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Abstract

We study periodic solutions to the following divergence-form stochastic partial differential equation with
Wick-renormalized gradient on the d-dimensional flat torus T4,

_v. (e<><—ﬁX> o VU) =V. (B o),

where X is the log-correlated Gaussian field, F is a random vector field representing the flux, the in/out-
flow of fluid per unit area per unit time, and ¢ denotes the Wick product. The problem is a variant of the
stochastic pressure equation, in which U is modeling the pressure of a creeping water-flow in crustal rock
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that occurs in enhanced geothermal heating. In the original model, the Wick exponential term e PX) i
modeling the random permeability of the rock. The porosity field is given by a log-correlated Gaussian
random field 8X, where 8 < /d. We use elliptic regularity theory in order to define a notion of a solution
to this (a priori very ill-posed) problem, via modifying the S-transform from Gaussian white noise analysis,
and then establish the existence and uniqueness of solutions. Moreover, we show that the solution to the
problem can be expressed in terms of the Gaussian multiplicative chaos measure.

© 2025 The Authors. Published by Elsevier Inc. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).

MSC: primary 35J15, 60H15; secondary 35B65, 60H40, 76S05, 76U60, 86-10

Keywords: Elliptic stochastic partial differential equation with random coefficients; Log-correlated Gaussian random
field; Wick renormalization; S-transform; High pressure creeping water flow in porous media; Gaussian
multiplicative chaos

Contents
1. Introduction . ....... ... ... ... 2
1.1.  Relation to the physical model . ... ... ... .. ... . . . . . . 5
L2, NOtation . ... ... 6
1.3, Theplan . . ... e 7
2. Log-correlated fields and the S-transform . . ...... ... ... ... . . ... . ... 8
2.1.  Basic facts on log-correlated fields and Gaussian multiplicative chaos measures . . . . . . . 8
2.2.  S-transforms and log-correlated fields . ... ........ ... . ... . ... .. ... 10
3. Mainresult . ... 17
4. Regularity of solutions of the deterministic PDE . . . .. ....... ... ... ... ... ... .. ... 20
4.1.  Basic regularity and Green functionbounds . ................. ... ... ....... 21
42. Proof of Theorem 4.1 .. ... ... .. ... 27
Appendix A.  Muckenhoupt weights. . . . ... ... . 35
Data availability . . ... ... .. . 36
References . . . ... ... 37

1. Introduction

The stochastic pressure equation on a domain V C R? is given by the following stochastic
partial differential equation (SPDE)

—V. (¥ x VU) =V (5 xP), (w1
boundary conditions on 9V, '
where £ is a realization of a Gaussian random field on V. The product “x” is usually given by
some algebraic renormalization, where many authors have considered the Wick-product “¢”, and
set 6 = e°W the Wick exponential of white noise W, see [18] and the references therein.
We are studying the question of existence and uniqueness of solutions to the following
divergence-form SPDE
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_v. (e<><—ﬁx) <>VU) —V. (e<><—ﬂx> <>F), (1.2)

on the d-dimensional flat torus T¢ with dimension d > 2. Here 0 < B < Jd is a parameter,
and X is realization of a log-correlated Gaussian random field on T¢ arising from a fractional
Gaussian free field, see (2.2) for precise definition, and F is a suitable random vector field that is
also generated by the underlying Gaussian source of randomness. This continues our work [1] in
which we study the one-dimensional case.

The log-correlated Gaussian fields have a covariance function with a specific logarithmic-type
singularity on the diagonal:

1
E[X(X(@)]=log ———— +g(y.2), (1.3)
ly — zlTa

where g is typically assumed to be smooth, and | - |« denotes the distance in the torus. It is
clear that X cannot be a function (but is close to being one, see [23]), and in fact such X can
be obtained as a special case of the so-called fractional Gaussian fields, formally given by X =
(=A)*W, where A is the Laplacian, and W denotes the (real) white noise. Then, one recovers
the log-correlated Gaussian field with « = —d /4, see for instance [34]. The inclusion of the log-
correlated field in the problem is motivated by geophysical modeling, which we discuss in detail
in Subsection 1.1 below.

In general, we do not expect weak solutions to (1.2) to have sufficient regularity to compensate
for the lack of regularity of the random factor, namely the log-correlated Gaussian field. The
known fact that there is no canonical way to define the product of two distributions, is tackled by
“renormalizing” the equation. This process can be viewed a local reparametrization leading to an
implicit dependence of the solution to the specific choice of smooth approximations. In recent
years, this method has been applied systematically in the context of so-called singular SPDEs
in [4,5,12,13,27,36].

In (1.2) we work, albeit indirectly, with the Wick product, which most resembles the Itd
stochastic integral; see [19] for details. As already observed by [18, pp. 141-191] in the white
noise case, the choice of the Wick product ensures that the stochastic pressure equation remains
unbiased, given deterministic data. This property aligns with the local martingale property of
the Itd integral in the one-dimensional case. The Wick product is well-known in particle physics
from Wick’s theorem [43], which can be reformulated via Gaussian integration by parts [22].
This reformation aids in deriving the conformal Ward identities in Liouville quantum field theory
[28,38]. An earlier appearance of the Wick product can be found in Isserlis’ theorem concerning
higher-order moments of the multivariate Gaussian normal distribution [21].

While intimately connected, Wick’s theorem and the general Wick product consider different
concepts. Renormalization through the Wick product naturally leads to the so-called S-transform,
which mimics a variant of the Laplace transform with random test-elements. Indeed, S-transform
on Wick products satisfy

S (X oY) (h)=(SX)(h)(SY)(h)

for test-elements 4, and thus Wick products behave as ordinary products under S-transform.
Moreover, S-transforms characterize random variables uniquely, see, e.g., [22] in the case of
Gaussian L?(2)-setting. For an introduction to the connections between the Wick product,
Wiener chaos, and the S-transform in the classical context of Gaussian linear spaces, see also the
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survey [20]. These tools of stochastic renormalization can be extended beyond the L7”-setting
into so-called Hida and Kondratiev stochastic distribution spaces; we refer to [17,25] and the
references therein for more details.

In the present article, we define (a variant of) the S-transform at test points Xg(z) in the
L%(Q) space of random variables of form

/ 9(@dpgz), @€ C®(TY),
’]I‘d

where dg(z) denotes the Gaussian multiplicative chaos measure (For details on the Gaussian
multiplicative chaos measure, see [37,39] and Section 2.1 below) with parameter 8. Applying
the S-transform to equation (1.2) results in a family of weighted, divergence-form, deterministic
PDEs, parameterized by z € T¢:

:—v (W5 )Vu(2) =V - (w( f(52)),  in T, 14

y > u(y; z) is T9-periodic for all z € T¢

for the weight w(y; z) ==y — zlﬂze_ﬂzg(y'Z), which can be tackled by well-known methods of
degenerate elliptic PDEs. Here u(-, z) corresponds to the S-transform at Xg(z) of the stochas-
tic solution U (y) to (1.2), and f(-; z) corresponds to the S-transform at Xg(z) of F in (1.2).
We show that these deterministic equations admit unique solutions u(-; z), which have suitable
regularity in the z variable, and this in turn allows the inversion of the S-transform, provided
that the S-transform of F has sufficient regularity. The regularity of the solution to (1.4) in the
z variable is studied in Section 4. We emphasize that in our context, we study the regularity in
the parametrization variable z which is in contrast with classical regularity theory for degenerate
PDEs. Our strategy to obtain sufficient regularity is to shift the pole whenever x is far from a
given z. We construct a corrector expansion with respect to this shifting that allows us to derive
sufficient estimates in the L norm. These then imply sufficient regularity in z, see Section 4 for
details. This leads to our main result on the existence, uniqueness and representation of stochastic
solutions to (1.2), which is outlined below:

Theorem 1.1. Let Xg be a log-correlated Gaussian field with scaling parameter 0 < B < Vd,
and let F be a random vector with sufficient regularity on its S-transform. Then the problem (1.2)
admits a solution (in the sense of Definition 3.2). In particular, the solution admits a representa-
tion given by

Uy) = /w(y;z)dmz), yeT?, (1.5)
Td

where ¢ is deterministic, and where dg denotes the Gaussian multiplicative chaos measure
with parameter .

For the precise statement and the proof of the main result, see Theorem 3.3 in Section 3 below.
The above result states that the problem (1.2) with Wick product admits a stochastic solution
that can be viewed, for each fixed y, as a well-defined square integrable random variable U (y).

4
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Our key observation is that if the probabilistic setup is appropriately understood, one can un-
derstand the solution through a deterministic PDE (1.4). Then our main contribution is to show
sufficient regularity for the solution to (1.4), and one does not need many probabilistic tools in
order to obtain the solution. We note however that, as pointed out above, Wick products and
S-transforms can be defined more generally in stochastic distribution spaces. In this sense, one
could approach the problem (1.2) from a more probabilistic point of view, as is done in the uni-
variate case [ 1]. Another natural possibility is to regularize the field X, e.g., via mollification and
consider (1.2) with the regularized field X*. This approach is also considered in the univariate
case [1] in which one can compute the solution explicitly. However, in multivariate case one
cannot write down the solution with explicit formula, making it difficult to assess what would
happen in the limit. This is an interesting direction of future research. Other possible future direc-
tions may include the analysis of rough paths inspired expansions [10], more elaborate methods
as regularity structures [13], or more direct approaches by limits of regularizations. Taking this
viewpoint, the Wick product may be perceived as the first order term in a more general for-
mal expansion. We point out, however, that by an easy power counting argument, the parabolic
counterpart to (1.1) is seen to be supercritical for d > 2. The renormalization issue thus remains
delicate. From the physical point of view, as discussed in the following subsection, the Dirichlet
problem on a bounded domain certainly could be an interesting topic of investigation.

1.1. Relation to the physical model

Motivated by the Stl1 Deep Heat project in Espoo [26], we are interested in modeling the high
pressure creeping water-flow in crustal rock that occurs in enhanced geothermal heating (EGH).
The EGH system consists of two 7-km-deep boreholes into the bedrock of the Nordic countries.
Water is pushed into one hole and creeps through the bedrock into the second hole, heated by the
geothermal heat in the process, such that the hot water can be extracted for energy. Understanding
the fluid flow is essential for understanding the heat extraction.

The modeling of fluid flow in rock has been widely studied, mainly due to the oil industry,
for instance in the stimulation of oil wells. For porous rock types the homogenized problem
describes the flow fairly well [9,32,33]. It has long been known that the creeping water-flow in
porous media can be well described by Darcy’s law, given as

9P — v,
v
Here v(x) describes the flow velocity, P is the pressure, « is the permeability and v the (constant)

viscosity of water. From preservation of “mass/energy”” we get that the pressure P of the creeping
flow satisfies the following parabolic equation

JP 1
o V- 'k(x)VP(x, 1) = f,

where f is the source rate of the fluid. As such, in our case we are interested in the steady state
this system, i.e. where d P /dt = 0, specifically

V- k() VP, ) = f. (1.6)
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In engineering applications, we cannot measure the porosity/permeability of the rock other
than locally around the borehole. Hence the uncertainty about the surrounding rock is modeled as
arandom field. It has been observed from the borehole measurements that the spatial correlation
of the crustal crack distribution follows a power-law scaling that is called 1/k scaling. This
was actually first noted by Hewett et al. [16] for the variances of borehole logs of oil and gas
reservoir formations. Todoeschuk et at. [41] further noted that the sequence of seismic reflection
coefficients computed from a well log had a power law spatial frequency spectrum. Leary [29,31],
on the other hand, found the power law scaling spectra for deep borehole spatial fluctuation
sequences in sonic velocity and resistivity values closely related to fracture content in crustal
granite. Recently, the power-law scaling has also been observed in wellbore porosity logs, see
Leary et al. [30] and the references therein. While the borehole measurements only contains
information in one direction (depth), we can view them as a 1d projection of the 3d field modeling
the rock porosity.

The permeability is observed to be log-normally distributed and is related to the exponential
of porosity (see [30] and the references therein). Thus, a natural model for permeability would be
Kk = e*Y+P? for some given parameters «, 8, y > 0, where y is mean porosity and ¢ is normally
distributed. In order to have the correct 1/k scaling properties suggested by empirical evidence,
a natural choice (in dimension d = 3) is to consider ¢ ~ FGF3 /2(R3) with FGF standing for
fractional Gaussian field that corresponds to the log-correlated Gaussian field. However, this is
not really well defined (we need to consider a suitably renormalized exponential). Furthermore,
ay + B¢ cannot, strictly speaking, be interpreted as porosity which can only take values between
0 and 1. However, since the permeability can be arbitrarily close to zero (solid rock), this seems
to be a plausible model for permeability. In our approach we consider arbitrary dimension d > 2
(the case d = 1 already being treated in [1]), and we need a bound 8 < J/d. Notice carefully,
that we assume above that ¢ has zero mean, so in practice the choice of B scales the size of
fluctuations of porosity, not the absolute size. For example, in [30], oy is observed to be of size
3 to 4, and in our analysis this is simply a multiplicative constant for the equation and it plays no
significant role.

On a related literature, let us comment that a discussion about mathematical modeling of the
permeability with the exponential of a Gaussian field would not be complete without mentioning
the works of Holden et al., see [18] and the references therein. They use the exponential of
smoothed white noise as the permeability. In comparison to our approach, the unfortunate side-
effect of using smoothed white noise is that there is a finite correlation length which violates the
correlation length of cm to km scale from [30].

1.2. Notation

Throughout the article we use the following notation. Let f € L'(T¢). Then the Fourier
coefficients of f are given by, for n € 74,

foy = / f(x)e ™ "dx.
’ﬂ‘d

Definition 1.2. Let s € R, then W*2(T¥) is defined as

WMD) = (f € S' (T st 1 fyeriray = Y W If ) < o0},

neZd
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where S’ (Td) is the space of tempered distributions on T4, and f (n) denotes the Fourier coef-
ficients of f,and (n)2 =1+ |n>=1+34¢_ n?.

We also need to define a suitable distance on the torus T¢. For this purpose, we define ¢ :
R4+ Rasa2r -periodic function in each variable such that ¢ (u) = |u| when |u| < 1/3 and ¢ (1)
is positive and C*-smooth in the set R? \ (277 Z)?. Then ¢ yields function & on T satisfying

Fx+@rZ)) =p(x), xeR

Then we may define the “distance” between two points x, y € T by

dra(x,y):=|x — y|a :=@(x — y). 1.7)

We note that this does not automatically yield a proper distance for any such ¢. However, it
yields a distance on small scales which is sufficient for our purposes, as on small scales it behaves
exactly as Euclidean distance. Moreover, it is smooth outside the diagonal.

In the sequel, we will simply write || f|s,2 instead of || f{|ys.2 (T4, Whenever confusion cannot
arise. We also note that the topological dual of W*2(T9) (in the standard distributional duality
sense) is simply W~52(T?).

For a weight w and a domain  C T4, we also use the notation WP (Q; w), where 1 < p <
oo, for the weighted Sobolev space defined as the completion of C°°(£2) under the norm

lullwmr @y = lullLr@au + D 10%ullLr@:w). (1.8)

I<|al<m

where « is a multi-index and where

lullLr(@;w) = /lu(x)lpw(x)dx
Q

We will often use the shorthand notation dv, = w(x)dx, and we will, as customary, denote
HY(Q: w) := Wh2(Q; w).

1.3. The plan

The rest of the article is organized as follows. In Section 2 we discuss basic facts on log-
correlated fields and Gaussian multiplicative measures, cf. Section 2.1, and we define the S-
transform on log-correlated fields and study its basic properties, cf. Section 2.2. In Section 3
we motivate and describe precisely what we mean by a solution to the problem (1.2). We also
formulate and prove our main result, by using regularity estimates for the deterministic equation
(1.4). Section 4 is devoted to the required regularity estimates, and we end the paper with a short
appendix on basic facts about Muckenhoupt weights needed in Section 4.
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2. Log-correlated fields and the S-transform
2.1. Basic facts on log-correlated fields and Gaussian multiplicative chaos measures

In this section we recall some basic facts on log-correlated Gaussian fields and Gaussian
multiplicative chaos (GMC) measures in the d-torus. For details on GMC measures in general,

we refer to survey articles [6], [37] and references therein. For log-correlated fields in the d-torus,
see also [35].

Definition 2.1 (Log-correlated Gaussian field). A distribution-valued centered Gaussian field X
in a d-torus T? is called a log-correlated Gaussian field if it has covariance

1
R(y,2) :=Rx(y,2) =E[X()X(2)] =log —— + g(¥, 2), (2.1
ly — zlpa

where we assume that g € C°°(T9 x T9) and | - |« denotes the distance in the torus.

Log-correlated fields on T exist, and a natural way to realize such a field is through the series

An iy
X(y) = Z (n)d/zem}’ 2.2)

neZd

where A, are mutually independent complex standard Gaussian random variables, and conver-
gence is in the sense of distributions. Recall that above we denote (n) = (1 + n?)1/2. Such a field
has covariance (see e.g. [35])

R(y —2) =Cov(X (y), X(2)) = —log|y — z|« + g(y — 2),

where g € C o"(11"‘1). Throughout, we consider the exact field given by (2.2). We note that our
results could be extended to cover the case of more general log-correlated fields with covariance
given by (2.1), provided that g(y, z) = g(y — z) with suitable assumptions on g. However, this
would require more detailed analysis on the Fourier coefficients, while in the case when the
field is given by (2.2), the Fourier series can be computed more explicitly, see, e.g., proof of
Lemma 2.5.

Remark 2.2. Since the covariance is unbounded, the point-wise evaluations X g(z) are not well-

defined, and the precise interpretation for the covariance is that it yields the kernel of the
covariance operator:

E[(X, y1)(X,¥2)] = /R(y,Z)lﬁl(Y)l/fz(Z)dzdy
TdxTd

for any 1, ¥ € C®(T9).
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In the sequel, we will also consider a scaling parameter 8 > 0, and a log-correlated Gaussian
field with scaling parameter 8, fX, written simply as Xg. The GMC measure d g, depending
on a parameter 0 < 8 < +/2d, is a random measure constructed from the log-correlated field X
formally' as the measure

d'u,ﬁ(y)zeoxﬂ(y)dy’ 2.3)

where

oXp(y) . B 2
0 = exp ( Xp(y) = SE [X(y) ] (2.4

denotes the Wick-exponential. Note that again here the representation is only formal, as we have
E [X(y)z] = 00 and the point-wise evaluations X g(y) do not exist.

In the present paper we shall restrict ourselves to the so-called L2-range, where B < v/d,
and this also will be our standing assumption from now on. In this case, by using the notation
np(¥) = [pa ¥ (2)dpp(z) we obtain for any ¢ € L(T%) and any B, g’ such that 8, 8/ < v/d
that

E [ (Wnp ()] =E /xlf(y)e”ﬂ(y)dy/llf(z)e“‘ﬁ’(z)dz
Td Td

= V1% / E[e 00X @) ay
TdxTd

— ||¢||go / APEX(NX g ()] dydz
TdxTd

=¥l% / PR dy dz
TdxT4

=i [y O ayaz,
TdxTd

which is finite as BB’ < d. In particular, this shows that 11g(y/) is square-integrable whenever
B% < d. Note that have used the fact that, for any centered Gaussian random variables H; and
H,, we have

E [eoHl eon] _ e]E(Hle)’

' To construct the measure precisely, one can approximate the field, e.g. through mollification and show that the cor-
responding sequence of random measures converge in probability in the space of Radon measures. Furthermore, under
rather mild conditions on the mollifying function, the limiting measure of the sequence of measures does not depend on
the mollifier. See [2,39].
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and we performed the computation only formally, but as mentioned before, it can be validated
by first replacing X by the approximated field X¢ and letting then & — 0T (this is essentially as
in [2, Theorem 1.1.]).

2.2. S-transforms and log-correlated fields

In this section we briefly introduce subspaces le3 (£2) that are characterized by (extensions of)
S-transforms at field points X g(z). We follow the ideas introduced in [1] and extend them to the
torus T¢ case. The subspace L/23 (R2) is given by the following definition.

Definition 2.3 (Lfg(sz) space generated by GMC djuig). Let B € (0, +/d). The space Lg(Q) =
L3(, P, Faug) generated by the GMC measure dug is the closed linear space spanned by
random variables of the form

/go(z)du,g(z), @ € C®(TY). (2.5)
']I‘d

In order to characterize the random variables Z € L% (£2) and define the S-transform at Xg(s),
we introduce the operator acting on sufficiently regular functions ¢ : T¢ — R

Gé(2) = Gad(2) : = / exp(@E[X ()X (1)) () dy
Td

= / |z — ylgae*E b (y)dy, (2.6)
Td

where « € (0,d) and X is a log-correlated Gaussian field as in Definition 2.1. The motivation
for the operator stems from the fact that for random variables Z; = de ¢1(z)dug(z) and Zp =
de ¢2(2)d g (z), we can (again formally) compute the covariance and get

E[Z1Z,]=E /¢1(Z)dﬂﬁ(2)/<p2(Z)dﬂﬂ(Z)
| T4 T

=k //9"1(z)qoz(y)eoxﬁ(”eoxﬂ(”dydz
| Td T4

=//<P1 @@ (e’ ReN dydz
Td T4

=/¢1(Z)Gﬁ2<ﬂ2(z)dz
’]I‘d

= (o1, G,SNPZ)LZ(’JI‘d)-

10
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As in [1], our characterization is based on the bijectivity properties of the operator G, that we
study next. We begin with the following simple lemma that eventually provides the required
decay of the Fourier coefficients.

Lemma 2.4. For a € (0,d) and a symmetric function ¢ € C3° (R?Y with ¢ (0) > 0, let h : R —
R be given by h(x) = ¢ (x)|x|~%. Define the Fourier transform of h by

hE) = /h(x)e—"é'xczx.
]Rd

Then there exists constants ¢, C, and K such that, for all |§€| > K, we have
clgl*~! <h (&) < Clg[*.

Proof. Throughout the proof, we denote by K’ any generic constant that may change from line
to line. We first observe that / is a continuous function. Hence it suffices to prove that there exists
C’ > 0 such that

lim |§[4"%R(g)=C".
[&]—00

By convolution theorem we have ﬁ(é}) =K’ (a* |- |"‘_d) (&). Set R = /|| > 1. We split the
integral over the whole space in the following way:

17 (Fx1-17) @ = [ Boer s i ay
R

_ / FOIEI e — y1etdy

Br(0)

N / PIEI=1E — y*~ddy
BL(O)N{ly—¢£[>£1/2}

+ / BIENE — ylddy.

BRO)N{ly—¢§|<|&1/2}

As ¢ is a smooth function, it holds that |$(y)| <| y| =¥ for any natural number k. We apply this
to the second and third terms above. For the second term we obtain, since |y — &| > |£]/2,

d(IEI g — y|*~ddy
BRO)N{|ly—&|>1£1/2}

1 .
520(—_[1 / [yl kdy
ly|>R

11
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< R—k+1

that converges to zero for k > 1 and since R = \/|§] — oo. Similarly for the third term, since
now [p()| S IyI7F S 1€,

d(MIEI4E — y|*4dy
BR(O)N{|ly—&|<|&]/2}

< || ke / € — y|*~%dy
B%(0)N{ly—&|<I|&1/2}

—k+d
SIEITHF
that converges to zero for k > d. For the remaining term, we first note that on Bg(0) we have
d— —d
197" —y|" < K’

for some constant K’ > 0, sin/ge ly —&|~ |&| (as |y| < R = /|&]). Hence we apply the Domi-
nated Converge Theorem (as ¢ is integrable) to get

dim [ Flel e~y ldy = [ Gy = @np©) >0,
Bg(0) R4

which establishes the result. O

Lemma 2.5. There exist constants ¢ and C such that the Fourier coefficients of the kernel H, =
e8| x| 3% with h € C*°(T9) satisfy

c(n)*~4 < Hy(n) < C(n)*~4 2.7)
foralln ez

Proof. Recall that our field is given by
X =Y e 2.8)
y) = Y e .
n

which has the covariance (see e.g. [35])

R(y —2) =Cov(X(¥), X(2)) = —log|y — z|Ta + g(y — 2),

where g € C*® (Td). In other words, we are computing the Fourier coefficients of Hy(x) =
e“R™) Note also that it suffices to prove that the coefficients are strictly positive and that (2.7)
holds for large enough |n| > Ny. We begin by showing that the coefficients are strictly positive.
Note that it follows from (2.8) that R has Fourier coefficients

12
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R(n)=(n)™*
Now
o0 ak
R(x) _ @k
e _Z a0 R*(x)
k=0
and hence
o0 (Xk
T (n) — Y ok
Ha(n)_kz6 7 RE0).

Now by the convolution theorem and the fact ﬁ(n) > 0 for each n € Z4, we obtain }/LI;(n) > 0.
It remains to prove that lower and upper bounds in (2.7) hold for large enough |r|. To this end,
by identifying H, with a periodic function on R¢, we note that decay of the Fourier coefficients
is determined by the singularity |x |$. Namely, write

x| 3o e = o1 () x| + pa(x),

where p1, p2 € C*(T?) and p; satisfies p; (0) > 0 and supp(p;) C B (0, %) The Fourier coeffi-
cients of p, decay rapidly. In turn, by interpreting the first term as a function in R¥ it is enough
to consider its Fourier transform evaluated at points £ = n € Z?. Now the result follows from
Lemma 2.4. This completes the proof. O

Lemma 2.6. Let s € R. Then the mapping G, given in (2.6) extends to a bijective map

Ga . WY"FUl—d,Z(’]I‘d) — Wv,2(Td)'

Proof. Lets € R. Since G,u = Hy *u is a convolution operator with kernel H,, we have, thanks
to convolution theorem and Lemma 2.5, that

1Gaull}s= > [Gaum))(n)*

neZd

= Y [Ha(mPLam)1* ()

neZd

~ Z [ﬁ(n)]2<n>2$‘+20(72d

neZd

2
= ”M”s+a—d,2'

This shows that G, : WST*=4:2(T4) s W2(T9) is bounded and lower bounded. Since the
image is obviously dense, it is actually an isomorphism. This completes the proof. O

13
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Now that the mapping properties of the operator G, are established, we can characterize
random variables in the subspace L%(S2) and define the S-transforms, similar to [1]. While the
proofs are analogous to the ones presented in [1], for the reader’s convenience we present the key
steps.

Corollary 2.7. Let 8 € (0, v/d) and suppose Z € L%(Q). Then Z has the form

Z= / 0(@)dis(2), 29
Td

2
for some ¢ € W6:2(T4), where sg= d_zﬂ .

Proof. For Z = [1. ¢(z)dup(z) with ¢ € C*°(T?) we have

E[Z%] = / / 9()e(y) exp(B*E[X (»)X (2)])dydz
Td T4d

— ~ lloli2
—/w(z)Gﬂzw(z)dz~ el 552 a
T4

by Lemma 2.6. The claim now follows by taking the closure in L?(Q). O

Remark 2.8. The integral in (2.9) is understood as the limit in L2(2) when pe WS 2(T9y is
approximated with a sequence ¢, € C>(T?), and our computation above shows that this limit
is independent of the sequence ¢, .

Let us next recall that the concept of S-transform of Z € L?() evaluated at a centered Gaus-
sian random variable 4 is given by

(SZ)(h) =E [ZeOh] : (2.10)
where

2
e h—EI2/2]

is again the Wick exponential. It is well-known that S-transform characterizes the random vari-
ables in the L?($2) space of random variables measurable with respect to the sigma-algebra
generated by the Gaussian random variables. Indeed, this follows from the fact that such space is
spanned by the Wick exponentials ¢°”, see e.g. [22]. Moreover, the S-transform can be general-
ized to random elements in the so-called Hida space, in which one can also define the so-called
Wick product through the identity

(S(ZoY))(h)=(SZ)(h) - (SY)(h), (2.11)
see [25] for details.

14
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For our purposes, we follow the ideas of our previous article [1] and define the concept of S-
transform also at evaluation points X g(z), characterized by projections onto the subspace L% ().
After that, we can define the Wick product and our solution through identity (2.11). Indeed, an
element V € L%(Q) can be expressed as pg(y) = de Y (2)dug(z), where ¥ € W—s6-2(T9)

2
with sg = %, a formal computation gives, for any Z € L*(2), that

E[Zug(¥)]1=E / V() Ze®XFPDdz | = / V(2)(SZ)(Xp(2))dz.
T4 T4

Note also that the mapping ¥ +— E[Zug(y)] is a continuous functional on W ™% 2(T%). Hence,
by duality, there exists t € W-2(T¢) such that

E[Zuﬁ(lﬁ)]=/¢(z)t(z)dz.
Td

This leads to the following definition.

2
Definition 2.9 (S-transform in L%(Q)). Let Z € L%(2) and set sg= d_zﬁ . For z € T4 we iden-

tify (SZ)(Xg(z)) as the (unique) element of W98-2(T9) defined through duality

E[Zug()]= / V(2)(SZ)(Xp(2))dz
D

for all jup(¥) = [a ¥ (2D)dpp(2) € LE(R).

Remark 2.10. Note that we have defined (SZ)(Xg(z)) as a function in W3s-2(T4), defined for
almost all z € T?.

Our next result shows how S-transform is linked to the projections into L% (2) (cf. [1, Lemma
5.9)).

Lemma 2.11. Let Z € L*(2) with a decomposition Z = Zg+Zy, where Zg = de p(s)dupg(s) €
L%(Q) is the orthogonal projection onto the subspace L%(Q) C L3(Q). Then we have

(SZp)(Xp(2)) = (G p29) (2)
and
(SZ)(Xp(2)) =0.

Proof. The claim (SZ %)(X g(2)) = 0 follows immediately from Definition 2.9 by observing that
then

15
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/w(z)(Sng)(X,s(z))dz =0 V¢ e WSH2(TY.
Td

For Zg, obtain that

B1Zsp 01 =E| [ [v@e0dns@aus | = [0 (Gp0) @1tz
Td

Td Td
where now, by Lemma 2.6, (G ﬁz(p) (z) € W2(T9). This completes the proof. O
For the proof of the next lemma, see [1, Proof of Lemma 5.10].

Lemma 2.12. The S-transform at points Xpg(z) determines random variables Z € L%(Q)
uniquely.

We end this section by the following result allowing us to compute projections of random
variables in L/zg (Td) into L2,(Td). For an analogous result in the univariate setting, see [1,
Proposition 5.11].

Proposition 2.13. Ler 8, 8’ € (0, /d) and let

Z= / 9(2)dpp(2) € Ly(Q)
'][‘d

d—p?
for some o € W™—2 2(T%). Denote the projection of Z into the subspace L%,(Q) by

Zy = /(ﬂﬁ/(Z)dﬂﬁ/(Z)~
Td

d— /3/ 2
The function pgr € W~ 4 2(T?) solves Gppo=Gpgrep.

Proof. Let Z = [p.@(2)dupg(z) € L%(Q) and pup(y) = [pa ¥ (@)dug(2) € Lg,(g) be a
test random variable. It is enough to check that E[Zg ug(¥)] = E[Zug(y)] for each v €

_d=@? 5 4
w 2 “(T%). Here we have

Td

Similarly, Definition 2.9 yields

E[Zpus(¥)] = / FO(SZ) (X (2))dz
’]I‘d

16
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(g2
for (§2)(Xp(2)) € Wd i *Z(Td) while formal computations as above gives, assuming (2.13)

is true,

E[Zpg(¥)]= / V(2)Gppo(z)dz, (2.12)
Td

_(? g2
where € W‘d 4 2(T4) and (XS W_%’Z(Td). We claim that indeed

d—(gH?
2

Gppo(x) e W 2(TY. (2.13)

Using (2.13), we see that (2.12) follows, since from Definition 2.9, the uniqueness of the S-

d—(p' 2
transform gives (SZ)(Xg/(z)) = Gpgpg¢(z). Now Lemma 2.6 gives that G(ﬁ/)z W (ﬁg) *2(Td)

(g2
— WSS 2(T9) is invertible and hence E[Zgp(¥)] = E[Zup(¥)] holds if and only

if Gggop = G(ﬁ/)zgoﬁ/. For the claim (2.13) note that, by Lemma 2.6, we have Ggg :

'—d2md 20md : : _d _ B
WSthP (T*) — W**(T?) for any s € R. In particular, this holds for s = § — 5~

Q_M_Hglg/ 2 ,md d_ B 2 md .
2 (T4 - W27 22(T%). Now (2.13) follows by noting that

yielding Ggg : W2
_d-p* d ,4,&4,/3/3/2 dy .-
W2 (T cCcw 272 “(T*) since
d B ., _ d-—p
- < —
2 2 AP = 2

for arbitrary B, 8’ € R. Hence, (2.13) is proved. O
3. Main result

In this section, we first present a heuristic computation which motivates the definition of the
solution of our problem. Indeed, consider formally the stochastic PDE

—V . (TP o VU) =V - (e°TXP) 6 F), inTY G
vy U(y)is Td-periodic, '

where Xg is the log-correlated Gaussian field with scaling parameter 8 < Vd, and F =
(F1, ..., Fy) is arandom element with real-valued random variables as its components.

Now fix y € T4, and take the S-transform of (3.1) on Gaussian Z, which does not depend on
y. Hence the equation becomes, using Fubini’s Theorem and S(X ¢ Y)(Z) = (SX)(Z2) - (SY)(Z),

—V - ($e°TXBD(Z) . (SVUMN(Z)) =V - ((Se* XMy (Z) - (SF())(Z)  (3.2)
Now, recall that since

OXHY) _ ,—EXY j0X of

bl

and therefore (Se®(=Xs0M)y(Z) = e‘E[Xﬁ(y)Z], so that (3.2) becomes

17
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—V - (e B2l (svU (1))(2)) = V - (e EXs D21 (5F(y))(2)).
Now, choosing Z = Xg(z), for fixed z € T4 , this becomes
—V (e PPRODYY(y: 2) = V- (e B RODE(y: 7)), (3.3)

where we have denoted R(y;z) := E[X(y)X(2)], and u(y;z) = (SU()(X(2))) =
E[U (y)e®*s@], which is well-defined by Definition 2.9, and f(y; z) = (SF())(X(2)).

Hence, we see that the problem in (3.1) has a deterministic counterpart on the S-transform
side, parameterized by z, given by

—V - (w(y; D) Vu(y; 2) =V - (w(y; Df(y; 2)), in TY

34
y = u(y; z) is T¢-periodic,

where

2 22 (v
we(y)i=w(yie) =y — 2l e E0

with g smooth and bounded.

Definition 3.1. We say that (3.4) is solvable if, for a fixed z € T, there exists a unique (up to
constant) function u(-; z) € WI’Z(T‘J; w;), where W]’Z(Td; w,) denotes the weighted Sobolev
space (see (1.8)), that satisfies (3.4).

Based on the previous computation, we consider solutions of (3.1) in the following way:

Definition 3.2. Let Xg be a log-correlated Gaussian field with scaling parameter 0 < 8 < Vd.
Assume that f(y; z) = (f1(y; 2),..., fa(y; 2)) satisfies, for every z € T4 and j=1,....,d,
fits2) e L*(T%). We say that (3.1) is solvable in the space L%(Q), whenever the solution of the

S-transformed, deterministic PDE, for all z € T4 R

—Vy - (w(y; D) Vyu(y; 2)) = Vy - (w(y; 2)f(y; 7)), inT¢

d (3.5)
y > u(y; z) is T“-periodic,

satisfies, for any fixed y € T, u(y; ) € W*-2(T9).

We note the asymmetric role of the variables y and z above in Definition 3.2; while the equa-
tion, parameterized by z, contains derivatives only in the y-variable, in order to guarantee the
existence of the inverse ngl u, one needs regularity from u in the z-variable, see Lemma 2.6.

We note that unpacking the definitions of the space L%(Q), the S-transform, and the operator
G in Definitions 2.3 and 2.9 and equation (2.6) respectively, Definition 3.2 yields us a represen-
tation of the solution as

U(y)=/G/;lu(y;z))duﬂ(z)=/<p(y;z)duﬁ(1), xeT?
'][‘11 ']I‘cl
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2
where ¢ € W—62(T?), with sg = daﬁ ,and dug is a Gaussian multiplicative chaos measure

with parameter 8 < +/d. Moreover, Lemma 2.12 guarantees uniqueness in this representation
class — although we remark that we have uniqueness only in the subspace L%(Q), not in the

entirety of the ambient space L?(£2).
Next, we state our main result concerning the solvability of the periodic problem in (3.1):

Theorem 3.3. Let Xg be a log-correlated Gaussian field with scaling parameter 0 < B < Vd,
and let ¥ € (L2 ()" with £(y; 2) := (SF(»))(X4(2)) satisfying

o] AQ)
Do IO e, g ma,y) < 0O
0<la;+az|<[

for some g >2d —eand p > d/y, where y =y (B,d,q) € (0,1) and e =(B,d) > 0.
Then the problem (3.1) admits a solution in the sense of Definition 3.2. In particular, there

exists a function 7 — ¢(y; 7) = (G;zlu(y; N(z) € W8:2(T4) with sg = d;ﬁZ such that

U()’)Z/‘P(y;z)d,uﬁ(z), yeT.
T4

Above dug is a Gaussian multiplicative chaos measure with parameter .

Remark 3.4. Before giving the proof of Theorem 3.3, we make some remarks on the right-hand
side f:

e In the simple case when F is deterministic (hence f is independent of the z-variable) and has
sufficient regularity in the y-variable, the theorem guarantees the existence of a solution.
d
e More generally, consider now some non-deterministic F, which belongs to (L% (Q)) (orits
orthogonal projection), that is, F is of the form

F(y) = /w(y,z)du,s(z),

’I[‘d

for some function ¢(y,-) € (W”'Z(Td))d. Hence (SF)(Xp(2)) = Gpa2(p(y,-))(z), which

has mapping properties to (WV’z(Td))d given by Lemma 2.6. Hence provided sufficient
regularity in both y- and z-variables for ¢(y, z), the theorem guarantees the existence of a
solution.

Proof of Theorem 3.3. We start by noting that it is a general fact of weighted degenerate el-
liptic partial differential equations that (3.5) admits a solution u in the weighted Sobolev space
WL2(T4: w,), where w(y;z) = |y — zlﬁze_ﬁzg(y_” [8, Theorem 2.2.]. In order for u to sat-

isfy Definition 3.2, we need sufficient regularity for u in the z-variable. Indeed, we show that

2
2 u(y; z) € W-2(T9) uniformly in y, where sg = %, and then invert via the operator G

in Lemma 2.6.
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By Theorem 4.1 below we have that z > u(y; z) € W%/%2(T¢) uniformly in y. Recall that
the space W4/22(T4) embeds into W-2(T9) continuously (see, for example [40, Theorem 1,
p- 82]). By Lemma 2.6 the operator G g2 is a bijection between W—62(T%) and W*#-2(T?), and
therefore there exists a unique element ¢ of W—6-2(T9) such that (G;zlu(y; N() = @(y; z) for

all y e T4: and hence

Uly)= /fﬂ(y; 2)dup(z), yeT?
Td

is a solution of (3.1), where dug is the GMC measure with parameter 8 < \/E on T¢. Finally,
uniqueness of the solution in the space L%(Q) is immediate from the bijectivity of Gg2. This
completes the proof. 0O

4. Regularity of solutions of the deterministic PDE

In this section, we prove the required regularity result for the deterministic equation, The-
orem 4.1, used in the proof of our main result. Unless stated otherwise, throughout we let
w,(-) := w(-; z) denote a periodic function in T that can be written as w(x;z) = w(x — 2)
forx,z e T4, satisfying w(x) ~ leﬂ2 for x € T4, for some 0 < ,32 < d. In particular, this is the
case for the weight w,(y) = |y — z|ﬁ2e’ﬂzg(y’1). Here and in the sequel, we identify T¢ with
[—1, 1]¢ with periodic boundary conditions. As our distance we use the distance introduced in
Section 1.2, that behaves as Euclidean distance on small scales. As in what follows we are es-
sentially interested only in local behavior around the singular pole, for notational simplicity we
work only with the Euclidean distance.

We first remark that the weight w = |x|/32 is a Muckenhoupt-A; (see [8] and Appendix A).
Specifically the estimate

PN /"_ld _ 1
sup — wax |\ —— w X | =
B IBIB IBIB d? — p*

holds true, where the supremum is taken over all Euclidean balls. Although we will not use this
form of the estimate, it is worth noting that @ is a Muckenhoupt-A, exactly when 82 < d. Let
As(w) denote the Aj constant (see [8]). Then from the above estimate we obtain A, (w) < dgi’%ﬂ .

Let next z € T¢ be fixed and recall that the weighted Sobolev space W7 (2; w;) for 1 <
p < o0 is given by the completion of C*°(£2) under

leellwm.p(@;w,) = lullLr@w,) + Z 105 ull Lr (Q;w,)-

I<lar|=m

In the sequel, we use notation dv, = w(x; z)dx and if there is no danger of confusion, we will
suppress the z and write simply w or dv instead.

For our proofs, we also define the Euclidean balls with center at x as B, (x) :={y € R
|y — x| <r}, and B, := B,(0) for short. Finally, for an A, weight w we define the mass of a set
EcR4asw(E) = fE w(x)dx. The weighted normalized norms for balls B, (x) C T4 as
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1
P

et womr (g, oy = D ][Iaaul”dvz ,

0<|a|<m L (x)
where the average in the integral is with respect to the measure dv,. The norm L? is defined
similarly.

Our main result of this section is the following regularity result.

Theorem 4.1. Let u(-; z) € H(T%; w) be a weak solution to the equation

—V-(w()Vu;2)=V-(w(f(;2), inT9,
Jpa u(x; 2)dx =0,

for every z € T4, Then, there exists € = (B, d) > 0 such that if

ay o
D 0O pa g mang) < 0O
O=lert e < 441 |

forqg>?2d—¢cand p>d/y wherey =y (B,d,q) € (0,1). Then

u(x;-) € HY2(TY), 4.1
uniformly in x.
We will prove this theorem by using regularity theory for weighted equations, see [7,8], which
we record in the next subsection.

Note that from w € L®(T?), it follows that W?/2:4(T; dx) c W/24(T4; w) by basic esti-
mates as in [15, Lemma 1.13].

4.1. Basic regularity and Green function bounds

Lemma 4.2. Let w be an A, weight and let u € Hl(Bl; w) be a weak solution in By of

—V - (wVu) =V - (wf).

There exists € = £(A2(w)) > 0 such that if f € L4(B1,R4; w) for g > 2d — ¢, then u is Holder
continuous. Specifically, for o < 1 there exists a constant C = C(A2(w), d) > 1 and an exponent
a=a(Ax(w),d) € (0, 1) such that

oscp, U
sup | + — 3 = € (1l 2y + WL By ) - 4.2)
B, -

Furthermore, it holds
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][|W|2dv§g2“—2 ||f||%q(3|;w)+][|Vu|2dv , (4.3)
B, B,

where dv = wdx.
Proof. In the following we assume without loss of generality that | B, udv = 0, and we note that
estimate (4.2) is just [8, Theorem 2.3.15].

To prove (4.3), note that (4.2) and the weighted Poincaré inequality, see [8], gives that for
|x| < 1/2 we have

lu(x) — M(O)|2 < |x|2a (”u”iz(B];w) + ||f||iq(31;w)>
SR (19002 gy + 00 50) (“4)

Now take a cutoff function xp, < ¢ < xp,, with |[V¢| < é, and test the equation with ¥ =
(u(x) — u(0))¢p>. We get

2/Vu-V¢-¢(u(x)—u(O))dv+/|Vu|2¢2dv
zz/f.v¢.¢(u(x)—u(O))dv+/f.w¢2dv.

Using Young’s inequality for products, we get the classical Caccioppoli estimate

/ VuP¢?dv < / 1202 + / Vo2 (x) — u(0))2dv.
Now

Sup, ¢, |u(x) —u(0)[?
/|u(x>—u(0>|2|V¢|2dv§ P s w(Bay),

and, using Holder’s inequality,

-2
/|f|2dv§w(Bg)qT /|f|‘1dv
BQ

Bo

2/q

Consequently,

2 u_l
[Vu|=dv Sw(Bpg) 4
BQ

2/q 5
sup lu(x) —u(0)]
/|f|qdv e .
0
By,
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Finally, by (4.4) there exists another y =y (A2(w), d) € (0, 1) such that

][|Vu|2dl) §Q2V—2 "f“%q(Bl;w) +][|Vu|2dl)
B, By

This completes the proof. O

If we already know a bound on the ||f]| 2 By:w) NOTM in terms of powers of o, we can bypass
the L9 norm, and obtain the same regularity as in Lemma 4.2:

Lemma 4.3. Let w be an A, weight and let u € H' (By; w) be a weak solution to
V- (wVu) =V - (wf) 4.5)

in By. Forall p <1, let f € L>(B1, RY; w) satisfy the growth estimate

][ If2dv < Mo?" 2 ][ If)?dv (4.6)
B, B

for some exponent y =y (Az(w), d) € (0, 1) and dv = wdx. Then there exists an exponent y =
Y (Ax(w),d,y) € (0,1) and a constant C = (Ay(w), d, y) > 1 such that

7[ |Vu|2dv < Co¥ 2 7[ |Vu2dv + M][ If12dv
B, By By

Proof. Let o < R <1 and construct the comparison solution v that solves

V.- (wVv)=0, in Bg.
v=u, 0Bg.

Denote % = u — v. Then % solves (4.5) with % € HO1 (Bg; w); thus we can test (4.5) with u itself,
which gives after applying Young’s inequality together with the Poincaré inequality, that

/|vﬁ|2du§/|f|2dv.
Br Br

Also, by direct computation and applying Lemma 4.2 we get

/|Vu|2dv§/|Vv|2dv+/|V7i|2dv
B, B, By
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B
< w( Q) /|Vv|2dv+/|Vu|2dv
w(BR)
B 2002
< W 9) /|vu|2du+/|f|2dv
w(BR)

Now by (4.6) we have by a standard iteration inequality, see for instance [14, Lemma 3.4], that
' 2a-2 _
][ IVul2dv < (%) ][ \Vul?dv + 022 M ][ If12dv,
B, Br Bp
which completes the proof. O

We finally end with a regularity result for the polynomially bounded weight w, away from the
pole z. We will later use this to derive bounds for the Green function for polynomially weighted
equations.

Lemma 4.4. Let z* € RY, x* e R4\ {z*}, and let

_ min(jx* — 2%, 1)

4.7
16 4.7)
For w«(x) = |x — z*|’32, let u € H'(Bg, (x*); w,+) be a solution of
V- (wsxVu)=0 in Bg (x™).

Then there exists a constant C (8, d) < oo such that

sup |Vu(x)| < Cr~'inf ][ lu —al*dv,«. (4.8)

By (x*) “
Bgy (x*)

Proof. Since for any y € Bg,(x*) we have |y — z*| > 8r, it follows that, foranyi =1, ..., d and
for w = W , we have

sup w <C(B), and, sup |9y, w|<ﬁ

Bg, (x*) Bg, (x*)

As such, v = u — a solves the equation V - (WVv) = 0, where the coefficient w is Lipschitz
continuous with Lipschitz constant C/r and w > 1. Now the regularity theory for such equations,
see display (3.17) in [14], implies that

1
sup |Vu| < - ][ v2dv.,
XEB,(x*) r

Bg, (x*)

proving the claim. O
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Lemma 4.5. There exists a periodic Green function (x,y,z) — G(x,y;z) solving, for every
2,y € T, the equation

—V-w(;2)VG(,y;2)=6(—y) — in T4,

1
de dz
4.9)
/G(x, y;2)dx =0.

Td
Moreover, the Green function is symmetric in the first two variables, that is, for every x,y,z €
T¢,

Gx,y;20)=G(y,x;2). (4.10)

Furthermore, there exists a constant C (8, d) < oo such that, for every x,y, z € T4, it holds for
i =0,1 that

_ B2 _
(x—zIVIy—zDPlx —y>?, d>2,

iy “4.11)
(x—zlviy—zD P log S, d=2.

(x =yl Aly =2D)' IV, Glx, y: )| S <

Proof. It is clear from basic existence theory that for periodic f, the following problem has a
unique periodic solution (with de udy =0)

LV Viy = f — / fdy.
Td

Now, we can represent the map f — u via an integral kernel (see [7,11]), i.e.
M(X;z)=/G(x,y;z)f(y)dy~
']I‘d
It can be shown using standard methods (see [7,11]) that such G is unique, periodic, and satisfies
4.9).

For the rest of the proof, denote Gper the periodic Green function and let Gy be the Green
function for the unit ball By = X. Let y € By, and denote u; = Gper(-, y; 2) — Gx(-, y; 2), then

=V.-(w(;2)Vuy)=-1, inZ,
uz; = Gper(+, ¥ 2), on dX.

By the maximum principle (see [8, Theorem 2.2.3]) we know that
luz] < C +sup Gper(+, y; 2)-
EDS)

Next, by compactness we know that the right-hand side is bounded by a constant C(d, §8),
i.e. lu;| < C in X. Hence, it suffices to bound Gy from above.
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By [7, Theorem 3.3] we have that

1
Gz(x,y;z)sC/

lx—yl

-
w(B,(x); z) ar

By symmetry, we may assume that |y — x| < |z — x|. First, we have the lower bound

1
w(B(¥);2) = & / ly— 2B dy>C@rvix—z)f'rd
By (x)

from which we deduce that

1

/ _ dr
w(B(x);2)

[x=yl
1

d
<C / P2y =2l S
.

[x=yl
[x—ylV]x—z| 1
g2 _dr g2 dr
<Clx—z|™* / rrd—4cC / p2md=p
r r
lx—yl [x—ylV]x—z|

The first integral admits the estimate

le—ylvix—z] _ .

’ dr =y X xmapm ey ifd > 2,
rl—<c lx—ylvix—z] ~

Xy ' log (#5245 ifd=2

and the second (since d > 2 and ,32 > 0)

1
2 dr 2
y2-d=p — =Clx=ylv lx—z)* 4P
[x—y|V|x—z|

By |y — z| < |x — z| we see that |[x — y| <2|x — z|, and hence for d > 2 we have

1
r 2 2
—————dr Sl — 2 =y g
‘ / w(Br(x);z)
xX—y

_g _
She =2 e =y
In the case d =2 we get (since [x — z| < C)
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1

r g2 |x —z| iy
—————dr <lx — 7| p log +|x—z|7F
/ w(B,(x);2) lx — yl
[x—yl
Xx—z
§|x—z|_ﬂ210g!§|x—z|_’5210g .
lx — yl lx — yl

This proves (4.11) in the case i =0, as x,y,z € T and we know that the right-hand side is
bounded from below. Thus, we can dispense with the additive constant in passing from Gy to
Gper by simply choosing C large enough.

To prove the gradient estimate we first consider the fact that if we are away from the diagonal,
i.e. x #ythen v(-) = Gx(-, y; z) solves

V.- (w,Vv) =0.
As such Lemma 4.4 implies that whenever |x — y| A |y — z| > 160 we get
1/2
V,Gstroyia sy | wome e [ Grwyiain)
’ T T o | w(B();2) e ¢
Bo(y)

Assembling the estimates, as ¢ < 1, we obtain

1
IVyGs(x,y: 2| S EGE(X’ ¥ 2),

and we complete the proof by arguing as for G, above and then applying (4.11) fori =0. O
4.2. Proof of Theorem 4.1

Fix x*, z* € T< such that x* = z*, and let r = min (Jx* — z*|, 1) /16.% In the sequel, we use
wzx and u+ to denote functions w(-; z*) and u(-; z*) whenever confusion cannot arise.

Formally, one could differentiate u with respect to z leading to a new equation and then try to
derive L°° bounds for the solution. However, then the right-hand side would contain 9, w which
is not in Lz(w). To overcome this, we first shift the pole, and then derive a corrector expansion
and L bounds for the correctors. The proof is divided into four steps. In the step 1, we shift
the pole, while the corrector expansion is derived in step 2. Correctors in the expansion are then
estimated in step 3, and in step 4 we conclude the proof.

Step 1. Shifting the pole: We introduce the following shift transformation (i.e. change of coordi-
nates): Let @, (x) = x + n(x—z*)h, where xp, <n < xp, with ||an||LOC(Rd) < Crr=k. Note
that if |i| < cr for small constant ¢, then @+ is actually a diffeomorphism.

2 Note that as we work on T4 the distance |x* — z*| is always bounded and hence the minimum with 1 is not required.
For the reader’s convenience, we have taken the minimum with 1 to emphasize that we are interested in the small scales
proportional to |x* — z*|.
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Next we observe that since w(x; z) = w(x — z), we also have w(x + h;z + h) = w(x; 2),
which will be useful later. Ultimately, we will establish an expansion of the form

W@ ()2 —u(@s () +h) = Y v 2R o),
1<|a|<d/2

for x € (Bar(z*))€ and v® (x*; 7%) = 0%u(x*; z*). Then we establish L° bounds for the correc-

tors v® and this will give us the desired regularity for  in terms of z.
By the definition of u(x; z), we have for any ¢ € C>®(T?) that

/w(x; ;2 Ve (x)dx = / wx; 25 +h)Vu(x; 25 +h) - Vo (x)dx.

Td Td
To proceed, denote first W := w(D«(-); z*+ h), = u(D+(-); z* + h) and f:= F(D(); ¥+
h). Considering the change of variables (for 4 small enough) x = ®,(y), then dx =

|detVd «(y)|dy and if we denote a(y) = ¢(P,+(y)), then substituting u(x;z* + h) =
i[(cb;} (x)) we have that

/ WD (0); 2* + W[(VO)TVya(y; 2 + )] - [(VO) T Vyp(0)] I det( VD () |dy
']I‘d

= / BVD) (VD) T |det(VD- ()| Vi - Vpdy.
T4

Thus, we see that & solves the equation
—V - (@(VP) T (VD) T det(VD,+ ())|VE) = V - (| det(VD ()| D(Vd ) '),
and we get
—V.-@VIE=V-aVi+ V- (|det(VD+ ()| D(VD.) '),
where
a=D0) (VO ()™ (VO () det(Ve: ()] — L)
Note that a =0 in B,(z*). Now this equation together with the equation for u,

=V (wprV@ —up)) ==V - (wekx) = V- (weVir)
=V (@ —w)Vid) + V-aVa + V - (wD)
=V (wpbV@ —u)) + V- (wpbVuy) + V- (wf), (4.12)

where the matrix b is defined as
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W W
and

wof = | det(VD,+ () D(VD) T — wefye.
Here b is as smooth as the correlation function. Indeed,

W)  w—z*— (1 —-nh)
wx;z¥) w(x—z*)

)

so that in B, (z*) we have that W/w,+ = 1, and hence b =0 in B, (z*). Next observe that by our

assumptions on w we have
—~ B2
wo o (rt A
wx;z") T\

which immediately gives the bounds

'% - 1‘ S (1 1h1/P = 1= B2(h1/r) + o(lhl/r)
and
(Vo ) (VO ()T etV ()] = Ia )| < el
Hence, we have
[b| <c|h|/r. (4.13)
Thus, b/|k| is bounded, and we can choose |i| < r/c such that [b| < 1/2.

Step 2. Corrector expansion: In this step we derive the expansions.
First, note that for any function i, denoting v =% — u+ — @ and using (4.12), we obtain

—V - (0 V) = V- (wbVv) + V - (wsbVuge) + V- (wyr (1 4+ b)Vii) + V - (w+).
After rearrangement, this gives
—V - (W (1 +D)V0) =V - (wsbViuy) + V- (s (1 +b)Vit) + V- (wh).  (4.14)

Now let us define the expansions (in the variable &, and for any m € N) for the involved terms:
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vp=t—uzx— Yy V@ b= Y EDR + xp, ok
1<|a|<m 1<la|=m

f= ) FO+ Egp.

I<|a|<m

(4.15)

where small-o notation o(|/|™) means that the remainder term may depend on r. The error term
E¢ » satisfies for g given in the statement of Theorem 4.1,

||Ef,m||Lq(']1‘d;wZ*) =o(|h|™),

which again may depend on r. Furthermore, using the calculations below (4.12) and some ele-
mentary computations we obtain bounds for the coefficients in the expansions, namely

1
|8(a)| S |xfz*||a\XB;"(Z*)

_ 4.16
IF N oy Sr™ > 108D aany. 1O

0=l +on| <|e|

and the implied constants are independent of & and r.

As the expansion of v, above is formal, in the following we will define the functions v® so
that we will have v,, = o(|k|™) in L°°. Here we have, for the sake of simplicity in the notation,
omitted the division by a! (Taylor expansions can be recovered simply by multiplying with a!).
Note also that by (4.13), we do not have a zero order term in the expansion of b or f.

Now, by using the definition of v,,, we get from (4.14) that

—V - (wer(1+D)Vu,) = V- (webVug) + Y V- (wz»«(l + b)w(“)) K 4V - (wh).
loe|<m
4.17)
Now we will define the functions v(® so that we have v,, = o(|k|™). To do this, we first expand
the right-hand side of (4.17) using the expansion in (4.15), leading to

—V (w1 +bD)Vo,) =V (we Y E@hVus)

I<|a|<m

+ 3V D waE@RH Ve | e

la|<m 1<|@|<m

+ Z 2 (wz*Vv(“)> h*

loe|<m

+ D0 Ve R+ (k™). (418)

1<|a|<m

Matching the powers of A% in the right-hand side of the above we get that the functions v®)
should solve
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—V-(wZ*Vv(“))=V~(wz*5(°‘)Vuz*)~l- > v-(wz*5<“2>w(“l>)+V~(wz*F(°‘))

1<l la1|<m,
a1 toar=u

(4.19)
for 1 < |a| < m. We can now define the functions v*) inductively by solving (4.19) in T4 (with
periodic boundary conditions) for 1 < || < m, where we note that at each step the right-hand
side has the correct regularity to ensure solvability. This follows from (4.16), i.e. the expansion
coefficients £ vanish in B, (z*), and F@ e L4(T?; w,+). Now, inserting our definition of v(®
into (4.18) we get

—V (w1 +D)Vo) = > AV (0@ Vu)
m+1<|x|
+ Z ' (wZ*S@VU(“)) hote

I<|a|<m,1<[@|<m,
m+1<|a+al

+ Y ROV (waF®).

m+1<|a|

In order to show v,, = o(|h|™), it suffices to use Lemma 4.2 and note that the quantities £ @Yy,
E@Vy@ and F@ appearing on the right-hand side belong to L2¢~¢, which follows from
construction and the estimate (4.16) together with the assumption of the theorem.

Step 3. Local boundedness of the correctors: In this step we prove an L™ estimate for v(® . Recall
that v® for 1 < |a| < m solves (4.19). Here, as the right-hand side of (4.19) is the divergence of
a periodic function, we may represent v(® using the Green function. After integration by parts,
we obtain

v(a)(x*) = — /VyG(x*’ y: Z*) . (wz*g(a)VMZ*)dy
Td
_ Z VyG(x*, y; %) - (wz*g(“Z)Vv(“l)) dy

I=laal, || <m.py
o] toy=u

* / VyG(x*, y; 2wz (0 F X (y)dy
']I‘d
=L+ DL+
We estimate the terms one by one. For this, let us consider the rings A; = (Byj (x*) \

Byj-1,(x*)) \ By(z*) for j =0,..., jo, where Ag = B, (x*) \ B,(z*) = B, (x*), and 2/°r = C,
and note that £ = 0 on the ball B, (z*). Using Lemma 4.5 and (4.16) we have for d > 2 that

Jo
I = Z/VyG(x*, v;2%) - (wz*g(“)VuZ*)dy
J=04,
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- - B lx* — y2d|y — z*1B*|E@ vy .
<Z/(Ix ZIVIy =D =y Ty — 2PN Vul

* _ vyl Ay —
=7 (" = yIAly =2z*D)

<p- |“|/|x — " Vugldy + @70 '“'][Iwz*ldvz, (4.20)

j=1

where we have also taken advantage of the fact that on the sets A, j > 0 we are at a distance of
the order 2/r away from the pole z*, and hence jg?uuj = < C.
Let us begin by bounding the first term on the rlght, and for simplicity let us assume that

x* = 0. Alongside with Lemma 4.2, we obtain

/|y|1 Vit =3 [ v

B,k \By—k+1,

3 2 / Vuzeld
_ U+
~ LBy, \ Bytor, | @iy

By i, \By—i+1,

1/2

<Y R ][ Vg *dves
k

Bz—k,\Bz—k+] r

SR TR 2 oy
k

SrVIEC 29 om0 - (4.21)

Above, we use the fact that w,» is essentially constant on the annulus By, \ B,—«+1,. Repeating
a similar argument for the second term in (4.20) we get

> @it ][ \Vuzslweedy S r7 " NEC 2 o (rd; 0y (4.22)
Jj=1 Aj
Assembling (4.20)—(4.22) finally gives
LS NG 2 Lo ;e - (4.23)

Repeating a similar argument for /> we are led to estimate, for j = jo, jo — 1, ..., terms

][|Vv(°‘)|dvz*.
Aj

Since v solves (4.19) we get by testing with v®), Hélder’s inequality, (4.16), and an induction
argument that
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/|VU(a)|2dUZ*§/|5(a)|2|VuZ*|2de*+ Z |g(a2)|2|vv(a1)|2dvz*
T4 T4

Lo ot <mmpg
o] +oy=u

+ / |F Pdv,-
Td

ST DR (G TCE T (424)

0=<lori+az|<|e|

Applying Lemmas 4.2 and 4.3 and (4.16) and (4.24), and again using an induction argument we
get

f|Vv(°‘)|2de*§Q2y_2r_2|°‘| Do @D N iy, (429

B 0<le +az|<la|

Using (4.25) we can bound I, similarly as the term /; and obtain

BSCAaDr ™ IVull 2o+ D0 IOF D g,

0<lerj +az|<le|

Finally, for /3 it suffices to consider the integral over A = Bga, (x™) \ B, (z*). Outside Bes, (x™),
®.«(x) = x and no prefactors of the form ¢! appears in the integrals, furthermore there is
no singularity of the Greens function in this region. We would also like to point out that inside
B, (z*) we have ®_+(x) = x +h, and /w = 1 (see Step 2) and again no r~1*! prefactor appears.
In order to estimate the integral over A, we note that for ¢ > 2d — ¢, the conjugate p = qu
satisfies p < %, provided € < d, or equivalently, (1 —d) p +d > 0. Hence Holder’s inequality,
(4.16) for F© | and the pointwise bounds for VyG in Lemma 4.5 as in the case I gives

/ VyG(x*, y; 25w (0)F @ (y)dy
A
I/p

SIIJ-'(“’IILq(W;w,*> /WyG(X*,y;z*)l”wz*(y)dy

A
1/p
S plel Z (871 8226) (-; Z*)”L‘I(Td;wz*) /WyG(x*, y: 2P w.+ (y)dy ’
O0=<lorj 2| =|e| “
where
1/p 1/p
/IVyG(x*, v; 2P wex(y)dy < / ly — x*|1=Drgy < pl-dtd/p
A B, (x*)
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that leads to

BSrr=el Y @890 (5 2 (T

0<|a;+on|<|a|

Putting all this together, we finally arrive at the estimate

PO S Clahr?™ 3 @D 2 e (T

0<|a;+on|<|a]

This gives the required estimate in the case d > 2. For the case d = 2, by using the arguments
above we get the same estimates as in (4.20)— (4.22) and (4.25) except with an extra log(1/r)
factor. As such, we recover the same type of bound, namely

PO Clahr? 3 1O 00 (5 2 o (T,

0<|ory ten|<|e|

where now ¥ < y.

Step 4. Concluding the proof:
Putting together all the steps, we have proved that for z € T? \ By, (x), r = |x — z|/16 and
|h| <r/2,itholds

u; ) =uz+h+ Y v D +o(hl™).

I<|a|<m

This implies

10%u(x; 2)| =Iv® (x; 2)|a!

SO @D (5 ) sy lx — 271 (4.26)

0=<lor+az|<|e|
To complete the proof, note that if d is even we get immediately from (4.26) that
1/p

I Migarnay S Y. / 195 05283 DlIpa, g (a2
0<lor+aa|=d/2 \ g

for p > <, and the implied constant does not depend on x.
In the case that d is odd, we can use the Brezis-Mironescu [3] interpolation theorem to esti-
mate

1 1

e, N g < Cllux, )y e Ce, Dy, 2 (4.27)

d—1 2d_
2 d-1 2 d+1
To bound the terms on the right hand side of the above, we integrate (4.26) w.r.t. z to get that
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% < ap o d+1 (yf%)%
e, M50 20 S D) 18519282 D) g sy, 1¥ =21 dz.

W 2 cd+1(Td
(4 0<lory +az| < L d

Now using Holder’s inequality we get that for py > d+] it holds

2d 2d
T < o qoap.. P+ 3T
. Frwa S 2 / 18710228 2 (Tt 2

0<lo+oa|< L5l pa
where the implied constant is independent of x. This bounds the first term on the right hand side

of (4.27). Similar calculations give that for p_ > dz;yl it holds

p- d 1 . p d 1
e E g = >, 10510285 DN (42
O<\a1+a2|§%']rd

where again the implied constant is independent of x. This bounds the second term on the right
hand side of (4.27). Finally, if

Z o a2 (; Z)”L'I(Td ydz <0,

d+1
0=l +ez|[< Ll a

for some p > %, then the right hand side of (4.27) is finite. This concludes the proof of Theo-
rem4.1.

Appendix A. Muckenhoupt weights

Definition A.1. If 0 < w < 0o a.e., we say that w € A (i.e., belongs to the Muckenhoupt class
A1) if there exists a constant ¢(1, w) > 1 such that

][wdx <c(l, w)essBinfw
B

for every ball B € RY.
Furthermore, we say that w € A, 1 < p < oo if there exists a constant ¢(p, w) > 0 such that

][wdx <c(p,w) ][wl/(l_‘”) dx

B B

I-p

for every ball B € R¢.

We have that A C A,. If we A, and h e RY, a € R\ {0}, then w(-+ h) € A, and w(a-) €
Ap.
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Example A.2. For p > 1, we have that | - |° € Ay if and only if —d <8 <d(p — 1). Also, we
have that | - |‘S € Ay if and only if —d < § < 0. We refer to [42, Chapter IX, Proposition 3.2,
Corollary 4.4] for the well-known proofs.

Lemma A.3. Ler U C RY be an open bounded domain. Let B € (0, /d) and let
R(x;2) = 80D |x—g| FOWPQ 5 7 cRY,
where g € Cp(R? x R?), and where ¢ is a compactly supported smooth function such that xy» <
¢ < xy withU':={x €U : dist(x, dU) > ro}.
Then R(-; z) € A for any z € R,
Proof. Expand R as follows,
R(x:2) =exp(g(x.2) — B2(@ (1) — () (@) loglx—z| — B7¢* () log|x —z]).
Clearly, by translation invariance and Example A.2, x > exp(—B2¢?(z) log |x—z|) is an element

of A; for any z. By the Coifman-Rochberg characterization of Aj-weights [42, Chapter IX,
Theorem 3.4], it suffices to prove that

x> exp(g(x, 2) — B2 (P (x) — $(2))¢(2) log [x—z]) (A.T)

is bounded above and below away from zero. By the mean value theorem, there exists =6, ; €
(0, 1), such that

180, 2) = B2(@(x) — P () (2) log |x—z]|
<lglloc + Bllool V$ 0x + (1 — 0)2)|lx—z]| log [x—z]|

B2 Lip(¢)|x—z|[log|x—z||, if Ox+(1—0)zeU,

<
<llglle + 0, it Ox+(1—-0)zeRI\U.

However, |x—z||log|x—z||xv(@x + (1 — 6)z) is bounded as is U. Hence the factor (A.1) is
bounded from above and below away from zero. O

Corollary Ad4. Let n € C§° (R%), n >0, f]Rd n(x)dx = 1. Then the weight

x> (R(;2) xn)(x) = /R(x—y ;2n(y)dy
R4

belongs to the class A for any z.
Proof. By Lemma A.3, we may apply [24, Lemma 2.1]. O
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