa]) dz < ¢s = c(data, §).
Qsv

We now apply Theorem 2.2 to (. Then we have

2
1+ p(n+gg)i2n)

ﬂ (Ha (2, V)8 dz < s ]§[ Ha(2,10]) d2

Qav Qsv

< ¢y,
where ¢5 = ¢(data,d) and €5 = (data, d). By scaling back, we conclude
Jf G vene e < eontves
Qiv,
This completes the proof. 0O

The second map we construct is the weak solution to

{m—div(boA<z,Vn>>:0 n Q)
77:< on 6PQ1)1\V7
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where we have set

bo = (b)gy,, = (b)g»

@, (w).

The following comparison estimate is a consequence of Lemma 3.7.

Lemma 3.8. There exists po = po(data,d,€) € (0,1) such that if p € (0,pp), then

Y
|Q>‘| //H V¢ — Vn\)dz§22 eX’.

Also, there exists cs = c(data,d) such that
[nl* (. t) ]§[ [nl”
sup ][ ————dr + ————— + H(2,|Vn dz < ¢csAP.
t€liv, (4Vp)? (AVA"Z" p)p (= [V
i\Vp Q?I\Vp

Proof. By taking ( — n as a test function to

0i(¢ —n) — div(bo(A(z, V() — A(z, Vn))) = —div((bo — b)A(z, V()

in Qé)l\Vp as in Lemma 3.5, we obtain

I¢ —n|?(z, 1) ]-/7[
S s dr + H(z,|V¢—-Vn)d
Lo,y Z[ avpz (2, [V¢ = V) dz

A
1vp Qiv,

<o ]5[ lbo — B(2)| Az VOIVC — V| dz,

A
Q4Vp

where ¢ = ¢(n, N,p,q,v, L). To estimate further, we apply Young’s inequality for each p-Laplace part and
g-Laplace part of A(z, V(). Then there holds

e [ o= A VO - Vil d:

Qﬁ)l\Vp
<e ]§[ Ibo — b(=)|| H (2, V)| dz
Giv,
1
i -l - Vs
Giv,

Since |bg —b(z)| < 2L holds from (2.4), the last term of the above display can be absorbed into the left hand
side of (3.5). Therefore it suffices to estimate the first term on the right hand side of the above display. We
apply Holder inequality and Lemma 3.7 to have
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]§[ by — b(2) || H (2, VO)| d

Qin
s 1
Ttes 1+es
1+e
< ]5[ lbo — b(2)| == dz #(H(Z,VC))”” dz
Qiv, Qv
€5
1+es

U

1+e
< e\ ]§[ Ibo — b(=)| 52" de

A
Q4Vp

Since we have
1+e€

lbo — b(z)| 5 < (2L)% [b — b)),

we employ (2.5) to take py depending on data and 6. Then (3.5) becomes

sup ][ Mdm—i— ]§[H(z7|VC—V77Ddz

t€liv, (4Vp)?

Ve Qiv,
=5
l1tegs

< cs AP ]§[ |bo — b(2)| dz
Qiv,
1

T )\
S @y

Therefore, the conclusion follows. O

The regularity property we use for the next comparison estimate is a local L? estimate of V17 by using
LP norm of Vn. For this, we again adopt the scaling argument.

Lemma 3.9. There exists cs = c¢(data,d) such that
]§[ |Vn|9dz < csAL.
Qv

Proof. We consider the scaled map

1 p=2
77(/\ 2 vath)7 (Z‘,t) € Q4V'

77/\($7t) = /\%p

As by is a constant, we employ Lemma 3.6. Then 7, is a weak solution to

O — div(boAx(z,Va)) =0 in Quy.

Moreover, we have from the proof of Lemma 3.7 that

fals + sl = 0re) + ﬂ VP dz < e, (3.6)
Qav
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while the application of the scaling argument to the estimate in Lemma 3.8 gives

sup ][ Ina|? da + ]§[ [malP dz < cs. (3.7)

Iyv
By, Qav

The conclusion of this lemma follows by scaling back from the following estimate

]§[ Va9 dz < cs. (3.8)

QZV

To show this, we divide cases.

Case o € (0,1): In this case, we apply [34, Lemma 4.2] to have that for any s € (p,p + there holds

n+2)

K

//lvmlstSCa 1+supf|m|2dx+ﬂ(\mwvmwz ,

Qav Qav

W by taking s = ¢ and using

where ¢s = ¢(n, p,s,v, L,a,V,§) and k = k(n, p, s, «). Since no‘—_fz >
(3.6) and (3.7), the estimate (3.8) follows.
Case o = 1: In this case, note that ay is (&, &/2)-Holder continuous for any & € (0,1). In particular, we

fix & to satisfy

n+2

n_q n o n
2 p p 2)

Then n+2 > % holds and we get

K

// Vil7dz < cs | 1+ sup f i [? da + ]§[<|m|p+|wp>dz ,
4V

Qav By Qav
where ¢s = ¢(n,p,q,v,L,&,V,d) and k = k(n,p, q,&). Hence, (3.8) again follows from (3.6) and (3.7). O

The last map we construct for the comparison estimate in the p-intrinsic geometry is the weak solution
NS C(IQVP; L2(Bé\\/p7 RN» N Lq(IQVp; I/Vl’q(Bé\Vp7 RN)) to

{Ut — div(bo(|Vo]P2Vo + a,|[Vo|972V0)) =0 in Q).
v=" on 8pQ§‘Vp,

where we set

as = sup a(z).
zEQ%VP

va

Lemma 3.10. There holds

6)\p
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Also, there exists cs = c¢(data,d) such that
]§[ (IVUl? + as|Vo|?) dz < csAP.
Q%Vp
Proof. We take nn — v as a test function to

Be(n — v) — div(bo(|Vn|P 7>V — [VolP"?v + as(|Vn|9 >V — [Vu[P~2V0)))
= —div(bo(as — a(z))|Vn\q_2V77

in QQ‘V - Then we get

]§[ (IVn = Voul? +as|Vn—Vu|?) dz < ¢ ]§[ la(2) — as|| V0|7 Vn — Vol dz

A A
Qsz Q2Vp

for some ¢ = ¢(n, N, p,q,v, L). Applying (1.1) and Young’s inequality, the right-hand side can be estimated
by

c ]5[ la(2) — as|| V|7V — Vol dz

Qv
1
<c ]5[ la(2) — as||Vn|?dz + 1 ]5[ la(z) — as||Vn — Vo|Tdz
QQVp QéVp
1
< c(Vp)© ]§[ |Vn|?dz + 3 ﬁ[ as|Vn — V|l dz.

Q%vP QéVﬁ

Therefore, absorbing the last term into the left hand side, it follows that

]§[ IV — Vol? + sV — Vol?) dz < c5p° ]§[ IVl dz.

Q%Vp Q%VP
Moreover, we apply Lemma 3.9 and Lemma 3.4 to have

1

- p
vy

]5[ (IVn — Vul? 4+ as|Vn — Vul|?) dz <

N
Qav,

Therefore, since a(z) < as holds in Q3 ,» the first estimate in this lemma follows from the above inequality.
On the other hand, we observe

]§[(|Vv\p+as|Vv|q)dz
Qy,

<c ]§[ (IVn = Vul? + as|Vn — Vul?) dz + ¢ ]§[ (IVn|? + as|Vn|?) dz

by A
Qv, Vp
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<c ]§[ (IVn — VoulP 4+ as|Vn — Vo|?) dz + ¢ ]§[H(z, |Vn|) dz

%, Y,
+ csp” ]§[ [Vn|?dz.

A

Vp

Hence, by using the first inequality of this lemma, Lemma 3.9, Lemma 3.4 and Lemma 3.8, the second
inequality of this lemma follows. O

Lemma 3.11. There exists cs = c(data, d) such that

sup |Vu(z)| < es.
ZGQ{\/F,

Proof. We replace ay(z,t) and Hx(z,s) in (3.4) by the constant A2 Pa, and denote

H(I€]) = bo([€]” + ATPas|€]) = bo([€[P72€ + AT Pasl€|772%€) - €.

Then by Lemma 3.6, the scaled map defined as

1 pP—2
’U)\(.I‘,t) = /\ng(ATpx7p2t>7 (Z‘,t) € QQV

is a weak solution to
O — div(bo(|Vup[P~2Voy + A Pa,|Vuy |7 2Vuy)) = 0

in Qo with the estimate
#HA(\vm)dz < cs.
QZV
Since the application of the Lipschitz regularity in the spatial direction in [4] gives

Y

sup |[Vua(2)] < e ]§[H>\(\VU)\|)dz+1 <c¢s
Qv
Qav

for constants ¢ = ¢(n,p,q,v, L) and v = y(n,p), the conclusion follows by scaling back the above inequal-
ity. O

Combining all the comparison estimates, we obtain the estimate below.

Corollary 3.12. There exists 0 = d(data,€) € (0,1) and po = po(data, ||H(z, |F|)|| p1+<0(r), 0, €) € (0,1) such
that if p € (0, po), then

// H(z,|Vu— Vu|)dz < eX?|Q)].

Vp



W. Kim / J. Math. Anal. Appl. 551 (2025) 129593 17

3.2. (p,q)-intrinsic case

We now will get comparison estimates for the case K2\, < a(w)\? with the following stopping time
argument in the (p, ¢)-intrinsic cylinder defined in (2.2).

Assumption 3.13. For w = (y,8) € Qr(z0), there exist A, > 1 and p,, € (0, pp) such that Gi‘g‘,pw (w) C
Q2r(z0) and satisfying the following conditions.

(iii) (p, q)-intrinsic case: K2\, < a(w)\d

W

(iv) stopping time argument for p-intrinsic cylinder:

© fox,, () (Hz[Vul) + 67 H(z, | F])) dz < H(w, M),
() HFore ) ( 2, |Vu|) + 67 H(z,|F))) dz = H(w, \o),

For convenience, we again omit the referenced center w and w will be simply denoted by 0.
With the Assumption (iii), we prove the comparability of a(-) in @5y, and thus (2.3) is the (p, ¢)-Laplace
type system there.

Lemma 3.14. We have

@ <a(z) <2a(0) forall ze€ Qsv).

Moreover, we have

[a]a(BVp)* < inf a(z).

2€Q5v,

Proof. Note that the second inequality implies the first inequality. Indeed, we observe

sup a(z) < inf a(z) +[a]o(BVp)* <2 inf a(z).

2EQsv ) z2€Qsv)p 2€EQ5v )

Therefore, it remains to prove the second inequality. Suppose it is false, that is,

f 5V
Zelgwpa() [a]a (5V ).
Recalling (3.2), we have
sup a(z) < 90K [a]qp®™. (3.9)
2€Q5v,

On the other hand, we have from (iii) and (d) that

V4
e // V) + 67 H e, ) d
2Nz +Ppn+2|B1
q
<o (H (| V) + 6 H (=, |F)) dz
n(p 2)+ 2
AT By

Dividing both sides with a(0)A\9p~("*+2)| taking exponent —%= both side and recalling (3.1), we obtain
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a(p(n+2)—2n) 1
@<\ 2eFy K
P 180[a]

Applying (iii), (3.9) and the above inequality in order, we get
1
K2\ < a(0)A? < 90K [a],p™\? < §K2)\p,

where to obtain the last inequality, we used (1.2). Hence this is a contradiction and the second inequality
of this lemma holds. O

Next, we prove the corresponding result of Lemma 3.4.

Lemma 3.15. For any constant cs = c(data, ||al|oo, [|H (2, |F|)||L1+<0 (1), 0), there exists po = po(data, ||a] s,
I H (2, |[F')|| 1420 (@)s R, 6, €) € (0,1) such that if p € (0, po), then

a 1
csp AT < We)\p.

Proof. The proof is also analogous to the proof of Lemma 3.4. Since Q4r(20) C Qr, Theorem 2.2 gives

// (2, |Vul)) 0 dz < cg,

Q2r(20)

where €y = eo(data) and cr = cr(data, ||al| L.y, | H(z, |[F|)|| 1420 (@), R). Therefore, it follows from (d)
and G;‘ C Q2r(70) that

a(0)A7 < #(H(z, Vul) + 5 H(z, |F))) d=
G

1+eq

IA

]§[(H(z, Vul) + 5 H(z, |F) 0 de

Gy

IA

cR|G2|’ﬁ

n(p—2)
2

< en(ATTTIOR 4 a(0)x0) 7 prH2) T

n(p—2) 4

ScR(/\ = P(a(0)X) 7! ”*2) s

Dividing both sides by a(O))\qp_% and using AP < ¢(0)A9, we obtain

piteo < CR()\in(p{z) +P(a(0)/\q)€0)_ﬁ
< CR()\L”{Q) +p+aop)—ﬁ

2)—2 1
p(nd2)—2n Feop) " T

I
)
=

It follows that

(a(p(n+2) 2n)+asop>
pa < CR>\ 2(n+2) n+2
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and therefore, we apply (1.2) to have

af 1-(e@mt—2n) | acop a(p(n+2)—2n) )
CJp@)\q g C§CRP ( ( 2(n+2) n+ 2) ( 2(n+2) ) )\p.

Observing

(g ) (s

we take pg small enough depending on the above exponent, cg and c¢s to deduce the conclusion. O
Let ¢ € C(Jzi\va L2(Bivp7IRN)) N Lq(Ji‘Vp; Wl’q(le\vp,]RN)) be the weak solution to
Gt — div(b(2)A(z, V() =0 in Gly,
(=u on GPGi‘VP.

Lemma 3.16. There exist § = d(data,e) € (0,1) and po = po(data, || H(z, |F|)||L1+<0(0r),0,€) € (0,1) such
that

\G/\\ //H 2, [Vu — V() Z<—6H(0 \).

Also, there exists ¢ = c¢(n, N, p,q,v,L) such that

]§[ H(z, |VC|) dz < cH(0,\).

A
G4Vp

Proof. As in Lemma 3.5, we test u — ( to
(u—C)y — div(b(A(z, Vu) — A(2,V())) = div A(z, F)
in G}y , and obtain
]5[ H(z, [Vu— V¢|)dz < ¢ ]5[ H(z, |F|) dz < c0H(0, ),
Giv, Giv,

where ¢ = ¢(n, N, p, q,v, L). Following the same argument in the proof of Lemma 3.5, the triangle inequality

and (c) give
]§[H (2,1V¢]) z<c]§[H z,|V( — Vul) dz+c]§[H z,|Vul) d

by by ez
Givy Givy Givy

<e ]§[ (H(z,|F|) + H(z |Vu])) dz

by
Givy

< cH(0, A).

On the other hand, the estimate for the right hand side of
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ﬁ // H(z,|Vu — V¢|)dz < V™ T26H (0, \)
p A

G4Vp
is the same as in the proof of Lemma 3.5. We omit the details. O
Next, consider the weak solution 1 € C(J3y,; L*(Bav,, RN)) N LT3\, ,; WH9(Bay,, RY)) to
{m —div(b(2)A(0, V) =0 in Giy,,
n=_<_ on apGin.

Lemma 3.17. There exists po = po(data, ||lal|ec, [|[H (2, |F|)||1+<0 (21), 6, €) € (0,1) such that if p € (0, po),
then

1 1
— < .
@ //H(z,\VC Vi) dz < Sz €eH(0,0)

Also, there exists ¢ = c¢(n, N, p,q,v,L) such that

]§[ [Vn|?dz < cAi.

Give
Proof. Again by taking {( — n as a test function to
(€ = m)e — div(b(A(0, VC) — A0, Vn))) = div(b(a(0) — a(2))|V¢]7*V()
in Gi‘v o and following the proof in Lemma 3.10, we get
]§[ H(0, V¢ — Vi) dz < ﬁ[ b(2)]a(0) — a(2)|[ V|1 d=.
Giv, Givo

Note that by (iii), (¢), Lemma 3.14 and Lemma 3.16, we have

]§[ a(0)[VC| dz < ]5[ 2a(2)|VC|" dz

Gé)l\Vp Gi\Vp
< cH(0,\)
< ca(0)A9.
Therefore we obtain
]§[ [V(|?dz < el

X
Giv,

Applying (2.4), (1.1) and the above inequality, it follows that

J] HOVE- Tahds < vpye

X
Givy
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Moreover, the first inequality of this lemma follows from Lemma 3.14 and Lemma 3.15. Meanwhile, the
second inequality also follows from the triangle inequality and the above estimates. 0O

To derive the comparison estimate with the frozen coefficient b(z), we will again employ the estimate of
the higher integrability. To do this, we set

p—2 P
(@, 1) = -n(V7 pws 5 °),

ba(x,t) = b()\%px, ﬁ:\)p%),
Ax0,6) = gy WP THEPT2E + a(0) X7 ¢]7%),

for (z,t) € Qqv .
Lemma 3.18. The scaled map 1y is a weak solution to

Onx — div(ba(2)Ax(0,Vnn)) =0 in Qav.

1
[[romiraz =5 ffivura

Qav Gy

Moreover, we have

Proof. The proof is in [23, Lemma 3.16]. It is enough to replace p therein by Az p for this intrinsic
geometry. 0O

Lemma 3.19. There exist eg = e9(n, N,q,v,L) and ¢ = ¢(n, N,p,q,v, L) such that

]5[ V[ 90+20) g < eAt(i+eo),
G%Vp

Proof. Note that by applying (iii), we have

1 a(0)A? AP a(0)A? B
and similarly, we also have
AP a(0)\?
Ax(0,€) - € < ﬁ\ﬂp + Wlf\q < 2(/¢[+ )%

Therefore A, (0, §) is g-Laplace type operator. The higher integrability of parabolic p-Laplace system in [28]
leads to

2qeq
1+ q(n+2)—2n

]§[ A li0+0) dz < ¢ ﬁ[ a9 dz 41 ,

Qav Qav

where ¢ = ¢(n, N,q,v,L) and gy = eg(n, N,q,v, L). Since the right hand side of the above inequality is
bound above by ¢ = ¢(n, N, p, q,v, L) with the application of Lemma 3.17 and Lemma 3.18, the conclusion
follows by scaling back on the left hand side. O
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Finally, let v € C’(JQ)‘VP; L2(B§\Vp, RM)) N Lq(Jg‘Vp; Wl’q(Bg‘Vp, RY)) be the weak solution to
v, — div(bo(A(0, Vv))) =0 in Gy,
v=mn on 8pG§\va
where

bo = (b))

2Vp :

Lemma 3.20. There exists po = po(n, N,p,q,v, L,€) such that if p € (0, pg), then

| 1
R _ < .
re //H(Z,Wn Vol)dz < gz eH(0,0)

Moreover, we have

Proof. The proof is analogous to the proof of Lemma 3.8 by replacing ¢, n and A(z, &) by 7, v respectively
and A(0, ) and applying Lemma 3.19 instead for the higher integrability. We omit the details. O

Again, the Lipschitz regularity of v is as follows.
Lemma 3.21. There exists ¢ = ¢(n, N,p, q,v, L) such that

sup |Vou(z)| < ecA.
zeG’f‘/p

Proof. Denoting the scaled map

1 p—2 )\P 2
= 2 f
U )\%pv ()\ T, H(O,)\)p t) or (z,t) € Qav,

we deduce from Lemma 3.18 and Lemma 3.20 that vy is a weak solution to
Ovy — div(bpAx(0,Vvy)) =0 in Qay

with the estimate

]§[ [Vup|%dz < e

Qav

for ¢ = ¢(n, N, p, q,v, L). Therefore, for the functional defined as

016 = o (37197 + oy l7) = AN0.6) -6

it follows that
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]§[H,\(O7 [Vual)dz < ¢ ]§[ [VualP 4+ |[Vual?dz < ¢
Qav Qav

for ¢ = ¢(n, N,p, q,v, L). Hence the conclusion follows as in Lemma 3.11. O
As in the p-intrinsic case, we end this subsection with the following estimate.

Corollary 3.22. There exist § = d(data,€) € (0,1) and po = po(data, ||H(z,|F|)| 1+ (r), 0, €) € (0,1) such
that if p € (0, po), then

// H(z,|Vu—Vu|)dz < 6)\p|G;\|.

Gy,
4. Stopping time arguments

In this section, we will verify Assumption 3.1 and Assumption 3.13 by using the stopping time argument
and prove the Vitali covering argument for intrinsic cylinders with covering constant V' = 9K, see (3.1) and
(3.2).

To begin with, we recall the referenced cylinder Q2,(20) C Qp where p € (0, po) and po will be determined
as € is chosen. We denote

p(n+2)—2n
2

A _ ]é[ (H(z, |Vu|) + 6 H(z, |F|) dz + 1
Q2p(20)

and
Ao = MG+ [lall Lo @r)AS-
For any r € (0,2p), we denote upper level sets

YA, 1) ={z € Qr(20) : H(z,|Vu(2)]) > A},
(A, r) =4z € Q.(20) : H(z,|F(2)]) > A}
In order to utilize the technical lemma in the next section, we take r, 75 such that

P11 <ra<2p

and consider the level

2g(n+2)

p(n+2)—2n
A> ( 32Vp ) Ao, (4.1)

T2 —T1

where the term with the exponent on the right hand side is bigger than 1. In this section, we fix A satisfying
(4.1).
Now, for each Lebesgue point w € U(A,r1), let A, be defined as
A= X +a(w)Al. (4.2)

Since the function 0 < s +— s 4 a(w)s? is strictly increasing continuous function with
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lim s” +a(w)s? =0, lim s? 4 a(w)s? = oo,
s—0t S§—00

Aw uniquely exists. Furthermore, there holds

32V p \ DT
Ao > < P > Mo- (4.3)
o —T1

Indeed, if the above inequality fails, then we get the following contradiction

a(n+2)

32V p )W

o —T1

A=XN +a(w)\] < ( (A5 + a(w)Ad) < Ao.

Along with above settings, we are ready to apply the stopping time argument.

Lemma 4.1. Let w € U(A,r) be a Lebesgue point and A\, be defined in (4.3). Then there exists stopping
time p,, such that

Tro —T1

0<ro< 57

satisfying

]5[ (H(z,|Vu|) + 6 ' H(z,|F|)) dz < AP,
Qr¢ (w)
ﬁ[ (H (2 |Vul) + 6~ H(z, [F]) dz = A
Q2% (w)
forr € (py,r2 —11). Moreover, there holds

p(n+2)—2n

) 2(n+2)

Ao < (—p Xo.
Pw

Proof. Since w € @y, (20) C Q2,(20) C Qr, note that Q,,—r, (w) C Q2,(20). For any r such that

9 —T1
16V

<r<rg—ri,

we observe

]§[ (H(z, [Vul) + 6~ H (=, | F)) dz

Q (w)
|Q2p‘ —1
< o) (H(z, |Vul|) + 67 H(z, |F]) dz
" Qapz0)
(2p)”+2 /\p(n+g)—2n
— n(p—2) 0
/\w 2 7m+2

n+2 B ” .
< ( 32Vp ) )\"(22 p) )\(%

w
T2 —T1
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. 2 .
Recalling p > ;=% and (4.3) holds, we get

]§[ (H(z,|Vu|) + 6 H(z,|F|)) dz < \P.
QM (w)
On the other hand, since w € W(A, ry), it follows from (4.2) that |Vu(w)| > Ao As we have AP, < |Vu(w)|P <
H(w, |Vu(w)|), there holds

lim (H(z,|Vul) + 6 H(2,|F|)) dz > AP

r—0+t

Qre (w)

As the integral is continuous with respect to r, there exists a stopping time p, € (0,(16V)"1(ry — r1))
fulfilling conditions in the statement of this lemma. To prove the last inequality of the lemma, we observe

= ]§[ (H (=, |Vul) + H(z, |F|)) d

Qe (w)
< 192 (H(z, |Vu]) + H(z, |F|)) d=
— |Q)\W'| b )
P! Qaplz0)
D) n+2 L e-p)  p(nt2)—2n
< (p—p) M T AT
w
Therefore, we obtain
A p(n+§)—2"
pz+2 < <>\_0> (2p)n+2 0

If p-intrinsic case K2X\P, > a(w)A% holds, then Lemma 4.1 guarantees Assumption 3.1. Meantime, if (p, ¢)-
intrinsic case K?\P, < a(w)A% holds, then we again apply the stopping time argument with the (p, ¢)-intrinsic
cylinder.

Lemma 4.2. Let w € U(A,r1) be a Lebesgue point and N\, be defined in (4.3). Suppose (p, q)-intrinsic case
K2)P < a(w)\, holds. Then there exists stopping time g, such that

0 < 0w < pu
satisfying
]§[ (H(z,|Vul) + 6 H(z,|F|))dz < A,
G (w)

ﬁ[ (H(z,|Vu|) + 6 H(z,|F|))dz = A
Gof ()
forr € (0u,r2 —11). Moreover, there holds

p(n+2)—2n

9 2(n+2)
Ao < <_p) Ao-
Ow
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Proof. Since a(w) > 0, we have AP, < H(w, A,,) = A. Therefore, it follows that for any r > 0, we have
Gl CcQp, G #Qp.
For any r € [p,,r2 — r1), we have from Lemma 4.1 that

]§[ (H(z, |Vul) + 5 H(z, |F|)) dz

G (w)

_ e
[ed

]§[ (H(z, [Vul) + 5~ H (2, |F])) dz
QY (w)

H(w,\,)
= H(w, \).

A

As A < H(w, |Vu(w)]) holds, we get

lim (H(z,|Vu|)+ 6 H(z, |F|))dz > A.

r—0+
G (w)

Again by the continuity of integral in the radius r, there exists a stopping time g, such that the conclusion
of the lemma holds. Furthermore, the last inequality of this lemma follows from Lemma 4.1 as g, < p,,. O

The previous lemma proves the conditions in Assumption 3.13 by replacing p,, there in by o,.
In the rest of this paper, we will use the following notation. For z € U(A,r1), we write

Q. = Ql)‘;(z) if p-intrinsic case,
: Gl’\;(z) if (p, ¢)-intrinsic case,

where

B { p. if p-intrinsic case,

0. if (p, q)-intrinsic case.

Since the scaling factors are pointwise, the comparability of A(.) is necessary to prove the Vitali covering
lemma.

Lemma 4.3. Let w,z € (A, 71) be Lebesgue points with Q, N Q, # 0. Then for A\, and X, defined in (4.2),
we have

27h A, < Ay < 27\,

Proof. It is suffice to show A, < Z%Az. For the proof, we divide cases.
Case K2)\P, > a(w)\%. We prove by contradiction. Suppose

Ao > 27\ (4.4)

Using the above inequality and (1.1)



W. Kim / J. Math. Anal. Appl. 551 (2025) 129593 27

1 1
A=X+a(z)Al < 5)\5 + —a(z)A] <

- (8 + a(@)NL) + [alap2 L.

| =

On the other hand, we have from Lemma 3.4 that [a]ap2A% < A%, and therefore we conclude

11
A< A+ 0 <A
Sttt s

This is a contradiction and (4.4) is false.

Case K?)\P < a(w)A\Y. The proof for this case is analogous. The same argument holds with replacing p,,
by g, and Lemma 3.4 by Lemma 3.15.

This completes the proof. 0O

We now state the Vitali covering lemma.

Lemma 4.4. There exists a pairwise disjoint set {Q;}ien where Q; = @, for Lebesgue points z; € W(A,ry)
such that for any Lebesque point z € W(A, 1) with Q., we have

Qz - VQz'

for some © € N where we denoted the scaled cylinder by

Q) (2) if p-intrinsic case,
sz = N z ) ] o
G (2) if (p,q)-intrinsic case,

for any d > 0.
Proof. We denote the family of intrinsic cylinders having the Lebesgue point as the center by
F={Q,:z€Y(A,r)}

and for each j € N, consider its subfamily

Fj{QZGJ:I

ro —7T1 <1 ro—T
16V27 F =16Vl

Note that if for all @, € Fj, the quantity A, is bounded below by Ao as well as bounded above uniformly
since the radius is bounded below and Lemma 4.1 and Lemma 4.2 hold.

We take D; as a maximal disjoint collection of cylinders in F7. As the scaling factors A(.y and radius are
uniformly bounded below and above by positive numbers, D is finite. Inductively, for chosen Dy, ..., D;, we
select a maximal disjoint subset

'Dj+1 = {Qz S ]:j+1 QuNQ, # 0 for all Q. € UlngjDk} .

Then since each D; contains finite cylinders, we rearrange the subfamily
D= J D,
jEN

and denote it by {Q; }ien-
In the remaining of the proof, we will show the following claim. For any @), € F, there exists Q, € D
such that
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Q:NQu#0 and Q. CVQ..

To start with, we note that @), € F implies @), € F; for some j € N. Therefore, by the maximal disjoint
property of D;, there exists )., € D; such that

Q:NQu # 0.
Moreover, by the construction of F;, there holds
L. < 2l,. (4.5)

As a result, we have

Qi.(2) = By (%) x I, (t) C Qs1,, (w) = Bz, (y) x I, (8), (4.6)

where (z,t) and (y, ) are projections of z and w respectively on the spatial direction and the time direction.
To prove the inclusion part of the claim, we divide cases.
Case Q, and Q,, are p-intrinsic. We observe

Q. =B () x I_(t),  Qu=DB(y)x I(s).

Thus the time inclusion directly follows from (4.6) as we have set 5 <V = 9K. On the other hand, to see
the inclusion in the spatial direction, we apply Lemma 4.3 and (4.5) to have

AL < 2N, <22\ .
It follows that
B)*(z) C By (y) C By ()

and therefore, the claim holds for this case.
Case Q, is p-intrinsic and Q. is (p, q)-intrinsic. We have

Q. =B (2) x I(t),  Qu=B=(y) x J=(s)
For the spatial direction, we follow the argument in the first case and obtain
A Ao
Bi*(z) C Byt (y)-
Meanwhile, to obtain the time inclusion part, we employ a(2)A? < K?)? and Lemma 4.3 to have

2\p
2= B o ZKAAZ 2 <16K?

AL o
z_Az— -l

A

Therefore, we obtain
Ao Ao
I, (1) C Jgi, (s) C Jyq (s)

and the claim is proved.
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Case Q is (p, q)-intrinsic and @, is p-intrinsic. Since we have

Q. =B (x) x J)*(t),  Qu=DB"(y) x I, (s),

the inclusion in the spatial direction holds as the first case while since Jf; *(t) C I, (t), the inclusion in time
direction holds by (4.6). This completes the proof for this case.
Case Q. and Q,, are (p, q)-intrinsic. In order to prove the inclusion for

Q= B (x) x (), Qu =B (y) x 2 (s),

we again enough to check the inclusion in the time direction as the inclusion in the spatial direction is the
same as in the first case. Since Lemma 4.3 and (4.5) give

AP AP
T2z <glep?
AZ—8Aw7

we obtain

JN=(t) C Jps (s).

z

Hence, the proof is completed. O
5. Proof of Theorem 2.3

In this section, we prove the main theorem. The following lemma will be used in the end of the proof.
For the proof, see [21, Lemma 8.3].

Lemma 5.1. Let 0 <r < R < o0 and h : [r, R] — R be a non-negative and bounded function. Suppose there
exist ¥ € (0,1), A, B >0 and v > 0 such that

A

h(ry) < 9h(rz) + (o =)

+B forall 0<r<r;<ry<R.

Then there exists a constant ¢ = c¢(¥,y) such that

n) < (g + ).

We recall that if € is chosen, then § and K will be determined and finally py will be selected as in
Section 3.

Proof of Theorem 2.3. To begin with, we denote

1
"TAER2 )

For each A satisfying (4.1), we consider the pairwise disjoint set {Q;};en from Lemma 4.4 and denote each
scaling factor of cylinder Q; as

A=A,

For each ¢, we will employ estimates in previous sections. We divide cases according to its phase.
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Case Q; is the p-intrinsic. We have from Lemma 4.1 that

viel= [ BEIVdEs [ HG V)

QiNY(kA,r2)c QiNT(rA,T2)
+ // S H (2, |F|)dz + // z,|F|) dz
QiNY(kdA,T2)¢ QN (kA T2)

To proceed further, we note that A = A + a(z;)A\? < (K2 + 1)\ and thus

// (z,|Vul)dz < // kA dz < i)‘ﬂQi"

Q:NY(kA,r2)e Q:NY(kA,r2)¢

Similarly we also have

1
Hz, Fl)dz < {014

QiNT (koA r2)°

Therefore we deduce from the stopping time argument that

Q] < )\p // (2, |Vu|)dz + )\21 // 6 H(z,|F|) dz. (5.1)

QiNT(kA,r2) Q:NW (kA T2)

On the other hand, by Lemma 3.11 and Corollary 3.12, there exists a map v; € L= (V I;; W1 (V B;, RY))
such that

1

S5\
'// I’I(Z7 |Vu - V’Ull)dz < 6)\€|Q¢|7 HVUiHLOQ(VQj) < (ﬁ) )\i7
VQi

where B; and I; are projections of @); on the spatial direction and the time directions respectively and
Ss = S(data,d) > 2913 is a constant. Since [a]o(V1;)*A! < AP where [; is the radius of Q;, we obtain that
for a.e. z € VQ;,

Ss

= Qq+2A

H{(z, |Vui|) < H(zi, [Voi]) + [a]a(VI)®

Furthermore, the following estimate can be derived from the above display.
H(z,|Vvi(2)]) < H(z, |Vu(z) — Vuvi(2)]) forae. zeVQ;,N¥(SsA,r). (5.2)

Indeed, if (5.2) is false, then there exists a point w in the reference set that H(w, |Vv;(w)|) > H(w, |Vu(w) —
Voi(w)|) and this leads

Ss

9u+2

< 1 H

< s H (e [Vu))

24
a7z H(w, [Vu(w) = Voi(w)]) + H(w, [Voi(w)])

H(w, [Voi(w)]) <

<

< —H(w, |[Vv;(w)]).
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As the above inequality means
0= H(w,|Vv(w)]) > H(w, |Vu(w) — Vu;(w)]) = H(w, |Vu(w)|) > SsA,

we get the contradiction and (5.2) holds true. It follows that

H(z,|Vu|)dz

VQiNU(SsA,r1)

<90 // (H(z, [V — Vo) + H(z, [Voi])) de

VQiﬁ\IJ(Sd‘A,Tl)

< e+l // (H(z, |V — Voi]) d

VQiﬂ\I’(SgA,Tl)

< 29N |Q; ).
Inserting the above (5.1) to the right hand side of the above inequality, we obtain
// H(z,|Vul)dz < 29 2¢ // z,|Vul) dz
VQiN¥(SsA,r1) Q:NT(kA,r2)

4 2012 // 6 YH(z,|F|)dz

QiNY(KkOA,r2)

Case Q; 1is the (p,q)-intrinsic. The argument to obtain (5.3) is analogous to the previous case as it is
enough to replace used lemmas in p-intrinsic case by corresponding lemmas in (p, ¢)-intrinsic case instead.
We omit the details.

As for each i € N, (5.3) holds, we use the pairwise disjointedness of @); to have

// H(z,|Vul)dz <) // H(z,|Vul)dz

W(S5A,m1) €Ny 0. (S5A,m)
< 20t2¢ // H(z,|Vu|)dz
W (kA,r2)
4 2712 // 6 YH(z,|F|)dz
W(kdA,T2)

Following the standard Fubini argument in [23], we have

|| H @G s

Q'rl (ZO)

< 9u+2, // H(z, [Vul) (H (2, [Vul)e) 7" dz

Qrqy (20)

2q(n+2)(o—1)

39V p(nF2)—2n
+2( p) (SsAo)” // H(z,|Vul)d
T —T1

QZp(ZO
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4o+ // 5-VH (=, | F|) dz,

Q2,(20)

where we denoted

H(z, [Vu(z)])r = min{H(z, [Vu(2)]), k}

for some k > 0. By taking

and applying Lemma 5.1, we obtain

// H(z, |Vul)(H (2, |Vul)e)"™ dz

Qp ZO

<At // H(z,|Vu|)dz + ¢ // H(z,|F|)d

Q2,(20) Q25 (20)

where ¢ = ¢(data, o). The conclusion follows by letting & to infinity and substituting A into the above
inequality. O
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