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ARTICLE INFO ABSTRACT

MSC: We investigate multiple orthogonal polynomials associated with the system of measures ob-
42C05 tained by applying a Christoffel transform to each of the orthogonality measures. We present
47B36 an algorithm for computing the transformed recurrence coefficients and determinantal formulas
65Q30 for the transformed multiple orthogonal polynomials of type I and type II.

Keywords: We apply these results to show that zeros of multiple orthogonal polynomials of an
Multiple orthogonal polynomials Angelesco or an AT system interlace with the zeros of the polynomials corresponding to its one-
Christoffel transform step Christoffel transform. This allows us to prove a number of interlacing properties satisfied

Zero interlacing

- by the multiple orthogonality analogues of classical orthogonal polynomials. For the discrete
Recurrence coefficients

polynomials, this also produces an estimate on the smallest distance between consecutive zeros.

We also identify a connection between the Christoffel transform of orthogonal polynomials
and multiple orthogonality systems containing a finitely supported measure. In consequence,
the compatibility relations for the nearest neighbour recurrence coefficients provide a new
algorithm for the computation of the Jacobi coefficients of the one-step or multi-step Christoffel
transforms.

1. Introduction

Let u be a positive Borel measure on the real line with all the moments ¢; := f x/ du(x) finite. Denote P,(x), n€ N :={k € Z :
k > 0}, to be the monic orthogonal polynomial of degree n with respect to the inner product

(f(0),8(0)) = /IR F(0)g(x) du(x). (€D
These polynomials satisfy the famous three-term recurrence relation
xP,(x) = P, (x)+ b, P,(x)+a,P,_ (x) 2)

for some a, > 0 and b, € R, called the Jacobi coefficients of u.
Given a point z, € R, a one-step Christoffel transform of x is a new (potentially signed) measure i defined by

/f(X)dﬁ(X)=/f(X)(x—zo)dM(X). (3)

More generally, given a polynomial &(x) = HT:I (x — z;) we define the multi-step Christoffel transform to be /i given by

/ f ) djitx) = / S ()D(x) dp(x), 4
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which, of course, can be viewed as the one-step transform repeated m times for each of the roots of @(x).
It is a natural question to understand the relationship between the orthogonal polynomials (P, ()52, of u and (P, of 1.
In the one-step case (3) the following simple relation holds true:

~ 1 P, (zp)

B () = Py — L0 p ) 5

(%) Xz, ( w1 (X) P.(z0) () (5)
More generally, if deg® = m, then P, can be expressed in terms of P,, P, +1--» P, using the Christoffel determinantal formula,

shown in [1].

Another matter of interest here is the relationship between the Jacobi coefficients of 7 and of u. For the one-step case
deg @ = 1 there are a number of closely related algorithms (among them are the gd algorithm of Rutishauser [2], Galant’s [3], and
Gautschi’s [4]) that allow to compute 4,’s and b,’s recursively from a,’s and b,’s. There exist explicit algorithms for the quadratic
factors, deg®@ = 2, see, e.g., [4, Sect 2.4.3]. For the general case deg® = m, one typically applies the one-step or two-step algorithms
repeatedly.

The Christoffel transform, as well as the closely connected topic of the Darboux transformations, is a very well-studied topic
both in pure and applied mathematics, see, e.g., [1,3-16].

Now let us introduce multiple orthogonal polynomials with respect to a system of two measures (u;, ;) on R (we work in the
more general setting of r measures from Section 2 onwards). For (n;,n,) € N2, let P, , (x) be a non-zero monic polynomial of degree

ny,ny
ny + n, satisfying
/Pnl,nz(x)x"dm(x)=o, p=0.1 .. — 1, ©
R
/P,,lvnz(x)x”dyz(x):(), p=0,1,....,n,— 1. (@))
R

P, n, () is then called a multiple orthogonal polynomial at the multi-index (n,, n,). We say that (n,,n,) is normal for (u;, ) if such
P, », €xists and is unique.
Assuming sufficiently many indices are normal, these polynomials satisfy [17,18] the nearest neighbour recurrence relations

(compare with (2))
XPy 0y () = By 1y () by 1 By iy OO+ @y 1 Py 1y () + @y 0 By -1 (X) @
XBy iy () = By oy 1 GO by 2 Py OO+ @y 1 By 1,0y () + @y 0 Py g1 (X)- ©)]
Subtracting (8) and (9) we can also obtain
Pty ) = Pap 1) = By 2 = by )Py 1y (). (10)

The coefficients {a"la"zil’a"1~”2?2’b"]v"231’b”1v”232} in (8) and (9) are called the nearest neighbour coefficients. These coefficients
satisfy a set of partial difference equations [17, Eq. (3.6)-(3.8)] which we will call the compatibility conditions, or CC, for
short. [19] showed that these equations provide an algorithm that allows to recursively compute all the nearest neighbour recurrence
coefficients {a b b } from the Jacobi coefficients of 4, and u, (that is, from {a,, o.1,0,,2: bu, 0:15 bony2 })-

The central idea of our paper is the simple observation that if u, is supported on N distinct points {z; }121’ then the multiple

n],nz;lvan],nz;Z’ nynyile Ynpng2
orthogonal polynomial P, y(x) of the system (4, u,) coincides with ﬁ,,(x)tb(x), where &(x) = Hj\’: (= z)) and ﬁ,,(x) is the n-th
orthogonal polynomial of the Christoffel transform 7, (4) of u, corresponding to the polynomial @(x). Indeed, ﬁn(x)tb(x) is monic,
has the right degree, trivially satisfies (6)—(7), and it only remains to resolve the issue of uniqueness, which we do in Theorem 3.1.

In particular, the nearest neighbour recurrence relation (8) along locations {(n, N):neN } reduces to the three-term recurrence
relation for i, (one should observe that g, y., = 0 for all n, see Theorem 3.5), and the nearest neighbour coefficients along these
locations coincide with the Jacobi coefficients of ;.

Taking the simplest case N = 1, one realizes that Christoffel’s formula (5) is just (10), while Gautschi’s algorithm [4] for
computing the Jacobi coefficients of the Christoffel transform is effectively the CC algorithm of [19] (after minor modifications
related to restricting the coefficients to the strip Nx {0, 1}, see Section 3.2). Furthermore, one can show that the well-known Gauss—
Radau quadrature rule for g, is just the multiple Gauss quadrature rule for (u;, u,) with N = | supp u,| = 1 (the Gauss-Lobatto rule
corresponds to N = | supp u,| = 2).

For any N the modified CC algorithm (see Section 3.2) therefore provides an algorithm for computation of the Jacobi coefficients
of the multi-step Christoffel transform. It would be interesting to find out if there is any computational benefit of this algorithm
compared to the repeated use of the one-step/two-step Gautschi/Galant algorithm. Such questions are important in numerical
mathematics, see, e.g., [3,4,11-16] and references therein. We will not pursue this in this paper.

Our main focus is the study of the multiple Christoffel transform

(ﬁ1,---,ﬁr) = (¢ﬁ1,...,¢ﬁ,)

of the multiple orthogonality system (y;, ..., u,) for r > 2. Such a transform appears naturally when one studies the multiple Gauss
quadrature with fixed nodes at the zeros of @.

We show how one can use the CC algorithm to compute the nearest neighbour recurrence coefficients of (4, ..., fi,) (Section 3.2)
and establish the determinantal formula for the multiple orthogonal polynomials for (4, ..., %) (see Section 3.1 for type II, and
Section 3.5 for type D).
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For the special case N = 1 the determinantal formulas are known from the earlier literature: see [20, Prop 3.2] for type II,
and [21] for type I for the case of two measures and multi-indices along the step-line. During the preparation of the manuscript
there appeared [22] studying multiple Christoffel transforms using another approach (the Gauss-Borel factorization) for the step-line
multi-indices.

In Section 3.7 we demonstrate that CC algorithm can be used to compute repeated Christoffel transforms, which is the natural
setting for the gd algorithm of Rutishauser [2] and the discrete-time Toda lattices in one (see, e.g., [9]) and multiple dimensions,
see [20,23] and references therein.

In Section 3.8 we classify all possible nearest neighbour recurrence coefficients {a, o bn, j} that can occur for maximally-normal
systems (such systems are called perfect). This was proved for systems with two positive infinitely-supported measures in [24]. We
provide an alternative simple proof that allows either measures or linear moment functionals which may be finitely or infinitely
supported. The main difference is that for finitely supported y;’s the a, ;-coefficients must be zero not only on the initial marginal
indices (that is, with n ;= 0) but also on the final ones (with » ;= | supp u; D.

The next portion of the results (Section 3.9) concerns interlacing of the zeros of multiple orthogonal polynomials P, for (y, ..., u,)
and P, for (i, ..../i.) when deg® = 1. We show that the zeros of P, and P, interlace for a wide class of systems including all
Angelesco and AT systems, and the same result holds for type I polynomials for a class of measures containing all Angelesco
systems. In particular, this applies to multiple Laguerre of the first and second kind, Jacobi-Pifieiro, Angelesco-Jacobi, Jacobi-
Laguerre, Jacobi-Hermite, Charlier, Meixner of the first and second kind, Krawtchouk, and Hahn (Sections 3.10 and 3.11). This
type of interlacing was shown very recently in [25,26] for Angelesco-Jacobi, Jacobi-Laguerre, Jacobi-Hermite systems for type II
polynomials along the step-line multi-indices using much more involved arguments, see also [27] for related results which use the
notion of free convolution.

The interlacing results for the discrete systems then produces the lower bound 1 for the distance between two consecutive zeros
(see Section 3.12), a result that is well-known for the r = 1 case, see [28-30].

Note that the result of one-step or multi-step Christoffel transform is always a positive measure if all of the zeros of @(x) fall
outside of the interior of the convex hull of supp u (or if there are an even number of them at each gap of the support). Otherwise
however, /i is a signed/complex measure, which is convenient to view as a linear moment functional. It does not take too much
extra effort to allow u to be a linear moment functional from the beginning, which is what we do starting from Section 2 onwards.

In a companion paper [31] we obtain determinantal formulas for type I and type II multiple orthogonal polynomials for rational
perturbations of measures, which includes general Geronimus [32] and Uvarov [33] transforms, as well as the Christoffel transforms
with different polynomials @; for each y;.

Acknowledgements

Most of the results that appear in the current paper were part of M.V.’s 2021 Master Thesis in Uppsala University under the
supervision of R.K., as reported in [34].

2. Preliminaries
2.1. Orthogonal polynomials with respect to moment functionals

We use the notation N := {k € Z : k >0} and Z, := {k € Z : k > 0}. Let us assume that we are given an arbitrary sequence
{C"}ZO:O of complex numbers which will be referred to as the moment sequence. Define the corresponding moment functional y to
be the linear map on the space of all polynomials such that

ulx"1=c,, neN. (11

Associated to y we have the bilinear form

(P(x),0(x)) = ulP(x)Q(x)]. (12)
In particular, note that
(PO)RX), 0(x)) = (P(x), Rx)Q(x)) (13)

for any choice of polynomials P, O, and R. Orthogonal polynomials with respect to u are non-zero polynomials P,(x) such that
deg P, <n and

(P,x).x*) =0,  p=0,1,....,n—1. 14

Such polynomials always exist, since solving (14) for the first n+ 1 Maclaurin coefficients results in a homogeneous system of linear
equations with more columns than rows. If we fix the coefficient at x” we get a linear system with coefficient matrix

¢ A Cp—1
c ¢ c
M= T (15)
Cn—1 Cn Con—-2
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Then we see that 4, = det M,, # 0 if and only if P, is unique up to multiplication by a constant and deg P, = n. In this case we
always take P, to be monic.

Denote L, to be the set of all quasi-definite moment functionals, which are those u for which 4, # 0 for all » € N. For such u
the monic orthogonal polynomial P, is unique for each n € N. The polynomials satisfy the three-term recurrence relation

xP,(x) =P, (x)+b,P,(x)+a,P,_(x), neN (16)

for some complex numbers a, and b,, called the Jacobi coefficients of y (in the case n = 0 we formally take ay =0 and P_; = 0).
It is well known that a, # 0 for all n > 0. Conversely, Favard’s Theorem states that any set of a, and b,, with a, = 0 and a,, # 0 for
n > 0, generates a sequence of polynomials from (16) that are the orthogonal polynomials with respect to some moment functional u.
The tridiagonal matrix

by 1 0
J= a; by 1 a7

0 a bs

will be called the (“monic”) Jacobi matrix associated with u. It is the matrix of the map P(x) — xP(x) in the basis {P,,}:io, see
(16).
Finally, define the Christoffel-Darboux kernel via

"I P(0)P(y)

K,(x,0) =) ————. (18)
= (P.P)
Then the Christoffel-Darboux identity takes place:
1 P,(0)P,_1(») = P,_1(0)P,(y)
K, (x,y) = : . : (19)
<Pn—I’Pn—1> X=y
For more on the basics of orthogonal polynomials with respect to moment functionals, see for example [7].
Let M, be the set of measures y on R with infinite support and all the moments
¢, = / x"du(x), neN, (20)

finite. Such a measure generates a quasi-definite moment functional (11) which with a mild abuse of notation we also denote by u.
In particular, (12) becomes the usual inner product in L?(x). With this convention, we can view M, as a subset of £_,. The setting
U € M, corresponds to the standard theory of orthogonal polynomials with a, > 0 for all n > 1 and b, € R for all n > 0.

2.2. u associated with finite (complex) Jacobi matrices

If one takes a measure x on R supported on exactly N distinct points {z f }]N=1 CR, N € Z,, then it is known that 4, # 0 for
0<n <N and 4, =0 for n > N. Consequently, only (P,,(x)),f:’= are uniquely defined, with Py(x) = Hj\; ((x = z;). The three-term
recurrence (16) holds for 0 <n < N — 1 with a, > 0 for 1 <n < N — 1. The corresponding Jacobi matrix J in (17) is finite of size
N X N with (b,,)fl\'= Bl on the diagonal and (a,,)f,"= ‘11 on the subdiagonal. Denote the set of such N-finitely supported measures by M.

In what follows we want to allow complex finite Jacobi matrices and the associated linear functionals. Therefore we define L,
for each N € Z, to be the set of all the moment functionals y for which 4, #0 for ] <n < N and 4, =0 for n > N.

Lemma 2.1. Suppose u € Ly for some N € Z,. Then

(Py(x),x?y=0, peN. (21)
Moreover, we have

(P(x),x?y =0, p=0,1,....N—1, (22)
if and only if P(x) is divisible by Py (x).

Proof. Since 4y, =0, there has to exist some non-zero Py, solving (14) (at N + 1) for n = N + 1 with degree deg Py,; < N + 1.
This is because 4,,; = 0 implies the existence of two linearly independent monic solutions to (14) of degree < N + 1, and if they
both have degree N + 1 then their difference is also non-zero and solves (14) but has degree < N + 1. We can always scale Py, to
be monic.

Since 4, # 0, we must have Py, = Py, as there is only one monic solution at N. By the orthogonality relations of Py, we
then must have (Py(x),x"¥) = 0. We proceed to prove by induction that (Py(x),x”) = 0 for all p > N. By 4,,, = 0 (assuming
n > N), there is some monic P, (solving (14) at n) with degP, = n—k, 0 < k < n— N, such that {P,(x),x") = 0 (since there
is some monic P,,, with deg P,; < n). In particular, {P,(x),0(x)) = 0 for every polynomial Q with degQ < n, so we must have
(Py(x),x*P,(x)) = {P,(x),x* Py (x)) = 0, by (13). Assuming ( Py (x),x”) = 0 is true for all p < n (and here n > N), we then end up
with ( Py (x),x") = ( Py(x),x*P,(x)) = 0, since x* P, (x) = x" + o(x"), and ( Py (x),0(x")) = 0. This proves (21).
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Now for the second part, we have { Py (x)Q(x), x?) = { Py(x), x’Q(x)) = 0 by (21). Conversely, suppose that P satisfies (22) and
write P = Pyq+ r with degr < N. Since Py is orthogonal to any polynomial, we get that r also satisfies (22). This is only possible
ifr=0. O

Theorem 2.2. If y€ Ly, N < o, then (Pn(x))y: o satisfy the three-term recurrence relation (16) for 0 <n < N — 1 with a, € C\ {0} for
l<n<N-landb, €Cfor0<n< N -1 Conversely, for any non-gero (a,)"7' and any (b,)! there exists a functional u € Ly,
unique up to multiplication by a non-zero constant, with exactly these Jacobi coefficients.

Remark 2.3. See [35, Thm 4] for a more detailed description of x from Ly: if the N roots of Py are all distinct then x can
be represented as integration against a (complex) measure supported on these roots. If some of the roots overlap then y contains
derivative(s) of the Dirac delta function at the corresponding root.

Proof. The first part of the statement follows from the same arguments as in [7, Ch. 1, Sect. 3-4]. The second part follows very
similarly to the proof of [7, Ch.1, Thm 4.4]. First define u[1] = ¢ # 0 and u[P,(x)] =0 for n=1,..., N — 1, where P, are generated
by the recurrence coefficients through (16). If we also define u[x? Py (x)] = 0 for all p € N (see Lemma 2.1) we can then extend u
uniquely to all polynomials. From the recurrence relation one can prove that P, are orthogonal polynomials with respect to u, for
n=0,..,N—1,and also (P,,x") = a, ---a; # 0, which implies 4, # 0 for n = 1,..., N. From (PN(x),xp+N) =0 we get 4, = 0 for
each n > N, so yu belongs to L. Since these assumptions on y were necessary for (P,,),’,V: o to be orthogonal with respect to some
u € Ly, and the recurrence coefficients are uniquely determined by the recurrence, we get the full result. []

Finally, we define
£=(O Ly) ULy, 23)
N=I

This is the set of moment functionals that we are working with throughout this paper. Note that £ includes M = (U;’f,’=1 My ) UM,
the set of all positive measures of finite or infinite support on R with finite moments.

2.3. Christoffel transform

For u € L, a one-step Christoffel transform is a functional 7 given by
Alx"] = plx"(x = zg)], neN. 24

If 4 € M, then fi becomes (3).
More generally, if 4 € £ and @(x) = ]'[;.”zl(x - z;) is any polynomial, then we define the corresponding Christoffel transform

Alx"] = p[x"d(x)), neN. (25)

We will also occasionally employ the notation @y for fi to make the dependence on @ explicit. If u € M and @ has real coefficients
and does not change sign on the convex hull of supp(u), then @y is also in M and is given as in (4).

Some authors choose to work with the normalized version of @y given by u[@(x)]~! u[x"®(x)], under the assumption u[®(x)] # 0.
Note that the monic orthogonal polynomials and their recurrence coefficients for both versions of the Christoffel transform are the
same, so this makes no significant difference.

Given any y € £ and its Christoffel transform ji = ®u, we write 13,1 for the orthogonal polynomials with respect to z, and @, and
En for the Jacobi coefficients of fi. If u, i € L, then the following Christoffel determinantal formula [1] holds:

Pn+m(x) Pn+m—l(x) Pn(x)
B0 = w00 D det| Fren 1) Frena G BED (26)
Pn+m(zm) Pn+mfl (Zm) Pn(zm)
where D, is the normalizing constant
Pn+m—1(zl) Pn+m—2(zl) Pn(zl)
Dn = det Pn+mfl(22) Pn+mf2(22) Pn(.ZZ) ) (27)
Pn+m71(zm) Pn+m72(zm) Pn(zm)
In the one-step case m = 1 this becomes
5 1 P, 1(zp)
P.(x)= P -——P . 28
(%) e ( i1 (X) P.(z0) ) (X) (28)
By the Christoffel-Darboux formula (19) we get
~ P,P,
P(x) = { ) K1 (29, X). (29)

P.(z9)
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Polynomials K,,(zy, z) are sometimes referred to as the kernel polynomials of u.
(28) together with the three-term recurrence (16) can be used to generate the recurrence equations (see [4])

bn - 5n+| = bn+1 - 5n’
an - 5}13}1 =apy1 — 5nbn’ (30)
5n71&\n = 6nan’

with initial conditions @, = 0 and 6, = z, — b,. From this, it is possible to compute the Jacobi coefficients of i from the Jacobi
coefficients of y, through the following algorithm,

ay =0;
~ dl
by = by — 3"
forallneZ, :
" 31
§n = bn—l - bn + §n—l;
A~ 5"
a, =a ;
n n5n71
~ a —a
b, =b, + ——2*L

57!
In Section 3.1 we show how this can be generalized to the multi-step Christoffel transform using multiple orthogonal polynomials.

2.4. Basics of multiple orthogonal polynomials on the real line (MOPRL)

Let r > 1 and consider a system of functionals u = (u, ..., u,) € L". Let us write (P(x), Q(x))j. for u;[P(x)0(x)].

Definition 2.4. Given a multi-index n € N, a type II multiple orthogonal polynomial is a non-zero polynomial P,(x) such that
deg P, < |n| :=n; + - +n,, and

(Pn(x),x”>j =0, p=0,1,....n;— 1, j=1...r (32)

Definition 2.5. A type I multiple orthogonal polynomial is a non-zero vector of polynomials 4, = (Aﬁ,”, ,Aﬁ,”) such that
degAY <n;—1,j=1,..,r,and

Z(Aﬁ,”(x),xp)j =0, p=0,1,...,|n|-2. (33)
j=1

Note that Aﬁf) = 0 when n ;=0 (we take the degree of 0 to be —). Hence for n = 0 there would be no non-zero solutions to
(33). In this case we take A, = 0 (the r-vector of zero polynomials) as the only type I polynomial.
It is easy to show that for any multi-index n € N \ {0} the following statements are equivalent:

(i) There is a unique monic type II multiple orthogonal polynomial P, such that deg P, = |n|;
(i) There is a unique type I multiple orthogonal polynomial (Aﬁ,”, ,Aﬁ,’)) such that

21<Ay)(x),xl"|_l ), =1 (34)
=

(iii) deg P, = |n| for every non-zero solution of (32);
(iv) Z;:I (Aﬁ{)(x), xnl=1 >j # 0 for every non-zero solution of (33);

(v) det M,, # 0, where
mom o)

C?l) i) c‘"(‘l_)l
cl R et
1 (D (1)
St Sm° 7 Gy, -2
M, = : , (35)
() (r) (r)
c(<)> Cé ) C‘"(‘Tl
r r r
¢ & e
(r) (r) (r)
Co-1 Cme 7 Capyn—2
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)

,/’ are the moments

where c,

c}(qj) = p;[x"].

Definition 2.6. If any and therefore each of the above conditions (i)-(v) are satisfied for an index n # 0 then we say that n is
normal. We always take the index 0 to be normal.

Whenever n is normal we will only work with polynomials satisfying (i) and (ii) above, that is, P, will be monic and A, will
satisfy (34).

Proposition 2.7. Ifu; € L N, with N; < o, then indices n with n; > N; can never be normal.

Proof. In the case r =1 this follows from Lemma 2.1. In general, if n ;> N;, we have
(Pre, ). x"71) = (Pyy (6).0(0)),

for any degree n; — 1 monic polynomial Q, given any choice of type II polynomial P, (for the index n — e;). If we choose
O(x) = x"i~1=N; PNj (x), where PNj is the degree N; orthogonal polynomials with respect to y;, then we get

(Pae, (), X! ); =Py, (0. P, (x)x" 1= ), =0

by Lemma 2.1. This means that Py, satisfies all the orthogonality relations (32) for the index n, but deg Py, < Inl, so n cannot
be normal. [

A system p = (yy,...,,) in L or in M" is usually said to be perfect if every N'-index is normal. We modify this notion to the
case when y; € ENj where N; may be finite. We write N = (Ny,...,N,) € (Z, U {+})" and denote

Ny :={neN |0<n; <N,}.

Definition 2.8. We say that (4, ..., 4,) is a perfect system if all indices in N’y are normal.

One important class of perfect systems is Angelesco systems. Usually they are defined for measures with infinite support, but we
extend the notion of Angelesco system to allow measures of finite support. If u € M" we write 4; for the convex hull of supp(x;)
and A;? for the interior of 4;.

Definition 2.9. An Angelesco system is a M’-system such that 47 n 47 = @ and if 4 and y; are both finitely supported then we
also require 4, N 4; =@ (k # ).

With this definition one can show that any Angelesco system is perfect in the sense of Definition 2.8. The proof goes along the
same lines (counting real zeros of odd multiplicity of P,) as the standard argument for the case N = (o, ..., ), see e.g. [18, Thm
23.1.3].

2.5. MOPRL: nearest neighbour recurrence relations

We remind the reader that whenever some index is normal then the type II multiple orthogonal polynomial at that location is
always taken to be monic, and the type I polynomial is taken with the normalization (34).

It was shown by Van Assche [17,18] that multiple orthogonal polynomials of type II and type I satisfy the following set of
equations, called the nearest neighbour recurrence relations (NNRR for short). Although it was originally stated in M/, the proof
is no different in £".

Theorem 2.10 (Van Assche, [17]). Let ue L. Ifnand n +e ; are normal, then

;
XPy(X) = Prye, () + by Py(x) + Y @y Py, (¥) (36)
i=1
for some constants ay, y, ...,a,, and b, ;. Here a,; := 0 whenever n; = 0.

Remark 2.11. The recurrence coefficient b, ; is defined when both n and n + e; are normal, and it is always unique, given our

choice of normalization for the polynomials. The coefficient a,; is defined when n is normal and n + e, is normal for some /. a,; is
unique if n — e; is also normal. Indeed, (36) implies
P, (x),x" ).
n; = <"—2'1 (37)
<Pn—e,»(x), x"i >,-
if n; > 0. Therefore the constants a,; are independent of the choice of j in (36) (i.e., if n + ¢; are normal for several choices of j),
but may depend on the choice of P,_, , ..., P,_, if any of the indices n — e, ...,n — e, are not normal.

1?7 on—e,
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Remark 2.12. In particular, for perfect systems p € £” with N; < co, we have that a,,; is defined for all 1 <j <rand all n € N,
except for n = N. This exception is only relevant if N; < oo for all j, of course. Let us adopt the convention ay ; := 0 for that
case, for reasons that will become more clear later on in the paper. Assuming this, all perfect systems then have well-defined NNRR
coefficients {”nJ}neN;v and {b, }"EN%_E/ for each j.

It is well-known that the type I polynomials satisfy similar recurrence relations. Since the explicit proof is hard to locate we
provide a proof in Appendix A.1, using minimal normality assumptions.

Theorem 2.13. Let p € L. If n and n — e; are normal, then

r
XAp(x) = Ap_e, () + by_e, jAn(x) + Y cniAnse, (X). (38)
i=1

for some constants ¢, |, ... ,cp,.. If n+e; and n — e; are normal then c,; = a, ;.

Remark 2.14. As above, ¢,; are independent of the choice of j, but may depend on the choice of the vectors (A A

> n,i
when n + e; is not normal (for the details, see the Appendix).

n+e;,1> > n+e,,r)

By comparing (36) for two different j, and doing the same for (38), we obtain the following.

Corollary 2.15. Assume n, n+e; and n + e, are normal. Then

P,

n+e; Pn+e/ = (bn,j - bn,l)Pn' (39)
Similarly, if n, n —e; and n — e, are normal, then

Ape, — An—e/» = (bn—ej.j - bn—e/,/)An (40)

n—e;
Van Assche showed in [17] that (assuming sufficient normality conditions) the recurrence coefficients satisfy the partial difference
equations in the theorem below. Their proof works for u € £" without any changes. When we write m < n we mean m; < n; for

each j=1,...,r

Theorem 2.16 (Van Assche, [17]). Let u € L". Assume all indices m <n+e ;t+epis normal. If j # | then

bn+e1,j - bn+ej,l = bn,j - bn,l7 (41)
r

bn,lbn+e/,j - bn,jbn+ej,l 2 n+e/ i 2 n+ej,i’ (42)
i=1 i=1

Anye,,j <bn—e/,j - bn—e/,l) =ap (bn,j - bn,l) . (43)

If n; = 0 or n; = 0 then we only get the first two equations.
We can use (41) to rewrite the left hand side of (42) as
bn,lbn+e,,j - bn,jbn+ej,l = bn,/bn+e,,j - bn,j(bn+e,,j + bn,l - bn,j) = (bn,l - bn,j)bn+e,,j - (bn,l - bn,j)bn,j'

We write §,, ;, for b, — b, ;. Now we can rewrite (41)-(43) in the alternative form,

bn+e1 J - 5n+e» gl = bn+e/,j - 5n,j,l* (44)
r

Z n+e,t - nj,lbn+e,,j = Z an+ej,i - §n,j,lbn,j’ (45)

i=1 i=1

5n—ej,j,lan+e,,j = 5n,j,lan,j’ (46)

which will be better adapted for our purposes.
Consider a sequence of normal indices (nk);io that forms a path starting at the origin, i.e., ny =0 and n;, | = n; +e; for some
Jr € {1,...,r}, k € N. Define the generalized Christoffel-Darboux kernel K, (x,y) = (K,(,l)(x, ) U K,(,r)(x, y)) via

K,(x,y) = Z LA, (). (47)

Using the NNRR one can show [17] that the following Christoffel-Darboux formula holds
(x =K, (x,y) =P, (DA, () - 2 a,,,,-P,.N_ej (X)A,.N+ej », (48)
j=1

originally due to [36].
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2.6. Normality criteria

Here we collect a series of results that allow to establish normality of indices for certain multiple orthogonality systems p € L".
While basic, these results may be of interest on their own. We will use these results in Section 3.1 to find necessary and sufficient
conditions for (4, ..., i,) to be perfect.

We start with the following simple lemma. One direction is standard, see, e.g., [18, Cor 23.1.1-23.1.2], while the other has
appeared in [37], as well as [38] (for the unit circle), see also [39].

Lemma 2.17. n+e; is normal if and only if
(Pa(x).x")  #0 (49)

for every type II multiple orthogonal polynomial P, corresponding to the index n.
Similarly, n— e; is normal if and only if Aﬁ{) has degree n; — 1 for every vector of type I multiple orthogonal polynomials (Aﬁ,“, ,Aﬁf)).

Proof. If (Pn(x), x" )j is zero for some multiple orthogonal polynomial P,, then P, satisfies every orthogonality condition for the

index n +e;, but P, has degree < |n|, so n +e; cannot be normal. Conversely, if n + e; is not normal then (32) has a solution P,

of degree < |n|. P, e satisfies the orthogonality conditions (32) for the index n, so it is a multiple orthogonal polynomial for the

index n. In other words, P, +e, = Pn for some choice of P, e, and P,, but then (32) for the index n + e; implies { P,(x), x"/ )j =0.

If there is some Aﬁ{) of degree < n; — 1 then we have a non-zero solution to the system (33) for the index n —e;, so n —¢;
is not normal since normality condition (iv) is not satisfied. Conversely, if n — e; is not normal then there is a non-zero solution
(Al s Ayle)) tO

n—el’
r
YA, (. x7), =0, p=0,1,....In -2,
i=1

but then this is also a solution for the index n, which means that there is an A, ; of degree <n;, — 1. [

In order to define the recurrence coefficients we required some indices to be normal. In turn, the recurrence coefficients can
give us information about the normality of neighbouring indices, as we show next.
Lemma 2.18. The following holds true for the recurrence coefficients of a system y € L".

(a) Let n and n + e; be normal for some i and n; > 0. Then a,, ; # 0 if and only if n + e; is normal.
(b) Letn, n+e; and n + e, be normal for some j # I. Then b, ; # b, if and only if n + e; + e, is normal.

Proof. (a) follows by Lemma 2.17 and (37). To show (b), take the jth inner product with respect to x" in (39) to get
(Prpe, (0. x" ),
Then (b) follows from Lemma 2.17. [

b (50)

n,j — Yn,

To check perfectness of certain systems the following two results may be useful. Note that direct application of Lemma 2.17
would require to check the condition (49) for every orthogonal polynomial at every index n. We show that it is enough to check it
for only one choice of orthogonal polynomial at every index n. This is useful since occasionally finding one such choice is easy from
a Rodrigues-type formula or other arguments. One such application can be found in Section 3.1 below. The first of the two results
appeared in [37, Lemma 3.4].

Theorem 2.19 ([37]). u € L" is a perfect system if and only if there is a choice of type II multiple orthogonal polynomials P, for each
neNy, such that

(Pa(x), X"y, #0 (51

whenever n € Ny, -
—e;

Proof. Necessity of (51) is trivial from Lemma 2.17. Let us now show sufficiency. Note that (51) is only imposed on one choice of P,
so this direction is not immediate from Lemma 2.17. We use induction on N = |n| to prove that n is normal whenever 0 < n; < N;.
The case N = 0 is obvious. If N > 0, assume n is normal whenever |n| < N and take m = (m,, ..., m,) such that |m| = N. There is
some j such that m = n +e;. n is normal by assumption, so the monic P, is unique, and

(Pa(x),x"7) #0,

so n + e; is normal by Lemma 2.17. []
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Remark 2.20. In fact the same proof shows that all indices along any path (n))]",, (where m may be infinite) with n, = 0 and
n,, =n; +e;, where 1 < j, <r, are normal if and only if
(Pp o x™i) #0, 1=0,.m—1, (52)

for a choice of type II multiple orthogonal polynomials P, .

Theorem 2.21. u € L" is a perfect system if and only if there is a choice of type II multiple orthogonal polynomials P, for each n € N’ ,

.
such that for each n € N N-ej—e,

Pn+e, - Pn+e/» = Cn,j,IPn (53)

for some constants c, ;; #0 (j # 1.

Proof. We prove that n is normal by induction on M = |n|. The cases M = 0 and M = 1 are obvious. For M > 1, assume n is
normal whenever |n| < M and take m = (m,,...,m,) such that |m| = M. Note that we know the normality in the case m = me;, so

assume m; > 0 and m; > 0 for some j and k with j # /. Then n =m—e; — ¢, is normal, as wellasn+e; =m—e; and n+e, =m—e;.

Hence by Corollary 2.15 we get

(b bn,I)Pn = Pn+e, - P,

n+e/ = cn,j,an’

nj —
so we must have b, ; — b, , = ¢, ;; # 0, which implies that m = n + ¢; + ¢, is normal, by Lemma 2.18 (b). [

A related result to Theorem 2.21 can be found in [40, Prop. 3].

3. Main results
Let us setup the following notation for the remainder of this paper. We write
U=y, ... 1) €L,
v=(,....,U_1) E c

that is, v is y with p, removed, where r > 2.

As usual we allow y; € Ly, with N; < co, and denote N = (N4, ..., N,). We use n for a multi-index in N , and k = (k;, ..., k,_;)
for a multi-index in N'c!, where we denote K = (N,..., N,_)).

Finally, it is clear that the type II multiple orthogonal polynomials for v at a location k coincide with type II multiple orthogonal
polynomials for u at the location (k,0). So we use the same label P for type II polynomials for u and v interchangeably, as it cannot
lead to any ambiguity: P, = Py, and similarly for type I polynomials AD = A;j) for1<j<r-1

(k,0)
3.1. Christoffel transforms of type II polynomials

Let y, € L£,, with m = N, < o, and write &(x) = H;."zl(x — z;) for the unique monic orthogonal polynomial of degree m with
respect to u,. For example, if all z;’s are distinct (which is true if u, € M,, C L), then 4, is of the form

m
2wy, (54)
j=1
where w; € C\ {0} for each j = I,...,m. But in general z;’s may overlap leading to more complicated functionals, see Remark 2.3.
Consider the Christoffel transforms i ;= @u; for 1 <j <r-1, asin (25). We refer to
V=aov= (ﬁp 9/2_1)

as the Christoffel transform of v = (yy, ..., u,_;). We write P, for the type II polynomials with respect to v and ﬁk for the type II
polynomials with respect to ¥, k € N=''. Let {qy ;. by ; } denote the recurrence coefficients of v, and {@ ;, b; ;} denote the recurrence
coefficients of v. The connection between the systems v and u = (v, ,) is summarized by the following result.

Theorem 3.1. An index (k,m) is normal for the system u = (v, u,) if and only if k is normal for the system V. In that case we have
Piem (X) = @(x) P(x).
Proof. Suppose (k,m) is normal. By the orthogonality relations

(P, x"), =0,  p=0,1,...,m—1, (55)

we must have Py ,,(x) = @(x)Q(x) for some polynomial O with degQ < |k|, by Lemma 2.1. For the other inner products we then
have

(cb(x)Q(x),x")j, =0, p=01,....k; -1, j=1,...,r—1 (56)
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So Q must be a multiple orthogonal polynomial for to v. Conversely, any multiple orthogonal polynomial Q = ﬁk with respect to
v satisfies (56) by definition. (55) is then satisfied with Py my(x) replaced by @(x)Py(x), by Lemma 2.1. Now, (k,m) is normal for
(v, u,) if and only if every P ,, has degree |k| + m, if and only if every ﬁk has degree |k|, if and only if k is normal for v. []

Now we find the determinantal formula, together with a necessary and sufficient condition on the perfectness of v.

are distinct.

Theorem 3.2. Suppose that v € £77! is a perfect system, and all {z g };.”:I

(i) If (k,m) is normal, then for any sequence of N'~!-indices (sj);.”:O with s, = 0 and |s;| = j, we have Dy = det(Pkﬂmﬂ_(zj))l’.f’j:] +0
and the determinantal formula

Pers, () Prys, () Be(x)

() Py, (20) o Bi(zy)

Pe(x) = @(x)"' D! det B ks keNZL (57)

Pk+sm(zm) Pk+sm_] (zZm) - Pi(zy)

(i) If Dy = det(PkJrsmﬂ,(zj));’v'j=1 # 0 for any sequence of N'~!-indices (sj);."=0 with s, =0 and |s;| = j, then v is perfect.

Proof. (i) If D, = 0 then the columns of (P, (z /))7’/: are linearly dependent. This would imply

1

m—1
P(x)zzc/-PkHj(x):O, X=2Zp, .y 2,
=0
for some (cy,...,c,) # (0, ...,0). However, since we have a linear combination of polynomials with different degrees, P cannot be

identically 0. P satisfies the orthogonality conditions at the index (k,m) with respect to u; with 1 < j < r—1 since k < k + s, for
every i =0,...,m— 1, and with respect to 4, by Lemma 2.1 since P is divisible by @. Since deg P < |k|+m — 1 this would contradict
the normality of (k,m).

The determinant in (57) is a polynomial of degree |k| + m. It is a linear combination of P,..., P, s, and k < k + s;, so it is
orthogonal to x? with respect to u I for p=0,...,n =1L j=1..r=1L Since it vanishes at z,, ..., z,, it is orthogonal to everything
with respect to y,, by Lemma 2.1. Hence the normality of (k,m) implies that P, coincides with the determinant in (57) divided
by the normalization constant D,. Finally, Theorem 3.1 implies (57).

(ii) Conversely, assume v is perfect and D, # 0 for any choice of path and polynomials for all k € Ng !, Fix any path (kI)lﬂ’i o of
multi-indices in N ' with kg =0 and k,,; =k, +e ;- For each k; € N7 1, denote O, to be the polynomial on the right-hand side
of (57), where we choose s; in such a way that k + s; for each j belongs to the chosen path (k,)l]‘;’ o- 1t is clear that Oy, is monic of
degree |k;| and satisfies all the type II orthogonality conditions for ¥. Let us show that Qy, satisfy the conditions of Remark 2.20
with respect to the system V. Indeed, by (57),

_1)kal+l

(
(20,0, x"1) = —
k,

(kp)
(Pkl(x),x Vi >/1’ (58)
1
which is non-zero by the assumptions and Lemma 2.17 applied to v. Hence by Remark 2.20 every index along the path (k,);‘;’ o I8
normal for ¥, and by taking different paths that cover all N Lindices, we see that v is perfect. []

Remark 3.3. If we remove the assumption v € £77! then we get complications when N ; <ooforall j=1,..,r-1,since a
sequence of normal indices (k + s o will not exist for every k € N !, Indeed, if |k| > |K| —m, then k + s ; will have to be outside
of Nie I for j > |K| — |k| and therefore will not be normal. Theorem 3.2 still works if one replaces P, +5; (x) for those j’s with, for
example, x/¥I=IKI+/ P (x). The above proof works without any significant change. More generally, as long as deg P, 15, = |kl +j for
each j = 1,...,m, the proof still holds even if these indices are not normal.

Remark 3.4. If we remove the assumption that {z; };."z are distinct, then the theorem still holds but the matrix in (57) should be

modified as follows. If z; is a root of @ of multiplicity /, then instead of / copies of the row (P 45,2 Pes, (z) - Pz 1))
we have the rows
Prys, (z))  Prys,  (25) - Py (z))
/ / /
Pk+s,,, (Zj) Pk+sm_] (z/) Pk(zj)
= -1 e
Pk+sm (Zj) Pk+s,,,,1 (Zj) Pk (Zj)

and the corresponding modifications should be done in the determinant D, to make ﬁk monic. This change ensures that z; is a root
of multiplicity / of the right-hand side of (57). The previous remark still holds.

3.2. Nearest neighbour recurrence coefficients for the Christoffel transforms

In Theorem 3.1 we stated the relationship between the type II polynomials of ¥ and u (for type I polynomials, see Theorem 3.14
below). It will come as no surprise that the nearest neighbour recurrence coefficients of v and u are also related.

11
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Theorem 3.5. Suppose u € L" with u, € L,,, where m < co. Then:
(D) agmy, =0 for all k € Ni'.
(ii) Additionally, suppose v and v are perfect. Then
Ay =0,  keNgL  j=1..r-1, (59)

Biems =B KENj_, . j=lo.r-L (60)

Proof. (i) This follows immediately from Lemma 2.18 (a) along with Proposition 2.7 (except in the case k = K, in which case it
follows by definition through Remark 2.12, for the sake of convenience). (ii) This is clear from Theorem 3.1 and (i). []

Now let u € L be perfect in the extended sense of Definition 2.8. Suppose that the Jacobi coefficients of each u; € L is given,

. N; N;-1 . . - - .. .
ie., (aye, ), , and (b, ;), %, foreach1<j<r (herea,, N, =0 if N; < c0). It is clear that this information is sufficient to determine

all the NNRR coefficients {a,, J-},,EN;V and {b, j}HEN;V ~for each 1 < j <r. Filipuk, Haneczok, and Van Assche in [19] put forward

a recursive algorithm for this, based on the compatibjility conditions (41)-(43). In the next result, we state their algorithm in the
more general setting u € L”, where we allow N,’s to be finite. The proof, which is a straightforward application of Theorem 2.16,
is following the same lines as the proof of [19, Thm 3.3] except that extra care needs to be taken with the indices n with n ;= N;
if N; < co. Indeed, the a, ; coefficients vanish there, as we just showed in Theorem 3.5(i).

Theorem 3.6 (The CC Algorithm, [19]). Suppose u = (uy, ..., u,) is perfect. Given the Jacobi coefficients of each u s d =10 the
following algorithm produces all the NNRR coefficients:

forall 1 <j,k<rwithj#k:
a,; =0 for all n € N}y with n; = 0;
b0k = box = bo
foralld e N :
forall <j,k<rwithj#k:
for dll n € Ny with n, >0,n; >0,|n|=d :

0 ifape,; =0,
ap; = On—ey k.j

Ap_p i otherwise;
N7k Sy e kg ’

forall 1 < j,k<rwithj#k:

foralne N;V—ej with n, > 0,|n| =d :
r r
2ic1 i — Lic Ante;—ey.i

n—ey.j ’
‘sn—ek.k,j

b, =b

n.j

forall 1 < j,k<rwithj#k:
foralne N;,fejfek, In|=d :
Onjk ‘= Dby —bp.
Proof. Assume all coefficients of indices with size < d are computed and consider indices n with |n| = d. Using (46) we can compute

the coefficients a, ; when 0 <n; < N; by

‘Sn—ek.k,j

ek 5n—e —ei.k,j ’
k€K

an,j =a
where k # j and n; > 0 (if such a k does not exist then n = de;, in which case a, ; is already given). If n; = 0 then we have a, ; =0
by definition, and if n; = N; then we have a, ; = 0 by Theorem 3.5, which agrees with the algorithm.

With every ay computed, we can then use (45) to compute the coefficients by by

r r
Z,‘:] Ani — Z,‘:] an+e!—ek,i
b, =b +

n,j n—ey.j ’
5n—ek,k,j

with k chosen such that k # j and n; > 0. Hence all the NNRR coefficients can be computed, by induction on |n| (in the case |n| =0
there is nothing to compute). []

12
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241

Fig. 1. The recurrence coefficients of (u,, 4,) can be computed via the CC algorithm (Theorem 3.6). On the upper boundary we find the recurrence
coefficients of .

Remark 3.7. Note that the algorithm never breaks down for perfect systems since 6, ; , # 0 foralln € N;V—ev—ek’ by Lemma 2.18(b).
J

Remark 3.8. The algorithm in the way that is written here is not optimized since most of the coefficients are computed more than
once (generically r times, of course all leading to the same answer); if one cares about the computational efficiency then one would
need to be more careful with the loops to avoid repetitions.

Corollary 3.9. Suppose u is perfect and u, € L,,. Then the recurrence coefficients of v can be computed from the recurrence coefficients
of v using the CC algorithm (see Theorem 3.6) applied to u (see Fig. 1).

Proof. This is immediate from Theorem 3.5 and Theorem 3.6. []

3.3. Two examples

When m =1 in Theorem 3.2 we get the one-step Christoffel transform v of a multiple orthogonal system v. This corresponds to
taking u, to be the Dirac delta measure 8, at zg for some z, € C (i.e,, 8z, Ix"] 2= zg) and @(x) = x — z,. Here, the determinantal
condition is particularly interesting. The formula (61) has appeared earlier in [20]. In the case r—1 = 1 this is a result Gautschi [13].

Theorem 3.10. Suppose v € L™~ is perfect. Then V is perfect if and only if z, is not a root of any P, (x), k € N 1, and then the type II
polynomials with respect to v are given by

~ 1 Pk+eJ(ZO) r—1 :
P(x)= P Pk+e,(x)—m1’k(x) , kGNK_ej, j=1..,r—1 (61)
Proof. D, = Pi(zy). O

The compatibility conditions/CC algorithm now starts to resemble the original computation algorithm (30). If we write & ; for
Sk0),j,rs J = L., — 1, the Eqgs. (44)-(46) for the system u = (v, d2) with k = r then turn into

b — 5k+ej,j = bk+e,,j — Sk (62)
r—1 r—1
2 ak,i - 5k,j bk,j = Z Ak+eji — 5k,j bk,j! (63)
i=1 i=1
Ok—e;,j 0k = Ok > (64

with the initial conditions &, ; = zy — by; and @ ; = 0 when k; = 0. In the case r = 2 we end up exactly with Gautschi’s Egs. (30).
We can now generalize the computation algorithm to one-step Christoffel transforms for multiple orthogonal polynomials.

13
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Theorem 3.11. Suppose v is perfect and z, is not a root of any P, k € Ni¢ 1. Given the NNRR coefficients of v, the following algorithm
produces all the NNRR coefficients of V := (z — zy)v:
forall1<j<r—1:
60’1- =zy— bo,ﬁ
@, =0 for all k € Ng" with k; = 0;

a .
e

o, = bo = 5=
5

foralld eN :
forall1<j<r-1:

foral k € N’,;_lej with |k| =d :

Oy = bk—ej,j — by +5k_ej,,;
foral1<j<r-1:
for all k € Nio! with k; > 0, k| =d :
N Qe e ik <N,
ayj = k—ej.j
0 k=N
forall1<j<r-1:

foral k e N’K‘_le/ with |k| =d :

r—1 ~ r—1
3 b Dimt Ak — Xy kcte; i
=b, . + .
k.j k.j 5

5J

Another example one often wants to consider is the two-step Christoffel transform of v € M with @(z) = (x — zy)(x — z,) where
zy € C\R. The most obvious choice of the multiple orthogonality system (v, %SZO + %620) might not be perfect however. For example,
if v is symmetric with respect to Re z, and » is odd, then P,(x), the degree n orthogonal polynomial of v, satisfies all the orthogonality
conditions for (v, %620 + %5%) at the location (n, 1), which shows that (n, 1) is not normal in that case. Instead, let us consider the
multiple orthogonality system (v, w), where w € £, given by

= wob, + (1 —wy)dz, (65)

with w, € R\ {0, % 1}. Indices (n, 0) and (n, 2) are normal for all » since v and its transform are both in M. Suppose that some index
(n, 1) is not normal. Then P,(x) must be one of the type II polynomials at index (n, 1), implying

0 = W[ P,(x)] = wy P, (zy) + (1 — wp) P, (z0)- (66)

The latter equality implies Re P,(z,) = 0 and 2w, — 1)Im P,(z,) = 0. Hence P,(z,) = P,(Z,) = 0, but then P, solves all orthogonality
relations with respect to the index (n,2), which contradicts the normality of (n,2). This proves that (n, 1) is normal and therefore
(v, ) is perfect for any w, € R\ {0, L }. In order to run the CC algorithm with (v, w) for computing the Jacobi coefficients of v,
one needs to know the Jacobi coefficients (17) of w. Elementary calculations show that these are

by = xo — iyp(l = 2wy), (67)
by = x¢ +iyg(1 = 2wy), (68)
ay = —4wy(1 - wy)y3, (69)

where x;, = Re zy, ¥, = Im z,. Note that all the arguments used here work just as well in the more general case v € M"~! with r—1 > 2
except that the perfectness of v and of ¥ is no longer given for free (but this easily holds if we assume that v is an Angelesco or an
AT system, for example).

3.4. An example on the step-line

In this section we work with a perfect system of two functionals v = (i, y1,) and write p, for the polynomials defined by p,, = P, ,
and py,y = Py, for n € N. (p,)2 are called the multiple orthogonal polynomials on the step-line. In the previous sections we
have worked with recurrence coefficients from the nearest neighbour recurrence relation, but another recurrence relation restricted
to the step-line is also commonly used.

We assume indices on the step-line {(n,n)},ey U {(n + 1,n)},cy are normal. The step-line recurrence relation is then given by

Xpy(X) = Py () + €,pp (%) + byp,_1 (%) + @, py_p(X). (70)

If we put ay = a; =0 and b; = 0 then the recurrence relation holds for any » € N (with any choice of p_; and p_,). To see that (70)
holds, simply choose b, and c, such that the polynomial xp,(x) — p,,(x) — ¢,p,(x) — b,p,_,(x) is of minimal degree, and then verify
that it satisfies all the orthogonality conditions for the polynomial p,_,.

14
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We put @(x) = x — z; and assume that p,(z,) # 0 for all n € N. A slight modification of Theorem 3.10 shows that V = ®@v has all
indices normal on the step-line. The polynomials p, on the step-line then satisfy the recurrence relation

XP(X) = Bt (X) + 8,5, (X) + BBy (X) + @B (). 71)

Let us show how to compute the recurrence coefficients @,, b,, and &,, assuming we are given a,, b,, and ¢, for each n € N.
Note that [19] describes how to compute the step-line recurrence coefficients from the nearest neighbour recurrence coefficients
(see [41, Sect 2.2] for the same problem for an arbitrary increasing path of indices). Here, however, we would like to go directly
from the step-line coefficients of v to the step-line coefficients of v.

For the system p = (u;, 45, 8;)) we have P, , o(x) = P, ,,(x) and P, ,, ; (x) = (x — ZO)ﬁn,m(x)' When (n, m) is on the step-line we have
the recurrence relations (70) and (71). We also have the recurrence relation (39), which turns into

Pt () = (X = 20)P,(X) = 8,p,, (). (72)

We proceed by computing (x — z()p,,(x) using (70), (71), and (72), in two different ways (similarly to the proof of Theorem
2.16 in [17]). First, we have
(X = 20)Pus1 = Pus2 ~ Snp1Put1 = XPus1 — €yt + 6ppDPust — Bug1 Py — Gpi1 P
On the other hand, we have
(X = 2001 = X(x = 20)B, — Eulx = 20)B — ba(X = 20)Pet — B = 20)Pr
= %P1 = 8uPn) = Gy Pt = 84Pn) = BBy = 8pm1Pymt) = By(Py = 8428 2)
= %Pyt = 84(Past + CuPy + baPuy + 8uDy2) = Eupur — (b, = 8,80,
- @, - 5n—13n)l’n—1 + 8y28,P
= Xyt = By + E)Pust = (6,6, + by = 6,800, = (Byby + 8y = 6,01 5,)Ps
= (648, — 6,28,)Py2-

By comparing the two results, using liner independence, we get the following result.

Theorem 3.12. If all indices on the step-line are normal for v and v, then

Co = Onel = Cuy1 — Ops (73)
by = 6, = bus1 = 84Css 74)
a,- 5n—1/b\n = ayyy = Gyby, 75)
8,_00, = b,a, (76)

If n = 0 we only get the first two equations, and if n = 1 we only get the first three equations.

We now get the following computation algorithm.
Theorem 3.13. Suppose all indices on the step-line are normal for v = (u;, uy) and v = (x — zy)v. Given the step-line coefficients of v, the
following algorithm produces all step-line coefficients of v:

6y 1= zg—Cp;

a,=0;
/\0_0;
~ b,
Co=cp— —;
0 0 5
5y =¢ — ¢ +8g;
a =0,
Bo= 01by—ay
1 50 ’
R b, — b,
¢ =c R
1 1 61
foralln>2:
6n = e\n—l —Cy +5n—l’
~ b,
a,=a H
n nén_z
’I; _ 6nbn+an_an+l
! 5n—1
R b, —b
8, =c, + n 5 n+1

15
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Proof. for n =0, (72) turns into (x —¢y) — (x — z) = &, which allows us to compute §;. The rest clearly follows from Theorem 3.12.
We can divide by 6, since §, # 0 by Lemma 2.18 (b). O

3.5. Christoffel transforms of type I polynomials

We write A, = AR ,A;r_l)) and Zk = (2;(”, ,A%kr—l)) for the type I polynomials with respect to v and v, respectively. We
get similar results to the previous two sections here. However, in this case the matrix is larger and the sequence of indices requires
the extra constraints s; < m1 where m1 = (m,...,m) € Nr-1. For simplicity we assume that v € L I and all zeros of @ are simple,
ignoring the details of the special cases discussed in Remark 3.3-3.4.

Theorem 3.14. Let v be a perfect system and k € Ng U Let (k+s j)ﬁ’z_ol)”’ be a sequence of N'~!-indices where |s j|=jands; € N:n‘ll for
each j =0,1,...,(r — 1)m. Consider the determinant

Ak+s1 (zp) Ak+s2(zl) Ak+s(,,1)m(zl)
D = det Ak+s.1 (z2) Ak+s.2(12) Ak+s(,_.l)m(z2) ’ 77
Ak+s1 (C) Ak+s2 (zy) Ak+s(,,1),,, (Zm)
where A, +s,(Z1) denotes the column vector with elements A(l) (Zk) Agﬂ”(zk)
If (k, m) is normal then Dy # 0 and the following detennlnantal formula holds
) ) )
AV AL A @
AD ()= A (x) = o) D! det Ac@) A @) A, GO e (78)
Ak(zm) Ak+s| (Zm) Ak+s(,_])m (Zm)

Proof. In the proof we use the notation { A(x), P(x)), for polynomials P(x) and vectors of polynomials (AV(x), ..., A"~D(x)), to
represent Z;: <A(j)(x), P(x))/.. Note that this is clearly bilinear. Then the orthogonality relations for A;(x) can be rephrased as

(Ax),xPy =0,  p=0,... [kl -2 (79)

We first prove that D, # 0. D, = 0 would imply that the columns are linearly dependent. In particular this means that

(r=ym

Z chkH/(x):O, X=2Zp, s 2,
Jj=1

for some (cy, ..., ¢(_1yn) # (0, ..., 0). On the other hand, we note that the sum cannot vanish for every x, since in that case the smallest
[ such that ¢; # 0 would satisfy

(r—1)m

(X €A, 003 Y = ¢ (A (0,411 =0,
=1

Normality of k + s, would then imply ¢, = 0. Hence we have a non-zero vector Z;’: e jAkts, which is also divisible by @. Write
A= (AD, ., AUD) for &(x)™! Z('_ll)mc-Ak+sj. Since s; € N,,; for each j = 0,1,...,(r — 1)m we have deg AV < k; — 1. This vector
also satisfies

(Px)AR),xP) =0, p=0,..,|kl-1,

which implies that k is not v-normal. This contradicts the normality of (k,m) by Theorem 3.1. Hence we must have D, # 0.

Next, we note that the determinant in (78) vanishes at z, ..., z,, so it is divisible by @(x) (for each j = 0,...,r — 1). Denote the
rightmost expression of (78) by B;cj) and By = 3, ..., Bg_')). Clearly By is then orthogonal to x? for p =0, ..., |k| — 2 with respect
to ¥ in the sense of (79). Now note that

(By(x), x*I71) = (D' Dy Ay (), XK1Y =1 (80)

This shows that A = B. Finally,

r—1
0, =0,..., |kl -
(A XY, = (Ao XY OR)), = Y (PWAG | XP) | = ?
e L op=lk-1,

by Lemma 2.1. Also deg A,y < k; =1, j =1,...,r — 1. Since k is normal for ¥, we conclude with AV Az:m) O
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3.6. Determinantal formula for type I polynomials: one-step case

For the case m = 1, the determinantal formula in Theorem 3.14 is not as simple as in Theorem 3.10. Rather, we get a formula
in terms of Ay, Ay, ..., Ay, - However, we can get new formulas by deforming the sequence (k +s j);;(l) using (40). Perhaps the
nicest choice is writing the columns in terms of the nearest neighbours, which the following theorem shows is possible, even with
very relaxed normality assumptions.

Theorem 3.15. Suppose k is normal for both v and V = (x — z;)v. Consider the matrix

1 1 1
A;(ziel(zo) A;}ez(zo) A;(;re,_l(zo)
@ @ @
Dy, = det Ak"'el(zo) Ak‘*'ez (20) - Ak+er71(zo) . (81)
-1 -1 ' "
Ao AL e AT (o)
Then Dy # 0 and the following determinantal formula holds
AL AL 0 AL
o o )
300 = (x— 29 D det| M 0 Ak G0) A (G| 82)
-1 -1 ' -1y
A7) AL AT o)

Proof. If D, =0 then for some non-trivial linear combination,

r—1

chAkw,(zo):Q j=1,...,r=1
=
Then define the vector A = (A, ..., A~D) by
r—1

A =(x—z9)™' )] ¢jAkre, (%)-
j=1

Clearly deg A < k;—1,i=1,...,r— 1, and A satisfies the orthogonality conditions
r—1
(= 29)AD(x), x7), = 0, p=0,...,|k|-1.
i=1
Since A # 0 by Lemma 2.22 we get a contradiction with the normality of the index k for the system V. We conclude that D, # 0,
and (82) now follows from similar arguments as in the proof of Theorem 3.14. []

Remark 3.16. We can get a generalized version of Theorem 3.15 for arbitrary m, by considering a determinantal formula in terms
of A;” and A;{’lle foreach/ =1,...,mand i = 1,...,r — 1 (although here we will need to assume more indices than just k to be
normal). This can also be seen through repeated elementary row operations in the determinant in (78) combined with the relations

in (40).

We can also relate the one-step Christoffel transform to the kernel polynomials (47), similarly to (29), by the following result.

Theorem 3.17. Suppose k is normal for both v and v = (x — zy)v. Then Py(zy) # 0 and

K (29, X) = =Py (zg) A, (). (83)

Proof. If P(zy) = 0 then P, satisfies all the orthogonality conditions for the index (k, 1) with respect to the system (v, 8, ), which
is impossible by Theorem 3.1, so Py(zy) # 0. By (47) we have

r r
(= 20K (9. ). %) = =Pi(zg) (A0 x") 0 p=0, kI -1,
=1 =1

J

J

so K;(zy,x) satisfies the same orthogonality relations as —P,(z9)A,(x). Clearly we also have deg K,Ej)(zo,x) < k; — 1, so we get
(83). O

Remark 3.18. For the type II polynomials we see that (61) does not resemble K, (x, z;). We can however get a similar result to
(83) by considering linear combinations of Peeysioes Pre,- A quick check using (48) and (61) shows that

r

PGo)K (%) = ) g Pre, (zO)Aglej (20) Prce, (). (84)
j=1

17



R. Kozhan and M. Vaktnds Journal of Computational and Applied Mathematics 476 (2026) 117121

J®@ J® J&
M . . . Y . Y . . M . .
o (I’ll,l, ‘1)1(1)2/1 (I)l(DQ‘I)g/J

Fig. 2. Along the blue vertical arrows we find the Christoffel transforms @, u, (®,®@,)u, (®@,P,P;)u, ... . The Jacobi coefficients of each transform
can be computed via the NNCC algorithm.

3.7. Repeated Christoffel transform

In the MOPRL construction, even for the discrete case y; € Ly,, we always have a;, , # 0 for 1 < j < N, — 1, and we terminate
a’s as soon as we reach ay . ; = 0. If one thinks in terms of the Jacobi matrices rather than in terms of the orthogonality measures
then it is natural to allow some of the a;, ,’s to be zero. Let us do so for the last measure y, only.

To this end, for each / = 1, ..., r, let J, be an N, x N, Jacobi matrix (with N, finite or infinite) with Jacobi coefficients {a; e, ,} =1
and {b/-e[,,};vz’o_l. We assume that Jy, ..., J,_; are proper, that is, a;, ; # 0 foreach 1 < j < N;—1and 1 </ < r— 1. Suppose J
is the direct sum J, = EB JY (which is improper), where J' s a proper Jacobi matrix of size m; x m;, with m; < co. Denote
det(z — J) = @,(2). We then have deg®; = m;.

Now observe that we can still run the CC algorithm without changes. We then treat N, as oo, and not as m,, as we would normally.
The algorithm will be able to compute all the recurrence coefficients {a, ; } ne, and {b,l o nNg e, for each 1 < j <r, as long as
all the 6, ; i coefficients are nonzero. All of these coefficients satisfy the compatlblllty Egs. (41)- (43) on the extended lattice N’
(here K = (N,,....N,_,) as usual), and therefore one can uniquely define the polynomials P, and A, using (36) and (38) for all
ne N (K.c0)"

By the results of the previous section it is clear that if n € NgKm has the form n = (k,m; + --- +m,) with k € NY ! for some s € N,
then:

® a,, =0
(i) a,; and b, ; for | < j <r—1 are the NNRR coefficients of (@, --- ®,)v, the Christoffel transform of the system v = (4, ..., y,_)
corresponding to the polynomial @ (x) - @ (x);
(iii) P,(x) is equal to @, (x) --- @ (x) times the type II multiple orthogonal polynomial with respect to the system (@, --- @ )v.
(iv) A,({)(x) for 1 < j <r—1 is the type I multiple orthogonal polynomial with respect to the system (@, --- @()v.

See Fig. 2. Furthermore, in the region n € N/

(K.c0) with m; + -+ + mg <n. <m; + -+ + mg,, for some s € N, we have:

(V) a,; and b, ; for 1 < j < r are the NNRR coefficients of the system (@, ‘- @,)v, w,), where w; is the spectral measure/moment
functional corresponding to the Jacobi submatrix J.
(Vi) P,(x) is equal to @(x) --- @,_;(x) times the type II multiple orthogonal polynomial with respect to the system (@, - ®,)v, w,).
i) A,({)(x) is equal to the type I multiple orthogonal polynomial with respect to the system (@, --- @,)v, @,).

The condition 6, ;, # 0 that ensures that the CC algorithm in Theorem 3.6 does not break down is then equivalent to the perfectness
of all the systems (@, --- ®,)v,w,) for all s > 1. For example, this is easily seen to be true if (y,,...,4,_,) € M"~! is Angelesco

and o(J,) is disjoint from each 4; (the convex hull of supp (¢;)). The same holds true if (4, ..., 4,_;) € M1 is an AT system (see,
e.g., [18, Sect 23.1.2] for the definition) on an interval I, and ¢(J,) is disjoint from I.
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The simplest example of this construction is to take r = 2 with an arbitrary J;, the Jacobi matrix of some y; € M with
supp (4#) € R,, and J, to be the zero matrix, i.e., m; =1 with J,(j) being the 1 x 1 zero matrices. Then for each k € N, (A0, pey
and (b 5,152, are the Jacobi coefficients of the measure x*du;(x). The corresponding polynomials are often called the associated
polynomials. The CC algorithm from above has a close connection to the gd-algorithm of Rutishauser [2] and the Toda lattice with
discrete time.

Similarly, the special case of the given construction with » > 2 and m; = 1 for all j (so that J,(j) is the diagonal matrix with
(41, 45, ...) on the diagonal) leads to the multi-dimensional Toda lattice with discrete time (“dm-Toda lattice”), studied in [20]. The
integrable system requires the perfectness of each v, (x — A))v,(x — 4))(x — A,)v, ..., see [20, Remark 3.5]. As was discussed in the
current section, perfectness holds true if v is any Angelesco or any AT system, and each 4; lies outside of the interior of the convex
hull of each supp y;. This provides a wealth of examples of well-defined integrable systems of [20] corresponding to the repeated
one-step Christoffel transforms. The same holds true for repeated one-step Geronimus transform if v is any Angelesco or any AT

system, and each 4; lies outside of the convex hull of each supp ;.
3.8. Recurrence coefficients and normality

As discussed in Section 2.5, every perfect system (in the extended sense of Definition 2.8) u € L" produces the nearest neighbour

recurrence coefficients {a,, j}neN;V and {b, j}neN;V . for each 1 < j < r that satisfy the compatibility conditions (41), (42), (43). In
J

this section we identify what conditions are necessary and sufficient in order for coefficients {a, ; } neNy, and {b,,} neny 0 be the

. .- J
nearest neighbour recurrence coefficients of some perfect system.

This corresponds to a result central to the paper [24], solved for u € L' , see also [40, Prop. 3]. Here we give an alternative
simple proof, based on the lemmas in Section 2.6, along with the CC algorithm. The special feature that appears when some of the
measures/functionals are finitely supported is property (b) below.

Theorem 3.19. Let N = (Nj);zl, where N; < co. Suppose we are given the sets of complex coefficients {a"'j}neN;v and {b"'/}"EN'}v_ej
for each 1 < j < r. Assume they satisfy the partial difference equations (41), (42), (43) along with the boundary conditions

(@) a,; =0 when n; =0,

) a,; =0 when n;=Nj.

and the normality conditions

(c) a,; #0when 0 <n; < N,
(D) by j—byy #0 when j# k.

Then there is a unique perfect system p = (yy, ..., u,) € L" such that a,; and b, ; are the nearest neighbour recurrence coefficients of y with
u; € ENJ foreach j=1,...,r.

Remark 3.20. By induction using (43), we see that (d) can be replaced with b, j—box #0 when j # k. Alternatively, (c) can be
replaced with q #0foreachO<n< N;when1<,<r

ne;.j

Remark 3.21. If we also assume Gye, ;>0 for each 0 <n < N; and some 1 < j <r, then additionally u; € M Ny

Proof. By the Favard Theorem 2.2, we can get functionals 4, ..., g, such that Gpe, j and bpe, ; are the Jacobi coefficients of y; € £ N
for each j = 1,....r, by (c). We now want to prove that u = (uy, ..., u,) is perfect and that a,, j and b, ; are the recurrence coefficients

of u. We will use induction, to prove that for each M € N,

(1) Every index n < N such that |n| < M is normal.
(2) The nearest neighbour recurrence coefficients of u, for every index n < N such that |[n| < M — 1 are exactly the recurrence
coefficients {a, ;. by, }_,-

This is true when M = 0 and M = 1, since then we already know which indices of the form n = n;e; are normal, and the nearest
neighbour recurrence coefficients of n = 0 are q j and by ;- Now assume (1) and (2) hold for 1,..., M and suppose n < N and
[n| = M + 1. If n = nje; then we already know that (1) holds. Otherwise we can write n = m +e; + ¢, for some index m and k # ;.
Since |m| = M — 1 we know that the nearest neighbour recurrence coefficients for m are a,,; and b,,;. In particular b, ; # by, S0
that n = m+e; +e, is normal by Corollary 2.15. Now the conditions of Theorem 2.16 are satisfied and we can apply CC algorithm to
compute the nearest neighbour recurrence coefficients of the system u for every n with |n| = M. Since our recurrence coefficients

given in the Theorem are computed we get (2), and the perfectness of u follows. []
3.9. Zero interlacing for Christoffel transforms: general results

In this section we prove some new interlacing results for multiple orthogonal polynomials of type I and type II. Given two real
polynomials p(x) and g(x) we write p(x) ~ g(x) and say that the zeros of polynomials p(x) and ¢(x) interlace if all the zeros of p(x)
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and ¢(x) are pairwise distinct, real, simple, and between every two consecutive zeros of one of the polynomials there lies exactly
one zero of the other polynomial.

Let us call a polynomial real-rooted if all of its zeros are real. Recall (see, e.g., [18]) that type II and type I polynomials for any
Angelesco system are real-rooted. Type II polynomials for any AT systems are also real-rooted.

The following result is well-known (this is part of the Hermite—-Kakeya—-Obreschkoff theorem).

Lemma 3.22. Suppose p and q are two polynomials with interlacing zeros p(x) ~ q(x). Then
p(x) + ag(x) ~ q(x), for any a €R, (85)
p(x) + aq(x) ~ p(x), for any a # 0. (86)

Corollary 3.23. Suppose v and V = (x — z,)v are perfect for some z, € R. If Py e, (X) ~ Pr(x), then ﬁk is real-rooted. Moreover,

(x = 20) B (%) ~ Py(x), (87)
(x = zg) B (%) ~ Pere, (). (88)

Proof. Immediate from (61) and Lemma 3.22. []

Remark 3.24. Let v be any Angelesco or AT system and suppose z, is not a zero of any Py(x). By Theorem 3.10, v is perfect.
Since interlacing for v holds at every multi-index [18,42,43], Corollary 3.23 applies for any z, € R, and we obtain that every ﬁk is
real-rooted and interlacings (87)—(88) hold true for all such systems.

In particular, if z, belongs to the support of one of the measures, then v is no longer a system of positive measures, so its
perfectness is not trivial in that case.

Corollary 3.25. Suppose v and V = (x — z,)v are perfect for some z, € R. If ﬂk"_e_(x) ~ AY )(x), then Ag)(x) is real-rooted. Moreover,
J

AP ~ A9 (), (89)
AP) ~ AP (). ©0)
€

Proof. Use (40) and the leftmost equality in (78) to get
A= Ao, = 54y, (91)

where § = Sk, 0)m,j is non-zero by Lemma 2.18 (b), and (41). If z, € R then § € R, and Lemma 3.22 completes the proof. []

Remark 3.26. If v is Angelesco and z, is outside of the convex hull of each y;, then ¥ is also Angelesco. For these systems, the
zeros of ﬁ,ﬁe (x) and 22’ )(x) interlace for any index k and any j (see [44,45]), so Corollary 3.25 applies. Similarly, if v is Nikishin,
I )
then so is v. Zﬂklzeb(x) and ‘2(1}] )(x) do interlace but not for all the indices n (see [46] for more details), so Corollary 3.25 applies for
")
such indices.

3.10. Zero interlacing: continuous examples

While Corollaries 3.23 and 3.25 might seem tame and almost obvious, they allow to obtain interesting interlacing results when
applied to the multiple analogues of the classical orthogonal polynomials. We collect them in Sections 3.10 and 3.11.

We remark that recurrences (61) and (91) (as well as the NNRR for type II and type I polynomials) provide not only interlacing
properties but also various relations that the classical MOPRL (as well as classical OPRL, as a special case r = 1) must satisfy. It is
highly likely that these have appeared in the literature in various forms. We focus on interlacing properties only.

3.10.1. The multiple Laguerre polynomials of the first kind
Let P¥ be the type II multiple orthogonal polynomials corresponding to the system u* € M" given by

duf =x%e™ )10,00)(X)dx,

where « ;> -1 and « -y &7 for j # k. Here and everywhere below yg¢(x) is the characteristic function of a set S.
Since u® is an AT system and xu® = u**! (where 1 is the vector of 1’s), Corollary 3.23 gives

Py ~ PR and PRt ~ P, (x)

foranyne N and any 1 <j <r.
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3.10.2. The multiple Laguerre polynomials of the second kind
Let P;** be the type II multiple orthogonal polynomials corresponding to the system u®* € M" given by
dll;;a = x7e™Y J10,00) (X)X,
where ¢ > —1, ¢; >0, and ¢; # ¢, for j # k.
Since u%% is an AT system and xu®® = y”;““, Corollary 3.23 gives

Pretl(x) ~ Pr(x) and  Preti(x) ~ P ()

foranyne N and any 1 <j <r.

3.10.3. The Jacobi-Pifieiro polynomials
Let P,‘,’;ﬁ be the type II multiple orthogonal polynomials corresponding to the system u®# € M” given by

A = x5 (1 = x) o (0)dx,

where f > —1, a; > —1, and a; —a; € Z for j # k.
Since u®”’ is an AT system and xu®’ = p**% and (1 — x)u®? = u*P+! Corollary 3.23 gives

@ PE(x) ~ PP (x) and PET (x) ~ m xeas
(i) PP () ~ PP and Py () ~ P (0,

foranyne N andany 1 <j <r.

3.10.4. The Angelesco—Jacobi polynomials

These are the type II multiple orthogonal polynomials P2

corresponding to the system u®#" € M? where
dp™ = (1= )" (x = @ X1 y14,0)(x) dx, (92)
dpP = (1= x)%(x = @) x| g0, () dx. (93)

where «, f,7 > —1, a < 0. Denote A"ﬁ v = (A:f v ,A"ﬁ ") to be the corresponding type I polynomials.
Since u*#7 € M? is an Angelesco system, Corollary 3.23 and Corollary 3.25 can be applied with any choice of z, away from
the zeros of type II multiple orthogonal polynomials which are known to all belong to (a,0) U (0,1). Note that in our notation,

(x = Du®Pr = yo+bby | (x — a)u®Pr = p@P+r | and xu®Pr = u*Pr+1 up to a trivial multiplicative normalization. Then

@ By () ~ By (x) and Py ) ~ BT (005
i) PPV (x) ~ PP (x) and POPT (x) ~ "“(x),
@ii) xPEP7 (%) ~ PEP7(x) and xPEPTH (x) ~ "’”(x);

n+e

@iv) Ajf;l‘f”’y(x)N Z:f‘y(x) and A:;I*”’V(X)N :feyj(x),

M) ATE () ~ AL (x) and AT (o) ~ Zfe’,m,
0D AP ) ~ AT (x) and AGETH () ~ A7 fgj(x),
for any n € N? and any j = 1,2.
Note that (i)-(iii) follows from Corollary 3.23. For (i) and (ii) the extra zero at a or at 1 does not matter since all the zeros of
type II polynomials belong to (a, 1). (iv)—(vi) is immediate from Corollary 3.25.

3.10.5. The Jacobi-Laguerre polynomials
These are the type II multiple orthogonal polynomials Pf 7 corresponding to the system u?’ € M? where
dul" = (x = @) |x|" e g1, 0/(x) dx, (94)
d;,{ﬂ’y =(x— a)ﬂlxlye_x)(w wo)(X) dx, (95)

where 8,y > —1, a < 0. Denote Aﬁ T = (AP AP o) 1O be the corresponding type I polynomials.

n1’
Since u?7 € M? is an Angelesco system, and (x — a)uP’ = pP*r ) xpP = pPr+! up to a trivial multiplicative normalization, we

get as in the previous section:

@ B () ~ By (x) and BT () ~ B, (0
(i) xPP" ' (x) ~ PP (x) and x PPV (x) ~ P” 7 (x);

n+e
(iii) Aﬁ;”(x) ~ Aﬁj.(x) and Af;l’y(x) Aﬁje %
. K 1 . X 1
@) AL (x) ~ ART(x) and ADTH (x) ~ Aﬁje S0

for any n € N? and any j = 1,2.
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3.10.6. The Jacobi-Hermite polynomials
These are the type II multiple orthogonal polynomials P} corresponding to the system p’ € M? given by

du = |xI7e™ i) dx, 96)
i = X7 110 0y (X) dx, (97)
where y > —1. Since p’ € M? is an Angelesco system, and xu” = p’*! up to a trivial multiplicative normalization, we get:
() xP/*'(x) ~ P{(x) and xP}"" (x) ~ P! Py, (0
(i) A5 )~ A () and AL GO ~ AT, ().

for any n € N?> and any j = 1,2.

Zero interlacing for type II Angelesco-Jacobi, Jacobi-Laguerre, and Jacobi-Hermite polynomials were proved by Martinez-
Finkelshtein-Morales in their recent [25, Thm 2.2] with more involved arguments and for n along the stepline (see also [26,
Lem 2.1]).

3.11. Zero interlacing: discrete examples

3.11.1. The multiple Charlier polynomials
These are the type II multiple orthogonal polynomials P? corresponding to the discrete system u® € M" given by

wherea >0, anda # a, for j #s.

w|\»

k—1
Recall that u“ is an AT system. Now note that xu? is supported on {k € Z : k > 1} and its weight at {k} is ’ -k =a; (: o7 . This
means that up to an inconsequential multiplicative normalization, xu“ shifted by 1 to the left coincides with ;4 1tself Corollary
3.23 then gives

Pl(x—1)~P}x) and xP}(x—1)~ n+e (x) 98)

foranyne N andany 1 <j <r.

The self-interlacing property xP%(x — 1) ~ P?(x) implies a number of interesting properties, see [47, Sect 8.7]. In particular, it is
easy to see that (98) implies that the distance between any two roots of P¢ is at least 1. In Theorem 3.27 below we provide a more
general statement.

3.11.2. The multiple Meixner polynomials of the first kind
These are the type II multiple orthogonal polynomials Py # corresponding to the discrete system u®# € M’ given by

& (B)pck
c.f _ J
Hj —,;) ok

where f#>0,0<¢; <1, and ¢; # ¢ for j # s. Here (x)y = 1, (x), = x(x+ 1) ... (x + k — 1) is the Pochhammer symbol.

Again, p¢’ is an AT system, and xu¢’ is supported on {k € Z : k > 1} with the weight at {k} (k > 1) bein

(B ekt
fe; kk—ll) This means that up to an inconsequential multiplicative normalization, xu¢# shifted by 1 to the left c01nc1des with

J
ucP+1 Corollary 3.23 then gives

P x -1~ PP (x) and PP (x—1) ~ n+e )

foranyne N andany 1 <j <r.

3.11.3. The multiple Meixner polynomials of the second kind
These are the type II multiple orthogonal polynomials P,f;ﬂ corresponding to the discrete system u# € M’ given by

) k
. (Bj)ie
”Jf’ﬁ = Z lkv Oks

k=0

whereﬁj>0,0<c< 1, andﬂj—ﬂsglforj;és.
uSP is an AT system, and up to an inconsequential multiplicative normalization, xu%# shifted by 1 to the left coincides with
ucP+1, Corollary 3.23 then gives

PP G 1)~ PPx) and PP (x—1)~ P w )

foranyne N and any 1 <j <r.
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3.11.4. The multiple Krawtchouk polynomials
These are the type II multiple orthogonal polynomials P,fv P corresponding to the discrete finite system u’V? € M" given by

N

N; N -
g3 (o

k=0
where N € Z,, 0 < p; <1, and p; — p, # 0 for j # s.

u:P is a discrete AT system (see [48]), and up to an inconsequential multiplicative normalization, xu™¥P shifted by 1 to the left
coincides with uN=1P, Corollary 3.23 then gives

PN P(x 1) ~ PNP(x) and PnN“‘P(x—1)~PnX§;(x)

for any n € N" with |[n| < N and any 1 <j <r.

Similarly, up to an inconsequential multiplicative normalization, (N — x)u™P coincides with uN=1P, Corollary 3.23 then gives
N-1; N, N-1; N,
P T P(x)~ P P(x) and P, P(x)~ P"+g (x)

for any n € N" with |[n| < N and any 1 <j <r.

3.11.5. The multiple Hahn polynomials
These are the type II multiple orthogonal polynomials P, BN corresponding to the discrete finite system u®#N € M" given by

" N (@ + DB+ Dy
afiN
Hj _kz_:g : KN -kl &

where N € Z,, f > —1, a; > —1, and a; —a; # 0 for j # s.

Again, u®#N is a discrete AT system (see [48]), and up to an inconsequential multiplicative normalization, xu%#" shifted by 1
to the left coincides with u®#N-1 and (N — x)u®#N coincides with u®#N-1, Corollary 3.23 then gives
Byl =1~ PPN and PPN = 1) ~ PR () (99)
and
PPN ~ PPN ) and PPN ) ~ DN () (100)

for any n € N" with |[n| < N and any 1 <j <r.

3.12. Minimal distance between roots

In Section 3.11.1 we observed that the minimal distance between consecutive roots (sometimes called the mesh) of any type II
multiple Charlier polynomial is larger than 1. In the next theorem we generalize this to all the other discrete multiple orthogonal
polynomials discussed here. This also serves as a new elementary proof for the case of one measure r = 1, for which this property
has been well known, see [28-30].

Theorem 3.27. The minimal distance between roots of any type II multiple Hahn (for |n| < N), multiple Krawtchouk (for |n| < N), or
multiple Charlier polynomial is larger than 1. The minimal distance between roots of any type II multiple Meixner polynomial of the first or
second kind is not smaller than 1.

Proof. For the Charlier case this is clear from (98).

Consider the multiple Hahn case. Since all the zeros of type II polynomials belong to the interval [0, N] (AT systems), then
interlacing in (99) and (100) can be strengthened to xP*#*V ! (x — 1) ~ P,f’;i;/N(x) and (N — x)P*PN " (x — 1) ~ P,‘f;’i;N(x).
P:’JrijN (x) there is no zero of either PEFN=1(x — 1) nor P*#*N~1(x). Then between the
(x) there is exactly one zero of P,:";ﬂ N=l(x — 1) and of P:;ﬂ “N=1(x). This proves that the distance
between the first two zeros of P:+’;]N (x) is larger than one. An easy inductive argument can be used to complete the proof.

The proof for the multiple Krawtchouk polynomials is identical.

For the Meixner of the first and second kind, recall that they can be obtained from the Hahn polynomials by taking a certain
limit with respect to the coefficients a, #, N, see [37]. Since the minimal distance for the Hahn polynomials is > 1, we get > 1 in

the limit. [J

This implies that below the first zero of

first and the second zero of P%/N
J
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Appendix A

A.1. Proof of Theorem 2.13

.
Lemma 2.22. Suppose n is normal. Then the vectors {(A(l) LAY )}» | are linearly independent.
i=

n+e;’ " n+e;

Proof. Consider the equation

r

[¢3) (RN
DAy, AL, ) =0.

i=1

)

Since n is normal AY)  has degree n;, by Lemma 2.17, but Ape,

n+el
independence. []

has degree < n; when i # j, so ¢; = 0, which proves linear

Remark 2.23. The type II equivalent of Lemma 2.22 is the linear independence of P,_, , ..., P,_,,, which also follows from Lemma
2.17 (see [18,36]).

Proof of Theorem 2.13. We have

r

k k
DA @ = A, XY =0, p=0,1,....|n| -2
k=1

Now choose d,, ; such that
r
k k k
DA @) = ARy = dy ALY XY =0, p=0,1,.. In - L.
k=1
The polynomial Bf,k) = xAE,k)(x) - A&,’?e, —dp; A;’Q has degree n,. Hence the above system of orthogonality relations is homogeneous
with matrix M} with r columns added, where M, is given by (15). This matrix has nullity r, since M} has nullity 0, by normality.

Hence the solution space is of dimension r, and (Bill) s Bﬁl’)) = (A;li J ,A;rie ) are solutions for each i = 1,...,r. By Lemma 2.22
i i
every solution is thus on the form

r

w0 _ ®
BY = Z Ci ApLe,

i=1
In other words we have the recurrence relation

.
(k) (k) (k) (k)
XAy () = Apl +dy Ay + 21, P\
=

n+e;’

To show that d,, ; = b we compare with the recurrence relation

n—e;.j>

.
XPy_)(X) = Po() + by, Pae, () + D ne i Pre;—e, ()

i=1

From here we can write

2 (3 A0, Pace () = P47 0. B0
k=1 k=1

,
+ byee,j 2 (A X, Pae,(0))
k=1

r r

2 nmeyi XA () o e, ().

i=1 k=1
The first term vanishes by the orthogonality relations of P,, and the last term vanishes by the orthogonality relations of A,. The
second factor in the middle term is 1, so we have

J

r
Z(XA;k)(X), Pn—e/» (x)>k = bn—e‘.j‘
k=1

On the other hand, if we instead apply a similar argument using the type I recurrence relation we end up with

r

23 A ). Py (), = e

k=1

so d, b

nj = n—e;,j:
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Write k,, ; for the degree n; — 1 coefficient of AS{), so that A,(,j)(x) = Ky ;X" ~1 4 o(x"~1). By comparing the degree n; coefficients

in (38) we see that k,; = ¢, ;Kp, ;- By Lemma 2.17 we know that &, ; # 0, so we get

n,i
Cn,i - ’
Knte,,i

which shows independence of ;.
What remains is to show that c,; = a,,. Note that

r

DAY, Py, (0}, = 1,

k=1
by the orthogonality relations of A,, assuming n — e; is normal. By the orthogonality relations of P,_, we instead get

2@, B (9), = (A7), Ba, 0),
k=1

= Kn,i<xn'_1’ Pn—e,.(x)>,~~
Similarly, if n + e; is normal then
K,H_ei,,-(x”i, Pn(x)> =1,
so we get
(X" Py()) Ky
(3" Py () Knsey

which completes the proof. []

ani = = Cni»
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