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Abstract: A perfectly elastic beam is situated on top of a two dimensional fluid canister.
The beam is deforming in accordance to an interaction with a Navier—Stokes fluid. Hence
a hyperbolic equation is coupled to the Navier—Stokes equation. The coupling is partially
of geometric nature, as the geometry of the fluid domain is changing in accordance to
the motion of the beam. Here the existence of a unique strong solution for large initial
data and all times up to geometric degeneracy is shown. For that an a-priori estimate
on the time-derivative of the coupled solution is introduced. For the Navier—Stokes part
it is a critical estimate in the spirit of Ladyzhenskaya applied directly to the in-time
differentiated system.

1. Introduction

When a viscous fluid is interacting with a perfectly elastic solid, this yields a dissipative
system. The dissipation of the system is however reduced to the fluid, while the solid
evolution alone would be hyperbolic. It results in a coupling between a dissipative and
non-dissipative partial differential equation, where the coupling is inherently non-linear.
To determine whether the dissipation (or the irreversibility) of a system of PDE’s suffices
to produce regular solutions is an important and much studied problem in continuum
mechanics. Indeed, many prominent open questions connect to this issue. Accordingly,
in the field of fluid—structure interactions it is essential to understand to what extent the
fluid dissipation is damping the solid motion [16,33]. In the physical scenario considered
here, where the solid deformation is actually changing the Eulerian domain of definition
of the fluid, the system becomes immanently non-linear. Hence, as the evolution of
perfectly elastic solids is hyperbolic, the fluid dissipation becomes crucial to show any
regularity beyond energy bounds.

In this paper we demonstrate that in some cases the non-linear coupling of a perfect
elastic solid with a viscous fluid allows for strong solutions. Indeed, here the existence of
a smooth solution for large times and large data is shown for an elastic beam interacting
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Fig. 1. 1D beam interacting with a 2D fluid

with the Navier—Stokes equation. It is probably the simplest case of such a non-linearly
coupled fluid-solid interaction where the solid possesses no dissipation. As we will
explain below, it seems that the proposed strategy is quite general and has the potential
to be applied to other more complex situations.

We consider the interaction between a perfectly elastic beam and a two-dimensional
fluid governed by the incompressible Navier—Stokes equation. See Fig. 1 for the typical
setting and (1.1)—(1.7) for the coupled system of partial differential equations.

For this setting, we show the existence of a strong solution for arbitrary large times
up to the point where the fluid domain faces a topological change and with natural
assumptions on the initial data, see Theorem 1.1. In particular the present work extends
the available theory on strong solutions with vertical displacement of the plate in the
following ways:

e In the seminal paper [28] strong solutions for visco-elastic solids and arbitrary times
are constructed with no contact in finite time. However, the regularity theory there [28,
Section 4.3] is restricted to the case of viscous solids. In the present paper regularity
estimates are presented that include purely elastic solids.

e The here presented results show the short and long time-existence of the missing
case in [29], namely the case of an elastic beam. Interestingly, while the existence
for short times for solids governed by the wave equation is shown there, the case of
an elastic beam seems to require different methods.

e Further, it extends and improves the existence of strong solutions for short times
shown in [4, 5] for the elastic beam equation to large time and to less regular conditions
on the (large) initial data.

Further the work shows that the global weak solution for an elastic beam interacting
with the Navier-Stokes equation that was constructed in [17] is a strong solution up to
its first contact.

The method proposed in this work is independent of the previous works in this setting.
We wish to mention that the central regularity estimate presented here is of critical type
for the fluid equation, due to the scaling of the two dimensional Navier—Stokes equation.
However, with regard to the elastic structure the estimates allow to speculate for further
generalizations.

For an overview on previous efforts in fluid—structure interactions please see for in-
stance [16,33]. For the here considered coupling between a hyperbolic solid equation
with a viscous fluid equation, many results showing the existence for strong solutions
involving fixed geometries are available [2,3,6,7,35,47]. Further results, including vari-
able geometries for short times and/or small data can be found here [4,5,8,10, 18,20,
21,29,31,32,38]. Previous results for variable geometries on long-time and large data
for hyperbolic solids are reduced to the frame-work of weak-solutions. This includes
three-dimensional fluids [27,36,40], non-linear shells [42], tangential deformations [34],
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global solutions [17] and other types of fluids [13,14] for instance. Finally we wish to
mention that there are many results when the solid is considered to be a rigid body inside
the Navier—Stokes fluid, see [22—-26,30,41,43,45,46] and the references therein.

If the solid is assumed to be viscous more results are available. We focus here on
the question of regularity. For a beam that is elastic and viscous interacting with the 2D
Navier—Stokes equations, global smooth solution exist for arbitrary times [28]. Smooth-
ness was shown recently for a viscous elastic shell interacting with Navier—Stokes equa-
tions once the solution overcomes some regularity threshold [12]. Further we mention
some results on the existence of weak solutions for the full physical setting of a deforming
visco-elastic solid inside a fluid with the same dimension [9].

The major technical improvement in this paper is an a-priori estimate on the spatial
gradient of the time-derivative. This is achieved by analyzing the “in-time-differentiated
system”. Only in this way the hyperbolic structure equation is conserved. However,
differentiating the coupled system creates multiple nonlinear terms with critical order.
We succeeded to estimate all of them in such a way that a Gronwall argument could
be applied. It is worth noticing that criticality is already true for the 2D Navier—Stokes
equations without interaction. Indeed, the existence proof of Ladyzhenskaya for a strong
solution depended on a sharp critical estimate in two dimensions. This estimate known
as “Ladyzhenskaya estimate" is an interpolation, which we use in this paper at many
instances. What was not clear to us at the beginning of our investigations, is that an
estimate on the time-derivative of the solution (combined with its energy estimate)
does directly allow to show the existence of strong solutions; once the initial data is
smooth enough to perform this estimate. This seems to be a different path then the
one originally developed and later adapted to fluid—structure interactions [11,28]. The
approach introduce here to fluid—structure interactions with time-changing geometry
using “in-time-differentiation" seems to allow for further generalizations of the solid
equation. Indeed, the here presented estimates are not of critical type with regard of the
solid impact on the fluid. This has a clear technical reason as it circumvents the well
known fact that the second-order time-derivative of a solution is not a good test-function
for hyperbolic equations.

1.1. Statement of the problem. We consider a two-dimensional canister filled with a
viscous incompressible fluid and its top surface is formed of an elastic beam. As usual,
we assume that the beam only deforms in the vertical direction on the surface. The fluid
domain, denoted by €2, is defined as

Q) = {(x,y) eR*|x e (0,L), ye (O,h(t,x))},

where h(t, x) is the height of the fluid column. Let the fluid depth be 1 when the system
is at the equilibrium state. We introduce the displacement of the beam 7(#, x), thereby
the fluid column is A(t,x) = 1 + n(¢, x). The fluid is supposed to be homogeneous
with density p; and constant viscosity (. The velocity and the pressure in the fluid
are denoted by u(z, x) and p(z, x), respectively. With the above notation, the viscous
incompressible Navier—Stokes equations in 25, for all # € (0, T), read

pr@u+u-Vu)—divo(u, p) =0 for all (x, y) € @y, (L.1)

divu =0 for all (x, y) € 5. ’
The Cauchy stress tensor o (u, p) is defined by

o(u, p) =2uDw) — plhxa,
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where [ «7 is identity matrix of order 2 and D (u) is the deformation tensor:

D) = = (Vu+(Vu)T).

N =

Let the density of the beam be p; (constant), the linearly elastic beam equation is
0s07h — BoZh +adth = ¢(u, p, h) forall (1, x) € (0, T) x (0, L), (1.2)

where B and « are positive coefficients describing the properties of the beam. For more
information on the derivation of this equation see [19,40]. The kinematic condition
means that the velocity of the fluid on the surface is consistent with the motion of the
beam, i.e.

u(t, x, h(t, x)) = dhey forall (£, x) € (0, T) x (0, L). (1.3)

The dynamic condition is to balance the forces on the surface:
¢, p, (1, x) = —ez - o (u, p)(t, x, h(t, x))(—dchey +e2). (1.4)

In the above expressions, (e, ) is the canonical basis in R2. To make the estimates
easier to follow, we assume that the fluid and the structure are L —periodic in x —direction,
i.e. forevery (r,x,y) € (0,T) x @y

ut,x,y) =u(t,x+L,y), h(t,x)=h@,x+L), (@:h), x)=(0:h) x+L).
(1.5)
Moreover, we consider no-slip boundary condition on the bottom of the fluid domain:

u(t,x,0) =0 forall (z,x) € (0,T) x (0, L). (1.6)
To close the system, we propose the initial data as follows:

u@©, x,y) =uo(x,y), h(,x)=ho(x), (@h)0,x)=hi(x) forall(x,y) e Qp,.

(1.7)

Further, we assume that the initial data (u, ko, /1) satisfy the following compatibility
conditions:

up(x,0) =0, wuglx,ho(x)) =hi(x)er forall x € (0, L),

divug =0 forall (x, y) € Qp,,
0 (x,y) ho (1.8)

L
min ho(x) > 38 > 0, / hi(x)dx =0,
x€(0,L) 0

which allow a strong solution in accordance to the compatibility conditions derived in
Sect. 2.2 below.
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1.2. Main results. The main result of the paper is an estimate that implies the existence
of a strong solution for smooth but arbitrary large data up to the point of collision between
the beam and the bottom of the fluid.

Theorem 1.1. Let (ug, ho, h1) satisfy (1.8) and hy € H*(0, L), hy € H?*(0, L), ug €
H 2(Qh0), there exists unique strong solution to the system (1.1)—(1.7) that satisfies the
following a-priori estimate:

2
+[[Voull7.

2
1811 oo 0,7, 22024 ) (0,T;L2(2))

+ 119

27112 2
U0 e 0, 72220,y * 19N L0 0,7 120, )

2 2 2
+ ||u||LOO(0’T;H2(Qh)) + ”u”L“(O,T;H% @) + ”p”Lm(O’T;Hl(Qh»
+lpl + [Ikl17

LYOT3H3 (@) L2OT:HYO.L)

< € (Fmim, Il 20 020,230 11 220.0)

(0012 g, + W0l 0 1) + W10 1, )-
as long as h(t, x) = hmin for all (t,x) € (0,T) x (0, L).

The theorem above shows in particular that for any hg > § satisfying the regularity
assumptions above, there exists a minimal time interval [0, Ty] for which a strong solution
is guaranteed; this is demonstrated in Remark 2.3 below. The estimate conserves all
quantities appearing on the left-hand-side and improves the regularity of the fluid due to
its viscous term. Hence, the estimate holds up to the point of a collision between the beam
and the bottom of the fluid canister of dimension 2. We follow here the convention that a
strong solution means that all quantities in the above PDEs are valid almost everywhere;
actually all quantities are at least in L>°(L?).

‘We wish to point out that the theory in [28] implies that viscous beams can not touch
the bottom of the fluid-domain. This is not known for the hyperbolic problem and does
not follow from the smoothness shown in this paper directly. It therefore remains a deep
and difficult question, whether contact is possible or not, when a hyperbolic beam is
considered.

1.3. Organization of the paper. The paper is organized as follows. In Sect.2 we intro-
duce some notation and function spaces and preliminary analysis used later in the work.
This is followed by the main part of the paper, i.e. Sect.3, which is the formal a-priori
estimate using the time-derivative of the coupled system transferred to a fixed geometry.
This rather involving estimate follows a technical Sect.4, where a strong solution sat-
isfying the formal a-priori estimate is constructed using a Galerkin approximation for
which the formal a-priori estimate is valid rigorously. Due to the geometrically coupled
setting this construction has to be done with particular care, which itself could well be
of independent interest.

2. Preparation and Preliminaries

2.1. Notation. We introduce some notation in this part which will be used throughout
this paper. For two non-negative quantities f and g, we write f < g if thereisac > 0
such that f < cg. If necessary, we specify particular dependencies.
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We consider function spaces that are periodic in the first spacial variable x. For an
open set O C R? we denote by L?(O) and WK-P(O) for p € [1,00] and k € N, the
usual Lebesgue and Sobolev spaces over O. For p € [1, 00), the fractional Sobolev space
(Sobolev-Slobodeckij space) with differentiability s > 0 with s ¢ N will be denoted
by WP (©). As usual, we use the notation H*(O) := W*2(O) for the case p = 2.
The function spaces of continuous or «-Holder-continuous functions, & € (0, 1), are
denoted by C(O) or C%*(O) respectively, where O is the closure of O. Similarly, we
write C'(O) and C'*(0).

We denote y = (x, y) for the space variable in the time changing domain €2 and
z = (x, z) for the space variable in Q1 = [0, L] x [0, 1], respectively. For a Banach
space X, we use the shorthand Lf’ X for LP(I; X) for s € R. For instance, we write
LY (W1-P) for LP (I; W'-P(O)). Similarly, W, (X) stands for W*?(I; X). We will use
the shorthand notations L§ (or L) and Wys P (or W;'") in the case of 2-dimensional
domains (typically spaces defined over 2, C R? or Q1 C R?). Finally, for vector-valued
function f, we use f!' and f2 represent its first and second component, respectively.
Hence we denote f = [fl fz]T.

2.2. Compatibility conditions. Note that by using the divergence-free condition of the
fluid-velocity and the boundary conditions (1.3) and (1.6), we derive that

h(t,x) h(t,x)
orh(t,x) = Sy/ uz(t,x, y)dy = —/ 8xu1(t, x,y)dy
0 0

h(t,x)
= —d / ul(t, x, y)dy | +dch(t, x)u'(t, x, h(t, x)) .
0

=0
According to the x —periodic setting (1.5), we thereby obtain that

L
/ oth(t,x)dx =0 forallt € (0, 7).
0

This together with the beam equation (1.2) further implies that

L
/ o, p,h)(t, x)dx =0 forallt € (0,7). (2.1)
0

2.3. Change of variables. We notice that, via a change of variables, the fluid-beam
system can be rewritten into a fixed spatial domain. For every function f, we set

Ft.x.2) = f(t.x, h(t, x)2). 22)
The system (1.1)—(1.7) can be transformed in the domain €21:
2 ={w0eRxe©.1), ze D}

Using the relation (2.2) and the equations (1.1)- (1.2), it is not difficult to derive that the
new system for (i, p, h) defined in Q] satisfies

prhdii+ps (i — 3 x) - (ByV)id — pdiv ((ApV)id) + (ByV)p =0, (2.32)
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div (B] i) = 0., (2.3b)
psOh — BITh +adth = (@, p, h)(t, x), (2.3¢)

with the boundary conditions

u(t,x,1) =0hey forall (r,x) € (0,T) x (0, L), 2.4)
and the periodic conditions, for every (¢, x, z) € (0, T) x 1,

u(t,x,z) =u(t,x+L,z), h(,x)=h{t,x+L). (2.5)

To derive the structure equation, by using the condition ul (t,x,h(t,x)) =0anddivu =
0, we note that

(Vu)T(t, x, h(t, x))(—0dchey +e2) - e2 = 0.
This implies that the force term ¢ (u, p, h) can be simplified as

¢(u, p,h)(t,x) = p(t,x, h(t,x)) — pex - Vu(t, x, h(t, x))(—oyhe +e2).

Hence, after change of variables the force term qg(ﬁ, p, h) in (2.3c), for every (¢, x) €
(0, T) x (0, L), reads

G, p, h)(t, x) = —ex - (L(ARV)E — pBy) (t, x, e

The corresponding initial data are thereby given by (ig, ho, h1) where iig(x,z) =
ug(x, hoz). The matrices Ay, By, and xj in (2.3) are as follows:

h —z0xh h —z0.h
Ay = ., By= 1, = )", (26
h |:_Z8xh 1y (zazh)2:| n [0 | xn=[xhi] (2.6)

For the derivation of the system (2.3)—(2.5), please see for instance [29, Section 2] and
[37, Section 4] for more details.

For the above change of variables, we have the following regularity relation between
the old (without hat) and new functions (with hat).

Proposition 2.1. Assume that ming )e©,7yx©0,L) h(t, x) > hmin > 0. Then we have:

e themapping f +— f introduced in (2.2) is a linear homeomorphism from L*((0, T') x
Q) onto L2(0, T; L2(1));
e For every f € WI°([0, T1; H' (Q4)) N L0, T); H*(2)), the following in-
equalities hold:
IV Fllz2 ) < CURNy 100, 1R 25V £l 2200
19: fll 2200y < CART L) 100 £ 1l 2y + C AR zees 101 IV £ 1120
1V Fll2g,) < CIRlly 00, 1R zge, 192R12) IV £l L2
1V9: fll 2@,y < CUlI oo, 1B 25) IV, fll 2oy
+ CUBhllLge, Wl oo, W2 L) IVE £l L2y
+ C U183l 2o, 13chllLee, 1B L)Y Fll L2, -

NN
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Conversely,

IV fllz2y < CURIy 100 1B )V Fll 20
19: £l 20 < ClRl L fll 20,y + CUR™ I Lzo, 1021 LIV Fll 220y
IV Fll2g,) < CUIRIy1e0, 1B e, 103121V Fll 2@y
V9 f 2,y < CUIRN 1o, 1 2 1V fll 2@y
+ CI3chll e, Whlly o0, 1A )1V Fll 20
+ C(dchl Lo 19kl e 1R L) IV 1l L2y

NN

Proof. The proof is standard and it follows directly from the calculations by using the
change of variables and the chain rule for taking derivatives. We just present one proof
for ||V2f||L2(szl) here. Based on (2.2), we see that

02 f = 02 f + 2053y f dxhz + 03 f (9xh2)? +dy f 2hz,
00z f = dxdy fh+0y forh+0} fhochz,
Zf=0}fn.

We derive from the above expressions that

L h
A A A A 1
IV F 122, = /0 /O (1027 +210:0, 17 + 107 /1) 7 dydx

L
< CUh M ILe, ||h||wl,m)||v2f||iz(9h)+||h—1||L;o/ 02h1* 3y £ 1172 dx
X 0 y
< CUA Nz IRy 1) IV £ 172 g, + 10 s 1922172 19y £ 117 o 2

< CUR e Ml oo, 192R12)IV2 f 72, -

It is worth noting that we keep the norm || th I L2 since A is only in H2(0, L) with respect
to the space variable. Similarly, we obtain the remaining estimates. O

Remark 2.2. Leth € L0, T; H>(0, L))NW1%°(0, T; L?(0, L)), according to Propo-

sition 2.1, we obtain that

I oo, 7; 200 ~ N Lo 0,732 (20)0

and
120,711 @1y ~ W 2,7 1t (@)

which means that each one can be controlled by the other one multiplied by a positive
constant. Moreover, Proposition 2.1 will be used later with the higher regularity for 4.
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2.4. Energy estimate. We introduce here the standard energy estimate for the system
(1.1)—(1.7). For that the total mechanical energy of the fluid-beam system (1.1)—(1.7) is
denoted by Eq, as follows:

1 L
B = 5 [ (plaih(t. 0P + piashir, ) + ala2ht. 0P dx
0

1
+—/ prlu(t, x, y)[*dy.
2 Jg,

For strong solutions the energy inequality is known to satisfy the following identity:
t
Eioi (1) +/ / |Vul*dyds = Ei(0) forallz € (0, T). 2.7)
0 JQ,

It can be derived by multiplying the beam equation with 9,/ and the fluid equation with
u. Recalling Remark 2.2, the energy estimate (2.7) implies that

119 + |05

2 2 2
h”LOO(o,T);L2(0,L)) + ||axh”L°°(0,T;L2(0,L)) h”LOO(o T;L2%(0,L))

+IVal7, (2.8)

2
Hell7 0o 0. 7. 1202 0,T;L2(21))

”thLZ(O L) + ||h0||H2(0 L) + ”uOHLZ(Ql) Co,

under the assumption A(#, x) > hpi, for every (¢, x) € (0, T) x (0, L).

2.5. Holder continiuity in time-space. We will also use the following interpolation to
gain continuity in space and in time. Let [x — y| < 5 and 0 < 1, —#; < r2, then

l X+r
1,50 = )1 < [0 =+ [ by ds
1 X+r ! 1 X+r
+’—/ h(tl,s)ds——/ h(ty. s)ds
rJx rJx

l X+r
#liey =1 [ s
rJx

1 X+r
C0r+—[ |h(t],s)_h(t2as)|ds
r

1 xx+r 15
<2 C0r+— / |0-h(T,s)|dTds

1 t
<2 C0r+ '2 1' (f /|a,h(rs)| dtds)

t t
< JCo2r + 2 — 1') < 3/Cor. (2.9)
ﬁ

This implies that we have the continuous embedding:

L®(0,T; H>(0, L)) N W-*(0, T; L*(0, L)) — c** ([0, T]; c'[0, L),

for 0 < o < % The estimate also implies that necessarily for some time no contact
between the beam and the bottom can occur.
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Remark 2.3 (Minimal interval of existence). The energy estimate implies the uniform
bounds of

119 < Co,

h”LOO(O T:020.L)) © ||h”LOO(O T;H2(0,L))
just in dependence of the initial data. This allows the following interpolation estimate.
Assume that ho(x) > § for all x € (0, L), then for r > 0 to be chosen later, using
Hoder’s inequality we find that

h(t,x) = h(t, x)—l/ h(t,s)ds + 1/ h(t, s)ds—l/ ho(s)ds +6

/ f oyh(t,y)dyds + - / /th(r s)ydrds +6
t
>5— Cor—(r> (/ / 10, h(T, )| drds)

t
>5—,/C( +—)>a— Cot?.
o\r \/7 0

3
forr = £3. Hence as longas T < (8 /A Co) 2 no contact is possible, thereby there exists
hmin, Bmax > O such that & € [Amin, hmax] for every (¢, x) € (0, T) x (0, L).

3. Formal Time-Derivative Estimate

In this section, we formally present the time-derivative estimate, which will be rigorously
verified in Sect. 4 by the Galerkin approximation. The proof corresponds exactly to the
proof of Theorem 4.4 in the discrete level. After passing to the limit, this eventually
holds in the continuous level.

In this central part of the paper we shall obtain the estimate for 9,4 based on the
system (2.3)—(2.5). The estimate we aim for is

A2
+ull Va2,

A2 272112
:Of ”atu”LOO(O T; Lz(Ql)) (O,T;Lz(Ql)) + Ps ”a[ h”Lw(O,T;LZ(O,L))

+ :3”8[8 h”LOO(O T: L2(0 L)) + a”8ta)%h”ioo(0 T‘LZ(O,L)) (31)
C(hmln» CO) (”(atu)(o)”LZ(Q ) + ||(82h)(0)”L2(O L) + ”hO”%"IZ(O,L)) .

Rigorously it follows from Theorem 4.4, where the estimate is performed on the Galerkin
level.

3.1. Excluding the pressure. Note that 9,1 is not a suitable test function since it does not
satisfy the modified divergence free condition (2.3b). We overcome this by using 3,2 +G
with appropriate corrector G which is constructed in an explicit way in the following.
Note that this strategy differs from the strategy in [28, Section 4.3], where the modified
material derivative was introduced.

Based on the modified divergence free condition (2.3b), we have

0 = div (8,(B] i) = div (3, B it) + div (B} 9;10),



Existence of Strong Solutions for a Perfect Elastic Beam Page 11 of 49 206
which gives that —div (B] ;1) = div (9; B} it). Recalling the matrix B, defined in (2.6),

we compute that
ah O|[a'] [ ohna!
2|7 [ —00chza |

T, —
soga=[ 3, |

Let G = B, "0, B}l ii, then we get

1 A1 Lo gzal
|z 0 Orhu _ 70chu
¢= [dhi 1} [—a,axhzﬁl} - [%athath — Qo hzi' | (3.2)

With G defined in (3.2), we have

< D

div (B;(Btﬁ + G)) = div (BhTa,ﬁ) +div (B;G) =0,
which implies that 8,1 + G is a suitable test function for the fluid equation (2.3a).

Lemma 3.1. Assume that min xye,7)x©0,L) b (t, x) > hmin > 0. For G given in (3.2),
there exists ¢ determined by u and G such that ¢(x, 1) = 0 and

div (3, B (32 + G)) = div (B 9),

where ¢ is

_[e pOhd! + g1k’ (33)
Y702 T | 2ochochaat + S1dhP0chit — zdochd it — Zoghd,dchat |

Proof. The above ¢ can be obtained directly by setting ¢ = B, "9, B (3;ii + G) with G
from (3.2). |

In the following we collect terms of an a-priori estimate that naturally relates to the
time-derivative system. For that we collect various signed terms for the left hand side
and error terms we put on the right hand side. The main effort will be to estimate the
error terms. We start by taking the derivative of (2.3a) with respect to the time variable
and multiplying the resulting equation by 9,4z + G. We then pick ¢ € (0, T') and integrate
over (0,1) x 1,

t
/ f {pfathaﬂz + o rhd2i+prdy (G — ) - (BuV)iR) — pdiv (3, ApV)id)
0 J
—udiv (A V)d,i0) + 8 ByV p + BV, p} (3, + G)dzdr = 0.

(3.4)
Note that we have

t t
/ / pfathatﬁ(a,ﬁ+G)dzdt=f / 07 8;h18,0|* dzd?
0 Q] 0 QI

:=2R;

t
+/ f pfathB,ﬁGdZdt,
0 JQ

=R>
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and

t t pf d

/ / pfhafﬁ(a,ﬁ+c)dzdz=/ f ——(|a,ﬁ|2h) dzdt
0 Jo, 0 Jo 2 dt

=L
t .
+/ / (pfhatzﬁ G- p—fa,ma,mz) dzdr .
0 J 2

=R3—R

For the terms on Aj, we derive by Gauss theorem using the boundary conditions of
i and G; in particular the fact that (3;z2 + G) (¢, x, 1) = 8t2h62 (as G(t, x, 1) = 0 since
it only depends on ii', see (3.2)). We find that

1
— ,u/ / div ((8; AR V)it) - (3;11 + G)dzdt
0 J

t L
= —,u/ / (((&AhV)ﬁ)(I, X, 1)331162) -epdxdr
0 JO

1=(%)

t
+ M/ (8;ApV)u) : (Vou+ VG)dzdt,
0 JQ

=Ry

and

1
— ,u/ / div ((ApV)oit) - (80 + G)dzdr
0 JQ

t L
- —M/ / (((AhV)a,ﬁ)(t,x, 1)33he2) -erdxdt
0 Jo

1=(k%)

t t
+u/ (ApV),i) - Va,ﬁdzdt+M/ (A,V)3,id) : VG dzdt .
0 JQ 0 JQ

=L :=Rs5

For the two pressure terms in (3.4), using integration by parts with respect to the
spatial variable, we derive from div (B,I(&tﬁ +G)) =0and i(t, x, 1) = 0,he, that

t t L
// Bhvatﬁ-(a,mc;)dzdt:/f ((a,ﬁBh)(z,x,1)afhe2)-e2dxdt.
0 JQ 0 Jo

1=(kkk)
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Moreover, integration by parts implies (using the structure of G)
t
f / 0;ByVp - (0,1 + G)dzdt
0 JQ

t L t
=/ / ((ﬁatBh)(t,x,l)atzhez) -ezdxdt—/ f pdiv (3, BT (31 + G))dzd1.
0 JO 0 J

=0

3.5)
Note that div (3; B (3:ii + G)) # 0, we thus need to estimate the second term on the

right hand side of (3.5). Multiplying the momentum equation of the fluid by ¢ introduced
in (3.3), we find using integration by parts and Lemma 3.1, that

t t
// pdiv (3B (3,01 + G)) dzdt=// prhd i - pdzdt
0 Q] 0 Q]

:=R¢

t
+A /Q pf(i— 0 xn) - (ByV)it - pdzdt
1

=Ry

'
+/ / w(ARV)U - Vodzdr .
0 JQ

:=Rg

We combine the above by taking the time-derivative of the beam equation (2.3c),
which gives that for every (¢, x) € (0, T) x (0, L),

0502 h — B;02h + ad, 9%k
= —e - {w @ AR V)i + n(ARV) 0t — 3, pBy — pd; Bp} (1. x, Dey.

Taking the inner product of the above equation with 8t2h, we have (using thate, -9, Bye, =
0)

t pL
/ / {psa?h — B&h +adath +er - (1(3;ApV)id
0 JO
+u (AR V)3 — 3, pBy) (1, x, 1)e2} 92hdxdr = 0. (3.6)

By taking intergration by parts and using the boundary conditions, we obtain that

t L t L d 2
// psafhafhdxdt:&// —‘th‘ dxdt,

/ / B3,02hd>hdxdr = / B3,0,h >0, hdxdr
0

ﬂ/f o 101 h|% dxdt,
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t pL t pL
f / aata;jhafhdxdtza f / 3,02h9282hdxds
0 JO

We add the equations (3.4) and (3.6) together. Note that this implies that the terms
(), (x*) and (** x) cancel with the beam equation. Hence we find, forevery t € (0, T),
that

dxdt.

3z

L
‘(afh)(z)) dx+ff @) (1) 2 dx+f'/ ’(a,a h)(t)‘ dx

+pif h(t)|0u(r) dZ+pL/ / (ApV)0sit - Vosindzde
2 Q 0 JQ

=L =L,

t t t
= —/ / 'O—fath|8,ﬁ|2dzdt—/ / pr,ha,ﬁ-Gdzdt—[ / prhoZi - Gdzdt
0 Jo, 2 0o Jao, 0 Ja

=R =R =R3

t t
— u/ f (8 ARV)R) : (Voyit + VG) dzds — M/ (AyV)3,ii : VG dzdt
0 J 0 J

=Ry =Rs

t t
+/ / pfhatﬁ~<pdzdt+/ / prt — 3 xn) - (BpV)it - pdzdt
0 JQ 0 J

=R¢ =Ry

t
+/L/ (ApV)u - Vodzdr
0 JQ

=Ry

t
—/O/Qa,(pf(ﬁ—a,Xh)-(BhV)ﬁ)-(a,ﬁ+G)dzdz
1

:=Rg
L
20 ngl@ay O dz+ 2 [ 121 ©)2 dx
2 Q 2 0
L L
+ é/ |0ch1 ]2 dx + 3/ 182k |* dx, (3.7)
2 Jo 2.Jo

where ¢ and G have been introduced in (3.3) and (3.2), respectively. We note that Ry is a
term thatis left from (3.4). Under the no-contact assumption min x)e(,7)x (0,2) A(f, x) >
hmin, together with the energy estimate (2.8), we notice that there exists ¢y, ¢z > 0 such
that

cilpwr < Ap(t,x) < collpynr forall (r,x) € (0, T) x Q1.
Hence, if the left hand side of (3.7) is bounded it implies the same bounds for the left
hand side of (3.1). Moreover, together with the continuous embedding H,' < L™ we

can additionally put ||V ||Loo(0 .12 On the left side of (3.7).
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Remark 3.2. Here we provide more details on the ellipticity of Aj. Recalling the defini-
tion of Ay, in (2.6), we note that for v = [vl vz]T S Rz,

1

Apv-v = hv% — 2z0yhvivy + E(l + (zaxh)z) v%

1 1
2y.2 2 2
= h(l —e%)vy + ; (1 + (zoyh)“(1 — 8—2)) vy,

where we used the inequality
1
2z0hvivs < &2h vf + m(z 8xh)2v§.

From the energy estimate (2.8) we have || 0,/ ||%oo((0 T)%(0.L)) < Cp. Now we choose & >

Osuchthat (1 + C()_l)_l/2 < & < 1.Inthis way, we find that for ¢; = min [hmin(l—ez),

hpl (14 Co(1 —e72)) }, we have

Apv-v > c1|v|2.

3.2. Estimating the right hand side of (3.7). In the remaining part, we focus on the
estimate of the right hand side of (3.7). To present the proof clearly, we divide it into
four steps below. In the following we use without further notice that d, %, h and % are
uniformly bounded in space time.

Step 1. The estimate of the first three terms on the right side of (3.7). For the first
term on the right side of (3.7), we have for arbitrary ¢ > 0,

t ol
|R1| §/ / ||3zh||L§||3zﬁ||i4dzdt
0 Jo
torl 3 1
§/O /0 ||3th||Lg||3tu||Z% ||3t3xu||2%dzdt

t 1
S 13kl (f f (snataxﬁniz+C(s>||a,z2||§2)> dzds
0 Jo x x

t t
< s/ 18, 0x2l|7 ,d + C(s)/ 13,7 ,dr,
0 z 0 z

(3.8)

where we used the Young’s inequality and the boundedness of 9;/ in L;’O(L)%) (see (2.8)),
as well as the following interpolation inequality:

3 1
9rilia < ||3t12||2%||3t3xu||2§-
For R, we use the formula of G in (3.2) and derive that

¢ 1
Ry = / / (E |0, h|> 00, 0" + %|8th|zaxhﬁ‘8,ﬁ2 — 0;h a,axhzﬁ‘a,ﬁ2> dzdz.
0 JQ
(3.9)
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Observe that we need to estimate the first and the last integrals on the right side of (3.9).
Firstly,

13 1 t
| [ 5 kP ataat aaar < [ oG ol ar
0 J 0 :
t
S [ okl 100,01 02yl
0
t
<10kl il e a2 /0 000kl 2 ]2 e
! 2 2
S /0 (Nordh2, + Navial3, ) dr,

(3.10)
where we used the interpolation inequality as follows:

1 1
19l Lge S 1Bkl 2 19 0P - (3.11)

This 1D interpolation (3.11) we will use frequently below and please see [1, Theorem
5.9] or [15] for reference. Then we estimate the last integral in (3.9):

t t
| [ amaanataiant < [ omiuloabiz ;o
0 Ju 0
t 1 1
5/0 100k 117 13l 2 1993 A1 7 Al 3 10yl 3 de
t
5/0 1c1 1211302 1 2 121 2 13s ] 3 d
t
,sf (w2, + 10,02012,) dr. (3.12)
O z X
In the above estimate, we used in particular the interpolation inequality:
1 2 1
19:9x el L2 < ClO: AN 118,85 ol -

Combining with the estimate (3.10) and (3.12), we thereby obtain the estimate for (3.9)
as follows:

13
Ral 5 [ (Wl + 100kl + 1003413 ) .

To estimate R3 we first take an integration by parts with respect to the time variable,
which gives that

t
Rng pfhalﬁ'GdZdl—// pr0thd i (t) - G(t)dzdt
& 0 Jtu (3.13)

t
—/ / ,thatﬁ - 0;Gdzdt —f ,tho(atﬂ)(()) -G(0)dz.
0 Q Q



Existence of Strong Solutions for a Perfect Elastic Beam Page 17 of 49 206

Using the expression of G in (3.2), we start to estimate the right side of (3.13) by using
interpolation inequalities. We first have

/ prhdii - Gdz =/ o (0chit" 0, + 20,hdchid 0, = zhdjo.hi 0, ) da.
Q Q

(3.14)
and then for arbitrary ¢ > 0,

Ala Al ~ ~
f prochi 0t dz S |9kl Lge il 2 M9l 22
Q
i ian
S ||3zh||L§||3t3xh||L§||3zulng

3 1
<ellgil2, + C@lohl 2, 10:0:h117,

S el oo g2y + 8183517 00 2) + C (e DI 00 12,

(3.15)
where we used twice Young’s inequality. The second term on the right side of (3.14)
can be estimated in a similar way as (3.15). For the last term in (3.14), we also have for
arbitrary ¢ > 0

[ pszhasonataian < Noduliz il g
Q)
1 2 3 R
S LA LERAA TS

1 3
< elldil7, + C@lahll, 10201,
< elldpit oo 2 + BB o 12 + C e D)7 e -

(3.16)
Combining with the estimate (3.15) and (3.16), we obtain that

/Q prhdvi - Gdz < el il oe 2 + 118 R oo 2+ C e, D3R 0 2
1

(3.17)

The second term on the right of (3.13) is the same with R, term, which has been
estimated in (3.9). Recalling the expression of G in (3.2), the third term on the right side
of (3.13) is

t
/ / prhdvi - 8,G dzdr
0 J

t 1 1 1
A 241 27 A1 ~1
=/O /m {pfhatu (—ﬁ|8,h| it + 07 hi +Za,ha,u)

+ prhdy i (—%|8th|28xhﬁl + %afhaxha‘ + %a,ha,axha‘

+ 2a,h8xh8t121 — 020chzit' — dj0chzdyi') | dadr.
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In view of (3.8) and (3.10) the terms left to be estimated are:

t t
// 32hi' o, dzdr, // o rhd 929 hi' dzdr,
0 Q] 0 QI
t
// pzhd, . hd, i 8,0% dzdr. (3.18)
0 JQ

Using interpolation inequality and Young’s inequality, we obtain that

t t 1 1 1
f / 07 hit'9,d" dzdr f 187112 / il Noxill ;2 12yl 3 dzds
0 JQ 0 0 x x
13 1 1
2 N AT A
5/ 197 kll 2 1 75 N0xiall 75 1B a | 2 At (3.19)
0 z z

1 t
27112 A2 A2
5/ ||ath||der+/ IVal, a3, dr.
0 * 0

For the other two in (3.18), we need to take the integration by parts with repsect to x,
which gives that

t
// prhd > 979 ha' dzdr
0 J
t
=_/f pfa,zh(axha,ﬁzﬁl+halaxﬁ2ﬁ1+hatﬁ23xﬁ‘) dzdr.  (3.20)
0 JQ

The first term on the right of (3.20) can be estimated as (3.19). The second term on the
right of (3.20) can be estimate with arbitrary ¢ > 0 as:

1 13 1
| [ eonanas.iatanss < [ [ iezhiszhoaiziang dzar
0 JQ 0 JO

1

t 1
2 A AN A S
5/0 |I8thIILgIIBIBXMIIL;IIMIIE%||3xull,f%dt
t t
< 8, 00i)|%,dt + C Vi, 1102k |2, dt
<e | 19:3cal?,de+Cee) | Va2, 182h]3%, dr.
0 z O z X

Similarly, we estimate the last term on the right side of (3.20):

t t 1
f / prhdthdi*o.i' dzdr < f f 1872112 19t 3 119s 2 e dzdt
0 JQ 0 Jo ’

1

t 1
2 A AT N
5/ ||3lhlng||3xu||Lg||3zMI|Z%||3z3xullz%dt
0 )

t t
<s / 19,32 di + C(e) / Va2 102h 112, dr.
0 z O z X
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We also use integration by parts for the last integral in (3.18):
t
/ / pzhdd,hd, ' 8,4% dzde
0 J

t
_ _/ / przdch (ha,axﬁla,ﬁz+ha,ﬁ18,ax122+8xh8tﬁ‘a,ﬁ2) dzdr.
0 JQ

(3.21)
The critical term in (3.21) is estimated for every ¢ > 0 as follows:
t t 1
f f 0 hoyid, i dzdt < f / a0l 2 18, e 13, Dl 2 d cd
0 Jo 0 Jo * *
t 1 3
< / l,id]) 2, 18,3212 dr (3.22)
0 z z

t t
< e/ 16,0, ]2, df + C(s>/ 3,213, dr.
0 z 0 z

Combining with the estimate (3.19)—(3.21), we have

t t t
/ / pfhatﬁ.a,Gdzdtésf ||alaxﬁ||izdt+C(e)f (||8,ﬁ||iz+||a,2h||iz) dr
0 J 0 z 0 z x
t
+C(e) /0 (13,2173 + 1187 A1) Vit 7.

(3.23)
Putting together the estimate (3.17), (3.9) and (3.23), we derive that

t
R3] < elldyitll o) + 81190517 oo 12, +s/0 l8¢d.ia||7, dr
t
+C(e.9) /0 (NorialZy + NoZh1Z, + 0,0, kI3, + 10,03R1%, ) di
t
+C(e) /0 (Novial3, + 107hI2, ) 192, dr
~ [ b0 - GOy
Q)
The last integral with the initial data above can be handled in the following way:
| oo © - GOz
Q)

5/ (1R 110l (3,12) (0)| + |1 ][0xholliiol](3;i2) (0)| + |ho||0xh1]1(0:)(0)]) dz
Q)
< C(Co, Il 20,0) (Co + 1B O)]2),

where we used the expression (3.14) and Cy has been introduced in (2.8).
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Step 2. The estimate of the two terms R4 and Rs that are related to VG in (3.7).
Recalling the matrix A;, and G introduced in (2.6) and (3.2), we compute 9; A, Vi :
(Vo,u + VG). With that we can list the terms appearing in R4 below:

t t
a ::/ / |0k ||0xii |00, |dzdt, an ::/ / |0:h 2|0 )0 a | dzdt,
0 JQ 0 JQ
t t
a3 :=/ / |h|18; 0, k||t |9ca |dzde, a4 :=/ / |0k |%|0 0 % dzdt,
0 JQ 0 JQ
t t
as ::// |9, h||9.02]|9; 9.0 | dzdt, ag ::// 100k 2|0t |0 i) | dzdt,
0 JQ 0 JQ
t t
a7 :=/ / |0;h|18; 0 h||0,0]|0.0 |dzds, ag ::/ / 10,1|2|02h |4 (|0, 42| dzdt,
0 Q] 0 Ql
t t
a9 :=// |0sh)|3, 0204 " |0 2% dzdt, a1g :=// |0: k|82 R 1|3, 0x ki |0 i " |dzdr,
0 JQ 0 JQ
t t
a11:=// |0, 0x 1|13, 02h| | ||oxa" [dzde, ajn :=// ;05?0 |2 dzdt
0 Q) 0 Q

We do select the most critical terms of above. First a; is subcritical to a5. Next we find
that a» and ag are subcritical to ajg. Further a3, a4, ag and a7 are subcritical to aq».
Finally a9 is subcritical to a11. Hence we need to estimate

13 t
A5:=// |8,8xh||Vﬁ||8,V12|dzdt,A10:=// |9,k ||102h |0, k||| Vit dzdt,
0 Q) 0 Q
t t
A“::/[ |9, 0x 1|19, 02 ||| Vii| dzd1, Au::// 18;0x 1|2 Vi | dzdt.
0 JQ 0 J
We begin with As where we find that for every ¢ > 0
t
A < [ 1B3shlz 19310,V 0
0
! 2
5/0 1095 hll 2 IVl 22110, Vidll 2 dt
! 2 ! 2712 2
SS/ IIGtVulledHC(S)/ 10:05hlly 2 IVall;,de.
0 z 0 X z
Next we estimate using interpolation in x and the energy bounds we find
! 2
Aol < [ [ 1ol 00l N 12 192013
0 J
4 1 5, 1 1 3
§/0/QIIBthllzg|I3t3xhllz§||8z8xh|ILg||uIIzEIIVu||z§dzdt
1 ,
t s 33
5/ / 1302k, Va1, dads
0 Jo X x

t
< f 18;05h 117, I Vall7,dt + C,
0 X z
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which is suitable for a Gronwall estimate. Further we estimate similarly
2
[A11] < / / 10:0xhll Lo 11005 Rl 2 Nkl oo 1V it 2 dzd e
2,13 3 3
/ / |I3zhll 2 13:3 7l llall; 12 IVl dzdr
X

< / 19: 95k 117, [ Vidl|7,de + C.
0 X z

Finally, we estimate
' 2 2 ' 2 2
[A12] </ ||at3xh||L30”V””L2dt§/ 19;9xhllp2110: 0 hll 2 I Vitlly  di
O z 0 - z
t
5/0 (1892 R 1172 + 118,821 72) 19527 dr.
Hence we conclude (applying Poincaré’s inequality) that
t t
|R4|=/ / B,Ahvﬁ:(V8,ﬁ+VG)dzdt§/ 1807h11%,IVid|Z,dt + C,
0 JQy 0 X z

is suitable for a Gronwall estimate.
Now we continue estimating Rs in (3.7). It can be easily checked that the terms
appearing that have not been treated before are

t t
b ::// |0,h| |0 h||ii]]0; 0t | dzdt, b2::// 10,0, h||i]|0; 01| dzdt,
0 J 0 J
t t
b3 :=// 9,110 h||i2| |8, 92| dzdt, m::// 19,02 ||it] |8, it | dzdt,
0 J 0 J
where critical are only b3 and b4. For every ¢ > 0 we find
t 1 5
bl < [ [ 0ol 102 Nl 13,3, 1 s
0 JO :
! 1 R 1 R
5/ 18:xhll 5 12t ;119 Dxddll 2 d
0 X z

t t
< sfo 9i0.it]3 dr + cos)fo (1va; + 13,0:h13; ) dr

and , ,
|bs| < e/o 1,357, dr + C(e>/0 I8, 92h172 (1 + IVl ) dr.

Therefore, we have the estimate:
t t t
/0 i (ApV)d,ii : VG dzdr ge/() ||ataxﬁ||i%dz+0(s)/0 ||3t8§h||i§||Vﬁ||i%dt
1

t
+ C(s)/ (Nauauhl2, + N0,02m12, + Va2, ) dr
O X X z
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Step 3. The estimate of the terms Rg, R7 and Rg depending on ¢ in (3.7). Recall
that ¢ has been introduced in (3.3). We first notice that

prhdyit - @ = progh|dit 2+ ph—f|ath|2a,ala1 + przdhd hd i o0

i %w,mzatha,ﬁz — prhzd;dchd, ' 0,0> — ppzdihd;0xhd,a%i’ .

Compared with the terms we have estimated before, here we only need to consider the
following integral

t t
/f pfhza,axhafﬁlalﬁzdzdt=—f/ p£20:hdchdyi' 8,0% dzdr
0 Q] 0 Q1
t
—f/ prhzdhd, 0 9,07 dzdr  (3.24)
0 J

t
—// o rhzdhd,a'9,0,0° dzdt,
0 Jo

where we used the integration by parts with respect to the space variable x. The first
term on the right side of (3.24) has been estimated in (3.8). Note that the other two terms
on the right of (3.24) have the same structure and actually also have been considered in
(3.22). Thus, for every € > 0 we have

t t
Rl <o [ il dreceo) [ il

For R7, using the structure of the matrix xj; and By, introduced in (2.6) and ¢ in (3.3),
respectively, we observe that the terms appearing are:

t t

cl :=// |0, |)di]|0,1]|0y 1| dzdt, e :=// |0, |%|1|% |0, 1| dzd 1,
0 JQ 0 J
t t

3 ::// |0;1|%| 9, 12| |9y it | dzd1, c4:=f/ |0; 1| |ii]|0y it | dzdt,
0 JQ 0 JQ
t t

cs :=f/ 0,0, 1| |i2]|,12] |12 | dzd1t, c6 :=// |0,k ||0; 0, R ||i1|? 10,41 | dzdt,
0 Q] 0 Ql
t t

7 ::/ / 10,110, 9ch||0:19.00|dzdr,  cg ::/ / 10;1)? 19,9 h||i1] |01 dzdr.
0 J 0 J

(3.25)

Now, ¢ is subcritical to cs, ¢2 to cg, ¢3 to ¢7 and ¢4 to cg. We estimate using again the
interpolation inequality in 1D for L°° as in (3.11) but also, the interpolation inequality
in 2D for L*, also known as Ladyzhenskaya’s estimate in :

1 1
- <42 A2
lillg S Nl 1Vl
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With that we find for every ¢ > 0

t
cs </ 100 |1 19:011 2 121 3 19,2 3 de
0

1

t 3 1
2 Ay AN AT
S/ ||313th|LgIIVullzz|I3zullizIIV3zullzzdt
0 z z z
t t t

< Vo, ii||?,d 8|2, |IVil?,dt + C 8,02h|, | Vii||>,d
e | IV, de+ | 18,al2,1Vil?,dr +C(e) | 118,82h12,IVidll?, dt,

0 z 0 z z 0 X z

where in the end we used Young’s inequality (with three terms). For cg in (3.25), we use
the same interpolations

t t
c6</0 ||ath||L;o||ataxh||L;o||azﬁ||Lg||ﬁ||i§dt5/0 (1+[13:03h 1)1Vl 75 dr.
Further
t 1
er < [ [ il 0 il 10,1 dzar
0 JO .
torl 3 . 3 3 1l .
S /O fo 8ol 19017 Noch 7 1902l 5 195l ozl 2 dzdr
! 2 ! 6 2 4 L8 .8
<o [amin,aece [ a0, ol o
! 2 ! 2 ! 27112 2
<sf ||azaxu||der+af ||atu||det+c<a,6>f U+ 18,82h12,) -2, dr,
O z 0 z 0 X z
where we used the uniform boundedness of ||d;/]| L2 the following interpolation in-
equality:
1 1
18:0ch 2 < 119chl1 5 118,07 Rl .-
and Young’s inequality. Finally, the last term is estimated by
! 2
cs < /0 192117 00 10, DR L2x N1l 1.2 10 .2 dt
! 2112 ! 2 2
s/ ||ataxh||der+f (1+ V|72 [1,0ch7, de.
0 X 0 z X
All together we have the estimate
! 2 ! 2 27112
IRy| <ef ||vatﬁ||L2dz+c<s>/ (1,2; e + nao2ni2, ) d
O z 0 z X

t
+C(e.d) / (14 Noul, + 19,0:h 12, + 10,03R13 + Nauial3, ) 1 Vil dr.
0 z X X z z

Now we continue the estimate for the last integral including ¢ in (3.7), namely Rg.
Evaluating this term one realizes that the terms not considered before are
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t t
f/ 10,h]13,118,4 | dzd . f/ 19,3118, 02| dzdl,
0 JQ 0 J

t t
/ f 19,02 h||0;42]|9, 21| dzdz, / / 10,h|2 h||0;42]|0, 1| dzdz.
0 Q| 0 S-2]

The first two terms above are subcritical to c¢5. The third and the last terms is estimated
for every ¢ > 0 as follows

t
// |8,02h|3,1] |0y 1| dzd1
0 JQ

t 1
2 o N
< [ [ vaszniszia s o azar
0 JO . :
! 2 . A A
< [ raezhizha 0. 19 0
0 z z

t t t
<s/ ||a,axﬁ||izdt+[ ||ata§h||§z||Vﬁ||izdt+C(s>f 8,17, dr.
0 z 0 X z 0 z

and
t ’ t 1 )
/f |a,h||axh||a,ﬁ||axa|dzdr<//||afh||L;o||axh||L%||atﬁ||L;c||axa||Lgdzdt
0 J 0 JoO : .
1 1 L 1 R
</ 1080l 2, 10,12, 19, 032112, 19 | 2t
0 X z z
! 2 ! 2
< ef ||a,axﬁ||L2dt+f a2, de
0 z O z
! 2 2
" / 18,3112 18,2112, dr.
0 X z
Therefore, we have for arbitrary ¢ > 0.
! 2 ! 2
|Rg| <af ||afaxﬁ||der+C(s>/ l,2l12, de
0 z 0 z
t
+C(e) fo (1002012, + oy achI12, ) IV, dr.

Step 4. The estimate of the time-derivative of the convective term in (3.7). This
last part is the most critical estimate as it is related to the non-linearity of the Navier—
Stokes equation. We split the terms appearing in Ry in three sub-parts:

3 (ps(@ = drxn) - (ByVIR) - it + G) = py (34l — 37 xn) - (ByV)id - (9id + G)

=r|
+ (= O xn) - (0 By V)it - (0pii + G) + (it — 9 xp) - (By V)it - (0,11 + G) .

=r =r3
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We analyze the above three forms one by one. Recalling the definition of By, and yj, in
(2.6) we first have

1
o= (ha,ﬁlaxﬁl — 8chzd, 010 0% + 0,020, 4° — a}hzaxﬁ2) (a,;;l + }—la,hﬁ1>
+ (ha,ﬁ‘azﬁ‘ — 8chzdi 0,0% + 80" 0,0% — a,zhzazﬁz)

0,0° + %B,haxhﬁl — 9,0,hziih). (3.26)

The terms in (3.26) that appear are summarized by

t t
i :=f / 10,1179, 61| dzdt, rin :=[ / |;:h|102h||it) |0, dzd1,
0 JQ 0 JQ

t
rai= [ [ 10280, dadt,
0 J

where 717 is subcritical to 3. We first find by Ladyzhenskaya’s interpolation estimate
that for every ¢ > 0

1 1 t
~ A2 A2 A2 )
i </ ||axu||L;||atu||Lgdr<s/ ||va,u||L%dr+C<s)/ EEANZIE
0 0 0

and similarly to above (using 1D interpolation for L*°) we find
t pl
ris < / / 102h11 21192l L2 18, oo 1] e dzdr
0 Jo ]
g 3 2
S / 1071l 2 Vil 10,95 Al 2 de
0 - z

t t
5/0 ||8,2h||i§<1+||Vﬁ||i%>dr+/0 Va7, 118,k dr.

This allows to conclude that for every ¢ > 0

t t t
/ / Ir1|dzdr < e/ ||va,ﬁ||izdr+C(e)/ (No2nI2, + 10,0, k12, ) di
0 J 0 z 0 x *
t
+C(e) / (1 +107h117 2 + 13,9707, + ||a,ﬁ||iz) Va3, dt.
0 X X z z
Next we compute
~1 ~1 Al A2 N A~
= (u 0rhoyit — 0;0xhzit Oxlt ) o + Zathu
+ (8,hﬁlazﬁ‘ - a,axhzﬁ‘azﬁ) (8,&2 + %a,haxhﬁl - a,axhzﬁ‘) ,
which can be estimated as c¢5 and ¢7. Finally
1
ry = (hala,axﬁl — dchzi'8,0.0" + 129,00 — a,hza,azﬁl) <3,ﬁ1 + }—lathﬁl)
+ (hﬁ‘a,axfﬂ — 8chzii\8,0,0% + 128,0,0% — a,hza,azfﬂ)

(atﬁ2 + %athaxhﬁl - ataxhzal)
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In this part, we need to estimate:

t t
31 :=/ / |19, Vii||9,4i| dzdt, 3 :=/ / |3, h||61|219, Vii| dzdt,
0 Q1 0 Q

t t
r33 ::f / \2219,0. 1|3, Vii|dzdt,  ri ::/ / 10,1]19; 0, 1| |2]|3, Vi | dzdt,
0 JQ 0 J

t
r35=// |0:h|?|i1]]9, 9.1 |dzd 1.
0 JQ

Notice that r3; and r3s is subcritical to r33 and r34, respectively. We estimate (using
Ladyzhenskaya’s interpolation estimate once more) that for every ¢ > 0

t
< [ 18Vl 1ol gar
i Noril g il g
SR —
< Vo, u o1 Vu|?,dt
N/O IVaal, laal, 1vans,
! 2 ! 2 2
<e/ ||vatu||L2dr+C<e>/ 13,112, 1942, dr.
0 z 0 z z
Next
! 2
- </ el 161210, Vil 3 o
0
a2 3 .
s/ 10821112, 10,8,k 112, Il 2 1Vl 218,V
0 X X
! 2 ! 27112 2
<e/ ||ataxu||L%dt+C<s>f 10,2125 1 V2, dr,
0 0 *

where we used Young’s and Poincaré’s inequality in the last step. Finally

t
r34</ il 2 110: Viall g2 110: | Lo 110 0x k| Lo dit
0
! 1 5, 3 .
5/0 197211 2 118, 0kl 2 119: 05 el 10, Vil de
' 2
5/ 19:hll 2 118,07l 2119; Vil 2 At
0 5

1 t
< sf I8, Vil dr + c<s)f 18,2k 7, dr.
0 z 0 X

The remaining integrals can be estimated directly.

Putting all the estimates together and taking the supremum with respect to time on
both sides of (3.7), we obtain from Gronwall’s lemma that for 7 > 0 and for ¢ > 0
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small enough,

T
sup / |8,ﬁ|2dz+/ [ \Vo,a|” dzdi
te(0,T) J 0 JQ
L 2
+ sup/ (,os )dx
1€(0,7) Jo

L
S/Q !(atﬁ)(0)12dz+/0 (|(a,2h)(0)|2+|axh1|2+|a§h1|2> dx +1
1

2
afh’ + 18,0k +a |3,02h

where the bound depends on Cy defined in (2.8) and ming yye[0,7]x[0,2] A (f, X) =: Amin
only.

3.3. Formally obtaining the initial values for 9;ii and 8t2h. Observe that we only need
to know

1@ O 2(q,) + 17O 2.

Assume for the moment that 2(0) = 1. Then (formally) multiplying the equation at
zero with ((3,12)(0), (32 h)(0)) we find that

psll @) O) 172, + 04 17 O)]172

L
= /Q (wAitg — py(ig - Vitg) - (9;11)(0) dz +/0 (ﬂafho - aa;*ho)(afh)(O) dx
L
_2“f e2 - D(ii0)(0, x, ho)(—d hoey +e2)(87h)(0)dx.
0

This implies a uniform estimate, if iigp € H 2(9 1)and hg € H 4(0, L). Moreover, it is
linear in iip € H%(1) and hg € H*(0, L). Rigorously the initial data for the time-
derivative will be established in Step 2 in the Galerkin construction below.

4. Construction of a Strong Solution

In order to make the estimates rigorous we have to derive the estimates on an approximate
or mollified level. This is typical for higher-order in time estimates. We note that due
to the (weak-strong)-uniqueness result shown in [44] constructing a smooth solution
implies that it is unique.

The key that in order of being able to rigorously differentiating the equation in time
is the correct treatment of the pressure. For that we introduce the following solenoidal
substitute for the fluid velocity o = B4, and in particular we note that

B, 70,0 =0 +B, "0,Blit = i1 + G,

where G is defined in (3.2).
We use a Galerkin approximation which allows us to rigorously perform the key
estimate. For that the following steps will be performed:
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4.1 We prepare the partial differential equation and its time-derivative such that it can be
approximated by a Galerkin method. For that we introduce a weak equation in terms
of solenoidal test functions and decouple the geometry from the equation.

4.2 We show the existence of a space-discrete and decoupled solution to the time-
differentiated equation that solves an energy estimate. By a fixed-point argument
we get the desired coupled approximation sequence.

4.3 We show that the a-priori estimates derived in (3.1) are valid on the discrete level.

4.4 We construct a strong solution. For that we pass to the limit with the approximation
and show further spatial regularity using the properties of the steady Stokes operator.
This establishes a strong solution.

Hence the strategy is to derive a discretized weak formulation for 9, which we will
approximate by a solenoidal Galerkin basis. This next will be (formally) differentiated
in time.

4.1. Preperation. Following the convention for Galerkin schemes we consider the fol-
lowing weak formulation for (i, k) a solution to system (2.3)—(2.5). We introduce the
space of L-periodic smooth functions

C0. L) :={f € CX)|f() = f(-+ L)},
and

Coor0(Q1) :={f € COR x [0, 1D] £ (-, y) € Cper(0, L) and f (-, 0) = 0}.

We have for all time values 7 and (¢, ®) € ngr(O, L) x Cg:r’O(S21),with div BJ H®=0

inQ, P(x, 1) =d(x)ez, P(x,0) =0and (0, z) = ®(L, z), that
. 1 . . 1 N "
/ prhoin - ddz + —/ pru(Bp V) - ©dz — —/ pru(BpV)® - udz
Q 2 Jq, 2 Jq
1 L
+ 5/ pf|8,h|2¢>dx —/ P xn(ByV)it - <Ddz+,u/ (ApyV)i - Vodz
0 Q) Q1

L L L
+,0S/ 32h¢dx — ﬁ/ 92hgdx +a/ 3*hgdx =0,
0 ° 0 4.1)
with the relation i (z, x, 1) = 9;h(t, x) e> for (¢, x) € (0, T) x (0, L).
The above weak formulation can be derived by multiplying the strong equation with
¢ and & respectively, integrating in time-space and performing integration by parts. In
particular we used the following form for the convective term:

1
/pf'ﬁ(B]1V)ﬁ-deZ=—/ pfﬁ(BhV)ﬁ~CDdZ
Q1 ’ 2 (931
X L 4.2)
—-/ pfa(BhV)q>-ﬁdz+-f prldch|*pdx,
2 Jo, 2 Jo

which plays an important role in the construction of the approximate solution and in
particular preserves the structure of the energy estimate in the Galerkin procedure.
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Following the weak formulation (4.1), we define

wl(x,2)

W2 (x Z)} =Bl (t,x,2)®(x, 2),

Y(x,z) = |:

which gives that divW¥ = 0 in 2. It is worthwhile noting that W is independent of
the time variable. Recalling the structure of the matrix By, (please see (2.6)), with & =
[®! ®2]T we have

w_| h 0 ol ho!
T 2ok 1| | @2 T [ —zdchd! + @2
Note that ®'(x, 1) = 0, therefore we obtain that W (x, 1) = ®%(x, 1)es.
This allows to introduce the corresponding weak formulation in terms of W, which
is now divergence free. Actually it suffices to consider steady functions (y, V) €

ngr(o, L)) x C*®(Ry), with div¥ = 0 in Qp, ¥(x,1) = ¥ (x)er, ¥(x,0) = 0
and W (0, z) = ®(L, z) only. Then we find for all fixed times that

_ 1 N PO
/pfhatﬁ-BhT\Isz+—/ pri(By V)i - B, TWdz
Q1 2 Qi
1 _
——/ pri(ByV) (B, TW) - iidz
2 Jg,
1k 2 ~ -T
+§ prloh|“Yrdx — PO xn(BpV)it - B, 'Wdz 4.3)
0 Q
+u/ (ApV)i : V(B, TW)dz
Qi

+ Py /OL 32hyrdx — ﬁ/OL Zhydx +a /OL hydx =0,
with the relation (¢, x, 1) = 9,;h(t, x) e, for (£,x) € (0,T) x (0, L).
Next we differentiate (4.3) in time. This implies for the same set of test functions and
for every t € (0, T), which is given by!
(prochavit, B TW) + (o phdZa, B, TW)+ (o rhovi, 08, W)
+ % <,0f8tft(BhV)12, B;T\p> + % <pfﬁ(8tBhV)lft, B,:qu>
+ % <,0fft(BhV)3tﬁ, B,;W)
+ % (priBivyi, 0,8, Tw)~ %<pf8,ﬁ(BhV)(Bh_T\If), i)
- %<pfﬁ(8,BhV)(Bh_T\I/), u>

1, . T T _ )
-5 <pfu(BhV)(3,Bh Ty), u> -5 <pfu(BhV)(Bh Ty, a,u>

' From here on we use scalar products (-, -) for formal products and this would be justified in Galerkin
procedure.
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+ogo2naih, v)

- <pfa’2x”(3hv)ﬁ’ BF“’) - (PfatXh(Z%BhV)ﬁ, B,;Tq;>
- <Pf3zXh(BhV)a,ﬁ, Bh_T\p>

_ <pf8,xh(BhV)ﬁ, 8th_T‘I’>+<M(3,AhV)ﬁ, V(Bh‘T\y)>
+ <M(AhV)8,ﬁ, V(B;Tq;)>

(s, 7@, w0 () - s v
+<aa,a§h, a§¢> —o.

and 3ai(t, x, 1) = 32h(t, x)e; for all (¢, x) € (0, T) x (0, L).
Next this equation will be decoupled. Let us consider a geometry given by the function
heC 2([0, T1 x [0, L]; [Amin, hmax])- Respectively we define the coefficients

B = Bj, A=A;, X = Xj»
which are now independent of the solution. Then we aim to solve the following decoupled

system.
We look for the coupled solution (i, g) that is periodic in [0, L] satisfying div BTii =
0,ua(t,x,1) =0,g(,x)ey, u(t,x,0) =0, and

(prochovi, BTW) + (o pho?a, BTT)+ (oo, 0, B7Tw)

1 . 1 o
b <pfatﬁ(BV)12, B_T\lf> 4 <pfﬁ(a,BV)ﬁ, B‘T\IJ>

— N
— N

4o <,0f12(§V)8tﬁ, 1§—T\y> 4o <pfﬁ(1§vm, a,é—w>

N
[\®)
_

_ - <pfa[12(BV)(z§*T\y), u> - (p,ﬁ(a,BV)(B*T\p), u>

— N
— N

-3 <pfﬁ(1§v>(a,é—T\y), u> -3 <pf12(BV)(é—T\y), a,ﬁ)
+l<,0 32hd ¢>+1< 972
) fO;10t8, ) Pfor ;g,1ﬂ>
- <pfa,2;z(évm, B‘T\If) - (pfa,)z(at[;vm, E_T\II>

(4.4)

—(os 0 X BVt BTTW) — (psor (B, 0, B7T)
+ (M(B,AV)L?, V(E”T\D)> + <M(AV)8,12, V([}’T\IJ)>

+ <;L(AV)ﬁ, V(Z),B_T\II)>

+(ps07g. v) — (Banoe. v) + (anote. 02v) = 0.

for all times and every (¥, V) € ngr(O, L)) x C*(), with divw = 0 in i,
Y(x,1) = ¥(x)ey, ¥(x,0) = 0 and ¥(0,z) = P(L, z). As the system is second
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order/third order in time, strictly speaking the introduction of new variables would be
necessary to make it a first order. But it eventually depends on (it, g) and this is the
unknown functions we are looking for.

Remark 4.1. We remark here that in (4.4), by fixing the geometry & and using g, we
decouple (pfafhath, Yr) into:

1 1
2<pfa hd g, ¥) + <pfa,ha,2g V).

This formulation plays an important role in the derivation of the energy estimate of
(4.16) in Proposition 4.3.

4.2. Galerkin approximations. Forevery time-value we will seek a solution in the setting
of the following Sobolev spaces. The periodic Sobolev spaces are introduced as

WEP O, L) == C3g, 0, 1) v,

per

forl1 < p <oocandk € N.
We introduce the space

H3..(0, L) = {1/} € H..(0, L)|/ U dx _0}

which is a Hilbert space w.r.t. the scalar product (1// &) 0.L) = fo azw 825 dx (this
is indeed a Hilbert space as the affine functions in perlodlc spaces are constants). We

take (Y )xen as a basis of per(O L) that is orthonormal in L2(0, L).2
Further for the fluid velocities we consider

Vi o) == {\i; € H\ o(Q)]div s = 0] ,

where the subscript “0" has a similar meaning with the one introduced above (4.1), i.e.
W (-, 0) = 0. This Hilbert space Vpler,O(Ql) is w.r.t. the scalar product

(b, @)y @ = / VU .- Vidxdy.
per, Ql
We will decompose this space into

Vi 0.0(Q1) = {\1: € Vio@DI¥( 1) = 0}

and its orthogonal complement ( per.0 0(91)) . We will construct bases for each part
separately using the Stokes operator.

ok kn
. . sm( ——x CoS(x . .
2 These functions are precisely of the form ag (k% ) and ag (kzL ), with ag depending on L.
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First we collect all eigenfunctions of the following Stokes problem:

—A\i’k+Vﬁk=)\k\i/k in Qq,
divi, =0 in Q,
W(,0) =0 = W, 1) on [0, L],

W(2) = W (-+ L, 2) forall z € [0, 1].

where A is the corresponding eigenvalue of the eigenfunction Uy for every k € N.
This provides a smooth basis of Vpler,(),O(Ql) which is orthonormal in Vpler,()(Ql) and

orthogonal in L2(1), respectively.

Next we construct (\ilk)keN by extending (Ih)keN, the basis of HpZer(O, L), through
the system:

— AV + V=0 in Q,
diviy, =0 in Qp,
%:{mmw 0.1) x z =1},

0 0, L) x {z =0).
Wi, 2) =W (-+ L, 2) for all z € [0, 1].

These functions are smooth and linearly independent. Observe that for w € Vpler,O(Ql)
we have

0= (—Alilk+Vﬁk)ﬁ)dxdy=/ Vi - Vibdxdy
91 Q)

L L
—/(%%XJW%JMH/(M—%%NJW%JNL
0 0

which implies that Wy € (Ver.0.0(QD) ™.

C!
Now we define (W, ¥ )keN in a way of enumeration by

(b
2
The span {(V, ¥x) |k € N} consists of all couples (W, ¢) € Vpler,O(Ql) X szer(O, L)

with W(x, 1) = ey for every x € (0, L). We observe further that the space span
{(B~TWyg, ¥) |k € N} consists of the test function pairs:

%) k odd

(Wi, Yi) == for all k € N. 4.5)

o

N
@,0) k even
2

(@, ¢) € {(d>, #) € leer,O(Ql) X H2p (0, L)|div (BT®) =0 in @, ®(t,x.1) = ¢e2},
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which are C? in space-time since BisC?in space-time. On that space we introduce the
projection Py, that is defined as

N N
Png =) PA@Vk =) @ VO n2 o)V

k=1 k=1

N
Prnd =BT PH@®)W = B—T( Y P (4.6)
k=1 k< N,k odd

BT
£ Y (W B @)V;H‘O(Ql)\yk).
k< N,k even

The following properties of the projection follow by standard Hilbert space theory and
standard regularity theory for Stokes system:

e For any m € N, if (additionally) ¢ € H™, [[Pnollumo,) < cll@llamo,r) and
Png — ¢in H™(0, L). B
e We can decompose BT® = &g+ & = (BTD — ) + O, where

— AP +Vp; =0 in Qf,
divd; =0 in Qp,
® — {¢>62 (0,L) x {z =1},

0 0, L) x {z = 0}.
®1(,2) =DP1(-+L,2) forall z € [0, 1].

e We find that ®; is approximated by its boundary values. In particular, by Stokes
theory and the properties of the eigenfunctions, we find that

Y Preyw - s

H2(Q
k<N.k odd )
<l Y. PE@Yk — bl — O with N — .
k< N,k odd

e If (additionally) ® € H?, we find that @y is also approximated in H? by the second
projection part, i.e. for k even. For that observe that

- _
(W, B q))vpler,()(gl) = (Y, CDO)Vpler,o(Q]) + (Wi, Cbl)Vpler,o(Ql)’
N— | —

=0

where we used the equation of ®; and the fact that Wy has zero boundary values in
{z = 1}. Hence we get by the properties of the basis {W }x even, that

Y (W BTcp)V;“O(QI)\vk — @l y2(,) — O with N — oo.
k< N,k even

e Combining the arguments above we find that
IPNPl g2y < Cl®la2g,) +cl@llmo,r)-

Moreover, Py® — & in H2(2;) as N — oo. Note that based on the similar but
simpler analysis, the above estimate for Py ® holds also for the H'! and L2-norm.
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We make the following ansatz, for every fixed N € N:

=

Nt x, 2) Z K(OW(x,z) forallz € (0, 7),
k=l 4.7

gn(t, x) —f ZaN(r)wk(x)dr +Pnho forallt € (0, 7).

From the construction (4.7), we see that i1y (¢, x, 1) = d;gy e; for (¢, x) € (0, T) x
©, L).
We construct now the solution (i, gn) in four steps.

Step 1: Existence of ay for a given geometry. Assume that 1 € C2([0, T] x
[0, LT; [Amin, Amax]) is the given geometry and we still use the notation B = B, A= A,
and ¥ = x;.

In what follows we seek for the a couple of discrete solutions (i, gn) of the form
(4.7) with time-dependent coefficients oy = (otll‘v),é/:1 , which solve the following dis-
crete equation, fork =1,--- , N:

<pfa,ﬁa,ﬁN,z§*quk> (prhofin, BTw)+ (p sy, 0BT W)

i (39) . 5w )
!

< fMN <8tBV)MN,B T\IJk>
1
2<,0fMN (Bv) iy, B-TW) + <

v (BY) iy, 0B Tw)

- i (55) (7)) Ly (59) (700,50

i (39 45 70) )i (5) (370) i
;<pfa Rorgn. Vi) + 1<pfathal ans Vi)

0y 92X BV, BT — (078,70 BV )i, BT )

(4.8)

—(pso X BV)avitn, B~T) = (08, 2 (BVitn, 0 BT W)
+ </L(3IAV)I2N, V(E—T\yk)> + <M(AV)8tﬁN, V(B‘T\Ifk)>
+ <M(AV)12N, V(atB_T"IJk)> + <;0sa;38Nv 1/fk> - <53r3§gN, Wk>

+(aa,ang, afwk> —0

where (W, ¥y ) are introduced in (4.5).
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According to the definition of i1y and gy in (4.7), we have

N N
diiy = Y B Tal (W + > B Tad (W),
j=1 j=1
N N

Z B~ Tal (1)W; +Zzat3 TaN (Y] +ZB TaN (t)\I'],

j=1 j=1 j=1

V (3,iiy) Z(xN v (BT, )+éa{v(t)v (a8 Tw;),

j=1

=

4.9)

N N N
. -/ 21
dgn =) ey OV, Fen =) ay OV, dev =) ay OV

j=1 j=1 j=1

We substitute (4.9) in the system (4.8) and obtain the second-order nonlinear ODE
system for ey = (a’f\,)ff:l as follows:

A®an" @) + By’ (t) + Ctan (1) + (D) - an'(1)) an (1)
+(E@) -an@) an(t) =0, (4.10)

where the coefficients matrices A = (A;, k)] we1r B = (Bj,k)?/kzl, C= (Cj,k)?{k=],
= (Dj,k)j,k,lzl and £ = (gj,k)j,k,lzl are

Ajk = <pffll§‘T\Ifj, E—T\yk>+(ps¢j, ol
Bjk = <'°f3”;B7T‘I’j’ B*T\Pk> - 2(pr8,§*“1{,~, B*T\pk>
+ <,0f}~lé_T‘IJ is Bté_ka> - <Pf31X§V(1§_T‘IJj), E_T\I/k>
Cike = <pf3";8fé_“1’j» E_T‘I'k>+<pfﬁa,21§—wj, B—ka>
+orhtn BT 0BT = (o 02X BY(BTTW)), BT W)
B (pfa,;za,év(éﬂq;j), EiT‘I’k> - <p.f81)ZI§V(8,B*T\Ifj), E*T\pk)
~{psau g BV, 0BT + (A (BT, V(BT
# (A @B T, VB TR+ <MAV(B—T\IJj), VBT

(B dcwn) + (o2, 820 + 3 (s 0205, ).

1) o i 1, . o _
§<pr—T\leV(B—T\11j),B—ka>+§<pr—T\y,-BV(B—T\IJ1),B—ka>

V) oo . 1) oo _
-5 (prBTWBV(BTT)), BT~ 5 (pr BT, BYB W, BTTw),

I
Dj,k =
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1 o _ 1 o _
Eii =3 pra B TUBVBTTY). BT + S (o BT 0 BVB T, BTy
1, - o . 1, - L )
+3 <pr_TlIljBV(8;B_T\IJ1), B‘T\yk> +5 <,ofB—T\yJ~BV(B—Tlpl), atB—T\pk>
1 _ o _ 1 - o _
-5 (pfa,B_TlI/ZBV(B_T\IJj), B_T\I!k> -5 <pr_T\Ilj3,BV(B_T‘I/1), B‘ka)

1 ~ ~ - -
<pr*T\IJjBV(B*quk), a,B*Tq/,).

1 - ~ - .
(,ofB TW BV, B TY), B T\yk>—§

2
We shall show in what follows that for given initial data ot y (0) and ey’ (0), the differential
equation (4.10) allows a unique solution a . The choice of the initial value ay’(0) will
be discussed in Step 2 below. We see that the matrix .4 is obviously symmetric and for
every £ € RV \ {0}, we have

N N
A g =prh Y & (BT BTTU) 0 Y &6 (v W)
jk=1 jok=1
. N . N N “4.11)
> C<B‘T Y &Y BT Zskwk> +e Y vl
j=I k=1 k=1
> 0.

Recalling that in the given geometry h € C2([0,T] x [0, L]; [Amin, Amax]), all the
coefficients in (4.10) are continuous in ¢ and all the non-linear quantites in (4.10) are
locally Lipschitz continuous in ey and et y’. According to the Picard-Lindel6f theorem,
there is a unique solution of (4.10) in short time. Therefore, we obtain a solution (i y, gn)
of (4.8) which is given in form of (4.7).

Step 2: Choosing the initial values for the time-derivative. For the initial data, we
take

un(0,x,z) =Pyito, gn(0,x) =Pnho, (3gn)(0,x)=Pnhi, (4.12)
where the projection Py has been defined in (4.6). From the definition of &y in (4.7),
we note that actually ey (0) is determined by i and hg, while ay’(0) is free. With

the assumption (4.12) we choose the initial value oy’ (0) by considering the following
equality:

N — 1 . . _
(prho@uiin)(©). BT} + 5 (o Pwito (Bay V) Pwvito. By, W)
1 ) . 1
3 <PfPNu0 (Bny V) (B, T W), PNUO) *3 (prh1Pwhi, Yu)
- <pfa,Xh0 (Bi, V) Puilo, Bh‘OT\yk> + ,u<(AhOV) Pyiio, V (Bh_OT\IJk»

+ 05 (723 0), i) = B(03Pwho, yie) + e (9 Prho, i) = 0,

4.13)

where the projection operator Py has been introduced in (4.6). Using the expression in
(4.9) for (9,115)(0) and (8,2 gn~)(0), we immediately obtain from (4.13) the equation for

ay’(0):
May'(0) = F(ay(0), g, ho, h1), 4.14)
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where the coefficient matrix M = (M x) j\' 4 is given by

M= p,fho<B;?()T‘Vj, B;;)T\I’k> +ps (¥, V).

By a similar analysis argument of A in (4.11), we know that the matrix M is invertible.
Therefore, the initial value o y'(0) is uniquely determined by the equality (4.14).

Now we consider obtaining the initial value (9,7 y)(0) and (812 gn)(0) from the as-
sumption of the regularity of g, ho and /1. For this, we have the following proposition.

Proposition 4.2. With the assumptions in (4.12), let the initial data tig, hg and hy satisfy
o € HX (1), hoe€ H*0,L), h; € H*(0, L), (4.15)

then (3,iix)(0) and (32gn)(0) is uniformly bounded in L?(21) and L2(0, L), respec-
tively.

Proof. Still using the structure in (4.9) and recalling the projection Py defined in (4.6),
we first take an integration by parts with respect to space for the third and the sixth terms
in (4.13):

—(Pwito (Bio V) (B;,T W), Pvito)

__ /Q div ((B] Pyito) ® B, T W) - Pyitodz
1
L
= —/ IPNhllzlﬁkdX+/ B, TWi - Pyiio(By, V) Pyitodz,
0 Q

and
<(Ah0V) fo: V (Bh‘OT\yk))

L
= / [AhOVﬁ()Bh_OT\I—’k] (z=1) -exdx — / div (Ap, Vitg) - Bh_OT\IJde.
0 Q4

Multiply the equality (4.13) by (oc];\,)’ (0) and sum over k = 1, --- , N. Note that we
have

N

ok ()Y = (87gn)(0),
k=1

N
> BTk )W = B, "o, (B,{OﬁN(O)) = BT3B i (0) + (34 (0).
k=1

Under the assumption (4.15), with (4.12) and (4.9), we derive that
@A) O) 72 g, + 107N D720 1)
< ¢(Co) (||ﬁo||%,z(gl) +1hol 3.1, + 171 ||i,2(O,L)) :

which ends the proof. In the above estimate, we used the properties of the projection
discussed below (4.6) for initial data. |
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Step 3: Energy estimate for the discrete decoupled solution. Now we derive the
energy estimate to extend the existence interval of « . Taking integration of (4.8) with
respect to time variable and recalling the equation (4.13), we thereby obtain

~ ~ 1 ~ ~
/ pfhatﬁN-B_T\I’de+§/ ,OfﬁN(BV)ﬁN-B_T‘-I/de
Q Q)

1 - . . 1 [t N
—-f priin(BV) (B T\IJk)~uNdz+—/ pdhd g Yrdx
2 Q 2 Jo
(4.16)
—/ pfa,x(BV)ﬁN-E*kaduu/ (AV)&N:V<I§’T\II;{> dz
Q) Q

L L L
+ s fo envrdx — B /O Zenvrdx +a /0 32gndZydx = 0.

Proposition 4.3. For the solution to the ODE we have the following energy estimates:

A 12 T A 2
hminpf”uN”LOO(O’T;LZ(QI)) + H'C(h)”V“N ”LZ(O,T;LZ(Q[))
2 2 2 2
+ IOS ||8th”L°O(0,T;L2(O,L)) + 'Bnang”LOC(O,T;Lz(O,L)) + Ol”ang”Lm(o)T;Lz(o’L))

< € (Mol 2 + 111220 1) + ol3g 1)) =2 €.
s ~ 4.17)
The constant C above does not depend on h, huin, Amax.

Proof. Multiply (4.16) by o/,‘v (t) and sumover k = 1, --- , N. Note that
ah = div(BT9; %),

by using integration by parts we have

1 A2 1 . it ~\1A 12

S| prdhlinPdz =~ | psdiv(BT, )iy >dz

2 Jg, 2 Jg,

1 [k - 5 P
=3 PrOth|orgn|”dx — Prox(BV)uy -uydz,
0 Q)

which further implies that

S (I a
/ prhiy - 0y dz + = / psdhldgn]*dx — / pro X (BV)iy - iy dz
Q 2 Jo Q

1d

=_—— hliy|?dz.
¥ lef lin|”dz

Recalling the structure in (4.7) and integrating the equation with respect to time, we
immediately obtain the energy balance (4.17). O

Step 4: Performing the fixed-point theorem. We consider the following map for
a fixed point. Let Amin, hmax and T be fixed by the initial conditions (See Remark 2.3).
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Similar with & ;v introduced in (4.10), here we use the notation 8, := (ﬂ N) . We take
K y as the set of all vector-valued functions 8 satisfying the following cond1t10ns

¢ N
By € CHI0, TT; RY) [hp(t, x) := /O Zﬁﬁ(r)wm)dwmho

KN =

’

such that /min < hg < hmax. ps||ath5||m0”2(w) <C.

where the projection Py has been introduced in (4.6). Taking such a function hg as the
geometry, for N given we consider the following map Fi:

Fy: Ky — C?([0, T]; RY)

where « y is the unique solution to the ODE (4.10). We shall use the Theorem of Schauder
for fixed-point argument. For that we have to check the following points:

e The set K is convex and closed, as can be seen from its definition.

e The mapping is continuous and compact, as follows directly from classical ODE
theory as the system is continuous and solutions are in C2[0, T'] which is a compact
subset of C1[0, T].

e The mapping is onto Ky, because of Remark 2.3 and Proposition 4.3. Indeed the
energy estimate allows bounds on 9; gy and 8)% gn independent of h. This implies in
particular that for 7j fixed by Remark 2.3 and according choices of /i, and /i, that
any function with bounded energy and with given initial values stays in the interval
[hmin, hmax]~

Hence the map Fy possesses a fixed point in the set K 7. This means we find the existence
of a coupled solution (i y, gy) to the system:

<pfatha,ﬁN, Bg—NT\yk> + <png32ﬁN, B—ka> + <png8,ﬁN, B,Bg_NT\le>

+%<pfa,12,v (Bew V) itn. Byl i) + (pfuN (0:Boy V) itn BT Wi
1. . I

+ 5 (pritn (Boy V) i, BT} + 5 (ot (Boy V) it 00 BT W)
—%<pfa,ﬁN (Bey V) (B i) iw) — <pfuN 0 Boy V) (BT W) itn)
= %<pfﬁN (Bew V) (3BT W) s in)
+ <Pf3tng3th, ¢k>
(097 Hex (Bey Vit BT W) = (002 (01 By Vi, Byl Wi
_ <pfa,ng(BgN V)o,iin, B;Nka)
- <pfa,XgN (Bgy V)iin. ath—Nka)

+ (100, A gy Vit V(BT W)

I . A
5 (prin (Bow V) (BT W) . i)
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+(1(Agy Vit V(BT W)
+ (1A gy Vi, V@ BT W0) + (0307w, vi) — (Bar0%en. vi)
+(wdi02en. 02v) =0, 4.18)

where uy (¢, x, 1) = d;gnep forall (7,x) € (0,T) x (0, L).

4.3. The higher order in time-estimate. It can be seen from the definition of the ODE,
that multiplying (4.18) with o), is precisely testing the time-derivative equation with

the coupled test-function (3t2gN, d;iny + G y) with Gy similarly defined as in (3.2), i.e.

Gn = By, NT 0 BgT vin. Hence the formal estimate of Sect. 3 can be performed rigorously
on the discrete level. Therefore, we have the following theorem. We observe that together
with Proposition 4.2 this implies uniform higher order estimates.

Theorem 4.4. Under the conditions (4.15) there exists a discrete solution to (4.18), that
satisfies the first-order equation (4.16) (for the coupled equation with h replaced by gy ),
the energy inequality (4.17) and the additional time-derivative estimate:
PRGN T o 0. 72120521y + FIVOAN 20 7120y * 25107 8N oo 0.7 120,y
2 2
+ :8 ” at 8ng “LOO(O,T;Lz(O,L)) +o ”81‘ ax N ||LOC(O’T;L2(O’L))
< C(hmin, llioll L2(@,ys 1Roll m2(0.2))» 111l 2(0,1))
(||(atﬁ)<0)||izml) + @2 1+ ||h1||§,2(0,L)),

(4.19)
which holds in particular independent of N.

Proof. The existence follows by the fixed point performed in the last subsection. We are
left to show the time-derivative estimate of i1y, i.e. (4.19). To do this, we first derive the
following identities:

N
Y ok v = 07gw.

k=1

N

— / — A~ — A~ A
> BoTak 0w = ByTo (BT i) = BT B] iy + diin,
k=1

EN T8N

N
S aBTak/ (0w = 08,70, (BI i) = 8B 10 BT iin + 8By B, k.
k=1

By using the fact that V(Av) = (VA)v + A(Vv), where A is a2 x 2 matrix and v is a
2 x 1 matrix, we also derive that

N
>ook/ OV (BiTwe) = v (BiTo (B in))
k=1

— =T T 7 —TRT 7 =T T 7
= VB, T3 B] iy +VB,TB] 8,y +B,TVd,B] ily
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+ B9, B] Viiy + B TVB] dily + Vijiin
N
/ A~
and Yo'V (88,70 ) = (08,70 (B ) )
k=1
= VatB(;NTathNﬁN + Vath_NTBgNatlzN + Bth_NTVZ)thNﬁN

+ 8IB;NT8[B;-NV12N + 3,BQNTVB(;N3,12N + 8[B;NTB;NV8[QN.

Now multiply (4.18) by aﬁ‘v/(t), sum over k = 1, --- , N and substitute the above sum
expressions in the resulting equation, which allows to reconstruct (3.7).

First taking the integration with time on (0, ¢) for ¢t € (0, T), we note that the terms
kept on the left side are

A 12 A2 2
pf”a’MN”LOO(O,T;LZ(Ql)) + 'u”vatuN”Lz(O,T;Lz(Ql)) + IOS”a[ gN”LOO(O,T;LZ(O,L))

2 2
+ ﬁ”atang ||L°C(O,T;L2(O,L)) + a”atang||L°°(O,T;L2(Ql))'

which precisely corresponds to the left hand side of (3.7). We show in what follows

that, multiplying (4.18) by a];\,/(t), the resulting discrete equation also has the same right
hand side as (3.7) in the continuous level. For that we first note from the above series

structure that Z,ICV: 1 BgNTalji,/(t)\Ifk represents d;uy + Gy . With the definition of ¢ in
(3.3), we derive from the formula of G in (3.2) that

=B, "Bl (0i4+B, 0,Bli)=—0B, 0,Bli— 0B, B,

which corresponds to Z,ivzl 0r Bg_ NTa’I‘V/(t)\I/k in the discrete level. We used in the above
the fact that B, T9,B] = —9,;B, " B]l. Hence, the series Y, af\,/(t)v (ath_NT\IJk>
thereby corresponds to V. From here, we realized that the terms depending on ¢ on

the right hand side in (3.7) appear here due to the time derivative of o; BgNT, which is
precisely related to the pressure.

Comparing the right hand sides of the continuous equation (3.7) with the discrete
equation, we realize that, after doing the integration by parts for the solid part, only
the convective terms need to be clarified. For that we rewrite the convective terms as it
appears in the continuous equation in (3.7), such that it connects to (4.18) multiplied by

a’;,/(t). Using the structure (4.2) we derive that
1 t
——/ / prot(By Vit - (9,1 + G)dz
2 Jo Jo
1! . . A L[ 2,12
= - prout(Bp V)0t + G) - iidz — — prlo7h|70hdx,
2 Jo Jo 2Jo
and
1 t
——/ / Pri(Bp V)it - (0:11 + G)dz
2Jo Joy

1 [t 1 [t
= _f / pfﬁ(BhV)(atﬁ+G)~8,ﬁdz——/ pr192h1*8;hdx,
2 Jo Ja 2 Jo
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1 t
—-// p i By V)il - (3,4 + G)dz
2 0 J
1 1
= —/ / prit(3; B, V) (04 + G) - iidz,
2 Jo Jo

where we observe that no boundary term in the last equality since ; B i ® i1(3;i1 + G)
vanishes at z = 1.

Based on the above analysis, we obtain that the resulting equation by multipying
(4.18) by o/fv/(t) is exactly corresponds to the structure (3.7) in the continuous sense.
Moreover, (uy, gn) preserves the energy estimate (4.17). Therefore, the proof follows
line by line using the estimates of (3.7). This finishes the proof. O

4.4. Existence of a strong solution. By Theorem 4.4 together with Proposition 4.2 we
got the time-derivative estimate on the discrete level. This allows us to reconstruct a
weak solution, with additional regularity properties. Together this implies the existence
of a strong solution. With the help of (4.17) and (4.19), we are able to deal with the limit
procedure.

Limit passage for i and /.
Based on the uniform estimates of Proposotion 4.3 and Theorem 4.4, sending N —
00, we obtain the following convergence, up to a subsequence, for every 7' > 0,
iy — i weak-*in Wh(0, T; L*(Q))),
iy — i weaklyin H'(0,T; H'(Q))),
gy — h weak-* in WH*(0, T; H*(0, L)),
82gn — 87h weak-* in L0, T; L*(0, L)).

(4.20)

This implies by compactness that up to a subsequence, we have using the analysis (2.9)
that
iy — i stronglyin  L%((0,T) x Q1),
0rgn — 0:h  strongly in CO’“([O, T]x 1[0, L],

gy — h stronglyin  C!([0, T] x [0, L]),

for0 <o < % This allows us to pass to the limit with (4.16) (the version by replacing
h by gn due to the fixed point procedure) and we thereby obtain

/pfh8,ﬁ~Bh_T\I’dz+/ prit(ByV)ii - By TWdz
Q1 Q

—/ proixn(BaV)it - By TWdz+ pt (AhV)ﬁ:v(B,;Tq:)dz
Q

Q)
L L L
+,0S/0 32 hy dx —,3/0 afhwdxmfo 32hd2yrdx =0,

for all sufficiently smooth ¥ (¢, x) = W (¢, x, 1) with divW¥ = 0.
Regularity of u, p and h.
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Here we rely on the properties of the steady Stokes equation. Let us consider the
steady Stokes system

Au —Vr = f,
divu =0, “4.21)
ulag, = Uy,

in a domain €2;, C R? with unit normal n. The result given in the following theorem is
a maximal regularity estimate for the solution of (4.21) in terms of the right-hand side.
We quote here the Stokes estimate from [11, Theorem 3.1] and [12, Theorem 2.8] for
the system (4.21).

Theorem 4.5. Let g € (1,00), s > 1 + é and

: 2 .
02q if q6—1D22% 0> h if a—1 <2

such that 2(5 — %) + 1 < 5. Suppose that Qy, is a Bg’q-domain3 and h € LOO(I_; Bg,q N
C'10, L)) for some 8 > s — 1/q with locally small Lipschitz constant, f € W*~29(2;,)
and uy € Ws1/4:4(3,) with fmh uy -ndS = 0. Then there is a unique solution to
(4.21) with th wdx = 0 that satisfies

lullws.ac, + 17 w19, S 1 lws—24@,) + 14allws—1/a.90,)- (4.22)
Remark 4.6. We remark here that the above resultin [11] and [12] is stated in a general
Bg’ ,-domain O. Tt is also available for the moving domain 2, with & € L°°(I,; Bg’ g N

C'[0, L)), and it suffices to verify that 92, € B . This has been explained in [11,
Remark 3.4] and [12, Remark 2.9] in a detailed way.

By the weak lower semi-continuity, we derive from (4.20) that (i1, k) also satisfy the
energy balance (4.17) and the time-derivative estimate (4.19). We will explain in the
following that this, together with Lemma 4.5, implies more regularity for &z. Moreover,
with the help of Proposition 2.1, we could derive more regularity directly for u.

Theorem 4.7. Assume that the initial data (ug, ho, h1) satisfy ho € H*, L), h; €
H?(0, L), uy € H*(Q,) and minge.Lyho = 8 > 0, then the system (1.1)—(1.7)
admits a unique solution (u, p, h), for T > 0, satisfying

he Wh> 0, T; H*(0, L)) N W>%°(0, T; L*(0, L)) N L™(0, T; H*(0, L)),
we L0, T: HX () N L4, T: H3 (@), (4.23)
p e L®0,T; H () N LY0,T: H2 ().

This solution exists until the self-intersection of Q.

Proof. The regularity of & can be obtained directly from the estimate (4.17) and (4.19)
that

he W0, T; H*(0, L)) N W30, T; L*(0, L)).
For the initial data, recalling that ug(x, z) = uo(x, hoz) = ug(x, y), we notice from

Proposition 2.1 that || g || H2(Qy) 18 equivalent to [[uo | g2(q 1) This implies that the initial

3 For bounded domain O, the Besov spaces are defined as Bqu(O) ={flo: fe€ Bqu(]R”)} with the
norm ”g”ng(O) = inf{“fHng(Rn) : f|(9 = g}
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conditions (4.15) is satisfied. The pressure is constructed in two parts. For that we
decompose it into

p(t, x) = po(t, x) + p1(¢) such that / po(t,x)dx = 0. 4.24)
Q)

Now pyg is directly constructed via Stokes equation, while p; is constant in space.

To present the proof clearly, we divide it in the following steps.

Step 1: We show that u € L®(0, T; W27 (2,)) for every 1 < r < 2. Note that we
have the regularity for i:

ie W, T; L3 (Q)) N H' (0, T; H'(R1))

from the weak convergence (4.20). This gives us that Vi € L*°(0, T; L%(Q1)). From
Proposition 2.1 we obtain that Vu € L>(0, T; L*>($2;,)). Using Holder’s inequality and

Sobolev embedding H! (Qp) — LZ%(Q;,), forevery 1 <r < 2 we have

2
- Vullzr@y S Ml g IVl S 1Vul2q,)-

- (Qh)l
Hence we obtain that u - Vu € L*°(0, T; L"(2))) forevery 1 < r < 2.

Now we apply the Stokes estimate (4.22) fors =2,g =r € (1,2), f = du+u-Vu
and uy = d;h. Thereby we have

lullwzr @, + Il Pollwirq,) S0 +u - Vullr @, + Hathllwz‘%-"(O,L)

S 13l @y + - Vullr@y + 131 oy o -

(4.25)
Note that 9,1 € L*°(0, T; Lz(Ql)), then through Proposition 2.1 we get that d,u €
L0, T; L*(Qp)). Moreover, recall that 8,2 € L>°(0, T; H>(0, L)), using the contin-
uous embedding H2(0, L) <> Wz_%” (0, L), we derive from (4.25) thatu € L*°(0, T
W2 () for 1 <r < 2.

Step 2: We prove qualitatively that u € L0, T; H*(Qp,)) and p € L0, T; H'
(2)). Using the regularity u € L*°(0, T; W2 () and the continuous embedding
W () < L®(2) for 1 < r < 2, we have u € L®((0, T) x Q). Moreover, we
note that

lu - Vull 2, S lullie @Vl 2,

This, together with Vi € L>(0, T; L>(Q4)), gives us thatu - Vu € L0, T; L*>(21)).
At this stage, we apply the Stokes estimate (4.22) again for s = 2 = ¢ and obtain
lull g2, + I Poll e,y S 10 +u - Vullag,) + ”8th”H%(O,L)

(4.26)
S 0l p2(q,) + - Vull 2,y + 10:Al

3 .
H2(0,L)

Since we already notice that d,u € L*°(0, T; L2(Q)), then (4.26) shows that u €
L>(0, T; H*(Q,)) and pg € L>°(0, T; H'(Q2)).

Based on the decomposition (4.24), now we define p; in such a way that (1.2) is
satisfied.
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Recall that we have the zero mean condition (2.1) for the source term ¢ (u, p, h)
defined in (1.4). This, together with (4.24), gives us that o (u, p) = o (u, pg) — pilox2
and thereby we have

L
Lpi(t) = / er-o(u, po)t, x, h(t, x))(—dyhey +ex)dx € L*°(0, T).
0

Hence, with the current regularity of u and p, we derive that the Cauchy stress tensor
o(u,p) € L0, T; HY Q). Thereby the source term of the structure ¢ (u, p, h)
belongs to L>°(0, T; H 3 (0, L)). Based on the beam equation (1.2) and the regularity of
h, we finally have B;‘h € L>®0,T; LZ(O, L)). Therefore, the strong solution (u, p, h)
of the system (1.1)—(1.7) is established in both space and time.

Step 3: We have further regularity: u € L*0, T; H%(Qh)) and p € L*0,T;
H%(Qh)). Recalling the regularity of 7, we have 3,4 € L*°(0, T; L>(21)) N L*(0, T’;
Hl(Ql)). With the result in Step 2, we know that u € L*°(0, T H2(Qh)) and then by
Proposition 2.1 we get d;u € L0, T; L>(2,)) N L>(0, T; H'(Qy,)) as well. By the
interpolation inequality:

1 1

1[92l S 110;ull | 32| 4.27)

2 2
L4O.T: HZ () L°(0,T;L2(Q)) L2(0,T;H'(21))°

we obtain further that 3,u € L*(0, T; H 5 (2,)). Now we use the Stokes estimate (4.22)
for s = % and ¢ = 2 once more and have

l ||H%(Qh) + ”pOHH%(Qh) S 0ru + V ”H%(Qh) +110:hll 20, 1)
< |lo;u + |ju - Vu +||0:h
S o ||H%(Qh) l ||H%(Qh) 19:hll 20,1

< ||0,u + |lue| oo Vu + |0,k .
S N0 ”H%(Qh) lulle (Qh)” ”H%(Qh) [0 ||H2(0,L)

(4.28)
Combining with the above analysis, we obtain from (4.28) that

hall s
L*(0,T;H2(2))
< loyul

+
I pO”L“(O,T;H%(Q;,))

voratay TCD (el Lo 0.7 22y + 19221l Loo 0,7 20, L) -
Using the decomposition argument again, we obtain the regularity of p.

Putting the above results together, we conclude that the regularity in (4.23) holds,
which ends the proof. O

4.5. Proof of Theorem 1.1. Now we are in a position to finish the proof of Theorem 1.1.
The existence of a strong solution was obtained in Theorem 4.7. Hence we are left to
show quantitatively that the estimate is linear with respect to the higher order norms of
the initial conditions.

Beginning from Step 2 in the proof of Theorem 4.7, we derive the following estimate
of u in the spaces L*>°(0, T’ H2()) and L*0, T H%(Qh)), which is linear with
respect to the higher order norms of the initial conditions. Based on the inequality
(4.26), we have

2 2
||u||LOO(0’T;H2(Qh)) + ” pO”Lw(O’T;Hl(Qh))
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< + 19,hI*

2 2
|atu“Loo(0»T§L2(Qh)) + ||M ’ vu”LOO(OvTQLZ(Qh)) L:’O(O,T;H%(O,L))‘

Note that for the convective term above, we estimate by using Ladyzhenskaya inequality
that
lue - Ve < Jull? IVl
L®0,T;L2(Qp)) L0, T;L4()) L®(0,T;L4(2p))
2 2
S Mullzooo,7: 2@ 1V 00 0, 70120 1V 4l L0 0,7 2220
2,012
< SHV u”LOO(O’T;LZ(Qh))
2 4
+ C(S) ||u||L°°(O,T;L2(Qh)) HVMHLOQ(O,T;LZ(Q;,))'

According to Proposition 2.1, we know that | Vil oo 0. 7. 22(c,)) ~ IVl Lo©.1:02(2)))-
Then we consider the following interpolation inequality:

1 1 1 1
. < 1uan? . < ~Apung2
IVl oo, 75020 S WVl 120 7. 12000 IV 1 0.7: 22020 = €0 VUl 10,7020,y

This gives us that

+C(e)CRIIVirl| (4.29)

2 2 12
e = Vutllp oo 0,7, 120y S ENV U000, 7: 2202 H'(0,T;L2(21))°

where we used the energy balance (2.8). Combining with the above estimate, we derive from
Proposition 4.2 and Theorem 4.4 that

2 2
”u“LOO(O,T;HZ(Qh)) +1 pO”Lw(O,T;Hl(Qh))

< e(€o) (Iioyaggy * 1h012540.1) * 11113201, + 1)

Similarly, we can derive a ‘linear estimate’ from (4.28). We consider

e * s +lpol® ;
L40,T;H2(Qp)) L*0,T;HZ ()
< logul® +u - Vul* + 181520 7 . (430)
L4O.T:H2 () L4O,T; HE () L20.T; H2(0,L)
By using the interpolation (4.27), we deal with the convective term again as follows:
e - Vuu* < llu - Vul? Nl - Va2 431
1 ~ L0, T;L2(Q)) L20,T:H' (2))" (4.31)

L4O0,T;HZ ()

Observe that

T
2 4 2.2 o
e Vul2 20 711 ) 5/0 (IVal} g + - ¥ u||L2(Qh)) dri=T1+1IL

Now we estimate I and II, respectively. We first have

oo

<
LS [l g 190l s

T
< 4
~ (/(; ”u“LZ(Qh)dt)

3
2(Qn)

2
T 4 5
(/ IVul™ 5 ) ;
0 H2(Qp)

v 3
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where we used Holder’s inequality and the interpolation inequality:

2
5
[Vull> 5

3
IVull 20,y S 1Vull; 3 .
(21) H H3 ()

_I(Qh)|

For II, we also have

T
W< [, IVl g,

T
S Nl 2 IVl 200, IV 20l dr
/0 L*(24) L*(25) H%(Qh)
1

o, 5 :
< IV=ull dt / IVul? .
(/o H3 @) LN

This implies using (4.29) and (4.31) that

llu - Vu*
L4(0,T; H2 ()

ro ! Rt
5( / IVoul™, dr] + / [Vull )
0 H2(Qp) HZ(SZh)

2 A
X V=l oo o, 722 Vit 1 0,7: 221 )
T 4
<o [Tmt s are (Lol + Wioll o oy * g, +1)
D L P H2(©1) H4(0,L) H?(0,L)
Hence, we conclude from (4.30) and the above that

el +1 poll* 5
L4(0,T; H2( 7)) L*(0,T;H2 ()

< e(€o) (Il gy * ol s 0, + 1M1 1420 1) +1)

This finishes the proof of Theorem 1.1.
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