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Abstract

We consider the steady Stokes equations supplemented with Navier boundary conditions
including a non-negative friction coefficient. We prove maximal regularity estimates (includ-
ing the prominent spaces W7 and W2? for 1 < p < oo for the velocity field) in bounded
domains of minimal regularity. Interestingly, exactly one derivative more is required for the
local boundary charts compared to the case of no-slip boundary conditions. We demonstrate
the sharpness of our results by a propos examples.

Mathematics Subject Classification 35B65 - 35Q30 - 76D03

1 Introduction

For a given forcing f : @ — R” or F : Q@ — R"*" we consider the Stokes system
—Au+Vr =f, divu=0, (1.1)

in a bounded domain @ C R", n = 2,3. We aim at a maximal regularity theory, which
includes estimates of the form

IV2ullze@) + IV L@ S IfllLr ) (1.2)
or in case f = divF of type

IVallzr) + I7lle) S IFllLr (@) (1.3)
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for 1 < p < oo. A classical question concerns the validity of (1.2) under no-slip boundary
conditions

u=0 on 02Q. (1.4)

First results are attributed to Cattabriga [9], for an exhaustive picture and detailed references
we refer to Galdi’s book [12, Chapter IV]. The classical assumption here is that <2 has a
C2-boundary for (1.2). Under minimal assumptions concerning the boundary regularity a
corresponding theory has been developed only very recently by the first author [4]. This is
based on the theory of Sobolev multipliers, cf. the book by Maz’ya—Shaposhnikova [19],
which generalizes respective assumptions that can be found in [17]. It has been employed
before successfully to obtain regularity estimates for the Laplace equation in non-smooth
domains. As in the case of the Laplace equation (where necessity of this assumption is
proved in [19, Chapter 14]) the WZP estimate (1.2) requires that the local boundary charts
belong the the space of Sobolev multipliers (see Section 2.3 for the precise definition and
basic properties)

w*ep, (1.5)

a subset of the trace space W2~1/P-P_If the index of the space is sufficiently large (such
that it is a multiplication algebra) one has that .#>~1/P-P = W?2~1/P.P_Otherwise, more
integrability is required for a Sobolev function to belong to the corresponding multiplier
space cf. Section 2.3 below.

In several applications, the behaviour of the fluid close to the boundary is not adequately
described by (1.4). Hence different boundary conditions have been proposed in literature.
Probably the most prominent one was suggested by Navier in [21]. The boundary condition
allows for slipping at the interface. This is a phenomenon which can be observed when
the surface is rough [14]. Besides its importance in homogenization for rough boundaries
partially constraint boundary conditions appear also in many other physical applications as
free boundary problems, inflow outflow and more [8].

The slipping is usually restricted by a friction coefficient « : 92 — [0, co) which
measures the tendency of the fluid to slip over the boundary. In mathematical formulas the
so-called Navier boundary conditions read as

u-n=0, (Vu+Vu')n); +au, =0, on 3. (1.6)

Here n denotes the normal vector at €2 and we set v; := v — (v - n)n. Of special analytical
interest is the perfect-slip case, when o = 0.

Despite its importance for application the literature on regularity is not very extensive
here. Recent results are given by Acevedo Tapia et al. [1] (see also [2]), where it has been
shown, that (1.3) holds for the system (1.1), (1.6) provided the boundary €2 belongs to the
class C1!'. The papers [15, 16] provide a parabolic counterpart of (1.3) for the unsteady
problem in a two-dimensional wedge.

In Theorems 4.1 and 3.1 we offer an exhaustive picture concerning the maximal regularity
theory for the Stokes system (1.1) with inhomogeneous Navier boundary conditions (1.6)
in irregular domains in the framework of fractional Sobolev spaces. In particular, we prove
that estimate (1.2) is true provided the local boundary charts of 92 belong to .#3~1/P-P
and (1.3) holds if they lie in .#>~!/P:P_ Interestingly, this requires exactly one derivative
more compared to the no-slip case as explained in (1.5) above. A novel aspect in our proof
compared to the no-slip case is that we are able to cover certain function spaces with low
integrability and differentiability by a new duality argument leading to a dual condition for
the multiplier spaces, cf. Corollaries 3.1, 3.2 and 4.1. These case were excluded in [4].
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1.1 Sharpness of the boundary regularity.

We comment now on the necessity of these conditions. We explain in detail the sharpness
for (1.2). However, we claim that similar arguments allow to show the sharpness also for the
other cases, as we can generally reduce the problem to the Laplace equation with Dirichlet
boundary values, where the sharpness is known, see [19, Chapter 14]. The respective velocity
field satisfying the Stokes equations with Navier-slip boundary values then possesses exactly
one degree of differentiability less.

Following the second author’s work [18, Section 5] we consider the problem

A*w = —curlf = —curldivF in Q, (1.7)
w=Aw=0 on 9%, '
where @ C R? and curlv = —d,v! + 8,02 for a vector field v : @ — R2. One easily

checks, cf. [18, Section 5.6] for details, that u,, = (—dw, dyw) " solves (1.1) with perfect
slip boundary conditions, i.e., (1.6) for « = 0. We make the particular choice

Q={(x,»eR*: y>9¢px) CR?

for a given function ¢ : R — R and choose f = 0 (or F = 0). By the Riemannian mapping
theorem there exists a holomorphic function

2:Q—> H:i={(x,y) eR?: y>0}.

Setting w := Im(z), we clearly have w = Aw = 0 on 9€2.

Suppose now that u,, € Wli’cp for some p > 1 and ¢ € CL!(R). Then, using that
u, = (—dhw, dw) " we must have w € Wli’f. Now [19, Theorem 14.6.3] applies yielding
¢ < W130;1/ PP "We provided now the elementary argument leading to this implication. Since

w has zero boundary values by construction, the tangential derivative vanishes as well (see
[19, equ. (9.5.3)] for a rigorous proof), i.e.,

tr (3, w o ®) +tr (dyw o ®)d,¢p =0 on 9.

Here @ is an extension of ¢ (see (2.11) below for details) and tr the trace operator related
to 9€2. Noticing that tr (dyw o ®) is strictly positive (by Hopf’s maximum principle) this is
equivalent to

tr (0, w o ®P)

dep = —— 222 o b,
= awoe) O

Forn = 2 and p > 1 we have that Wli;l/ P-P s a multiplication algebra which implies

¢ € Wlizl/ PP g desired. A similar argument can be applied if u,, € Wlil’f for some p > 2

and¢p € C 0.1 (R) implying ¢ € lenzl/ PP 1n summary we have proved the following result:

Theorem 1.1 (Sharpness of the assumptions on the domain regularity)

1,1

1o (R) the above constructed solution u,, € Wli’cp (Q) for

1/p. 2,1-2
PP ®)(C € T (R)).
(b) Suppose that for some ¢ € Cllo . (R) the above constructed solution w,, € WIL’CP (Q) for

(a) Suppose that for some ¢ € C

some p > 1, then we have ¢ € Wlic

1,1-2
some p > 2, then we have ¢ € Wlicl/p’p(R)(C Cpe " R)).
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This verifies the sharpness of our assumptions concerning the boundary regularity. In par-
ticular the assumption of a small Lipschitz constant or C! boundary is not sufficient for the
W17 _theory and the assumption of a CZ boundary is not sufficient for the W>?-theory. This
is not only in striking contrast to the no-slip case, but also to the case of Neumann boundary
values for the Poisson equation (cf. Appendix B).

1.2 The structure of the paper.

The structure of the paper is as follows. We present some preliminary material in the next
section. In particular, we introduce the functional analytical framework including known
results on Sobolev multipliers. Eventually, we discuss the parametrisation of domains by
local charts. In Section 2.5 we consider the system (1.1), (1.6) in the half space. The bulk of
the paper is Section 3 in which we prove the estimate for the problem in divergence form.
In the subsequent section we consider the problem in non-divergence form and obtain a
corresponding theorem. In Appendix A we give some details on the dual formulation for
(1.1), (1.6). In Appendix B we provide estimates for the Neumann problem for the Laplace
equation in rough domains. They frequently serve as an auxiliary tool.

2 Preliminaries
2.1 Conventions

We write f < g for two non-negative quantities f and g if there is a ¢ > 0 such that
f < cg. Here c is a generic constant which does not depend on the crucial quantities. If
necessary we specify particular dependencies. We write f ~ gif f < gand g < f. We
do not distinguish in the notation for the function spaces between scalar- and vector-valued
functions. However, vector-valued functions will usually be denoted in bold case and tensors
by capital bold letters, i.e., we denote by F = (Fl, s F”)T, where Fi : R” — R". We also
use the convention that divF := (divF!, ...., divF")T. Moreover, we define for a function
f:R" > R" f=(f,..f,_1) and for a function F : R” — R"™" F = (F!, ... F"~1).

2.2 Classical function spaces

Let O ¢ R™, m > 1, be open. We denote as usual by L?(0) and Wk-P(O) for p € [1, o0]
and k € N Lebesgue and Sobolev spaces over O. For a bounded domain O the space Li((’))
denotes the subspace of LP(O) of functions with zero mean, that is (f )o::fo fdx =
£ o)! /. o [ dx = 0 with the m-dimensional Lebesgue measure L.

We denote by W(]; "P(O) the closure of the smooth and compactly supported functions
in WEP(O). If 3O is regular enough, this coincides with the functions vanishing H" !
-a.e. on 9O with the (m — 1)-dimensional Lebesgue measure H"~'. We also denote by
W=kP(©) the dual of W(])( "7 (©). Furthermore, Wf "P(0) is defined as the vectorial functions
from WX ?(©) withu-n = 0 on 30 (to be understood in the sense of traces). Finally,
we consider subspaces Wdli’vp 0), Wol”(ﬁv (0) and W,ll”é)iv(O) of divergence-free vector fields
which are defined accordingly. The space Lgiv (O) is defined as the closure of the smooth and

compactly supported solenoidal functions in L? (O). We will use the shorthand notations L”
and WP,
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Last we introduce for unbounded domains © the homogeneous Sobolev spaces D7 (0)
as the set of all locally p-integrable functions with finite || vE Lp(©)-semi norm. Similar to
the above D,l P (0) is defined as the set of vectorial functions from D¥? (O) withu-n = 0 on

90O along with its solenoidal variant Dn dw(O), where we only take solenoidal functions from

DP(O). The spaces D~ kP(©) and D, Skp (O) for k € N are defined as the corresponding
dual spaces.

2.3 Fractional differentiability and Sobolev mulitpliers

For p € [1, oo) the fractional Sobolev space (Sobolev-Slobodeckij space) with differentia-
bility s > 0 with s ¢ N will be denoted by W*-?(0). For s > 0 we write s = 5| + {s} with
Ls] € Ng and {s} € (0, 1). We denote by Wé "7 (©) the closure of the smooth and compactly
supported functions in W* 7 (O). For s > % this coincides with the functions vanishing

H™~! -a.e. on 9O provided 9O is regular enough. We also denote by W=7 (O) for s > 0
the dual of Wé "P(©). Similar to the case of unbroken differentiabilities above we use the
shorthand notation W*:7. The homogenous space D7 (O) for s = |s] + {s} is defined via
the semi-norm || V5] . [lwishp. Spaces with s < O are defined as the corresponding dual
spaces.

We will denote by By, , (R™) the standard Besov spaces on R™ with differentiability s > 0,
integrability p € [1, oo] and fine index g € [1, oo]. They can be defined (for instance) via
Littlewood-Paley decomposition leading to the norm || - || B, (R™)- We refer to [22] and [23,
24] for an extensive picture. The Besov spaces By, ,(O) for a bounded domain O C R™ are
defined as the restriction of functions from Bi,, p (R™), that is

B, ,(O):={flo: f € B, ,RM}
lglsy 0 = nf{ll fll; ,@&m) : flo= g}

Pq
If s ¢ Nand p € [1, co) we have BS ((’)) w5 P(O).
In accordance with [19, Chapter 14] the Sobolev multiplier norm is given by

lelasroy= sup V9 Vlwstro) 2.1

VIV st )=

where p € [1, o0] and s > 1. The space .#*-?(O) of Sobolev multipliers is defined as those
objects for which the .#*-” (O)-norm s finite. For § > 0 we denote by .7 (0)(8) the subset
of functions from .#*-? (O) with .#*-? (O)-norm not exceeding §. By mathematical induction
with respect to s one can prove for Lipschitz-continuous functions ¢ that membership to
5P (O) in the sense of (2.1) implies that

el zsr ) = sup o wllws.r) < 0o. (2.2)
w [wlws.po)=1

The quantity (2.2), even defined for all s > 0, also serves as customary definition of the
Sobolev multiplier norm in the literature but (2.1) is more suitable for our purposes. Note that
in our applications we always assume that the functions in question are Lipschitz continuous
such that the implication above is given. We also consider multipliers between Sobolev spaces
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W52:P and WSI-P with different differentiabilities! sp > s

lell ,50r o) = sup le wllwstr) < 00, (2.3)
M gy p (O)
$2.p w: HWHWSZ'P(O)ZI

where even negative s1 can be considered. This leads to a multiplier space ./Z, ;;{’,f (0), where
M5 (0) = 5 (O) for s = 0.

Let us finally collect some useful properties of Sobolev multipliers. By Sobolev’s embed-
ding one can check? that a function belongs to .2*:? (R™) provided that one of the following
conditions holds for some & > 0:

o p(s—1) <mand ¢ € BY}F(R™) with ¢ € [{*1, 00];
e ps—1)=mand¢ € ngf(R’”) with ¢ € (p, o0].

In some cases, important for the parametrisation of the boundary of an n-dimensional domain,
this statement can be sharpened. By [19, Corollary 14.6.2] we have for ¢ € B, P(R”*l)
compactly supported and § < 1 that

I¢annomty < cClpllg  qi1))8, 2.4)

provided that V| pooqgn-1y < 8, s =1 —1/p for some / € N and one of the following
conditions holds:

o pl—1)<nand¢ € B ,(R"") withg € [pl(’;f]‘)l_)l ,0];

o p(l—1)=nand ¢ € By ,(R""") with ¢ € (p, oc].
By [19, Corollary 4.3.8] it holds

1.z s:p@my = IV llyys=1.p@m) (2.5)

for p(s — 1) > m. If O is a Lipschitz domain with diameter » and ps > m we have

Ip1 50 = " Pldllws.r o), (2.6)

cf. [19, Theorem 9.6.1. (ii)].

Finally, we note the following rule about the composition with Sobolev multipliers which
is a consequence of [19, Lemma 9.4.1]. For open sets O, O, € R™, u € W%P(0,) and
a Lipschitz continuous function ¢ : O; — (O, with Lipschitz continuous inverse and ¢ €
5P (0O1) we have

lu o @llwsrop S Nullws.r©,) 2.7

with hidden constant depending on ¢. Using Lipschitz continuity of ¢ and ¢!, estimate
(2.7) is obvious for s € (0, 1]. The general case can be proved by mathematical induction
with respect to s. Clearly, inequality (2.7) also holds for s € (—1, 1) if ¢ is a Lipschitz
function.

2.4 Parametrisation of domains

We follow the presentation from [4, Section 3]. Let 2 C R” be a bounded open set. We
assume that 92 can be covered by a finite number of open sets 4!, . .., U* for some £ € N,

I Clearly, one can also consider different integrabilities but this is not needed for our purposes.

2 This follows from [19, Theorem 3.3.1] and the relations between Besov spaces and Bessel-potential spaces.

@ Springer



The Stokes problem with Navier boundary... Page7of 25 304

such that the following holds. For each j € {1, ..., ¢} there is a reference point yl e R"
and a local coordinate system {e{ R e,jl} (which we assume to be orthonormal and set
Q; = (e{l ...le}) € R™™), a function Qj: R"-! - R and rj > 0 with the following
properties:
(A1) Thereis h; > 0 such that
W={x=0Qjz+y eR": z2=(,z2) eR", || <7}, |z — ¢; )] < h}}.

(A2) For x € U/ we have with z = Q]T (x — y)

e x € 0Qifand only if z, = ¢;(z);

ex € Qifandonlyif 0 <z, —¢;(Z) <hj;

ox ¢ Qifandonlyif 0 > z, — ¢;(z) > —h;.
(A3) We have that

Z . .
Q2 C U W, with W’ having finite overlap.
j=1

In other words, for any xo € 92 there is aneighborhood U of xo and a function ¢ : R*~! — R
such that after translation and rotation?

UNQ=UNG, G={x"x)eR" :x eR" ! x, >0k} (2.8)
The regularity of 92 will be described by means of local coordinates as just described.

Definition 2.1 Let Q C R” be a bounded domain, s > 1 and 1 < p < oco. We say that

9$2 belongs to the class .#* 7 if there is £ € N and functions ¢y, ..., ¢, € AP (R
satisfying (A1)—(A3).

Clearly, a similar definition applies for various other function spaces. In particular, we
say that €2 belongs to the class .#*-?(§) for some § > 0 (or B;’q with 1 < g < 00), if
there existf', ... U and @1, ..., gy € 4P (R"™)(8) (or € B3, ,(R"™1)). Also, we speak
about a Lipschitz boundary (or sometimes a C"®-boundary with o € (0, 1)) by requiring that
Oly .. o € WHRM@R™Y) (or ¢y, ..., 0 € CHR"1)). We say that the local Lipschitz
constant of 9€2, denoted by Lip(9€2), is (smaller or) equal to some number L > 0 provided
the Lipschitz constants of ¢q, ..., ¢, are not exceeding L. Our main result depends on
the assumption of a sufficiently small local Lipschitz constant. It holds, for instance, if the
regularity of 32 is better than Lipschitz (such as C+ for some o > 0).

In order to describe the behaviour of functions defined in 2 close to the boundary
we need to extend the functions ¢i, ..., @ from (A1)-(A3) to the half space H :=
{z=(Z,zn) : zn > 0}. Hence we are confronted with the task of extending a func-
tion ¢ : R"! — R to a mapping ® : H — R” that maps the 0-neighborhood in H
to the xo-neighborhood in €. The mapping (z’, 0) — (z/, ¢ (z')) locally maps the bound-
ary of H to the one of d<2. We extend this mapping using Gagliardo’s extension operator,
see [19, Section 9.4.3]. Let ¢ € C(B1(0)) with ¢ > 0 and g, {(x")dx" = 1. Let
() = t_("_l);‘(x’ /t) denote the induced family of mollifiers. We define the extension
operator

(TP) (@', zp) = /RM L, @ =N dy', (Z,z,) €H,

3 By translation via y; and rotation via Q; we can assume that xg = 0 and that the outer normal at xq is
pointing in the negative x;-direction.
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where ¢ : R" — R is a Lipschitz function with Lipschitz constant K. Then the estimate

IVl ps @y S IVOI 1 (2.9
p.q B,,” (R*)

fors > 1+ L and P, q € [1, oo] follows from [19, Section 9.4.3]. Moreover, [19, Theorem
8.8.1] yields

1ZpN.arsr @y S NP szs=170.0 -1y (2.10)

fors > 14+ % and p € [1, 00). Itis shown in [19, Lemma 9.4.5] that (for sufficiently large N,
i.e., N > c(¢)K + 1) the mapping

O[z’(zn) =Nz, + (T¢)(Z/a Zn)

is for every 7 € R"~! one to one and the inverse is Lipschitz with its gradient bounded by
(N — K)~!. Now, we define the mapping ® : H — R” as a rescaled version of the latter
one by setting

(7, z0) = (2, ar(zn) = (21 20 + (1) (', 20/ N)). (2.11)

Thus, @ is one-to-one (for sufficiently large N = N(K)) and we can define its inverse
V¥ := ®~!. The mapping ® has the Jacobi matrix of the form

= — ]I("—l)x(n—]) 0
J_V¢_(3A%)1+UN%% : (2.12)

Since |9,, 7¢| < K, we have

1

5<1—K/N§|det(1)|§1+K/N§2 (2.13)
using that N is large compared to K. Finally, we note the implication

®c.P(H) = V¥eP(H), (2.14)

which holds, for instance, if @ is Lipschitz continuous, cf. [19, Lemma 9.4.2]. In fact, one
can prove (2.14) with the help of (2.7) and (2.13).

2.5 The problem in the half space

In this subsection we study the Stokes equations in the half space
H:={x=(ux"x)eR": x, >0}
with perfect slip boundary conditions on
IH = {(x',0) e R": x’ e R" 1},
that is
— Au+ Va =f +divF, divu =#h, in H,
~ - (2.15)
u" =g, 2e(me, +F, =08, on 0H,

for some given tensor F and functions f, /2, g and &.
We may assume that g = 0 = h. Otherwise, we consider the Neumann problem

AY=h in H, 9,9 =g on 9oH,
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and replace u by u — V¢. We have that

IVOlLray S ||9||W—l/p,p(aH) + ||h||W—1-n(H),
2
IV ra S lollwi-vepem + 1hllLe @,

provided g, & belong to the corresponding spaces. The second estimate is classical, while
the first one can be found in [6, Prop. 4.32]. Note that depending on the value of p it is not
clear if one has existence and uniqueness of solutions in the space in question. However, it
is certainly true for smooth and compactly supported data. Finally, in order to reduce the
problem to the case & — F,, = 0 we employ an extension. For &' — F i e WP P,
i = 1,2, there are functions & € L”(H) with (&))" = &' — l:“; In particular, it holds

I8 oy + VR Loy S 16 — Fally-1/m0 om) (2.16)
see [20, Theorem 5.2]. Now we solve the auxiliary problem
—Aw = (&) in H, w=0 on 9H, i=1,...,n—1,
and replace u by
ul + g,ul
e .

unfl + anunfl
' — 0

which is divergence free. Furthermore, one easily checks that this function satisfies

(Vw + V~WT) - e, and w, = 0 on dH. Moreover, it holds for 1 < p < oo by well-known
estimates for the Laplace equation and (2.16)

n—1
IVallra S UVWILr@ + Y IV Lr
i=1
n—1
SAVWlLray + ) IE) e S IVWILr@E + 16 = Fullw-1/.0 om)-

i=l1

and similarly for higher order derivatives. Hence we moved all data into one single right hand
side in divergence form, which has the appropriate boundary values.

The weak formulation for the problem in divergence-form with 7 = g = 0 and & =
F,, = 0 we are looking for a function u such that

fs(u):s(q&)dx:/ Vu:Vqux:—/F:V(bdx 2.17)
H H H

for all ¢ € pl2 (H), where ¢ = %(V + VT) denotes the symmetric gradient. A solution

n,div
u to (2.17) exists in the homogeneous space D:l”(zﬁv(H) provided F € L2(H) (if n = 2 one
nees to assume that the data is smooth and compactly supported). One easily realizes that
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this system can be reflected to the whole space. Indeed by defining
w(x’,z) = a(x’, z) when z > 0 and W(x', z) = a(x’, —z) whenz < 0
w,(x’, 2) = u,(x’, z) when z > 0 and w, (x', z7) = —u(x’, —z) whenz < 0
q(x’,z) =m(x’,z) whenz > 0 and q(x’, z) = m(x’, —z) when z < 0
Gi(x',z) =F;(x',z) when z > 0 and G, (", z) = F; (x’, —z) when z < O fori # n
G,(x',z) =F,(x",z) when z > 0 and G, (x', z) = —F, (x’, —z) when z < 0
G!(x',z) = F'(x', z) when z > 0 and G"(x', z) = —F" (x', —z) when z < 0 fori # n
G'(x',z) = F"(x', z) when z > 0 and G (x", z) = F"(x, —z) when z < 0
we find formally that
—Aw + Vg =divG and divw =0inR".

Moreover, if F was continuous in H, then G is continuous in R”. This remains true for weak
solutions. Hence we can use the classical theory and we obtain the following result using
[12, Chapter IV] and real interpolation.

Theorem 2.1 (a) Let g € (1,0), s € [2, 00) and suppose that we have f € W*~24(H),
heDYH), g e W94 (H) and & € WS—'1=1/94(9H). Let (u, ) be a solution*
10 (2.15) with F = 0. Then we have (u, 7) € D>%4. (H) x D*~14(H) together with

n,div

”Vzll”WS—ZCI(]HI) + ||V7T||Ws—2-q(H) S ||f||WS—2-/’(]HI) + ||h||WJ—1~q(8]HI)
+ llgllws-1aam + 18 lws-1-1/a.0 omy-  (2.18)
(b) Letq € (1,00), s € [1, 00) and suppose that we have F € W~14(H), h € D*9(H),
g € W40 H) and & € W!=1/4-9(9H). Let (u, ) be a solution to (2.15) with
f = 0. Then we have (u, ) € D‘;’iz(K) x D~Y4(K) for all K C H compact together
with
IVallys—ragy + 17 lws—1axy S NFlws-1p @y + 121 ws—1aomm
+ 11gllws-1/a.0 o) + 1S lws-1-1/0.4 (o51) - (2.19)
For s = 1 one can replace K by H.

3 The problem in divergence form

In this section we consider the steady Stokes system

Au— Vg = —divF, divu=h, in Q

3.1
u-n=g, (Vun+Fn); +ou, =&, on 92, @D

in a domain  C R"with unit normal n, where v; := v — (v - n)n. The result given in the
following theorem is a maximal regularity estimate for the solution in terms of the right-hand
side under minimal assumption on the regularity of d<2 (the corresponding multiplier spaces
are introduced in Section 2.3). We start with the case, where W*:? () — W!2() and give
a corresponding result for the remaining parameters below in Corollary 3.1.

4 A solution always exists and is unique if the data is smooth and compactly supported.
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Theorem 3.1 Letn =2,3, p € (1,00) ands > 1 such thatn(% — %) + 1 < 5. Assume that

o 02 — [0, 00) is a measurable function belonging to the class Ss:ll/;lép’p with o # 0

on a subset of 02 with full measure. Let Q2 be a bounded Lipschitz domain and suppose that
either

(a) p(s — 1) < n and 3 belongs to the class #°T'=VP-P(8) for some sufficiently small
§>0or
(b) p(s — 1) > n and 92 belongs to the class wst=1/p.p,

ForanyF € WS=1P(Q), h e W=1P(Q), g € WV/PP(@Q) with [ hdx = [, gdH"!
and & € W‘Y*’l’l/”’”(aﬂ), where s* = s unlessn = 2, p <2 ands = %, in which case

s* > s arbitrary fixed,? there is a unique solution to (3.1) and we have

lallws.r@) + 17 lws—10@) S IFllws-1.0@) + 1allws10(0) (32)
+ llgllws-1/r.r@a) + 1S ye1-1m 90 - '

The constant in (3.2) depends on the Lipschitz constants as well as the .4t =1/P-P- or
WsH=1/P-P _norms of the local charts in the parametrisation of 9.

Remark 3.1 The following relationship between Sobolev multipliers and Besov spaces can

be seen from the arguments above (2.4) and (2.5). Suppose that Q2 is a Bg ;5,1/ P_domain,
wheres +1 =0 > land e > 0,
ezp if po—=n o=27 if po—1) <n, (3.3)

with locally small Lipschitz constant. Then we have that 32 belongs to the class .2 ~1/7:7 (§)
for any § > 0. If 0 € N and the Lipschitz constant of d€2 is locally small, we can include
the case ¢ = 0. In particular, if s = 0 — 1 = 1 and p < n we require that 2 has a locally
small Lipschitz constant and belongs to the class B;;,l/ P where o is given by (3.3). Hence

_1
it suffices that 02 € W2 % for some g1 < p and g2 > p and possesses a locally small
Lipschitz constant.
In the case s = 1 and p > n we find that the optimal boundary regularity is Bf,;,l/ P =

2 —n

,lp . . 1.1 Z,LP 1, b=
W= 7. Note that in this case C"*' C W= 2" C C 7 ,locally.

Remark 3.2 One easily checks that L"~! M 11/ /pz;,Pp' Hence Theorem 3.1 applies for
a e L"1OQ).

Remark 3.3 In the setting of Theorem 3.1 the localization sets U, ... Ut can always be
chosen such that their diameter and the Lipschitz constant of the ¢;’s are uniformly small
with a fixed number of overlaps. This implies that one can assume, without loss of generality,
that the multiplier norm is small on all orders. Indeed, any lower order term can be shown to
be small by some interpolation argument involving the diameter or the Lipschitz constant.
In particular, the respective assumptions in Besov spaces without smallness are included.

Remark 3.4 All estimates provided here have their dual counterpart. This is explained in detail
in Appendix A. This means, in particular, that the multiplier conditions above are to commute

5 The case n = 2,p<2ands = % is a delicate borderline case. Indeed, s — 1 — % = —ﬁ and hence for

_ 1 _1
G eW P/’p(aﬂ) and ¢ € C°(3R), ¢& might not be in W P ’p(BQ) anymore. In 3D such cases are
excluded by the other assumptions already.
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with duality. The related bi-Laplacian (1.7) provides a clear picture in two space dimensions.
Let us assume that the condition C; ,, is the necessary boundary regularity for a W*?-theory
for the Poission equation with zero boundary values in 2D. Carefully note that by duality for
the Laplace equation C , = Cy, . Hence, in the case s = 1, we find that (1.7) implies, that
the boundary regularity condition is in C2,, N Cp,p, = C2,, N C2 ,y = Cp, ,y N C3, . That
reflects precisely the duality of the Stokes equation with perfect slip boundary conditions.

Proof of Theorem 3.1 Similarly to Theorem 2.1 we can reduce the problem to the case g =
h = 0 with the help of Theorem B.1. Furthermore, let us suppose that u and 7 are sufficiently
smooth. We will remove this restriction at the end of the proof by some approximation
procedure which will ensure existence of a solution. Uniqueness is obvious if p > 2, while
the case p < 2 can eventually be treated by duality (see Appendix A).

By assumption thereis £ € Nand Lipschitz functions ¢y, . . ., ¢¢ € .2*T1=1/P.P(R*=1) (),
where § is sufficiently small, satisfying (A1)—(A3). We clearly find an open set * €  such
that Q2 C U‘;ZOL{j . Finally, we consider a decomposition of unity (¢ j)§:0 with respect to the
covering W, ... U of Q. For j € {1, ..., £} we consider the extension ®; of ¢; given by
(2.11) with inverse ¥ ;.

We transform now the system (3.1) to a corresponding problem on the half space. This
is reminiscent of [5, Section 3] but more care is required for the boundary conditions. Let
us fix j € {1, ..., £} and assume, without loss of generality, that the reference point y; = 0
and that the outer normal at O is pointing in the negative x,-direction (this saves us some
notation regarding the translation and rotation of the coordinate system). We multiply u by
&; and obtain for u; := &;u, I1; := &;7 and F; := &;F the equation

Auj — VIT; = [A, &]u—[V. &7 + [div, &]F — divF;, diva; = V&; -u, in Q,
3.4

u; - n=0, Reuj)n+F;n);=—a)), — Que?™ V§;n); +§;&, ondQ,
3.5)

with the commutators [A, §;] = A&; +2VE; -V, [V,§;] = V&; and [div, §;] = V§;-.
Finally, wesetv; :=uj o ®;,0; :=1I; o ®;,

g :=det(V®;)([A,&jlu— [V, §]r + [div, &;]F) o @,
Hj = Bij [e] <I>j,

hj = det(V®;)(VE; -u) o @, aj ;= o P;as wellas &; := ;& o ®; and obtain the
equations
div(A;Vv)) — div(B,0,) =g; —divH;, Bj : Vv, =h;, inH, 3.6)
Vi Vel =0, (A;Vv)¥me, + H! = —(2u@™" V& 0 ; Vi)
+ ((2u @Y™ VE; 0 @; Vo7) - Vi) Vo)
—a; (vj — (vj - Vo) Ve7) + &;, on oH, (3.7)

where A = det(VQj)V\Il}— 0®;VW¥; o ®; and B; := det(V®;)VV¥; o ®; (note that
we have divB; = 0 due to the Piola identity). This can be rewritten as (note that ((B; —
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Tixn)e,) =0fori=1,...,n—1)
Av; = V0 =g; +div(Txn —Aj)VV)) +div(B; — I,x,)0;) — divH; in H,  (3.8)
divv; = (lyxn —Bj)T : Vv; +h; in H, (3.9)
Ve =g(v), ¥ +2(A) <L)V, +H! = &(v)), ondH, (3.10)
where
9(vj) =V e, —v;-Vor,
G(v)) = —(2u®%Y" V& 0 ®; Voi — ((2u @™ V& 0 @; Vo7) - Voi) Vo)
—aj (v; = (v; - Vo;)Ve; ) + &,
= 6!(v)) + &*(v)) + &;.
Setting
S(v,8) = =8S1(v) — S2(6),
Si(vV) = (uxn — Aj)Vy,
S2(0) = B — Lixn)0,
5(V) = (lixn — BT : Vv,
we can finally write (3.6) as
Av; — VO =g; —div(S(v;,0;) + F;), divv; =s(v;) +hjinH, (3.11)
Vi€ =g(v;), 0,V;+8"(v;,0,)+ G} +F =&(v;), ondH. (3.12)
We can now apply the estimates for the half space from Theorem 2.1 obtaining
v llwsran + 195 11ws—1.0
S g llws—2p @ + 1SV, 0;) +Hj llws—1p gy + 18(V) + 2 jllws—1.0 )
+ Mg lws—1/p.0my + 1S ) lws—1-1/0.0 311 - (3.13)

Our remaining task consists in estimating the right-hand side. As in [4, Section 3] we have
ISV 6 wstp ey + I8 lwe-rnarny S 1951y (Vs + 16 ws-rqe) )
Clearly, it holds®

1@;ll.zsrany SNl gt S N0l gst1-10@m

using (2.10).
We proceed by

I et S IVET 0 @51 s1n 1B lysoery S Fllystoggy,

where the hidden constant depends ondet(V® ;) and || ® || s.» () being controlled by (2.13).
Moreover, we have

Igjlws—2rany S lallws—1p@) + 17 lws—20(0) + 1Fllwsr @),

6 Note the inclusions between Sobolev multiplier spaces from [19, Corollary 4.3.2].
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cf. (2.7). Note that this estimate requires the condition s — 2 > —n/p’. If it is not satisfied
we find s, € (—n/p’, s — 1) and obtain similarly

lgjllws—2p S lullwserro + 7 lwser + 1Fllys—1..
(The following interpolation argument can be applied with s — 1 replaced by s, + 1 < s.)
From now on we must suppose that W* 7 (Q2) — wh(Q). Choosing so € R such that
Wh2(Q) — W*-P(Q) with so < s, there is ¥ € (0, 1) such that

1— 1—
”u”WS*lvll(Q) = ||u||)‘:[/x,p||u||wsg;.p(g2) S ”u”)‘jvs,p(g) IIUIIWKZ(Q)
1—
S Ml o) (IFll 2@ + 18 1w-122000))
1—
S allysp (IFlys-1o@) + 1Sl ws-1-1mppa)
=< 5||“||W~“J’(Q) + C((S)(”FHWX—I-[’(Q) + ||Q5||Ws—1—1/nwp(agz)) (3-14)

for § > 0 arbitrary. Note that we used the energy estimate for a weak solution in W2 in the
above. Similarly, we obtain

7 lws-2p @) < Sl7llws-1.0(0) + C((S)(||F||Ws—1-n(sz) + ||®||WS—1—1/PJ’(BQ))~ (3.15)

Thus the main task consists in estimating the last line in (3.13).7 We have by (2.10) and
(2.12)

gV lws—v/r.romy = llen — V(Pj'”%;;I/PYP(BH)”Vj ||ws—l/p,p(aH)
< ||V(Pj||‘///.o\';1/p,p(3H)||Vj I ws.» )
< ||‘Pj||‘//{s+lfl/p,p(aH)||Vj [lws.p ).
Similarly, it holds
||Q52(Vj)||ws—l—1/p~p(a]1-]1) <|vj—(vj- V(pj‘)V(p]Jr”WS_l/p‘p(aH)
S @il gs+i=1pr am 1V llwsr @

s—1—1/p,p

using that o € S—1/p.p

(which implies the same for j by (2.7)). Furthermore, we obtain

1
IS (Vj)||wsflfl/p.p(aH)
1L 1L
< (llu ® VEj 0 ®jllys 1150 (31 + [U® VEj 0 @, Vel - Vo ||Ws7171/p.,,(3H))
2
,S (1 + ”V(pj”(%g;lfl/p,p(aH))”u o <I’j ”WA'—‘—I/I’J’(BH)
< ||u||wsf171/p,p(ag) < ||“||w:fl~p(g)

using (2.7) in the penultimate and diva = 0 in the ultimate step. ® The last term can be
estimated as in (3.14). Hence we obtain

16" Dl p gy < Klulwss + o) [Fllysi (3.16)

7 This actually is the only place, where more regularity on the boundary is required compared to the case of
no-slip boundary conditions considered in [4, Section 3.2].

8 Ifn =2 and n(% - %) + 1 < s it may happen that s — 1 — 1/p = —n/p’ which results in the failer of the
inequality above. In this case we can simply ||®1 )l Wws—1=1/p.pamH) = ||®1 (Vi) lwsx.p (am) for arbitrary
S« > s — 1 — 1/p which allows for the same interpolation agrument.

@ Springer



The Stokes problem with Navier boundary... Page150f25 304

for any « > 0. Moreover, we have

”61 ”Wl“*l*'/l’vll(aH) S ||®||Ws*—l—l/p,p(39)

by (2.7), and the use of s* if necessary.
If the assumptions from part (a) are in force we clearly have*

il zs+1-1vpp@m < €8,

while we can estimate

llo; ||(///f+1—l/p:p(aH) = ||V(/’j||///g;1/p,p(aH) < PSP ||V(pj||Ws—1/p.p(3H)

under the conditions of (b) using (2.6). Here we assume that ¢; is supported in a ball of
radius r and choose r sufficiently small to come to the same conclusion as for (a). Putting
everything together shows forall j € {1, ..., ¢}

IVVjllws—tpam + 16 lws—1r@ S Sllullws.r@) + 8l llws-1.r (@)

+ IFllws-1.p@) + 1Sl ws-1-1/p. 30 -

Clearly, the same estimate (even without the first two terms on the right-hand side) holds
for j = 0 by local regularity theory for the Stokes system. Summing over j = 0,1, ..., ¢
and choosing § small enough proves the claimed estimate provided u and 7 are sufficiently
smooth. Let us finally remove this assumption which is not a priori given. Applying a standard
regularisation procedure (by convolution with mollifying kernel) to the functions ¢y, .. ., ¢¢
from (A1)—(A3) in the parametrisation of 92 we obtain a smooth boundary. Classically, the
solution to the corresponding Stokes system is smooth. Such a procedure is standard and
has been applied, for instance, in [10, Section 4]. It is possible to do this in a way that the
original domain is included in the regularised domain to which we extend the function f by
means of an extension operator. This is achieved by simply adding suitable constants, the
detailed construction can be found in [3]. The regularisation applied to the ga//.s converges on

all Besov spaces with p < oo. It does not converge on W1 (R"~1), but the regularisation
does not expand the W (R"~!)-norm, which is sufficient. Following the arguments above
we obtain (4.2) for the regularised problem with a uniform constant. The limit passage is
straightforward since (4.1) is linear. O

We now consider the case where the embedding W*7 (Q2) — W2(Q) fails.

Corollary3.1 Letn = 2,3, p € (1,2) and s > 1. Assume that « : 9Q2 — [0, 0) is a

o1 S ’ /
measurable function belonging to the class ///57 ll/plép’p N ‘%;—ll/p%/;]’ P witha # 0ona

subset of 02 with full measure. Let Q2 be a bounded L’ipschitz domain and suppose that either

(a) p(s — 1) < n and 9Q belongs to the class .4*+t1=1/P-P O g5T1=VP'P'(§) for some
sufficiently small § > 0 or
(b) p(s — 1) > n and 3K belongs to the class WSH1=1/P P

Then the estimate from Theorem 3.1 holds.
Proof Let us first consider the case s = 1 and p € (1,2). In this case we can apply a

straight forward duality argument (see Appendix A) to obtain the desired estimate. With the
W.P_estimate at hand we repeat the proof from Theorem 3.1. They only term which must
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be treated differently is the lower order term corresponding to (3.14) above. We have now

lullws—1.p@) + I llws—2.0(q)

S(lallws.r@) + 17 lws-100)) + @ (IVullLe) + I7lLr @)

< 5(||11||WS~P(Q) + ||7T||Ws—1vp(gz)) + 0(5)(||F||LP(Q) + ||6||W—l/pvp(agz))
5(||“||WS~P(Q) + ||7T||Ws71v11(9)) + 6(8)(”F”Wl"*1-1’(9) + ||Q5||W.Y7171/1>wp(agz))

and the proof can be completed as before. O

A IA

IA

We are now able to deduce an estimate in spaces W ? with 0 € (—oo, 1) by a duality
argument, see Appendix A for details. Considering first the case of homogeneous boundary
data we obtain

o S /
198l 10 gy S Il gyae

for a solution u to (3.1), where f(¢) := —(F, V¢) for smooth ¢, with ¢ - n = 0. As in the
preamble of Subsection 2.5 this is without loss of generality as solving the corresponding
Neumann problems (see Corollary B.1) one can also consider non-trivial boundary conditions
(see Appendix B). For that propose we need the trace space

wSTI=UPP(3Q) := (Vo -nlya : v € WiP(Q),

Xy s—1-1/m.0 a2y == Inf{{[vllwsr) , v € WP (R), Vu-n=x},
where we understand the trace Vv - n|3q and the equality in the sense of distributions. and
conclude with the following corollary.

Corollary3.2 Letn = 2,3, p € (1,00) and o < 1. Set s := 2 — o and assume that

o 02 — [0, 00) is a measurable function belonging to the class L%;_—ll/—liép,p with o # 0

on a subset of 02 with full measure. Let Q2 be a bounded Lipschitz domain and suppose that
either

(a) p(s — 1) < n and 9 belongs to the class #°T'=VP-P(8) for some sufficiently small
§>0or
(b) p(s — 1) > n and 92 belongs to the class wst=1p.p,

For any £ € (WX P(@Q), h € WO lr(Q), g € wo '/PP(3Q) and & e
wo1=Upr.P(9Q) there is a unique solution to (3.1) and we have

190l -1 gy S IEayz-n gy + Wl g
+ ”g”W"*l/PeP(aQ) + ”6”%0*1*1/1).;}(9).

4 The problem in non-divergence form

In this section we consider the steady Stokes system

Au— Vg =—f divu=h, in , @.0)
u-n=g, 2(en);+ou; =6, on IQ, :

in a domain 2 C R” with unit normal n, where v; := v — (v - n)n. The result given in
the following theorem is a maximal regularity estimate for the solution in terms of the right-
hand side and the boundary datum under minimal assumptions on the regularity of 2 (the
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corresponding multiplier spaces are introduced in Section 2.3). We start with the case where
Ws—Lp(Q) — Wl2(Q), see Corollary 4.1 for the missing one.
Theorem4.1 Letn =2,3, p € (1,00) and s > 2 such that (% — %) + 2 < s. Assume that

o 02 — [0, 00) is a measurable function belonging to the class ///_::ll/;{ép’p with oo # 0

on a subset of 02 with full measure. Let Q2 be a bounded Lipschitz domain and suppose that
either

(a) p(s — 1) < n and 9 belongs to the class .4°T'=1/P-P(8) for some sufficiently small
6> 0or
(b) p(s — 1) > n and 3K belongs to the class WsH1=1/pP.p,

Foranyf € WS=2P(Q), h € WS=LP(Q) with [qhdx = [, gdH"™!, g € W=1/PP(3Q)
and & € WS=1=1/P-P(3Q) there is a unique solution (u, ) to (4.1) and we have

[l wsp(Q) + ||7T||stl<ﬂ(9) 5 ”f”WS*ZI’(Q) + ||9||stl/p,p(aQ) 42)
+||Q5||W‘rflfl/p,p(39)~

The constant in (4.2) depends on the #*T'=V7- or WSt1=VP norms of the local charts in

the parametrisation of 052.

Remark 4.1 We refer to Remark 3.1 for details regarding the assumption on 92 formulated
in terms of Besov spaces. We just mention here the case s = p = 2 and n = 3. Then
Theorem 4.1 (b) applies and we require that 9Q € W3/%2.

Remark 4.2 1f n/2 < p one easily checks that W!=1/P-P —s //{21__11// 5 ’If such that Theorem
Theorem 4.1 applies provided & € W!'=1/P-P(3Q).

Proof As in the proof of Theorem 3.1 we assume g = h = 0 (using now Theorem B.2) and
suppose that all quantities are sufficiently smooth. Also we introduce again local coordinates
and transform the system (see also [5, Section 4]). With the same notation as there, setting
also S(v, 6) = divS(v, #) and

g :=det(V®;)([A,&jlu— [V, &I+ &;f) o ®;
we obtain
Av; —VO; =8(v;,0;)+gj, divy; =s(v;)+hj, in H, 4.3)
vi-e, =g(v;), 09,V; =&(v;), on OJH. 4.4
The estimate for the half space (see Theorem 2.1) implies
IVjllwsr + 10 lws-1.0 S NSV, 05) + 8jllws—2 + 15(V;) + hjllys-1.0
+ gV llws—17p.p + 1BV ) I yys—1-1/p.p

for all s > 2. Except for the first term on the right-hand side all terms can be estimated
exactly as in the proof of Theorem 3.1. We clearly have,

1SV 6 lws—2 < II8C; )l

such that also this estimate is accordingly. Finally, we have

(4.5)

lgjllws—2p + l1hjllws—1p Slwo @;llys—1.p + 7 0 @jllys—2p + [If 0 @jlys—2
S hallys-1p + I llws—2p + 1€llys—2p.
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In order to estimate the lower order terms on the right-hand side we set F := VAs_zl f (the
solution with homogenous Neumann boundary conditions) and employ the estimate from
Theorem 3.1 yielding for § > 0 arbitrary

lallys-1.r@) + 17 lws-2.0 ()

S(lallwsr) + 7 lws-1pe)) + @ (IVullLr) + 7 llLr @)
Slullwsri@) + c@(IFlLr@) + [1Sllw-1rr@o0)

Sllullws.r) + c@) (Ifllws—20 @) + 1Sllws-1-1/p.030))

IAIA

IA

and the proof can be completed as before. O

Similarly to Corollary 3.1 we can treat the missing indices with an additional assumption
on the multipliers.

Corollary 4.1 Letn =2,3, p € (1, 00) and s > 2 such that (l— l)+2 > 5. Assume that o :

a2 — [0, 00) is a measurable function belonging to the class ///S l/pl/p s %13712 ll/p ¥4

with a # 0 on a subset of 02 with full measure. Let Q2 be a bounded Lipschitz domain and
suppose that either

(a) p(s — 1) < n and 3 belongs to the class .#°T'=1/P-P N (///S’l/p,’p/(ﬁ) for some
sufficiently small 6 > 0 or
(b) p(s — 1) > n and S belongs to the class WsH1=1/p.p n ws=10"p',

Then the estimate from Theorem 4.1 holds.

A Duality

Here we present some duality arguments which show how one deduce estimates in a certain
dual space from the corresponding pre-dual theory for the case of a bounded domain 2 C R”.

A.1 Duality from LP' to LP

The centre of the duality is related to the space with the gradient Vu € L?(2). First we show
how to turn L? (£2)-estimates to LY (£2)-estimates for the gradient. Due to the results for the
Neumann problem, see Appendix B below, we can argue as in the preamble of Subsection 2.5
and assume that

u-n=0o0n0dand divu = 0in Q.

Further we sub-summarize f, F, & as a general right hand side f , namely
/ Vu : V¢ dx +/ au-ddH" ' = f(¢) = / & . pdH"! —/ F: V¢dx
Q Q Q Q

forall ¢ € w2 (£2). By the dual norm formula we have

n,div

Vullpr o) = sup f Vu: ¥dx.
<1Je

VeCE @IV g <
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For a fixed ¥ € C2°(Q2) with W], < 1 we solve

AW —vr¥ = —divy, divu? = 0, in €,

(A1)
w/ n=0, 2@n); +a@?); =0, on IN.

We obtain

/Vu:\lldx:/Vu:Vu‘I'dx—i—a/ u-uy dH"!
Q Q aQ
_ FaW 7 N
=f@”) =< ”f”(W’:«p/(Q)),Hvu ”Lp/(Q)'

/ . . .
In consequence W7 -estimates imply W-P_estimates.

A.2 Very weak solutions

In order to get solutions below Sobolev functions we introduce very weak solutions. As data
we consider f a distribution on divergence free functions with zero normal trace, that unifies,
f, F and & and g that unifies g and £, i.e., if g and & are measurable functions

g = [ gy dx — / hy dH"! forall ¥ € C*°(2) with 9,1 = 0 on 9.
Q a0
Then we consider the very weak Neumann problem
(w, AY) = g(y) for all Y € C°°(Q2) with 3,9 = 0 on Q.
If w was smooth then
Aw = g in Q with d,w = h on 9Q2.

Accordingly, we say that u is a very weak solution to (4.1) if for some given distributions

f.8

—(u, A¢) = f(qb) forall ¢ € C3 () s.t. ¢ -n=0and (Vén); = — (o), on 9L,
—(u, Vi) = g(y) for all ¥ € C*°(2) with 3,y = 0 on 9. (A2)

It can be easily checked that if u is smooth enough it is a weak solution. In particular, if for
some integrable functions g and h

g<w>=/gwdx—f by dH,
Q Q2

one finds that divu = g in 2 and u - n = /4 on 2. One can argue similarly in the case f is
of the form

n—1

f(¢)=/Qf~¢+F-v¢dx+/aQ;((®,»—Fn-r,-)¢-r,»+h)dH"—1

and find the respective weak formulation. Here z;,i = 1,...,n — 1 denote the tangential
vectors.

@ Springer



304 Page20o0f25 D. Breit, S. Schwarzacher

A.3 Duality from W2P' to LP and W2*5P to (W;,P)’

By the dual norm formula we have

lallzr @) = sup /Qu~v/fdx-

VECR@LIVI, g <1
For a fixed ¢ € C2°(2) with [|[¥||, » < 1 we solve

AuY —vr¥ =y, divu¥ =0, in Q,

(A.3)
u/ n=0, 2e@¥)n); +a@¥), =0, on 9Q,

‘We obtain
/ u-Ydx = —/ u: (A —vr¥)dx = f(u\l')—l—g(nq')
Q Q
e 2 P |0l O -1 R [ A [
-t @y WaPE) Wy'” () whr

In consequence W27 _estimates imply L?-estimates.
For higher order estimates, we can generally introduce estimates of u as a distribution.
This means

||u||(wj~1’(Q))/ = sup (u, ¥),
YeCE QY llws.p =1
but know
wy) =—@ A —vr?) = f@¥) + =)

' ~
5 ||f||(W3+S,p(Q)),||u ||W2+S~P(Q) + ”g”(WnlJrS’P(Q))/”nW”WIJFS’P(Q)

A.4 Duality from W2=5F to Wo:P

We take o < 1 and follow the previous strategy. By the dual norm formula we find that

sup (Vu, ¢).

l—a,])/'
e A 1 T

luller S 1VUlGy1ar g =

Now we approximate f by smooth functions f, (again we can assume that § = 0 by using
the respective argument for the Neumann problem). We solve the system and obtain a smooth
solution u.. We can follow the steps as in A.1., to find that

(Vue, ¥) =/ Vu, : Vu¥ dx —i—a/ uc - uy dH*!
Q 3

Q
gy 4 ~ v
= Je@T) S el yi-or g 0N 1
n

@) Wi (@)’

which implies the result by passing with € — 0.
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B Neumann problems in irregular domains

In this section we consider the Laplace equation with Neumann boundary conditions, i.e.,
Au = —divF in Q, (Vu+F) -n=yx on 9%, (B.1)

in a domain @ C R” of minimal regularity with normal n. The following result gives a
counterpart of [19, Chapter 14] for the Neumann problem. It might be known to experts or
at least expected but we were unable to trace a precise reference.

TheoremB.1 Letn > 2, p € (1,00) and s € [1, 00). Let Q2 be a bounded Lipschitz domain
and suppose that either

(a) p(s—1) < nand I belongs to the class .45~/ PP (8) for some sufficiently small § > 0
or
(b) p(s — 1) > n and 92 belongs to the class ws=1/p.p,

ForanyF € WS=1P(Q) and y € WS—1=V/P-P(3Q) there is a unique solution u to (B.1) with
(u)q = 0 and we have

lullws.r@) S ||F||W:fl.p(gz) + ||X||WS*1*1/P>p(aQ)~ (B.2)

The constant in (B.2) depends on #*~"/P- or WS=V/P_norms of the local charts in the
parametrisation of 0€2.

Remark B.1 The above theorem is actually also true, for any f IS (VY”’(Q))’ . In this case
one could just solve the homogeneous Dirichlet problem —Aw = f in Q, w = 0 on 9%,
which transforms it into divergence form.

Proof of TheoremB.1 Thecase 1 <s <1+ % follows from [11, Theorem 9.2] and interpo-
lation, so we can assume that s > 1 + % As in the proof of Theorems 3.1 and 4.1 we work

with local Lipschitz charts ¢, ..., ¢, € s~V p-p(RP=1)(8) (with extensions ®; given by
(2.11)) and a corresponding decomposition of unity (¢ j)(;':o and suppose that the solution is
sufficiently smooth. With a notation as there we obtain for v; := (§;u) o ®;

diV(Avaj) = gj — diVHj in H,
(A.,-ij)” + H}l = X; on oHI,
where
gj ‘= det(V<I>q,‘)([A, S,]I/l + [diV, .‘:-'J]F) o q’j, Hj = Bq,‘ (%'JF) o <I>j,
Xj=(Ex)o®;+ WVE)o®; Vo,
An equivalent formulation reads as
Avj =g +div(yxn —Aj)Vv; —Hj) in H,
v + (A — L) V)" + Hj’-’ =x; on OH.

Estimates for the Laplace equation on the half space are well known and follow for instance
by the subtraction of a suitable extension and reflection similar to Section 2.5 above. Hence
we infer that

lvjllwsea S 1Taxn — AV, ||Ws-1,p(H) +1G; + Hjllws—pqny + 1) lws—1-1/0.0 o1)-
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It holds by (2.7) and (2.10)
(T = ANV |yt

S M = AjlL st g V0 st ey

S M sn = V] 0 @11yt gy V05l w10y

IV 0@ (Luxn — V¥ 0 @I 510 IV w10

S(HUVE] 0 @5l sty ) 1 nscn = VYT 0 @151y V0] w1y

S lxn —Aj I gsrr @y IV lws—tp @)
where

IV 0 @)1l s 1p e S N1 llanrany + 1S 1419 gs1mpem S 1.
I @ascn = V0 @D ys—tp gy S UVONys-1-1/mp
= llg; ||///S—I/p,p(3H)) SR

Note that we used (2.6) with a suitable choice of the support of of the ¢; in the case of
p(s — 1) > n. On the other hand, we have

lgillws—2p + IHjllys—1p S lluo ®@jllys—1p + [IF o @;lys—
S lullys-10 + I1Flys—1p,

where the hidden constant depends on det(V® ;) and || ®||.~s.» ) being controlled by (2.7)
and (2.13). Note that this estimate requires the condition s —2 > —n/p’. If it is not satisfied
we find s, € (—n/p’, s — 1) and obtain similarly

g lws—2p + Hjllws-1p S lullwsesrr + [Fllys-1p.

(The following interpolation argument can be applied with s — 1 replaced by s, + 1 < s.)
Let us now suppose that p > 2. Choosing sg € R such that WL2(©) < W-P(©), there
is @ € (0, 1) such that

1— 1—
Nullws—1.0 < Nuellfysp llullyysg.r S NeellGysp llull %
l—a

S el (1F w12 + X lw-1/22)

1—
S el (1 F llws—20 + I lys-1-1700)
< 8llullwsr +c@ (1 lws—2p + 1 lws-1-1/pp)-

Finally, since s > 1 + % we have s — 1 — % > (0 and thus
5 Mws=1=vppammy S WX ws—1-1p.pa0) + Nullws—1.p
by (2.7). Putting everything together shows for all j € {1, ..., ¢}

IVjllws-1p@y S Sllullwsr@) + IFllws-10@) + X lws-1-10.0 a0

and one can complete the proof as that of Theorem 4.1 provided p > 2. In particular, we
have proved (choosing s = 1)

||Vu||L1’(S2) S ||F||L1’(Q) + ||X||W—l/p,p(agz)
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for all p > 2. Now we can employ a simple duality argument to show that the same estimate
holds for p € (1,2) as well, for that see Appendix A and note that .# Lp nwhoo =
PN W1 Thus we have for § > 0 arbitrary

A

lullws-1.0) < Sllullwsr@) +c@OIVullLre)
Slullwsr@) + C((S)(”f”W*LP(Q) +1Ix ||W*1/p.p(agz))
Sllullwsr) + C((S)(”f”Ws—Z-p(Q) + ||X||Wx—1—1/p7p(ag))

IA

IA

and the proof can be completed as before. O

As in Section 4 we can argue similarly for the problem in non-divergence form
—Au=f in Q, Vu-n=yx on 9%, (B.3)

for data satisfying the compatibility condition [, fdx = [, x dH"~!. Accordingly, obtain
on the right-hand side of the transformed problem

gj =det(Ve®;)([A, §jlu — f§j) o ®j, xj=(§jx)o®;.
We thus obtain the following result.

TheoremB.2 Letn > 2, p € (1,00) and s € [2, 00). Let Q2 be a bounded Lipschitz domain
and suppose that either

(a) p(s—1) < nanddS2 belongs to the class .#*~/P-P (8) for some sufficiently small § > 0
or
(b) p(s — 1) > n and 9 belongs to the class W*=1/P-P,

For any f € W*=2P(Q) and x € W*~1=V/P-P(3Q) satisfying fodx = faﬂde”_l
there is a unique solution u to (B.1) with (u)q = 0 and we have

lullwsr@) S ”f”WS*Z-D(Q) + ||X||folfl/p»p(aQ)' (B4)

The constant in (B.4) depends on #*~"/P- or WS=V/P_norms of the local charts in the
parametrisation of 0€2.

We consider now the very weak Neumann problem
(w, AY) = g(y) for all ¥ € C*°(2) with 9,3 = 0 on I

for some distribution g. If w was smooth and

s =[gvar— [ har
Q Ele)
for some given functions g and 4, then
Ay = g in Q with 9,3 = h on 9.

As in Appendix A one can now use duality to include non-homogeneous boundary data by
considering the trace space

ws IR Q) = (V- nfye v € WP (Q)),
Xl s-1-17p.p 3y = inf{llV]lwsr(@) :» v € WHP(RQ), Vv-n=x},

where we understand the trace Vv - n|3q and the equality in the sense of distributions. For
s > 1+1/p one clearly has that #$~1=1/P-P(3Q) = Ws~1=1/P.P(3Q), but this relationship
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islostif s < 1+ 1/p. In fact, it is more natural for very-weak spaces to consider x and f
together as a general functional f € (W*?(£2))’. For these one can introduce the very weak
solution as a distribution. Namely that

—(u, Ag) = (f., ¢), (B.5)

for all ¢ € C*°(R) with 9,,¢ = 0. Indeed, in case there exist (smooth) functions f and yx,
for which

<f~’¢>=/ <f¢—F.V¢)dx+/ Xd)dHn—l
@ 90

any smooth very weak solution satisfies (by density) that

—/ Au¢dx+/ 8nu¢dx:/(f+divF)¢dx+/ (x —F-n)pdH"!,
Q aQ Q IQ

for all ¢ € C°°(2). But this implies the strong partial differential equation with respective
boundary values. Hence we obtain the following corollary:

CorollaryB.1 Let p € (1, 00) and o < 1. Let Q be a bounded Lipschitz domain and suppose
fors :=2 — o that either

(a) p(s—1) < nand dS2 belongs to the class .#°~'/P-P(8) for some sufficiently small § > 0
or
(b) p(s — 1) > n and 3S2 belongs to the class WS=1/P-P,

For any f S (Wz_”*p/(Q))’ there is a unique solution to (B.5) and we have

lullwe.r () < ”f”(WZ*H-P/(Q))/ (B.6)
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