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Keywords: A so-called hydrostatic-spectral-deviatoric decomposition is integrated into dynamic phase-field finite element
Phase-field fracture theory models to study its effectiveness in the prediction of crack paths and crack tip velocities in brittle materials
Dynamics under dynamic mixed-mode compressive loading conditions. The study focuses on dynamic experiments,

Mixed-mode fracture including drop tower tests conducted using gypsum plaster specimens with embedded flaws and holes. The

hydrostatic-spectral-deviatoric decomposition method enables a split in tensile and compressive strain energy
density contributions, crucial for capturing the complex fracture behavior in brittle materials under compressive
loads that traditional models struggle to simulate effectively. Numerical simulations were conducted in parallel
with experiments, utilizing a unified set of material parameters derived from prior work on the same material
under quasi-static conditions. This approach ensured consistency between the dynamic and quasi-static cases.
Numerical results demonstrated a good level of agreement with experiments, replicating key aspects of fracture
evolution, including initiation and propagation of primary and secondary cracks as well as the temporal
progression of crack tip velocities. This enhanced modeling approach offers a deeper understanding of dynamic
fracture mechanisms in brittle materials and demonstrates its potential for advancing fracture simulations in
applications involving dynamic, mixed-mode loading scenarios.

et al., 2020; Mandal et al., 2020; Li et al., 2023; He et al., 2024; Yi
et al., 2025).

Phase-field fracture models build upon the variational formulation
of brittle fracture introduced by Francfort and Marigo (1998), and were
regularized by Bourdin et al. (2000), extending the classical Griffith’s
theory of fracture. Dynamic extensions of this variational approach
were later developed by Larsen (2010), laying the theoretical founda-
tion for subsequent computational phase-field models. In many modern
phase-field models, the strain energy density is typically decomposed

1. Introduction

Understanding and analyzing crack growth under dynamic condi-
tions is critical across various scientific disciplines. In many real-world
applications, materials are subjected to time-dependent loads—such as
earthquakes, impact events, and blast loading—making it essential to
account for dynamic effects when modeling fracture behavior. Foun-
dational contributions in dynamic fracture mechanics, including the

theoretical frameworks developed by Broberg (1989) and Freund and
Freud (1998), and the high-speed experimental observations by Rosakis
et al. (1999), have provided key insights into crack tip fields, energy
flow, limiting crack speeds, and intersonic crack propagation. These
studies helped guide the development of newer models that can better
capture how cracks form and grow in complex situations. Among
these, dynamic phase-field models have emerged as a powerful tool.
Notably, works by Borden et al. (2012) and Hofacker and Miehe
(2012) demonstrated their effectiveness in simulating complex fracture
processes under high strain rates. These models have since been applied
successfully across a wide range of materials and geometries, predicting
crack paths, branching, and failure modes under dynamic loading
conditions (Schliiter et al., 2016; Carollo et al., 2020; Mehrmashhadi
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into tensile (positive) and compressive (negative) components to ac-
curately capture fracture behavior under different loading conditions.
The positive component is assumed to drive material stiffness degra-
dation (Ambati et al., 2015). Two widely used methods for decompos-
ing strain energy density are the hydrostatic-deviatoric decomposition
(Amor et al., 2009) and the spectral decomposition (Miehe et al.,
2010b). However, these models encounter limitations when simulating
fractures under shear and compressive loading conditions (Hesammokri
et al., 2023). The spectral decomposition method struggles with shear
scenarios, where material stiffness may remain despite the presence of
a fully developed crack. Conversely, the hydrostatic-deviatoric decom-
position method faces difficulties in mixed-mode compressive loading,
often resulting in stiffness loss even upon crack closure.

Received 28 February 2025; Received in revised form 16 September 2025; Accepted 21 October 2025

Available online 28 October 2025

0020-7683/© 2025 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).


https://www.elsevier.com/locate/ijsolstr
https://www.elsevier.com/locate/ijsolstr
https://orcid.org/0000-0002-4185-1640
https://orcid.org/0000-0001-8947-9625
mailto:parnian.hesammokri@angstrom.uu.se
https://doi.org/10.1016/j.ijsolstr.2025.113727
https://doi.org/10.1016/j.ijsolstr.2025.113727
http://crossmark.crossref.org/dialog/?doi=10.1016/j.ijsolstr.2025.113727&domain=pdf
http://creativecommons.org/licenses/by/4.0/

P. Hesammokri et al.

In the literature, phase-field models for compression-dominated
fractures are predominantly utilized in rock mechanics. Zhang et al.
(2017) introduced a modification to the spectral decomposition method
for mixed-mode brittle fractures, proposing different critical energy
release rates for various crack modes, based on a pioneering work
by Shen and Stephansson (1994). Subsequent research has also ex-
plored similar modifications for mixed-mode fractures, cf. Spetz et al.
(2020, 2021), Shajan et al. (2023). However, these modifications are
not fully effective because they rely on spectral decomposition formu-
lations that prevent material stiffness degradation, even when cracks
are fully developed under pure shear loads. To address these limi-
tations, a modification was proposed in Hesammokri et al. (2023).
This modified strain energy density decomposition combines essential
elements from both spectral and hydrostatic-deviatoric methods and
incorporates a classical Mohr failure criterion. A key advantage of
this approach is its ability to determine whether a compressive de-
formation field effectively drives the crack propagation process (e.g.
crushing). The so-called hydrostatic-spectral-deviatoric decomposition
was subsequently improved by integrating distinct critical energy re-
lease rates for different fracture modes (Hesammokri and Isaksson,
2024). This model has yielded promising results, replicating various
crack paths and loading curves in diverse experimental conditions on
brittle materials (Hesammokri et al., 2023; Hesammokri and Isaksson,
2024). However, its performance under dynamic loading scenarios is
still uncertain.

In this study, the hydrostatic-spectral-deviatoric decomposition is
integrated into dynamic finite element models to assess its effectiveness
in predicting crack paths and crack tip velocities. This is achieved
through dynamic experiments monitored using a high-speed camera,
including drop tower tests using brittle gypsum plaster specimens with
embedded flaws and holes. The comparison between numerical simu-
lations and experimental data reveals a good agreement, showcasing
the model’s capability to provide meaningful insights into the complex
fracture behavior of brittle materials.

2. Theory

Consider an isotropic linearly-elastic body, denoted €, Fig. 1, which
includes an external boundary 92 and a sharp crack I'. A part of the
boundary 0Qr is subject to prescribed traction T, while 0, is subject
to prescribed displacement U. The total energy of the system can be
formulated as

H:/‘I’kdx—/‘l’edx—/Gfds, (@]
2 2 r

where the term ¥, represents the kinetic energy density, ¥, is the
strain energy density, G, represents the critical energy release rate,
and x denotes the spatial coordinates. A damage parameter d is in-
troduced, 0 < d < 1, so that a material point is intact when d = 0
and fully damaged when 4 = 1. The last term in (1) accounts for
the energy used in creating new surfaces. Further, in a phase-field
theory, the discrete crack I' is approximated using a crack density
function y(d, Vd), Fig. 1. This functional belongs to a family of elliptic
functionals that approximate the Mumford-Shah functional (Braides,
1998). In this study, a crack density functional featuring linearity in
d and quadratic dependence on Vd, known as the AT1 model (Pham
et al.,, 2011), is used. Unlike functionals with quadratic dependence
on d (known as the AT2 model) that initiate damage evolution upon
the application of load, resulting in the absence of a purely elastic
response, the AT1 functional employed in this work maintains an elastic
phase in the material until the point of fracture initiation (Suh et al.,
2020; Geelen et al., 2019; Wu and Nguyen, 2018). The AT1 functional
also promotes a more localized damage zone than the quadratic crack
density functional AT2 (Bleyer and Alessi, 2018; Tanné et al., 2018).
Using AT1, the last term in (1) is approximated as

/chs ~ Gc/ y(d, Vd)dx = Gc/ 3@+ 1PVd - Vayix, @
r Q a8l
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where [ is a regularization parameter, controlling the width of the
diffuse crack. The kinetic energy is

/'Pkdx=l/pu-udx 3)
Q 2 Ja

where i, and later occurring it, denotes first and second derivatives of
displacement u with respect to time ¢. The kinetic energy is unaffected
by the crack phase-field d, but d locally degrades the stiffness of the ma-
terial. Furthermore, in order to prevent crack growth in compression,
the strain energy density is separated into two components: a positive
portion ¥} that is related to tensile strain and a negative portion ¥,
that is related to compressive strain. In this study, these components
are referred to as positive strain energy density and negative strain
energy density, respectively, for clarity. It is assumed that only the
positive component has an impact on the damage mechanism (stiffness
degradation), cf. Ambati et al. (2015), i.e.,

/ ¥,dx = /[(1 - d)*PF + P dx. 4
Q Q

The Cauchy stress tensor ¢ and the consistent elastic stiffness tensor C
are given by

g e ®)
oc=(1-d) e + qe
NEU AN G
C=(-d}— :, 6
A-dy ——o+ 5 (6)

where € = %[Vu +(Vu)"] is the linearized strain tensor. Now, using the
above relations, the total energy in the body at time ¢ is given by

3G,
8!

H=/Q[%pu.u—(1—d)2q/;—¥';— (d + 1*Vd - Vd)]dx. %)
As noted in studies such as Shen and Stephansson (1994), Nejati
et al. (2021), the critical energy release rates can vary significantly
between different fracture modes in rock-like materials. For exam-
ple, when a rock specimen with a single inclined flaw is subjected
to compression, the fracture process unfolds in a distinct sequence:
primary wing cracks form first, followed by secondary cracks, which
are often interpreted as shear or mode II cracks. This sequential crack
formation is driven by the notable difference in critical energy release
rates for different fracture modes. Traditional criteria for critical energy
release, such as those outlined in Shen and Stephansson (1994), have
been found inadequate for capturing this phenomenon. Specifically,
the critical energy release rate for an opening (mode I) crack, G,
is often considerably lower than that for a shear (mode II) crack,
G, (Li, 1986). To address this, Zhang et al. (2017) proposed separating
the strain energy densities to account for the distinct critical energy
release rates associated with mixed-mode I/II crack growth. In this
study the method outlined by Zhang et al. (2017) is adapted to handle
mode-dependent fracture toughness in brittle materials under mixed-
mode compressive loading. The positive strain energy density, ¥}, is
accordingly decomposed into two components, i.e.,
=y +¥, (8)

e

where ¥, is associated with mode I fracture and ¥, is associated with

mode II fracture. Introducing G,; and Gy, the ratio ¥} /G, is written

as (Zhang et al., 2017)

T_:r _h + “u . 9

Gc GCI GCH

Further, to establish irreversible crack growth in computer simulations,

a history field H is defined using (9), i.e.,

H(u,t) = max {ﬁ + i
rel04] G G

The presence of the history field X ensures that the highest strain

energy density experienced during the loading history of the material

1 (10)
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Fig. 1. Discrete vs diffusive crack representation.

determines its current damage state, preventing any possibility of heal-
ing (Miehe et al., 2010b). It is important to note that stresses are still
reversible and their evaluation follows (5). Variation of the functional
in (7) gives the governing equations in the strong form, neglecting any
body forces,

V.o =pi on £,

(-dH -3 -3V2d=0. inQ,

u=U on 0Q,, a1
oc-n=T on 092,

Vd-n=0 on 08,

where n denotes the normal to the boundary 9.
2.1. Strain energy density decomposition

In order to simulate mixed-mode fracture under compressive load-
ing, the hydrostatic-spectral-deviatoric decomposition is utilized
(Hesammokri et al., 2023; Hesammokri and Isaksson, 2024). This
method combines aspects of both the spectral (Miehe et al., 2010a) and
the hydrostatic-deviatoric (Amor et al., 2009) decompositions along
with a classical Mohr failure criterion. In the spectral decomposition,
the strain energy density is written in terms of principal strains ¢, €5,
and ¢; and then decomposed into tensile (positive) and compressive
(negative) components: ¥: = %/1 (er+er+e)2 +ple)2 +ule) +
p{e3)2, where y and 1 are Lamé parameters. (-), and (-)_ select the
positive and negative parts of their argument, i.e. (x) +=xifx>0;0
if x <0, and (x)_ = x, if x <0; 0 if x > 0. In the hydrostatic-deviatoric
decomposition, the strain energy density is expressed as the sum of
hydrostatic and deviatoric components: ¥, = %K (tr €)% + p tr(e?), where
K is the bulk modulus and e = e—tre/m is the deviatoric strain in which
m is the number of spatial dimensions. The hydrostatic component
is further divided into tensile(positive) and compressive (negative)
parts, while the deviatoric component remains undecomposed: ¥; =
%K (trey? + ptr (e?), and ¥y = %K (tre)2 (for more details regarding
both decomposition strategies see Miehe et al. (2010b), Amor et al.
(2009), Hesammokri et al. (2023), Hesammokri and Isaksson (2024)).

The primary motivation of employing a
hydrostatic-spectral-deviatoric decomposition is to account for the
influence of compressive strains on crack growth. Starting from the
hydrostatic-deviatoric ~ decomposition, the  deviatoric  term
¥, = utr(e?) is further divided into tensile Y/(;rev and compressive Yo,
components through a spectral decomposition. This is achieved by writ-
ing ¥, in terms of principal strains: ¥y., = u %(e%+e§+e§)—y%(el e+
€1€3+¢€,€3). The final formulation for the hydrostatic-spectral-deviatoric
decomposition is

¥ = %K(tre)i +W L W = %K(tre)% +( - P 12)

dev’ dev’

where ¥} and W7 are formulated as
dev dev

W=t o) + (et + ()2 — w2y, (&) + (&) (er)_ +
(e1)4 (e3)_ +{e3), (e1)_ +{e3); (€2)_ +(e2) (e3)_1, and
Wi, = u () + () + (e3)2 ).

€3 €1 €

Fig. 2. Mohr diagram and failure envelope.

(13)

The variable ¢ can take the value 0 or 1 based on a Mohr failure
criterion (Labuz and Zang, 2012) and controls whether or not o,
contributes to crack growth (crushing). The criterion is based on a
fracture surface defined as (sorting ¢, > ¢, > €3)

_Atpuete s _
- U € —€3 ule; —e3)
In (12), ¢ = 1if f > 0, otherwise ¢ = 0. The variable ¢ represents an
inherent cohesive stress, while 6 represents an angle of internal friction
as depicted in Fig. 2. The associated mode I and mode II contributions
to the positive strain energy density for spectral, hydrostatic-deviatoric
(hyd-dev), and hydrostatic-spectral-deviatoric (hyd-spect-dev) decom-
positions are assumed as (Hesammokri and Isaksson, 2024)

f in6

cosf+1. 14

% Me +ey+e3 )i spectral,

v, =J ke

1 =13 (trey; hyd-dev,

Lg (tre)? hyd-spect-d
= yd-spect-dev,
2 ’ (1s)
H ((61 )i +<€2>%r +<€3>i) sepectral,

¥y = utr (ez) hyd-dev,

U

dev dev hyd-spect-dev.

In Appendix B are examples of fracture stress surfaces in tension and
compression, i.e., stress combinations to nucleate damage, displayed to
further contrast the three decomposition strategies.

2.2. Spatial discretization

The derivation of the weak form for the governing equation of
the crack phase-field problem has been extensively detailed in various
works, including Nguyen et al. (2015). To obtain the weak form, the
second equation in Eq. (11) is multiplied by an arbitrary test function,
6d, and then integrated over the domain €, giving

3G,1 3G,
/ 2Hdéd + —-VdV(6d) | dx = / 2H - sddx. (16)
o 4 o 81
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Discretizing, such that d(x) = N(x)d;, Vd(x) = B(x)d;, §d(x) = N(x)5d;
and Véd(x) = B(x)éd; where d; are the nodal values of the crack phase-
field d and N and B = 6N/6x are standard finite element basis functions
and their first spatial derivatives. Observing that the test function is
arbitrary, we get the discretized equation for the crack phase-field as

Kd, =f,, 17)
where
3G.I
K, = / <HNTN+ T‘BTB> dx, a8)
Q
and
3G.1

f, = H - —= ) NTdx. 19
d /Q< 16l> X a9

For the displacement problem, the weak form of the governing equa-
tions is obtained by multiplying the first equation in Eq. (11) with an
arbitrary test function éu and integration over the domain £. Using Egs.
(5)-(6) the weak form is

/ ((Véwy' (1 — d)*C* + C7)Vu + Supit) dx = /
Q

00

suTd(0Rr)  (20)

where

eyr
= ¢ and C =
de?

a2y

de?
Discretizing, such that u(x) = N(x)u;, Vu(x) = B(x)u;, su(x) = N(x)du;
and Véu(x) = B(x)éu; where u; are the nodal values of the displacement
field u, and again observing that the test function is arbitrary, the
stiffness matrix for the displacement problem is given by

+

(21)

K, = / BT((1 - d)>C* + C™)Bdx, (22)
Q
while the external force vector is given by
F= / NTTd(02;). (23)
oQT

Finally, the discretized dynamic equation for the displacement field
is formulated as (neglecting any internal damping)

Mi; + K,u; =F, @4

where M is the mass matrix.
2.3. Time integration

The dynamic displacement problem is solved in a staggered manner
using the Newmark time integration scheme (Newmark, 1959). At each
time step, Eq. (24) is solved using

. _ 1.
Miiy ) + K, (@4 + 5"k+1ﬁ2412) =F. (25)

where Ar =t | —1, is the incremental time step. Initially, the displace-

ment and velocity fields for step k+1 are predicted using solutions from

the previous time step &,

_ . 1. 2

u =u +u, At + —ii (1 — p,)At
k1 = W Uy 5 Ui b (26)

U, =y +ig (1l - pg))Ar.

The predicted fields are then applied to solve the dynamics, Eq. (25),
giving the acceleration of the next time step, i.e.,

" 1 - _
iy = (M+ EKuﬁzAt2> (Frpy — Kyityy ) - 27)
The corrected displacement and velocity fields are then obtained,
_ 1. 2
u = + =i At
kbl =l + Sl B ©28)
Uiy = Wiy g + iy AL
The crack phase problem is independently solved based on the dis-
placement field u,,. Throughout this study, a fully explicit Newmark
algorithm is used, with constants g, = 1/2 and g, = 0, and, for
simplicity, a lumped mass matrix M (i.e., a diagonal mass matrix) is
employed and vanishing external forces (i.e., F = 0).
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Fig. 3. Load and geometries: Inclined notch (a), single-hole (b), and inclined
notch with one hole (c).

3. Experiments

In order to validate the hydrostatic-spectral-deviatoric decomposi-
tion, drop tower tests were conducted. Schematics of sample geometries
and their loading conditions are shown in Fig. 3. The geometries are:
a geometry with an inclined notch, a geometry with a single hole, and
a geometry with a hole and an inclined notch (Fig. 3). The dimensions
are: H = 100mm, L = 50mm, a = 20mm, b = [5mm, r = 10mm, and a =
45°. The experimental specimens were prepared by casting a mixture of
gypsum plaster and water into molds, resulting in specimen thicknesses
of 10 mm. All batches were mixed using the same proportions of
gypsum plaster and water (for our particular gypsum, this equated to
a precise combination of two parts gypsum plaster to one part water
by mass). The samples were taken out from the molds after three
hours and baked in an oven for 90 min in 180 °C in order to make
them dry and brittle. The samples were tested using a drop tower
rig equipped with a 2.4kg drop weight (see Fig. 4). The weight was
dropped on the samples from various heights (the drop height, denoted
as hg,qp, is illustrated in Fig. 4). It should be mentioned that the inclined
notches were introduced with relatively wide openings to ensure that
the opposing faces would not come into contact during loading. The
crack propagation process was monitored during all tests using a Mo-
tionPro Y series high-speed camera capable of capturing up to 70,000
frames per second. The velocity variation of the specimen’s upper edge
during impact was analyzed using the high-speed camera by tracking
the displacement of the dropping weight before and after impact and
recording its position over time for different drop heights (see Fig. 5).
The dropping weight remains in contact with the specimen’s upper edge
after impact until all cracks in the specimen are fully developed. As
shown in Fig. 5, the displacement follows a linear trend after impact,
indicating that the velocity remained nearly constant during impact.
The velocity during impact v, was determined by fitting (straight) lines
to the experimentally estimated displacement data for different drop
heights.

4. Numerical simulations

In the numerical simulations, the impact event was modeled by ap-
plying an initial acceleration to the specimen’s top boundary, allowing
its velocity to evolve naturally. The bottom boundary was constrained
in the vertical direction, while the vertical boundaries remained stress-
free (see Fig. 3). In the simulations, no constraints were applied in the
horizontal direction; the specimen was allowed to move freely, consis-
tent with the experimental setup in which the specimen was placed
on a surface without lateral confinement. Since no contact between
notch faces was observed in the experiments, contact conditions were
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Fig. 4. Drop tower machine.
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Fitted lines
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hdrop =02m
_5t
—10}
hdrop =1m
hdrop =0.5m

A

[
» <4

Before impact After impact

Fig. 5. Displacement of the dropping weight over time before and after impact
for different drop heights, along with their fitted linear trends: for A, = 0.2m,
vy = dX,/dt = —1.23 m/s; for hy,,, = 0.5m, vy, = dX,/dt = —=1.72 m/s; and for
hgrop = 1 m, vy =dX,/dt = =2.36 m/s.

not included in the numerical models for geometries having inclined
notches. The initial acceleration of the top boundary in the vertical
direction was given as a, = —v/ty, where t, = 0.1 ps represents the
impulse duration. For ¢ > 1, the acceleration of the top boundary
where held at zero, meaning that its velocity in the vertical direction
remained constant at —v, after impact, in agreement with experimental
observations (see Fig. 5). This approach ensures that the specimen’s
motion is governed by the dynamic response of the system, providing
a physically sound representation of the impact event.

All material parameters, including the regularization length /, were
directly adopted from Hesammokri and Isaksson (2024), which focused
on the same material under quasi-static loading conditions. This en-
sured that the simulations were performed with a unified set of material
parameters, maintaining consistency between the dynamic and quasi-
static cases without the need for recalibration. The parameters are as
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follows: Young’s modulus E = 650 MPa, Poisson’s ratio v = 0.2, cohesive
strength ¢ = 21 MPa, critical energy release rate for mode I G, =
9.1 N/m, critical energy release rate for mode II G,;; = 130 N/m, internal
friction angle 6 = z/6, and density p = 1230kg/m’. In phase-field
models, the regularization length / is a critical parameter as it governs
the width of the diffuse crack zone and strongly influences the fracture
behavior. To maintain consistency with the material parameters from
the quasi-static study (Hesammokri and Isaksson, 2024), a constant
I = 504um was selected. Moreover, in all meshes 4 < [/2 where &
represents the maximum element edge length in each mesh. It should
be mentioned that to resolve the fracture process zone with sufficient
accuracy, a structured, non-adaptive mesh was employed. Although
the mesh remains fixed during the simulation, finer elements were
placed in critical regions such as in the vicinities of cracks, notches
and holes. The mesh resolution was selected to satisfy the commonly
accepted condition for AT1, A < [/2, which provides an adequate
balance between computational efficiency and the accurate capture of
key features in the dynamic simulations. Fixing / ensured a consistent
framework for both quasi-static and dynamic simulations, preserving
the integrity and comparability of the material model across different
loading conditions. All equations were solved using established finite
element algorithms implemented in a Matlab (MATLAB, 2024) code. A
flowchart illustrating the adopted scheme is provided in Fig. 6. In the
computations, standard bi-linear 4-node isoparametric elements were
employed, assuming plane strain conditions. Although the specimen’s
thickness is indeed relatively small compared to the other dimensions
of the specimen, the plane strain condition was selected because the
specimen’s thickness is big enough to confine the specimen in the
thickness direction. Hence, the fracture process and deformation are
primarily two-dimensional within the plane of the specimen (Carlsson
and Isaksson, 2018, 2019; Hesammokri et al., 2023; Hesammokri and
Isaksson, 2024; Spetz et al., 2021, 2020). With plane strain assump-
tion the Lamé coefficients are given by: ¢ = E/[2(1 + v)] and 4 =
Ev/[(1 + v)(1 = 2v)]. In all simulations a constant time step 4¢ = 0.1 us
was used, which is well below the traditional upper limit A ;,/cy,
where h;, is the smallest element length in the mesh and ¢, =
\/E_/p is the material’s theoretical pressure wave speed. Finally, the
dynamic model is evaluated (benchmarked) in Appendix A, where the
hydrostatic-spectral-deviatoric decomposition is used in simulations of
two well-known and widely adopted dynamic crack growth cases.

5. Results and discussion

Dynamic compression experiments in different heights were per-
formed for the sample geometries and the resulting crack patterns for
each case are compared to the experiments (Figs. 7, 10, and 12).

5.1. Inclined notch

The results of the inclined notch test, as depicted in Fig. 7, provide
a comparison in crack paths between the numerical simulations and
experiments for three different drop heights. The experiments reveal a
consistent pattern in crack formation across different drop heights, with
both primary and secondary cracks identifiable. The primary cracks,
indicated by black arrows, align with the expected paths predicted by
the simulation. This alignment across all tested heights (0.2m, 0.5m,
and 1 m) is observed. By examining the distribution of the first principal
strain and the volumetric strain at the tip of the primary cracks, it is
illustrated that these cracks are primarily driven by tensile strains, as
illustrated in Fig. 8. Following the emergence of the primary cracks,
secondary cracks begin to propagate horizontally, as indicated by the
red arrows. The secondary cracks are wide indicating that substantial
amount of crushing are taking place. This behavior is also captured
in the simulation results, which mirror the experimental observations.
An analysis of the strain fields at the tips of the secondary cracks (see
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Fig. 6. Flowchart of the scheme used in the simulations.
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Fig. 7. Inclined notch: Crack paths for simulations and experiments for different heights.
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Fig. 8. Inclined notch simulation: Distributions of first principal strain ¢, (a),
volumetric strain e, (b), and principal shear strain y, (c). The strain fields are
normalized by their highest values, ¢,, ¢, and 7,, respectively.

El/gl

Fig. 8) indicates that these cracks propagate under compressive condi-
tions, which implies crushing. Notably, the secondary cracks are driven
principally by deviatoric strains, dictated by the Mohr criterion (14).
The simulations were terminated based on a stop criterion once the
cracks had propagated sufficiently to allow for meaningful comparisons
with the experimental results. Specifically, for the inclined notch test,
all simulations were halted when the crack extended to 1/2 of the
horizontal distance between the initial crack tip and the boundary.

To evaluate the model’s accuracy, we compared the primary crack
tip velocity v, (Fig. 9a) estimated from an experiment conducted at a
drop height of 5 cm with the simulation results, as shown in Fig. 9. The
crack tip position was tracked using a high-speed camera, and the mean
velocity for each frame was calculated (represented by the cross marks
in Fig. 9b). The camera operated at a maximum speed of 70,000 frames
per second to ensure accurate tracking of the crack tip position. Due
to the technical limitations of the high-speed camera, particularly its
frame rate, obtaining a larger number of experimental data points was
not possible. Nevertheless, the data collected captured the general trend
of the crack tip velocity. As shown in Fig. 9, the hydrostatic-spectral-
deviatoric decomposition model reproduced the overall experimental
trend, including the deceleration and subsequent stabilization of the
crack tip velocity. This is further illustrated by the crack field progres-
sion at different times (Fig. 9b), where extensive crack growth is visible
in the early stage, followed by steady slower growth in later stages.

5.2. Single-hole

The results of the single-hole tests, as shown in Fig. 10, shows
a comparison between numerical simulations and experimental ob-
servations at three different drop heights. Across all drop heights, a
consistent pattern of crack formation is observed, with both primary
and secondary cracks identifiable. The primary cracks, indicated by
black arrows, propagate vertically from the top and bottom of the
hole, closely aligning with the predicted paths in the simulations. This
alignment is consistent across all tested heights. Secondary cracks,
indicated by red arrows, emerge on the far left and far right sides
of the hole. One may notice in the experimental observations that
the secondary cracks are quite wide, blunt, indicating that substantial
amount of crushing are taking place. By analyzing the strain distri-
bution near the crack tips (Fig. 11), it is confirmed that the primary
cracks are predominantly driven by tensile strains, while the secondary
cracks predominantly develop under compression, indicating crushing,
influenced by deviatoric strains as dictated by the Mohr criterion (14),
as shown in Fig. 11. Notably, the secondary cracks propagate much
more rapidly as the drop height increases. For instance, at a drop height
of 0.2 m, the primary cracks extended throughout the specimen, closely
reaching the edges before secondary cracks began to form. However,
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in the other two cases, this process occurred significantly faster. As the
impact energy increases with the drop height, the critical level defined
by the Mohr criterion (14) is reached more quickly, leading to the
earlier initiation of secondary crack formation. Overall, the numerical
simulations demonstrate good agreement with the experimental results,
effectively capturing the complex fracture behavior observed in the
tests. All simulations for the single-hole test were terminated once a
crack had grown to 1/3 of the horizontal distance between the initial
crack tip and the boundary.

5.3. Comparison of hydrostatic-deviatoric, spectral, and hydrostatic-spectral-
deviatoric decompositions

Another intriguing avenue for investigation is comparing the crack
paths generated by the hydrostatic-spectral-deviatoric decomposition
with those produced by the hydrostatic-deviatoric decomposition
(Amor et al., 2009) and the spectral decomposition (Miehe et al.,
2010a). Such a comparison has already been conducted under quasi-
static conditions (Hesammokri and Isaksson, 2024), where it was
demonstrated that, for complex specimen geometries, the hydrostatic-
spectral-deviatoric decomposition outperformed the other two meth-
ods, reproducing all the intriguing experimental crack patterns. In
contrast, the hydrostatic-deviatoric and spectral decompositions failed
to replicate the observed experimental behavior. To further evaluate
the model’s performance relative to these decompositions for dynamic
cases, crack patterns were analyzed for a ‘non-symmetric’ case (see
Fig. 3c), and experiments and simulations were performed for a drop
height of 0.2m. The results demonstrate a distinct sequence of crack
development, as shown in Fig. 12. Initially, consistent with the behavior
observed in the inclined notch test, primary cracks formed at the
initial tips of the notch. Subsequently, secondary cracks emerged at
the upper and lower edges of the hole. In the next phase, horizontal
cracks (tertiary cracks) began to propagate from the notch’s initial
tips. Similar to the results for the previous specimens, the developed
horizontal cracks are wide, blunt, indicating substantial amount of
crushing. All these cracks were accurately captured and simulated using
the hydrostatic-spectral-deviatoric decomposition (Fig. 12). Based on
the earlier discussion and the strain distributions illustrated in Figs. 8
and 11, it is illustrated that the primary and secondary cracks predom-
inantly grow under tension and the tertiary cracks primarily propagate
under compression. Compared to the hydrostatic-spectral-deviatoric
decomposition, the hydrostatic-deviatoric and spectral decompositions
did not fully capture all crack paths. With the hydrostatic-deviatoric
decomposition, the primary cracks formed first, followed by the simul-
taneous development of tertiary cracks and only one of the secondary
cracks (originating from the lower part of the hole), which did not fully
develop. As a result, this decomposition did not accurately capture all
the crack paths and also deviated from the expected sequence of crack
formation. The spectral decomposition identified only the primary and
secondary cracks, while the tertiary cracks were not nucleated. For
the hydrostatic-spectral-deviatoric and hydrostatic-deviatoric decom-
positions, the simulations stopped once a crack had propagated to
1/3 of the horizontal distance between the initial notch tip and the
boundary, and for the spectral decomposition, the termination criterion
was reached when a crack extended to 2/3 of the vertical distance
between an initial notch tip and the boundary.

5.4. Discussion

Based on the presented results, the hydrostatic-spectral-deviatoric
decomposition demonstrates a potential to replicate complex dynamic
crack paths and the sequence of several evolving cracks using a unified
set of material parameters consistent with quasi-static cases. However,
when comparing experimental and simulation outcomes, some minor
differences in crack paths are observed. These discrepancies can be
largely attributed to the complex and heterogeneous nature of the
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Fig. 10. Single-hole: Crack paths for simulations and experiments for different heights.

gypsum plaster used in the experiments. The material contains pores
and microstructural irregularities that are not explicitly represented
in the numerical simulations, which assume material homogeneity.
In addition: friction effects between crack surfaces are neglected in
the simulations but may appear in the experiments. These inherent
complexities in the experimental material lead to variations in crack
curvature, length, and inclination, which are challenging to repro-
duce numerically. Despite these challenges, the simulations capture the
primary trends and mechanisms observed in the experiments, includ-
ing the formation of tensile cracks followed by compressive cracks,
interpreted as crushing.

A particularly important development in recent phase-field fracture
modeling is the explicit incorporation of material strength, in addition
to elasticity and fracture energy (Kumar et al., 2020, 2022; Larsen
et al., 2024; Lopez-Pamies et al., 2025; Kamarei et al., 2025). As
described by Lopez-Pamies et al. (2025), this is achieved by introducing
a strength-based driving force directly into the evolution equation,
enabling crack nucleation to be governed by a predefined strength

surface under general stress states. These models depart from classical
variational approaches and provide enhanced predictive capabilities,
particularly for nucleation-dominated problems. In contrast, the present
model remains within the energy-based phase-field framework, and
introduces strength implicitly through a linear Mohr failure criterion
that activates degradation under compression. This model recovers
the classical hydrostatic-deviatoric formulation in tension, engages the
Mohr criterion in compression, and blends the two in mixed-mode
scenarios. Other failure criteria such as Drucker—Prager (Drucker and
Prager, 1952) or nonlinear Mohr fracture surfaces can also be employed
depending on the material or application. The effectiveness of current
approach has been demonstrated in a former work (Hesammokri et al.,
2023), where it successfully reproduced crack initiation, propagation,
and peak load in a Brazilian disk test. While the model is energetic
in nature, the incorporation of this failure envelope provides sufficient
predictive capability for the dynamic fracture problems addressed here.
However, a promising direction for future work is to incorporate ex-
plicit strength criteria into the evolution law to improve the model’s
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predictive capability in general crack nucleation scenarios. As a final
remark, an interesting aspect to consider is using adaptive mesh refine-
ment (AMR) techniques, which dynamically concentrate resolution in
regions of evolving damage. This approach offers promising potential to
improve computational efficiency and scalability, particularly for larger
or more complex fracture simulations.

6. Conclusions

Dynamic fracture processes in brittle materials are complex, partic-
ularly under mixed-mode compressive loading scenarios. To accurately
simulate these phenomena, a hydrostatic-spectral-deviatoric decompo-
sition was implemented in dynamic finite element models using a
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unified set of material parameters. This approach, which effectively
splits assumed tensile and compressive strain contributions, addresses
the limitations of traditional models in capturing crack evolution under
compressive stresses. By incorporating distinct critical energy release
rates for different fracture modes, the model achieves a higher degree
of accuracy in predicting fracture evolution. Validation was achieved
through dynamic experiments, including drop tower tests on brittle
gypsum plaster specimens with embedded flaws and holes, with a high-
speed camera monitoring crack propagation. Numerical simulations
closely mirrored the experimental results, successfully reproducing pri-
mary, secondary, and tertiary crack paths as well as indicated a sound
crack tip velocity. The model’s ability to predict crack paths was
evaluated against two well-established decomposition methods in the
field (hydrostatic-deviatoric and spectral) and the results illustrate that
the hydrostatic-spectral-deviatoric decomposition outperforms the two
other decomposition methods. Based on the results, the hydrostatic-
spectral-deviatoric decomposition offers profound insights into fracture
mechanisms and proves highly effective in dynamic simulations for
accurately predicting crack paths and other key fracture aspects.
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Appendix A

To evaluate the feasibility of the hydrostatic-spectral-deviatoric
decomposition in dynamic scenarios, it is applied to simulate two
well-known dynamic crack growth cases. Simulations employing the
hydrostatic-spectral-deviatoric decomposition are further contrasted to
simulations using the spectral decomposition, which often has been
used in simulations of these dynamic problems, cf. Borden et al. (2012).
To allow for fair comparisons, an infinite cohesive strength is assumed
(i.e., ¢ > ), hence, material crushing is disregarded. Energy can only
dissipate as surface energy by fracture, I, = W — II, — II,, where W
is the work done by external load, I7, is the kinetic energy and II,
is the stored elastic strain (or, potential) energy. Plane deformation is
assumed to prevail.
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A.1. Dynamic crack branching

A pre-cracked rectangular body is loaded in tension, Fig. A.1. This
problem has been widely adopted to study dynamic crack branching.
A uniform and constant tensile stress o, = 1 MPa is applied along the
top and bottom edges of the body. The material parameters are: density
p = 2450 kg/m>, Young’s modulus E = 32 GPa, Poisson’s ratio v = 0.2,
and energy release rates G,; = G,;; = 3 N/m. The Rayleigh wave speed
cr = 2120 m/s, the internal length / = 0.25 mm and the element edge
length h = /2. The final fracture patterns for the two decompositions
are shown in Fig. A.2, as well as plots showing evolving strain energy,
dissipated energy and crack-tip velocity (normalized by the Rayleigh
wave speed cp) during the simulations. Dynamic crack branching occur
in both models at about 36 ps and the crack-tip velocities never exceed
the theoretical limit 0.6cy. The solutions have only sublime differences
and are similar to the results in Borden et al. (2012).

A.2. Edge-cracked plate subject to impact load

The so-called Kalthoff-Winkler experiment, cf. Kalthoff and Winkler
(1987), Kalthoff (2000), has been widely used to evaluate numerical
models of failure under impact loadings. A pre-cracked specimen is
impacted by a projectile, Fig. A.3. The material parameters are: density
p = 7850 kg/m?, Young’s modulus E = 190 GPa, Poisson’s ratio v =
0.3, and energy release rates G,; = G,; = 22.1 kN/m. The Rayleigh

10

wave speed cp = 2826 m/s, the internal length / = 0.5 mm and the
element edge length 4 = /2. The impact load is given by a constant
uniform velocity v, = 16.5 m/s, Fig. A.3. For simplicity, symmetry is
employed in the simulations. The final fracture patterns for the two
decompositions are shown in Fig. A.4, as well as plots showing evolving
strain energy, dissipated energy and crack-tip velocity (normalized
by the Rayleigh wave speed cy) during the simulations. The crack
propagation angles are close to the experimentally observed angle of
about 70°, cf. Kalthoff and Winkler (1987), Kalthoff (2000). As one may
notice that the crack-tip velocities never exceed the theoretical limit
0.6¢g. Also in this case, the solutions have only sublime differences and
are similar to the results in Borden et al. (2012).

Appendix B

B.1. Fracture stress surface

Fig. B.1 display theoretical fracture stress surfaces in tension and
compression, i.e. in-plane normal stress combinations to nucleate dam-
age, when different decompositions are applied. Here, the stresses are
normalized with o,, the theoretical uniaxial tensile stress nucleating
damage in each decomposition. The applied material parameters are
the same for all different decompositions and G,; = G, is adopted.
In the case of the hydrostatic-spectral-deviatoric decomposition, the
inherent cohesive stress ¢ captures several values to reveal its influence.

To further illustrate the effective fracture strength predicted by
the hydrostatic-spectral-deviatoric decomposition, the fracture stress
surface is contrasted to a biaxial stress experiment on concrete found
in literature (Guo, 2014). The experiment is reported to be almost in
plane stress, i.e. one of the principal stresses is vanishing. The com-
parison demonstrates that the model reproduces the general shape and
asymmetry of the measured fracture envelope, capturing the transition
from tensile-dominated to compressive-dominated fracture.

Data availability

Data will be made available on request.
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