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1 Introduction

For a long time in the history of quantum fields it was believed that field theories in dimension
greater than four were limited to systems of free fields. This was based on a Lagrangian
prejudice and was proved wrong about 30 years ago with the discovery of interacting
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superconformal field theories (SCFTs) in 5 and 6 dimensions [1–8]. These systems have been
since then a constant source of inspiration throughout formal QFT and mathematics. An
interesting pathway to study these models is to resort to various combinations of stringy
techniques — in particular string dualities and geometric engineering — and field theoretical
methods such as (twisted) compactifications. Very often a non-Lagrangian SCFT in higher
dimensions can be thus related to Lagrangian field theories in lower dimensions that can be
exploited to learn about features of their higher dimensional progenitor. This is the strategy
we will adopt also in this work to learn about a recently introduced class of 5d SCFTs, giving
the first examples of 5d Conformal Matter (CM) [9] — 5d avatars of the 6d Conformal
Matter [10], introduced to provide a 5d version of the atomic classification of 6d SCFTs and
LSTs [11–13]. Our main aim is to explore their Higgs branches via a concerted effort that
involves studying RG flows, circle compactifications (identifying suitable 4d N = 2 systems
along their extended KK Coulomb branch), as well as their dual fivebrane realizations to
extract magnetic quivers. These techniques generate a coherent picture that passes several
strict consistency checks operating across dimensions, and also serve to test new 5d dualities,
clearly establishing the role of 5d Conformal Matter theories in the 5d SCFT landscape.

After the initial spark provided by [4–8, 14–19], 5d N = 1 SCFTs have received a great
deal of attention in the recent years: this renewed endeavour has fostered steadfast progress in
their classification, relying on geometric approaches involving M-theory setups reduced on a
non-compact canonical Calabi-Yau threefold1 (CY3) [21–38], (p, q)-web constructions [39–49],
as well as dimensional reduction from 6d SCFTs realized via F-theory on elliptic CY3 [50–54].
These are clearly interconnected technologies that completely agree on realms where they
overlap. Eyes have been particularly set on characterizing the Coulomb and Higgs branches
of the 5d SCFTs of interest: while the former can be analyzed with relatively straightforward
methods,2 in the context of geometric engineering Higgs branches receive quantum corrections
due to M2-brane instantons, thus essentially hindering their understanding from an M-theory
perspective. In order to overcome such difficulties, it is useful to resort to string-theoretic
dualities. It turns out that 5d Higgs branches, which are typically singular hyper-Kähler
cones, can be conveniently interpreted as Coulomb branches of suitably chosen 3d N = 4
theories called magnetic quivers. The quantum corrections to these Coulomb branches, due
to monopole operators, are under control [55] and are hence vastly more amenable to an
explicit examination. Arguably the most successful recipe to extract magnetic quivers is via
brane webs [56–70], if available. This is the case for all 5d Conformal Matter theories of
types A and D. Building on the gauge theory phases identified in [9], in this work we give
explicit (p, q) web realizations for all of these systems, thus establishing further dictionaries
between networks of branes and M-theory singularities. As a byproduct of this analysis,
we obtain magnetic quivers for all 5d CM theories of types A and D. But what about the
5d CM theories of type E? In order to determine the corresponding Higgs branches we
exploit a different strategy, a circle compactification to 4d. On the one hand, this gives a

1Oftentimes, it is assumed that a suitable complete Calabi-Yau metric exists for canonical CY3. This is a
subtle assumption that requires great care — see e.g. [20] for a recent work examining this aspect.

2E.g., in the context of M-theory backgrounds on CY3 ×R4,1, by performing a crepant resolution of the
singularities of CY3.
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nice independent consistency check on the magnetic quiver results, on the other hand this
allows to obtain information about the exceptional 5d CM theories.

The 5d CM theories can be organized in two broad families in the atomic classification
spirit: we have 5d CMs that serve as atoms, and molecules that can be interpreted as fusions
of several 5d CM systems. We denote these 5d SCFTs with TX , where X is the CY3 employed
to engineer them in M-theory. Fusion is a 5d process which is reminiscent of the 6d fusion [71]
(a generalization of the process of conformal gauging in 4d to higher dimensional systems).
We say that a 5d SCFT is a fusion of several atoms whenever along the 5d Coulomb branch of
the given system, we find a non-Lagrangian gauge theory phase that can be interpreted as a
generalized linear quiver that has CM atoms as edges and gauge nodes of type g. We denote
such gauge theory phase Q̃X . For a generalized bifundamental atom of type g, Q̃X = TX since
by definition this theory does not have any gauge nodes of type g [9]. All bifundamental CM
theories also have a Lagrangian gauge theory phase, corresponding to a suitable decoration of
the Dynkin quiver of type g by SU(N) gauge nodes, which we denote QX . These two gauge
theory phases, being points on the extended Coulomb branch of the same 5d SCFT, are
related by a 5d duality.3 The behavior of 5d atoms and 5d molecules upon circle reduction is
slightly different and we summarize it in figures 1 and 2. In the figures we represent in red
the extended 5d CB, and in blue the 4d KK Coulomb branch. Along the 4d KK Coulomb
branch there are special loci, analogous to Argyres-Douglas points [72], where a 4d N = 2
SCFT arises. It is of particular interest to determine the point which corresponds to the circle
reduction of the undeformed 5d SCFT. We denote D◦

S1TX the resulting 4d N = 2 SCFT.
In the case of the circle reduction of the 5d CM atoms we consider in this paper the result
is a class-S trinion, that we can determine uniquely thanks to the extensive work on their
classification [73–82]. This identification also determines the corresponding Higgs branch,
as the latter does not receive correction upon circle compactification. In the case of the
circle reduction of the 5d CM molecules D◦

S1TX is no longer arising from regular punctures
in class-S — see figure 2. The class-S avatar we find along the 4d KK Coulomb branch is
a circle reduction of the gauge theory phase Q̃X . We can still use this result to provide a
conjecture about the dimension of the Higgs branch of D◦

S1TX , which is confirmed by the
magnetic quiver analysis in types A and D. In particular, this predicts the existence of ADE
families of generalized bifundamental 4d N = 2 SCFTs with flavor symmetry g × g × FX

with g ∈ ADE and FX an enhanced flavor symmetry we can explicitly determine that cannot
be constructed via regular punctures in class-S.

This work is organized as follows. In section 2 we review the construction of 5d conformal
matter atoms and molecules of [9]. In section 3 the S1 reduction of 5d conformal matter
atoms to 4d N = 2 class-S fixtures is discussed. In section 4 the brane web constructions of A-
and D-type 5d conformal matter atoms are presented and their magnetic quivers are derived,
testing, as a by-product, the construction in section 3. In section 5 the S1 reduction of 5d
conformal matter molecules is addressed; by turning on specific masses for the 5d conformal
matter molecule the S1 reduction leads to a 4d N = 2 class-S theory, which is provided. In
section 6 the brane web constructions of A- and D-type 5d conformal matter molecules are

3Employing standard terminology, we say that two different 5d gauge theories are related by a 5d UV
duality if and only if they can be obtained as different mass deformations of the same 5d UV fixed point.
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4d KK CB

4d class−S Trinion SCFT

4d Quiver SCFT

extended 5d CB

TX
atomQX

Figure 1. Illustration of toroidal compactifications of a 5d conformal matter atom. The red shaded
area is a schematic depiction of the 5d extended Coulomb branch (including mass deformations) of the
SCFT TX . The red line emanating from the origin of the CB corresponds to the mass deformation of the
SCFT to the Dynkin quiver phase. Blue arrows depict RG flows to 4 dimensions. The area shaded in
blue is a schematic depiction of the 4d KK Coulomb branch. The atom TX can be directly compactified
to a 4d class−S trinion SCFT, which we may call 4d class−S atom. Turning on the mass deformation
going to the left it can also be compactified to a 4d Lagrangian SCFT. For an atom we have TX

atom
= Q̃X .

presented and their magnetic quivers are derived, furthermore a precise description of the
mass deformation of section 5 is described. Section 7 serves as the conclusion and provides
an outlook on future work. Appendix A summarises specific low energy quiver descriptions of
5d conformal matter atoms and molecules, which were provided in [9]. Appendix B addresses
the question of identifying Higgs branch moduli of 5d a N = 1 SCFT from the geometry
of a local CY3 which engineers it. In appendix C breaking patterns of the flavor group are
explored. In appendix D our notation for quivers and brane webs is reviewed.

We conclude this section by summarizing the notation used in this paper in table 1
for the convenience of our readers.

2 Atomic classification of 5d conformal matter theories

In this section we summarise key features of 5d conformal matter theories, which were
recently introduced in [9].
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4d KK CB

4d SCFT

4d Quiver SCFT 4d class−S SCFT

extended 5d CB

TX
moleculeQX Q̃X

Figure 2. Illustration of toroidal compactifications of a 5d conformal matter molecule. The red
shaded area is a schematic depiction of the 5d extended Coulomb branch (including mass deformations)
of the SCFT TX . The red line emanating from the origin of the CB to the left corresponds to the mass
deformation of the SCFT to the Dynkin quiver phase. The red line emanating to the right corresponds
to the mass deformation of the SCFT to the ‘generalized quiver’ phase. Blue arrows depict RG flows
to 4 dimensions. The area shaded in blue is a schematic depiction of the 4d KK Coulomb branch.
The atom TX cannot be directly compactified to a 4d class−S theory, and we don’t know a good
description of this theory in 4d. Turning on the mass deformation going to the left the theory can
be compactified to a 4d Lagrangian SCFT. Turning on the mass deformation going to the right the
theory can be compactified to a 4d class−S theory which is the gauging of 4d class−S atoms.

These are interacting 5d SCFTs, displaying at least g×g flavor symmetry, with g ∈ ADE.
Further, they all admit a low-energy gauge theory phase, which can be employed to explicitly
glean the UV flavor symmetry thanks to the techniques of [83].

2.1 Atoms of 5d conformal matter

Concretely, 5d conformal matter bifundamental theories are obtained via M-theory geometric
engineering on a specific class of threefolds with canonical non-isolated singularities. The
starting point of our construction are the ADE (or Du Val) surface singularities:

Pg(x1, x2, x3) = 0 g ∈ ADE, (2.1)
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T5d or T
X

(1n1 ,2n2 ,3n3 )
g

The 5d SCFT engineered by a conformal matter
atom or molecule.

Q
X

(1n1 ,2n2 ,3n3 )
g

The 5d low-energy Dynkin quiver phase corresponding to
our preferred choice of resolution, outlined in section 2.2.

Q̃
X

(1n1 ,2n2 ,3n3 )
g

The generalized 5d conformal matter quiver that directly
descends to some class-S theory.
This coincides with T

X
(1n1 ,2n2 ,3n3 )
g

only for atoms.

T4d The 4d class-S theory that descends from Q̃
X

(1n1 ,2n2 ,3n3 )
g

.

MQ(. . .) Magnetic quiver of ‘. . .’ some SQFT.

HB(. . .) Higgs branch of ‘. . .’ some SQFT.

CB5d(. . .) 5d Coulomb branch of ‘. . .’ some 5d N = 1 SQFT.

CB4d(. . .) 4d Coulomb branch of ‘. . .’ some 4d N = 2 SQFT.

CB3d(. . .) 3d Coulomb branch of ‘. . .’ some 3d N = 4 SQFT.

Table 1. Notation chosen for the present work.

where we are using the conventional form:

PAk
(x1, x2, x3) = x2

1 + x2
2 − xk+1

3

PDk
(x1, x2, x3) = x2

1 + x3x2
2 + xk−1

3

PE6(x1, x2, x3) = x2
1 + x3

2 + x4
3

PE7(x1, x2, x3) = x2
1 + x3

2 + x2x3
3

PE8(x1, x2, x3) = x2
1 + x3

2 + x5
3,

(2.2)

Replacing one of the xi → uv we get a threefold:

X
(i)
g :

Pg(x1, x2, x3) = 0
xi = uv

. (2.3)

Notice that the threefold X
(i)
g possesses two non-compact complex lines of singularities of type

g, on top of u = 0 and v = 0 respectively, intersecting at the origin x1 = x2 = x3 = u = v = 0.
The central claim of [9] can then be phrased as:

M-theory reduced on the singularities X
(i)
g geometrically engineers interacting 5d

SCFTs with at least g×g flavor symmetry. We call these theories the fundamental
“atoms” of 5d conformal matter.

One can directly prove this claim by explicitly performing a crepant resolution of the
singularities X

(i)
g : it turns out that one such resolution always exists, and that the 5d

SCFT admits a low-energy quiver gauge theory phase, that can readily be inferred from the
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Q̃
X

(i)
g

= g g
(g, g)(i)

Figure 3. Generalised quiver representing an atom of 5d conformal matter of type (g, g)(i).

Q
X

(2)
E6

= 4 33

2

22 11

Figure 4. Low-energy Dynkin quiver description for the X
(2)
E6

5d conformal matter theory. Yellow
gauge nodes represent special unitary factors in the gauge group.

resolution procedure. A list of the low-energy quiver gauge theories is provided in appendix A
directly taken from [9]. The crucial consequence of this analysis is:

For each g ∈ ADE there exist inequivalent atoms of 5d conformal matter, corre-
sponding to the choice of i in X

(i)
g .

“Inequivalent” means that they engineer different 5d SCFTs, which have different low-
energy quiver gauge theory descriptions.

Only some of the 5d conformal matter atoms are dimensional reductions of 6d conformal
matter atoms. All remaining 5d CM atoms are Higgsings thereof, as we will show in [84].

We may represent a single “atom” of 5d conformal matter as a generalized quiver, like in
figure 3, where the two g flavor factors are highlighted. Notice that the edge is an interacting
5d SCFT,4 and thus it is labelled by (g, g)(i), with i one among 1, 2, 3. We denote these
generalised quivers as Q̃

X
(i)
g

.
In general, the 5d conformal matter SCFT atom in figure 3 has the following properties:

• The SCFT is specified by the edge (g, g)(i). One can also represent the atom via
an ordinary quiver (namely, a quiver where the edges are genuine bifundamental
hypermultiplets) dual to figure 3, corresponding to the low-energy gauge theory phase
arising from a specific choice of resolution (that will be reviewed in section (2.2)) of
X

(i)
g . We denote these quivers as Q

X
(i)
g

.

E.g. in the case X
(2)
E6

, one obtains the ordinary quiver of figure 4, which is an E6 Dynkin
quiver.
See [9] and appendix A for the explicit Dynkin quiver realizations for all algebras.

• The flavor symmetry in the UV is:5

FUV = g× g× Frest,

4In comparison a conventional edge in a quiver corresponding to a hypermultiplet may be considered a free
SCFT.

5In this work we avoid discussions on the global form of the symmetry groups.
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with Frest a product of su and u(1) factors, with known rank. FUV can be computed
employing the techniques of [83] applied to the Dynkin quiver in figure 4.

2.2 Summary of the resolution procedure

We quickly recall, for later reference, the recipe to obtain the specific resolution performed
in [9]:

1. Perform the resolution of the Yg Du Val surface singularity displayed in (2.2), obtaining
the following expressions: 

x1 = x1(aj , bj),
x2 = x2(aj , bj),
x3 = x3(aj , bj),

(2.4)

where (aj , bj) ∈ C2 form an atlas of the resolved Du Val surface and the functions
xi(aj , bj) describes the blowdown map;

2. substitute xi = uv inside (2.4), obtaining a threefold X̃
(i)
g , that partially resolves X

(i)
g .

We note that, at this point, the remaining equations xk = xk(aj , bj), with k ≠ i, are
spurious and can be dropped.

This procedure fully resolves the singularities outside the origin of (2.3) and corresponds
to lifting to the resolved Du Val surface Ỹg the base-change that we used to obtain X

(i)
g

from the singular Du Val surface Yg. We call X̃
(i)
g the partially resolved threefold obtained

in this way and ε the partial resolution map

ε : X̃
(i)
g −→ X

(i)
g . (2.5)

The singular locus of X̃
(i)
g lies within the subvariety ε−1(0) that is blown-down to the origin.

ε−1(0) is collection of P1
i ’s, with i = 1, . . . , rank(g). Each of these P1

i ’s supports a line of
singularities of type Ari with ri ≥ 0, from which we can read off the quivers obtained in [9].
We pictorially represent the geometry of X̃

(i)
g in figure 5, for the g = E6 example: we copied

the resolved Yg singularity along the two non-compact lines u = 0 and v = 0. Over each point
of these lines we have a collection of rank(g) P1’s that intersect each other according to the g

Dynkin diagram and that can be “translated”6 along the considered line. These two collections
of “movable” P1’s fuse together on the ε−1(0), creating a singular collection of P1’s.

A key feature of 5d conformal matter theories is that, for fixed g, there come physically
inequivalent “species”, labelled by (i), displaying different CB dimensions and different flavor
groups. Geometrically, this comes from the fact that the resolution maps xi(aj , bj) differs
from xk(aj , bj) for k ̸= i.

2.3 Molecules of 5d conformal matter

The atomic analogy for 5d conformal matter can be pushed further: atoms can be fused
together to form complex molecules, that in turn correspond to well-defined 5d SCFTs. Indeed,
one of the advantages of the geometric approach is that the Calabi-Yau condition furnishes an

6More precisely, their normal bundle contains a O(0) summand.
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smooth︷ ︸︸ ︷ smooth︷ ︸︸ ︷

︸ ︷︷ ︸
singular

u
=

0 v
=

0

Figure 5. Pictorial representation of X̃
(i)
E6

. The red point corresponds to the origin and its preimage
under ϵ consists of a collection of singular P1’s, arranged like a E6 Dynkin diagram.

Q̃
X

(1n1 ,2n2 ,3n3 )
g

= g · · ·· · · · · ·gg gg g

︸ ︷︷ ︸
n1 (g, g)(1) edges

︸ ︷︷ ︸
n2 (g, g)(2) edges

︸ ︷︷ ︸
n3 (g, g)(3) edges

Figure 6. The most general molecule of 5d conformal matter.

easy criterion to understand whether we can fuse a g symmetry. The result is that, in order
to preserve the Calabi-Yau condition, we can gauge together the diagonal combination of at
most two flavor nodes of the 5d conformal matter atoms depicted in figure 3, as proven in [9].
The most general molecule satisfying this criterion can be engineered from the threefold:

X
(1n1 ,2n2 ,3n3 )
g :

Pg(x1, x2, x3) = 0
UV = xn1

1 xn2
2 xn3

3
, (2.6)

with n1, n2, n3 integers equal or greater than 0 (and at least one of them non-vanishing).
This theory can be represented by the generalized quiver in figure 6, which is obtained by
gluing together many of the atoms depicted in figure 3. We remark that the edges are to be
thought as carrying non-trivial gauge content, labeled by (g, g)(i). In turn, for every threefold
of the (2.6) kind, one can explicitly write down a Dynkin quiver with special unitary nodes
corresponding to a 5d low-energy gauge theory phase. As an example, for the threefold

X
(2n2 )
E6

:

PE6(x1, x2, x3) = 0
UV = xn2

2
, (2.7)

the corresponding low-energy quiver gauge theory is depicted in figure 7.
We refer to [9] for all the other realizations.
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Q
X

(2n2 )
E6

=

4n2 3n23n2

2n2

2n22n2 n2n2

Figure 7. Low-energy quiver phase corresponding to the molecule with g = E6, n1 = n3 = 0 and n2
arbitrary.

In summary, given the expression (2.6) for the threefold canonical singularity, one needs
to choose the following data, in order to specify a 5d conformal matter molecule:

• the algebra g, that yields the g× g flavor symmetry factor;

• the exponents n1, n2, n3 in (2.6), that dictate how many atoms compose the molecule,
and the kind of atoms that compose it.7

Physically, this data fixes the gauge symmetry of the corresponding 5d SCFT, as well as
the rank of the flavor symmetry, which is of the form

FUV = g× g× Frest, (2.8)

with Frest depending on n1, n2, n3.
All in all, the aforementioned data (namely, the choice of g and ni) furnishes the sought-

after atomic classification of the class of 5d conformal matter SCFTs introduced in [9].8

3 5d conformal matter atoms and class S constructions

We now turn to the toroidal compactifications of 5d conformal matter atoms. It turns out that,
for all the 5d conformal matter atoms we have exhibited, there exists a 4d N = 2 descendant,
based on a class-S construction. Such claim is substantiated explicitly by checking that
the following well-known facts hold [86, 87]:

• the number of (real-valued) T5d CB modes must coincide with the number of (complex-
valued) T4d CB modes;

• the global symmetries of T5d and T4d must be the same;9

• if there is no 1-form symmetry in T5d, then there is none also in T4d.
7Of course, molecules can be arbitrarily long, and single atoms such as figure 3 are recovered setting all

exponents n1, n2, n3 to zero, except for one set to 1.
8Notice that the low-energy phases of the 5d conformal matter theories with n1 = n2 = 0 in (2.6) were

already explored in [24] (for the case n3 = 1) and [85]. These are the direct dimensional reduction of 6d
conformal matter theories. One might wonder whether also all the other 5d conformal matter theories reviewed
in this work descend from 6d, along the lines of [53]: we will clarify this aspect in upcoming work [84].

9For some caveats to this claim, that will not enter our discussion, see [87].
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We begin, in section 3.1, finding a set of theories T4d satisfying all the above points, by
means of a class-S setup involving regular punctures. Such T4d are strong candidates to be
the descendants of the 5d conformal matter atomic theories T5d via circle reduction. We
will then, in section 3.2, match the Higgs branch dimensions between T5d and T4d, carefully
taking into account the contributions of the instantonic particles and tracking them back
in the geometry of the threefolds X

(i)
g .

3.1 4d reduction of 5d conformal matter atoms

The logic to extract the 4d reduction T4d of 5d conformal matter fundamental atoms T5d from
bottom-up is straightforward and can be implemented by way of a step-by-step procedure.

Start by picking the conformal matter theory T5d related to the threefold X
(i)
g , that we

have recalled in section 2. To access the 4d picture, consider the 6d N = (2, 0) theory of
type g reduced on a sphere with three regular punctures (with a suitable topological twist).
Recall that each regular puncture is related to10 a nilpotent orbit Oi of g, and that the
Coulomb branch dimension of the 4d theory is:

dimCB4d(T4d) = 1
2

npunctures∑
i=1

(dim(Oi)) − dim(g). (3.1)

Moreover, the contribution of each puncture to the flavor symmetry is given by the stabilizers
of the Langlands dual of Oi, that we denote with OL

i [75].
Given the flavor symmetry of T5d, say (coherently with the notation of the previous

sections)
FUV = g× g× Frest, (3.2)

the punctures are chosen according to:

• Two punctures are maximal punctures related to the algebra g. This ensures that we
obtain a g× g factor in the flavor symmetry, precisely as in the 5d parent.

• The third puncture OIII is chosen in such a way to match the expected CB dimension
(i.e. the dimension of the CB of T5d). Non-trivially, the third puncture must also account
for the Frest flavor symmetry factor of T5d.11

It is easy to check that the above criteria for the class-S construction uniquely constrain
the choice of the three regular punctures.12

10More precisely, the Hitchin field associated to the class S theory must have a simple pole

Φ(w) = Φ−1

w − wp
+ O(1)

at the puncture w = wp, with w a coordinate on the Gaiotto curve. In the conformal limit, Φ−1 is nilpotent,
and belongs to a nilpotent orbit Oi of g.

11In a follow up work [84] we uncover an interesting relationship between the OIII orbit and the Dynkin
quiver. Nevertheless, as is done in this work, it is enough to use a small set of physical data to fix the orbit.

12There are rare exceptions to this claim: e.g. for the X
(2)
D7

theory we could have chosen O′
III = [32, 18]

instead of OIII = [26, 12], keeping the CB dimension and the flavor symmetry unchanged. The orbit O′
III ,

though, would not fit into the infinite family of table 2 labelled by j, and thus we choose to set it aside.
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In table 2 we gather all the information needed to construct the 4d N = 2 class-S theory,
listing the threefolds X

(i)
g corresponding to its 5d parent, the nilpotent orbit OIII whose

numbers dictate [74] the row lengths of the “Hitchin partition” Young tableaux of the third
puncture, its Langlands dual OL

III (whose numbers dictate the column heights of the “Nahm
partition” Young tableaux of the third puncture), the rank of the 4d CB and the total 4d flavor
symmetry. We employ the standard notation of [88] to label nilpotent orbits. In this notation,

• the Hitchin partition of a full puncture of type Aj is denoted as [j + 1]. The Hitchin
partition of a full puncture for a Dj algebra is denoted as [2j − 1, 1];

• the Nahm partition of a full puncture of type Aj is denoted as [1j+1]. The Nahm
partition of a full puncture Dj algebra is denoted as [12j ]. The Young tableaux of
the Nahm partition can be obtained, for Dj , from the Hitchin one by the “D-collapse”
procedure [74] (and taking care of reading the height of columns instead of the row
length). The Young tableaux of the Nahm partition for the Aj case coincides with the
Young tableaux of the Hitchin partition (where, in the first case, we read the heights of
the columns, and in the second the lengths of the rows).

Furthermore, notice that, according to [89], class-S theories on a sphere with only un-
twisted regular punctures admit no 1-form symmetries. This is in agreement with the
result found in [9]:

• since all line operators are screened in T5d, there can be no electric one-form symmetry
in its descendant T4d,

• since all magnetically charged surface operators in T5d are screened, there must be no
magnetically charged lines in T4d.

Notice the perfect agreement between the rank of the 5d and 4d CB dimensions, as
well as the full flavor symmetry.

As a fitting conclusion to this section, we point out that a completely rigorous description
of the 4d descendants of our 5d theories X

(i)
g would have to go through their Type IIA

description, obtained from circle reduction: the corresponding Type IIB mirror geometry
precisely enforces the class-S construction, that we have depicted above based on consistency
arguments. We leave such analysis for future work.

3.2 5d conformal matter atoms and Higgs branch dimension

In this section we compute the quaternionic Higgs branch dimension of the 5d conformal
matter theories reviewed in section 2, both from the purely 5d perspective and the class-S 4d
point of view, showing their agreement. This relies on the fact that such dimension is protected
under circle compactification, and provides a further consistency check of our constructions.

We start by computing the number of Higgs branch modes in the low-energy quiver
phase of 5d conformal matter atoms of type g. These are the modes that are unlifted by the
partial resolution (2.5). We then account for extra Higgs branch directions that open up
in the infinite coupling limit, due to instantonic particles becoming massless, following [83].
We geometrically interpret the appearance of these instantonic particles in terms of the
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Singularity OIII OIII
L rankCBT4d FUV

X
(1)
A2j+1

[2j+1] [(j + 1)2] j2 A2j+1 × A2j+1 × u(1)

X
(1)
A2j

[2j , 1] [j + 1, j] j(j − 1) A2j × A2j × u(1)

X
(3)
Aj

[2, 1j−1] [j, 1] 0 Aj × Aj × u(1)

X
(1)
D2j+2

[32, 22j−2, 12] [(2j + 1)2, 12] j(2j + 3) D2j+2 × D2j+2 × u(1)2

X
(1)
D2j+3

[32, 22j−2, 14] [2j + 3, 2j + 1, 12] j(2j + 5) + 1 D2j+3 × D2j+3 × u(1)

X
(2)
D2j+2

[22j , 14] [2j + 3, 2j + 1] 2j2 + j − 2 D2j+2 × D2j+2

X
(2)
D2j+3

[22j+2, 12] [(2j + 3)2] j(2j + 3) D2j+3 × D2j+3 × u(1)

X
(3)
Dj

[3, 12j−3] [2j − 3, 13] j − 2 Dj × Dj × su(2)

X
(1)
E6

A2 E6(a3) 15 E6 × E6

X
(2)
E6

2A1 D5 10 E6 × E6 × u(1)

X
(3)
E6

A1 E6(a1) 5 E6 × E6

X
(1)
E7

A2 + A1 E6(a1) 31 E7 × E7 × u(1)

X
(2)
E7

(3A1)′′ E6 20 E7 × E7 × su(2)

X
(3)
E7

A1 E7(a1) 10 E7 × E7

X
(1)
E8

A2 + A1 E8(a4) 60 E8 × E8

X
(2)
E8

2A1 E8(a2) 38 E8 × E8

X
(3)
E8

A1 E8(a1) 21 E8 × E8

Table 2. class-S data to construct the 4d descendants of the 5d conformal matter atoms.

transformation of M2-brane “vector-like” modes into M2-brane “Higgs-branch modes” at
the collision point of the two lines of Du Val singularities.

Finally, we compute the Higgs branch dimension of the candidate class-S 4d reduction of
5d conformal matter atoms, showing complete agreement with the 5d Higgs branch dimension
at the UV point.

Let us kick off our computation from the 5d perspective and examine the theories
engineered by M-theory on X

(i)
g , whose low-energy ordinary quiver gauge theory phases were

written down in [9]. We have shown an example of such quivers in figure 4. Therefore,
the dimension of the Higgs branch at finite coupling can be computed directly from the
quiver, namely:

dimHHB
(

Q
X

(i)
g

)
= nH − nV , (3.3)

with nH the number of hypermultiplets and nV the number of vector multiplets. We have
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to be careful, though, because this computation neglects the contribution of deformations
that have been obstructed by the resolution map ϵ in (2.5). From the quiver perspective, this
comes from the fact that (3.3) just captures the number of perturbative Higgs branch modes,
and is blind to the instantonic particles becoming massless in the infinite coupling limit.
These additional Higgs branch directions open up at the UV point, and can be detected by
contracting the curves inflated by ϵ, which are arranged as the g Dynkin diagram. Indeed,
the instantonic particles of the quiver are exactly labeled by the root system of g [83], with
the single-instantons being the simple roots and the multi-instantons being the other roots.

In order to characterize them explicitly, let us consider X̃
(i)
g : we can zoom in on a region

centered on one of the two non-compact lines of resolved Du Val singularities of X̃
(i)
g , away

from their intersection point. There, the threefold locally looks like C × Ỹg, where Ỹg is
the resolved Du Val singularity and C is spanned, say, by u (equivalently, by v). We can
now wrap M2-branes on the compact curves ruled over the non-compact line of resolved g

singularities. These curves exactly coincide with the P1’s resolving the (say) u = 0 line of
Du Val singularity (away from the v = 0 point). These M2-branes become, in the limit of
vanishing volume of the P1’s, states localized at the points where the P1’s get contracted. In
this case, the M2-branes must be interpreted as 7d vector multiplets because

• the normal bundle of each P1 is O(0) × O(−2) and hence we have no first-order
obstruction to a translation (along the O(0) direction) of the M2-brane. Mathematically,
this comes from the existence of an holomorphic non-zero section of the normal bundle.
Physically, this means that the corresponding M2-state is localized in 7d (rather than
in 5d);

• there are also no higher-order obstructions.

In general, if one of these two conditions fails to be true, the M2-brane state gets localized
to 5d, and generates 5d Higgs branch modes [29–31, 34, 35, 90].

It is a well-known result [91–93] that not all the elements in the compact homology
H2(Yg,Z) support an M2 BPS brane state, but, rather, the homology classes supporting
an M2 state correspond to the root system of g. More precisely, the Poincaré duals of the
P1’s resolving Yg correspond to the dual roots α∗

j of the g Dynkin diagram. Furthermore,
let αj be the simple roots of g and consider a two-cycle

ν =
rank(g)∑

j=1
nj [αj ] (3.4)

with [αj ] ∈ H2(Ỹg,Z) the homology class of the j-th. P1. Then, ν supports a M2 BPS state
if and only if ∑rank(g)

j=1 njαj is a root of g.
We can specialize this general picture to the partially resolved threefold X̃

(i)
g . As we

can see from figure 5, away from the (red) intersection point the M2-branes wrapped on
the compact P1’s become 7d vector multiplets, producing the W-bosons of the g× g flavor
algebra. The singular P1’s contracted to the origin display obstructed deformation theory
inside X̃

(i)
g , and hence the corresponding M2 states are Higgs branch modes (rather than

being part of a vector multiplet). This is in agreement with the 4d class-S picture, as we
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will show momentarily. In other words, at the intersection of the two lines of resolved Du
Val singularities the M2-branes wrapping the P1’s can not be holomorphically “translated”
along the non-compact direction, and hence they localize to 5d hypermultiplets. Indeed, as
the size of the P1’s is different from zero (proportional to the square of the inverse gauge
couplings) in the ordinary quiver phase, the aforementioned modes are massive and then do
not contribute to (3.3). From a field theory perspective, the resolution (2.5) corresponds to
giving a v.e.v. to the Cartan elements of a diagonal factor gdiag ⊂ g× g 5d flavor group of
M-theory on X

(i)
g . Under a minimal coupling interaction qQQ̃MQ, this lifts all the 5d Higgs

branch modes with charge qQ ̸= 0 under gdiag, restricting the Higgs-branch dimension. The
number of these states is the number of M2-branes wrapped on the “undeformable” P1’s
contracting on the origin, and exactly matches the number of roots of g.

In appendix B we exhibit an explicit example of our choice of partial resolution of a 5d
singular threefold, highlighting the curves wrapped by the M2-brane states that get trapped
at the origin, thus giving rise to HB modes. Such an example involves the famous 5d TN

trinion theories, for a bipartite reason: it allows us to rely on toric geometry (although it is
by no means a necessary choice) and, above all, shows this previously unnoticed behavior
in such a well-known set of theories.

For the purpose of computing the UV Higgs branch dimension of 5d conformal matter
atoms, the previous discussion implies that (3.3) gets modified as:

dimHHB
(
T

X
(i)
g

)
= nH − nV + #roots(g). (3.5)

Let us finally make contact with the 4d class-S picture. The dimension of the Higgs
branch for the 4d N = 2 theory can be computed according to [75], simply from the data
of the regular punctures:

dimHHB (T4d) = 1
2
∑

i

(
dimC(g) − rank(g) − dimC(OL

i )
)

+ rank(g), (3.6)

with the choices of OL
i of table (2).

Let us collect the results from the 5d and 4d computation in table 3, where we have
listed the 5d HB dimension from the low-energy quiver phase, the 4d HB dimension, the
difference between them (which corresponds to degrees of freedom that become massless in
the infinite coupling limit of the 5d gauge theory, as many as the number of roots of the
appropriate g), as well as the UV 5d HB dimension. Notice that the UV 5d HB dimension
precisely agrees with the 4d HB dimension, as expected from the circle reduction.

4 5d conformal matter atoms, brane webs and magnetic quivers

Let us now to turn to a brane web construction for 5d conformal matter atoms, which
exists for A- and D-type. For the A-type the atoms are realised on standard brane webs of
(p, q)5-branes. For D-type one needs to include an ON5-plane. Our conventions for brane
webs are summarised in appendix D.2.

– 15 –



J
H
E
P
1
0
(
2
0
2
5
)
1
4
4

Singularity dimHHB(Q
X

(i)
g

) dimHHB(T4d) dimHHB(T4d)−dimHHB(Q
X

(i)
g

) dimHHB(T
X

(i)
g

)

X
(1)
A2j+1

3j+2 4j2+9j+4 2(2j2+3j+1) 4j2+9j+4

X
(1)
A2j

3j j(4j+5) 2j(2j+1) j(4j+5)

X
(3)
Aj

j+1 (j+1)2 j(j+1) (j+1)2

X
(1)
D2j+2

3j+4 8j2+15j+8 4(2j2+3j+1) 8j2+15j+8

X
(1)
D2j+3

3j+5 8j2+23j+17 4
(
2j2+5j+3

)
8j2+23j+17

X
(2)
D2j+2

3j+2 8j2+15j+6 4(2j2+3j+1) 8j2+15j+6

X
(2)
D2j+3

3j+4 8j2+23j+16 4
(
2j2+5j+3

)
8j2+23j+16

X
(3)
Dj

j+2 2j2−j+2 2j(j−1) 2j2−j+2

X
(1)
E6

9 81 72 81

X
(2)
E6

8 80 72 80

X
(3)
E6

7 79 72 79

X
(1)
E7

11 137 126 137

X
(2)
E7

10 136 126 136

X
(3)
E7

8 134 126 134

X
(1)
E8

12 252 240 252

X
(2)
E8

10 250 240 250

X
(3)
E8

9 249 240 249

Table 3. Higgs branch dimension from the low-energy quiver 5d phase Q
X

(i)
g

, the class-S 4d perspective
T4d, and the infinite coupling 5d phase T

X
(i)
g

.

4.1 A-type

4.1.1 X
(1)
A2j+1

The low energy Dynkin quiver description Q
X

(1)
A2j+1

of the 5d SCFT T
X

(1)
A2j+1

associated to

the X
(1)
A2j+1

singularity is [9]

Q
X

(1)
A2j+1

=

1 2
· · ·

j j + 1 j

· · ·
2 1

2

. (4.1)
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A brane web for this theory (with both flavours massive) is

[0, 1]7

[1,−1]7 [0, 1]7

[1, 0]7

· · · · · ·1 2 j j + 1 j 2 1
.

(4.2)
The parallel D5 branes support the SU gauge groups, and the two D7 branes ([1, 0]7) provide
the two flavours to the central SU gauge group. The vertical position of the D7 branes
corresponds to the mass of the flavours.

After some Hanany-Witten moves (brane creation) we obtain

[0, 1]7

[0, 1]7 [0, 1]7

[1, 0]7

· · · · · ·1 2 j j + 1 j 2 1

· · · · · ·
1j − 1jj + 1 1 j − 1 j j + 1 .

(4.3)
Taking the masses to zero we obtain

[0, 1]7

[1, 0]7 · · · · · ·
j + 1 (1, 0)5

2j + 2 [0, 1]7

. (4.4)

From this brane web the magnetic quiver for the finite coupling electric quiver (4.1) can
be read using the prescriptions in [60]:

MQ
(

Q
X

(1)
A2j+1

)
=

j + 1

1 1
· · ·

2j + 2

, (4.5)

which is the 3d mirror of (4.1). From the magnetic quiver it is easy to identify the Higgs
branch symmetry of the finite coupling quiver (4.1) to be U(1)2j+2, which matches exactly
the U(1)2j+2 baryonic symmetries of said quiver. We have

dimHCB3d

(
MQ

(
Q

X
(1)
A2j+1

))
= 3j + 2 = dimHHB

(
Q

X
(1)
A2j+1

)
, (4.6)

which matches table 3.
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Taking the couplings to infinity we obtain the brane web

j + 1

...

...

1

2

2j + 1

2j + 2

1

2

2j + 1

. (4.7)

The corresponding GTP is

· · ·

· · ·

...
...

2j + 2 edges separated by black dots

j
+

1
ed

ge
s

se
pa

ra
te

d
by

w
hi

te
do

ts

. (4.8)

From this brane web we can read the magnetic quiver for the infinite coupling SCFT T
X

(1)
A2j+1

– 18 –



J
H
E
P
1
0
(
2
0
2
5
)
1
4
4

of (4.1) (i.e. the SCFT associated to the singular X
(1)
A2j+1

), which is

MQ
(
T

X
(1)
A2j+1

)
=

j + 1
2j + 2

2j + 1

...

2

1

2j + 1

...

2

1

. (4.9)

From this magnetic quiver it is easy to identify the su(2j + 2) × su(2j + 2) × u(1) symmetry
of the SCFT, which enhances to E7 for j = 1, and which enhances to sp(4) for j = 0
where the magnetic quiver has Coulomb branch H4 indicating that the SCFT consists of
free hypers. We have

dimHCB3d

(
MQ

(
T

X
(1)
A2j+1

))
= 4j2+9j+4 = (3j+2)+2(2j2+3j+1) = dimHHB

(
T

X
(1)
A2j+1

)
,

(4.10)
which matches table 3.

UV dual quiver descriptions. As a little aside we point out two more low energy quiver
descriptions of the SCFT associated to X

(1)
A2j+1

, which can be read from the brane web. In order
to see this we first perform an S-duality (along with a rotation) on our brane web, and obtain

j + 1

· · · · · ·
1 2 2j + 1 2j + 2 122j + 1

. (4.11)

After partially going on the extended Coulomb branch, and then performing some Hanany-
Witten moves, we can obtain a brane web with quiver description

2j + 2 2j 2j − 1
· · ·

3 2 2 , (4.12)
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which has a manifest su(2j + 2) symmetry. At the level of the threefold, this operation
amounts to performing another resolution of the singularity w.r.t. the one we presented in
Section 2.2. We notice that some of the instantonic particles of the quiver (4.1) are now
local degrees of freedom for (4.12).

One can go to a different leaf in the extended Coulomb branch, and after again performing
Hanany-Witten transitions obtain a brane web with quiver description

j + 2 SU(j + 1)− 1
2

SU(j + 1)0

· · ·
SU(j + 1)0 SU(j + 1) 1

2
j + 2

2j − 1

, (4.13)

which however does not have a manifest su(2j + 2) symmetry.

4.1.2 X
(1)
A2j

The discussion of the brane web for the 5d SCFT associated to the X
(1)
A2j

singularity is
analogous to the previous section. We only present the infinite coupling brane web and
corresponding magnetic quiver.

brane web: j

...

...

1

2

2j

2j + 1

1

2

2j

magnetic quiver:
j

2j + 1

2j

...

2

1

2j

...

2

1

. (4.14)

The CB symmetry of this magnetic quiver is su(2j + 1) × su(2j + 1) × u(1), which enhances
to su(10) for j = 2, and enhances to sp(9) for j = 1 where the magnetic quiver has Coulomb
branch H9 indicating that the SCFT consists of free hypers. We have

dimH

(
CB3d

(
MQ

(
T

X
(1)
A2j

)))
= 4j2 + 5j = dimH

(
HB

(
T

X
(1)
A2j

))
, (4.15)

which matches table 3.
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4.2 D-type

4.2.1 X
(1)
D2j+2

A low energy quiver description of the 5d SCFT associated to the X
(1)
D2j+2

singularity is [9]

Q
X

(1)
D2j+2

=

1 j + 1

1 j + 1

2j + 1 2j

· · ·
3 2 1

. (4.16)

The D-type bifurcation in the gauge nodes can be realised on a brane web with ON5−
(drawn as a green vertical line), similar to the constructions in [94]. The brane web with
both flavours massive is

[0, 1]7 [0, 1]7 [0, 1]7 [0, 1]7

[0, 1]7 [0, 1]7

[1, 0]7

[1, 1]7
[1, 1]7

[1, 0]7

· · ·2j + 2 2j + 2 2j + 1 2j 3 2
. (4.17)

After some Hanany-Witten moves and taking the masses to zero we obtain

[1, 0]7· · ·2j + 2 2j + 2 1

2j + 2 [0, 1]7

. (4.18)

The magnetic quiver for the finite coupling electric quiver (4.16) can be read from the brane
web using the prescriptions in [66]:13

MQ
(

Q
X

(1)
D2j+2

)
=

2j + 2 1

1 1
· · ·

2j + 2

Z(1)
2

, (4.19)

where /Z(1)
2 denotes gauging the Z2 1-form symmetry of the quiver, which is achieved on

the level of the monopole formula by considering the half-integer magnetic lattice [95]. The
13Ref. [66] deals with brane webs in the presence of O5 orientifold branes, such a setup is reached by

performing an S-duality on our brane web.
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Coulomb branch global symmetry of the magnetic quiver is U(1)2j+3. We have

dimHCB3d

(
MQ

(
Q

X
(1)
D2j+2

))
= 3j + 4 = dimHHB

(
Q

X
(1)
D2j+2

)
, (4.20)

which matches table 3.

Taking the couplings to infinity we obtain the brane web (now with both ON5− and
ÕN5− planes, where ÕN5− is drawn in orange and corresponds to an ON5− with a stuck
1
2(0, 1)5 on top, see appendix D.2)

2j + 2 1

...

...

4j + 4

4j + 2

4j + 2

4j

2

0

4j + 2

4j + 2

4j

2

0

. (4.21)

The numbers next to the brane segments on top of ON5 planes indicate the number of
1
2(0, 1)5-branes not accounting for the stuck 1

2(0, 1)5 involved in the ÕN5−. From this brane
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web we can read the unitary-orthosymplectic magnetic quiver14

MQ
(
T

X
(1)
D2j+2

)
= Z(1)

22j + 2 1
4j + 4

4j + 2

4j + 2

4j

...

2

0

4j + 2

4j + 2

4j

...

2

0

, (4.22)

from which we can identify the so(4j + 4) × so(4j + 4) × u(1)2 global symmetry of the SCFT,
which exists for j ≥ 1. We have

dimHCB3d

(
MQ

(
T

X
(1)
D2j+2

))
=8j2+15j+8=(3j+4)+4(2j2+3j+1)=dimHHB

(
T

X
(1)
D2j+2

)
,

(4.23)
which matches table 3.

4.2.2 X
(1)
D2j+3

The discussion of the brane web for the 5d SCFT associated to the X
(1)
D2j+3

singularity is
analogous to the previous section. We only present the infinite coupling brane web and

14For notation of quivers and types of gauge nodes, see appendix D.1.
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corresponding magnetic quiver:

brane web: 2j + 2 1

...

...

4j + 6

4j + 4

4j + 4

4j + 2

2

0

4j + 4

4j + 4

4j + 2

2

0

magnetic quiver: Z(1)
22j + 2 1

4j + 6

4j + 4

4j + 4

4j + 2

...

2

0

4j + 4

4j + 4

4j + 2

...

2

0

.

(4.24)
We note that, again, in the brane-web many D5 end on the same D7, and hence there exists
a dual description, for the 5d conformal matter of type X

(1)
A2j

, in terms of a toric diagram
with white dots. Again, this means that we can think to the procedure of passing from the
aforementioned white-dots toric diagram to the singularity X

(1)
A2j

as the geometric analogous
of an Hanany-Witten move [38].

The Coulomb branch global symmetry of the magnetic quiver is so(4j+6)×so(4j+6)×u(1)
for j ≥ 1, and E7 for j = 0. We have

dimHCB3d

(
MQ

(
T

X
(1)
D2j+3

))
= 8j2 + 23j + 17 = dimHHB

(
T

X
(1)
D2j+3

)
, (4.25)

which matches table 3.
The magnetic quiver for T

X
(1)
D3

is IR dual to the magnetic quiver for T
X

(1)
A3

[95], as is
expected since su(4) = so(6).
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4.2.3 X
(2)
D2j+2

The discussion of the brane web for the 5d SCFT associated to the X
(2)
D2j+2

singularity is
analogous to the previous section. We only present the infinite coupling brane web and
corresponding magnetic quiver:

brane web: 2j

...

...

4j + 4

4j + 2

4j + 2

4j

2

0

4j + 2

4j + 2

4j

2

0

magnetic quiver: Z(1)
22j

4j + 4

4j + 2

4j + 2

4j

...

2

0

4j + 2

4j + 2

4j

...

2

0

. (4.26)

The Coulomb branch global symmetry of the magnetic quiver is so(4j + 4) × so(4j + 4)
for j > 1, and E8 for j = 1. We have

dimHCB3d

(
MQ

(
T

X
(2)
D2j+2

))
= 8j2 + 15j + 6 = dimHHB

(
T

X
(2)
D2j+2

)
, (4.27)

which matches table 3.

4.2.4 X
(2)
D2j+3

The discussion of the brane web for the 5d SCFT associated to the X
(2)
D2j+3

singularity is
analogous to the previous section. We only present the infinite coupling brane web and
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corresponding magnetic quiver:

brane web: 2j + 2

...

...

4j + 6

4j + 4

4j + 4

4j + 2

2

0

4j + 4

4j + 4

4j + 2

2

0

magnetic quiver: Z(1)
22j + 2

4j + 6

4j + 4

4j + 4

4j + 2

...

2

0

4j + 4

4j + 4

4j + 2

...

2

0

. (4.28)

The Coulomb branch global symmetry of the magnetic quiver is so(4j + 6)× so(4j + 6)× u(1)
for j ≥ 1. For j = 1 the magnetic quiver has Coulomb branch H16 indicating that the
SCFT consists of free hypers. We have

dimHCB3d

(
MQ

(
T

X
(2)
D2j+3

))
= 8j2 + 23j + 16 = dimHHB

(
T

X
(2)
D2j+3

)
, (4.29)

which matches table 3.

4.2.5 X
(3)
Dj

The discussion of the brane web for the 5d SCFT associated to the X
(3)
D2

singularity is
analogous to the previous section. We only present the infinite coupling brane web and
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corresponding magnetic quiver:

brane web: 2 1

...

...

2j

2j − 2

2j − 2

2j − 4

2

0

2j − 2

2j − 2

2j − 4

2

0

magnetic quiver: Z(1)
22 1

2j

2j − 2

2j − 2

2j − 4

...

2

0

2j − 2

2j − 2

2j − 4

...

2

0

.

(4.30)
The Coulomb branch global symmetry of the magnetic quiver is so(4j) × su(2)15 for j ≥ 3,
and E7 for j = 3 [95]. We have

dimHCB3d

(
MQ

(
T

X
(3)
Dj

))
= 2j2 − j + 2 = dimHHB

(
T

X
(3)
Dj

)
, (4.31)

which matches table 3.

4.3 Relation to class-S construction

We observe that all A- and D-type 5d conformal matter atoms can be constructed as
worldvolume theories of 5-brane webs. The magnetic quivers read from these brane webs
match exactly those read from the class-S construction (from puncture data). This further
confirms that the identified toroidal reduction is the correct one.

15Notice that the global symmetry always enhances from the g× g× Frest type in this case.
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Q̃
X

(i)
g

= g g
(g, g)(i)

y circle reduction

Omax×Omax×

O(i)
III

×

Figure 8. The conformal matter 5d theory of type X
(i)
g and its 4d descendant realized as a class-S

setup with three regular punctures. This corresponds to the vertical blue arrow in figure 1.

5 5d conformal matter molecules and class S

In this section we naturally extend the construction presented in section 3 and determine the
4d descendants of the 5d SCFTs encoded by the complete intersections (2.6), that correspond
to 5d conformal matter molecules (or, equivalently, to 5d generalized linear quivers). The
5d molecules in general admit a flavor symmetry of the form:

FUV = g× g× Frest. (5.1)

It turns out that on a specific point of the extended CB of the 5d SCFT, corresponding
to turning on some masses for Frest, its circle reduction lends itself to a 4d N = 2 class-S
interpretation. Hence, we match the CB dimension across dimensional reduction in section 5.1,
and we relate the dimension of the HB and the flavor symmetry of the 5d theory to the
ones of its 4d descendant in section 5.2. In section (6) we then compute the brane-webs and
magnetic quivers for the 5d conformal matter molecules.

5.1 4d reduction of 5d conformal matter molecules

The procedure to find the 4d descendant of a 5d generalized linear quiver (molecule) is
straightforward: we start from the fundamental 5d conformal matter atoms of table 2, that
specify the descendant of the 5d theory X

(i)
g by means of a class-S setup. The latter is given

by the 6d N = (2, 0) theory of type g compactified on a sphere with three appropriately
chosen regular punctures. As previously remarked, there is a one to one correspondence
between X

(i)
g and the choice of the nilpotent orbit associated to the third puncture O(i)

III

(where we have explicitly highlighted the dependence on i, that can be read off from table 2).
Pictorially, we can represent the 5d theory and its 4d descendant as in figure 8. Notice

that the sphere corresponds to an “edge” in the generalized 5d quiver. Consequently, in order
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Q̃
X

(1n1 ,2n2 ,3n3 )
g

=
g · · ·· · · · · ·gg gg g

︸ ︷︷ ︸
n1 (g, g)(1) edges

︸ ︷︷ ︸
n2 (g, g)(2) edges

︸ ︷︷ ︸
n3 (g, g)(3) edges

y circle reduction

Omax×

O(1)
III

×

· · ·

O(2)
III

×

· · · Omax×

O(3)
III

×

︸ ︷︷ ︸
n1 spheres with O(1)

III punctures
︸ ︷︷ ︸

n2 spheres with O(2)
III punctures

︸ ︷︷ ︸
n3 spheres with O(3)

III punctures

Figure 9. The generalized quiver with 5d conformal matter edges and its 4d descendant realized as a
class-S setup with regular punctures. This corresponds to the blue arrow going to the bottom right in
figure 2.

to construct the 4d descendants of the generalized 5d quiver theories Q̃
X

(1n1 ,2n2 ,3n3 )
g

of figure 9
it suffices to consider as many class-S spheres as the number of edges of the 5d generalized
quiver. Of course, we must choose the third puncture of each sphere in such a way to match
the corresponding 5d conformal matter type (g, g)(i) of the corresponding edge. The gluing
happens along the maximal punctures: all in all, we are left with a single sphere with two
maximal punctures of type g, and as many non-maximal punctures as the number of edges,
accounting for the extra flavor symmetry. Intuitively, we can represent this correspondence as
in figure 9. Crucially, notice that the generalized quiver Q̃

X
(1n1 ,2n2 ,3n3 )
g

does not correspond
to the same extended CB phase as the quivers specified by our preferred resolution procedure
of section 2.2. This will impact on the relation between the Higgs branch dimension of the
5d SCFT and the class-S reduction corresponding to the choice of resolution that yields
Q̃

X
(1n1 ,2n2 ,3n3 )
g

. We will extensively comment on this in section 5.2. It is easy to see that the
ranks of the 5d and 4d Coulomb branch match: in the 5d quiver, we have n1, n2, n3 edges of
type (g, g)(1), (g, g)(2), (g, g)(3), respectively, each contributing with r1, r2, r3 to the total rank
of the Coulomb branch. Each gauge node further adds rank(g) to such rank. Hence we obtain:

rank(CB)5d = n1r1 + n2r2 + n3r3 + (n1 + n2 + n3 − 1)rank(g). (5.2)

From the 4d side, we have to consider the contribution of two maximal regular punctures of
type g, as well as that of n1, n2, n3 regular punctures of type O(1)

III ,O(2)
III ,O(3)

III , respectively.
As a consequence of the choices exhibited in table 2, it is immediate to check that the
dimensions di of the O(i)

III orbits are such that:

di = 2(ri + rank(g)) for i = 1, 2, 3. (5.3)
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Then, employing (3.1), we can compute the CB dimension in the 4d class-S theory:

rank CB4d (T4d) = 1
2
(
2dim(Omax) + n1dim(O(1)

III) + n2dim(O(2)
III) + n3dim(O(3)

III)
)
− dim(g)

= n1r1 + n2r2 + n3r3 + (n1 + n2 + n3 − 1)rank(g), (5.4)

that precisely agrees with (5.2).
As regards the flavor symmetry, we expect the 5d theory to possess at least the flavor

symmetry (2.8), that we repeat here for convenience, sticking to the same conventions:

FUV = g× g× Frest. (5.5)

From the 4d perspective, notice that the two maximal punctures give rise to the expected
g×g factor, and that the remaining punctures should take care of the leftover flavor symmetry.
A quick tracking of the factors shows that the 4d picture does not account for the rank of
the global symmetry Frest in the general case. We explain this symmetry breaking effect
in the following section, where we also comment on the matching between the 4d and 5d
HB dimensions.

5.2 5d conformal matter molecules and Higgs branch dimension

In this section, we are going to relate the Higgs branch dimension, as well as the flavor
symmetries, of the 5d conformal matter molecules with those of their 4d class S descendants
presented in figure 9. We add more details on the matching of the flavor symmetry in
appendix C.

Let us start by noticing that, due to (3.6), the dimension of the HB for the candidate class
S theory depicted in figure 6 scales linearly with the number of junctions of the generalized
quiver of the corresponding 5d theory. More precisely, for the 4d theory corresponding to a
quiver with n1 junctions of type i = 1, n2 of type i = 2 and n3 of type i = 3, we have

dimHHB (T4d) = dim(g) − rank(g)

+1
2
∑

i

ni

(
dimC(g) − rank(g) − dimC(OL

i )
)

+ rank(g)

= dim(g) + 1
2
∑

i

ni

(
dimC(g) − rank(g) − dimC(OL

i )
)

, (5.6)

where in the first step we singled out the contribution dim(g) − rank(g) coming from the
full punctures, and the sum over i accounts for the other punctures.

We can now compute the HB dimension of the 5d theory. As explained in [9], M-theory
on (2.6) admits a mass deformation to an ordinary quiver gauge theory phase. The gauge
nodes of the quiver are of type su(Nk), with k = 1, . . . , rank(g) and intersect each other
according to the g Dynkin diagram. The quiver might also display some flavor nodes, again of
type su or of type u(1). In particular, the ranks of the quiver gauge nodes scale linearly with
the ni [9] and hence the HB dimension of the quiver, nH −nV , scales quadratically with the ni:

dimHHB (T5d) = nH − nV + dim(g) − rank(g)︸ ︷︷ ︸
instantonic contribution

, (5.7)
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where we have separated, on the r.h.s., the HB contributions that can be counted at finite
coupling from the quiver (nH −nV ) from those coming from the instantonic particles [83] (or,
equivalently, from the M2-brane states described in section 3.2). We listed the dimH(HB)UV

5d

for all the conformal matter molecules in table 4, where we colored in red the explicit
expressions for nH − nV . It is immediate to see that (5.7) and (5.6) can not be matched.
The resolution of the puzzle, though, is straightforward and can be traced back to our choices
of partial resolutions for the molecule geometries.

Indeed, we constructed the 4d class S as the circle reduction of the generalized quiver
in figure 9. The generalized quiver phase is itself a partially resolved phase (different from
the resolution presented in section 2.2) of M-theory on (2.6). Consequently, the generalized
quiver is a valid description away from the origin of the 5d extended Coulomb branch of the
SCFT, and holds only when the compact curves supporting the compact lines of g Du Val
singularities have a non-zero volume. It then follows that the M2-brane states16 wrapped on
the inflated compact curves have a non-vanishing BPS mass, and then some HB directions are
lifted. We can count the unlifted HB dimensions as follows: the generalized linear quiver in
figure 9 corresponds to a partial resolution of (2.6) displaying n1 + n2 + n3 − 1 compact lines
of g singularities intersecting according to the An1+n2+n3−1 Dynkin diagram. Furthermore,
we have two non-compact lines of g singularities intersecting the compact lines corresponding
to the leftmost and to the rightmost nodes of the An1+n2+n3−1 Dynkin diagram. In total,
we have n1 + n2 + n3 intersection points between these lines where the unlifted HB modes
localize. As these intersection points are separated, we can count their contributions one by
one using the third17 column of table 3. The final HB dimension is obtained by subtracting
the contributions coming from the g gauge nodes, obtaining:

dimHHB
(

Q̃
X

(1n1 ,2n2 ,3n3 )
g

)
=
∑

i

nidimHHB
(

Q
X

(i)
g

)
−(N−1)dim(g)

= N(dim(g)−rank(g))+1
2
∑

i

ni

(
dimC(g)−rank(g)−dimC(OL

i )
)

+Nrank(g)−(N−1)dim(g)

= dim(g)+1
2
∑

i

ni

(
dimC(g)−rank(g)−dimC(OL

i )
)

= dimHHB(T4d), (5.8)

where N = n1 + n2 + n3 and, in the second step, we singled out the contribution N(dim(g)−
rank(g)) of the maximal regular punctures.

We can use this result to understand the apparent mismatch between the flavor symmetries
of the 5d SCFT associated to (2.6) and those of the 4d class S corresponding theory. Indeed,
in order to obtain T4d, we turned on non-zero Kähler volumes for some P1’s that can be
interpreted, by the usual geometric engineering dictionary, as real mass deformations for
the UV fixed point. One can check that the M2 BPS states wrapped on such P1’s have a

16It is important not to confuse these M2 states with the ones appearing in section 3.2, as they are associated
to different resolutions of the threefold singularity.

17This is equivalent to adding the contributions from the 5d instantonic particles to the second column of
table 3.
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normal bundle that identifies them as HB modes. Consequently, such modes are lifted, and
hence we expect to get a tinier 4d flavor group after dimensional reduction. By exploiting
the usual geometric engineering dictionary, the Kähler volumes of P1s i

The final flavor group is expected to be the commutant, inside the initial flavor group, of
the elements of the flavor algebra corresponding to the mass parameters. Stated differently,
the class S flavor group is expected to coincide with the flavor group of the mass-deformed
phase of the 5d SCFT corresponding to the generalized linear quiver, that, from a 5d
perspective, gets enhanced at the UV fixed point to (2.8) only when all the compact P1’s are
contracted. In analogy to the instanton particles in the quiver gauge theory setup, the M2
branes wrapping the resolved P1 enlarge, after the contraction, both the flavor symmetry
of the theory and the Higgs branch dimensions. More specifically, we notice that, since the
generalized linear quiver still displays two non-compact lines of singular g singularities, the
mass parameters that we turned on to reach the generalized linear quiver phase must come
from the Frest factor of the 5d flavor group. Consequently, the 4d punctures capture just
the commutants, inside Frest, of the mass parameters that we turned on. Indeed, we can
check this statement as follows: a mass deformation for Frest is a background field along
h′ ⊂ h ⊂ Frest, with h the Cartan subalgebra. This breaks the Frest to the commutant of
h′ (excluding h′ itself). We hence expect

rank(GIII,4d) = rank(Frest) − N. (5.9)

We check this formula for the most general molecule, highlighting the precise breaking pattern
of the flavor symmetry, in section C.

To conclude, we note that (5.8) is an independent check of the fact that the candidate
4d class S theories are exactly those in figure 8 and figure 9, validating our construction. In
table 4 we summarize the full UV quaternionic Higgs Branch dimensions for all molecules of
5d conformal matter. In other words, given the defining threefold (2.6), the HB dimension
depends on the non-negative integers n1, n2, n3 as in the column on the right of table 4.

6 5d conformal matter molecules, brane webs and magnetic quivers

In this section we explore the brane-web perspective on 5d conformal matter molecules.
That is, we now turn to gauging a diagonal symmetry of two 5d conformal matter atoms of
the same algebra directly in 5d, and then going to the UV fixed point, i.e. a 5d conformal
matter molecule.

We first discuss the A-type conformal matter brane systems in some detail, and then
present the D-type brane systems which behave completely analogously.
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Molecule class dimHHB (T5d)

A2j+1 n2
1(j + 1) + 2j + 1 + 2(1 + j)(1 + 2j)︸ ︷︷ ︸

obstructed

A2j
(
n2

1 + 2
)

j + 2j(1 + 2j)︸ ︷︷ ︸
obstructed

D2j+2 (j + 2)n2
1 + n1 (2jn2 + n2 + 4n3) + j

(
n2

2 + 2
)

+ 2n3 (n2 + n3) + 2 + 4(1 + j)(1 + 2j)︸ ︷︷ ︸
obstructed

D2j+3 (j + 2)n2
1 + 2n1 ((j + 1)n2 + 2n3) + (j + 1)n2

2 + 2j + 2n2
3 + 2n2n3 + 3 + 4(1 + j)(3 + 2j)︸ ︷︷ ︸

obstructed

E6 3n2
1 + 4n1n2 + 3n1n3 + 2n2

2 + 2n2n3 + n2
3 + 6 + 72︸︷︷︸

obstructed

E7 4n2
1 + 6n1n2 + 3n1n3 + 3n2

2 + 2n2n3 + n2
3 + 7 + 126︸︷︷︸

obstructed

E8 4n2
1 + 5n1n2 + 3n1n3 + 2n2

2 + 2n2n3 + n2
3 + 8 + 240︸︷︷︸

obstructed

Table 4. UV Higgs branch dimension of 5d conformal matter molecules. We highlighted with brackets
the HB modes that are obstructed after the partial resolution of section 2.2. Note that, for the g = A

case, in [9] we have just one type of 5d conformal matter atom, and hence just n1 appears in the HB
dimension formula.

6.1 A-type

6.1.1 X
(1n)
A2j+1

X
(12)
A2j+1

. Consider gauging the diagonal SU(2j + 2) symmetry of two (A2j+1, A2j+1)(1) 5d
conformal matter atoms:

A2j+1

A2j+1

(A2j+1, A2j+1)(1)

A2j+1

A2j+1

(A2j+1, A2j+1)(1)

glue

boxes
SU(2j + 2)

gSU(2j+2)

A2j+1

A2j+1

(A2j+1, A2j+1)(1)

(A2j+1, A2j+1)(1)

, (6.1)

where gSU(2j+2) is the coupling of the gauged diagonal SU(2j + 2) symmetry.
The brane web for the (A2j+1, A2j+1)(1) 5d conformal matter atom is given in 4.7. The

two SU(2j + 2) symmetries of the SCFT can be seen from the [0, 1]7 branes which the
(vertical) (0, 1)5 branes end on.
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The diagonal SU(2j + 2) gauging can be done on the level of the brane web by ‘gluing’
the two webs corresponding to the two atoms together in the following way:

j + 1

...

...

1

2

2j + 1

2j + 2

1

2

2j + 1

su(2j + 2)

j + 1

...

...

1

2

2j + 1

2j + 2

1

2

2j + 1

su(2j + 2)

glue
boxes

j + 1

j + 1

...

...

1

2

2j + 1

2j + 2

2j + 2

1

2

2j + 1

∝ 1
g2

SU(2j+2)
. (6.2)

Note that this is the brane web for

Q
X

(12)
A2j+1

=

2 4
· · ·

2j 2j + 2 2j

· · ·
4 2

4

, (6.3)

after taking all the couplings to infinity, but giving a mass m to two of the four flavours leaving
the other two massless, where m = 1

g2
SU(2j+2)

. This m corresponds to the mass deformation
corresponding to the red line going to the right in figure 2.
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On the level of magnetic quivers this is realised by gauging a diagonal Coulomb branch
symmetry (see for example [96] or [97, appendix B] how these are implemented):

j + 1
2j + 2

2j + 1

...

2

1

2j + 1

...

2

1

su(2j + 2)

j + 1
2j + 2

2j + 1

...

2

1

2j + 1

...

2

1

su(2j + 2)

gauge diag
CB symm

j + 1

j + 1

2j + 2

2j + 1

...

2

1

2j + 1

...

2

1

, (6.4)

where the quiver on the r.h.s. of (6.4) can also be read straight from the brane web on
the r.h.s. of (6.2).

The Higgs branch of the r.h.s. of (6.1) (at finite gSU(2j+2)) is obtained as a hyper-Kähler
quotient of the product of the Higgs branches on the l.h.s. of (6.1) by SU(2j + 2):

HB (r.h.s. (6.1)) = (HB (l.h.s. 1 (6.1)) × HB (l.h.s. 2 (6.1))) ///SU(2j + 2) , (6.5)

with dimension

dimH(HB(r.h.s. (6.1)))=dimH(HB(l.h.s. 1 (6.1)))+dimH(HB(l.h.s. 2 (6.1)))−(2j+2)2+1 .

(6.6)
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Infinite coupling. The SCFT engineered by X
(12)
A2j+1

is realised by taking 1
g2

SU(2j+2)
→ 0

in the r.h.s. brane web of (6.2):

2j + 2 j + 1j + 1

...

...

1

2

2j + 1

2j + 2

1

2

2j + 1

. (6.7)

The magnetic quiver read from this web is

2j + 2

j + 1

j + 1

2j + 2

2j + 1

...

2

1

2j + 1

...

2

1

. (6.8)
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X
(1n)
A2j+1

. Now consider gauging n (A2j+1, A2j+1)(1) 5d conformal matter atoms, in order to
obtain a generalised linear quiver. The corresponding brane web and magnetic quiver are:

brane web:

j + 1
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...

...

...
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1
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2j + 1
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n magnetic quiver:
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n . (6.9)

Infinite coupling. Taking all the couplings of the generalised quiver to infinity realises the
SCFT associated to the X

(1n)
A2j+1

singularity. The corresponding brane web is:

· · · · · ·
n(j + 1) (n

−
1)(

j + 1)

1(j + 1)(n
−

1)(
j + 1)

1(j + 1)
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2j + 1

(6.10)
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from which we can read the magnetic quiver

n(j + 1)

(n − 1)(j + 1)

(n − 2)(j + 1)

· · ·

j + 1

(n − 1)(j + 1)

(n − 2)(j + 1)

· · ·

j + 1

2j + 2

2j + 1

...

2

1

2j + 1

...

2

1

. (6.11)

We notice that the quiver is not star-shaped, which would be the case for a magnetic quiver
for a class-S theory with regular punctures [96], but rather it has two ‘centers’ stemming
from the stack of NS5 branes and D5 branes in the middle of the brane web respectively.
This suggests that the reduction to 4d is not a class-S theory with regular punctures.18

6.1.2 X
(1n)
A2j

Now consider gauging n (A2j , A2j)(1) 5d conformal matter atoms, in order to obtain a
generalised linear quiver. This case is completely analogous to the previous one. The

18This probably suggests a 4d-mechanism analogous to the one of [86, 98].

– 38 –



J
H
E
P
1
0
(
2
0
2
5
)
1
4
4

corresponding brane web and magnetic quiver are:

brane web:
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n magnetic quiver:
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n . (6.12)

Infinite coupling. Taking all the couplings of the generalised quiver to infinity realises the
SCFT associated to the X

(1n)
A2j

singularity. The corresponding brane web is:

· · · · · ·
nj (n − 1)j j(n − 1)jj

...

...

1

2

2j

2j + 1

1
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2j

(6.13)
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from which we can read the magnetic quiver
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(n − 2)j
· · ·

j

2j + 1

2j

...

2

1

2j
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6.2 D-type

6.2.1 X
(1n1 ,2n2 ,3n3 )
D2j+2

Let us now turn to D2j+2 conformal matter molecules. We start with building generalised
quivers from (D2j+2, D2j+2)i∈{1,2,3} conformal matter atoms by gauging diagonal SO(4j + 4)
symmetries:

Q̃
X

(1n1 ,2n2 ,3n3 )
D2j+2

=
SO(4j + 4) · · ·· · · · · ·SO(4j + 4)SO(4j + 4) D2j+2D2j+2 SO(4j + 4)

︸ ︷︷ ︸
n1 (D2j+2, D2j+2)(1) edges

︸ ︷︷ ︸
n2 (D2j+2, D2j+2)(2) edges

︸ ︷︷ ︸
n3 (D2j+2, D2j+2)(3) edges

.(6.15)
The infinite coupling SCFT will not depend on the order in which the atoms are gauge
together, and neither will the finite coupling (of the SO(4j + 4)s) Higgs branch, therefore
we fix the order above.

– 40 –



J
H
E
P
1
0
(
2
0
2
5
)
1
4
4

The brane web is

...

2j + 2 1

2j + 2 1

...

2j

2j

...

2 1

2 1

...

...

...

...

...

4j + 4

4j + 2

4j + 2

4j

2

0

4j + 2

4j + 2

4j

2

0

n1

n2

n3

(6.16)
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and the magnetic quiver is

Z(1)
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n2

n3

. (6.17)

Infinite coupling. Taking all the couplings of the generalised quiver to infinity realises
the SCFT associated to the X

(1n1 ,2n2 ,3n3 )
D2j+2

singularity.
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6.2.2 X
(1n1 ,2n2 ,3n3 )
D2j+3

Let us now turn to D2j+3 conformal matter molecules. We start with building generalised
quivers from (D2j+3, D2j+3)i∈{1,2,3} conformal matter atoms by gauging diagonal SO(4j + 6)
symmetries:

Q̃
X

(1n1 ,2n2 ,3n3 )
D2j+3

=
SO(4j + 6) · · ·· · · · · ·SO(4j + 6)SO(4j + 6) D2j+3D2j+3 SO(4j + 6)

︸ ︷︷ ︸
n1 (D2j+3, D2j+3)(1) edges

︸ ︷︷ ︸
n2 (D2j+3, D2j+3)(2) edges

︸ ︷︷ ︸
n3 (D2j+3, D2j+3)(3) edges

.

As before the infinite coupling SCFT will not depend on the order in which the atoms are
gauged together [9], and neither will the finite coupling (of the SO(4j + 6)s) Higgs branch.
Therefore we may fix the order above.
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and the magnetic quiver is

Z(1)
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. (6.21)

Infinite coupling. Taking all the couplings of the generalised quiver to infinity realises
the SCFT associated to the X

(1n1 ,2n2 ,3n3 )
D2j+3

singularity.
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6.3 Relation to class−S

We observe that all A- and D-type 5d conformal matter molecules can be constructed as
worldvolume theories of 5-brane webs. The magnetic quivers read from these brane webs
are not of the type obtained from class-S theories with regular punctures, which would be
star-shaped. The deformations of conformal matter theories to generalized quivers Q̃ produces
magnetic quivers which match exactly those read from the class-S construction (from puncture
data). This further confirms that the identified toroidal reduction is the correct one.

7 Outlook

In this work, we further characterised the 5d Conformal Matter SCFTs introduced in [9].
We specifically analysed three interconnected problems: the dimensional reduction of the
aforementioned SCFTs, their (p, q)-web brane constructions and their magnetic quivers.

This work is situated at the intersection of a variety of tightly-related points of view
on the geometric engineering landscape, and naturally paves the way for a plethora of
possible developments:

1. One may ask, whether the 5d CM atoms (and molecules built thereof) introduced in [9],
and studied in the present paper, are all the 5d SCFTs with at least g× g symmetry
and a Dynkin quiver phase. In the upcoming paper [84] we answer this question by
completing the classification and matching with corresponding CY singularities. Most
of the results of this paper extend to the more general class, but we find also some new
exotic hybrid 5d CM systems (new atoms that can be Higgsed to molecules).

2. The Higgs branch phase diagram, or Hasse diagram, of a 5d theory can be obtained
from its brane web construction via magnetic quiver technology. On the geometric
engineering side complex structure deformations achieve the same Higgsing. We address
how to match such deformations with the Hasse diagram for specific theories in a further
upcoming work [99]. The Higgs branch RG-flows between atoms are summarised in
figure 10.

3. While first steps in reading magnetic quivers from geometry were made in [26–28], in
general, it is still not clear how to precisely rephrase some aspects of the magnetic
quiver analysis in the language of geometric engineering. Indeed, if on the one hand
the geometric engineering allows in principle to study theories and Higgs branches that
do not admit a (either electric or magnetic) quiver descriptions, it is less clear how to
analyze fine aspects of the Higgs branches from a geometric perspective.

4. Our study leads to the prediction of the existence of new ADE families of 4d N = 2
SCFTs with high rank and flavor symmetry at least g× g. These models do not admit
a Lagrangian nor a class-S realisation with regular punctures, which we predict from
our magnetic quiver analysis (the magnetic quiver of these SCFTs is not of class-S
type with regular punctures). We leave for the future the problem of characterizing
these 4d SCFTs (a subset of which have been investigated by [86]), in particular to
determine their CB dimensions, their conformal central charges and whether their flavor
symmetries are gaugeable in 4d (which we expect to be the case).
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Figure 10. Higgsings between conformal matter atoms. (Many more phases exists in the Higgs
branch of the conformal matter atom at the bottom of each flow, we omit them from this figure.)
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A Quiver phases for 5d conformal atoms and molecules

In this appendix we collect the low energy quiver descriptions of 5d conformal matter atoms
(and molecules) which were provided in [9]. It is important to remember that 5d SCFTs may
have many different low energy Lagrangians (called UV duals), and the quivers provided
here are very specific deformations of the 5d SCFTs in question.
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Table 5. Specific low energy quiver deformations of A/D-type 5d conformal matter atoms [9].

B Partial resolution of trinion theories

In this appendix we test the following statement:

Consider a 5d conformal matter singular threefold of the form (2.6), related
to the algebra g, and perform the partial resolution of section 2.2: then, the
M2-brane states wrapped on the singular P1’s trapped at the origin give rise to
dim(g) − rank(g) HB modes for the corresponding 5d SCFT.

We do so by examining a 5d SCFT that has been vastly studied in the literature, namely
the C3/(Zm × Zm) “trinion” singularity. This is completely equivalent to considering 5d
conformal matter theories. Indeed, we can employ the same resolution technique that we
used to resolve the 5d conformal matter threefolds also to obtain a partial resolution of
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Table 6. Specific low energy quiver deformations of E-type 5d conformal matter atoms [9].
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Table 7. Specific low energy quiver deformations of A/D-type 5d conformal matter molecules [9].
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Table 8. Specific low energy quiver deformations of E-type 5d conformal matter molecules [9].

C3/(Zm × Zm). M-theory on C3/(Zm × Zm) is known to engineer a 5d trinions of type
su(m): a 5d SCFT with a flavor group at least of type su(m) × su(m) × su(m). This can
be geometrically guessed by the fact that the threefold displays three non-compact lines of
Am−1 Du Val singularities. Performing a triangulation of the type called “allowed” in [100]
and then taking the IIA limit [100] we get a gauge theory phase described by the ascending
quiver in figure 11: We can again count the number of Higgs branch modes from the quiver,
after tuning to zero the mass parameters of the su(m) leftmost node of figure 11. Tuning to
zero these mass parameters corresponds to going to the partially resolved phase depicted in
figure 12, and the Higgs branch modes of the quiver correspond to complex deformations
of the threefold that are not obstructed by the partial resolution.
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Figure 11. Quiver description of the low-energy gauge theory limit of M-theory on C3/(Zm × Zm).
A round (resp. squared) node labeled with j corresponds to a su(j) gauge (resp. flavor) node.

Figure 12. Toric diagram of the partial resolution of the C3/(Z4 × Z4) trinion that corresponds
the quiver in figure 11 with all the zero-modes tuned to zero (keeping the gauge couplings finite).
The red dots correspond to shrunk divisors, the black and the blue ones to inflated divisors. The
black (resp. blue) divisors are non-compact and correspond to half-cigar bundles over compact (resp.
non-compact) rational curves.

From the quiver, we obtain the following data

nV = 1
6(m − 2)(m − 1)(2m + 3), nH = 1

3m
(
m2 − 1

)
, (B.1)

and hence

dimHHB
(
QC3/(Zm×Zm)

)
= nV − nH = 1

2
(
m2 + m − 2

)
. (B.2)

dimHHB
(
QC3/(Zm×Zm)

)
corresponds to the number of complex deformations of the threefold

that can still be performed when, from a generic triangulation respecting the structure
of C∗-fibration over the resolved Am−1 singularity (called “allowed” in [100]), we contract,
as in figure 12, the volumes of the fibral curves inside the ruled surfaces inflated by the
triangulation. We depicted this procedure graphically in figure 14, using the dual brane web,
with the contracted curves being the oblique edges of the uppermost part of figure 14.

We can now relate (B.2) with the dimension of the 4d Higgs branch. In the case of
M-theory on C3/(Zm × Zm), the corresponding 4d class-S theory is obtained from the 6d
(2, 0) su(m) theory, with three full punctures. One can use the methods of section 3 to find
the number of 4d Higgs branch modes:

dimHHB (T4d) = 1
2(m − 1)(3m + 2). (B.3)

We then can eventually perform our check: we expect that, at the collision point, the M2-brane
states supported on the P1’s of the non-compact lines get “transformed” into 5d Higgs branch
modes. This number nmissing should then coincide with the mismatch between dimHHB(T4d)
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Figure 13. Toric diagram of the full resolution of the C3/(Z4 ×Z4) trinion. The red edges correspond
to the zero-section of the various Hirzebruch surfaces resolving the singularity and are naturally
identified with the intersection with one of the three non-compact lines of A3 singularities colliding at
the origin of C3/(Z4 × Z4).

and dimHHB
(
QC3/(Zm×Zm)

)
, as the aforementioned P1’s are inflated in the partial resolution

of figure 12, and the corresponding M2-brane states are massive. In fact, we can check that

nmissing = dimHHB (T4d)− dimHHB
(
QC3/(Zm×Zm)

)
= m2 −m = dim(su(m))− rank(su(m)),

(B.4)
as expected by our general argument. Indeed, one can complete the resolution in figure 12
to the full resolution depicted in figure 13. In this full resolution, the vertical lines of
figure 12 have normal bundle O(−1) × O(−1). This can be shown by noticing that, if we
contract them, we find a subdiagram of the toric diagram that is equivalent, up to Sl(2,Z)
moves, to the conifold one. The red vertical lines are the intersection of the non-compact P1-
bundles resolving the non-compact line of Am−1 singularities corresponding to the horizontal
external edge of the toric diagram in figure 13 with the Hirzebruch surfaces associated to
the gauge nodes of figure 11. We then conclude that the M2 states wrapping the P1’s of the
aforementioned non-compact line get trapped at the intersection point (as they have now a
normal bundle without sections), and get transformed to 5d HB modes.

We can finally exhibit an alternative perspective considering the (p, q)-web picture dual
to the toric diagram, shown in figure 14. From the image at the top, corresponding to the
complete resolution of the singularity, one can readily see that the M2-brane modes trapped at
the origin wrap the base P1’s of the red and blue divisors, as well as the green curve.19 In the
picture, these are nothing but horizontal segments, that have normal bundle O(−1)⊕O(−1),
and thus are rigid. Shrinking the fibers produces the image at the center of figure 14, where
the base P1’s are evident. The HB modes wrap precisely these singular P1’s. Notice that
this partial resolution has explicitly broken the Z3 rotation symmetry of the fully resolved
phase: in fact, the set of non-compact divisors labelled by I, II and III has been shrunk to
a non-compact line supporting a A3 singularity.

19Of course, a rotational Z3 symmetry is allowed in the choice of the base P1’s, in agreement with the
symmetry of the brane web.
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VI

V

IV

VII

VIII

IX

I

II

III

y

IV V VI

IX VIII VII

A2 sing. A1 sing. non sing.A3 sing.

y
C3/(Z4 × Z4)

singularity

Figure 14. At the top, the fully resolved phase of the C3/(Z4 × Z4) singularity. In the center, the
partially resolved phase corresponding to figure 11 in the main text. At the bottom, the SCFT phase,
with no length scale remaining.
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C Breaking of the flavor symmetry

In this section, we quantitatively study the breaking of the flavor symmetry Frest when
we turn on the mass parameter needed to reach the generalized linear quiver phase of
section 5.1. We are interested in the breaking of the flavor group that preserves the g× g

factor. Consequently, we will always omit the g× g factor in what follows, as it is unaffected
by the breaking procedure.

The flavor group unbroken by the mass vev coincides with the flavor group of the 4d
class-S molecule, as the Higgs branch is preserved by toroidal reduction. We then want
to study the breaking

Frest → FIII,4d, (C.1)

where the 4d flavor group of the class S molecule reads g × g × FIII,4d.
Summing up the result, for all the type of g, we are going to show that

• the rank of the 4d flavor group is the one of the 5d conformal matter molecule, minus
the number of mass parameters that we turned on to reach the generalized quiver phase.

• The breaking always happens as Frest → FIII,4d;

• We will use that the breaking of a su(c1n1 + c2n2), with c1, c2 ∈ N, factors as

su(c1n1 + c2n2) → su(c1n1) × su(c2n2) → . . . , (C.2)

where we denoted with the dots the corresponding factor of FIII,4d.

• The breaking of a factor su(ni)mi is always along the diagonal subgroup. One can
explicitly check that a generic breaking along the diagonal combination of su(ni)mi

breaks the group to a generic combination of the Cartan of the non-diagonal flavor
transformations.

• We can guess the breaking of the abelian u(1) factors in Frest with a case-by-case
analysis.

In general, we can geometrically understand this kind of diagonal breaking by turning off
simultaneously two out of the three nis. In this case, the X

(i)
g becomes

P (x1, x2, x3) = 0,

uv = tnk ,

t = xk,

(C.3)

It then makes sense to talk about a “diagonal” breaking whenever we have a subfactor
su(. . .)f in Frest. Switching on a mass factor along the diagonal corresponds, in (C.3), to
perform a diagonal resolution of the f lines of A-type singularities that is easy to check appear
in (C.3), as it corresponds to perform a base-change type resolution now thinking of (C.3) as
a base-change of the Ak−1 singularity. Let us now consider the various cases in more details.
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First, we consider the A2j+1 case. In this case we have just one type of atom, X
(1)
A2j+1

,
that we can combine in a molecule with n1 junctions. From section 5.1 we get

FIII,4d = u(1)n1+1 ⇒ rank(FIII,4d) = n1 + 1. (C.4)

On the other hand, in this case, the 5d flavor group is [9]

Frest = u(2n1), ⇒ rank(Frest) = rank(FIII,4d) + (n1 − 1), (C.5)

This result is expected, as, to reach the generalized linear quiver phase, we gave a vev to n1−1
mass parameters, represented by the Kähler volumes of the P1s supporting compact curves
of A2j+1 singularities. To understand quantitatively the flavor breaking, we can decompose
the su(n1) × su(n1) factor into its diagonal and antidiagonal part. The decomposition does
not split the group as a direct product, and in particular all the elements not in the Cartan
of the antidiagonal part are broken once we turn on a diagonal Cartan vev. Hence, we get

su(n1) × su(n1) × u(1) → u(1)n1−1 × u(1) = u(1)n1 . (C.6)

Let us now consider the A2j case; we again have just one kind of atom, X
(1)
A2j

and any
molecule with n1 junctions have a trivial FIII,4d, hence

rank(FIII,4d) = 0. (C.7)

The 5d flavor group is [9]

Frest = su(n1), ⇒ rank(Frest) = n1 − 1, (C.8)

and hence again the rank of the class-S flavor group is the rank of the 5d Frest minus the
number of masses that we turned on to get the generalized quiver phase. In this case, to
completely break Frest, we have turned on a generic element on the Cartan hrest ⊂ Frest:

M =
2j∑

i=1
miα

∗
i , (C.9)

with αi the i-th dual root.20 We can then consider the D2j case. For this simple algebra, we
have three different kind of atoms, X

(1)
D2j

, X
(1)
D2j

and X
(3)
D2j

. We have [9]

Frest = su(n1)2 × su(n2) × su(n1 + 2n3) × u(1)3, rank(Frest) = 3n1 + n2 + 2n3 − 1,

FIII,4d = u(1)2n1 × su(2)n3 , rank(FIII,4d) = 2n1 + n3. (C.12)
20Let us define the “dual of the root αj”, an element of the Cartan hrest defined as[

α∗
j , eαl

]
= δjleαl , (C.10)

with eαl the root vector associated to the simple root αl. Then, given the breaking

u(2n1) → u(1)n1 . (C.11)
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We can again verify that from (C.12) that

rank(FIII,4d) = rank(Frest) − (n1 + n2 + n3 − 1) = rank(Frest) − nmasses. (C.13)

The breaking pattern is first

su(n1 + 2n3) → su(n1) × su(2n2), (C.14)

and then

su(n1)3 × u(1) → u(1)2n1 ,

su(n2) → {1} ,

su(2n3) → su(2)n3 , (C.15)

where in the last lines we performed the breaking by turning on the following vev inside su(2n3):

M =
n3−1∑
i=1

miα
∗
2i. (C.16)

Finally, to match the class S molecule flavor group, we give mass to the leftover u(1)2 factors.
For the D2j+1 case, we can proceed similarly, obtaining the following “accidental” 5d

and 4d flavor groups

Frest = su(n1)×su(n2)2×su(n1+2n3)×u(1)3, rank(Frest)=2n1+2n2+2n3−1, (C.17)
FIII,4d = u(1)n1×u(1)n2×su(2)n3 , rank(FIII,4d)=n1+n2+n3 =rank(FIII,4d)−nmasses.

The flavor symmetry breaking pattern is first

su(n1 + 2n3) → su(n1) × su(2n2), (C.18)

followed by

su(n1)2 × u(1) → u(1)n1 ,

su(n2)2 × u(1) → u(1)n2 ,

su(2n3) → su(2)n3 , (C.19)

with the breaking in the last line being again (C.16). To match the 4d flavor group, we then
give a mass to the u(1) factor not appearing in (C.19).

We can then pass to the E6 case. For the most general molecule, we have

Frest = su(n1) × su(n2)2 × su(n3) × u(1)3, rank(Frest) = n1 + 2n2 + n3 − 1,

FIII,4d = u(1)n2 , rank(FIII,4d) = n2 = rank(Frest) − nmasses. (C.20)

The symmetry breaking Frest → FIII,4d can be reached by turning on the generic Cartan
element along the su(n1), su(n3) factors, turning on a mass along two out of the three
u(1)’s, and breaking

su(n2)2 × u(1) → u(1)n2 (C.21)

via turning on a diagonal combination along the two su(n2) factors.
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For the E7 case, we have

Frest = su(n1) × su(2n2 + n1) × su(n3) × u(1)2, rank(Frest) = 2n1 + 2n2 + n3 − 1,

FIII,4d = u(1)n1 × su(2)n2 , rank(FIII,4d) = n1 + n2 = rank(Frest) − nmasses. (C.22)

Again, the breaking goes as follows: first we break

su(2n2 + n1) → su(n1) × su(2n2), (C.23)

we give mass to one of the two u(1) factors, and finally we break

su(n1)2 × u(1) → u(1)n1 ,

su(2n2) → su(2)n2 . (C.24)

Lastly, we have the E8 case:

Frest = su(n1) × su(n2) × su(n3) × u(1)2, rank(Frest) = n1 + n2 + n3 − 1, (C.25)

with trivial FIII,4d, as expected being the rank of Frest equal to the mass parameters needed
to get to the generalized linear quiver phase. In this case, the breaking is compatible with
the mass vev being a generic element in the Cartan subalgebra of Frest.

D Notation for quivers and brane webs

In this appendix we briefly summarise the notation we use for quivers and brane webs.

D.1 Quivers

As is customary, we use square nodes for flavour groups, round nodes for gauge groups,
and edges for bifundamental hypermultiplets (or half-hypermultiplets if the bifundamental
representation is quaternionic). We colour the nodes white for unitary groups, yellow for
special unitary groups (possibly with Chern-Simons level k), red for special orthogonal groups,
and blue for compact symplectic groups:

n

(n)k

n

n

n

=

=

=

=

=

U(n)

SU(n)k

SU(n)0

SO(n)

USp(n)

. (D.1)

Unframed quivers. If the quiver is unframed, i.e. there are no flavour nodes, then there
can be a 1-form symmetry which can be gauged. (see e.g. [95], where the 1-form symmetry
is referred to as ‘H’.).

For an unframed quiver with only unitary gauge nodes there is a U(1)(1) 1-form symmetry
which we always take to be gauged, and hence the true gauge group of the quiver is∏

i U(ri)/U(1), where ri are the ranks of the individual gauge nodes.
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Type IIB x0 x1 x2 x3 x4 x5 x6 x7 x8 x9

(p, q)5-brane × × × × × angle α

[p, q]7-brane × × × × × × × ×

Table 9. Occupation of space-time directions of the (p, q)5-branes and [p, q]7-branes in Type IIB are
denoted by ×. The angle α depends on the (p, q) charges and the axio-dilaton τ ; α = arg(p + τq). We
set τ = i in the rest of the paper, s.t. tan(α) = q/p. Our 5d N = 1 theories exist as effective field
theories living on fivebranes suspended between sevenbranes.

For an unframed quiver Q with only compact symplectic gauge nodes, and possibly even
special orthogonal and/or unitary gauge nodes, there is a Z(1)

2 1-form symmetry which may
be gauged (or not). We denote the gauging of this 1-form symmetry by writing

Q Z(1)
2

. (D.2)

D.2 Brane webs

We consider webs of (p, q)5-branes and [p, q]7-branes in Type IIB String Theory [15–17]. The
occupied spacetime directions of the branes are summarised in table 9.

We depict brane webs by drawing the (x5, x6) plane:

[1, 1]

[1, 0]

[0, 1]

(1, 0)

(0, 1)

(1, 1)

x6

x5

. (D.3)

A (p, q)5-brane ends on a [p, q]7-brane, or on a fivebrane vertex which preserves (p, q) charges.
Multiple (p, q)5-branes can end on the same [p, q]7-brane as long as the s-rule [39, 49, 101, 102]
is not violated.

Each [p, q]7-brane induces an SL(2,Z) monodromy cut (depicted by a dot-dash line)
with associated monodromy matrix

M[p,q] =

1 − pq p2

−q2 1 + pq

 . (D.4)

We usually don’t draw the monodromy cuts of sevenbranes if they are oriented in such a
way that they do not cross any fivebranes.
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An (r, s)5-brane crossing the monodromy cut of a [p, q]7-brane is affected in the fol-
lowing way:

[p, q]

(r, s)

M[p,q].(r, s)

[p, q] monodromy cut

. (D.5)

When the (r, s)5-brane is pulled through the [p, q]7-brane, |ps − qr| extra (r, s)5-branes are
created via the Hanany-Witten effect:

[p, q]

(r, s)

M[p,q].(r, s)

|ps − qr|(p, q)

. (D.6)

We also study brane webs in the presence of orientifold 5-planes. In particular ON5−
which we draw as a green line, and ÕN5− (which corresponds to an ON5− with a stuck
1
2(0, 1)5 on top) which we draw as an orange line. An ON5− crossing a 1

2 [0, 1]7-brane turns
into an ÕN5−:

[0, 1]

ON5−

ÕN5−

(D.7)

(suppressing the monodromy cut of the half sevenbrane, which is pointing upwards along
the ÕN5−).
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