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Two-state generalization of the strong collision model

Ola Kenji Forslund *

Physik-Institut, Universität Zürich, Winterthurerstrasse 190, CH-8057 Zürich, Switzerland
and Department of Physics and Astronomy, Uppsala University, Box 516, SE-75120 Uppsala, Sweden

(Received 28 April 2025; revised 30 June 2025; accepted 8 July 2025; published 17 July 2025)

Muon spin relaxation is a powerful technique for probing static and dynamic local magnetic fields. The strong
collision model, based on a Gaussian-Markovian process, is commonly used to account for dynamical effects.
Yet, it remains limited in describing systems where the local field undergoes discrete state changes. To address
this, I introduce a generalized two-state strong collision model that explicitly incorporates transitions between
distinct local field environments during fluctuations. This extension allows for a more accurate representation of
dynamical effects, particularly in systems where each collision alters the underlying static polarization function.
Analytical and numerical solutions are presented, and the model’s applicability is demonstrated and discussed
across relevant physical systems—including low-dimensional magnets, systems with dynamic disorder, and ion
and muon diffusion. These results offer an enhanced framework for interpreting data in complex materials and
extend the method’s reach to a broader class of dynamical phenomena in condensed matter physics.
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I. INTRODUCTION

Muon spin rotation, relaxation, and resonance (μ+SR)
experiments provide a direct means of probing static and
dynamic local magnetic field environments [1]. Owing to its
versatility, μ+SR has found widespread application across
various scientific disciplines [2]. While much of the focus
has been on magnetic systems—particularly in studies of
magnetism and superconductivity [3]—the technique has also
proven valuable in chemistry [4], biology [5], and, increas-
ingly, in the study of ion diffusion in battery materials [6].

In a μ+SR experiment, a muon is implanted into a material,
where it settles near an electrostatic potential minimum, often
close to an anion and at a distance of roughly 1 Å [7,8]. The
local magnetic field at the muon site is primarily composed
of dipolar contributions from nuclear and electronic magnetic
moments. Due to its gyromagnetic ratio (γμ), the muon under-
goes spin precession in the presence of a magnetic field. The
parity-violating weak interaction that governs muon decay
leads to an asymmetric positron emission [9], which is de-
tected to extract information about the muon spin polarization.

The resulting depolarization reflects how the muon en-
semble responds to the local magnetic environment and is
typically analyzed using predefined static polarization func-
tions [10,11]. However, when dynamic effects are present,
time-dependent fluctuations in the local field introduce
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additional complexity. To incorporate such dynamics, the
strong collision model [12] has been widely adopted in μ+SR
studies [13–15]. This model assumes a Gaussian-Markovian
stochastic process and extends static depolarization functions
into the dynamic regime through numerical treatment. While
it offers a general and effective framework for modeling many
dynamical systems, it remains limited in scope—particularly
in systems where each field fluctuation alters the underlying
static field configuration.

Motivated by these limitations, I introduce a two-state gen-
eralization of the strong collision model. In contrast to the
nominal strong collision model, which assumes the static state
remains unchanged between fluctuations, the two-state model
allows for dynamic transitions between distinct local field
environments during each stochastic event (Fig. 1). This more
flexible formulation is particularly relevant to systems such as
low-dimensional magnets, materials with dynamic disorder,
and compounds exhibiting ion or muon diffusion. I present
both analytical and numerical solutions and demonstrate the
model’s relevance to key cases in condensed matter physics,
where the conventional approach may fail to provide an accu-
rate description.

II. STRONG COLLISION MODEL

In the strong collision model, fluctuations in the local
magnetic field are assumed to follow a Gaussian-Markovian
process. Simply put, this means that the field takes on new,
uncorrelated values drawn from a Gaussian distribution, and
its evolution does not depend on its prior state. Under this
assumption, the field autocorrelation function takes the form

〈
Bα

loc(0)Bα
loc(t )

〉 = 〈(
Bα

loc

)2〉
e−νt , (1)

where ν is the fluctuation (or correlation) frequency, α refers
to Cartesian components, and the angle brackets denote an
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FIG. 1. Schematic overview of the two-state generalization of the
strong collision model. The local magnetic field environments, state
1 and state 2, are each described by the static depolarization functions
Pstat1(t ) and Pstat2(t ), respectively. Transitions between the two states
occur at each collision, governed by the probability e−νnt , where νn is
the correlation frequency for transitions out of state n (with n = 1, 2).

ensemble average over muon ensemble. In the strong collision
model, the local magnetic field is assumed to remain static
between collisions. At each collision event, the field abruptly
changes to a new value that is statistically independent of
its previous value. The time-dependent polarization function
Pdyn(t ) is then constructed as the sum over contributions from
muons experiencing different numbers of collisions between
time 0 and t ,

Pdyn(t ) =
∞∑
n

Rn(t ), (2)

where Rn(t ) represents the polarization function for muons
that experience exactly n collisions within the interval [0, t].
In essence, Pdyn(t ) is composed of muons undergoing zero,
one, two, and more collisions, each contributing to the over-
all depolarization profile. This problem has been extensively
studied [10,16], and can be expressed recursively as

Rn(t ) = ν

∫ t

0
Rn−1(tn)R0(t − tn)dtn, (3)

where R0(t ) is the polarization function in the absence of
any collisions (i.e., the static case). Here, Pstat (t ) is the static
polarization function and R0(t ) = Pstat (t )e−νt reflects the ef-
fect of a single exponential survival probability. Although a
general analytical solution in the time domain is not available,
the Laplace transform offers a powerful method of solution.
Using the property that fn(s) = νn f0(s)n+1 [10], where f0(s)
is the Laplace transform of R0(t ), the Laplace transform of
Pdyn(t ) becomes a geometric sum:

F (s) = L(Pdyn) =
∑

n

νn f0(s)n+1 = f0(s)

1 − ν f0(s)
. (4)

The strong collision model thus offers a convenient and
widely used framework for introducing dynamics into static
polarization functions, particularly because the dynamic po-
larization is directly derived from its static counterpart. Its
formulation relies fundamentally on the assumption of Marko-
vian dynamics, in which the system has no memory of
previous field values between collisions.

III. TWO-STATE GENERALIZATION

The nominal strong collision model assumes that the new
state after each collision can be described by the same static
polarization function. However, it is reasonable to consider
scenarios where the local field changes sufficiently due to the
collision such that the new state is no longer described by the
same static function. This situation is illustrated schematically
in Fig. 1.

To account for such cases, I introduce a generalized two-
state strong collision model in which the system alternates
between two distinct local environments. Each environment
is characterized by its own static polarization function, de-
noted Pstat1(t ) and Pstat2(t ), corresponding to different local
field configurations. Upon each collision, the system does
not merely lose memory of its prior evolution but transitions
into the complementary local field environment, described by
the alternate static polarization function. While the formalism
retains the basic structure of the nominal model, it crucially
incorporates switching between environments. This allows for
a more realistic representation of systems where the local field
itself evolves dynamically, rather than simply decorrelating.

To analytically solve this model, the contribution from
muons undergoing different numbers of collisions must be
considered. For example:

(1) The contribution from zero collisions up to time t is

R0(t ) = e−νt Pstat1(t ). (5)

(2) The contribution from one jump at time t1 is

R1(t ) =
∫ t

0
e−ν(t−t1 )Pstat2(t − t1)e−νt1 Pstat1(t1)ν dt1. (6)

(3) For two jumps at t1 and t2, the contribution is

R2(t ) =
∫ t

0

∫ t2

0
e−ν(t−t2 )Pstat1(t − t2)e−ν(t2−t1 )

× Pstat2(t2 − t1)e−νt1 Pstat1(t1)ν2 dt1 dt2. (7)

As in the single-state case, an analytical solution can be
obtained using Laplace techniques. The Laplace transform of
the full polarization function is

F (s) =
∫ ∞

0
P(t )e−st dt =

∑
n

∫ ∞

0
Rn(t )e−st dt . (8)

This sum naturally separates into even and odd terms,

F (s) =
∑

n

[
ν2n f n+1

1 (s) f n
2 (s) + ν2n+1 f n+1

1 (s) f n+1
2 (s)

]

= f1(s)[1 + ν f2(s)]

1 − ν2 f1(s) f2(s)
, (9)

where f1(s) and f2(s) are the Laplace transforms of Pstat1(t )
and Pstat2(t ), respectively. This expression reduces to the
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known result [Eq. (4)] when f1(s) = f2(s). A more general
form, allowing for asymmetric switching rates ν1 �= ν2 and
uncertainty in the initial state, yields

F (s) = g
f1(s)[1 + ν1 f2(s)]

1 − ν1ν2 f1(s) f2(s)

+ (1 − g)
f2(s)[1 + ν2 f1(s)]

1 − ν1ν2 f1(s) f2(s)
, (10)

where g ∈ [0, 1] is a weighting factor corresponding to the
probability that the muon starts in state 1. Again, the single-
state expression is recovered when f1(s) = f2(s) and ν1 = ν2.

Since μ+SR experiments measure polarization in the time
domain, a direct solution for P(t ) is required for practical ap-
plications. While inverse Laplace transforms are in principle
possible, they are computationally intensive. Fortunately, the
structure of Rn(t ) allows a recursive formulation: For even
n = 2� (with � ∈ N0),

Rn(t ) = ν

∫ t

0
R0(t1)Rn−1(t − t1)dt1, (11)

and for odd n = 2� + 1,

Rn(t ) = ν

∫ t

0
R1(t1)Rn−2(t − t1)dt1. (12)

The full dynamical polarization function can then be
expressed as

Pdyn(t ) =
∑

n

Rn(t ) = R0(t ) + R1(t )

+ ν

∫ t

0
[R0(t1) + R1(t1)]

∑
n�2

Rn(t − t1)dt1. (13)

By recursively applying Eq. (13), the polarization function
can be efficiently computed numerically. A key advantage of
this formulation—shared with the nominal strong collision
model—is that the dynamical function can be constructed
directly from knowledge of the static functions, Pstat1(t ) and
Pstat2(t ), without requiring detailed knowledge of the micro-
scopic dynamics beyond the switching rate(s).

IV. POLARIZATION RESULTS

To illustrate how the two-state model modifies the resulting
muon polarization, the polarization function for two static
functions is numerically computed: cosine [Eq. (14)] and
Gaussian Kubo-Toyabe [G-KT; Eq. (15)] [17]. Specifically,
these are defined as

P(t ) = cos(γμBt ), (14)

P(t ) = 1
3 + 2

3 (1 − �2t2)e− 1
2 �2t2

, (15)

where γμ is the gyromagnetic ratio of the muon, B is the local
magnetic field magnitude, and � is the local magnetic field
distribution width. The cosine function describes coherent
precession typically found in magnetically ordered systems,
whereas the G-KT function models isotropically distributed,
randomly oriented magnetic moments [10].

The two-state extension of Eqs. (14) and (15) is shown
in Fig. 2. The fluctuation rate ν is expressed in absolute

units (µs−1), corresponding to a correlation time τc = 1/ν.
The dynamical regime is determined by comparing ν to the
characteristic static field scale—either the field distribution
width � or the precession frequency γμB. The quasistatic
regime corresponds to ν � �, where the field changes slowly
compared to the local field strength. Conversely, the motional
narrowing limit is reached when ν � �, and rapid fluctua-
tions average out the local fields.

When the muons are primarily coupled to nuclear rather
than electronic moments, the characteristic field widths of
the G-KT are typically below 0.4 µs−1 [18]. Applying the
two-state model to this regime yields the behavior shown in
Fig. 2(a). In the static limit (ν = 0), the resulting polarization
is simply the average of two static KT functions with different
� values, producing a broader minimum in the polarization
curve. As ν increases, the line shape evolves into a damped
exponential, while still retaining a broadened 1/3 tail and
initially Gaussian form. In the motional narrowing limit (ν �
�), the polarization function becomes nearly exponential, re-
sembling results from a single-state model.

On the other hand, the field distribution widths can be
much larger when muons couple to randomly oriented elec-
tronic moments, as in magnetically disordered systems such
as short-range ordered phases or magnetic domains. The two-
state model applied in this regime produces the behaviors
shown in Fig. 2(b). The characteristic 1/3 tail of the G-KT
is suppressed by field fluctuations, though the preceding dip
remains broader than in a standard KT shape in the quasidy-
namical regime. As the fluctuation rate ν increases further,
the dip disappears entirely, and the line shape becomes more
Lorentzian-like—while still retaining a Gaussian onset. This
intermediate regime closely resembles the phenomenologi-
cal Gaussian-broadened Kubo-Toyabe function developed by
Noakes and Kalvius (NK) [19].

An important use of the two-state model lies in magneti-
cally ordered systems, where the static polarization typically
follows a cosine form. This case is shown in Figs. 2(c) and
2(d), where the two-state model is applied to the static co-
sine function. At high fluctuation rates ν, the polarization
becomes exponentially damped—both for equal-magnitude
fields [Fig. 2(d)] and for unequal fields [Fig. 2(c)]. Although
such damping is often attributed to static field distributions,
these results show that dynamical fluctuations alone can sup-
press coherent oscillations, highlighting the flexibility of the
two-state formalism.

V. REAL SYSTEMS

The two-state collision model, as the name suggests, is
applicable to systems in which the initial static field is altered
by stochastic field fluctuations. Many real-world physical
systems exhibit such behavior. One example is charge order
fluctuations in correlated electron systems, where valence
transitions can alter the magnetic properties of an ion [20–22].
For instance, a site may stochastically switch between differ-
ent charge (and therefore spin) states, leading to distinct local
magnetic environments. If these fluctuations occur between
two dominant valence states with well-defined field signa-
tures, the two-state model provides a natural framework for
describing the resulting depolarization.
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FIG. 2. (a), (b) Solutions of Eq. (13) for different values of �, shown as a function of ν, using a Gaussian Kubo-Toyabe function [Eq. (15)].
In (a), �1 = 0.3 µs−1 and �2 = 0.05 µs−1, while in (b), �1 = 1 µs−1 and �2 = 0.5 µs−1. (c), (d) Solutions of Eq. (13) as a function of ν, using
a cosine function [Eq. (14)]. In (c), the frequencies (γμB) are 1 and 4 MHz, and in (d), they are 2 and −2 MHz. All figures use g = 0.5 and
ν = ν1 = ν2. ν is given in units of µs−1 and can be compared to the characteristic field scales (� or γμB) to determine whether the system is in
the quasistatic or motional narrowing regime, as explained in the main text.

Other relevant examples include dynamic processes in
superparamagnetic nanoparticles, domain wall motion in fer-
romagnets, and spin dynamics in Ising-like magnets, all of
which involve discrete or quasidiscrete changes in the local
magnetic field. In such systems, each fluctuation can be seen
as a “collision” that transitions the muon from one static
field configuration to another, making the two-state formal-
ism particularly effective in capturing their dynamic behavior.
These fluctuations violate the core assumption of the nominal
strong collision model—namely, that each fluctuation resets
the system to a state described by the same static polarization
function [as given in Eq. (4)].

To demonstrate the applicability of the two-state gener-
alization, a zero-field (ZF) μ+SR spectrum on the mixed-
valence vanadium oxide compound Rb2V8O16—previously
analyzed using the NK function [23]—is presented in
Fig. 3(a). Rb2V8O16 is a quasi-one-dimensional (1D) com-
pound, undergoing a metal-insulator transition near 200 K
accompanied by charge ordering of V3+ and V4+ [25]. Below
this transition, magnetic susceptibility shows a drop followed
by a Curie-Weiss tail at lower temperatures, consistent with
residual fluctuating moments.

As seen, the two-state model based on the G-KT static
functions provides an equally good fit and is, in practice,
indistinguishable from the NK function. However, the

microscopic interpretations of the two approaches differ. The
NK function is largely phenomenological, though supported
by Monte Carlo simulations [26] in systems with spatially
modulated short-range order or disorder. The two-state
model, on the other hand, implies a dynamic process in which
each fluctuation leads to a distinct change in the underlying
static polarization function. These results demonstrates that
NK-like depolarization line shapes can arise not only from
spatial disorder or short-range correlations but also from
dynamical systems where the local field environment changes
between well-defined states (the two-state generalization of
the strong collision model). As such, the two-state collision
model provides a complementary—and in some cases, more
physically transparent—framework for interpreting μ+SR
spectra in complex, fluctuating systems.

The two-state model interpretation directly links the ob-
served depolarization to physically meaningful parameters
such as the fluctuation rate ν ≈ 0.56 µs−1 and field widths
�1 ≈ 1.7 µs−1 and �2 ≈ 0.5 µs−1. A natural interpretation
is that the muon senses the dynamic motion of magnetic
domains or fluctuating short-range magnetic order. As such
domains move past the muon site, the local magnetic environ-
ment stochastically switches between regions of stronger and
weaker magnetization, producing the observed two-state be-
havior. Alternatively, the switching between field distributions
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FIG. 3. (a) ZF μ+SR time spectrum (scattered points) of
Rb2V8O16 at 1.8 K, reproduced from Ref. [23]. The solid line shows
a fit using the two-state model based on the Gaussian Kubo-Toyabe
(G-KT) function [Eq. (15)], yielding the parameters A = 0.214(6),
ν = 0.560(65) µs−1, �1 = 1.716(178) µs−1, �2 = 0.491(37) µs−1,
and g = 0.535(78). The dashed line shows a fit using the dynamic
Noakes-Kalvius (NK) function [19]. (b) ZF μ+SR time spectrum
(scattered points) of Tb2Sn2O7 at 1.8 K, from Ref. [24]. The
solid line shows a fit using the two-state model based on the co-
sine function [Eq. (14)], with fit parameters A = 0.182(15), ν =
38.91(8.68) µs−1, and B = 16.3(2.9) mT. In this fit approach, g =
0.5 and the local fields B2 = −B1 were fixed. The dashed line shows
a simple exponential fit for comparison.

may reflect valence fluctuations between V3+ and V4+ ions,
corresponding to different local spin states. Such fluctuations
have been observed in the related quasi-1D mixed-valence
compound K2Cr8O16 [21]. The near-equal population pa-
rameter (g) indicates the muons sample these environments
approximately equally, consistent with a microscopically het-
erogeneous ground state with coexisting phases or dynamic
spatial inhomogeneity.

Another important application of the two-state collision
model is in fluctuating magnetically ordered systems, such
as the pyrochlore compound Tb2Sn2O7 [24]. While neu-
tron diffraction measurements reveal magnetic Bragg peaks,
confirming long-range magnetic order, μ+SR measurements
show a purely exponential depolarization. To reconcile this
discrepancy, the local field was assumed to fluctuates between

two opposite directions with equal magnitude. Drawing from
studies on similar compounds, such as Gd2Ti2O7 [27] and
Gd2Sn2O7 [28], a local field of approximately 200 mT was
assumed. Under these conditions, it was shown that the system
satisfies the motional narrowing criterion. While this explana-
tion is viable, it depends on a specific symmetry in the local
field dynamics.

In contrast, the two-state collision model offers a more nat-
ural and general description of this behavior, without requiring
specific assumptions about the field symmetry. Figure 3(b)
shows a fit of the ZF time spectrum of Tb2Sn2O7 reported
in Ref. [24], using the cosine-based two-state collision model
with a similar symmetry constraint imposed for compari-
son. The fit yields a local field of B = 16.3(2.9) mT and
a fluctuation rate of ν = 38.9(8.7) µs−1. Although the mo-
tional narrowing condition is fulfilled here as well (γμB/ν ≈
0.06 � 1), a key difference from the analysis in Ref. [24]
is the extracted local field, which is an order of magnitude
smaller than the previously assumed 200 mT.

To assess the internal field without relying on
model-specific assumptions, consider the longitudinal-field
scan shown in Fig. 3 of Ref. [24]. While the field dependence
does not strictly follow Redfield behavior, the data show that
decoupling begins around 15–20 mT at 1.8 K. This supports
the possibility that the true local field is indeed closer to
the extracted value of ∼16 mT, rather than the previously
assumed 200 mT. These results show that the two-state model
can yield physically meaningful parameters even deep within
the motional narrowing limit, where the signal reduces to a
simple exponential—even though its primary strength lies
in describing the quasidynamic regime, where an oscillatory
structure is retained in the spectrum [Figs. 3(c) and 3(d)]. The
fact that the local field magnitude is an order of magnitude
smaller than previously expected suggests that spin dynamics
in pyrochlores may involve mechanisms which effectively
reduce the local field—mechanisms that warrant further
investigation.

Finally, although not demonstrated in this work, it is worth
discussing how the two-state model may find application in
the study of ion diffusion, particularly in battery materials
such as LiCoO2 and NaCoO2 [6,29]. In these systems, the
diffusion of Li or Na ions leads to site-to-site migration—
sometimes via interstitial sites—which alters the nuclear
dipolar field experienced by the muon [30]. As the local mag-
netic environment fluctuates with the ionic configuration, the
assumptions underlying Eq. (4) may no longer hold. Depend-
ing on whether the ions hop between magnetically identical
or nonidentical environments, the appropriate description may
shift between Eqs. (4) and (10).

More broadly, the two-state model may offer new av-
enues for addressing a long-standing challenge in μ+SR:
distinguishing between local magnetic field fluctuations and
muon diffusion processes [31]. These two mechanisms affect
the muon’s magnetic environment in fundamentally different
ways. Static muons subjected to intrinsic magnetic fluctua-
tions may or may not exhibit distinct switching behavior, de-
pending on the nature of the system. Muon diffusion, by con-
trast, involves hopping between crystallographic or interstitial
sites and naturally gives rise to stochastic switching between
distinct local magnetic environments. This motion breaks the
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assumption that the polarization function remains unchanged
between transitions. Instead, the two-state model becomes
particularly relevant, as it directly captures the dynamics of
transitions between discrete magnetic environments, offering
a physically motivated framework that may help disentangle
these two mechanisms in appropriate systems.

VI. CONCLUSION

In this work, the strong collision model has been extended
to address key limitations in the treatment of dynamical ef-
fects. While the nominal strong collision model provides
a foundational framework for incorporating stochastic fluc-
tuations in the local magnetic field, it assumes that each
fluctuation returns the system to the same static environ-
ment. The two-state model introduced here allows for state
changes between distinct local environments during each col-
lision, offering a more flexible and realistic description of
polarization behavior in such cases. By solving the model
both analytically and numerically, its applicability to a range
of condensed matter systems is demonstrated. While the

two-state generalization is presented from a μ+SR perspective
in this work, the underlying stochastic field-switching concept
can, in principle, be applied to a broader class of relaxation
phenomena. These results provide an improved theoretical
basis for analyzing data in complex materials, potentially
broadening the scope and interpretive power of the technique
across a variety of physical and chemical systems.
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