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Abstract

We study periodic solutions to the following divergence-form stochastic partial differential equation with 
Wick-renormalized gradient on the d-dimensional flat torus Td ,

−∇ ·
(
e�(−βX) � ∇U

)
= ∇ · (e�(−βX) � F),

where X is the log-correlated Gaussian field, F is a random vector field representing the flux, the in/out
flow of fluid per unit area per unit time, and � denotes the Wick product. The problem is a variant of the 
stochastic pressure equation, in which U is modeling the pressure of a creeping waterflow in crustal rock 
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that occurs in enhanced geothermal heating. In the original model, the Wick exponential term e�(−βX) is 
modeling the random permeability of the rock. The porosity field is given by a log-correlated Gaussian 
random field βX, where β <

√
d. We use elliptic regularity theory in order to define a notion of a solution 

to this (a priori very ill-posed) problem, via modifying the S-transform from Gaussian white noise analysis, 
and then establish the existence and uniqueness of solutions. Moreover, we show that the solution to the 
problem can be expressed in terms of the Gaussian multiplicative chaos measure.
© 2025 The Authors. Published by Elsevier Inc. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/).
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1. Introduction

The stochastic pressure equation on a domain V ⊂ Rd is given by the following stochastic 
partial differential equation (SPDE)

{
−∇ · (eξ × ∇U

)= ∇ · (eξ × F),

boundary conditions on ∂V ,
(1.1)

where ξ is a realization of a Gaussian random field on V . The product ``×'' is usually given by 
some algebraic renormalization, where many authors have considered the Wick-product ``�'', and 
set eξ = e�W , the Wick exponential of white noise W , see [18] and the references therein.

We are studying the question of existence and uniqueness of solutions to the following 
divergence-form SPDE
2 
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−∇ ·
(
e�(−βX) � ∇U

)
= ∇ ·

(
e�(−βX) � F

)
, (1.2)

on the d-dimensional flat torus T d with dimension d ≥ 2. Here 0 < β <
√

d is a parameter, 
and X is realization of a log-correlated Gaussian random field on T d arising from a fractional 
Gaussian free field, see (2.2) for precise definition, and F is a suitable random vector field that is 
also generated by the underlying Gaussian source of randomness. This continues our work [1] in 
which we study the one-dimensional case.

The log-correlated Gaussian fields have a covariance function with a specific logarithmic-type 
singularity on the diagonal:

E [X(y)X(z)] = log
1 

|y − z|T d

+ g(y, z), (1.3)

where g is typically assumed to be smooth, and | · |T d denotes the distance in the torus. It is 
clear that X cannot be a function (but is close to being one, see [23]), and in fact such X can 
be obtained as a special case of the so-called fractional Gaussian fields, formally given by X =
(−Δ)αW , where Δ is the Laplacian, and W denotes the (real) white noise. Then, one recovers 
the log-correlated Gaussian field with α = −d/4, see for instance [34]. The inclusion of the log
correlated field in the problem is motivated by geophysical modeling, which we discuss in detail 
in Subsection 1.1 below.

In general, we do not expect weak solutions to (1.2) to have sufficient regularity to compensate 
for the lack of regularity of the random factor, namely the log-correlated Gaussian field. The 
known fact that there is no canonical way to define the product of two distributions, is tackled by 
“renormalizing'' the equation. This process can be viewed a local reparametrization leading to an 
implicit dependence of the solution to the specific choice of smooth approximations. In recent 
years, this method has been applied systematically in the context of so-called singular SPDEs 
in [4,5,12,13,27,36].

In (1.2) we work, albeit indirectly, with the Wick product, which most resembles the Itô 
stochastic integral; see [19] for details. As already observed by [18, pp. 141--191] in the white 
noise case, the choice of the Wick product ensures that the stochastic pressure equation remains 
unbiased, given deterministic data. This property aligns with the local martingale property of 
the Itô integral in the one-dimensional case. The Wick product is well-known in particle physics 
from Wick’s theorem [43], which can be reformulated via Gaussian integration by parts [22]. 
This reformation aids in deriving the conformal Ward identities in Liouville quantum field theory 
[28,38]. An earlier appearance of the Wick product can be found in Isserlis’ theorem concerning 
higher-order moments of the multivariate Gaussian normal distribution [21].

While intimately connected, Wick’s theorem and the general Wick product consider different 
concepts. Renormalization through the Wick product naturally leads to the so-called S-transform, 
which mimics a variant of the Laplace transform with random test-elements. Indeed, S-transform 
on Wick products satisfy

(S (X � Y)) (h) = (SX)(h)(SY )(h)

for test-elements h, and thus Wick products behave as ordinary products under S-transform. 
Moreover, S-transforms characterize random variables uniquely, see, e.g., [22] in the case of 
Gaussian L2(Ω)-setting. For an introduction to the connections between the Wick product, 
Wiener chaos, and the S-transform in the classical context of Gaussian linear spaces, see also the 
3 
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survey [20]. These tools of stochastic renormalization can be extended beyond the Lp-setting 
into so-called Hida and Kondratiev stochastic distribution spaces; we refer to [17,25] and the 
references therein for more details.

In the present article, we define (a variant of) the S-transform at test points Xβ(z) in the 
L2

β(Ω) space of random variables of form

ˆ

T d

ϕ(z)dμβ(z), ϕ ∈ C∞(T d),

where dμβ(z) denotes the Gaussian multiplicative chaos measure (For details on the Gaussian 
multiplicative chaos measure, see [37,39] and Section 2.1 below) with parameter β . Applying 
the S-transform to equation (1.2) results in a family of weighted, divergence-form, deterministic 
PDEs, parameterized by z ∈ T d :{

−∇ · (w(·; z)∇u(·; z)) = ∇ · (w(·; z)f(·; z)), in T d ,

y 
→ u(y; z) is T d -periodic for all z ∈T d
(1.4)

for the weight w(y; z) := |y − z|β2
e−β2g(y,z), which can be tackled by well-known methods of 

degenerate elliptic PDEs. Here u(·, z) corresponds to the S-transform at Xβ(z) of the stochas
tic solution U(y) to (1.2), and f(·; z) corresponds to the S-transform at Xβ(z) of F in (1.2). 
We show that these deterministic equations admit unique solutions u(·; z), which have suitable 
regularity in the z variable, and this in turn allows the inversion of the S-transform, provided 
that the S-transform of F has sufficient regularity. The regularity of the solution to (1.4) in the 
z variable is studied in Section 4. We emphasize that in our context, we study the regularity in 
the parametrization variable z which is in contrast with classical regularity theory for degenerate 
PDEs. Our strategy to obtain sufficient regularity is to shift the pole whenever x is far from a 
given z. We construct a corrector expansion with respect to this shifting that allows us to derive 
sufficient estimates in the L∞ norm. These then imply sufficient regularity in z, see Section 4 for 
details. This leads to our main result on the existence, uniqueness and representation of stochastic 
solutions to (1.2), which is outlined below:

Theorem 1.1. Let Xβ be a log-correlated Gaussian field with scaling parameter 0 < β <
√

d , 
and let F be a random vector with sufficient regularity on its S-transform. Then the problem (1.2)
admits a solution (in the sense of Definition 3.2). In particular, the solution admits a representa
tion given by

U(y) =
ˆ

T d

ϕ(y; z)dμβ(z), y ∈T d , (1.5)

where ϕ is deterministic, and where dμβ denotes the Gaussian multiplicative chaos measure 
with parameter β .

For the precise statement and the proof of the main result, see Theorem 3.3 in Section 3 below.
The above result states that the problem (1.2) with Wick product admits a stochastic solution 

that can be viewed, for each fixed y, as a well-defined square integrable random variable U(y). 
4 
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Our key observation is that if the probabilistic setup is appropriately understood, one can un
derstand the solution through a deterministic PDE (1.4). Then our main contribution is to show 
sufficient regularity for the solution to (1.4), and one does not need many probabilistic tools in 
order to obtain the solution. We note however that, as pointed out above, Wick products and 
S-transforms can be defined more generally in stochastic distribution spaces. In this sense, one 
could approach the problem (1.2) from a more probabilistic point of view, as is done in the uni
variate case [1]. Another natural possibility is to regularize the field X, e.g., via mollification and 
consider (1.2) with the regularized field Xε . This approach is also considered in the univariate 
case [1] in which one can compute the solution explicitly. However, in multivariate case one 
cannot write down the solution with explicit formula, making it difficult to assess what would 
happen in the limit. This is an interesting direction of future research. Other possible future direc
tions may include the analysis of rough paths inspired expansions [10], more elaborate methods 
as regularity structures [13], or more direct approaches by limits of regularizations. Taking this 
viewpoint, the Wick product may be perceived as the first order term in a more general for
mal expansion. We point out, however, that by an easy power counting argument, the parabolic 
counterpart to (1.1) is seen to be supercritical for d ≥ 2. The renormalization issue thus remains 
delicate. From the physical point of view, as discussed in the following subsection, the Dirichlet 
problem on a bounded domain certainly could be an interesting topic of investigation.

1.1. Relation to the physical model

Motivated by the St1 Deep Heat project in Espoo [26], we are interested in modeling the high 
pressure creeping waterflow in crustal rock that occurs in enhanced geothermal heating (EGH). 
The EGH system consists of two 7-km-deep boreholes into the bedrock of the Nordic countries. 
Water is pushed into one hole and creeps through the bedrock into the second hole, heated by the 
geothermal heat in the process, such that the hot water can be extracted for energy. Understanding 
the fluid flow is essential for understanding the heat extraction.

The modeling of fluid flow in rock has been widely studied, mainly due to the oil industry, 
for instance in the stimulation of oil wells. For porous rock types the homogenized problem 
describes the flow fairly well [9,32,33]. It has long been known that the creeping waterflow in 
porous media can be well described by Darcy’s law, given as

κ(x)

ν
∇P = v(x).

Here v(x) describes the flow velocity, P is the pressure, κ is the permeability and ν the (constant) 
viscosity of water. From preservation of ``mass/energy'' we get that the pressure P of the creeping 
flow satisfies the following parabolic equation

∂P

∂t 
− ∇ · (ν−1κ(x)∇P(x, t)) = f,

where f is the source rate of the fluid. As such, in our case we are interested in the steady state 
this system, i.e. where ∂P/∂t = 0, specifically

−∇ · (ν−1κ(x)∇P(x, ·)) = f. (1.6)
5 
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In engineering applications, we cannot measure the porosity/permeability of the rock other 
than locally around the borehole. Hence the uncertainty about the surrounding rock is modeled as 
a random field. It has been observed from the borehole measurements that the spatial correlation 
of the crustal crack distribution follows a power-law scaling that is called 1/k scaling. This 
was actually first noted by Hewett et al. [16] for the variances of borehole logs of oil and gas 
reservoir formations. Todoeschuk et at. [41] further noted that the sequence of seismic reflection 
coefficients computed from a well log had a power law spatial frequency spectrum. Leary [29,31], 
on the other hand, found the power law scaling spectra for deep borehole spatial fluctuation 
sequences in sonic velocity and resistivity values closely related to fracture content in crustal 
granite. Recently, the power-law scaling has also been observed in wellbore porosity logs, see 
Leary et al. [30] and the references therein. While the borehole measurements only contains 
information in one direction (depth), we can view them as a 1d projection of the 3d field modeling 
the rock porosity.

The permeability is observed to be log-normally distributed and is related to the exponential 
of porosity (see [30] and the references therein). Thus, a natural model for permeability would be 
κ = eαγ+βφ for some given parameters α,β, γ > 0, where γ is mean porosity and φ is normally 
distributed. In order to have the correct 1/k scaling properties suggested by empirical evidence, 
a natural choice (in dimension d = 3) is to consider φ ∼ FGF3/2(R3) with FGF standing for 
fractional Gaussian field that corresponds to the log-correlated Gaussian field. However, this is 
not really well defined (we need to consider a suitably renormalized exponential). Furthermore, 
αγ +βφ cannot, strictly speaking, be interpreted as porosity which can only take values between 
0 and 1. However, since the permeability can be arbitrarily close to zero (solid rock), this seems 
to be a plausible model for permeability. In our approach we consider arbitrary dimension d ≥ 2
(the case d = 1 already being treated in [1]), and we need a bound β <

√
d . Notice carefully, 

that we assume above that φ has zero mean, so in practice the choice of β scales the size of 
fluctuations of porosity, not the absolute size. For example, in [30], αγ is observed to be of size 
3 to 4, and in our analysis this is simply a multiplicative constant for the equation and it plays no 
significant role.

On a related literature, let us comment that a discussion about mathematical modeling of the 
permeability with the exponential of a Gaussian field would not be complete without mentioning 
the works of Holden et al., see [18] and the references therein. They use the exponential of 
smoothed white noise as the permeability. In comparison to our approach, the unfortunate side
effect of using smoothed white noise is that there is a finite correlation length which violates the 
correlation length of cm to km scale from [30].

1.2. Notation

Throughout the article we use the following notation. Let f ∈ L1(T d). Then the Fourier 
coefficients of f are given by, for n ∈ Zd ,

f̂ (n) =
ˆ

T d

f (x)e−ix·ndx.

Definition 1.2. Let s ∈R, then Ws,2(T d) is defined as

Ws,2(T d) = {f ∈ S′(T d) s.t. ‖f ‖2
Ws,2(T d )

=
∑

d

〈n〉2s |f̂ (n)|2 < ∞},

n∈Z

6 
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where S′(T d) is the space of tempered distributions on T d , and f̂ (n) denotes the Fourier coef
ficients of f , and 〈n〉2 = 1 + |n|2 = 1 +∑d

k=1 n2
k .

We also need to define a suitable distance on the torus T d . For this purpose, we define ϕ :
Rd 
→ R as a 2π -periodic function in each variable such that ϕ(u) = |u| when |u| < 1/3 and ϕ(u)

is positive and C∞-smooth in the set Rd \ (2πZ)d . Then ϕ yields function ϕ̃ on T d satisfying

ϕ̃(x + (2πZ)d) = ϕ(x), x ∈ Rd .

Then we may define the ``distance'' between two points x, y ∈ T d by

dT d (x, y) := |x − y|T d := ϕ̃(x − y). (1.7)

We note that this does not automatically yield a proper distance for any such ϕ. However, it 
yields a distance on small scales which is sufficient for our purposes, as on small scales it behaves 
exactly as Euclidean distance. Moreover, it is smooth outside the diagonal.

In the sequel, we will simply write ‖f ‖s,2 instead of ‖f ‖Ws,2(T d ) whenever confusion cannot 
arise. We also note that the topological dual of Ws,2(T d) (in the standard distributional duality 
sense) is simply W−s,2(T d).

For a weight w and a domain Ω ⊂ T d , we also use the notation Wm,p(Ω;w), where 1 ≤ p <

∞, for the weighted Sobolev space defined as the completion of C∞(Ω) under the norm

‖u‖Wm,p(Ω;w) := ‖u‖Lp(Ω;w) +
∑

1≤|α|≤m

‖∂α
x u‖Lp(Ω;w), (1.8)

where α is a multi-index and where

‖u‖Lp(Ω;w) :=
⎛⎝ˆ

Ω 

|u(x)|pw(x)dx

⎞⎠
1 
p

.

We will often use the shorthand notation dνz = w(x)dx, and we will, as customary, denote 
H 1(Ω;w) := W 1,2(Ω;w).

1.3. The plan

The rest of the article is organized as follows. In Section 2 we discuss basic facts on log
correlated fields and Gaussian multiplicative measures, cf. Section 2.1, and we define the S
transform on log-correlated fields and study its basic properties, cf. Section 2.2. In Section 3
we motivate and describe precisely what we mean by a solution to the problem (1.2). We also 
formulate and prove our main result, by using regularity estimates for the deterministic equation 
(1.4). Section 4 is devoted to the required regularity estimates, and we end the paper with a short 
appendix on basic facts about Muckenhoupt weights needed in Section 4.
7 
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2. Log-correlated fields and the S-transform

2.1. Basic facts on log-correlated fields and Gaussian multiplicative chaos measures

In this section we recall some basic facts on log-correlated Gaussian fields and Gaussian 
multiplicative chaos (GMC) measures in the d-torus. For details on GMC measures in general, 
we refer to survey articles [6], [37] and references therein. For log-correlated fields in the d-torus, 
see also [35].

Definition 2.1 (Log-correlated Gaussian field). A distribution-valued centered Gaussian field X
in a d-torus T d is called a log-correlated Gaussian field if it has covariance

R(y, z) := RX(y, z) := E [X(y)X(z)] = log
1 

|y − z|T d

+ g(y, z), (2.1)

where we assume that g ∈ C∞(T d ×T d) and | · |T d denotes the distance in the torus.

Log-correlated fields on T d exist, and a natural way to realize such a field is through the series

X(y) =
∑
n∈Zd

An

〈n〉d/2 ein·y, (2.2)

where An are mutually independent complex standard Gaussian random variables, and conver
gence is in the sense of distributions. Recall that above we denote 〈n〉 = (1 +n2)1/2. Such a field 
has covariance (see e.g. [35])

R(y − z) = Cov(X(y),X(z)) = − log |y − z|T d + g(y − z),

where g ∈ C∞(T d). Throughout, we consider the exact field given by (2.2). We note that our 
results could be extended to cover the case of more general log-correlated fields with covariance 
given by (2.1), provided that g(y, z) = g(y − z) with suitable assumptions on g. However, this 
would require more detailed analysis on the Fourier coefficients, while in the case when the 
field is given by (2.2), the Fourier series can be computed more explicitly, see, e.g., proof of 
Lemma 2.5.

Remark 2.2. Since the covariance is unbounded, the point-wise evaluations Xβ(z) are not well
defined, and the precise interpretation for the covariance is that it yields the kernel of the 
covariance operator:

E [〈X,ψ1〉〈X,ψ2〉] = 
ˆ

T d×T d

R(y, z)ψ1(y)ψ2(z) dz dy

for any ψ1,ψ2 ∈ C∞(T d).
8 
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In the sequel, we will also consider a scaling parameter β > 0, and a log-correlated Gaussian 
field with scaling parameter β , βX, written simply as Xβ . The GMC measure dμβ , depending 
on a parameter 0 < β <

√
2d , is a random measure constructed from the log-correlated field X

formally1 as the measure

dμβ(y) = e�Xβ(y)dy, (2.3)

where

e�Xβ(y) := exp

(
Xβ(y) − β2

2 
E
[
X(y)2

])
(2.4)

denotes the Wick-exponential. Note that again here the representation is only formal, as we have 
E
[
X(y)2

]= ∞ and the point-wise evaluations Xβ(y) do not exist.
In the present paper we shall restrict ourselves to the so-called L2-range, where β <

√
d , 

and this also will be our standing assumption from now on. In this case, by using the notation 
μβ(ψ) := ´

T d ψ(z)dμβ(z) we obtain for any ψ ∈ L∞(T d) and any β,β ′ such that β,β ′ <
√

d

that

E
[
μβ(ψ)μβ ′(ψ)

]= E

⎡⎢⎣ ˆ

T d

ψ(y)e�Xβ(y) dy

ˆ

T d

ψ(z)e
�Xβ′ (z) dz

⎤⎥⎦
= ‖ψ‖2∞

ˆ

T d×T d

E
[
e�Xβ(y)e

�Xβ′ (z)
]

dy dz

= ‖ψ‖2∞
ˆ

T d×T d

e
ββ ′E[Xβ(y)Xβ′ (z)] dy dz

= ‖ψ‖2∞
ˆ

T d×T d

eββ ′R(y,z) dy dz

= ‖ψ‖2∞
ˆ

T d×T d

|y − z|−ββ ′
eββ ′g(y−z) dy dz,

which is finite as ββ ′ < d . In particular, this shows that μβ(ψ) is square-integrable whenever 
β2 < d . Note that have used the fact that, for any centered Gaussian random variables H1 and 
H2, we have

E
[
e�H1e�H2

]
= eE(H1H2),

1 To construct the measure precisely, one can approximate the field, e.g. through mollification and show that the cor
responding sequence of random measures converge in probability in the space of Radon measures. Furthermore, under 
rather mild conditions on the mollifying function, the limiting measure of the sequence of measures does not depend on 
the mollifier. See [2,39].
9 
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and we performed the computation only formally, but as mentioned before, it can be validated 
by first replacing X by the approximated field Xε and letting then ε → 0+ (this is essentially as 
in [2, Theorem 1.1.]).

2.2. S-transforms and log-correlated fields

In this section we briefly introduce subspaces L2
β(Ω) that are characterized by (extensions of) 

S-transforms at field points Xβ(z). We follow the ideas introduced in [1] and extend them to the 
torus T d case. The subspace L2

β(Ω) is given by the following definition.

Definition 2.3 (L2
β(Ω) space generated by GMC dμβ ). Let β ∈ (0,

√
d). The space L2

β(Ω) :=
L2(Ω,P ,Fdμβ ) generated by the GMC measure dμβ is the closed linear space spanned by 
random variables of the form

ˆ

T d

ϕ(z)dμβ(z), ϕ ∈ C∞(T d). (2.5)

In order to characterize the random variables Z ∈ L2
β(Ω) and define the S-transform at Xβ(s), 

we introduce the operator acting on sufficiently regular functions φ :T d →R

Gφ(z) = Gαφ(z) : =
ˆ

T d

exp(αE[X(z)X(y)])φ(y) dy 

=
ˆ

T d

|z − y|−α

T d e
αg(z−y)φ(y)dy, (2.6)

where α ∈ (0, d) and X is a log-correlated Gaussian field as in Definition 2.1. The motivation 
for the operator stems from the fact that for random variables Z1 = ´

T d ϕ1(z)dμβ(z) and Z2 =´
T d ϕ2(z)dμβ(z), we can (again formally) compute the covariance and get

E[Z1Z2] = E

⎡⎢⎣ ˆ

T d

ϕ1(z)dμβ(z)

ˆ

T d

ϕ2(z)dμβ(z)

⎤⎥⎦

= E

⎡⎢⎣ ˆ

T d

ˆ

T d

ϕ1(z)ϕ2(y)e�Xβ(z)e�Xβ(y)dydz

⎤⎥⎦
=
ˆ

T d

ˆ

T d

ϕ1(z)ϕ2(y)eβ2R(z,y)dydz

=
ˆ

T d

ϕ1(z)Gβ2ϕ2(z)dz

= 〈ϕ ,G 2ϕ 〉 2 d .
1 β 2 L (T )

10 
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As in [1], our characterization is based on the bijectivity properties of the operator Gα that we 
study next. We begin with the following simple lemma that eventually provides the required 
decay of the Fourier coefficients.

Lemma 2.4. For α ∈ (0, d) and a symmetric function φ ∈ C∞
0 (Rd) with φ(0) > 0, let h : Rd →

R be given by h(x) = φ(x)|x|−α . Define the Fourier transform of h by

ĥ(ξ) =
ˆ

Rd

h(x)e−iξ ·xdx.

Then there exists constants c, C, and K such that, for all |ξ | ≥ K , we have

c|ξ |α−d ≤ ĥ(ξ) ≤ C|ξ |α−d .

Proof. Throughout the proof, we denote by K ′ any generic constant that may change from line 
to line. We first observe that ̂h is a continuous function. Hence it suffices to prove that there exists 
C′ > 0 such that

lim |ξ |→∞ |ξ |d−αĥ(ξ) = C′.

By convolution theorem we have ĥ(ξ) = K ′ (φ̂ ∗ | · |α−d
)
(ξ). Set R = √|ξ | > 1. We split the 

integral over the whole space in the following way:

|ξ |d−α
(
φ̂ ∗ | · |α−d

)
(ξ) =

ˆ

Rd

φ̂(y)|ξ |d−α|ξ − y|α−ddy

=
ˆ

BR(0)

φ̂(y)|ξ |d−α|ξ − y|α−ddy

+
ˆ

Bc
R(0)∩{|y−ξ |>|ξ |/2}

φ̂(y)|ξ |d−α|ξ − y|α−ddy

+
ˆ

Bc
R(0)∩{|y−ξ |<|ξ |/2}

φ̂(y)|ξ |d−α|ξ − y|α−ddy.

As φ is a smooth function, it holds that |φ̂(y)| ≲ |y|−k for any natural number k. We apply this 
to the second and third terms above. For the second term we obtain, since |y − ξ | > |ξ |/2,∣∣∣∣∣∣∣

ˆ

Bc
R(0)∩{|y−ξ |>|ξ |/2}

φ̂(y)|ξ |d−α|ξ − y|α−ddy

∣∣∣∣∣∣∣
≲ 1 

2α−d

ˆ
|y|−kdy
|y|>R

11 
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≲ R−k+1

that converges to zero for k > 1 and since R = √|ξ | → ∞. Similarly for the third term, since 
now |φ̂(y)| ≲ |y|−k ≲ |ξ |−k ,∣∣∣∣∣∣∣

ˆ

Bc
R(0)∩{|y−ξ |<|ξ |/2}

φ̂(y)|ξ |d−α|ξ − y|α−ddy

∣∣∣∣∣∣∣
≲ |ξ |−k+d−α

ˆ

Bc
R(0)∩{|y−ξ |<|ξ |/2}

|ξ − y|α−ddy

≲ |ξ |−k+d

that converges to zero for k > d . For the remaining term, we first note that on BR(0) we have

|ξ |d−α|ξ − y|α−d ≤ K ′

for some constant K ′ > 0, since |y − ξ | ≈ |ξ | (as |y| ≤ R = √|ξ |). Hence we apply the Domi
nated Converge Theorem (as φ̂ is integrable) to get

lim |ξ |→∞

ˆ

BR(0)

φ̂(y)|ξ |d−α|ξ − y|α−ddy =
ˆ

Rd

φ̂(y)dy = (2π)dφ(0) > 0,

which establishes the result. �
Lemma 2.5. There exist constants c and C such that the Fourier coefficients of the kernel Hα =
eαg(x)|x|−α

T d with h ∈ C∞(T d) satisfy

c〈n〉α−d ≤ Ĥα(n) ≤ C〈n〉α−d (2.7)

for all n ∈ Zd .

Proof. Recall that our field is given by

X(y) =
∑
n 

An

〈n〉d/2 ein·y (2.8)

which has the covariance (see e.g. [35])

R(y − z) = Cov(X(y),X(z)) = − log |y − z|T d + g(y − z),

where g ∈ C∞(T d). In other words, we are computing the Fourier coefficients of Hα(x) =
eαR(x). Note also that it suffices to prove that the coefficients are strictly positive and that (2.7)
holds for large enough |n| ≥ N0. We begin by showing that the coefficients are strictly positive. 
Note that it follows from (2.8) that R has Fourier coefficients
12 
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R̂(n) = 〈n〉−d .

Now

eαR(x) =
∞ ∑

k=0 

αk

k! R
k(x)

and hence

Ĥα(n) =
∞ ∑

k=0 

αk

k! R̂
k(n).

Now by the convolution theorem and the fact R̂(n) > 0 for each n ∈ Zd , we obtain Ĥα(n) > 0. 
It remains to prove that lower and upper bounds in (2.7) hold for large enough |n|. To this end, 
by identifying Hα with a periodic function on Rd , we note that decay of the Fourier coefficients 
is determined by the singularity |x|−α

T d . Namely, write

|x|−α

T d e
αg(x) = ρ1(x)|x|−α + ρ2(x),

where ρ1, ρ2 ∈ C∞(T d) and ρ1 satisfies ρ1(0) > 0 and supp(ρ1) ⊂ B
(
0, 1

3

)
. The Fourier coeffi

cients of ρ2 decay rapidly. In turn, by interpreting the first term as a function in Rd it is enough 
to consider its Fourier transform evaluated at points ξ = n ∈ Zd . Now the result follows from 
Lemma 2.4. This completes the proof. �
Lemma 2.6. Let s ∈R. Then the mapping Gα given in (2.6) extends to a bijective map

Gα : Ws+α−d,2(T d) → Ws,2(T d).

Proof. Let s ∈R. Since Gαu = Hα ∗u is a convolution operator with kernel Hα, we have, thanks 
to convolution theorem and Lemma 2.5, that

‖Gαu‖2
s,2 =

∑
n∈Zd

[Ĝαu(n)]2〈n〉2s

=
∑
n∈Zd

[Ĥα(n)]2 [̂u(n)]2〈n〉2s

≈
∑
n∈Zd

[̂u(n)]2〈n〉2s+2α−2d

= ‖u‖2
s+α−d,2.

This shows that Gα : Ws+α−d,2(T d) → Ws,2(T d) is bounded and lower bounded. Since the 
image is obviously dense, it is actually an isomorphism. This completes the proof. �
13 
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Now that the mapping properties of the operator Gα are established, we can characterize 
random variables in the subspace L2

β(Ω) and define the S-transforms, similar to [1]. While the 
proofs are analogous to the ones presented in [1], for the reader’s convenience we present the key 
steps.

Corollary 2.7. Let β ∈ (0,
√

d) and suppose Z ∈ L2
β(Ω). Then Z has the form

Z =
ˆ

T d

ϕ(z)dμβ(z), (2.9)

for some ϕ ∈ W−sβ ,2(T d), where sβ = d−β2

2 .

Proof. For Z = ´
T d ϕ(z)dμβ(z) with ϕ ∈ C∞(T d) we have

E[Z2] =
ˆ

T d

ˆ

T d

ϕ(z)ϕ(y) exp(β2E[X(y)X(z)])dydz

=
ˆ

T d

ϕ(z)Gβ2ϕ(z)dz ≈ ‖ϕ‖2
W

−sβ ,2
(T d )

by Lemma 2.6. The claim now follows by taking the closure in L2(Ω). �
Remark 2.8. The integral in (2.9) is understood as the limit in L2(Ω) when ϕ ∈ W−sβ ,2(T d) is 
approximated with a sequence ϕn ∈ C∞(T d), and our computation above shows that this limit 
is independent of the sequence ϕn.

Let us next recall that the concept of S-transform of Z ∈ L2(Ω) evaluated at a centered Gaus
sian random variable h is given by

(SZ)(h) = E
[
Ze�h

]
, (2.10)

where

e�h := eh−E[h2/2]

is again the Wick exponential. It is well-known that S-transform characterizes the random vari
ables in the L2(Ω) space of random variables measurable with respect to the sigma-algebra 
generated by the Gaussian random variables. Indeed, this follows from the fact that such space is 
spanned by the Wick exponentials e�h, see e.g. [22]. Moreover, the S-transform can be general
ized to random elements in the so-called Hida space, in which one can also define the so-called 
Wick product through the identity

(S(Z � Y))(h) = (SZ)(h) · (SY )(h), (2.11)

see [25] for details.
14 
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For our purposes, we follow the ideas of our previous article [1] and define the concept of S
transform also at evaluation points Xβ(z), characterized by projections onto the subspace L2

β(Ω). 
After that, we can define the Wick product and our solution through identity (2.11). Indeed, an 
element V ∈ L2

β(Ω) can be expressed as μβ(ψ) = ´
T d ψ(z)dμβ(z), where ψ ∈ W−sβ ,2(T d)

with sβ = d−β2

2 , a formal computation gives, for any Z ∈ L2(Ω), that

E[Zμβ(ψ)] = E

⎡⎢⎣ ˆ

T d

ψ(z)Ze�Xβ(z)dz

⎤⎥⎦=
ˆ

T d

ψ(z)(SZ)(Xβ(z))dz.

Note also that the mapping ψ 
→E[Zμβ(ψ)] is a continuous functional on W−sβ,2(T d). Hence, 
by duality, there exists ι ∈ Wsβ,2(T d) such that

E[Zμβ(ψ)] =
ˆ

T d

ψ(z)ι(z)dz.

This leads to the following definition.

Definition 2.9 (S-transform in L2
β(Ω)). Let Z ∈ L2(Ω) and set sβ = d−β2

2 . For z ∈ T d we iden

tify (SZ)(Xβ(z)) as the (unique) element of Wsβ,2(T d) defined through duality

E[Zμβ(ψ)] =
ˆ

D

ψ(z)(SZ)(Xβ(z))dz

for all μβ(ψ) = ´
T d ψ(z)dμβ(z) ∈ L2

β(Ω).

Remark 2.10. Note that we have defined (SZ)(Xβ(z)) as a function in Wsβ,2(T d), defined for 
almost all z ∈T d .

Our next result shows how S-transform is linked to the projections into L2
β(Ω) (cf. [1, Lemma 

5.9]).

Lemma 2.11. Let Z ∈ L2(Ω) with a decomposition Z = Zβ +Z′
β , where Zβ = ´

T d ϕ(s)dμβ(s) ∈
L2

β(Ω) is the orthogonal projection onto the subspace L2
β(Ω) ⊂ L2(Ω). Then we have

(SZβ)(Xβ(z)) = (Gβ2ϕ
)
(z)

and

(SZ′
β)(Xβ(z)) = 0.

Proof. The claim (SZ′
β)(Xβ(z)) = 0 follows immediately from Definition 2.9 by observing that 

then
15 
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ˆ

T d

ψ(z)(SZ′
β)(Xβ(z))dz = 0 ∀ψ ∈ W−sβ ,2(T d).

For Zβ , obtain that

E[Zβμβ(ψ)] = E

⎡⎢⎣ ˆ

T d

ˆ

T d

ψ(z)ϕ(y)dμβ(z)dμβ(y)

⎤⎥⎦=
ˆ

T d

ψ(z)
(
Gβ2ϕ

)
(z)dz,

where now, by Lemma 2.6, 
(
Gβ2ϕ

)
(z) ∈ Wsβ,2(T d). This completes the proof. �

For the proof of the next lemma, see [1, Proof of Lemma 5.10].

Lemma 2.12. The S-transform at points Xβ(z) determines random variables Z ∈ L2
β(Ω)

uniquely.

We end this section by the following result allowing us to compute projections of random 
variables in L2

β(T d) into L2
β ′(T d). For an analogous result in the univariate setting, see [1, 

Proposition 5.11].

Proposition 2.13. Let β,β ′ ∈ (0,
√

d) and let

Z =
ˆ

T d

ϕ(z)dμβ(z) ∈ L2
β(Ω)

for some ϕ ∈ W− d−β2

2 ,2(T d). Denote the projection of Z into the subspace L2
β ′(Ω) by

Zβ ′ =
ˆ

T d

ϕβ ′(z)dμβ ′(z).

The function ϕβ ′ ∈ W− d−(β′)2
2 ,2(T d) solves Gββ ′ϕ = G(β ′)2ϕβ ′ .

Proof. Let Z = ´
T d ϕ(z)dμβ(z) ∈ L2

β(Ω) and μβ(ψ) = ´
T d ψ(z)dμβ ′(z) ∈ L2

β ′(Ω) be a 
test random variable. It is enough to check that E[Zβ ′μβ(ψ)] = E[Zμβ(ψ)] for each ψ ∈
W− d−(β′)2

2 ,2(T d). Here we have

E[Zβ ′μβ(ψ)] =
ˆ

T d

ψ(z)G(β ′)2ϕβ ′(z)dz.

Similarly, Definition 2.9 yields

E[Zμβ(ψ)] =
ˆ

d

ψ(z)(SZ)(Xβ ′(z))dz
T

16 
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for (SZ)(Xβ ′(z)) ∈ W
d−(β′)2

2 ,2(T d) while formal computations as above gives, assuming (2.13)
is true,

E[Zμβ(ψ)] =
ˆ

T d

ψ(z)Gββ ′ϕ(z)dz, (2.12)

where ψ ∈ W− d−(β′)2
2 ,2(T d) and ϕ ∈ W− d−β2

2 ,2(T d). We claim that indeed

Gββ ′ϕ(z) ∈ W
d−(β′)2

2 ,2(T d). (2.13)

Using (2.13), we see that (2.12) follows, since from Definition 2.9, the uniqueness of the S

transform gives (SZ)(Xβ ′(z)) = Gββ ′ϕ(z). Now Lemma 2.6 gives that G(β ′)2 : W− d−(β′)2
2 ,2(T d) 

→ W
d−(β′)2

2 ,2(T d) is invertible and hence E[Zβ ′μβ(ψ)] = E[Zμβ(ψ)] holds if and only 
if Gββ ′ϕ = G(β ′)2ϕβ ′ . For the claim (2.13) note that, by Lemma 2.6, we have Gββ ′ :
Ws+ββ ′−d,2(T d) → Ws,2(T d) for any s ∈ R. In particular, this holds for s = d

2 − (β ′)2

2 

yielding Gββ ′ : W− d
2 − (β′)2

2 +ββ ′,2(T d) → W
d
2 − (β′)2

2 ,2(T d). Now (2.13) follows by noting that 

W− d−β2

2 (T d) ⊂ W− d
2 − (β′)2

2 +ββ ′,2(T d) since

−d

2 
− (β ′)2

2 
+ ββ ′ ≤ −d − β2

2 

for arbitrary β,β ′ ∈R. Hence, (2.13) is proved. �
3. Main result

In this section, we first present a heuristic computation which motivates the definition of the 
solution of our problem. Indeed, consider formally the stochastic PDE

−∇ · (e�(−Xβ) � ∇U) = ∇ · (e�(−Xβ) � F), in T d

y 
→ U(y) is T d -periodic,
(3.1)

where Xβ is the log-correlated Gaussian field with scaling parameter β <
√

d , and F =
(F1, . . . ,Fd) is a random element with real-valued random variables as its components.

Now fix y ∈ T d , and take the S-transform of (3.1) on Gaussian Z, which does not depend on 
y. Hence the equation becomes, using Fubini’s Theorem and S(X�Y)(Z) = (SX)(Z) · (SY )(Z),

−∇ · (Se�(−Xβ(y))(Z) · (S∇U(y))(Z)) = ∇ · ((Se�(−Xβ(y)))(Z) · (SF(y))(Z)) (3.2)

Now, recall that since

e�(X+Y) = e−EXY e�Xe�Y ,

and therefore (Se�(−Xβ(y)))(Z) = e−E
[
Xβ(y)Z

]
, so that (3.2) becomes
17 



B. Avelin, T. Kuusi, P. Nummi et al. Journal of Differential Equations 439 (2025) 113416 
−∇ · (e−E
[
Xβ(y)Z

]
(S∇U(y))(Z)) = ∇ · (e−E

[
Xβ(y)Z

]
(SF(y))(Z)).

Now, choosing Z = Xβ(z), for fixed z ∈ T d , this becomes

−∇ · (e−β2R(y;z)∇u(y; z)) = ∇ · (e−β2R(y;z)f(y; z)), (3.3)

where we have denoted R(y; z) := E[X(y)X(z)], and u(y; z) = (SU(y))(Xβ(z))) = 
E[U(y)e�Xβ(z)], which is well-defined by Definition 2.9, and f(y; z) = (SF(y))(Xβ(z)).

Hence, we see that the problem in (3.1) has a deterministic counterpart on the S-transform 
side, parameterized by z, given by

−∇ · (w(y; z)∇u(y; z)) = ∇ · (w(y; z)f(y; z)), in T d

y 
→ u(y; z) is T d -periodic,
(3.4)

where

wz(y) := w(y; z) = |y − z|β2
e−β2g(y−z)

with g smooth and bounded.

Definition 3.1. We say that (3.4) is solvable if, for a fixed z ∈ T d , there exists a unique (up to 
constant) function u(·; z) ∈ W 1,2(T d ;wz), where W 1,2(T d ;wz) denotes the weighted Sobolev 
space (see (1.8)), that satisfies (3.4).

Based on the previous computation, we consider solutions of (3.1) in the following way:

Definition 3.2. Let Xβ be a log-correlated Gaussian field with scaling parameter 0 < β <
√

d . 
Assume that f(y; z) = (f1(y; z), . . . , fd(y; z)) satisfies, for every z ∈ T d and j = 1, . . . , d , 
fj (·; z) ∈ L2(T d). We say that (3.1) is solvable in the space L2

β(Ω), whenever the solution of the 
S-transformed, deterministic PDE, for all z ∈ T d ,

−∇y · (w(y; z)∇yu(y; z)) = ∇y · (w(y; z)f(y; z)), in T d

y 
→ u(y; z) is T d -periodic,
(3.5)

satisfies, for any fixed y ∈ T d , u(y; ·) ∈ Wsβ,2(T d).

We note the asymmetric role of the variables y and z above in Definition 3.2; while the equa
tion, parameterized by z, contains derivatives only in the y-variable, in order to guarantee the 
existence of the inverse G−1

β2 u, one needs regularity from u in the z-variable, see Lemma 2.6.

We note that unpacking the definitions of the space L2
β(Ω), the S-transform, and the operator 

G in Definitions 2.3 and 2.9 and equation (2.6) respectively, Definition 3.2 yields us a represen
tation of the solution as

U(y) =
ˆ

T d

G−1
β2 u(y; z))dμβ(z) =

ˆ

T d

ϕ(y; z)dμβ(z), x ∈T d
18 
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where ϕ ∈ W−sβ ,2(T d), with sβ = d−β2

2 , and dμβ is a Gaussian multiplicative chaos measure 
with parameter β <

√
d . Moreover, Lemma 2.12 guarantees uniqueness in this representation 

class -- although we remark that we have uniqueness only in the subspace L2
β(Ω), not in the 

entirety of the ambient space L2(Ω).
Next, we state our main result concerning the solvability of the periodic problem in (3.1):

Theorem 3.3. Let Xβ be a log-correlated Gaussian field with scaling parameter 0 < β <
√

d , 

and let F ∈ (L2(Ω)
)d

with f(y; z) := (SF(y))(Xβ(z)) satisfying∑
0≤|α1+α2|≤� d+1

2 �
‖∂α1

y ∂α2
z f‖L

p
z (T d ;Lq

y(T d ;wz))
< ∞,

for some q > 2d − ε and p > d/γ , where γ = γ (β, d, q) ∈ (0,1) and ε = ε(β, d) > 0.
Then the problem (3.1) admits a solution in the sense of Definition 3.2. In particular, there 

exists a function z 
→ ϕ(y; z) = (G−1
β2 u(y; ·))(z) ∈ W−sβ ,2(T d) with sβ = d−β2

2 such that

U(y) =
ˆ

T d

ϕ(y; z)dμβ(z), y ∈ T d .

Above dμβ is a Gaussian multiplicative chaos measure with parameter β .

Remark 3.4. Before giving the proof of Theorem 3.3, we make some remarks on the right-hand 
side f:

• In the simple case when F is deterministic (hence f is independent of the z-variable) and has 
sufficient regularity in the y-variable, the theorem guarantees the existence of a solution.

• More generally, consider now some non-deterministic F, which belongs to 
(
L2

β(Ω)
)d

(or its 
orthogonal projection), that is, F is of the form

F(y) =
ˆ

T d

ϕ(y, z)dμβ(z),

for some function ϕ(y, ·) ∈ (Wη,2(T d)
)d

. Hence (SF)(Xβ(z)) = Gβ2(ϕ(y, ·))(z), which 

has mapping properties to 
(
Wγ,2(T d)

)d
given by Lemma 2.6. Hence provided sufficient 

regularity in both y- and z-variables for ϕ(y, z), the theorem guarantees the existence of a 
solution.

Proof of Theorem 3.3. We start by noting that it is a general fact of weighted degenerate el
liptic partial differential equations that (3.5) admits a solution u in the weighted Sobolev space 
W 1,2(T d ;wz), where w(y; z) = |y − z|β2

e−β2g(y−z) [8, Theorem 2.2.]. In order for u to sat
isfy Definition 3.2, we need sufficient regularity for u in the z-variable. Indeed, we show that 

z 
→ u(y; z) ∈ Wsβ,2(T d) uniformly in y, where sβ = d−β2

2 , and then invert via the operator G
in Lemma 2.6.
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By Theorem 4.1 below we have that z 
→ u(y; z) ∈ Wd/2,2(T d) uniformly in y. Recall that 
the space Wd/2,2(T d) embeds into Wsβ,2(T d) continuously (see, for example [40, Theorem 1, 
p. 82]). By Lemma 2.6 the operator Gβ2 is a bijection between W−sβ,2(T d) and Wsβ,2(T d), and 

therefore there exists a unique element ϕ of W−sβ ,2(T d) such that (G−1
β2 u(y; ·))(z) = ϕ(y; z) for 

all y ∈ T d ; and hence

U(y) =
ˆ

T d

ϕ(y; z)dμβ(z), y ∈ T d

is a solution of (3.1), where dμβ is the GMC measure with parameter β <
√

d on T d . Finally, 
uniqueness of the solution in the space L2

β(Ω) is immediate from the bijectivity of Gβ2 . This 
completes the proof. �
4. Regularity of solutions of the deterministic PDE

In this section, we prove the required regularity result for the deterministic equation, The
orem 4.1, used in the proof of our main result. Unless stated otherwise, throughout we let 
wz(·) := w(·; z) denote a periodic function in T d that can be written as w(x; z) = w(x − z)

for x, z ∈ T d , satisfying w(x) ∼ |x|β2
for x ∈ T d , for some 0 < β2 < d . In particular, this is the 

case for the weight wz(y) = |y − z|β2
e−β2g(y−z). Here and in the sequel, we identify T d with 

[−1,1]d with periodic boundary conditions. As our distance we use the distance introduced in 
Section 1.2, that behaves as Euclidean distance on small scales. As in what follows we are es
sentially interested only in local behavior around the singular pole, for notational simplicity we 
work only with the Euclidean distance.

We first remark that the weight ŵ = |x|β2
is a Muckenhoupt-A2 (see [8] and Appendix A). 

Specifically the estimate

sup
B

1 
|B|

ˆ

B

ŵdx

⎛⎝ 1 
|B|

ˆ

B

ŵ−1dx

⎞⎠≤ 1 
d2 − β4

holds true, where the supremum is taken over all Euclidean balls. Although we will not use this 
form of the estimate, it is worth noting that ŵ is a Muckenhoupt-A2 exactly when β2 < d . Let 
A2(w) denote the A2 constant (see [8]). Then from the above estimate we obtain A2(w) ≤ C(w) 

d2−β4 .

Let next z ∈ T d be fixed and recall that the weighted Sobolev space Wm,p(Ω;wz) for 1 ≤
p < ∞ is given by the completion of C∞(Ω) under

‖u‖Wm,p(Ω;wz) := ‖u‖Lp(Ω;wz) +
∑

1≤|α|≤m

‖∂α
x u‖Lp(Ω;wz).

In the sequel, we use notation dνz = w(x; z)dx and if there is no danger of confusion, we will 
suppress the z and write simply w or dν instead.

For our proofs, we also define the Euclidean balls with center at x as Br(x) := {y ∈ Rd :
|y − x| < r}, and Br := Br(0) for short. Finally, for an A2 weight w we define the mass of a set 
E ⊂ Rd as w(E) = ´

w(x)dx. The weighted normalized norms for balls Br(x) ⊂ T d as

E
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‖u‖Wm,p(Br (x); wz) :=
∑

0≤|α|≤m

⎛⎜⎝  

Br(x)

|∂αu|pdνz

⎞⎟⎠
1 
p

,

where the average in the integral is with respect to the measure dνz. The norm Lp is defined 
similarly.

Our main result of this section is the following regularity result.

Theorem 4.1. Let u(·; z) ∈ H 1(T d ;w) be a weak solution to the equation

{
−∇ · (w(·; z)∇u(·; z)) = ∇ · (w(·; z)f(·; z)), in T d ,´
T d u(x; z)dx = 0,

for every z ∈ T d . Then, there exists ε = ε(β, d) > 0 such that if

∑
0≤|α1+α2|≤� d+1

2 �
‖∂α1

x ∂α2
z f‖L

p
z (T d ;Lq

x(T d ;wz))
< ∞,

for q > 2d − ε and p > d/γ where γ = γ (β, d, q) ∈ (0,1). Then

u(x; ·) ∈ Hd/2(T d), (4.1)

uniformly in x.

We will prove this theorem by using regularity theory for weighted equations, see [7,8], which 
we record in the next subsection.

Note that from w ∈ L∞(T d), it follows that Wd/2,q(T d ;dx) ⊂ Wd/2,q (T d ;w) by basic esti
mates as in [15, Lemma 1.13].

4.1. Basic regularity and Green function bounds

Lemma 4.2. Let w be an A2 weight and let u ∈ H 1(B1;w) be a weak solution in B1 of

−∇ · (w∇u) = ∇ · (wf).

There exists ε = ε(A2(w)) > 0 such that if f ∈ Lq(B1,Rd ;w) for q > 2d − ε, then u is Hölder 
continuous. Specifically, for � < 1 there exists a constant C = C(A2(w), d) > 1 and an exponent 
α = α(A2(w), d) ∈ (0,1) such that

sup
B�

|u| + oscB� u

�α
≤ C

(
‖u‖L2(B1;w) + ‖f‖Lq(B1;w)

)
. (4.2)

Furthermore, it holds
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B�

|∇u|2dν ≲ �2α−2

⎛⎜⎝‖f‖2
Lq(B1;w) +

 

B1

|∇u|2dν

⎞⎟⎠ , (4.3)

where dν = wdx.

Proof. In the following we assume without loss of generality that 
´
B1

udν = 0, and we note that 
estimate (4.2) is just [8, Theorem 2.3.15].

To prove (4.3), note that (4.2) and the weighted Poincaré inequality, see [8], gives that for 
|x| < 1/2 we have

|u(x) − u(0)|2 ≲ |x|2α
(
‖u‖2

L2(B1;w)
+ ‖f‖2

Lq(B1;w)

)
≲ |x|2α

(
‖∇u‖2

L2(B1;w)
+ ‖f‖2

Lq(B1;w)

)
. (4.4)

Now take a cutoff function χB� ≤ φ ≤ χB2�
with |∇φ| ≲ 1 

�
, and test the equation with ψ =

(u(x) − u(0))φ2. We get

2
ˆ

∇u · ∇φ · φ(u(x) − u(0))dν +
ˆ

|∇u|2φ2dν

= 2
ˆ

f · ∇φ · φ(u(x) − u(0))dν +
ˆ

f · ∇uφ2dν.

Using Young’s inequality for products, we get the classical Caccioppoli estimate

ˆ
|∇u|2φ2dν ≲

ˆ
|f|2φ2dν +

ˆ
|∇φ|2(u(x) − u(0))2dν.

Now

ˆ
|u(x) − u(0)|2|∇φ|2dν ≲

supx∈B2�
|u(x) − u(0)|2
�2 w(B2�),

and, using Hölder’s inequality,

ˆ

B�

|f|2dν ≤ w(B�)
q−2
q

⎛⎜⎝ˆ

B�

|f|qdν

⎞⎟⎠
2/q

.

Consequently,

 

B

|∇u|2dν ≲ w(B2�)
q−2
q

−1

⎛⎜⎝ ˆ

B

|f|qdν

⎞⎟⎠
2/q

+ supx∈B2�
|u(x) − u(0)|2
�2 .
� 2�
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Finally, by (4.4) there exists another γ = γ (A2(w), d) ∈ (0,1) such that

 

B�

|∇u|2dν ≲ �2γ−2

⎛⎜⎝‖f‖2
Lq(B1;w) +

 

B1

|∇u|2dν

⎞⎟⎠ .

This completes the proof. �
If we already know a bound on the ‖f‖L2(B�;w) norm in terms of powers of �, we can bypass 

the Lq norm, and obtain the same regularity as in Lemma 4.2:

Lemma 4.3. Let w be an A2 weight and let u ∈ H 1(B1;w) be a weak solution to

∇ · (w∇u) = ∇ · (wf) (4.5)

in B1. For all ρ < 1, let f ∈ L2(B1,Rd;w) satisfy the growth estimate

 

B�

|f|2dν ≲ M�2γ−2
 

B1

|f|2dν (4.6)

for some exponent γ = γ (A2(w), d) ∈ (0,1) and dν = wdx. Then there exists an exponent γ̂ =
γ̂ (A2(w), d, γ ) ∈ (0,1) and a constant C = (A2(w), d, γ ) ≥ 1 such that

 

B�

|∇u|2dν ≤ C�2γ̂−2

⎛⎜⎝ 

B1

|∇u|2dν + M

 

B1

|f|2dν

⎞⎟⎠ .

Proof. Let � < R ≤ 1 and construct the comparison solution v that solves{
∇ · (w∇v) = 0, in BR .

v = u, ∂BR.

Denote ̂u = u − v. Then ̂u solves (4.5) with ̂u ∈ H 1
0 (BR;w); thus we can test (4.5) with ̂u itself, 

which gives after applying Young’s inequality together with the Poincaré inequality, that

ˆ

BR

|∇û|2dν ≲
ˆ

BR

|f|2dν.

Also, by direct computation and applying Lemma 4.2 we get

ˆ

B

|∇u|2dν ≲
ˆ

B

|∇v|2dν +
ˆ

B

|∇û|2dν
� � �

23 



B. Avelin, T. Kuusi, P. Nummi et al. Journal of Differential Equations 439 (2025) 113416 
≲ w(B�) 
w(BR)

( �

R

)2α−2
ˆ

BR

|∇v|2dν +
ˆ

BR

|∇û|2dν

≲ w(B�) 
w(BR)

( �

R

)2α−2
ˆ

BR

|∇u|2dν +
ˆ

BR

|f|2dν.

Now by (4.6) we have by a standard iteration inequality, see for instance [14, Lemma 3.4], that

 

B�

|∇u|2dν ≲
( �

R

)2α̂−2
 

BR

|∇u|2dν + �2α̂−2M

 

BR

|f|2dν,

which completes the proof. �
We finally end with a regularity result for the polynomially bounded weight wz away from the 

pole z. We will later use this to derive bounds for the Green function for polynomially weighted 
equations.

Lemma 4.4. Let z∗ ∈Rd , x∗ ∈ Rd \ {z∗}, and let

r = min (|x∗ − z∗|,1)

16 
. (4.7)

For wz∗(x) = |x − z∗|β2
, let u ∈ H 1(B8r (x

∗);wz∗) be a solution of

∇ · (wz∗∇u) = 0 in B8r (x
∗).

Then there exists a constant C(β,d) < ∞ such that

sup 
Br(x∗)

|∇u(x)| ≤ Cr−1 inf
a

 

B8r (x
∗)

|u − a|2dνz∗ . (4.8)

Proof. Since for any y ∈ B8r (x
∗) we have |y − z∗| ≥ 8r , it follows that, for any i = 1, . . . , d and 

for ŵ = wz∗
infB8r (x∗) wz∗ , we have

sup 
B8r (x

∗)
ŵ ≤ C(β), and, sup 

B8r (x
∗)

|∂xi
ŵ| ≤ C(β)

r
.

As such, v = u − a solves the equation ∇ · (ŵ∇v) = 0, where the coefficient ŵ is Lipschitz 
continuous with Lipschitz constant C/r and ŵ ≥ 1. Now the regularity theory for such equations, 
see display (3.17) in [14], implies that

sup 
x∈Br(x∗)

|∇v| ≲ 1

r

 

B8r (x
∗)

v2dνz∗ ,

proving the claim. �
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Lemma 4.5. There exists a periodic Green function (x, y, z) 
→ G(x,y ; z) solving, for every 
z, y ∈ T d , the equation⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

− ∇ · (w(· ; z)∇G(·, y ; z)) = δ(· − y) − 1 ´
T d dz

in T d ,

ˆ

T d

G(x, y ; z)dx = 0.
(4.9)

Moreover, the Green function is symmetric in the first two variables, that is, for every x, y, z ∈
T d ,

G(x,y ; z) = G(y,x ; z) . (4.10)

Furthermore, there exists a constant C(β,d) < ∞ such that, for every x, y, z ∈ T d , it holds for 
i = 0,1 that

(|x − y| ∧ |y − z|)i |∇ i
yG(x, y; z)| ≲

{
(|x − z| ∨ |y − z|)−β2 |x − y|2−d , d > 2,

(|x − z| ∨ |y − z|)−β2
log C

|x−y| , d = 2.
(4.11)

Proof. It is clear from basic existence theory that for periodic f , the following problem has a 
unique periodic solution (with 

´
T d udy = 0)

−∇ · (w(· ; z)∇u) = f −
ˆ

T d

f dy.

Now, we can represent the map f → u via an integral kernel (see [7,11]), i.e.

u(x; z) =
ˆ

T d

G(x, y; z)f (y)dy.

It can be shown using standard methods (see [7,11]) that such G is unique, periodic, and satisfies 
(4.9).

For the rest of the proof, denote Gper the periodic Green function and let GΣ be the Green 
function for the unit ball B1 = Σ. Let y ∈ B1/2 and denote uz = Gper(·, y; z) − GΣ(·, y; z), then{

−∇ · (w(· ; z)∇uz) = −1, in Σ,

uz = Gper(·, y; z), on ∂Σ.

By the maximum principle (see [8, Theorem 2.2.3]) we know that

|uz| ≤ C + sup
∂Σ 

Gper(·, y; z).

Next, by compactness we know that the right-hand side is bounded by a constant C(d,β), 
i.e. |uz| ≤ C in Σ. Hence, it suffices to bound GΣ from above.
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By [7, Theorem 3.3] we have that

GΣ(x, y ; z) ≤ C

1 ˆ

|x−y|

r

w(Br(x) ; z) dr

By symmetry, we may assume that |y − x| ≤ |z − x|. First, we have the lower bound

w(Br(x) ; z) ≥ 1 
C

ˆ

Br (x)

|y − z|β2
dy ≥ C(r ∨ |x − z|)β2

rd

from which we deduce that

1 ˆ

|x−y|

r

w(Br(x) ; z) dr

≤ C

1 ˆ

|x−y|
r2−d(r ∨ |x−z|)−β2 dr

r

≤ C|x−z|−β2

|x−y|∨|x−z|ˆ

|x−y| 
r2−d dr

r
+ C

1 ˆ

|x−y|∨|x−z|
r2−d−β2 dr

r
.

The first integral admits the estimate

|x−y|∨|x−z|ˆ

|x−y| 
r2−d dr

r
≤ C

⎧⎨⎩|x−y|2−dχ{|x−z|>|x−y|} if d > 2,

log
( |x−y|∨|x−z|

|x−y| 
)

if d = 2 

and the second (since d ≥ 2 and β2 > 0)

1 ˆ

|x−y|∨|x−z|
r2−d−β2 dr

r
≤ C(|x−y| ∨ |x−z|)2−d−β2

.

By |y − z| ≤ |x − z| we see that |x − y| ≤ 2|x − z|, and hence for d > 2 we have

1 ˆ

|x−y|

r

w(Br(x) ; z) dr ≲|x − z|−β2 |x − y|2−d + |x−z|2−d−β2

≲|x − z|−β2 |x − y|2−d .

In the case d = 2 we get (since |x − z| < C)
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1 ˆ

|x−y|

r

w(Br(x) ; z) dr ≲|x − z|−β2
log

|x − z| 
|x − y| + |x−z|−β2

≲|x − z|−β2
log

|x − z| 
|x − y| ≲ |x − z|−β2

log
C

|x − y| .

This proves (4.11) in the case i = 0, as x, y, z ∈ T d and we know that the right-hand side is 
bounded from below. Thus, we can dispense with the additive constant in passing from GΣ to 
Gper by simply choosing C large enough.

To prove the gradient estimate we first consider the fact that if we are away from the diagonal, 
i.e. x �= y then v(·) = GΣ(·, y; z) solves

∇ · (wz∇v) = 0.

As such Lemma 4.4 implies that whenever |x − y| ∧ |y − z| > 16� we get

|∇yGΣ(x, y; z)| ≤ 1 
�

⎛⎜⎝ 1 
w(B�(y); z)

ˆ

B�(y)

GΣ(x, y′; z)2dνz(y
′)

⎞⎟⎠
1/2

.

Assembling the estimates, as � < 1, we obtain

|∇yGΣ(x, y; z)| ≲ 1 
�

GΣ(x, y; z),

and we complete the proof by arguing as for Gper above and then applying (4.11) for i = 0. �
4.2. Proof of Theorem 4.1

Fix x∗, z∗ ∈ T d such that x∗ �= z∗, and let r = min (|x∗ − z∗|,1) /16.2 In the sequel, we use 
wz∗ and uz∗ to denote functions w(·; z∗) and u(·; z∗) whenever confusion cannot arise.

Formally, one could differentiate u with respect to z leading to a new equation and then try to 
derive L∞ bounds for the solution. However, then the right-hand side would contain ∂zi

w which 
is not in L2(w). To overcome this, we first shift the pole, and then derive a corrector expansion 
and L∞ bounds for the correctors. The proof is divided into four steps. In the step 1, we shift 
the pole, while the corrector expansion is derived in step 2. Correctors in the expansion are then 
estimated in step 3, and in step 4 we conclude the proof.

Step 1. Shifting the pole: We introduce the following shift transformation (i.e. change of coordi
nates): Let Φz∗(x) = x + η(x−z∗)h, where χBr ≤ η ≤ χB2r

with ‖∇kη‖L∞(Rd ) ≤ Ckr
−k . Note 

that if |h| ≤ cr for small constant c, then Φz∗ is actually a diffeomorphism.

2 Note that as we work on Td , the distance |x∗ −z∗| is always bounded and hence the minimum with 1 is not required. 
For the reader’s convenience, we have taken the minimum with 1 to emphasize that we are interested in the small scales 
proportional to |x∗ − z∗|.
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Next we observe that since w(x; z) = w(x − z), we also have w(x + h; z + h) = w(x; z), 
which will be useful later. Ultimately, we will establish an expansion of the form

u(Φz∗(·); z∗) − u(Φz∗(·); z∗ + h) =
∑

1≤|α|≤d/2

v(α)(x∗; z∗)hα + o(|h|d/2),

for x ∈ (B4r (z
∗))c and v(α)(x∗; z∗) = ∂α

z u(x∗; z∗). Then we establish L∞ bounds for the correc
tors v(α) and this will give us the desired regularity for u in terms of z.

By the definition of u(x; z), we have for any φ ∈ C∞(T d) that

ˆ

T d

w(x; z∗ + h)f(x; z∗ + h)∇φ(x)dx =
ˆ

T d

w(x; z∗ + h)∇u(x; z∗ + h) · ∇φ(x)dx.

To proceed, denote first ŵ := w(Φz∗(·) ; z∗ +h), ̂u := u(Φz∗(·) ; z∗ +h) and ̂f := f (Φz∗(·); z∗ +
h). Considering the change of variables (for h small enough) x = Φz∗(y), then dx =
|det∇Φz∗(y)|dy and if we denote φ̂(y) = φ(Φz∗(y)), then substituting u(x; z∗ + h) =
û(Φ−1

z∗ (x)) we have that

ˆ

T d

w(Φz∗(y); z∗ + h)
[
(∇Φz∗)−T ∇yû(y; z∗ + h)

] · [(∇Φz∗)−T ∇yφ̂(y)
]|det(∇Φz∗(·))|dy

=
ˆ

T d

ŵ(∇Φz∗)−1(∇Φz∗)−T |det(∇Φz∗(·))|∇û · ∇φ̂dy.

Thus, we see that ̂u solves the equation

−∇ · (ŵ(∇Φz∗)−1(∇Φz∗)−T |det(∇Φz∗(·))|∇û) = ∇ · (|det(∇Φz∗(·))|ŵ(∇Φz∗)−1̂f),

and we get

−∇ · ŵ∇û = ∇ · a∇û + ∇ · (|det(∇Φz∗(·))|ŵ(∇Φz∗)−1̂f),

where

a = ŵ(·)
(
(∇Φz∗(·))−1(∇Φz∗(·))−T |det(∇Φz∗(·))| − Id

)
.

Note that a = 0 in Br(z
∗). Now this equation together with the equation for u,

−∇ · (wz∗∇ (̂u − uz∗)
)= −∇ · (wz∗ fz∗) − ∇ · (wz∗∇û

)
= ∇ · ((ŵ − wz∗)∇û

)+ ∇ · a∇û + ∇ · (wz∗̃ f)

= ∇ · (wz∗b∇ (̂u − uz∗)
)+ ∇ · (wz∗b∇uz∗

)+ ∇ · (wz∗̃ f) , (4.12)

where the matrix b is defined as
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b =
(

ŵ

wz∗
− 1

)
Id + ŵ

wz∗

(
(∇Φz∗(·))−1(∇Φz∗(·))−T |det(∇Φz∗(·))| − Id

)
,

and

wz∗̃ f = |det(∇Φz∗(·))|ŵ(∇Φz∗)−1̂f − wz∗ fz∗ .

Here b is as smooth as the correlation function. Indeed,

ŵ(x) 
w(x ; z∗)

= w(x − z∗ − (1 − η)h)

w(x−z∗) 
,

so that in Br(z
∗) we have that ŵ/wz∗ = 1, and hence b = 0 in Br(z

∗). Next observe that by our 
assumptions on w we have

ŵ

w(x; z∗)
≲
(

r + |h|
r

)β2

which immediately gives the bounds

∣∣∣∣ ŵ

w(x; z∗)
− 1

∣∣∣∣≲ (1 + |h|/r)β
2 − 1 = β2(|h|/r) + o(|h|/r)

and ∣∣∣((∇Φz∗(·))−1(∇Φz∗(·))−T |det(∇Φz∗(·))| − Id

)∣∣∣≤ c|h|/r.

Hence, we have

|b| ≤ c|h|/r. (4.13)

Thus, b/|h| is bounded, and we can choose |h| < r/c such that |b| < 1/2.

Step 2. Corrector expansion: In this step we derive the expansions.
First, note that for any function ũ, denoting v = û − uz∗ − ũ and using (4.12), we obtain

−∇ · (wz∗∇v
)= ∇ · (wz∗b∇v

)+ ∇ · (wz∗b∇uz∗
)+ ∇ · (wz∗(1 + b)∇ũ) + ∇ · (wz∗̃ f).

After rearrangement, this gives

−∇ · (wz∗(1 + b)∇v) = ∇ · (wz∗b∇uz∗
)+ ∇ · (wz∗(1 + b)∇ũ) + ∇ · (wz∗̃ f). (4.14)

Now let us define the expansions (in the variable h, and for any m ∈ N) for the involved terms:
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vm = û − uz∗ −
∑

1≤|α|≤m

v(α)hα, b =
∑

1≤|α|≤m

E (α)hα + χ(Br (z∗))co(|h|m)

f̃ =
∑

1≤|α|≤m

F (α)hα + Ef,m,
(4.15)

where small-o notation o(|h|m) means that the remainder term may depend on r . The error term 
Ef,m satisfies for q given in the statement of Theorem 4.1,

‖Ef,m‖Lq(T d ;wz∗ ) = o(|h|m),

which again may depend on r . Furthermore, using the calculations below (4.12) and some ele
mentary computations we obtain bounds for the coefficients in the expansions, namely

⎧⎪⎨⎪⎩
|E (α)| ≲ 1 

|x−z∗||α| χBc
r (z∗)

‖F (α)‖Lq(T d ;wz∗ ) ≲ r−|α| ∑
0≤|α1+α2|≤|α|

‖(∂α1
x ∂

α2
z f)(·; z∗)‖Lq(T d ;wz∗ ),

(4.16)

and the implied constants are independent of h and r .
As the expansion of vm above is formal, in the following we will define the functions v(α) so 

that we will have vm = o(|h|m) in L∞. Here we have, for the sake of simplicity in the notation, 
omitted the division by α! (Taylor expansions can be recovered simply by multiplying with α!). 
Note also that by (4.13), we do not have a zero order term in the expansion of b or ̃f.

Now, by using the definition of vm, we get from (4.14) that

−∇ · (wz∗(1 + b)∇vm) = ∇ · (wz∗b∇uz∗
)+ ∑

|α|≤m

∇ ·
(
wz∗(1 + b)∇v(α)

)
hα + ∇ · (wz∗̃ f). 

(4.17)
Now we will define the functions v(α) so that we have vm = o(|h|m). To do this, we first expand 
the right-hand side of (4.17) using the expansion in (4.15), leading to

−∇ · (wz∗(1 + b)∇vm) = ∇ · (wz∗
∑

1≤|α|≤m

E (α)hα∇uz∗
)

+
∑

|α|≤m

∇ ·
⎛⎝ ∑

1≤|̂α|≤m

wz∗(E (̂α)hα̂)∇v(α)

⎞⎠hα

+
∑

|α|≤m

∇ ·
(
wz∗∇v(α)

)
hα

+
∑

1≤|α|≤m

∇ · (wz∗F (α))hα + o(|h|m). (4.18)

Matching the powers of hα in the right-hand side of the above we get that the functions v(α)

should solve
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−∇ ·
(
wz∗∇v(α)

)
= ∇ · (wz∗E (α)∇uz∗

)+ ∑
1≤|α2|,|α1|≤m,

α1+α2=α

∇ ·
(
wz∗E (α2)∇v(α1)

)
+ ∇ · (wz∗F (α)) 

(4.19)
for 1 ≤ |α| ≤ m. We can now define the functions v(α) inductively by solving (4.19) in T d (with 
periodic boundary conditions) for 1 ≤ |α| ≤ m, where we note that at each step the right-hand 
side has the correct regularity to ensure solvability. This follows from (4.16), i.e. the expansion 
coefficients E (α) vanish in Br(z

∗), and F (α) ∈ Lq(T d ;wz∗). Now, inserting our definition of v(α)

into (4.18) we get

−∇ · (wz∗(1 + b)∇vm) =
∑

m+1≤|α|
hα∇ · (wz∗E (α)∇uz∗

)
+

∑
1≤|α|≤m,1≤|̂α|≤m,

m+1≤|̂α+α|

∇ ·
(
wz∗E (̂α)∇v(α)

)
hα̂+α

+
∑

m+1≤|α|
hα∇ · (wz∗F (α)).

In order to show vm = o(|h|m), it suffices to use Lemma 4.2 and note that the quantities E (α)∇uz∗ , 
E (̂α)∇v(α), and F (α) appearing on the right-hand side belong to L2d−ε, which follows from 
construction and the estimate (4.16) together with the assumption of the theorem.

Step 3. Local boundedness of the correctors: In this step we prove an L∞ estimate for v(α). Recall 
that v(α) for 1 ≤ |α| ≤ m solves (4.19). Here, as the right-hand side of (4.19) is the divergence of 
a periodic function, we may represent v(α) using the Green function. After integration by parts, 
we obtain

v(α)(x∗) = −
ˆ

T d

∇yG(x∗, y; z∗) · (wz∗E (α)∇uz∗
)
dy

−
∑

1≤|α2|,|α1|≤m,
α1+α2=α

ˆ

T d

∇yG(x∗, y; z∗) ·
(
wz∗E (α2)∇v(α1)

)
dy

+
ˆ

T d

∇yG(x∗, y; z∗)wz∗(y)F (α)(y)dy

=I1 + I2 + I3.

We estimate the terms one by one. For this, let us consider the rings Aj = (B2j r (x
∗) \

B2j−1r (x
∗)) \ Br(z

∗) for j = 0, . . . , j0, where A0 = Br(x
∗) \ Br(z

∗) = Br(x
∗), and 2j0r = C, 

and note that E (α) = 0 on the ball Br(z
∗). Using Lemma 4.5 and (4.16) we have for d > 2 that

I1 =
j0∑

j=0 

ˆ

A

∇yG(x∗, y; z∗) · (wz∗E (α)∇uz∗
)
dy
j
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≲
j0∑

j=0 

ˆ

Aj

(|x∗ − z∗| ∨ |y − z∗|)−β2 |x∗ − y|2−d |y − z∗|β2 |E (α)∇uz∗ |
(|x∗ − y| ∧ |y − z∗|) dy

≲ r−|α|
ˆ

A0

|x∗ − y|1−d |∇uz∗ |dy +
∑
j=1 

(2j r)1−|α|
 

Aj

|∇uz∗ |dνz∗ , (4.20)

where we have also taken advantage of the fact that on the sets Aj, j > 0 we are at a distance of 
the order 2j r away from the pole z∗, and hence supwz∗

infwz∗ ≲ C.
Let us begin by bounding the first term on the right, and for simplicity let us assume that 

x∗ = 0. Alongside with Lemma 4.2, we obtain

ˆ

A0

|y|1−d |∇uz∗ |dy =
∑

k

ˆ

B2−kr
\B2−k+1r

|y|1−d |∇uz∗ |dy

≲
∑

k

|2−kr| 
|B2−kr \ B2−k+1r |

ˆ

B2−kr
\B2−k+1r

|∇uz∗ |dy

≲
∑

k

|2−kr|
⎛⎜⎝  

B2−kr
\B2−k+1r

|∇uz∗ |2dνz∗

⎞⎟⎠
1/2

≲
∑

k

|2−kr|(2−kr)γ−1‖f(·; z∗)‖Lq(T d ;wz∗ )

≲ rγ ‖f(·; z∗)‖Lq(T d ;wz∗ ). (4.21)

Above, we use the fact that wz∗ is essentially constant on the annulus B2−kr \B2−k+1r . Repeating 
a similar argument for the second term in (4.20) we get

∑
j=1 

(2j r)1−|α|
 

Aj

|∇uz∗ |wz∗dy ≲ rγ−|α|‖f(·; z∗)‖Lq(T d ;wz∗ ). (4.22)

Assembling (4.20)--(4.22) finally gives

I1 ≲ rγ−|α|‖f(·; z∗)‖Lq(T d ;wz∗ ). (4.23)

Repeating a similar argument for I2 we are led to estimate, for j = j0, j0 − 1, . . ., terms

 

Aj

|∇v(α)|dνz∗ .

Since v(α) solves (4.19) we get by testing with v(α), Hölder’s inequality, (4.16), and an induction 
argument that
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ˆ

T d

|∇v(α)|2dνz∗ ≲
ˆ

T d

|E (α)|2|∇uz∗ |2dνz∗ +
∑

1≤|α2|,|α1|≤m,
α1+α2=α

ˆ

T d

|E (α2)|2|∇v(α1)|2dνz∗

+
ˆ

T d

|F (α)|2dνz∗

≲ r−2|α| ∑
0≤|α1+α2|≤|α|

‖(∂α1
x ∂α2

z f)(·; z∗)‖2
Lq(T d ;wz∗ )

. (4.24)

Applying Lemmas 4.2 and 4.3 and (4.16) and (4.24), and again using an induction argument we 
get

 

B�

|∇v(α)|2dνz∗ ≲ �2γ−2r−2|α| ∑
0≤|α1+α2|≤|α|

‖(∂α1
x ∂α2

z f)(·; z∗)‖2
Lq(T d ;wz∗ )

. (4.25)

Using (4.25) we can bound I2 similarly as the term I1 and obtain

I2 ≲ C(|α|)rγ−|α|
⎛⎝‖∇u‖L2(T d ,w) +

∑
0≤|α1+α2|≤|α|

‖(∂α1
x ∂α2

z f)(·; z∗)‖2
Lq(T d ;wz∗ )

⎞⎠ .

Finally, for I3 it suffices to consider the integral over A = B64r (x
∗) \ Br(z

∗). Outside B64r (x
∗), 

Φz∗(x) = x and no prefactors of the form r−|α| appears in the integrals, furthermore there is 
no singularity of the Greens function in this region. We would also like to point out that inside 
Br(z

∗) we have Φz∗(x) = x +h, and ŵ/w = 1 (see Step 2) and again no r−|α| prefactor appears. 
In order to estimate the integral over A, we note that for q > 2d − ε, the conjugate p = q

q−1

satisfies p < d
d−1 , provided ε < d , or equivalently, (1 − d)p + d > 0. Hence Hölder’s inequality, 

(4.16) for F (α), and the pointwise bounds for ∇yG in Lemma 4.5 as in the case I1 gives

ˆ

A 

∇yG(x∗, y; z∗)wz∗(y)F (α)(y)dy

≤ ‖F (α)‖Lq(T d ;wz∗ )

⎡⎣ˆ
A 

|∇yG(x∗, y; z∗)|pwz∗(y)dy

⎤⎦1/p

≲ r−|α| ∑
0≤|α1+α2|≤|α|

‖(∂α1
x ∂α2

z f)(·; z∗)‖Lq(T d ;wz∗ )

⎡⎣ˆ
A 

|∇yG(x∗, y; z∗)|pwz∗(y)dy

⎤⎦1/p

,

where

⎡⎣ˆ
A 

|∇yG(x∗, y; z∗)|pwz∗(y)dy

⎤⎦1/p

≲

⎡⎢⎣ ˆ

Br (x∗)

|y − x∗|(1−d)pdy

⎤⎥⎦
1/p

≲ r1−d+d/p
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that leads to

I3 ≲ rγ−|α| ∑
0≤|α1+α2|≤|α|

‖(∂α1
x ∂α2

z f)(·; z∗)‖Lq(T d ;wz∗ ).

Putting all this together, we finally arrive at the estimate

|v(α)(x∗)| ≲ C(|α|)rγ−|α| ∑
0≤|α1+α2|≤|α|

‖(∂α1
x ∂α2

z f)(·; z∗)‖Lq(T d ;wz∗ ).

This gives the required estimate in the case d > 2. For the case d = 2, by using the arguments 
above we get the same estimates as in (4.20)-- (4.22) and (4.25) except with an extra log(1/r)

factor. As such, we recover the same type of bound, namely

|v(α)(x∗)| ≲ C(|α|)rγ̂−|α| ∑
0≤|α1+α2|≤|α|

‖(∂α1
x ∂α2

z f)(·; z∗)‖Lq(T d ;wz∗ ),

where now γ̂ < γ .

Step 4. Concluding the proof:
Putting together all the steps, we have proved that for z ∈ T d \ B4r (x), r = |x − z|/16 and 

|h| < r/2, it holds

u(x; z) = u(x; z + h) +
∑

1≤|α|≤m

v(α)
r (x; z)hα + o(|h|m).

This implies

|∂α
z u(x; z)| =|v(α)

r (x; z)|α!
≲

∑
0≤|α1+α2|≤|α|

‖(∂α1
x ∂α2

z f)(·; z)‖Lq(T d ;wz)
|x − z|γ−|α|. (4.26)

To complete the proof, note that if d is even we get immediately from (4.26) that

‖u(x; ·)‖Hd/2(T d ) ≲
∑

0≤|α1+α2|≤d/2

⎛⎜⎝ˆ
T d

‖∂α1
x ∂α2

z f(·; z)‖p

T d ;Lq(T d ;wz)
dz

⎞⎟⎠
1/p

for p > d
γ

, and the implied constant does not depend on x.
In the case that d is odd, we can use the Brezis-Mironescu [3] interpolation theorem to esti

mate

‖u(x, ·)‖
H

d
2 ≤ C‖u(x, ·)‖

1
2
W d−1

2 , 2d 
d−1

‖u(x, ·)‖
1
2
W d+1

2 , 2d 
d+1

. (4.27)

To bound the terms on the right hand side of the above, we integrate (4.26) w.r.t. z to get that
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‖u(x, ·)‖
2d 

d+1

W
d+1

2 , 2d 
d+1 (T d )

≲
∑

0≤|α1+α2|≤ d+1
2 

ˆ

T d

‖∂α1
x ∂α2

z f(·; z)‖
2d 

d+1

Lq(T d ;wz)
|x − z|

(
γ− d+1

2 
)

2d 
d+1 dz.

Now using Hölder’s inequality we get that for p+ > d+1
2γ it holds

‖u(x, ·)‖p+ 2d 
d+1

W
d+1

2 , 2d 
d+1 (T d )

≲
∑

0≤|α1+α2|≤ d+1
2 

ˆ

T d

‖∂α1
x ∂α2

z f(·; z)‖p+ 2d 
d+1

Lq(T d ;wz)
dz,

where the implied constant is independent of x. This bounds the first term on the right hand side 
of (4.27). Similar calculations give that for p− > d−1

2γ it holds

‖u(x, ·)‖p− 2d 
d−1

W
d−1

2 , 2d 
d−1 (T d )

≲
∑

0≤|α1+α2|≤ d−1
2 

ˆ

T d

‖∂α1
x ∂α2

z f(·; z)‖p− 2d 
d−1

Lq(T d ;wz)
dz,

where again the implied constant is independent of x. This bounds the second term on the right 
hand side of (4.27). Finally, if

∑
0≤|α1+α2|≤ d+1

2 

ˆ

T d

‖∂α1
x ∂α2

z f(·; z)‖p

Lq(T d ;wz)
dz < ∞,

for some p > d
γ

, then the right hand side of (4.27) is finite. This concludes the proof of Theo
rem 4.1.

Appendix A. Muckenhoupt weights

Definition A.1. If 0 < w < ∞ a.e., we say that w ∈ A1 (i.e., belongs to the Muckenhoupt class 
A1) if there exists a constant c(1,w) ≥ 1 such that

 

B

w dx ≤ c(1,w) ess inf
B

w

for every ball B ∈Rd .
Furthermore, we say that w ∈ Ap , 1 < p < ∞ if there exists a constant c(p,w) > 0 such that

 

B

w dx ≤ c(p,w)

⎛⎝ 
B

w1/(1−p) dx

⎞⎠1−p

for every ball B ∈Rd .

We have that A1 ⊂ Ap . If w ∈ Ap and h ∈ Rd , a ∈ R \ {0}, then w(· + h) ∈ Ap and w(a·) ∈
Ap .
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Example A.2. For p > 1, we have that | · |δ ∈ Ap if and only if −d < δ < d(p − 1). Also, we 
have that | · |δ ∈ A1 if and only if −d < δ ≤ 0. We refer to [42, Chapter IX, Proposition 3.2, 
Corollary 4.4] for the well-known proofs.

Lemma A.3. Let U ⊂ Rd be an open bounded domain. Let β ∈ (0,
√

d) and let

R(x ; z) = eg(x,z)|x−z|−β2φ(x)φ(z), x, z ∈Rd,

where g ∈ Cb(Rd ×Rd), and where φ is a compactly supported smooth function such that χU ′ ≤
φ ≤ χU with U ′ := {x ∈ U : dist(x, ∂U) > r0}.

Then R(· ; z) ∈ A1 for any z ∈ Rd .

Proof. Expand R as follows,

R(x ; z) = exp(g(x, z) − β2(φ(x) − φ(z))φ(z) log |x−z| − β2φ2(z) log |x−z|).

Clearly, by translation invariance and Example A.2, x 
→ exp(−β2φ2(z) log |x−z|) is an element 
of A1 for any z. By the Coifman-Rochberg characterization of A1-weights [42, Chapter IX, 
Theorem 3.4], it suffices to prove that

x 
→ exp(g(x, z) − β2(φ(x) − φ(z))φ(z) log |x−z|) (A.1)

is bounded above and below away from zero. By the mean value theorem, there exists θ = θx,z ∈
(0,1), such that

|g(x, z) − β2(φ(x) − φ(z))φ(z) log |x−z||
≤‖g‖∞ + β2‖φ‖∞|∇φ(θx + (1 − θ)z)||x−z|| log |x−z||

≤‖g‖∞ +
{

β2 Lip(φ)|x−z|| log |x−z||, if θx + (1 − θ)z ∈ U,

0, if θx + (1 − θ)z ∈ Rd \ U.

However, |x−z|| log |x−z||χU(θx + (1 − θ)z) is bounded as is U . Hence the factor (A.1) is 
bounded from above and below away from zero. �
Corollary A.4. Let η ∈ C∞

0 (Rd), η ≥ 0, 
´
Rd η(x) dx = 1. Then the weight

x 
→ (R(· ; z) ∗ η)(x) :=
ˆ

Rd

R(x−y ; z)η(y) dy

belongs to the class A1 for any z.

Proof. By Lemma A.3, we may apply [24, Lemma 2.1]. �
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