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On the regularity of systems of dispersive partial
differential equations

Aksel Bergfeldt and Wolfgang Staubach

Abstract We extend and improve a regularity result that shows polynomial growth in time
of solutions of certain systems of partial differential equations that model dispersive equations
interacting with a general class of multilinear operators. This is done by a general multilinearisation
method that extends estimates on linear oscillatory integral operators to the case of multilinear
operators.

1. Introduction

We consider the multilinear operator T, defined by

N . o~
o(2) [] e f3(&) dz,

Jj=1

T,(fisees I)0) = |

RNn

where Z=(&, ...,£n) and o is a smooth multivariate symbol on R¥™, belonging for
example to some S7(n, N)-class. This is thus a pseudoproduct, which includes the
pointwise product, fifz (where m=0), product with derivatives 9% f;0° fo (where
m=|a+/|), and many others.

Consider now the equations

i0yu—po(D)u=T,(v1, ..., UN)

(L.1)
i@tvj—pj(D)vj:Q jzl,...,N,
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where p; are homogeneous of degree A>0, with Cauchy data

{u(O,z)—O
v;(0,z)=f;(x), j=1,..,N.

The functions u, v; and f; map R™ to C, and p;(D) is the Fourier multiplier

pi(D)f (@)= [ o)) e
with d¢=(27)""d¢. Depending on the parameter A, the above system is used in
order to study the nonlinear interaction of various free solutions, such as quantum
mechanical waves (A=2), as a first step towards understanding a nonlinear problem
of the type i0yu—p(D)u=F(u), with a suitable nonlinearity F.

Here the main question is: if the data f; belong to certain Banach spaces, then
what is the regularity of the solution u? This system has been studied in the case
N=2 and n=1,2,3 by F. Bernicot and P. Germain in [4], [5], see also [3]. They
used an amplitude ¢ with compact support and were able to produce global-in-time
estimates of u.

In [1], A. Bergfeldt, S. Rodriguez-Lépez, D. Rule and W. Staubach studied this
system for general o€55 (n, N), m,€R (this class is specified in Section 4), and
showed that the solution u obeys

N
[[ull La o, 71, m20 .70 (7)) < Cr H £l zresoes (R™)s
j=1

where ¢€[1, 00] and py, ..., pnyE(1, 00) with 1/p0:Z;-V:1 1/p; and

N
<sp<— , in s;
0<sp < mg—i_zng(pj’)\)—‘rlg}lgnst)
]:
where
1
—nA ———‘ when A#£1
(1.2) me(p, A) = p 1
—(n—l)‘———‘ when A=1

The method used in [1] relies on proving boundedness results for multilinear oscil-
latory integral operators, and is in turn based on extensions of the Coifman—Meyer
methods in [7] to the case of multilinear operators with nonlinear phase functions.
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In the present paper, we are utilising a different method to produce the required
multilinear Sobolev space estimates. This allows us to improve this estimate with
respect to the range of sy above, and we also cover all end-point cases where p=1
or p=o0o. We have the following theorem.

Theorem 1.1. Letpo, ..., pN€[1, 00] with l/p():Z;-V:l 1/p; andlet sg, ..., sNER
satisfy, for some >0,

0< 5o < —mg+me(po, A)+ min _|s;+me(p;, )+ E min(sg+me(pe, A), —€7v;)|,
I<GSN
1SN
oy

where me s as in equation (1.2) and ;=0 if p;=2 and otherwise equal to 1.
Then the solution u of system (1.1) satisfies the following bound uniformly in
freXPr . fNEXPN:

N
(D) u(t, ) xcwn ny <P TTIEDY fill 0 @),
j=1

where P is a polynomial. The spaces XP are defined as

ht if p=1
XP=(LP if 1<p<oo
bmo if p=oc.

Here, h' is the local Hardy space of power 1 and bmo is the local variant of
the space of functions of bounded mean oscillation. With (D)® we mean the Bessel
potential of order s, that is (D)*f(z)= [g. e €(1+]€|?)*/2f(€) d¢. This means in
particular that |[(D)°f||xe=|f|lzr=» when 1<p<oo, where H*P is the LP-based
Sobolev space, and in general for pe[1, oc] that [[(D)* f| x»=||f| s, where F} ; are
the Triebel-Lizorkin spaces (see [13, Theorem 1.22]).

Remark 1.1. The condition on sg in Theorem 1.1 can be written

N
0<So<—ma+zmc(pj,>\)+1g;i<njv [sfr > min(se, —me(pe, ) —e7;) |-

3=0 1IN
i#)

When not in the situation N=2 and p; =po=2, the quantity
> min(sg, —me(pe, A) —€7;5)

1KUKN
0#j

is always positive for some j and sufficiently small €, and hence this is indeed an
improvement of previous results also when p;€(1, c0).
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In order to achieve this result, we extend the regularity results about multi-
linear oscillatory integral operators in [1] and [2]. The work in [1] treats operators
connected to a wide class of differential equations, in the absence of space dependent
potentials. The typical examples are phases of the form o(z,&)=x-£+|¢|* for A>0.
This theory was then extended to Sobolev spaces and applied to systems of partial
differential equations.

The results in [2] are concerned with operators that are at most quadratic in
frequency in the phase, but allow for a nontrivial space dependency. The typical
example is the Schrédinger equation harmonic oscillator phase ¢(x, &) =x-£+[€|*+
|z|2. The techniques used in these two works are however different, and the origin
of the present work was the observation that the methods of [2] are more flexible in
how growth and decay in frequency can be distributed between the functions that
the multilinear operator acts on.

As an example of this flexibility, let us consider the Kato—Ponce inequality

IKD)* (F)llro <IKD)Y* fllLrs gl oz + 11 fl[Los [{D)*gll o2 SI(D)* Fllon (D) gll Lr2

with for example pe(1,00) and 1/po=1/p1+1/ps. Notice that for the combined
estimate, we have to have s extra derivatives (i.e. Bessel potentials) on the right
hand side in this multilinear estimate. Recall also (see e.g. [6]) that there is a
nonpositive number m.(p) that counts the number of derivatives that are lost for
the linear oscillatory integral operator. That is, if UGS%’ , then

IKD)*° TS flle SI(DY* flle if so+mo < s1+me(p)-

Then the question is, what shall we expect for the multilinear operator? In [1], the
best that could be shown was that, similar to the Kato—Ponce inequality, we will
have an estimate of the form

KDY T3 (f, 9)ll e SICDY* Flleor lgllzee +1fllos [[(D)* £l o2
SIKDY fllze [(D)* g o2

if sg+my<me(p1)+me(p2)+s1. In the present work, we show that if the orders
s1, 82 are smaller than |m.(p1)|, |me(p2)| then we have in fact the improved bound

KDY T3 (f,9)l| w0 S I(D)™ fllzer (D)2 gl L2

if s9+my<me(p1)+me(p2)+s1+52. In this case, we therefore do not need extra
derivatives on the right hand side.

Building upon the framework developed in [2], this property follows directly by
distributing the growth or decay in frequency to the corresponding amplitudes, as
seen under Treatment of ¥, in Section 5. The presentation there in turn hinges on
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the particular frequency decomposition into high frequency and reducible regions
that was developed for [2] and differs from the more standard one used in [1]. In
particular, one can use simpler amplitudes independent of the frequency parameter
k and general results such as estimate (2.5) in Lemma 2.1. These techniques do
however rely on duality arguments and the properties of h! and bmo, and therefore,
they cannot be extended to the Hardy spaces of power smaller than 1 that are
studied in [1].

A novelty of the present work is the use of a general multilinearisation the-
orem to find multilinear estimates from linear ones. In particular, we produce the
corollaries 4.1 and 4.2, which extend the main results of [2] and [1] to F}; , with s70.

Overview of the proof of Theorem 1.1

The proof of Theorem 1.1 starts by using Duhamel’s formula to present the
solution of system (1.1), and from this one can identify the linear and multilinear
oscillatory integral operators that occur in the analysis. Lemma 4.3 is then needed,
since it gives time-dependent estimates from time-independent ones, and finally
we need estimates of linear and multilinear operators connected to the system of
equations. Estimates of the multilinear operator are provided by Theorem 4.1,
which creates multilinear estimates from the linear ones shown in Theorem 3.1
and earlier work. Lastly, Theorem 4.1 is proved in large by following the steps of
Theorem 1.1 in [2] and replacing key lemmas and estimates therein with new ones
adapted to include Bessel potentials.

The material is organised as follows. We start by recalling key definitions and
properties in Section 2. The new linear estimates that we need are provided in
Section 3. In Section 4 we state the multilinearisation theorem, and as corollaries
we show improved estimates of multilinear oscillatory operators. These then lead
to the proof of Theorem 1.1. Finally, the proof of Theorem 4.1 is presented in
Section 5.

Notations

Constants that can be easily estimated by given parameters are all denoted
by C, even though the precise values will vary from line to line. We also use the
notation A<B, if there exists a constant C' (independent of B) such that A<CB.
A=xB means A<B and B<A. For clarity, we sometimes indicate the parameters
on which a constant depends as subscripts. Most constants will depend on the
underlying dimensions n, N, and this will not be indicated. When we say that
an estimate is valid uniformly for fe€. then we mean that the constant on the
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estimate does not depend on fe.%. This terminology is also used in the multilinear
setting.

We will also drop the domain R"™ in the notation of all function spaces used in
this paper, i.e. we will write .= (R"), L?=LP(R"), bmo=bmo(R"), and so on.
We will write pseudodifferential operators as a(x, D) f(z)= [e'*¢a(x, €)f(€) d¢ and
use the shorthand notation (§)=+/1+]|¢|2. Finally the domains of integration are
often left out if they are R™ or R™¥.

2. Definitions and tools

The operators that we shall be interested in have their amplitudes in some
of the multilinear Hormander classes S{(n, N). These consist of all smooth o:
R"xRN" —C such that for all multi-indices o, /3,

|8§8§U($,E)|<Ca5<5>m_w, for all z, =.

For the linear amplitudes, we use the shorthand S{%:S%(n, 1), and S™>°=
Nmer STo-

We also recall the definition and some properties of the function spaces that
will be of interest in this paper.

Let p>0 and let p€.7 be such that [¢(z) dz#0. The Hardy space 5P consists
of all fe€.%’ such that

| llsen = | sup Lol < oo,
t>0 Lr

where @;(2)=t""¢(x/t) and FP does not depend on the choice of the function .
A local version of the Hardy space was defined by D. Goldberg [8]. The local Hardy
space hP, also denoted the inhomogeneous Hardy space, consists of all fe.% such
that

1l = sup feensl]| | <oo.
o<t<1 Lr
There are continuous inclusions P —hP and h? —LP. A key feature of the local

Hardy spaces is that pseudodifferential operators of order 0 are bounded on these
spaces,

(2.1) laC, D) fllne S llne s

whenever aeS‘f’O. We also recall that h?=LP when 1<p<oo.
The dual of s#! is John-Nirenberg’s space of functions of bounded mean os-
cillations denoted by BMO, which consists of all functions f€L{ . such that

loc

1
1 ll5Mo = sup — / |F(2)—avg f|de < oo,
B |B|Jp B



Systems of dispersive PDEs 7

where avgp f=|B|™" [ f(z) dz, and B ranges over the balls in R™. The dual of
h! is the local BMO-space, denoted by bmo, which consists of all functions feL{
such that

1 1
llomo = sup /B (@) =ave flda+ sup /B f(@)] dz < oo.

|B|<1 |B|>1

By duality, any Fourier multiplier a(D) with aES?,O is also bounded bmo— bmo,
and there is a continuous inclusion L*°—bmo as well as bmo—BMO.

A straight forward use of the triangle inequality, Fubini’s theorem and Le-
besgue’s dominated convergence theorem shows that if I is a bounded interval,

then
H/f(ar)dr
I

H/f(~,r)dr </||f(~,r)||bmodr if febmo(R"x1).
I bmo 1

The following Fourier multiplier regularity result was shown in Lemmas 2.5
and 2.6 in [2].

</|\f(-,r)||h1 dr  if feh'(R"x1I)
(2.2) oI

Lemma 2.1. Let 0,9 €C® with ¢ supported in an annulus, let p€C> vanish
in a neighbourhood of the origin and be equal to 1 outside of compact set, and let
0>0. Then the following bounds are uniform in k€R and pe|l, oo]:

(2.3) 127*D) fllyr S| fllze
24 127%4p(27K DYDY fll o S fll 2wy k>0
127%% (D)0~ D) D flly» S| fllze

where YP=ZP=LP when p€(1,00), Y= Z1=L' Y*°=L* and Z*°=BMO.

3. Linear estimates

We will here consider oscillatory integral operators, defined initially on % by

TS f(z) = / @8 (z,€) d¢,

where p:R"xR"™—R is called the phase of the operator, and ¢:R"xR"”—C is the
amplitude. We will deal both with general phases ¢ depending on x and £ as above,
and the special ones of the form p(z,&)=x-£+p(§). In the special case the operators
are commonly referred to as T rather than T7.
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Definition 3.1. Given A>0 we define the phases of order A as the set of
functions peC>(R™\{0}) that satisfy the condition

(3.1) iig\fI'a“Alaé’p(ﬁ))KCm | >0.

Theorem 3.1. If p is a phase of order A\, 1<p<oo, s€R and UES%’ with
me<—nA|1/p—1/2|, we have for all f€.7 that

(3.2) KDY TZ fllxe S (D) flixe,
and when my<—n\/2,

(3-3) 1T f oo S 11 lomo-

Furthermore, if p is positively homogeneous of degree 1, then estimate (3.2) is
valid provided me<—(n—1)|1/p—1/2| and estimate (3.3) is valid provided that
me<—(n—1)/2.

Therefore there is a certain order m., which we shall refer to as the critical
order, for which operators with amplitude of order m,<m. are bounded. As the
above theorem shows, operators of subcritical order, that is m, <m.., are even better
behaved. Before we prove this theorem, we recall a composition theorem which is
a special case of Theorem 3.11 in [6].

Theorem 3.2. Let m, s, \€R and suppose that a€ STy, bEST ; and peC®. Let
o be the amplitude of the composition operator TP :=b(-, D)TF given by

(2.6 = [ [ alw. € bla.m) =0y
Then one can write o as

o(z,€)=b(z, &) a(x, &) +r(z,§),
where TESf;Bm_E for some €>0.

Proof of Theorem 3.1. Using this result one has that the principal part (leading
term) of the amplitude of the operator (D)*0T2(D)~ " is ({)*° *to(x,&) which
belongs to S™*s0=%1. The second term in the expansion has greater decay, and
therefore Theorem 3.5 in [6] yields estimate (3.2).

Now if my<—nA/2, we will first show that an operator T2 with amplitude
aGS%’ maps L™ to itself. Here we will assume that the amplitude of a vanishes
for small [¢]. Indeed, the low frequency portion of the operator could be handled
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using Lemma 2.7 in [1]. To show the desired boundedness for the high-frequency
portion of T?, we make the following decomposition of the integral kernel

K(z,y)= / a(z, &) eV iRl q¢

of the operator TP7.

Start with Littlewood—Paley shells {&; 2771 <|¢|<2/F!} and their associated
partition of unity given by functions v¢;, j=1,2,... and let ¢o=1—2§11 ;. For
each j, fix O(2"V/2) vectors & v=1,.., O(2m97/2), distributed evenly in supp ;.
Let {X}’}u be a family of smooth functions, where supp x7 is a ball of radius 2(1-A/2)
centred at £, chosen in such a way that the supports of {X;-’}V cover supp ;. One
may for example take a smooth bump function S supported in a ball of radius 1
about the origin and from this form x% (£)=8(2*/271i(¢—¢¥))/ >, B2X/27Di(¢—
€7)). This of course yields that »_  x7=1.

We also have that the x’s satisfy

|8°‘XJV(§)KC’J‘O"(’\/%W.

Using x; and t;, we obtain a partition of unity
Yo+ D X5 (©w;() =1, forall ¢ER™.
j=1 v
With this partition of unity, we may therefore write the integral kernel of T?,(D)

as Kj(z,y)=>, KY(z,y), with

K7 (w,y) = / al, O () (€)™ e,

In order to get the desired estimates for the kernel, we rewrite the phase of this
integral as

(z=y)-E+p(&) = (x—y+Vp(£5)) -+ (E),
with  h7 (&) = p(§) = V(&)

(3.4)

which in turn yields

K7 (z,9) = / b (@, e mvrvrlE e ag,
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where b%(z,{)=a(z, §)x;(§)wj(§)eih?(§). The mean-value theorem then yields that
0ih; (§)=V0;p(n)-(§—&;) for some 7 on the line segment between ¢ and &Y. On
supp ¢; X, we therefore have from condition (3.1) that

2(/2=1)i |a|=1
20 =lai a|>1.

If)“h?(&)l,é{

Thus 6?eih;(5) is bounded by a constant times 2*/2=Dleli - With these estimates
at hand, we find that on the support of ¥ x7,

0867 (2, < Ca Y |0 a(@, )07 (€)% (g ("5 )]
Sar=«
<, Z 2(mo—leatas|+(A/2=1)]az[+(A/2=DleaDi ¢ 01 o(mo+(A/2=1)]al)]

Sar=«a

Now observe that the size of the &-support of b is O(297(1=2)) yniformly in v
and j, and therefore one trivially has

v IM e 0N 1—%
|KY (2, y)| S27me2m072),

Moreover, integrating by parts and using the estimate for the derivatives of b above,

one also has
9ime—j(1=X/2)M 9jn(1-3)

[Vep(&Y)+a—ylM 7

for an arbitrary positive integer M. Combining the two kernel estimates above, one
obtains

|5 (z,9)| S

9Jmo 9in(1-3)
(21022 (Vep( ) +a—y)M

|5 (z,y)| S

for all j>1 and M >0.
Thus summing in j and recalling that there are O(2"*/2) terms involved, one
obtains
9ime 9niA/29in(1-3)
i(1—1/2 v oM’
(2= (Vep(EY )+ —y))

and therefore, if we take large enough M, one readily sees that if m,<—nA/2 then
the integral kernel of T is integrable. This yields that T maps L* continuously
to itself.

Now returning to our original problem, since the operator (D)* T2 (D) *r;(D)
(where r;(D), j=1,...,n, are the local Riesz transforms with smooth symbols in
5?,0), has an amplitude whose principal part belongs to STJ so—s1

1K (z,y)| S

, and since m—+sg—
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s1 was assumed to be strictly less than —n\/2, the discussion above and Lemma 2.1
in [2] shows that estimate (3.3) is also valid.

Now, in the case of peC>(R™\{0}) being positively homogeneous of degree 1,
estimate (3.2) was shown in [10]. Therefore, we confine ourselves to the proof
of estimate (3.3). To this end, the Littlewood—Paley shell {¢: 2771 <|¢|<27 %1} is
partitioned into O(27("~1/2) truncated cones of thickness 2//2, where each such
cone is a rectangle whose major axis has length of the size 27, while all the other
sides have length 27/2,

This time, we choose for each j€N a collection of unit vectors {5}’},, such that

. |£§’—§;’/|>2*% for v#1v', and

o for each £€S™!, there exists a £ such that ‘§—§;|<2_j/2,
which is maximal with respect to the first property. It follows that it contains at
most O(27("~1)/2) elements. Associated to each &7 is a cone

Z{féR”: ‘——ﬁ;’

whose central axis lies along &7/
One can construct a partition of unity ), xy=1 of R"\{0} subordinate to
{I'Y};,» which satisfies the estimates

(3.5) |08x(€)| < Ca2 ' (g1

for all multi-indices «.. If we choose the coordinate axes in the &-space so that & is
in the direction of £} and {'=(¢2, ..., §,) is perpendicular to £, we also have

(3.6) 0N x4 ()| <Cnle ™Y

for N>1. We omit the details of this standard argument, which can be found in
e.g. [12, Section IX.4]. Now with v, as in the proof of the first part of the theorem
we have

O+ X (©(§) =1, forall E€R™

j=1 v

With this partition of unity, the integral kernel of the high frequency portion
of the Littlewood-Paley pieces of T¢ is given by K;(z,y)=), K} (z,y), with

KY(w.0)= [alm, (€O Ve
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We then again define h7 as in equation (3.4), and it can be shown that when p is
homogeneous of degree 1, each 1 satisfies estimates akin to those for X/ in estimates
(3.5) and (3.6). This gives us the form

Ky (w,y) = / cf (x, €)e!TTVIVIE g,

where ¢} (z,§)=a(z, f)xg(f)wj(f)eih;(f). Using the differential operator
L=I1-2Y0; —YV¢

and estimates (3.5) and (3.6), we therefore have for any positive integer N,
LN e (2, €)] S 2.

This estimate, integration by parts and the size of supp X/ yield that

“5)i

9(mo+ j

N . N
(1127 @ =0, o)) (1|25 @/ =y +Vern€)))

K (2, 9)| <

Thus summing in j and recalling that there are O(2("~13/2) terms involved, one
finally obtains

2(m6+1)j

N . N
(142 -+ e pEN]*) (14+]28 @'~y +Ven(€))[*)

1K(,9) S

Therefore, once again Schur’s lemma yields that if m, <—(n—1)/2 then the integral
kernel of T¥ is integrable, provided that N>n. This yields that T maps L*°
continuously to itself. The rest of the argument is similar to the inhomogeneous
case and is hence omitted. 0O

4. Multilinear estimates

This section deals with multilinear oscillatory integral operators, which for
N>1 are initially defined on .7V as

53 — i®(z,E) = . (e a=
TU (fl;---,fN)—/e O—(x7—‘)Hfj(§])d‘—‘7
j=1

where 2= ({1, ...,&n), each &;€R™ and ®:R"xRY" R, In the present setting, the
phase will be a sum <I>(@E):Z§V:1 iz, &5).
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A large part of the work in proving Theorem 1.1 is done by the following mul-
tilinearisation theorem. Given estimates (4.5) and (4.6) below on a linear operator,
it ensures estimates (4.7) and (4.8) of the corresponding multilinear operator. The
proof of this result is presented in Section 5.

Some comments are in order about the requirements of this theorem. We say
that a (phase) function peC>®(R"xR™\{0}) is strongly non-degenerate (SND) if
there is a C'>0 such that |det 92 .p(x,£)|>C for all z, €. Together with condition
(4.4) below, this will ensure that when |£]>1, we have the key property

(4.1) Vapj(@,§)|~[¢] for all j.

See [2, p. 399] for details on this, and why condition (4.4) can be dropped in some
cases.

Theorem 4.1. Let TL be a multilinear oscillatory operator with phase
(D(LE):Z?’:l w;(x,&;), where each ¢;€C(R"xR™\{0}) is SND and satisfies for
all z, E€R™ and ZERN™ that

(4.2) 107 ¢j(2,8)| < Ca,j  for all |a|>2
(4.3) 102050 (x,2)| < Cap(E)11 for all a, B with |al,|5] >0
(4.4) |V ®(z,0)| < C.

Assume also that there is a function m.:[1, 00]—(—00,0] with m.(2)=0 and oth-
erwise <0, such that m.(1/-) is linear on [0,1/2] and [1/2,1], with the property
that any linear operator T with SND phase ¢ and amplitude 065’{%’ that fulfils
estimates (4.2)—(4.4), also satisfies

(DYTF fllne S (D) fllne, 1<p<oo, s€R
”TfbemOSHf”bmo’ (p=00),

under the assumption that m,<m.(p), and the estimate

(4.6) 1T fllzee S [ f[lbmos

under the assumption that my,<me(co). Here we assume that the estimates above
are satisfied uniformly for fe.&.

Now let my, €R, and po, ..., pn €[1, 00] with l/p():Z;.V:l 1/p; and s1,...,sn€R
satisfying, for some >0,

(4.5)

Me< 1g}i<nN [mc(pj)+sj—|— E min(m.(pe)+se, —6’yj)},
S 1<OEN
oy

where vp=0 when py=2 and is otherwise 1.



14 Aksel Bergfeldt and Wolfgang Staubach

If the estimates (4.5) and (4.6) hold, then for any oc€Sy'§(n,N), and any
fi,-, fNE€S, one has the bound

2

(4.7) T2 (fro oo )00 S H Y9 fill s -

Condition (4.4) can be dropped when the target space is LP°, po€[l, 00).

Furthermore, when the phases are of the form ¢;(z,&)=x-{+p;(€), which in
particular are always SND and satisfy conditions (4.2)—(4.4), and if the amplitude
o is independent of the x variable and s, ..., sy ER satisfy, for some £>0,

0<so<—my+ g;1<nN [mp(pJ)Jrstr Z min(m.(pe)+se, 573)]

1<UKN
U]
then we also have
(4.8) KDY O T (f1, s f)llx70 S H (D) 5 xs -

Recall that a multilinear Schrodinger integral operator was defined in [2] as a
multilinear oscillatory operator that satisfies conditions (4.2) and (4.3) as well as

105 0;(x,8)|<Cq,; for all ||>2, all j and all z,{€R".

Now Theorem 4.1 immediately yields a generalisation of Theorem 1.1 in [2],
using the linear estimates as stated in that paper. Namely we have

Corollary 4.1. If a multilinear Schrodinger integral operator has SND phases
and satisfies condition (4.4), then estimates (4.7) and (4.8) hold true for that op-
erator with m.(p)=—2n|1/p—1/2|.

Using Theorem 4.1, the linear estimates in Theorem 3.1 lead us to deduce the
following result, which through estimate (4.7) extends Theorem 1.3 and Theorem 1.4
in [1] in the case po=0 with Banach source and target spaces. Moreover estimate
(4.8) improves the estimate on Tél) on p. 7600 in [1] and extends it to source and
target spaces h! and bmo.

Corollary 4.2. Let ¢;(z,&)=z-{+p;(€), j=1,...,N, where p; are phases of
order A>0. Then estimates (4.7) and (4.8) hold with m.(p)=—nA|1/p—1/2|.

Furthermore, if p is homogeneous of order 1, then estimates (4.7) and (4.8)
hold with m.(p)=—(n—1)[1/p—1/2|.
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Incidentally, we can use this corollary to study pointwise products of functions,
by taking c=1 and all p;=0, with A arbitrary. This extends the Kato-Ponce in-
equality to the XP-spaces, up to an arbitrarily small loss in derivatives. It is clear
from the proof of Theorem 4.1 that the outer minima in the conditions on s; stem
from a sum of N terms with different possible choices of s; on the right hand side.
In particular, we can look at the case with sg=0 and find that for any >0,

1£gllbmo<Ce (IKD)* fllmo |gllbmo+ 1 [Ibmoll D) gllbmo)

which is optimal with respect to ¢, in light of the well-known examples of f, geébmo
such that fg¢bmo.

Before we take on the last proof, we need to establish the following multilinear
result, which is a variation of Lemma 8.2 in [1] that in particular extends the source
and target spaces to X? with pe[l, o0].

Lemma 4.3. Let p,eC>®(R"\{0}), j=1,..., N, be homogeneous of degree A\>0
and let c€S7(n, N) with meR. Define the multilinear operator T by

N
Tcgt) (fl? ey fN) :/ U(E) H Aj(fj)eiz'fj"‘itpj(fj) d=.
Assume that for some po, ...,pNnE[Ll,00] and s1,...,sNER the estimate

N
(D)= TD (fr,coes f) lxe S [T DY £l x7s
j=1

holds uniformly in fi,..., fNES, where XP is as in Theorem 1.1 and the hidden
constant in this estimate depends only on a finite number of seminorms of o and
upper bounds of the size of a finite number of derivatives of p;. Then it follows that
for all t>0,

N
J

N
(D) =0T (f1, ...s i) [l xmo KOty Hmax(mm 035 max(ss VAT (D)5 £, | s
j=1

Proof. Here, the difference from Lemma 8.2 in [1] is that we allow the endpoint
source and target spaces h' and bmo, and in order to accommodate this change we
have to add 1/A to the exponent of (t) of the resulting estimate. To see how this
works, notice first that when ¢<1, the upper bounds of the derivatives of ¢tp; will
be satisfied uniformly in ¢, and therefore this boundedness is trivial. We therefore
assume that ¢>1, and following [1] we use the representation

<D>_30Tcgt) (fla ) fN)(x)
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— ¢max(=m,0)+ 3Ly max(s;,0))/ A
X (D)o D ((D) =181 g1 (tY*), ... (D) 7N Sngn (/) (7 2),
where gj:<D>ijj and
o1(2) = tlnin(m’o)//\a(t_l/)\g)
Sj=t" max(s]-,())/)\<t,1//\D>,sj (D)%

Now, the operators S; are bounded X? — X? for pe[1, oo, as follows from Theorem 4
in [8]. Thus it remains to handle the scalings in the source and target variables.
For the spaces LP, these scalings cancel out. To treat the endpoint cases, we use
that for any a>0,

1@ o = 510 75 [ \f(ax)—avgf(a-)]dx+ sup % | (@)l

IBI< |B|>1
avgf dx+ sup / )| dz
|B\<1a |B\/ |B\>1a |B| ‘
- s o \f(x)—avgf\dm+ sup - [ 1f()]ds
1Bl<an Bl JB B 1B|>a~ | Bl JB

=:|f(a)| +|f(a)l2,

where aB denotes the ball B with radius scaled with a. If a<1, we deduce from the
third row that | f(a-)|1<|f|1, and we read from the second row that | f(a-)|2<a™"|f|2-
Now if a>1, then

1 1
swp o [ 1 @)lde < swp o [ 17 do < e
|B\>a"| ‘ B |B\>1| | B
Therefore, since
1
sup — [ [f(x) avgfldx £ llenmo < [1f l[bmos
|B|<a™ |B| B

we conclude that || f(a)||bmo<2||f||bmo- Using duality, we therefore have for all a>0
that

[1f (@) lbmo < 2max(1, a™")[| f{lbmo,
1/ (@)llnr <2a™" max(1,a™")||fln:-

Coming back to the estimate of Tét) and the scalings t'/* and t~/* with t>1 in the
representation above, we see that these yield an extra factor t'/* in the estimate
when the target space is bmo or if one of the source spaces is h'. Since any of these
can only happen once, it is enough to add the factor t'/*. O
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With this at hand, it is straightforward to show the main theorem of the paper.

Proof of Theorem 1.1. The solution u of the system (1.1) is given by Duhamel’s
formula as

Jj=1

t N
u(t, z) = / /R ettt s () T] e € fi(6;) ds dr
0 n .
t

:/ ei(tfr)po(D)<D>mc(po)<D>fmu(po)T;r) (f1, .y ) (z) dr.
0

Now using Minkowski’s inequality together with estimate (2.2), followed by Lem-
ma 4.3 together with Corollary 4.2 on the linear operator e(t’r)WO(D)<D>m°(pi) and

the N-linear operator Tér), we have that
{D)*u(t, )|l xo

t
g/ Hez(t_r)l’o(D)<D>mc(100)<D>30—mc(p0)To(_T)(f17 s V)| x dF
0

t
S [ {e=n) @A D) OO (o )
0

~

t
5/ <t_r>(1—7nc(p0))/)\<T>(1+max(7ma,0)+max(mc(p0)fso,0)+2;\] max(s;,0))/A dr
0

N
< TTIKD)™ fillxes. O
j=1

5. Proof of Theorem 4.1

This result follows from a number of additions and alterations to the proof of
Theorem 1.1 in [2], in the following way. Firstly, the claim with sp=$1=...=sy=
mg—z;v:l me(p;)=0 is a direct consequence of that theorem, since the method
relies solely on conditions (4.2) and (4.3) and the SND property, along with the
properties of the linear operator.

However, in order to show the estimates with s;7#0, we need to make a few
additions to the proof. Some of the lemmas that were used in that proof will need to
be replaced with more general ones. Two of them are the following lemmas, which
will be used in the high frequency regime and will take the role of Corollary 3.1
in [2]. The first lemma is a straightforward generalisation of that corollary to the
operators in Theorem 4.1, and the proof follows the same steps.
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Lemma 5.1. Let p;€[l,00], j=1,...,N, and let Tji, k>0, be a family of op-
erators that are of either of the following forms:

T;r=A; =T, an oscillatory integral operator as in Theorem 4.1
with a€Sy'§, m; <me(p;),

T = BiAj, with A; as above and
By =¢(27"D) or B;,=2"*u(D)|D|*6(27"D), e >0,

where p, 0,1 are as in Lemma 2.1, and let A\, €C*> satisfy supy, |0* x| <Cly for all a.
Then for 6>0 and all ;€.

[’} N
Z 275}6)\]C H Tjkfj
k=1 j=1

where 1/p0:Z;.V:1 1/p;, YP=LP forp>1 and Y*=h' and X? are as in Theorem 1.1.
Furthermore, we have

miem
j=1

The second lemma shows similar estimates with Bessel potentials, and requires
an arbitrary decay in the amplitudes of the oscillatory integral operators.

N
SH||f]HXp97 pje[l,OOL
Yro o g

N
o 1Tl py€ltoc)
=

Lemma 5.2. Let p;€[l, 00|, j=1,...,N, and let Tj,, k>0, be a family of op-
erators that are of either of the following forms:

Tir=A;=T%, an oscillatory integral operator as in Theorem 4.1
with a€Sy'§, m;ER,
T = BrAj, with A; as above and
B, =v(27"D) or By =2"*u(D)|D|*0(27*D), £>0,
where u, 0,1 are as in Lemma 2.1, and let A\, €C> satisfy supy, |0“A\g|<Cq for all a.

Then for all s0=0, s1,...,sNER, there is an LER such that if mq,....,my<—L then
for all f;€,

sup
k>0

N
(D) P\k H Tﬂcfy}

N
STIID)™ fillxrss pi€lt, o],
Ypo j=1

where 1/q:2:§\]:1 1/pj and Y? are as in Lemma 5.1 and X? are as in Theorem 1.1.
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Proof. Take first ¢>1. Then one can use an appropriate Kato—Ponce inequality
(see e.g. [11]) that yields for so>0 that

N N N
|0y T 7] | < 32 WDy el TT DY T fy s
£=0 j=1

Jj=1

where § here is the Kronecker delta. The first factor on the right hand side can
be bounded by a standard kernel estimate. Estimates (4.5) and (4.6) then show
(D)%% A; |l 1ps SIH(D)S fllxres for sufficiently small m; (we need m;<m.(p;)-+
s;—S0), while the case T;,=DByA; is treated by first bounding the action of By
using estimates (2.3) and (2.5).

To deal with the case g=1, take §€C2° equal to 1 at the origin and ¢:=6—0(2-)
so that 1=0+3 7 1 (27*.). Then for any constant £>0 the following estimates
are true uniformly for all locally integrable functions f:

(D)™ f I < 10(D)(D)Y* fllnr+ Y [[b(27F D) (D)% fns

k=1

=[18(D)(D)** flln +)_ 2~ [[&1(27*D)|[DI*(D)** f ||
k=1

SI6LD) fllna+Y 27 leh1 (27 D)D) F £ |
k=1

SN0 (D) fllnr + KDY= f | o

where ¢, =1/|-|* and in the penultimate estimate we used Theorem 4 in [8] and in
the last one estimate (2.3). Applying this reasoning to the product in the statement
of the lemma, we will hence find two terms, where the second can be dealt with
using the Kato—Ponce inequality as in the ¢>1 case above to yield the result.

To deal with the first term, we use that for any locally integrable functions f, g
(see Lemma 2.2 in [2]),

(D) 6(D)(fg)lln SN fgllm S D 10 fllzellglns-

|l <1

Repeated use of this estimate yields that for any fy, ..., fy, we have

N
HHfj‘hle( 11 fj) 11 fe’h1§< 1 Hao‘fjHLoo)H 11 fe’
=0 pi=oo  peoo pj=oo | pros

al<1
If the index set I={¢; py#oc} is a singleton, we are done, since we can apply
this reasoning to the product in the statement of the lemma, and then choose m;

Bt
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sufficiently small as in the ¢>1 case. Note that 9*=90%(D)~"~2(D)"*2 and a simple
kernel estimate shows that 9*(D)~"~2 is bounded L — L.

If I is not a singleton, we can use Lemma 2.6 in [9], to show that for any
pe(1,00), and >0,

£ gl S DY (f9)llnr S DY (f e SICDY fllzellgll o +11f e (D) gll Lo

where 1/p’=1—1/p. One can then again use the reasoning from the case ¢>1 to
complete the argument. [

We will also make use of the following result. It follows directly from the proof
of Theorem 5.1 in [2].

Theorem 5.1. Let T;I; be an N -linear operator as in Theorem 4.1 with amp-
litude
927" P(2,2))a(2~",,5),

where g€, k=0, a€S7y(n, N) uniformly in k, and either of

P(z,2)=V,®(z,E)
P(z,2)=V,®(z,E) -2V, (x, &) with (&), |P(z,E)| 2 (=)
holds. Then

e =927 " D)T2+T?

with
100057 (K, z, Z)|<Cap min(2F, ()™~ 1A171)

where the min is replaced with max if the exponent is positive. Furthermore, the
support of r is contained in that of a.

Lastly, we shall also need this result about subcritical operators. It follows in
a straightforward manner from the proof of Corollary 2.16 in [2].

Lemma 5.3. Let T be an oscillatory integral operator that satisfies the first
row of estimate (4.5). Then for all p€[l,00) there is a bound such that for all
febmo and ge.,

IFTZgllLe S 1 lbmollgllne -

With those preliminaries set, we are ready to start showing Theorem 4.1. The

proof first splits the operator T'¥ into a high frequency part and a reducible part, as
explained in section 4 of [2]. In short, the amplitude is divided into J:Z?{ZI ol
Zj‘\’=1 o, and for the high frequency parts it will suffice to treat oy, while for the

reducible part it will be convenient to look at o%;.
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The high frequency part

For this part we can show both results of theorem at once, that is we show
estimate (4.8) for the general xz-dependent phases. The amplitude o} of the high
frequency part of the operator is further split into the pieces d4 and a4, as defined
in equation (5.5) in [2], together with d_ and a_ which are treated similarly. In
what follows, we have avoided giving the explicit expressions for the amplitudes,
ay and di (which are rather involved), as well as repeating the long arguments
in Section 5 of [2], which are the ones that are followed below, albeit with some
significant modifications that are displayed here. This decision was made for the
sake of brevity, even though it might cause some inconvenience for the reader.

Following the exposition in [2], one can reduce Ti to

N
T (1o )= [ A(-ﬂ)jﬂng’yfj(Hf%,

for an arbitrary positive integer M, where sup, ; |03 \(x, U)|<C, for all a and
d;€S57° for all j. It therefore suffices to treat the integrand in this expression, and
this is done by Lemma 5.2.

As for a4, this amplitude is of the form

o0 0 N
0,+($, E) = Z CoLk(Z‘, E,) = Z 1/) (271@ Z Vj(pj (x, Q))ak(x, E),
k=1 k=0 j=1
where 1 is smooth and annulus-supported and | Z;V:;L Vipi(z,&)|~(E) on the sup-
port of dx (V; denotes Ve, with {;€R™). We may, without changing the value of
the expression, multiply this with

P (Tk ivj%‘(%ﬁj)),
j=1

for a smooth annulus-supported 1 that equals 1 on the support of 1. We can then
apply Theorem 5.1 to deduce that

T3 =1 (27"D)TE + T2 =y (27FD) T +2 7K/ INFITE
where r (z, E)=2k/ N4y, (2, ), so that r17keST(‘)’7N/(NH)(n, N). This last fact

follows from the support property of dx, mentioned above, which 7y inherits. Since
the amplitude 71 ;, has its support within that of é;, we may also multiply r; 5 with
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the i1-expression above without changing its value. Therefore this procedure can
be repeated on 71 ;. We do this L(IN+1) times, and thus find that for any integer L,

TP =1 (27FD)T +27 M Nty 27FD)TE +
o (LINHD=DR/(N+1) . (o kD)T;‘Iz(Nﬂ) 1k+27LkT§>k
=1 (27 D)T +27 TR
where a, €575 (n, N) and RkEST(j’*LN(mN). In line with the notation of [2], we
define

Zwl D)2, ET:iTL’“T,‘-fk.

k=1

Treatment of X,

Following the steps in paper [2], we find that (see below estimate (5.10) in that
paper)

dU

N
(51) (lk(fU,E) :2—sok/)\k(U7x)7Tk(x7§1) HTk,j(1'7§j) W

j=2
with U=(uy, ...,un), M an arbitrary positive integer and |03\, (x,U)|<C, for all
multi-indices o. The amplitudes 7, and 75 ; are defined by
(2, €1) = b1 (2, £) P (27 Ve (2,&))
T (2,€5) = bj (2, £5)0; (27 Vop; (2, €)) (&)
b1(z, &) = [V (2, &)™ p(&r)?
bj(z,&5) =Vap;(z, §J)|mJM(§J) J#1
V(&) = [¢[m (e
0; (&) =[¢"m b (E)e ",
where p is a smooth radial function that vanishes in a neighbourhood of the origin
and equals 1 outside of a compact set, and the parameters m; are given by
my=me(p1)+s1
mj =min(me(p;)+s;, —€v;), Jj#1
for an arbitrary >0, where ;=0 if p;=2 and otherwise 1, and

N
S = —ma—l—z m; =—me+me(p1)+s1 —l—Z min(me(p;)+s;, —€7v;)-
i=1 i#1
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Here we thus made a change in these variables, which resulted in the overall factor
27%k_Notice that the orders m; for j#1 have been chosen such that estimate (2.5)
will hold for the resulting operator ©;. When p;=2 estimate (2.5) is not used, and
therefore this order need not be negative in that case.

We therefore have

Ea(flw afN Zw kD T(I) fla"'afN)(x)

/22 D) et £ 172, 1)) o e

J#1
Now, the property (4.1) and the fact that k>1 allow us to write

T h =T3P (D) D D) = (D)™ fr = T D]~ 51 (D) fu,

for a suitable p; that has the properties of u, and similarly for Tﬁ;{ ;fi- We can
then utilise that the operators S;=p1(D)|D|% (D)~ are bounded X?—XP? for all
p€|0, oo], because of estimate (2.1). Namely, if we could show that

N
(5:2) (D) Za(IDI7* fry ooy DI ) lxc0 S T 1511 xs
j=1

we would have

DY S0 (fr s S 070 = | (DY S0 (ID] = S1{DY fu, oo D] Sy (D)™ fi)l| oo
N N
H D)* fyllxes S TTIKDY fyllxes
j=1 =1

which is what we want to prove. In order to show estimate (5.2), we include the
|D| =% operators into the multilinear operator, by changing the amplitudes b; and
bj into

1(2,6) =b(w, &0)[€1] ™ = [Var (@, €)™ pl(€1)? €]~

i (2, 65) = b(w, §5)|&517% = [Vapr (@, &)™ (&) €517

S SN

It is clear that b GSmC(p’ , 7=1,..., N, and therefore these amplitudes are of the
form used in the proof in [2]. We can also make the rewrite

27 %0k, (275 D) = [ D]~y (D) (|- *0461)(2~* D) = [D|~** 1y (D)o (27 D)
— (D)0 (D)* 11 (D)| D] thy(27* D) = (D) ~* Sy (27* D),
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where 15 is smooth and supported in an annulus and So is bounded X?— XP for
p€l0,00]. Now, if we let 2 denote the operator X, with b; replaced with bj,
j=1,...,N, without the overall factor 27%°% and with v, replaced with o, this
multilinear operator is precisely of the form used in the proof of Theorem 1.1 in [2],
and therefore

N
Sa(f1s oo )l S TN l1xc7s
j=1

Hence, we have

(D) B (ID[™* fry ooy [P ) [ X0 = ||§o Sa(f1, o S8 xc00

SIZa(frs o ) llxm0 S H||f;||xpu

as requested.

Treatment of X,

This part has the form
o0
_ —Lkm®
- Z 2T,
k=1
where RkESTg LN for a large positive integer L. We can again make the repres-
entation as in equation (5.1), but this time with
mj=mec(p;)—L

and the overall factor is 2™% with

N
mo = Z me(p;) —me—L.
Therefore, we find that

dU
S (f1y e V) (2 /ZQmok)\kT“alfl( )H 5 iz )Wv
Jj#1

where 7,€57"} and TkGSTS. Since L was arbitrary, Lemma 5.2 can then be applied
to show the requested boundedness of this term.

We have therefore shown

Proposition 5.4. If supp o CR" x{¢€R™; [£| 21}V, then Theorem 4.1 holds.



Systems of dispersive PDEs 25

Before we move on to the reducible part, we must show the following result,
which shows boundedness XPx --- x XPN — [P0 of subcritical operators. This is
akin to Proposition 6.1 in [2].

Proposition 5.5. Let T2 be an N-linear oscillatory operator as in Theorem 4.1,
for which the linear operator satisfies estimates (4.5) and (4.6). Then if 0€S)"5 (n, N)
with
mo < i, [+ S mintn o) 51—,
J

for m. as in Theorem 4.1, and for some pg, ..., py€[0, 00] with 1/100:2?]:1 1/p;,
., SNER and e>0. Then the bound

N
(5.3) 1T (frs oo F)E20 S H D)% fillxvs
is uniform in f1, ..., fN€S. Furthermore, if so€R and

0<sp < —my+ LnlnN [mc(pJ +sJ—|—Zm1n me(pe)+55, —ve) |,

L#£5
then
N
(5.4) (DY T (f1, s ) llwo S T ICD) £l xc0s
j=1

Proof. We divide the operator into high frequency and reducible parts. The
high frequency parts are dealt with by Proposition 5.4 for all cases except bmox ---
xbmo— L, so this must be shown. Following the reasoning from above, the part
from the amplitude d; maps into L* (using Lemma 5.2), and this is also true for
the part ... Only the part 3, hence remains to treat.

Note first that since the amplitude is subcritical, we have

(5.5) me =—So+ n}1<nN [mc(pJ JrsJJerln me(pe)+ e, 57])] —0
SIS U]

< —so+me(py)+s1+ Y min(me(pe)+se, —e71) =0,
(#1

for some 6 >0. For simplicity, we take m, to be the value given by the second row
of (5.5). Then the triangle inequality and estimate (2.4) yield that

23wty )]

Lo
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< Z 2 k/( N+1)|| 2(s0+8/(N+1)k g, (frs oo SN oo
k=1
Now we let
my =m.(p1)+s1—0/(N+1)
my =min(me(pj)+s;, —ey1)—0/(N+1), j#1
so that
N
—mg—i—ij =s50+0/(N+1).
j=1

Therefore, following the reasoning of representation (5.1), we have

dU

ak(l‘,E) 2= (So+5/(N+l))k/)\k U €T 7Tk €T 51 HTk,] X 5]) W

j=2

Following a similar line of reasoning as the one regarding estimate (5.2), it is enough
to show the bound

N
SUp || Tytag+s/cveng, (1 DI7 f1y ooy IDIY ) || oo H £l xces -
k>1 =1

Here, the amplitudes b; have therefore been changed into b with Bj(a:,f):
b;(z,&)|&|~*, which are in particular of subcritical order m.(p;)—d/(N+1). We
can then use Theorem 5.1 to write

TEHD[™ = (2 *D)TF +27 k/2e

T1,k

T$ |D|~% = pu(D)0;(2 kD)T*‘”—s—Q‘k/QT“’J

Tk,j

me(ps)=0/(N+1) for 1<j<N. Hence we have

where the amplitudes r;, kES
so+6/(N+1))knd —s —s
2o O/ IR (|DI7* f1, ..., | DI~ fiv)
-/ Ak(U,~>(@< EDYTE 2T ) f

XH ( ]cD)TSDJ 4+9- k/2T<p] )fj
J#2

dU
(A+[UH)M

Then boundedness of this product follows from Lemma 5.1.
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It remains to show boundedness of the reducible part, and it suffices to
treat T v - We start by showing estimate (5.3). From presentation 6.2 in [2], it
follows that it is enough to show that

2

sup ITEN = (frs s v -)TEN fnllioo S TT KDY Fillxc0s

where @n_1(z, &1, Ev—1)=p1(2, &)+ - +on-1(z,En-1), ckEST§ (n, N—1) uni-
formly in k€Z" and (eC2°. Holder’s inequality yields that

TSN (frsoees IN-)TEN [ llvo SUTHY " (frs e ) o ITEY Fv | o

where 1/p*:1/p0—1/pN:Z§\;1 1/p;. Now, since estimates (4.5) and (4.6) ensure
that estimate (5.3) is true in the case N=1, and we have shown boundedness for the
high frequency part, we can by induction assume that any (/N —1)-linear operator
that satisfies the conditions of Proposition 5.5 will satisfy estimate (5.3). These
conditions are all met, since in particular

My = 1$ignN {mc(pj)-i-sj—i- Z min(me(pe)+se, —g'yj)} -6

1SN
#]
< min [m )+si+ min(m +8p, —€ A}_(;_
1<GEN-1 o(Ps)+5; 1<z§v—1 (me(pe)+se, —€75)
Tt

Therefore, we have by induction that

N—
HTc(iNil(fla' >fN 1 HLF ~ H fj |X”J>

while estimates (4.5) and (4.6) show that
ITEY Inlloew = NTEN - (DY fnllzon SICD)™ fuvllxew

Finally, to show estimate (5.4), we start by writing <D>50T;I?;V =T¢, so that the
amplitude & is given by

GROOETH DA

Jj=

N S0
E R:
< >0N“ N-1

N—1 \so
EoF
1

Jj=
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where €577 (n, N) if [{x[<1/2. We can choose the low frequency cut-off function
w4 in our construction such that this holds. With an amplitude of this form, it is,
following the construction of ¢; above equation (6.2) in [2], enough to show the
estimate

DN
SII];p HTCkJZ]fl:- o FEN—1)%0 (fl’ o fN—l)TCLPN ‘fN”LpO

N

(5.6) =sup (DY TGN (f1y oo S ) TEN fvllzeo S TT KDY fill xvs -
j=1

The rest of the proof then follows the same lines as those of the proof of estimate
(5.3). O

We are now ready to show boundedness of the reducible part of the operator
with critical amplitude.

Treatment of the reducible part

We show first estimate (4.7). Just as in the proof of Proposition 5.5, it suffices
to control TiN‘l(fl, ...,fN_l)TfoN uniformly in k. We will once again use an
induction argument, and therefore note that

My < 15?1\7 [mc(pj)Jrsij; min(me(pe)+ 5S¢, feyj)}
J

< min [m i)+s;+ min(m +Sp, —€ }
SIgEN c(Pj)+38; 1</3<ZNA (me(pe)+se Y5)

i

+ min(m.(pn)+Sn, —€7N).

Therefore, except when py =2, we have min(m.(pn)+sn, —eyn) <—e<0, and hence
me is subcritical when regarded as an order of an (N —1)-linear operator. Hence,
Proposition 5.5 is applicable to TC(IZN ~' in these cases.

The rest of the proof then follows the same lines as the treatment of the redu-
cible part in [2], with the notable alteration that our Lemma 5.3 plays the role of
Corollary 2.16 in [2].

To show estimate (4.8), it is, just as in the proof of Proposition 5.5, enough to
show estimate (5.6). One can then use the same line of reasoning as for the proof
of estimate (4.7).
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