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Metal anodes provide the highest energy density in batteries. However, they still suffer from electrode/
electrolyte interface side reactions and dendrite growth, especially under fast-charging conditions. In
this paper, we consider a phase-fieldmodel of electrodeposition inmetal-anode batteries and provide
a scalable, versatile framework for optimizing its chemical parameters. Our approach is based on
Bayesian optimization and explores the parameter space with a high sample efficiency and a low
computation complexity. We use this framework to find the optimal cell for suppressing dendrite
growth and accelerating charging speed under constant voltage. We identify interfacial mobility as a
key parameter, which should be maximized to inhibit dendrites without compromising the charging
speed. The results are verified using extended simulations of dendrite evolution in charging half cells
with lithium-metal anodes.

Metal plating is the holy grail of rechargeable batteries, providing cells with
the highest possible energy density. However, dendrite formation hinders
the widespread use of these batteries, reduces their lifespan, and poses safety
risks. Controlling dendrite growth by optimizing the batteries’ chemical
parameters is essential to address these challenges. Performing this opti-
mization through real-world experiments is not only exceedingly time-
consuming but also restricted by the challenges of precisely controlling the
chemical parameters.Meanwhile, analytical expressions are too simplistic to
capture the complex multi-scale nature of dendrite formation. Simulations,
in particular ones based on phase-field models, strike a middle ground:
offering a tractable yet physically realistic approach to a fundamental
understanding of dendrite evolution in battery cells. These models have
been proven useful in understanding the influence of several different
parameters of batteries ondendrite growth. For example, phase-fieldmodels
have shown that dendrite formation is inhibited when the applied voltage
and exchange current density are low1, the interface thickness is large2, the
separator has a small pore size3 and there is high external pressure on the
anode4. Phase-field models have also been used to describe the more
nuanced effects of anisotropic strength and temperature on dendrite
growth5,6.

Understanding the relation between different chemical and physical
parameters of a battery and dendrite growth in phase-field models often
relies on a complete simulation of dendrite evolution, by solving a system of
nonlinear partial differential equations using the finite element method.
While this approach is useful for investigating the effects of a single para-
meter on dendrite growth, it does not scale well with the number of influ-
encing parameters. A significant amount of time and computational

resources are needed to investigate the simultaneous effects of several
parameters on dendrite growth. As there is a large number of parameters in
phase-field models with an unknown effect on dendrites, a systematic
approach is required to find the optimal set of parameters that inhibits
dendrite growth.

Furthermore, minimizing only dendrite growth is a restrictive design
objective that can lead to conservative solutions, and in extreme cases, to
trivial solutions that stop charging completely. The reason is that dendrite
suppression and fast charging often have a conflicting nature. The growth of
dendrites in a cell increases the surface area of the electrode, which offers
more available spots for deposition, potentially enhancing the charging
speed. This inverse relation between dendrite inhibition and fast charging
manifests itself as health-related constraints that prevent large charging
currents in fast charging optimal control problems7,8. Therefore, when
designing practical batteries, it is important to consider charging speed
along with dendrite suppression.

We present a scalable approach for exploration and optimization
in the multi-dimensional parameter space of phase-field models,
which provides a significant freedom of design through the choice of
objective function. In particular, we demonstrate how additional
design objectives, such as fast charging, can be incorporated along-
side dendrite inhibition to obtain a more balanced solution. Our
approach is based on Bayesian optimization, a machine-learning tool
for optimization of black-box functions. We use this tool to find the
optimal parameters of a battery cell that maximize an objective
function, which is defined based on the electrode/electrolyte interface
evolution of the battery cell during an electrodeposition process. The
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parameters space can be explored more efficiently in this way,
requiring much fewer trials than an exhaustive search9, §1. In parti-
cular, by considering fast charging and dendrite suppression in the
objective function, we obtain simple design rules, which reduce
dendrite growth or increase the charging speed under a constant
voltage, by tuning a few chemical parameters.

Phase-field simulations of dendrite growth with fixed parameters and
Bayesian optimization of costly functions are established tools in material
design and machine learning. The novelty of this work is their integration
for multi-objective design in battery systems. The proposed approach can
identify non-trivial parameter combinations that promote dendrite-free
growth under fast-charging conditions. As a result, it simplifies the battery
design process by replacing manual trial and error based on lengthy
simulations or costly experiments.

Our numerical simulations suggest that the interface evolution in
a short time interval can provide reliable information on dendrite
formation in prolonged charging sessions in some cases. Therefore, by
shortening the observation interval and using the onset of dendrite
formation, we further reduce the computational effort used in this
framework. Moreover, we localize the phase-field equations in both
space and time to gain more insight into how each parameter con-
tributes to dendrite growth and charging speed. This localization
reduces the system of partial differential equations in a phase-field
model to a two-point boundary value problem in a small area of space
and time. Using this reduced model, we define a few descriptors for the
shapes of the electric and chemical potential fields and the deposition
rate variations along the electrode/electrolyte interface. These
descriptors, though approximate, can reveal how certain parameters
influence the electrodeposition process without simulating the den-
drite evolution even for a short amount of time.

This paper is organized as follows. We introduce a phase-field
model and construct a flexible design framework based on Bayesian
optimization that can be used to optimize its parameters. We use this
framework to optimize the chemical parameters of a lithium-metal
battery with respect to dendrite growth and charging speed. The
results yield simple rules that predict the influence of several para-
meters on the charging session. To study these influences more clo-
sely, we derive a few descriptors by a local analysis of the interface
during electrodeposition. These descriptors are associated with the
shapes of electric and chemical potential fields and the electro-
deposition rate variations along the electrode/electrolyte interface.
We use these descriptors to gain more insight into the influence of
different parameters on the charging session and discuss our findings
relative to the literature.

Results
Phase-field equations
Phase-field equations provide a unique way to study the morphological
evolution of electrodeposited metals during charging processes, without
needing to track the interface evolution10. This is realized by using a “soft”
parameter ζ∈ [0, 1] for describing phases, which is ζ = 1 for the pure solid
phase (electrode) and ζ = 0 in the pure liquid phase (electrolyte). In this
work, we are interested in the grand potential-based phase-field model
provided by Hong and Viswanathan in ref. 11, which describes the relation
between the phase parameter ζ, chemical potential μ and electric potential ϕ
in charging half cells, using the following system of partial differential
equations:

∂tζ ¼ �Lσ g 0 � k∇2ζ
� �� Lηq ð1Þ

∂μc ∂tμ ¼ ∇ : p ð∇μþ nF∇ϕÞ � ∂ζc ∂tζ ð2Þ

∇ : ðσ∇ϕÞ ¼ nFCs
m∂tζ; ð3Þ

where ∇ . and ∇2 are divergence and Laplace operators respectively, and

hðζÞ ¼ ζ3ð6ζ2 � 15ζ þ 10Þ ð4Þ

gðζÞ ¼ Wζ2ð1� ζÞ2

cl;sðμÞ ¼ exp μ�ϵl;s

RT

� �
= 1þ exp μ�ϵl;s

RT

� �� �

cMnþ ðζ; μÞ ¼ clðμÞð1� hðζÞÞ
qðζ; μ; ϕÞ ¼ h0ðζÞ exp ð1�αÞnF

RT ðϕ� EθÞ
� ��

� cMnþ ðζ ;μÞ
c0

exp � αnF
RT ðϕ� EθÞ� ��

pðζ; μÞ ¼ Dlð1� hðζÞÞcMnþ ðζ ; μÞ=RT
cðζ; μÞ ¼ clðμÞð1� hðζÞÞ þ csðμÞhðζÞCs

m=C
l
m

σðζÞ ¼ σshðζÞ þ σ lð1� hðζÞÞ:

In (4), h is an interpolation function for a smooth diffuse interface and h0

denotes its derivative, g is a double-well function describing the equilibrium
states of solid and liquid phases, cs and cl are themolar ratios in the solid and
liquid phases, cMnþ is the local ion molar ratio, q is the driving force, c is the
total concentration, and σ is the effective conductivity.

Equation (1) is derived by considering a linear dependence of the
phase-field evolution on the interfacial free energy part of the driving force,
and a nonlinear (exponential) dependence on the thermodynamics driving
force, which captures the Butler-Volmer electrochemical reaction kinetics12.
Equation (2) is derived from the mass conservation law11:

∂tC ¼ �∇:J;

whereC is the volumeconcentrationof theM species (including theMmetal
and Mn+ ions) and J is their flux. Equation (3) is derived from the current
density conservation, with a source term I ¼ nFCs

m∂tζ to account for the
charge entering and leaving the system due to the electrochemical
reactions12. Note that we assume the electrodeposition proceeds under a
constant voltage by placing a constant Dirichlet boundary condition on the
electric potential ϕ in (3) throughout the charging session. Hence, while the
current ratedependson this voltage, it remains implicit in themodel and can
vary over time. For more details on the model (1)–(3), including its para-
meters, initial and boundary conditions, and its detailed derivations, see
section “Methods” and consult11,12.

This paper aims at finding the parameters that optimize the electro-
deposition process modeled by the phase-field equations (1)–(3). Several of
these parameters are interconnected. For example, conductivity σl and dif-
fusivityDl are related through the Nernst-Einstein equation, and interfacial
mobility Lσ and reaction coefficient Lη are related via the Allen Cahn
equation13,14. We relax these constraints, by assuming the parameters of the
phase-field model (1)–(3) can be chosen independently. In addition, some
parameters, such as the diffusion coefficient Dl, are not constant in a real
system and can vary across time and space during electrodeposition due to,
for example, ion depletion near the interface. These parameters are assumed
to be constant in the model (1)–(3) for tractability reasons. Finally, while
certain parameters in the model can be influenced through, for example,
material design or synthesis in a conventional way, some parameters are
more difficult to tune in a physical system. In this paper, we focus on
identifying regions where stable dendrite-free growth is predicted, which
can then inform experimental strategies for material development and
processing. Hence, the proposed optimization tool is considered a design
guide for battery systems, rather than a means to arbitrarily tune physical
parameters.

Optimization framework
In this section,wedevelop a framework tofindparameters of the phase-field
model (1)–(3) that maximize a user-defined objective function. This
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framework is based on Bayesian optimization and is used to minimize
dendrite growth and maximize charging speed in section “Results”.

Let ∂2u = [u, ∂xu, ∂yu, ∂xxu, ∂xyu, ∂yyu] denote the vector of spatial
partial derivatives of the function u(x, y, t) up to order two. The phase-field
equations can be written as the following shorthand nonlinear system of
partial differential equations in space (x, y) and time t:

∂tζ ¼ f 1ð∂2ζ ; μ; ϕ; θÞ ð5Þ

∂tμ ¼ f 2ð∂2ζ; ∂2μ; ∂2ϕ; θÞ ð6Þ

0 ¼ f 3ð∂2ζ; μ; ∂2ϕ; θÞ; ð7Þ
where the independent variables are omitted for convenience, and θ is a
vector of selected constant parameters related to the chemical properties of
the battery.We are interested in finding the optimal parameters θ⋆ ∈Θ that
result in the optimal plating (in a sense defined by the objective function)
after charging the battery under constant voltage from the given initial state

ζðx; y; 0Þ ¼ ζ0ðx; yÞ
μðx; y; 0Þ ¼ μ0ðx; yÞ

ð8Þ

up until t = tf. The set Θ determines the admissible ranges for each para-
meter in θ to prune out solutions that are unreasonable or practically
infeasible.

There is a freedom to choose the objective function basedon the design
goals. Herein, we are interested in dendrite inhibition and fast charging.
Therefore, we choose an objective function that combines two functions
corresponding to these two objectives. These functions measure dendrites
and the state of charge in a cell.

To minimize dendrite growth in a cell, one first needs to define a
function that measures the extent of dendrites. Several different functions
have been proposed for this purpose in the literature, such as the distance
between the longest dendrite’s tip and the deepest valley in the cell (the
maximumheight), the time it takes dendrites to reach the opposite electrode
(short-circuit time), and the relative length of the path that follows the
electrode surface from top to bottom (tortuosity)6,15.

Consider a half cell with the (metal) electrode located at x = x0 and the
electrolyteon theopposite side, i.e.,x = xf. The lengthof thehalf cell isxf− x0
while thewidth of the half cell is given by yf− y0. In the presentwork, we use
the following dendrite measure based on the order parameter ζ:

ρðt; θÞ ¼ max
y2½y0;yf �

R xf
x0
ζðx; y; tÞdx

� min
y2½y0 ;yf �

R xf
x0
ζðx; y; tÞdx: ð9Þ

The dendrite function (9) generalizes the maximum height measure in
ref. 15 to soft phase orders. Namely, if the phase order ζ is crisp at time t, i.e.,
when

ζðx; y; tÞ ¼ 1; x ≤ x0ðy; tÞ
ζðx; y; tÞ ¼ 0; x > x0ðy; tÞ;

then definition (9) falls back to themaximum height measure in ref. 15 and
ρ(t) = 0 holds if and only if the surface of the electrode is flat.

Different dendrite functions were observed to yield similar results
when studying dendrite growth during charging6,15. Nevertheless, we have
chosen function (9) for two main reasons. First, despite tortuosity, it better
captures the needle-like dendrites that risk internal short circuits, a well-
known cause of thermal run-away inbatteries16, §6.1.2.1. Second, despite the
short-circuit time, it can be computed using the current order parameter
value with no need to simulate the charging process until short-circuit.

Tomaximize the charging speed,wemaximize the state of charge at the
end of the charging session tf. The state of charge at time t can be estimated

by measuring the surface of the electrode relative to the total area of the cell
as follows:

Sðt; θÞ ¼
R yf
y0

R xf
x0
ζðx; y; tÞdxdy

2ðxf � x0Þðyf � y0Þ
; ð10Þ

where the denominator is the area of the cell (double the half-cell area).
Note that since the order parameter ζ evolves differently for different

parameter values in (1)–(3), both ρ and S are functions of the selected
parameters θ in (9) and (10). Therefore, to inhibit dendrite growth and
accelerate charging speed, one may look for the optimal parameters θ⋆ that
minimize the dendrite function ρ(t; θ) butmaximize the state of charge S(t;
θ). Hence, settling for a trade-off, one can maximize an averaged objective
function as follows:

Cðt; θÞ ¼ �λρðt; θÞ þ ð1� λÞ�Sðt; θÞ; ð11Þ

where we have scaled the state of charge as �Sðt; θÞ ¼ 2ðxf � x0ÞSðt; θÞ to
make sure �Sðt; θÞ and ρ(t; θ) are within the same range

�Sðt; θÞ; ρðt; θÞ 2 ½0; xf � x0�:

In (11),λ∈ [0, 1] specifies the trade-off between the twoobjectives. To speed
up charging, we can choose a smaller value for λ, while to inhibit dendrites,
we can increase λ. Therefore, we consider the following optimization
problem:

maximize
θ2Θ

Cðtf ; θÞ
subject to ζ; μ; ϕ satisfyð1Þ � ð3Þ:

ð12Þ

Evaluating the objective function in (12) at a given point θ requires simu-
lating the phase-field equations (1)–(3) for t ∈ [0, tf] to obtain ζ(x, y, tf),
which is plugged in (9) and (10) to compute thedendrite and state-of-charge
functions. This process requires a significant amount of time and
computation power. In addition, no explicit expression is known for the
objective function in (12) and there is no efficient method available for
estimating its gradient, rendering most traditional optimization paradigms
inapplicable. Therefore, we consider the objective function (12) as a black
box and use Bayesian optimization to solve the problem (12). The
remarkable sample efficiency of Bayesian optimization further motivates
this choice among other global optimization routines, because of the
costliness of function evaluations in (12)9, §1.

Bayesian optimization
Bayesian optimization is a global optimization routine used to optimize
black-box functions that are costly to evaluate, like C(tf; θ) in (12). In this
method, the objective function is replaced with a surrogate model that is
improved iteratively by evaluating the objective function at selected points.
This surrogate model, which is optimized instead of the original objective
function, is a Gaussian process. A Gaussian process is a random functional
G(θ) whose values at any finite collection of points in Θ make a joint
Gaussian (normal) distribution. These distributions have a long track of
success in modeling complex multi-objective problems9,17. Since Gaussian
distributions are completely determined by their first and secondmoments,
a Gaussian process GiðθÞ � GPðmi;KiÞ is also defined without ambiguity
by its mean mi and kernel function Ki as follows:

miðθÞ ¼ EðGiðθÞÞ
Kiðθ; θ0Þ ¼ Cov GiðθÞ;Giðθ0Þ

� �
:

ð13Þ

Bayesian optimization starts at iteration i = 0 with an initial model (called
the prior), by choosing (13) based on an initial belief that reflects the domain
knowledge. For example, if θ 2 R is the applied voltage, one can choose the
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prior such thatm0(θ) increases with θ, as a higher voltage is often associated
with more dendrite growth and faster charging. However, more frequently,
the prior Gi is chosen automatically, by evaluating C(tf ; θ) at a few (often
randomly selected) points in Θ and finding the functions m0, K0 that
maximize the likelihood

PfD0 jm0;K0g;

where D0 contains the data from the initial function evaluations. After
setting a prior, an algorithm chooses a point θi∈Θ, evaluates the objective
function at this point, and uses Bayesian inference to update the current
model Gi according to this new information Di, as follows:

PfGiþ1ðθÞ ¼ ωg ¼ PfGiðθÞ ¼ ω jDig; ð14Þ

where ω 2 R. The updated model is also a Gaussian process, i.e.,
Giþ1ðθÞ � GPðmiþ1;Kiþ1Þ, whose mean and kernel functions are easily
computed from mi, Ki, and the new data Di. This process is repeated for
i = 1, 2,… until a stopping criterion is reached.

In the above procedure, the evaluation points θi are chosen to explore
regions where the objective function is expected to be large as well as high-
uncertainty regions. This is achieved by first encoding exploration pre-
ferences within the feasible set Θ using an acquisition function
Aðθ jD0;D1; . . . ;DiÞ, and then choosing the next evaluation point as one
that maximizes this preference in each iteration, i.e.:

θiþ1 2 argmaxAðθ jD0;D1; . . . ;DiÞ: ð15Þ

Therefore, a Bayesian optimization algorithm improves our estimate of the
objective function by updating the surrogate modelGi as (14) and finds the
regions where the objective function is maximized by updating the eva-
luation point θi as (15). Details about the specific Bayesian optimization
algorithm used in this paper can be found in section “Methods”.

Application to lithium-metal batteries
Weapply the Bayesian optimization framework developed above to find the
optimal values for the electronic conductivity of the solid phase σs, ionic
conductivity of the liquid phase σl, site density in electrolyte Cl

m, diffusion
coefficient in electrolyteDl, interfacial mobility Lσ, electrochemical reaction
kinetic coefficient Lη, interface tension γ, and interfacial thickness δ in a
lithium-metal half cell. The feasible intervals used for these parameters are
listed in Table 1. These intervals are derived from perturbing the nominal
values in ref. 18 by a maximum of 50% and include the parameter values
used in various studies with different electrodes and electrolytes1,5,11,12,15,19–22.
The rest of the parameters in (1)–(3) are chosen according to ref. 18. To
make the simulations more realistic, we use an electrode with an initially
rough surface, as no electrode has a perfectly flat surface in practice. This
initial roughness of the electrode surface also makes dendrites grow faster,

which can help to save computation power by choosing a smaller horizon
length tf in (12).

To only minimize dendrite growth, we choose λ = 1 in the objective
function in (12). As a first experiment, we solve the optimization problem
(12)with a short timehorizon tf = 0.04 (s) once for eachparameter θ 2 R in
Table 1. The rest of the parameters are kept constant at the center of their
intervals. All the parameters are found to be optimal at their extreme values
as shown under the column λ = 1 of Table 1. A simple rule of thumb can
summarize the results of this experiment for tuning the battery parameters
to inhibit dendrites, as shown in Table 2. One can gain more insight by
evaluating the posterior distribution obtained within the Bayesian optimi-
zation algorithm. For example, this distribution is shown in Fig. 1, when
interfacial thickness δ and interfacial tension γ are considered as the opti-
mization variables. Figure 1 indicates that increasing the interfacial thick-
ness is probably more effective than reducing the interfacial tension in
maximizing the objective function (11), and hence, minimizing dendrite
growth. This kind of information can help prioritize the parameters in
battery design when there are more restrictions for tuning.

In the second experiment, we increase the horizon length in the first
experiment by 2.5 times, i.e., tf = 0.1 (s) and optimize all the first four
parameters in Table 1 simultaneously (θ 2 R4). The results of this
experiment coincide with those of the first experiment perfectly. This sug-
gests that the optimal solution to (12) is not sensitive to tf. This temporal
independence of the optimal parameters is also observed in ref. 1, Fig. 7 and
ref. 21, Fig. 5 for the appliedvoltage, in ref. 1, Fig. 11 for the exchange current
density, in ref. 19, Fig. 6c for flowing velocity, and in ref. 20, Fig. 12 for
interfacial thickness. In these papers, a parameter that gives the least den-
drite growth in a short period of time also results in the smallest dendrites in
longer simulations. We note, however, that this observation does not apply
to situations where the system behavior changes dramatically during the
charging session. This happens when a diffusion-controlled regime takes

Table 1 | The optimal parameters that maximize the objective function (11) with different values of λ found by Bayesian
optimization

Parameter Notation Unit Value range λ = 1 λ = 0

Electronic conductivity of the solid phase σs [S/m] 106 × [0.5, 1.5] 1.5 × 106 0.5 × 106

Ionic conductivity of the liquid phase σl [S/m] [0.5950, 1.7850] 0.5950 0.6866

Site density in electrolyte Cl
m

[mol/m3] 104[0.9261, 2.7782] 0.9261 × 104 2.7782 × 104

Diffusion coefficient of ions Mn+ in electrolyte Dl [m2/s] 10−9[0.1590, 0.4769] 0.1590 × 10−9 0.4769 × 10−9

Interfacial mobility Lσ [m3/Js] 10−5[0.1250, 0.3750] 0.3750 × 10−5 0.3750 × 10−5

Electrochemical reaction kinetic coefficient Lη [s−1] [0.0005, 0.0015] 0.0005 0.0015

Interface tension γ [J/m2] [0.45, 0.55] 0.45 0.55

Interfacial thickness δ [m] 10−6[0.9, 1.1] 1.1 × 10−6 1.1 × 10−6

The parameters in the column λ = 0 maximize the charging speed, while the parameters in the column λ = 1 inhibit dendrite growth.

Table 2 | Summary of Table 1 for λ = 1

Parameter Guideline

Electronic conductivity of the solid phase σs Increase

Ionic conductivity of the liquid phase σl Decrease

Site density in electrolyte Cl
m

Decrease

Diffusion coefficient of ions Mn+ in electrolyte Dl Decrease

Interfacial mobility Lσ Increase

Electrochemical reaction kinetic coefficient Lη Decrease

Interface tension γ Decrease

Interfacial thickness δ Increase

Guideline on choosing the parameter values forminimal dendrite growth in the lithium-metal half cell
considered in section “Results”.
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over the system after the current peaks in ref. 13, Fig. 1c for example.
Nevertheless, when there is no major change in system dynamics, the
optimal parameters are less sensitive to time, in which case, onemay choose
a smaller value for tf to make the function evaluation steps less costly and
reduce the computation burden in solving the optimization problem (12)
significantly.

To validate the above results, we consider charging a half cell at the
constant voltage -0.45 (v) using two different values for the parameters σs, σl,
Dl,Cl

m and compare the results in Fig. 2.When these parameters are chosen
as themidpoints of their respective intervals in Table 1, dendrites grow (Fig.
2a). However, when these parameters were chosen based on the guidelines
of Table 2 (with the exact values given in column λ = 1 of Table 1), no
dendrites grow in this experiment (see Fig. 2b). This observation confirms
the results ofTable 2.However, it alsohas two important indications. First, it
suggests that the parameters that minimize dendrite growth within a short
time interval tf = 0.04 (s) can also inhibit dendrites further in the future
tf = 60 (s). Second, it shows dendrite inhibition can be at odds with fast
charging. Because the amount of chargedelivered in the twohalf cells during
the same time interval of 60 (s) is strikinglydifferent inFig. 2.The cell state of
charge at the end of the charging session in Fig. 2b is estimated to be 0.072,
that is, around 37% less than that in Fig. 2a. Therefore, choosing extreme
values for dendrite inhibition can lead to conservative solutions that slows
the charging process.

To only maximize the charging speed, we choose λ = 0 in the objective
function (11). Bayesian optimization was used to solve this optimization
problemwith tf = 0.04 (s). The results are reportedunder the columnλ = 0 in
Table 1 and summarized as a simple rule in Table 3. Again, all the para-
meters are found to be optimal at their extreme values, however, on the
opposite sides of their spectrums, except interfacial mobility and thickness.

a b

Fig. 1 | The posterior distribution predicted by the Bayesian optimization fra-
mework after 20 samples, where θ= [γ, δ]⊤ is optimized. According to b, the
model is less certain in the regions where δ is smaller. However, as the location of
sampled points shows, the algorithm has favored exploring the opposite region due
to its higher expected rewards in (a). a The mean of the Gaussian process that

predicts the objective function (11). The dark shade represents the regionswhere the
model expects a higher value for the objective function, and hence, less dendrite.
b Standard deviation of the Gaussian process that predicts the objective function
(11). The dark shade represents the regions where the model is more uncertain
about the objective function.

Fig. 2 | Two half cells charged with the same constant voltage −0.45 (v) and the
same amount of time 60 (s). The dashed line shows the initial interface at the
beginning of the charging process. a Dendrite-prone deposition. The half cell with

parameters chosen from18 develops dendrites and reaches the state of charge 0.12 in
60 (s). bDendrite-free deposition. The half cell with parameters chosen according to
Table 2 forms no dendrites and reaches the state of charge 0.07 in 60 (s).

Table 3 | Summary of Table 1 for λ = 0

Parameter Guideline

Electronic conductivity of the solid phase σs Decrease

Ionic conductivity of the liquid phase σl Increase

Site density in electrolyte Cl
m

Increase

Diffusion coefficient of ions Mn+ in electrolyte Dl Increase

Interfacial mobility Lσ Increase

Electrochemical reaction kinetic coefficient Lη Increase

Interface tension γ Increase

Interfacial thickness δ Increase

Guideline on choosing the parameter values formaximum charging speed in the lithium-metal half
cell considered in section “Results”.
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This agrees with the observation in Fig. 2 where fast charging and minimal
dendrite growth are at odds.

One can settle for amiddle ground between fast charging and dendrite
inhibition by tuning the objective function in the optimization problem (12)
using λ∈ (0, 1). By using a smaller λ, the parameters that speed up charging
are favored,whereas a largerλwould lead toparameters that inhibit dendrite
growth. To examine this effect, we use the optimization framework in
section “Optimization framework” to find the reaction constant Lη that
maximizes the objective function (11) with λ∈ (0, 1) and tf = 0.04 (s). As
shown in Fig. 3, the optimal reaction rate decreases as dendrite suppression
is increasingly favored over fast charging. This result indicates a strong
trade-off between the conflicting objectives of dendrite inhibition and fast
charging.

A curious exception to this trade-off is the interfacial mobility Lσ. This
parameter should be maximized to achieve both fast charging and mini-
mum dendrite growth, according to Tables 1–3. To examine how this
parameter affects the charging performance, we consider two half cells with

different interfacial mobilities and otherwise equal parameters. These half
cells are chargedwith the constant voltage -0.45 (v) for 110 (s).We simulate
the dendrite growth in both half cells and compare the results in Fig. 4. As
shown in Fig. 4a, dendrites are only formed in the half cell with the smaller
Lσ. The roughness of the electrode surface (9) growsmore rapidly in this half
cell (see Fig. 4c). Nevertheless, in both half cells, the electrode surface
(excluding the dendrite) is approximately located at 35 (μm) on the hor-
izontal axis, which indicates a similar charging speed between the two
experiments (see Fig. 4a, b). An alternative way to compare the charging
speeds between the two experiments is to estimate the delivered electric
charge in each half cell up to time t as follows:

Qðt; θÞ ¼ nFCs
m

Z yf

y0

Z xf

x0

h ζðx; y; tÞ� �
dxdy: ð16Þ

The above function grows slightly faster in the half cell with the smaller Lσ.
However, the charge delivered in the other half cell is not far behind,
growing almost linearly (see Fig. 4d). Note that both functions (10) and (16)
are based on the total area occupied by the solid phase, including the den-
drite. At the endof the experiment, the state of charge (10) in Fig. 4b is 10.6%
less than the state of charge in Fig. 4a. In comparison, recall that when
dendrites were inhibited by tuning the parameters σs, σl,Dl,Cl

m instead ofLσ,
the state of charge in Fig. 2b was 37% less than the state of charge in Fig. 2a.
Therefore, we conclude that increasingLσ inhibits dendritesmore effectively
with much less impact on the charging speed.

Local analysis of the interface
In section “Results”, we identified the influence of different chemical
parameters on the speed and dendrite formation in a charging process. In
this section, we discuss how these parameters influence the charging session
the way they do. To simplify our discussions, we also quantify several key
descriptors for the local behavior of the electrode/electrolyte interface
during the electrodeposition process. Analyzing these descriptors instead of
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Fig. 4 | Two half cells charged with the same constant voltage −0.45 (v) and the
same amount of time 110 (s). The only different parameter between these two half
cells is the interfacial mobility Lσ. a Dendrite-prone deposition. The half cell with
Lσ = 0.4 × 10−6 (m3/Js) develops dendrites and reaches the state of charge 0.10 in 110

(s). b Dendrite-free deposition. The half cell with Lσ = 8 × 10−6 (m3/Js) reaches the
state of charge 0.09 in 110 (s) with no visible dendrites. c The roughness of the
electrode surface (9) over time. d The delivered charge (16) over time.
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Fig. 3 | The optimal electrochemical reaction kinetic coefficientLη as a functionof
the trade-off parameter λ in (12). Despite the monotonic relations reported in
Tables 2 and 3, the relationship between Lη and the objective function is no longer
monotonic here.
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the full model (1)–(3) helps to understand the mechanism by which dif-
ferent parameters affect the charging process.

We begin with approximating the phase-field model (1)–(3) across the
phase transition interface in an infinitesimal time interval, a process we call
localization. By restricting space and time in this way, the system of partial
differential equations is replaced by an ordinary differential equation around
the phase transition interface. This simplified local model provides four
descriptors (Table 4) for the shapes of the electric and chemical potential fields
andthedepositionratevariationsalong theelectrode surface.Thesedescriptors
are functions of the battery parameters and provide valuable information on
how each parameter contributes to dendrite growth and charging speed.

Consider a half cell where the negative electrode made of M metal is
located on the left and the electrolyte is on the right. During the charging
process, the electrochemical potential governs the transport of Mn+ ions
through the electrolyte and their adsorption on the anode. Hence, to
understand the effects of different chemical and physical parameters on
electrodeposition and dendrite growth, we study their effects on the electric
and chemical potentials. To simplify the process, we consider the phase-field
equations (1)–(3) in a small box within the electrode/electrolyte interface
where the phase order parameter varies from ζ= ζ0 to ζ= ζ1 (see Fig. 5)where

0 < ζ0 < ζ1 < 1:

Such a local analysis is useful as the electrode/electrolyte interface is where
most of the limiting processes occur in a charging cell16, §1.5. We assume
that the level sets of ζ, μ and ϕ are parallel in this box and

ζ ¼ tanh βðz � z0Þ þ 1
� �

=2

μ ¼ μsζ;
ð17Þ

where z = y in case the surface normal inside the box is orthogonal to the
chargingdirection (Fig. 5a) and z = xwhen it is parallel to it (Fig. 5b). In (17),
z0 specifies the transition interface location, β > 0 determines the sharpness
of phase transition, and μs < 0 is the chemical potential limit in the solid
phase. Functions (17) are a smooth approximation of step functions used in

the literature in different contexts, such as for representing order parameters
and electric potentials18. Although assuming parallel level sets may look
restrictive, it typically holds inside a small enough box on the tip and sides of
grown dendrites (see, for example, ref. 18). These assumptions simplify the
phase-field equations significantly. In particular, substituting (17) and (1) in
the conduction equation (3) results in a second-order ordinary differential
equation in ϕ, which after changing the independent variable from z to ζ,
takes the form:

a2ðζÞϕ00 þ a1ðζÞϕ0 ¼ a0ðζ; ϕÞ; ð18Þ

with the two-point boundary conditions

ϕðζ0Þ ¼ ϕ0; ϕðζ1Þ ¼ ϕ1 ð19Þ

and coefficient functions

a2ðζÞ ¼ σζð1� ζÞ
a1ðζÞ ¼ 30ðσs � σ lÞζ3ð1� ζÞ3 � σð2ζ � 1Þ

a0ðζ; ϕÞ ¼ nFCs
m

2β2
Lσð2ζ � 1ÞðW � 2β2kÞ�

�Lηqðζ ; μsζ ; ϕÞ=2ζð1� ζÞ
�
:

ð20Þ

Note that the phase-field equations are symmetrical in the coordinatesx and y
(except the initial and boundary conditions). Therefore, the above equations
are valid for both boxes in Fig. 5 independent of the choice z∈ {x, y}.

Equations (18)–(20) specify a two-point boundary value problem that
can be solved by, e.g., collocation and shooting methods to obtain ϕ = ϕ(ζ).
This solutiondetermines the electric potential inside the box and, alongwith
ζ and μ from (17), can be substituted in (2) and (1) to obtain the chemical
potential derivative ∂tμ and the electrodeposition rate ∂tζ within the tran-
sition zone ζ∈ (ζ0, ζ1). We use ϕ, ∂tμ and ∂tζ to define descriptors.

First, we define a descriptor for the electric potential. The electro-
deposition process curves the electric potential level sets forward. This
phenomenon, observed in numerous studies on different phase-field
models (see, e.g., refs. 1,12,23), has been acknowledged as a contributing
factor to further dendrite growth11,19,24,25. Figure 6 demonstrates this effect by
showing a half cell with a grown dendrite (black curve) being charged in a
curved electric field (Fig. 6a) versus a straight electric field (Fig. 6b). As the
electric potential level sets are orthogonal to the electricfield, the cationsMn+

are forced toward the dendrite in the curved field, resulting in its further
growth (Fig. 6a). In contrast, in an ideal casewhere the electric potential level
sets are straight, the dendrite cannot grow larger, because the electric force
direction is unchanged throughout the half cell, and thereby, the ionsMn+

tend to move straight toward the electrode (see Fig. 6b). Therefore, a less
curved electricfield can inhibit dendrite growth.Whether the electricfield in

Fig. 5 | Level sets of the order parameter ζ in a small
box around the electrode/electrolyte transition
zone (ζ0 < ζ1). The white arrow indicates the char-
ging direction. a z = y. b z = x.

Table 4 | Descriptors suggestive of fast charging and dendrite
growth

Notation Associated with Effect

dϕ Linearity of the electric field Dendrite inhibition

dμ Chemical potential buildup Fast charging

dζ
val � dζ

tip
Deposition uniformity Dendrite inhibition

dζ
val þ dζ

tip
Average deposition rate Fast charging

A larger value of these descriptors implies the effects described in the last column.
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Fig. 6 is curved or not can be detected by observing the electric potential
inside a small box within the interface, similar to the one shown in Fig. 5, at
either of the points S (side),T (tip), orV (valley). In the curvedfield (Fig. 6a),
the electric potential changes more rapidly on the liquid side compared to
the solid side. However, in the straight field (Fig. 6b), the electric potential
changes uniformly across the interface inbothboxes. Letϕ(ζ) be the solution
to (18) and

dϕ :¼ ϕ
ζ0 þ ζ1

2

� �
ð21Þ

denote the electric potential at the interface center. Since

dϕ ¼ ϕ0 þ
R ðζ0þζ1Þ=2
ζ0

ϕ0ðζÞdζ
¼ ϕ1 �

R ζ1
ðζ0þζ1Þ=2 ϕ

0ðζÞdζ ;

assuming a decreasing electric potential across the interface and the same
boundary conditions (19), the cellwith a smallerdϕhas a larger total absolute
change in ϕ on the liquid side of the interface (ζ∈ [ζ0, (ζ0+ ζ1)/2]) and a
smaller one on the solid side (ζ∈ [(ζ0+ ζ1)/2, ζ1]). Therefore, a more severe
dendrite growth is expectedwhen dϕ is small. Straightness of the electricfield
is not the only factor that suppresses dendrite formation. A more common
way to inhibit dendrites is through the chemical potential buildup near the
electrode surface, which is introduced next.

Diffusion of ions through the electrolyte often occurs at a much
slower rate than their reduction and adsorption on the electrode sur-
face. This condition promotes dendrite growth by consuming the ions
Mn+ at the first available spots as soon as they reach the electrode
surface. Saturating the reaction sites with an accumulation of ions near
the electrode surface can help prevent this condition6. Slowing the
adsorption rate or speeding up the diffusion process can help maintain
an accumulation of ions near the electrode surface. In the ideal case, this
accumulation of ions would reverse the concentration gradient inside
the cell and inhibit dendrite growth. The reason is that the ions are
forced towards regions with a lower concentration, which counteracts
the electric force that promotes dendrite growth in Fig. 6a. Figure 7
shows what the concentration field looks like when a half cell is charged
in these two scenarios. The former case is shown in Fig. 7a, where the
local concentration decreases when moving from the bulk electrolyte
toward the electrode. In contrast, in the latter case shown in Fig. 7b, the
local concentration near the electrode is higher than that in the bulk
electrolyte. Note that there is a monotonic relation between con-
centration cMnþ ¼ clðμÞ and chemical potential μ given a fixed phase
order (see (4)). Hence, the accumulation of ions in Fig. 7bmanifests as a
chemical potential buildup close to the electrode surface. A high che-
mical potential growth rate within the electrode/electrolyte interface
implies accelerated charging in the local model. To examine this, one
may solve (18) for ϕ and substitute the solution in (2) to obtain the
chemical potential time-derivatives inside the box. Then we define the
descriptor

dμ :¼ 1
ζ1 � ζ0

Z ζ1

ζ0

∂tμdζ ; ð22Þ

which measures the average growth rate of chemical potential within the
interface. A larger dμ indicates a faster plating within the interface and
therefore, a faster charging process.

Finally, we introduce descriptors to evaluate electrodeposition rates.
Electrodeposition mainly occurs within the interface, though at different
rates, depending on the region. Typically, a valley region (pointV in Fig. 6a)
grows more slowly than a tip region (point T in Fig. 6a), leading to dendrite
growthon the electrode.A similar deposition rate at the tip andvalley regions
indicates that dendrites do not grow larger. It is possible to evaluate the
electrodeposition rates in different regions by using the local model. As can
be seen in Fig. 6, the electric potential tends to vary less across the interface in
the valley regions (e.g., point V) compared to the tip regions (e.g., point T).
This phenomenon which is also observed in refs. 3,19 makes it possible to
distinguish a valley from a tip region by the different boundary conditions
(19). Therefore to obtain the electric potential in these two regions, Eq. (18) is
solved for ϕ using two different boundary conditions that satisfy

ϕtip1 < ϕval1 < ϕval0 < ϕtip0 :

Then the solutions are substituted for ϕ in (1) to give the electrodeposition
rates in the tip andvalley regions. Let us denote the deposition rates at the tip
and valley regions by ∂tζ

tip and ∂tζ
val respectively and define the descriptors

dζval :¼ 1
ζ1�ζ0

R ζ1
ζ0
∂tζ

valdζ;

dζtip :¼ 1
ζ1�ζ0

R ζ1
ζ0
∂tζ

tipdζ :

Fig. 6 | The electric potential level sets in a charging half cell, where the anode is
on the left and the electrolyte is on the right (ϕs < 0). The black curve shows the
electrode/electrolyte interface, which is sharp unlike in Fig. 5. a Curved electric
potential level sets promote dendrite growth. b Linear electric potential level sets
inhibit dendrite growth.
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Dendrites are expected togrow slower in a cellwhere thequantitydζval � dζtip
is largewhile the cell is expected to charge fasterwhen the averagedeposition
rate in the valley and tip regions, i.e., the quantity dζval þ dζtip is large.

Discussion
We defined four different descriptors associated with dendrite growth and
charging speed that are summarized in Table 4. We use these descriptors
along with the results of section “Results” to elaborate on the influence of
different parameters on the charging process in this section. We consider a
lithium-metal half-cell battery with the parameters reported in ref. 11. To
calculate the descriptors in Table 4 we choose ζ0 = 0.3, ζ1 = 0.7, β = 10,
μs =−10 for the local approximation (17) (the chosen values are not
definitive).

According toTable 1, a larger electronic conductivity of the electrode σs

can inhibit dendrite growth. This inhibition of dendrites is a consequence of

a low electric field curvature. To see this, we note that the conductivities of
the electrode and electrolyte are the only parameters that exclusively shape
the electric potential via the conduction equation (3). In particular, to reveal
the effect of electrode conductivity on the electric field curvature we com-
pute the descriptor dϕ in (21) for three different values of σs. It is observed
that a larger conductivity of the electrode results in a larger dϕ, and thereby, a
more straight electric field. Figure 8 shows this effect by plotting the electric
field across the interface ζ∈ [ζ0, ζ1]. These results showno trade-off between
dendrite inhibition and most other desirable performance objectives in
batteries when choosing electrode conductivity σs. There are several ways to
change conductivities in a battery cell. One may change the electrode
conductivity σs, by e.g., tuning the metal composition (alloying) and the
operating temperature.

In contrast with electrode conductivity, a smaller ionic conductivity of
the electrolyte σl can inhibit dendrite growth, according toTable 1. This kind
of dendrite inhibition comes, however, with a trade-off, as a high ionic
conductivity of the electrolyte is desirable for the cell overall performance16,
§1.5.4. The suppressive effect of lower ionic conductivity of the electrolyte is
supported by findings from Rehnlund et al. reporting that reducing lithium
salt concentration decreases ionic conductivity and mitigates dendrite for-
mation by favoring two-dimensional lithium deposition under diffusion-
controlled conditions26. The results in Table 1 also state that the half cell is
charged faster when the ionic conductivity of electrolyte is high. This is of
course expected, as the half-cell resistance is dominated by the electrolyte
resistance andwhen this resistance is low, the charging current is high under
a constant voltage by the Ohm’s rule. It is possible to change the electrolyte
conductivity σl, by e.g., changing the viscosity, the used solvent, the salt
concentration, or the temperature16, §1.5.4.

The only parameters that exclusively influence the chemical potential
via the diffusion equation (2) are the diffusion coefficient Dl and the site
density of electrolyte Cl

m. To study the effects of the diffusion coefficient on
chemical potential, we calculate dμ for different values of Dl by solving the
equation (18) and substituting its solution in (2) to obtain the chemical
potential derivatives as shown in Fig. 9. It is observed that a largerDl results
in a larger dμ and therefore, in a chemical potential buildup near the elec-
trode surface. This results in faster charging confirming the results of Table
1. Table 1 also states that a smaller diffusion coefficient results in less
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Fig. 8 | Electric potential across the phase-transition zone. A larger electrode
conductivity σs yields a straighter electric field across the phase transition zone, and
therefore, less dendrite growth.
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Fig. 9 | Chemical potential growth rate across the phase-transition zone.A larger
diffusion coefficient Dl yields a higher chemical potential growth rate on average.

Fig. 7 | Ion concentration (molar ratio) level sets in a charging half cell, where the
anode is on the left and the electrolyte is on the right (0<cMnþ

l
). The black curve

shows the electrode/electrolyte interface, which is sharp unlike in Fig. 5. a A
decreasing concentration toward the electrode promotes dendrite growth. In this
case, the chemical potential is lower close to the interface than the bulk electrolyte.
bAn increasing concentration toward the electrode inhibits dendrite growth. In this
case, the chemical potential is higher close to the interface than the bulk electrolyte.
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dendrite growth, which is contradictory to most available guidelines that
suggest inhibiting dendrites by reaction-limited regimes6,27. However, a
short-term dendrite inhibition as in Table 1 is a consequence of slower ion
transport, rather than an accumulation of ions explained in 28. In contrast,
dendrite inhibition in refs. 6,27 is the result of an ion accumulation near the
interface, which extends the Sand time of the system (see Fig. 7b). However,
an opposite trend appears to hold in the short term, according to Table 1.
Similar to electrolyte conductivity, the diffusion coefficient Dl can also be
changed in various ways, including changing the viscosity of the electrolyte.

AsTable 1 suggests, a lower interfacial energy helps suppress dendrites.
This is expected because when the tension is lower, it can be released more
easily, which can lead to a smoother surface. In contrast, a high interfacial
thickness is beneficial for dendrites suppression, which is in agreement with
the results of ref. 2. Interestingly, a higher interfacial thickness also promotes
the charging speed, according to Table 1. We will return to this point when
discussing interfacial mobility in the next section.

According toTable 1, a lower electrochemical reaction kinetic constant
Lη can inhibit dendrite growth. The reaction constantLηhas a direct relation
with the exchange current density i0

29 and it iswell-documented that a lower
current density i0 also inhibits dendrites30, which confirms our results. A
lower exchange current density can be achieved via anti-catalysis, i.e., by
tailoring specifically the electrode surface composition, e.g., with adsorption
of other metal cations. Table 1 also shows that a lower reaction constant Lη
slows down charging, which is again expected, due to the slower electro-
chemical reactions. In addition, a direct relation is observed between the
descriptor dμ and Lη, which confirms this result.

A high interfacial mobility can inhibit dendrite growth and accelerate
charging speed, according to Table 1. We leverage the descriptors dζval and
dζtip to study this effect. To compute these descriptors, we solve the differ-
ential equation (18) separately with the following boundary conditions:

ϕðζ0Þ ¼ �0:1; ϕðζ1Þ ¼ �0:6; tip region

ϕðζ0Þ ¼ �0:3; ϕðζ1Þ ¼ �0:5; valley region

usingdifferent valuesofLσ. The solutionϕ is then substituted in (1) to obtain
the electrodeposition rates in the tip and valley regions. Figure 10a, b shows
the electrodeposition rate uniformity dζval � dζtip and the average electro-
deposition rate dζval þ dζtip along the electrode surface, respectively. Both
these descriptors are increasingwith Lσ, which confirms our results in Table
1. This also agrees with the trend seen in the chemical potential growth rate
in Fig. 10c. However, an opposite trend is observed in dϕ (Fig. 10d), which
indicates that the dendrite inhibition achieved by increasing interfacial
mobility is not caused by straightening the electric field. Rather, a high
interfacial mobility facilitates the surface tension release, which results in a
smoother electrode surface and therefore in less dendrite growth.

Interfacial mobility (Lσ) has been tuned as a numerical parameter to fit
the phase-field simulations to real-world experiments in some studies31.
This parameter has a direct relationship with the (intrinsic) interfacial
mobility (Lσ), which is a physical parameter of the system. Several papers
have approximated this relationshipunder different conditions, including at
the thin interface limit in ref. 32, Eq. (63). Perhaps the simplest formula
relating the two parameters is derived by ref. 31 as follows:

Lσ ¼ kM
γ

k
Lσ ; ð23Þ

where γ is the interfacial energy, k is the gradient energy coefficient33, Eq.
(10), and kM is a parameter used tofit the simulationswithmeasurements at
different temperatures T31, Eq. (23b). Recall that k∝ γδ29,34. Hence, Eq. (23)
yields

Lσδ / kMLσ : ð24Þ

Therefore, with a fixed kM, increasing Lσ and/or δ corresponds to increasing
Lσ in the physical system. As we saw earlier in section “Results”, interfacial
mobility and interfacial thickness are the only parameters that are not
subject to the trade-off observed between charging speed and dendrite
suppression.This result suggests that a high intrinsic interfacialmobility can
help achieve both objectives in a battery cell.

Changing (intrinsic) interfacial mobility is observed in the broader
electroplating industry. In copper electroplating, for example, the control of
deposition behavior is largely chemistry-driven, with additives playing a
critical role. Suppressors, adsorb on the copper surface and selectively
reduce the deposition rate in high-current-density regions like tips, effec-
tively promoting uniform deposition by slowing plating in these areas.
Accelerators, counteract the suppressor effect by increasing deposition rates
in valley regions where suppressors are less adsorbed, ensuring a balanced
deposition and reducing surface roughness. Levelers, acting as secondary
suppressors, specifically target protrusions such as dendrite tips tominimize
surface irregularities and ensure smoother plating. Together, these additives
indirectly adjust Lσ and Lη, with suppressors and levelers mimicking the
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Fig. 10 | The relation between interfacial mobility Lσ and different descriptors
defined in Table 4. a Deposition uniformity as a function of interfacial mobility.
High interfacial mobility yields a more uniform deposition rate along the electrode
surface and hence, less dendrite growth. b Average deposition rate as a function of
interfacial mobility. High interfacial mobility yields a faster deposition on average
and hence, a higher charging speed. c Chemical potential buildup as a function of
interfacial mobility. High interfacial mobility accumulates ions within the interface
and builds up the chemical potential there faster, leading to a higher charging speed.
d Linearity of the electric field as a function of interfacial mobility. High interfacial
mobility intensifies the electric field curvature, indicating a different mechanism of
dendrite inhibition than high electrode conductivity.

https://doi.org/10.1038/s41524-025-01735-x Article

npj Computational Materials |          (2025) 11:243 10

www.nature.com/npjcompumats


effects of high Lσ by reducing unevenness, while accelerators fine-tune
deposition rates to prevent over-suppression35. Similar efforts have been
made for lithium with different approaches aimed at improving the inter-
facial mobility of Li-ions on the surface of the electrode25,36,37.

We conclude this section by summarizing themain results of this paper.
We have introduced a numerically efficient method for optimizing electro-
deposition processes with respect to an arbitrary objective function using an
arbitrary set of parameters. This approach is based on Bayesian optimization
and uses a numerical solution of the phase-field partial differential equations
over a fixed time interval. This time interval is flexible and can be chosen to
optimize the short- or long-term behavior of electrodeposition processes.
Choosing a small time horizon reduces the computational burden and
enables a faster optimization of the parameters inside the battery cell.
However, the optimal parameters found in this way are only reliable for
longer charging sessions if there is nodramatic change in the systembehavior,
such as switching from a reaction-limited regime to a diffusion-limited
regime. Nevertheless, using a low-complexity optimization framework, the
proposed approach has great potential for controlling various aspects of
electrodeposition processes by tuning the right parameters of battery cells.
Thismethodapplies tometal-anodebatteries, suchas lithium-metal batteries,
zinc-metal batteries, and so on, but not batteries that involve ion insertion,
such as Li-ion batteries. Themethod can be easily adapted for different types
of batteries by adjusting the corresponding parameters so they reflect the real
system, such as the valencen of ions, the electrolyte properties, and so on.We
used this framework to obtain the minimum dendrite growth and the
maximum charging speed in a lithium-metal battery by tuning the following
parameters: electrode conductivity, electrolyte conductivity, site density in
electrolyte, diffusion coefficient of electrolyte, interfacial mobility, the elec-
trochemical reaction kinetic coefficient, interface tension, and interfacial
thickness. Optimizing other types of batteries under different operating
conditions can lead to different conclusions from those drawn in this study.

The results indicate that dendrite suppression and fast charging are
generally conflicting objectives when charging under constant voltage, with
the curious exception of one parameter: intrinsic interfacial mobility. Our
results show that increasing this parameter can inhibit dendrite growth
effectively, without compromising charging speed. This is realized by an
easier release of surface tension and an easier adsorption of ions, which
reduces the surface roughness and accelerates electrodeposition. Another
interesting observation in our results is that certain information provided in
short simulations on dendrites is still reliable for surprisingly long simula-
tion times.Observing tinydifferences inhow fast or severe dendrites grow in
the beginning provides useful information about their size later on.
Although the shape of the dendrite is almost impossible to predict, the
relation between different parameters and functions (9) and (10) did not
change in the short and long simulations in most of our experiments. We
deduce that, while short-term simulations can not predict everything about
the evolution of dendrites (such as dramatic changes in the system behavior
caused by low or high diffusion coefficients), they provide cheap but valu-
able information about how fast they grow. This information can accelerate
the search for high-performance batteries.

To also gain more insight into how different parameters influence the
electrodeposition process, we introduced a few simple descriptors by loca-
lizing the phase-field model across the electrode/electrolyte interface in an
infinitesimal time interval. The reducedmodel and its descriptors reveal the
close relationship between electric and chemical potential fields and the
chemical parameters of a battery cell. The proposed descriptors are easy to
compute without simulating the full phase-field model. As such, they make
an initial step toward aphysically-inspired computationally-tractablemodel
based on phase-field equations for real-time feedback control systems. This
shall be a future direction for further research.

Methods
Decision variables
The phase-field model used in this paper describes a half-cell with the
following dimensions: It spans from the anode location x0 on the left to the

electrolyte end xf on the right, where x0 < xf. The width of the system from
the bottom y0 to the top yf is given by yf− y0.

This model assumes the following set of constant parameters: inter-
facial mobility Lσ, gradient energy coefficient k, reaction constant Lη, the
valence of charge carriers n, site density of electrolyte Cl

m, site density of
electrode Cs

m, energy barrier height W, temperature T, the chemical
potential differences in the electrolyte (electrode) at initial equilibrium state
ϵl (ϵs), the standard equilibrium half-cell potential Eθ, charge transfer coef-
ficient α, diffusion coefficient of the ions Mn+ in the electrolyte Dl, initial
molar ratio of ions c0, and finally, the conductivities of electrolyte and
electrode σl and σs.

The following parameters are implicit in themodel: interfacial energy γ
and interfacial thickness δ, which control the barrier height W and the
gradient energy coefficient k. The following parameters are implicit in the
initial and boundary conditions: the applied voltage ϕs < 0, which is mea-
sured across thehalf-cell, fromthe anode (solidphase) to theprobe electrode
(with zero electric potential), the initial chemical potential in the solid phase
μs < 0, and the initial surface of the electrode given by the functional ζ0: [x0,
xf] × [y0, yf]→ [0, 1].

Several of the above parameters can be included as decision variables θ
in the optimization problem (12). The fundamental constants of the model
are the Faraday constant F and the gas constant R.

Initial and boundary conditions
Next, we describe the conditions used to solve the phase-field equations. For
boundary conditions, we use the Dirichlet conditions

ζðx0; y; tÞ ¼ 1; ζðxf ; y; tÞ ¼ 0;

μðxf ; y; tÞ ¼ 0;

ϕðx0; y; tÞ ¼ ϕs; ϕðxf ; y; tÞ ¼ 0

and the following conditions of Neumann type

∂yζðx; y0; tÞ ¼ ∂yμðx; y0; tÞ ¼ ∂yϕðx; y0; tÞ ¼ 0;

∂yζðx; yf ; tÞ ¼ ∂yμðx; yf ; tÞ ¼ ∂yϕðx; yf ; tÞ ¼ 0;

whereϕs =−0.45 is set for all our experiments. The initial conditions, on the
other hand, varied among the experiments.We adopted the following initial
condition from ref. 38 for the experiments used to generate Figs. 1 and 3:

ζðx; y; 0Þ ¼ 1
2 1� tanh 2x � 40ðð
þ 0:35 exp �0:1ðy � 50Þ2� ���

;

μðx; y; 0Þ ¼ μsHð20� xÞ;

where μs =−10 and H(. ) is the Heaviside step function. For the rest of the
experiments in section “Results”, we use themore intricate initial condition
shown in Fig. 2a.

Hardware
Solving the Bayesian optimization problems and simulating the complete
phase-field models were carried out on the Tetralith supercomputer at the
National Supercomputer Centre (NSC) with 32 cores. The computing time
varied for different experiments. For instance, the second experiment of
section “Results” took 24 h 13min and 17 s to complete, and the simulation
performed to generate Fig. 4 took 5 days, 4 h, 47min, and 1 s to complete on
this machine.

Software
The two-point boundary value problem (18) was solved by the four-stage
Lobatto IIIa collocation formula using the Matlab built-in function bvp5c.
The system of partial differential equations (1)–(3) was numerically solved
by the finite element method using the Fenics software. We built upon the
work38 for this purpose and chose Newton’s method to solve the variational
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problems.To solve theBayesianoptimizationproblem(12),weused theAx-
BoTorch platform in all experiments3940. The prior was initialized by at least
five quasi-randomly generated trials. For the kernel function, we used
Matern 5/2 function as follows:

Kðθ; θ0Þ ¼ 21�νð2νÞν=2
ΓðνÞ jθ � θ0jνKν

ffiffiffiffiffi
2ν

p
jθ � θ0j

� �
;

whereKν is themodified Bessel function of the second kind and ν = 5/2.We
used sequential Bayesian optimization for all the experiments, with only one
sample used to evaluate the posterior at each step. The number of trials used
for each of the first experiments in section “Results” was 20, for the second
experiment in section “Results” was 100, and for each experiment per-
formed to generate column λ = 0 in Table 1 was 20. The number of trials
used to obtain the optimal reaction constants in Fig. 3 was 10 for each value
of λ. For the acquisition function, we considered expected improvement
which is defined as follows:

Aðθ jD0;D1; . . . ;DiÞ ¼ E maxð0;Cðtf ; θÞ � C?
i Þ

� �
:¼ EIiðθÞ;

whereC?
i ¼ maxj ≤ i Cðtf ; θjÞ is the best objective function value observed so

far. Inpractice, the logarithmof thenoisy versionof this acquisition function
is optimized instead for its numerical benefits using gradient-based
algorithms41.

Data availability
The underlying codes for this study, the detailed parameters values used for
simulations, and the datasets generated during the current study are avail-
able in the repository https://github.com/taghavian-c/DSFC-BO.

Code availability
The underlying codes for this study are available in the repository (https://
github.com/taghavian-c/DSFC-BO).
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