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Mountain glaciers and ice caps distinct from the ice sheets in Greenland and Antarctica, here-
after “glaciers”, are melting and retreating around the World. Improving projections of glacier
change and assessing associated Earth system impacts requires accurate knowledge of the bed
topography beneath the ice. However, direct observations of the glacier bed exist for only a small
fraction of the >200,000 glaciers globally. Thus, computational inversion methods are needed to
infer bed properties from more accessible surface data. This thesis presents the development of a
glacier bed and ice thickness inversion method and its applications on regional and global scales.

The newly developed inverse method is computationally efficient, robust, model agnostic
and compatible with complex ice-flow physics on distributed grids. Tests on synthetic and real
glaciers demonstrated strong performance, with benchmarks ranking it among the best available
methods. The first regional application produced detailed bed topographies for Scandinavia,
constraining total glacier volume to 0.32×103 km3, equivalent to 0.8 mm of global mean sea-
level rise if melted. A subsequent application to all glaciers in Svalbard — where glacier
dynamics are more complex — estimated a volume of 6.80×103 km3 (16.3 mm sea-level
equivalent) and achieved improved agreement with observations compared to earlier studies.
Finally, a global application yielded a total glacier volume of 149.41×103 km3 (316.1 mm
sea-level equivalent). While the global total aligns with previous estimates, notable regional
differences were identified. Beyond ice volume, the global study produced physically realistic
bed topographies and mapped >50,000 potential future lakes in presently glacier-covered terrain,
totaling 3,138 km3 in volume (2% of global glacier volume) and >40,000 km2 in area.

Methodologically, this thesis advances large-scale glacier thickness inversions, and presents
the first global-scale application of higher-order ice-flow physics on distributed grids, enabled
by physics-informed deep learning and parallelized code optimized for Graphic Processing
Units. Practically, the regional and global ice volume estimates provide key data for adaptation
and mitigation strategies in response to glacier mass loss and sea-level rise, while the derived
bed maps support future research across the Earth sciences and improved projections of glacier
change.
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1. Introduction

Glaciers and ice sheets are critical components of the Earth system. They play
a central role in regulating global sea levels, storing freshwater, and shaping
landscapes. Indeed, the waxing and waning of glaciers and ice sheets has left a
profound imprint on Earth’s history, with ice in Antarctica and Greenland hav-
ing persisted continuously for at least ∼34 and ∼1 million years, respectively
(Zachos et al., 2001; Schaefer et al., 2016; Christ et al., 2021). In the face of
global anthropogenic climate warming, glaciers and ice sheets are now enter-
ing an era of mass loss and retreat that may lead to large-scale disappearance
of glaciers and the disintegration of entire ice sheets (IPCC, 2021).
This thesis focuses on ice caps and mountain glaciers distinct from the ice

sheets in Greenland and Antarctica, hereafter referred to as ”glaciers” only
(Fig. 1.1). Although small in area and volume compared to the Greenland and
Antarctic ice sheets, these glaciers currently contribute about half of the total
land ice input to global sea-level rise (Hugonnet et al., 2021). Glacier melt has,
in recent decades, exceeded the contributions from either of the much larger
ice sheets (Zemp et al., 2025), making it a dominant and highly dynamic driver
of sea-level change in the near term.
The comparatively fast glacier response is due to differences in size and

mass turnover rates. Whereas ice sheets are vast ice masses, by definition
larger than 50,000 km2 (Cogley et al., 2010), and often feature dry inland ar-
eas, glaciers are typically much smaller and exhibit larger mass balance gradi-
ents — that is, stronger contrasts in the net gain or loss of ice between high-
elevation accumulation areas and low-elevation ablation areas — resulting in
correspondingly shorter mass turnover times. Despite covering only 0.5% of
the global land area (Fig. 1.1a; RGI Consortium, 2017), glaciers modulate a
range of Earth system processes from a local to a global scale: they create a
small-scale microclimate (Oerlemans, 2010), they host cold-adapted species
(Skidmore et al., 2000; Hodson et al., 2008), they produce and redistribute
sediment (Elverhøi et al., 1983; Hodson and Ferguson, 1999), they reshape
landscapes (Stroeven et al., 2016; Cordonnier et al., 2023), including the cre-
ation of overdeepenings which can host lakes upon glacier retreat (Linsbauer
et al., 2016; Zheng et al., 2021; Zhang et al., 2022), their meltwater contributes
to streamflow in river systems and acts as a buffer during droughts (Xu et al.,
2009; Huss and Hock, 2018; Immerzeel et al., 2020), and ultimately they hold
back water otherwise contributing to global sea level (Farinotti et al., 2019a;
Millan et al., 2022). As glaciers retreat, affected systems are now undergoing
rapid changes: sea levels are rising (Edwards et al., 2021), buffering capacities

12



Figure 1.1. Overview of global glacier cover. a) Location of all glaciers on Earth (light
blue) with 19 numbered glacier regions defined by RGI Consortium (2017) indicated
by boxes and red numbers. The name of the glacier regions are given next to the
figure. b) Glacier cover in Svalbard. c) Glacier cover in Scandinavia. Note that in c),
for reasons of readability, the size of the light blue markers is exaggerated and does
not reflect the actual size of the glaciers. This is different from b) where the light blue
area represents the actual glacier cover in Svalbard to scale.

are being depleted (Immerzeel et al., 2020), mountain hazards, such as glacier
lake outburst floods or landslides, are increasing (Liu et al., 2021; Sattar et al.,
2025), and topographic changes are occurring on a landscape scale (Kavan
et al., 2023).

1.1 Global and regional glacier changes in a warming
climate

The Arctic archipelago of Svalbard (Fig. 1.1b), one study region of this thesis,
exemplifies this rapid change. It is among the fastest-warming regions on the
planet, experiencing pronounced Arctic amplification due to sea-ice loss and
associated feedbacks (Serreze and Barry, 2011; Bintanja and van der Linden,
2013). Between 1961/62 and 2015/16, glaciers in Svalbard and Jan Mayen
alone contributed about 7% of the total glacier-driven sea-level rise (IPCC,
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2021). Meanwhile, glaciers in regions showing near-balanced mass budgets
until recently have also shifted to a mass loss regime, such as in Scandinavia,
another study region in this thesis (Fig. 1.1c; here defined as in RGI Consor-
tium (2017), i.e. comprising all glaciers in Fennoscandia). After a period of
both mass losses and gains from the 1960s to the 1990s (Andreassen et al.,
2020), observations since 2000 indicate a cumulative loss of 40 Gt until 2023,
equivalent to roughly one eighth of their mass (Zemp et al., 2025). Aggre-
gated on a global scale, glaciers have lost mass at a rate of 273 Gt yr−1 over
the period 2000 - 2023 (cumulative total: 6,542 Gt), with a 36% increase in
loss observed in the latter half of the period (Zemp et al., 2025). This places
their sea-level contribution at 20% of the observed global mean sea-level rise
(absolute value: 18.05 mm), second only to ocean water expansion.
Projections of future glacier change suggest an acceleration of mass loss

in the near-term which will only decelerate once glaciers have stabilized at
higher elevations or disappeared completely (Rounce et al., 2023; Zekollari
et al., 2025). The primary control on future glacier evolution is the trajectory
of anthropogenic greenhouse gas emissions: Under a Paris agreement-aligned
scenario with 1.5◦C global warming relative to pre-industrial, glaciers globally
will lose 26% of their mass until 2100 (Rounce et al., 2023), and 47% by the
time they have fully equilibrated with the new climate (Zekollari et al., 2025).
In contrast, under warming of 4◦C, 41 and 86% of glacier mass will be lost
in this century and in the long-term, respectively. A substantial proportion of
mass loss is effectively unavoidable (so-called committed mass loss): should
climate warming stabilize at present-day levels, 39% of global glacier mass
would still be lost long-term (Zekollari et al., 2025). Importantly, tempera-
ture overshoot scenarios where temperatures rise above and later return below
1.5◦C warming lead to significantly larger mass loss over a multi-centennial
timescale compared to consistently limiting warming at this level, due to the
non-linear response of glaciers to temperature perturbations and hysteresis ef-
fects, such as the mass balance - elevation feedback (Schuster et al., 2025). In
Svalbard and Scandinavia, glaciers are particularly vulnerable to present and
future warming due to their hypsometric distribution with low elevation ranges
(Noël et al., 2020; Zekollari et al., 2025): 46 and 66% mass loss are already
committed in these two regions, respectively (Zekollari et al., 2025). Under
both intermediate and high emission scenarios, model projections suggest that
Svalbard’s glaciers will lose more than 50 Gt yr−1 by 2060 through surface
processes alone (van Pelt et al., 2021) - a scenario already preempted by the
record 2024 melt season with a total loss of ∼62 Gt (Schuler et al., 2025).
In Scandinavia, warming beyond 2◦C will result in largely ice-free conditions
already by the end of this century (Rounce et al., 2023; Zekollari et al., 2025).

14



1.2 Relevance of subglacial topography
In light of these trends, scientific efforts have increasingly focused on refining
projections of future glacier evolution and quantifying the associated environ-
mental and societal impacts. Despite major advances, the above projections
rely on boundary conditions that, in parts, are still poorly constrained, intro-
ducing substantial uncertainty into estimates of glacier change. A particularly
critical gap concerns the insufficiently known shape of glaciers beds and the
associated uncertain spatial distribution of glacier ice, from individual glaciers
to global scales (Hock et al., 2023). Prognostic glacier and ice-sheet mod-
els depend on realistic bed geometries for model initialization, yet errors in
these inputs remain a major source of uncertainty, in particular in short- and
medium-term projections (Cook et al., 2023b; Zekollari et al., 2025). Simi-
larly, the poor agreement among existing global and regional ice volume esti-
mates hinders the accurate quantification of glaciers’ potential contribution to
future sea-level rise (IPCC, 2021). Beyond the climate system, inaccurate bed
topographies limit assessments of future freshwater availability from glacial
reservoirs in regions such as High Mountain Asia and the Andes (Pritchard,
2019; Immerzeel et al., 2020), and impede evaluations of the post-glacial land-
scapes that will emerge, with implications for hydropower planning (Farinotti
et al., 2019b; Ekblom Johansson et al., 2022), ecosystem succession (Bosson
et al., 2023), and natural hazard risk (Abdel-Fattah et al., 2024). This thesis
seeks to address these gaps by reconstructing regional and global ice thick-
ness and subglacial topography, along with corresponding estimates of glacier
volume and sea-level equivalent (SLE). By fulfilling these aims, this work
provides the physical basis for more accurate projections of glacier mass loss
and sea-level rise, enables improved initialization of prognostic glacier mod-
els, and supports planning for freshwater resources and landscape adaptation
in a warming world.
The key conundrum at the base of this work is the inaccessibility of the

glacier bed. Despite advances in geophysical techniques commonly used to
observe it, i.e. predominantly ground-penetrating radar (GPR; Bogorodsky
et al., 1985), through, for instance, the increasing ability to conduct air-borne
surveys (Grab et al., 2021), observations cannot be obtained in sufficient spatial
coverage so as to make them useful by themselves towards the above overarch-
ing research questions. Indeed, only roughly 2% of all glaciers worldwide have
any thickness observations (Welty et al., 2020), and even on those, large gaps
between survey lines are the norm. This is not expected to change substantially
in the foreseeable future due to the logistical challenges and costs associated
with GPR field campaigns (Bogorodsky et al., 1985). Notably, there is to-
date no possibility of obtaining ice thickness measurements from space using
radar because the low-frequency electromagnetic waves required are reflected
or strongly distorted by Earth’s ionosphere (Freeman et al., 2017). Therefore,
computational inversion techniques are needed that use available surface ob-
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servations alongside models of the ice flow process to reconstruct the proper-
ties of the glacier bed (MacAyeal, 1993). The recent years have seen the devel-
opment of multiple such methods (Farinotti et al., 2017, 2021), two of which
have been applied on a global scale (Farinotti et al., 2019a; Millan et al., 2022).
Although agreeing on the total global ice volume, they show large differences
on regional scales, highlighting the uncertainty in these products. In addition,
the bed topography maps they obtained are known to be partly unrealistic and
at odds with our physical understanding of ice flow (Huss and Farinotti, 2012),
hampering their wider applicability, such as for catchment studies in hydrol-
ogy. This is directly linked to several simplifications in the methodology of
these works, grounded in computational limitations that formed prohibitive
constraints until recently (Farinotti et al., 2019a; Millan et al., 2022). This the-
sis presents a novel computational inversion technique that was used in con-
junction with recently developed machine-learning techniques to model the ice
thickness and bed topography on regional and global scales with high physical
fidelity, overcoming several challenges faced by previous studies. The differ-
ent chapters of this thesis collectively represent the progression of the inver-
sion technique— from method formulation and validation on several artificial
and one real glacier, to application in a region of land-terminating glaciers, fol-
lowed by a larger and more complex region containing marine-terminating and
surging glaciers, and finally to a global-scale implementation encompassing all
glaciers on Earth.
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2. Research Aims

There is a pressing need to constrain the ice thickness, volume and basal topog-
raphy of glaciers - both to improve glacier mass loss projections, and to assess
the consequences of glacier retreat. Addressing this challenge at large spatial
scales and with high physical fidelity, thus improving existing bed topography
products, constitutes the central focus of this thesis. Accordingly, the research
aims of this work are to:

1. Develop an ice thickness inversion method that is computationally fast,
compatible with complex ice-flow physics, and capable of producing
spatially distributed thickness maps.

2. Establish a framework for applying the method at regional scales and
demonstrate its applicability to all types of glaciers observed on Earth.

3. Generate a global dataset of subglacial topography and ice thickness, and
derive updated estimates of total glacier volume and associated SLE.
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3. Background

This chapter provides theory and background information on key concepts that
form the backbone of this thesis. These include ice flow modeling, using both
classical physical approaches and newer machine-learning based methods, in-
version techniques applied in the field of glaciology and the concept of large-
scale glacier modeling.

3.1 Ice flow modeling
Given the lack of bed observations for most glaciers worldwide, computational
inversion methods are needed which rely on process modeling of how compar-
atively easily obtainable surface observations relate to the unknown properties
of the glacier bed. The governing process in this context is ice flow - the slow
viscous deformation of ice under the force of gravity modulated by the shape
of the glacier bed which determines the observed surface geometry and flow
velocity. Our knowledge of this process is expressed through equations that
derive from the fundamental physical concepts of mass andmomentum conser-
vation. These equations are typically solved using numerical ice flow models,
below referred to as classical ice flow models, although approximations to the
full equations are often necessary due to computational constraints. Recently,
alternative ways of modeling this process have emerged, relying on machine
learning techniques which offer the possibility to obtain the solution at a frac-
tion of the computational cost. Notably though, even these approaches often
rely on classical ice flow models at heart. Both approaches have been used in
this thesis and are described below (Table 3.1).

3.1.1 Classical ice flow models
The ice flow equations derive from the Navier-Stokes equations, the generic
equations for modeling fluid flow. They are supplemented by the so-called
constitutive relationship linking stress to strain through the material properties
of ice. Specifically, ice flow can be modeled as an incompressible fluid with
a high, non-Newtonian (i.e. stress dependent) and temperature dependent vis-
cosity (Hutter, 1983; Hooke, 2005; Greve and Blatter, 2009). Due to the high
viscosity, inertia terms in the Navier-Stokes equations vanish, resulting in a
balance of stresses described by the Stokes equations:

20



Table 3.1. Comparison of key characteristics of the two ice flow models PISM and
IGM used in this thesis.

PISM IGM
Model type classical physics-informed deep

learning
Ice flow physics SIA–SSA hybrid higher-order
Discretization finite difference finite difference
Basal boundary condition multiple sliding laws

implemented that can be
linked to subglacial
hydrology model

Weertman-type sliding
law

Reference Bueler and Brown
(2009)

Jouvet and Cordonnier
(2023)

ρg −∇p+∇ · τ = 0 (3.1)

where ρ is the density of ice, g is gravitational acceleration, p is pressure,
τ is the deviatoric stress tensor, defined as the total stress with the isotropic
pressure removed,∇ is the gradient operator and∇· denotes divergence. The
divergence of the stress tensor represents the viscous forces per unit volume
and is linked to the constitutive relationship through the ice-specific viscosity
formulation:

τ = 2 η
(
ϵ̇e(u)

)
ϵ̇(u), η

(
ϵ̇e(u)

)
= 1

2 A
−1/n ϵ̇e(u)(1−n)/n. (3.2)

whereA is the temperature dependent rate factor, η is the effective viscosity
and u denotes ice velocities. ϵ̇(u) = 1

2

(
∇u+∇uT

)
is the strain rate tensor

and ϵ̇e =
√

1
2 ϵ̇(u) : ϵ̇(u) is the effective strain rate, a scalar measure for

the overall rate of deformation which impacts the viscosity. This viscosity
formulation is referred to as Glen’s flow law, with the exponent n often set to
3 and referred to as Glen’s flow law exponent (Glen, 1955). Eq. (3.1) must be
combined with the mass conservation equation for an incompressible fluid

∇ · u = 0. (3.3)

Together, the Stokes equations and the incompressibility condition form
a system of four equations for the three velocity components and pressure
(Hutter, 1983; Hooke, 2005; Greve and Blatter, 2009). Due to the stress-
dependence of the viscosity, ice near the glacier base deforms much more eas-
ily compared to higher up, resulting in a non-uniform vertical velocity profile
in the ice column. Note the absence of time derivatives in the above equations,
implying that glacier geometry at any instant is sufficient to accurately model
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the ice flow. Conversely, this implies that in principle, bed geometry can be
inferred without any time-dependent modeling.
The above system of equations is subject to boundary conditions at the

glacier surface where stress-free conditions are commonly assumed. At the
ice-bed interface, a boundary condition is commonly described with a friction
law relating basal shear stresses to a sliding velocity. Several such laws exist
which commonly assume a spatially variable parameter called friction coef-
ficient that describes the strength of the glacier bed (Weertman, 1957; Budd
et al., 1984; Schoof, 2010). When basal shear resistance is overcome, basal
slip occurs, introducing a depth-independent (plug-like) velocity component
at the base that alters the vertical velocity profile. The difference in how basal
sliding affects the vertical velocity profile compared to viscous flow has impli-
cations for how variability in the shape of the glacier bed is transferred to the
glacier surface (Raymond and Gudmundsson, 2005; Gudmundsson and Ray-
mond, 2008). In addition, for marine- or lake-terminating glaciers, the water
pressure is applied as a boundary condition at the ice-water interface (Hind-
marsh, 1993).
The above ice flow equations contain several parameters that are generally

difficult to constrain. These include the rate factor A which not only depends
on the hard to observe englacial temperature, but also the impurity content and
water fraction of the ice (Greve and Blatter, 2009). In addition, the flow law
exponent, although commonly assumed to be 3, has been shown to be variable,
depending on the exact form of the ice creep behavior and possible crystalline
anisotropies (Behn et al., 2021;Wang et al., 2025). Moreover, the friction coef-
ficient is generally unknown and needs to be inferred in order to constrain basal
sliding (Hindmarsh, 1998). For prognostic simulations, it is often coupled to
hydrological processes that determine the water availability at the glacier bed
which in turn is highly correlated with the basal sliding magnitude (Bueler and
van Pelt, 2015; Vallot et al., 2017).
Classical ice flow models typically solve the above equations on a dis-

cretized domainwith finite difference or finite elementmethods. This results in
model resolutions from a few tens of meters to several kilometers, depending
on the computational resources available and the size of the domain (Corn-
ford et al., 2016). A simplifying twist to domain discretization are flowline
approaches, i.e. models that collapse the horizontal dimensions of the glacier
into one dimension, enabling much reduced computational costs, though at the
expense of missing out on possibly important across-flow variations. These
models are to date the standard tool for regional and global glacier modeling
studies (Maussion et al., 2019; Rounce et al., 2023). Classical ice flow models
solve the ice flow equations in time steps. With higher ice flow velocities and
finer grid resolution, smaller time steps need to be taken to avoid numerical
instabilities (Courant et al., 1928).
A hierarchy of approximations to the Stokes equations exist that reduce

computational time (Kirchner et al., 2016). Indeed, full Stokes models have
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to date only been applied on individual glaciers (e.g. Jouvet et al., 2008) or in
a few cases on an ice-sheet wide scale (e.g. Karlsson et al., 2021) due to the
computational costs. Each of the approximations comes with certain assump-
tions on the dominant ice flow process and the relative magnitude of certain
geometric properties of the modeled glacier (Kirchner et al., 2016).
Leading-order shallow approximations include the shallow ice approxima-

tion (SIA) and the shallow shelf approximation (SSA). The SIA neglects hor-
izontal stress gradients, implying that ice flow is entirely local and downhill,
with the solution for surface velocities being obtainable through a vertically
integrated formulation that removes the need for vertical discretization of the
ice column. The key assumption at the heart of the SIA is a small aspect ratio
of the glacier, with the horizontal length scale being much larger than the ice
thickness (Hutter, 1981). This is typically true in the interior of ice sheets and
large ice caps, for which this approximation was developed, while being less
applicable on mountain glaciers. To approximate the effects of the otherwise
neglected longitudinal stress gradients, smoothing of the basal shear stress over
a so-called longitudinal coupling length can be done, the latter being on the or-
der of a few times the ice thickness (Kamb and Echelmeyer, 1986).
Like the SIA, the SSA is vertically integrated, with the key approximation

being the neglect of vertical normal and shear stress gradients (Morland, 1987;
MacAyeal, 1989). This assumes plug flow with a vertically uniform ice flow
profile, as obtained when sliding dominates over internal deformation. Typical
settings include ice shelves and fast-flowing outlet glaciers. The SSA is non-
local, implying that distant locations can influence the ice flow velocity at a
given point. Both the SSA and the SIA are computationally cheap as compared
to all other approximations. Ice flow models relying on the SIA or SSA or a
combination thereof include the Open Global Glacier Model (OGGM; Maus-
sion et al., 2019) and the Parallel Ice Sheet Model (PISM; Table 3.1; Bueler
and Brown, 2009).
There exist several higher-order approximations, the most widely used be-

ing the Blatter-Pattyn approximation (Blatter, 1995; Pattyn, 2003). It neglects
horizontal gradients of the vertical normal stress while retaining vertical and
horizontal shear stress gradients. This makes it more suitable for mountain
glaciers where the SIA and SSA assumptions are not met. Higher-order mod-
els increase computational demand significantly compared to the shallow ap-
proximations, while still being considerably cheaper than full Stokes models
(Zekollari et al., 2022). The error introduced by relying on approximations
rather than the full Stokes equations depend on the specific set up. While sev-
eral studies show that the time-integrated glacier response in long-term sim-
ulations of glacier retreat is similar between a full Stokes and a SIA model
(Åkesson et al., 2017; Zekollari et al., 2022), the instantaneous velocity solu-
tion may differ significantly in diagnostic stress balance or short-term simula-
tions (Adhikari and Marshall, 2013).
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3.1.2 Machine-learning ice flow models
The high computational demands of higher-order and full Stokes models have
proven to be a bottleneck for accurate decennial to centennial glacier simula-
tions on large scales, such as in global glacier modeling (Seroussi et al., 2020;
Zekollari et al., 2025), for paleo-ice sheet simulations (Leger et al., 2025) or
for ice sheet projections, as well as for inversion problems, model calibration
and uncertainty quantification (Brinkerhoff et al., 2016, 2021; Aschwanden
and Brinkerhoff, 2022). To overcome these computational limitations, ma-
chine learning approaches have increasingly been explored as fast statistical
emulators of ice flow models (Bolibar et al., 2023). Machine learning refers to
algorithms that improve their performance on a task by optimizing parameters
based on data rather than being explicitly programmed (Bishop and Nasrabadi,
2006). Deep learning is a branch of machine learning where this mapping is
represented by Artificial Neural Networks (ANNs) composed of many inter-
connected layers (LeCun et al., 2015; Goodfellow et al., 2016). Each layer ap-
plies a transformation to its inputs: connections between layers carry weights
(the trainable parameters of the network), and nonlinear activation functions
are applied to allow the network to approximate complex, nonlinear relation-
ships. During training, the network adjusts its weights through optimization al-
gorithms (e.g. stochastic gradient descent) which minimize a loss function that
measures prediction error. This structure allows neural networks to learn rich
input–output relationships from data (LeCun et al., 2015; Goodfellow et al.,
2016). Recent advancements in such methods have sparked the development
of statistical ice flow model emulators that implicitly learn the underlying ice
flow equations during training and are computationally cheap when evaluated
(Fig. 3.1; Bolibar et al., 2023). The rationale is to find a statistical mapping
from input data (e.g. ice thickness, surface slope, basal conditions) to ice flow
model output (typically velocities), a task for which ice flow problems exhibit
several favorable properties, in particular the time-independence of the Stokes
equations and the typically slow evolution of glacier geometry (Jouvet et al.,
2022).
Inspired by previous applications in fluid dynamics and (non-ice dynamics)

glaciology (Clarke et al., 2009; Bolibar et al., 2020), this work was pioneered
by Brinkerhoff et al. (2021) who employed an ANN to emulate the solution
of a computationally demanding coupled ice dynamics - subglacial hydrology
model in order to enable Markov Chain Monte Carlo calibration of model pa-
rameters. Other notable works include He et al. (2023) with a finite-element
based deep neural operator and Jouvet et al. (2022) using a Convolutional Neu-
ral Network (CNN). The overall principle of these approaches is the same, and
falls into the category of supervised learning: first, a high-fidelity physical ice
flowmodel is run in different configurations that are thought to span the ’enve-
lope’ of all future applications of the emulator. This is important to consider as
machine learning tools generally are good interpolators, but not suited for ex-
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Figure 3.1. Schematic of an ice flow model emulator. Given a set of input fields,
a multi-layer Convolutional Neural Network (or comparable other machine learning
architecture) is trained to predict the output (often ice flow velocities) of a physical ice
flow model. Source: Jouvet and Cordonnier (2023).

trapolation (Bishop and Nasrabadi, 2006). Subsequently, the machine learning
model is trained, with different machine learning architectures being suitable
for different setups: for finite-difference physical models, CNNs have emerged
as powerful tools as they directly consider spatial relationships between grid
cells through convolution operations, thus preserving non-local features of the
ice flow (Jouvet et al., 2022). Meanwhile, for finite-element physical models,
Graph Neural Networks (GNNs) are a natural option (He et al., 2023; Koo and
Rahnemoonfar, 2025) as they natively consider the underlying unstructured
mesh. The computational gains obtained with machine learning emulators are
considerable, partly also due to their ability to run in a massively parallelized
manner on Graphic Processing Units (GPUs): Jouvet et al. (2022) report com-
putational speed-ups with a factor 1000, while Koo and Rahnemoonfar (2025)
indicate this number to be 60-100. Note though that this is during evaluation
of the models; the generation of training data remains a costly task under su-
pervised learning (LeCun et al., 2015; Goodfellow et al., 2016).
Whereas Brinkerhoff et al. (2021); He et al. (2023); Koo and Rahnemoon-

far (2025) trained their emulators for one glacier or region specifically, Jouvet
et al. (2022) were the first to propose a general model, called Instructed Glacier
Model (IGM), that could be applied in various settings. This was achieved by
training IGM on a catalog of four ice fields previously simulated with PISM
(Bueler and Brown, 2009) and, separately, 41 mountain glaciers simulated
with a full Stokes model (Jouvet et al., 2008). The basal topography for the
simulations was taken from real-world deglaciated mountains. The CNN was
trained with the same inputs given to the physical ice dynamics models (ice
thickness, surface slope and a basal friction field) as well as with the output
depth-integrated velocity fields. Validation on glaciers unseen during training
showed high fidelity scores, despite the size of the CNN as measured by its
number of trainable parameters being relatively small (65,000 and 140,000 for

25



the ice field and the mountain glacier model, respectively; modern large lan-
guagemodels have several orders of magnitudes more (Walker, 2024)). Never-
theless, the wider applicability of IGM as presented in Jouvet et al. (2022) was
hampered by constraints inherent to the model structure and training: glaciers
outside the envelope of the training data could not be simulated and grid reso-
lution was limited to that which the model was trained on, as were values for
the ice viscosity.
To overcome such limitations, physics-informed neural network (PINN)

emulators have become promising tools (Jouvet and Cordonnier, 2023; Cheng
et al., 2024, 2025; Wang et al., 2025). In contrast to the previously described
machine-learning architectures they directly integrate physical constraints into
the model. This is done by modifying the loss-function to include ice flow
physics. That is, the emulator should not only provide a solution that appears
similar to the one from the physical model, but the solution should also adhere
to certain physical constraints. As such, the machine-learning model is not
only based on the training data supplied by an instructor model, but has an in-
ternal constraint forcing it to stay close to a physical solution. This has proven
particularly useful in inversion contexts where a data loss (i.e. a model solu-
tion - observational data misfit) and an equation loss (i.e. a model solution -
physics misfit) can be combined to a total loss (Cheng et al., 2024; Wang et al.,
2025; Cheng et al., 2025). During training, the underlying machine-learning
model aims to minimize both, ensuring that an output is produced that is tightly
constrained by known though imperfect model physics and the available obser-
vations. This circumvents the often encountered dependency on rigid physical
models with poorly constrained parameters while at the same time being able
to account for errors in observational data. Based on the weights given to the
data loss and the equation loss, a tradeoff can be made between relying more
on the physical model vs. placing more trust in the data (Cheng et al., 2024;
Wang et al., 2025; Cheng et al., 2025).
To generalize their machine-learning emulator IGM using physics-informed

deep learning (Table 3.1), Jouvet and Cordonnier (2023) adopted an approach
inspired by variational physics-informed neural networks (VPINNs). Unlike
standard supervised training, this method removes most of the need for pre-
generated training data from a costly physical model. VPINNs do not fit data
directly but instead rely on the variational (minimization) form of the govern-
ing physical equations. In practice, Jouvet and Cordonnier (2023) reformu-
lated the higher-order ice-flow equations so that they express the energy of the
ice-flow system, with the physically consistent solution corresponding to the
velocities that minimize the energy functional (Jouvet and Cordonnier, 2023):
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J(v) =
∫
V
2
A−1/n

1 + 1/n
ϵ̇e(v) 1+1/n dV

+

∫
Γb

c−m

1 +m
|v| 1+m dS

+ ρg

∫
V
(∇s · v) dV (3.4)

where the first term on the right hand side represents the constitutive rela-
tionship with V being ice volume, the second term a Weertman-type sliding
law with an exponent m and a friction coefficient c applied along the basal
boundary Γb and the last term the gravitational forces where s is the glacier
surface. Here, v represents a trial or candidate velocity field, which is var-
ied during minimization until the physically consistent solution u is obtained.
Note that for the calculation of the strain rate tensor, horizontal gradients of the
vertical normal stresses are neglected in line with the higher-order approxima-
tion (Blatter, 1995). The minimization is carried out using automatic differ-
entiation and stochastic gradient methods, and the performance of this solver
was validated against standard benchmark cases. Building on this, the authors
then integrated a CNN. Starting from the pre-trained CNN from the ”old” IGM
(Jouvet et al., 2022), its weights can be updated transiently during model runs
so that the CNN predictions also minimize the energy of the system. Each
such ”retraining” step consists of a forward pass through the CNN (producing
a first velocity prediction), followed by a calculation of the system energy and
its gradients. These gradients are then used to update the CNN weights, so
that in future passes the CNN-predicted velocities move closer to the energy-
minimizing solution that the solver would otherwise compute. Conveniently,
this allows the computationally expensive solver to be run only intermittently,
while the CNN can provide inexpensive emulated solutions between solver
calls. With each retraining step, the CNN is nudged toward the physically
correct solution, enabling applications that are independent of pre-generated
training data. This physics-informed version of IGM has now become a widely
usedmodel (e.g. Cook et al., 2023b; Kneib et al., 2024; Leger et al., 2025), with
the previous version (Jouvet et al., 2022) being no longer maintained.

3.2 Ice thickness inversion problems
Estimating the unknown bed topography and ice thickness from surface obser-
vations is often referred to as an inversion. Note that the terms bed inversion
and ice thickness inversion are used interchangeably below as bed elevation
and thickness may be regarded as equivalent given knowledge of the surface
height. In a general sense, an inversion problem may be described as map-
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ping observed data to an estimate of the unknown quantity via a model of the
governing process

d → f(m) (3.5)

where f represents the model, m are the model parameters, including the
unknown, and d is observed data. In a glaciological bed inversion context, f
is an ice-flow model, m are its parameters, such as the rate factor A, the sur-
face topography s and the bed topography b, while d can include observations
of ice flow velocities or rate of surface elevation change. Inversion methods
have a long tradition in glaciology, in particular, to constrain the friction coef-
ficient (MacAyeal, 1992, 1993), but this chapter will focus specifically on ice
thickness inversions.
A classical way of addressing inversion problems in fluid dynamics is through

variational methods where a misfit or cost function J(m) between an observed
quantity and model output is defined, e.g.

J(m) = ||d− f(m)||+ ... (3.6)

that is minimized through an iterative process, where the three dots indi-
cate that additional terms can be included in the misfit function (Goldberg and
Heimbach, 2013; Morlighem et al., 2017; Jouvet, 2023). For bed inversions,
these may include terms enforcing smoothness of the solution or penalties for
non-zero ice thicknesses outside defined glacier outlines. Additional terms
may also be included to infer several parameters simultaneously, although this
requires a corresponding number of observational datasets to avoid underde-
termined problems (Goldberg and Heimbach, 2013). Iterations are necessary
when the underlying model is non-linear and complex, as is the case for non-
local ice flow models. The critical question then is how to find the model
parameters for the next iteration that yield a reduction in the misfit. This can
be expressed as finding the derivative of the cost function with respect to the
parameters, i.e.

∇mJ(m) =
∂J

∂m
=

∂J

∂f

∂f

∂m
, (3.7)

obtained from applying the chain rule to Eq. (3.6). A naive trial-and-error
search is intractable considering the high number of unknowns (e.g. the thou-
sands of grid points of a bed topography map) and is furthermore unlikely to
result in an identification of the global minimum (MacAyeal, 1993). Instead,
these gradients are often calculated using an adjoint model, i.e. a ”backward”
model yielding the gradients of the cost function with respect to the model
parameters (e.g. Morlighem et al., 2017). However, the derivation of the ad-
joint is complex, in particular for more sophisticated (coupled) models (Cheng
et al., 2025). Furthermore, adjoint-based inversion is susceptible to getting
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stuck in local minima of J , and adjoint model evaluation is computationally ex-
pensive (Goldberg and Heimbach, 2013; Jouvet, 2023). Recent advancements
may alleviate some of these issues and are increasingly explored, though their
large-scale applicability remains to be proven. These include tools for auto-
matically generating fully differentiable code (Bezanson et al., 2017; Bolibar
et al., 2023; Utkin et al., 2025), summarized under the term Automatic Dif-
ferentiation, such as the programming language Julia (Bezanson et al., 2017).
In addition, machine learning tools offer exciting possibilities as they are both
fully differentiable by design and allow to reduce computational demands of
the process model (Sec. 3.1.2). Jouvet (2023) was the first to explore this using
an early version of IGM. This was subsequently exploited on a regional scale
by Cook et al. (2023b) for all glaciers in the Alps.
A related, though different, approach is to iteratively improve the estimate

of the unknown via ”heuristic” gradients that emerge directly from the nature of
the problem (Heining, 2011; Michel et al., 2013; van Pelt et al., 2013). Instead
of calculating the direct cost function gradient as in Eq. (3.7), such an approach
improves the guess of the unknown directly from comparingmodel output with
observations. An example of that is van Pelt et al. (2013) where point-wise
iterative updates to the bed topographyB are applied as a function of the misfit
between modeled (mod) and observed (obs) surface elevations following

Bi+1 = Bi −
(
simod − sobs

)
(3.8)

with i as the iteration count. The associated cost function gradient

∇BF =
∂F

∂smod

∂smod
∂B

=
∂F

∂smod
I = smod − sobs (3.9)

is equivalent to Eq. (3.7) but assuming that the Jacobian ∂smod
∂B , i.e. the

derivative of the surface elevation with respect to bed elevation, is the identity
matrix I (i.e. a square matrix with ones on the diagonal). Such an approach
was previously shown by Heining (2011) to work for gravity-driven, viscous
flows, and a further development of the van Pelt et al. (2013) method was used
extensively in this thesis. It avoids the need to derive complex adjoint mod-
els, enabling relatively straightforward applications even for complex, possi-
bly coupled models, including full Stokes ones. It also renders the inversion
process generally robust and easy to interpret as the evolution of the misfit
can directly be linked to the process simulated. However, the ”descent path”
of this method from the initial guess towards the final solution may be less
stringent compared to using a method that calculates the full cost function gra-
dients∇mJ(m) including the Jacobian. Furthermore, including additional or
non-local terms in the misfit is not straight-forward. For example, in Eq. 3.8, a
penalty on non-zero ice thickness outside observed glacier outlines is not nat-
urally enforced: the update rule acts locally at each grid cell (due to the model
Jacobian being assumed to be the identity matrix) and therefore does not, by it-
self, exploit the model’s long-range sensitivities. This is different from adjoint-
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or Jacobian-based methods which calculate the sensitivity of the model output
(e.g. surface height) at any location to the input (e.g. bed elevation) at any lo-
cation, allowing to establish a cost function gradient that can take into account
how far-apart grid cells affect each other (MacAyeal, 1993).
In contrast to iterative inversion methods, the local SIA allows direct inver-

sions in one step due to its simple algebraic nature. Specifically, the SIA can
be written as

h =

(
(us − ub)(n+ 1)

2A(ρg∇s)n

) 1

n+1

(3.10)

to relate ice thickness and observed surface velocities (Millan et al., 2022),
provided an estimate on the sliding velocity ub, or similarly

h =

(
q̄(n+ 2)

2A(ρg∇s)n

) 1

n+2

(3.11)

to relate the thickness to the depth-integrated ice flux q̄ which can be esti-
mated from observations of surface mass balance and surface elevation change
(Farinotti et al., 2009). This has large computational advantages compared to
more complex approaches. Consequently, this method has seen wide appli-
cations for glacier inversions (e.g. Farinotti et al., 2009; Huss and Farinotti,
2012; Gantayat et al., 2014; Maussion et al., 2019), including to produce the
currently available global ice thickness products (Farinotti et al., 2019a; Mil-
lan et al., 2022). However, the output thickness absorb all the errors from the
insufficient SIA model physics, implying that the bed may exhibit character-
istics that are irreconcilable with our full understanding of ice flow dynamics.
The same is true for perfect-plasticity approaches (Nye, 1951; Linsbauer et al.,
2012; Frey et al., 2014) which equally reduce the ice-flow physics to an al-
gebraic equation which can be solved directly for ice thickness. This requires
making an assumption on the basal yield stress, a property generally poorly
constrained.
Further inversion approaches exist and have been applied in the glaciolog-

ical literature. This includes Bayesian inversions (Brinkerhoff et al., 2016;
Morin et al., 2023) that pose the problem in a probabilistic framework. Time-
dependent inversions are also becoming increasingly popular thanks to their
ability to assimilate observations collected over longer periods, thus enhanc-
ing the observational datasets that can be exploited (Goldberg and Heimbach,
2013; Utkin et al., 2025). Another way of inferring glacier beds is through
geostatistical methods such as kriging, although this is rather an interpolation
method between radar observations than an inversion (Kitanidis, 1997; Neven
et al., 2021; Vanlooy et al., 2014). None of these approaches have so-far been
applied on large scales, either due to computational costs or insufficient input
data.
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Ice thickness inversions are ill-posed problems in that they are non-unique,
i.e. theoretically, an infinite number of solutions can explain the observations,
and sensitive to the input data, i.e. small changes in the observations may re-
sult in large changes in the recovered bed (Bahr et al., 2014; Habermann et al.,
2012). These properties arise directly from the ice flow equations. The viscous
deformation of ice implies that variability in the basal topography is transferred
to the glaciers surface in a much damped way (Gudmundsson, 2003; Raymond
andGudmundsson, 2005; Gudmundsson and Raymond, 2008). In other words,
the glacier surface shape is a low-pass filtered representation of the bed. This
loss of detail implies that when recovering the bed from surface shape infor-
mation, no statement can be made on the existence or non-existence of high-
frequency basal variability (Habermann et al., 2012). At the same time, any
feature visible on the surface represents a much larger feature on the bed, ex-
plaining why small errors in a surface elevation dataset would result in much
larger errors in the recovered bed. The degree to which basal variability is
transferred to the surface depends on the geometry of a given basal feature, the
surface slope and the ratio between deformation and sliding (Gudmundsson,
2003; Raymond and Gudmundsson, 2005). Whereas features with a horizontal
extent below about one time the ice thickness do not leave any surface expres-
sion in deformation dominated flow, and consequently cannot be recovered
with inversion methods, features beyond that are increasingly reproduced on
the surface, with full similarity of bed and surface undulations reached for bed
features with a horizontal extent greater than 70 times the ice thickness. With
sliding dominated flow, basal features are much more readily reproduced at the
surface due to basal slip affecting the entire ice column uniformly, in contrast
to deformational flow (Morin et al., 2023). However, even so small scale fea-
tures leave no surface expression (Raymond and Gudmundsson, 2005), imply-
ing that the spatial resolution of thickness datasets must be critically evaluated
against the local ice thickness.
To avoid producing beds with high-frequency undulations that are not jus-

tified by the surface observations requires to bias the inversion towards such
outcomes (Habermann et al., 2012). This is called regularization. In varia-
tional approaches, regularization is often done by including terms in the misfit
functional that penalize strong gradients in the thickness field (Fürst et al.,
2017; Jouvet, 2023). Other approaches implicitly regularize through stopping
the inversion before small-scale features are produced (van Pelt et al., 2013)
or by smoothing input data (Farinotti et al., 2009).
Thickness inversions in glaciology often rely either on a mass conservation

principle or on observed velocities, with some approaches also combining the
two (Farinotti et al., 2017, 2021). An important difference between them is
that velocity-based approaches are time-independent as they only rely on the
stress balance equations which yield a velocity solution from the geometry of
the glacier alone (Jouvet, 2023). In theory, this may be considered the most
logical approach to ice thickness inversion with the advantage that the required
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velocity observations are obtainable from space and generally subject to little
inter-annual variability. This was exploited by Millan et al. (2022) to produce
a global map of ice thicknesses, though using the SIA following Eq. (3.10).
Cook et al. (2023b) employed IGM on all glaciers in the Alps in a velocity-
based approach with variational methods. However, noise often found in ve-
locity observations poses a challenge. In addition, such approaches are not
ideally suited for ensuing prognostic modeling as they often yield a thickness
field which is not aligned with the mass balance forcing, causing strong arti-
ficial initial changes to the glacier geometry in forward simulations (Zekollari
et al., 2022).
Mass conservation approaches do not suffer from these issues as they inte-

gratemass balance observations ormodel output during the inversion (Farinotti
et al., 2009; Morlighem et al., 2011). They are typically based on a two-
dimensional form of the mass continuity equation which in a glaciological
context can be written as

∂h

∂t
+∇ · hū = ḃ (3.12)

where ḃ is the specific climatic mass balance, i.e. the positive or negative
sum of all mass fluxes at a given point over one year (Morlighem et al., 2011).
Eq. (3.12) states that the flux divergence ∇ · hū must be balanced by the
climatic mass balance or ice thickness changes. By knowledge of the latter
two (with ∂h

∂t and ḃ being observable at the surface) and through modeling the
depth-averaged velocities ū, the ice thickness is inferred. Example applica-
tions of this approach include the global ice thickness study by (Farinotti et al.,
2019a) and the inversion method used in OGGM (Maussion et al., 2019). The
widely used BedMachine bed products for Greenland (Morlighem et al., 2017)
and Antarctica (Morlighem et al., 2020) are generated using both velocity ob-
servations and mass balance, though in the way that their functional princi-
ple is closer to mass conservation approaches, yet using observed velocities
in Eq. (3.12). This removes the need for an ice-flow model and makes these
products strongly observation-based.
Different inversion methods also differ in their ability to assimilate obser-

vations of ice thickness where they exist (Farinotti et al., 2021). Variational
approaches can include a term penalizing mismatches between modeled and
observed thicknesses such that they naturally profit from the observations even
away from observed locations (Morlighem et al., 2011; Jouvet, 2023; Cheng
et al., 2024). By contrast, methods that do not involve computing the Jaco-
bian or the adjoint model need to rely on more ad-hoc methods to achieve a
match with observations, with the information gain for unobserved locations
being less clear. An example of that is Fürst et al. (2017, 2018, 2024); Sha-
hateet et al. (2025) who calculated the ice viscosity where the ice thickness is
known and subsequently interpolated those values in space. While this ensures
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a perfect thickness match at observed locations, the spatial interpolation is not
constrained by a physical understanding of ice viscosity variability.

3.3 Large-scale glacier modeling
A specific subdiscipline of glacier modeling concerns large-scale applications.
Here, this refers to applications of glacier models on regional to global scales,
often encompassing thousands to hundred thousands of glaciers (e.g. Radić and
Hock, 2010; Marzeion et al., 2012; Farinotti et al., 2019a; Rounce et al., 2023;
Zekollari et al., 2025; Schuster et al., 2025). Large-scale glacier modeling
may be done either to infer glacier properties (e.g. global ice volume; Radić
and Hock, 2010; Grinsted, 2013; Farinotti et al., 2019a; Millan et al., 2022)
or to project the future evolution of a large sample of glaciers (e.g. Marzeion
et al., 2012; Rounce et al., 2023; Zekollari et al., 2025; Schuster et al., 2025).
The large-scale perspective brings specific challenges related to input data,
computational constraints and interpretation of the output. The need for such
studies is evident from the observed large-scale retreat of glaciers: while the
impact of one glacier’s mass loss is mostly local, it is the combined response
of all glaciers in a region or on the globe that alters Earth system processes on
a wide scale, e.g. by raising sea levels (IPCC, 2021).
Explicitly modeling every single glacier on Earth was long considered im-

possible. Statistical theories were sought instead that would explain the mean
behavior of a sample of glaciers with each individual glacier showing a random
deviation from that. A prominent example of such an approach is Volume-
Area scaling which assumes a fixed relationship between the (easily observ-
able) glacier area and its volume (Bahr et al., 1997). This method has been
used repeatedly to estimate global glacier volumes, e.g. Raper and Braithwaite
(2005); Grinsted (2013); Radić et al. (2014). Volume-Area scaling has also
been used to represent the ice dynamics in future simulations (Radić and Hock,
2011; Marzeion et al., 2012), a strong simplification which, for instance, dis-
regards feedbacks from changes in surface elevation (Radić and Hock, 2014).
Statistical methods related to mass balance modeling in global-scale studies
include extrapolation of observation from a few hundred to all glaciers (Dyurg-
erov andMeier, 1997; Ohmura, 2004). The key limitation here is the small and
uneven global availability of glacier observations, with most observations con-
centrated in Europe and North America, and their known unrepresentativeness
of the regional or global glacier population (Zemp et al., 2025).
Large-scale glacier models then became increasingly complex regarding

both the computation of mass balance and ice dynamics (Radić and Hock,
2014). To compute the former, models focused on temperature and precipita-
tion based approaches where the two inputs were obtained from global climate
models (e.g. Marzeion et al., 2012; Radić et al., 2014). This allows to force the
mass balance models with ensembles of climate models such as obtained from
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the Climate Model Intercomparison Project (Meehl et al., 2000) , which in re-
turn results in ensembles of mass balance projections. Increasingly, models
have also included the effect of debris cover on mass balance (Rounce et al.,
2021, 2023) as well as explicitly modeling frontal ablation (Maussion et al.,
2019; Recinos et al., 2021; Rounce et al., 2023). Key challenges for large-
scale temperature and precipitation based models remain the high spatial vari-
ability of these variables in mountainous terrain in conjunction with the coarse
resolution of the climate models (Zekollari et al., 2022, 2024). In addition,
small-scale mass balance processes that may be very important for individ-
ual glaciers are generally neglected or poorly represented, such as avalanch-
ing (Kneib et al., 2024), snow drift (Terleth et al., 2023), refreezing (van Pelt
et al., 2019) or basal melting (Magnússon et al., 2005). Meanwhile, transi-
tioning to full energy balance models has so far proven challenging given that
such approaches are very sensitive to an accurate representation of the individ-
ual energy balance components (e.g. shortwave radiation, albedo, longwave
radiation) which are generally not well enough represented in global climate
models (Radić and Hock, 2014; Zekollari et al., 2022).
Regarding ice dynamics, large-scale models have transitioned from the sim-

plistic approaches described above to process-based models based on the SIA
(Maussion et al., 2019; Rounce et al., 2023). A few models also use the so-
called ∆h parameterization which is an empirical function that calculates the
typical surface elevation change resulting from changes in ice dynamics as
glaciers retreat (Huss et al., 2010; Huss and Hock, 2015). Notably, large-scale
ice dynamics models to date rely on flowline approaches which reduce compu-
tational demand and simplify the calculations (Huss andHock, 2015;Maussion
et al., 2019; Rounce et al., 2023). Although SIA-based flowline models are a
clear improvement compared to earlier approaches, they remain highly simpli-
fied representations of the ice flow physics. One large-scale study forming an
exception to such approaches is Cook et al. (2023b) who modeled committed
mass loss in the Alps using IGM (Jouvet et al., 2022) on a distributed grid.
Large-scale glacier models rely on input data with large, often global, cov-

erage to produce spatially consistent results. These will be discussed in more
detail in the next chapter as they were also used in this thesis. Such datasets
often come with elevated uncertainties relative to local products (Zemp et al.,
2025).
Recent focus has increasingly turned towards initialization of glacier models

through data assimilation techniques using observations from the recent past
(Cook et al., 2023a; Herrmann et al., 2025; Schmitt et al., 2025). This trend
is due to several studies showing the importance of initialization for near-term
glacier projections (Hock et al., 2019; Cook et al., 2023b; Schuster et al., 2023;
Zekollari et al., 2024). However, glacier models still tend to be overparame-
terized in that they have a large number of parameters relative to the number
of available observations, implying that poorly constrained parameters remain
(Felikson et al., 2025). To address this challenge, assumptions are made where
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possible, e.g. by tuning a uniform ice viscosity value for all glaciers in a re-
gion (Farinotti et al., 2019a; Millan et al., 2022; Rounce et al., 2023). This
contributes to elevated parametric uncertainty of large-scale models compared
to local studies that can perform more targeted tuning.
Although large-scale glacier modeling today has moved away from statisti-

cal approaches and turned towards explicitly modeling every single glacier on
Earth, there remain important limitations that need to be considered when in-
terpreting the results of such studies (Hock et al., 2019; Zekollari et al., 2024).
Specifically, uncertainties for any individual glacier are much higher compared
to a dedicated small-scale study due to 1) mass balance calculations chiefly
based on temperature and precipitation output from coarse-resolution climate
models, 2) highly simplified ice dynamics based on the SIA and applied along
flowlines, 3) large-scale input data that may exhibit considerable uncertainty
for an individual glacier and 4) increased parametric uncertainty resulting from
overparameterized models. Thanks to increasingly rigorous calibration strate-
gies and increasingly complex models, the bulk behavior of glaciers modeled
in large-scale studies can generally be assumed accurate, but deviations on a
local scale are to be expected (Hock et al., 2019; Zekollari et al., 2024). This
is true for both large-scale inversion studies and future projections.
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4. Methods and Data

Given the simplifications in large-scale bed inversion studies described above,
in particular the reliance on SIA-based flowline models, this thesis work iden-
tified the need to develop a novel thickness inversion method which produces
bed elevations that better reflect our physical understanding of ice flow while
being robust and computationally affordable at large scales. Since the devel-
opedmethod is at the heart of the entire thesis work, it will already be presented
here while the Summary of papers chapter later will focus on presenting spe-
cific applications. These applications of the method on regional and global
scales required large-scale input data products which will also be presented
briefly below.

4.1 A novel thickness inversion method
The glacier thickness inversion method is formulated as an iterative optimiza-
tion problem, aiming to identify the bed topography and basal friction field that
best reproduce the observed dynamic state of a glacier under known boundary
conditions (Fig. 4.1, 4.2). It follows from the inverse method proposed by van
Pelt et al. (2013) (Eq. (3.8)) but removes the need for long time-dependent sim-
ulations. In the context of inverse problems, this corresponds to minimizing a
misfit functional between modeled and observed quantities that are sensitive
to the unknown parameters — in this case, the bed elevation and basal friction.
Starting from an initial estimate of the bed topographyB, the ice flowmodel

is forced with the observed surface elevation, the climatic mass balance field,
and an initial guess for basal friction. The model is integrated forward over
a short time step to compute the modeled rate of surface elevation change,
(dh/dt)mod. This field is compared to the observed rate (dh/dt)obs, and the
bed is updated according to

Bi+1 = Bi − β

(
dhimod
dt

− dhobs
dt

)
, (4.1)

where β is a relaxation parameter that controls the amplitude of the bed
correction (Fig. 4.1). Conceptually, this step modifies the bed in the direction
that reduces the local imbalance between the modeled and observed vertical
flux divergence, thereby following a mass conservation approach. The process
is repeated iteratively until the misfit between (dh/dt)mod and (dh/dt)obs is
resolved.
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Figure 4.1. Sketch of the iterative bed inversion process. Using observations of surface
height, glacier outlines and climatic mass balance, an ice flow model is ran iteratively
and bed heights B are updated based on the misfit between modeled and observed
dh/dt according to Eq. (4.1). A corresponding surface change is applied following
Eq. (4.2).
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Figure 4.2. Sketch of the iterative friction inversion process. Following the same logic
as in Fig. 4.1 friction c is updated pointwise according to Eq. (4.3) based on the misfit
between modeled and observed velocities.

Because bed inversion problems are ill-posed and non-unique, regulariza-
tion is introduced to suppress unrealistic small-scale oscillations in the recov-
ered bed. This is achieved by coupling each bed correction to a small, oppo-
sitely directed surface correction,

Si+1 = Si + θβ

(
dhimod
dt

− dhobs
dt

)
, (4.2)

where θ ≪ 1 determines the fraction of the bed update applied to the sur-
face. These surface adjustments redistribute the driving stress, allowing the
system to accommodate residual inconsistencies (e.g., in mass balance forc-
ing or model physics) through minor changes in surface elevation rather than
through exaggerated bed modifications.
In regions where basal sliding exerts a significant control on ice dynamics,

the inversion is extended to simultaneously recover the spatially variable basal
friction coefficient c. The goal is to minimize the mismatch between modeled
and observed surface velocities, umod and uobs, respectively. The friction field
is therefore iteratively updated following a correction rule of the form:
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ci+1 = ci ×
(
1 + F

(
uimod − uobs

uobs

))
, (4.3)

where F (x) = min(max(x,−λ), λ), λ = 0.8 is a bounded function that
limits the amplitude of updates to prevent overcorrections (Fig. 4.2).
Because both the bed and friction field influence the same modeled quan-

tities, they are not updated simultaneously. Instead, several bed iterations are
performed for a fixed friction field until convergence in dh/dt is achieved,
after which the friction field is updated once based on the velocity misfit.
This alternating inversion ensures that the model sequentially satisfies both
the surface-elevation-change and surface-velocity constraints.
From an inversion-theoretical perspective, the method can be viewed as a

fixed-point iteration for minimizing a cost functional that quantifies the mis-
fit between modeled and observed glacier dynamics, regularized by smooth-
ness constraints on the unknown fields. It belongs to the class of ”heuristic”
gradient-descent-type methods as described in Sec. 3.2, where the direction of
parameter updates is proportional to the local sensitivity of the misfit function
to the unknowns. Rather than computing explicit derivatives, the updates are
constructed from physically motivated correction rules derived directly from
the ice flow equations. As such, the model Jacobian is not explicitly calculated
but assumed to be the identity matrix. Although a simplification compared to
adjoint-based inversions, this renders the inversion robust and Heining (2011)
showed that such an inversion converges to the solution for viscous gravity-
driven flows.
The inversion leverages the forward ice flow model as a physical operator

linking the unknown parameters (bed and friction) to the observable quanti-
ties (surface geometry, velocity, and dh/dt). Through successive corrections,
the model converges to a dynamically consistent configuration that explains
the observed non-steady glacier behavior while maintaining physically plausi-
ble smoothness and stability properties. As the final thickness field is consis-
tent with the model physics and the input data, the inversion method yields a
spun-up glacier state that can be run into the future without further relaxation,
provided that the exact same model configuration is used.

4.2 Global and regional datasets
4.2.1 Glacier outlines
At the heart of each regional or global glacier study is an inventory of glacier
outlines which define the modeling domain. The Randolph Glacier Inven-
tory (RGI; Pfeffer et al., 2014; RGI Consortium, 2017) is such a community-
compiled, globally complete digital compilation of glacier outlines assembled
to provide a standardized snapshot of glacier extents at the turn of the 21st
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Figure 4.3. Input data sets used in Paper IV. For the other papers, equivalent datasets
though partly from different sources were used.

century. It was used in Paper II, III, and IV while Paper I used manually de-
lineated outlines. RGI version 6.0 (v6.0) was released by the RGI Consortium
in July 2017 (RGI Consortium, 2017). A newer version 7.0 is available since
2023 but was not used in this thesis due to incompatibility of other input data
products with the new data set. RGI v6.0 contains 215,547 individual glacier
polygons and reports a total glacierized area of 705,738.8 km2. The inventory
is organized into 19 first-order regions originally defined by Radić and Hock
(2010) and 91 second-order regions (Fig. 1.1).
The dataset is distributed as ESRI ArcGIS shapefiles, accompanied by re-

gional attribute tables and a hypsometry file for each region. Each glacier
polygon is associated with a 14-character identifier and a standard set of at-
tributes that include source date fields, centroid coordinates, area, minimum
and maximum elevation, median elevation and typology flags. Glaciers with
a smaller area than 0.01 km2 are not included (Pfeffer et al., 2014). The RGI
was compiled from a mixture of new digitizations and numerous regional and
legacy inventories. In Scandinavia, for instance, the outlines were retrieved
from a previous mapping effort by Andreassen et al. (2012). For Svalbard, the
mapping was originally carried out by Nuth et al. (2013).
While ideally representing glacier extents in the year 2000, data availability

challenges and limited resources to carry out the laborious mapping have re-
sulted in some deviations from this target. In v6.0, 49% of glacier outlines are
from 2000 ± 2 years, and 43% were acquired within 2000 ± 2-10 years. The
remaining 8% of outlines are more than 10 years older or younger than the tar-
get year 2000. The RGI is affected by errors in mapping the outlines accurately
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(Pfeffer et al., 2014). A predominant error source is the distinction between
seasonal snow and glacier. In addition, geolocation errors of the outlines and
mapping of debris-covered glaciers are known issues.
Despite its limitations, the RGI is a cornerstone of many large-scale glacier

studies. It has been used extensively as a starting point for futuremodeling (e.g.
Rounce et al., 2023; Zekollari et al., 2025; Schuster et al., 2025), to guide the
generation of key observational products (e.g. Hugonnet et al., 2021; Millan
et al., 2022; Gardner et al., 2022) and to determine the global glacier volume
(e.g. Grinsted, 2013; Farinotti et al., 2019a; Millan et al., 2022).

4.2.2 Surface elevation
Surface digital elevationmodels (DEMs) hold the key information for inferring
the bed shape. As described in Sec. 3.2, features visible on the glacier surface
represent a much larger feature on the glacier bed, underscoring the importance
of accurate and noise-free DEMs. In Paper I, a DEM based on Pléiades im-
agery and specifically made for the glacier Kronebreen was used (Deschamps-
Berger et al., 2019). Pléiades imagery, acquired by the twin Pléiades-1A and
-1B satellites, offers very high spatial resolution (0.5 m to 2 m) and the ca-
pability to acquire along-track stereo pairs suitable for DEM generation, with
vertical accuracies of a few meters (Deschamps-Berger et al., 2019). In Pa-
per II, national DEMs of Norway and Sweden were applied (Kartverket, 2013;
Lantmäteriet, 2022). For Paper III, a DEMbased on aerial imagery specifically
made for Svalbard was used (NPI, 2014) and finally, Paper IV saw the applica-
tion of the global Copernicus DEM (COP DEM; ESA and Airbus, 2019). This
DEM is based on the TanDEM-X DEM, created from bistatic X-band interfer-
ometric radar measurements by the TerraSAR-X and TanDEM-X satellites be-
tween 2010 and 2015 at 0.4 arcsecond posting. The COPDEM is a harmonized
and edited version of the TanDEM-X DEM with void filling and correction of
radar shadowing effects (ESA and Airbus, 2019). Other DEMs with large-
scale or global coverage could have been applied in Paper IV instead. These
include the Shuttle Radar TopographyMission DEM (Farr and Kobrick, 2000)
and the Advanced Spaceborne Thermal Emission and Reflection Radiometer
Global DEM (Abrams et al., 2020). However, based on evaluations done in
the OGGM framework (Maussion et al., 2019) the COP DEM was chosen.
DEMs exhibit limitations when applied in mountainous or glacierized re-

gions (Frey and Paul, 2012; Chen et al., 2022). Steep slopes, cast shadows,
and radar layover effects in synthetic aperture radar-based DEMs often result
in elevation errors or voids, particularly on glacier tongues, steep valley walls,
and shaded terrain. Optical DEMs can suffer from poor stereoscopic match-
ing in snow-covered or low-texture regions, leading to unrealistic surface arti-
facts. Consequently, vertical accuracies typically degrade in rugged mountain
regions.

42



4.2.3 Mass balance and surface height change
In recent years, a number of global and regional data products have emerged
that, when combined, permit a near-full closure of a glacier’s mass budget. The
three key components for that are dh/dt, climatic mass balance and frontal
ablation. Mass budget closure implies that∫

Ω
ḃ−

∫
Ω

dh

dt
= a, (4.4)

where Ω is the glacier domain and a is frontal ablation, i.e. the mass loss
through calving and melt at the ice-ocean interface. While Paper I relied on
local data sets not described here, the subsequent papers all used the global
dh/dt dataset by Hugonnet et al. (2021). Paper III used the climatic mass
balance produced by van Pelt et al. (2019) with Paper II and IV relying on
the global product from Rounce et al. (2023). Frontal ablation a can either
be derived as the residual of Eq. (4.4) or it can be taken from observations.
The latter was done in Paper IV using the products by Kochtitzky et al. (2022)
and Fürst et al. (2024). Due to the absence of frontal ablation estimates for
peripheral Antarctic glaciers, a was a calibration factor for those glaciers in
Paper IV.
Hugonnet et al. (2021) produced a global dh/dt product at 100m spatial res-

olution. The product is constructed by stacking and cross-registering satellite
DEMs and altimetry datasets and applying corrections for biases and seasonal
sampling, thereby yielding a geodetic estimate of glacier thinning or thicken-
ing. Combined with an estimate on the density of the elevation change, their
output gives the observed mass change per grid cell. The density used through-
out this thesis to convert elevation to mass change was 850 kg m−3 following
Huss (2013). The temporal coverage of the dh/dt dataset spans the 2000–
2019 period with elevation change grids available in 5-year bins. However,
these may show considerable noise, implying that the most reliable signal is
obtained from the full 20-year average.
Rounce et al. (2023) provide a globally consistent climatic mass balance

dataset, derived from the mass balance model PyGEM calibrated to the dh/dt
observations from Hugonnet et al. (2021) and validated against point mass bal-
ance observations from WGMS (2022). Their product gives, for each glacier,
an elevation-dependent climatic mass balance gradient per year. Rounce et al.
(2023) further supply future projections of glacier mass balance under differ-
ent climate scenarios, but for the inversion context of this thesis the hindcast
period 2000-2019 was used for which the product may be regarded as a reanal-
ysis product. The average of these years was calculated to make climatic mass
balance and dh/dt directly comparable.
The climaticmass balance for Paper III was taken from van Pelt et al. (2019).

This dataset is generated at 1 km horizontal and 3-hourly temporal resolution.
Their modeling framework is a coupled energy-balance and multi-layer sub-
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surface hydrological/thermal model, forced by downscaled regional climate
model output. Observational data (stake mass balance, automatic weather sta-
tions, snow core density profiles, temperature records) are used extensively for
calibration and validation. The period 2010-2019 was used in Paper III.
Kochtitzky et al. (2022) compiled, for all Northern Hemisphere marine-

terminating glaciers, estimates of frontal ablation, defined as the sum of ice
discharge through flux gates and mass change associated with terminus retreat
or advance. Their product includes decadal means (2000–2010, 2010–2020)
of discharge magnitude, terminus mass change, and total frontal ablation in Gt
yr−1. The estimates draw on available velocity observations, terminus map-
ping from satellite imagery, and assumptions for thickness at flux gates and
depth-averaged velocity. They note that many glaciers contributing most of
the frontal ablation have at least one thickness observation along flux gates,
although there also are marine terminus glaciers that still lack direct thick-
ness data — here they fill in with bias-corrected model data from Millan et al.
(2022). The annual mean frontal ablation over the full period 2000-2020 was
used. The product by Fürst et al. (2024) was used for Patagonian glaciers in
Paper IV. It is a combination of observations and model output representing
the year 2000.

4.2.4 Ice flow velocities
Observed ice flow velocities were used to constrain the basal friction coef-
ficient. This was done in Paper I, III and IV. In Paper II, no spatially dis-
tributed inversion for this parameter was performed. Instead, a regionally uni-
form value was calibrated against thickness observations. The observational
ice velocity products used were ITS_LIVE (Inter-mission Time Series of Land
Ice Velocity and Elevation; Gardner et al., 2022) and a product by Millan et al.
(2022).
The ITS_LIVE dataset provides near-global, multi-decadal ice velocity fields

derived from optical feature tracking applied to Landsat 4–8 imagery. It of-
fers annual to sub-annual velocity composites at 120 m spatial resolution from
1985 to the present, with estimated uncertainties typically below 5 m yr−1 for
slow-flowing ice and larger in regions of steep terrain or data scarcity (Gard-
ner et al., 2022). The dataset by Millan et al. (2022) combines interferometric
synthetic aperture radar and optical feature tracking from multiple sensors, in-
cluding Sentinel-1, Sentinel-2, and Landsat-8, to produce a global map of sur-
face ice flow at 100 m resolution for nearly all glaciers outside the ice sheets.
The acquisition period for this product was 2017/18. The dataset provides full
spatial coverage, including high-latitude and polar regions where optical data
are often limited. In Paper I, a validation of theMillan et al. (2022) dataset with
stake velocities showed very good performance on Kronebreen. However, this
is not necessarily representative of other glaciers or regions. For slow-flowing
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glaciers, for instance, this product often depicts highly noisy velocity fields.
Indeed, both products share limitations — particularly in areas with persis-
tent cloud cover, low surface contrast, strong seasonal variability or slow flow
(Gardner et al., 2022; Millan et al., 2022). Moreover, errors may arise from
temporal averaging and differing acquisition dates across sensors.

4.2.5 Thickness observations
Direct observations of the glacier bed and ice thickness are key in an inversion
context to calibrate and validate the models. Such observations are obtained
through a variety of direct and geophysical methods (Welty et al., 2020). The
most direct approach is borehole drilling, which yields point measurements of
ice thickness at a specific location, but is costly, logistically demanding, and
spatially limited (Pohjola, 1993). More commonly, GPR is used, where elec-
tromagnetic waves propagate through the ice and reflect at the ice–bedrock
interface (Bogorodsky et al., 1985; Flowers and Clarke, 1999). This approach
can produce denser transects or grids of thickness data, often coupled with GPS
for georeferencing. Seismic methods have also been applied in some settings,
relying on acoustic wave propagation through ice and bedrock (Susstrunk,
1951). Despite several decades of efforts to measure ice thickness, the data
record is still extremely sparse in relation to the global glacier-covered area. To
facilitate integration of these observations with large-scale studies, the Glacier
Thickness Database (GlaThiDa) was established (Gärtner-Roer et al., 2014;
Welty et al., 2020) as a compilation of publicly available observations from
numerous studies. The first published version (Gärtner-Roer et al., 2014) com-
piled data from roughly 1,100 glaciers, with some 750,000 point observations
and glacier-wide estimates of mean and maximum thicknesses. In its more re-
cent version (v3; Welty et al., 2020), the GlaThiDa contains 3,854,279 thick-
ness measurements across ∼3,000 glaciers globally. Approximately 14% of
global glacier area is now within 1 km of at least one thickness observation on
the same glacier. A new v4-beta is now available online and continuously ac-
cepting contributions. Despite this growth, many glaciers remain poorly sam-
pled: in some regions (e.g. Asia, Russian Arctic, and the Andes) coverage is
particularly sparse.
Data from the GlaThiDa was used in all papers of this thesis. However, us-

ing these observations in thickness or volume estimation entails several caveats.
First, uncertainties in the original measurements (e.g. due to signal scattering,
multiple bed reflections, dielectric velocity assumptions, geolocation issues)
can be substantial and metadata is sometimes poorly documented. Second,
sampling is biased toward accessible glacier tongues or transects, meaning
headwall regions or steep zones are often underrepresented, which can dis-
tort thickness estimates if the observed data are not representative of the full
bed morphology (Farinotti et al., 2021). Third, the timing of data acquisi-
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tion is often mismatched with other input data sets, requiring corrections for
time-dependent surface changes in case the observations are reported as ice
thicknesses instead of bed elevations. Finally, reported mean and maximum
glacier thicknesses need to be interpreted with care as the limited radar obser-
vations used to establish them may not actually be representative of the full ice
distribution within a given glacier.
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5. Summary of papers

This chapter presents the key results of this thesis, going from the initial method
development and testing via regional studies to the final global application.
Although all studies rely on the methodology presented in Sec. 4.1 there are
important differences between them pertaining to study region, input data, ice
flow model and output interpretation.

5.1 Testing the new thickness inversion method
The development of the inversionmethod described in Section 4.1, first test ap-
plications and sensitivity experiments were presented in Paper I. Specifically,
the initial testing was performed on a synthetic ice cap, on the glacier Kro-
nebreen in Svalbard, and on synthetic glaciers from the Ice Thickness Model
Intercomparison Experiment phase I (ITMIX; Farinotti et al., 2017).
Under an idealized setup with exactly known boundary conditions and ice-

flow physics, the method was found to converge to the true bed topography.
Recovering the basal friction coefficient from synthetic “observed” velocities
was shown to be both feasible and essential for accurate bed inversion un-
der slippery basal conditions. A key finding for subsequent studies was that
convergence requires many bed updates using the dh/dt misfit, while fric-
tion updates based on velocity misfits are needed only a few times during the
inversion. Several sensitivity experiments were performed by perturbing the
known boundary conditions to emulate real-world data imperfections. These
experiments revealed that: (1) surface mass flux errors (i.e., dh/dt or ḃ) only
mildly affect the estimated glacier volume; (2) the choice of θ strongly influ-
ences the inferred bed geometry, with larger θ values yielding smoother beds
and stronger dependence on initial conditions, but allowing for better accom-
modation of surface elevation errors; and (3) errors in observed velocities and
surface mass flux are more detrimental in joint inversions for bed and friction
than in bed-only inversions, whereas errors in ice viscosity can be compensated
through friction inversions.
The subsequent application to Kronebreen, chosen due to an abundance

of available input data and thickness observations, using the ice-flow model
PISM produced promising results with low bed elevation and surface veloc-
ity discrepancies across most of the glacier (Fig. 5.1a,b). However, one area
exhibited large deviations, attributed to limitations of the SIA that caused mis-
alignment between modeled and observed flow directions (Fig. 5.1c). A post-
processing step was introduced to address this issue, after which the inverted
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Figure 5.1. Output of Kronebreen inversion from Paper I. a) Spatially distributed ve-
locity misfit; b) bed misfit at location of observed thicknesses; c) observed and mod-
eled velocities in area with largest bed misfit, highlighting differences in flow direc-
tions related to the aspect of the surface slope; d) reduction of several misfit terms over
the course of the iterations.
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thicknesses showed smaller misfits to observations than results from previous
studies.
Benchmarking the method against synthetic reference test cases from IT-

MIX demonstrated excellent performance, ranking it first or second among
participating models across several metrics. Overall, the method proved com-
putationally efficient and robust, achieving convergence to physically consis-
tent bed solutions in all tested cases (e.g., Fig. 5.1d). As anticipated from its
design, the post-inversion model state was found suitable for prognostic sim-
ulations without additional spin-up.

5.2 Refined regional ice volumes and bed topographies
Papers II and III both involved the application of the new inversion method on
a regional scale. This required upscaling the approach to make it applicable to
a large number of glaciers using the regional or global scale datasets described
in Sec. 4.2. Critical to this task was to merge connected glaciers into glacier
complexes in order to avoid artificial steps in bed topography between them.
In addition, a method was developed to harmonize dh/dt and mass balance
input data through the concept of the apparent mass balance (Farinotti et al.,
2009), defined as b̃ = ḃ − dh

dt , that allowed to fit a piece-wise linear function
over elevation with the constraint

∫
Ω b̃ = 0 for land-terminating glaciers where

Ω is the glacier domain. Furthermore, both studies relied entirely (Paper II) or
partly (Paper III) on the physics-informed deep-learning model IGM (Jouvet
andCordonnier, 2023) as away to reduce computational costs while employing
higher-order ice flow physics.

5.2.1 Scandinavia
The first regional-scale application of the inversion method was conducted in
Scandinavia, hosting 3,417 land-terminating glaciers according to the RGI v6.0
(Andreassen et al., 2012; RGI Consortium, 2017). While Norway is home
to the majority of those (n = 3,130 glaciers) and has several large ice caps,
Sweden’s glaciers are generally small mountain glaciers. Using only globally
available data products — except for the DEMs — and the computationally
efficient higher-order ice-flow model IGM (Jouvet and Cordonnier, 2023) this
study represented an important test case toward the subsequent global applica-
tion of the method.
Since no friction inversion was performed, region-wide uniform sliding and

ice viscosity coefficients were tuned simultaneously by placing both parame-
ters on a single continuous scale (effectively merging them into one) and cal-
ibrating them against observed ice thicknesses. The thickness observations
were obtained from the GlaThiDa (Gärtner-Roer et al., 2014; Welty et al.,
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Figure 5.2. Modeled ice thickness for Hardangerjøkulen ice cap from this study as well
as Farinotti et al. (2019a) and Millan et al. (2022). Overlain on the results of this study
are observations of ice thickness from the Glacier Thickness Database (GlaThiDa Con-
sortium, 2020)

.

2020) and complemented by a bed DEM for Storglaciären (Björnsson, 1981).
Uncertainties in the computed volumes were estimated by evaluating the range
of parameter combinations required to match the thickness observations across
individual observed glacier complexes.
The resulting products comprise 100 m resolution ice thickness and bed el-

evation rasters for all glaciers in Scandinavia (Fig. 5.2). The total ice volume,
representative of approximately the year 2010, was estimated at 321.1 km3,
with 302.7 km3 located in Norway and 18.4 km3 in Sweden, and an asso-
ciated uncertainty of about 11%. The corresponding SLE from Scandinavian
glaciers was calculated as 0.81 mm. Comparison with “known” ice volumes of
well-observed glaciers showed excellent agreement, with all observed volumes
falling within the modeled uncertainty ranges. The estimated regional ice vol-
umes were larger than those from all but one previous study, though generally
consistent within uncertainties. The largest significant deviations occurred rel-
ative to early global studies by Radić and Hock (2010), Marzeion et al. (2012),
and Huss and Farinotti (2012). The study provided unprecedented detail in bed
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topography, as demonstrated by evaluating model performance against bed ob-
servations using several different metrics. Bias and RMSE were lower, while
both the correlation coefficient and the difference in bed roughness were im-
proved, indicating more realistic and less overly smoothed beds compared to
previous products (Farinotti et al., 2019a). Indeed, earlier global studies pro-
ducing distributed bed elevation grids for the region (Farinotti et al., 2019a;
Millan et al., 2022) were found to exhibit unrealistic features, such as artificial
“walls” between flow units of ice caps or highly noisy bed structures (Fig. 5.2).
The openly available bed and thickness rasters constitute valuable datasets

for future modeling studies in Scandinavia and for assessing the impacts of
glacier retreat on the evolving landscape. To further improve model calibra-
tion in future work, additional bed observations from Swedish glaciers were
identified as particularly valuable.

5.2.2 Svalbard
Another regional-scale application of the inversion method was carried out for
Svalbard (excluding the island of Kvitøya), which hosts 1,544 glaciers cover-
ing a total area of 33,775 km2 (Nuth et al., 2013; RGI Consortium, 2017). In
contrast to Scandinavia, a large fraction of Svalbard’s glacierized area (71%)
consists of tidewater glaciers. Moreover, at least 103 glaciers are of surge type,
13 of which were actively surging during the study period (2015–2018) (Koch
et al., 2023). Given the previously untested ability of IGM (Jouvet and Cor-
donnier, 2023) to simulate tidewater glaciers, and the challenges associated
with inverting ice thickness for surging glaciers, three distinct inversion ap-
proaches were employed. One approach was practically identical to the one
in Paper II and was applied to small land-terminating glaciers at 100 m spa-
tial resolution (for the exact definition of the three glacier classes, refer to the
manuscript). Another approach followed the new inversion method (Sec. 4.1)
but employed the ice-flow model PISM (as in Paper I), targeting large and
marine-terminating glaciers at 500 m resolution. Owing to the pronounced
basal sliding of tidewater glaciers, this approach included a friction inversion
(Eq. (4.3)). Finally, surging glaciers were modeled using a simpler perfect-
plasticity method (Nye, 1952) at 500 m resolution because unavoidable mis-
matches in input data acquisition time would have lead to large errors using the
iterative inversion method. This paper has two main authors that contributed
equally - the author of this thesis who focused on the inversion using IGM and
Ward van Pelt who led the PISM and perfect plasticity inversions.
The input data comprised both high-quality regional products (DEM from

NPI (2014) andmass balance from van Pelt et al. (2019)) and globally available
datasets described in Sec. 4.2. Calibration was achieved by tuning θ (Eq. (4.3))
and a mass balance correction factor Mcorr in the PISM approach; by jointly
calibrating a spatially constant friction parameter and ice viscosity in the IGM
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Figure 5.3. Ice thickness (a) and basal topography (b) for all glaciers in Svalbard
(excluding Kvitøya).

approach (as in Paper II); and by adjusting the yield stress and slope threshold
in the perfect-plasticity approach. In each case, the parameters were optimized
to minimize the misfit between modeled and observed ice thicknesses. Volume
uncertainties were estimated by evaluating the distribution of ice thickness bi-
ases for individual observed glaciers.
The primary output were ice thickness and bed maps for all Svalbardian

glaciers (Fig. 5.3). The Svalbard-wide total ice volume, representative of the
period 2010-2015, was found to be 6,800±238 km3, corresponding to a SLE of
16.3±0.6 mm. The on average thickest glaciers were found in the Northeast
while the Northwest hosts the thinnest ones. Despite a much larger number
of land-terminating glaciers, the majority of ice is held in marine-terminating
ones (80%). Only 4%, 24% and 45% of present-day ice volume is above
the projected equilibrium line altitude (ELA) for 2060 (van Pelt et al., 2021)
in Southern, Northwestern and Northeastern Svalbard, respectively, making
glaciers highly vulnerable to future climatic changes. Because surface lower-
ing associated with future mass loss will further move ice from higher to lower
elevations, the actual ice volume remaining above the ELA after equilibration
to the new climate is expected to be even smaller. Comparison with thick-
ness observations showed strong statistical agreement, with RMSE values of
75.5 m for glaciers modeled using PISM and the perfect-plasticity approach,
and 49.2 m for those modeled with IGM. The corresponding bias and correla-
tion coefficient (R) were 0.2 m and 0.81 for the former, and 0.6 m and 0.78
for the latter. When compared to the only other available study that did not
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fully assimilate the thickness observations (Millan et al., 2022), and for which
a meaningful comparison was therefore possible, the new product was deemed
superior given these statistical measures. Further comparison with the results
of Millan et al. (2022) and Fürst et al. (2017) — the latter having fully assim-
ilated bed observations — revealed notable differences. Whereas the spatial
ice thickness distribution was found to be more similar to Fürst et al. (2017),
the total volume closely matched that of Millan et al. (2022). Overall, the use
of three distinct yet complementary inversion methods proved advantageous.
The openly available bed maps represent a valuable resource for future glacio-
logical and broader Earth system studies.

5.3 Global ice volume, bed topography and potential
future lakes

In Paper IV, the inversion method previously applied to Scandinavia and Sval-
bard was extended to all glaciers on Earth, resulting in a globally complete
dataset of glacier bed topography and ice thickness. Using the RGI v6.0 out-
lines (RGI Consortium, 2017) as the glacier mask and compiling a suite of
global datasets of surface elevation, elevation change, ice velocity, and cli-
matic mass balance (Sec. 4.2), IGM was used to infer spatially distributed
ice thickness and bed elevation. The model calibration relied on more than
3.8 million ice thickness observations from the GlaThiDa (Gärtner-Roer et al.,
2014; Welty et al., 2020) to constrain several model parameters regionally, us-
ing Bayesian methods (Nogueira, 2014). The results provide a consistent set
of 100–400 m resolution maps of ice thickness, bed elevation, and the location
and depth of overdeepenings that could host lakes in the future.
The total ice volume contained in glaciers globally was found to be

149.41±29.00×103 km3, corresponding to a SLE of 316±61 mm (Fig. 5.4).
This estimate is considerably lower than older estimates (Dyurgerov and
Meier, 2004; Radić and Hock, 2010; Marzeion et al., 2012; Huss and Farinotti,
2012; Radić and Hock, 2014), although broadly consistent with, but in be-
tween, other recent global studies by Farinotti et al. (2019a) and Millan et al.
(2022). Despite similar overall volumes, significant regional differences to
Farinotti et al. (2019a) and Millan et al. (2022) were found that could partly be
explained by simpler methodological choices of the previous studies. Marine-
terminating glaciers, though representing only about 2% of the global glacier
count, were found to hold roughly 60% of the total ice volume, underscoring
their importance for global sea-level projections (Fig. 5.4).
From the reconstructed bed topographies, overdeepenings capable of retain-

ing water after a hypothetical complete deglaciation were identified using a
hydrological sink-filling algorithm (Zhou et al., 2016). This analysis revealed
56,659 depressions capable of hosting potential future lakes, corresponding to
a combined area of 40,647 km2 and a total volume of 3,138 km3 (Fig. 5.5). The
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Figure 5.4. Global and regional glacier volumes (in 103 km3) by RGI region. Light and
dark green portions of pie charts reflect volume stored in land- and marine-terminating
glaciers, respectively. Dashed circles show volume uncertainties. Blue bar on the right
indicates glacier volume aggregated by latitude.

resulting water storage above sea level amounts to about 7mmSLE, equivalent
to roughly 2% of the total glacier SLE. The newly deglaciated terrain would
feature approximately three times more lake area per land area than today’s
ice-free landscapes. The largest concentrations of potential future lakes were
found beneath gently sloping glaciers, such as those in the Arctic, while steep
mountain ranges such as the European Alps and Andes exhibited a far smaller
density of overdeepenings (Fig. 5.5).
Comparison against available thickness observations demonstrated good

agreement, with statistical performance similar to that achieved by previous
studies, though an entirely independent, large-scale validation is not possible
due to all studies using all available observations for calibration (Farinotti et al.,
2019a;Millan et al., 2022). However, in contrast to the previous globally avail-
able bed maps, the results showed overall realistic bed geometries, avoiding
unphysical artifacts such as artificial discontinuities between adjacent glaciers
or highly noisy bed shapes. These advancements were directly linked to the
methodology behind the different studies, with the key advantage of Paper
IV being the application of higher-order ice-flow physics on distributed grids.
Nevertheless, uncertainties linked to the large-scale approach of the study re-
main at the local scale (Sec. 3.3).
Beyond providing updated estimates of global ice volume and potential

future lakes, the new global bed topography dataset called Topography of a
Deglaciated Earth v1.0 (TOPO-DE v1.0) can serve as a baseline for future
modeling of glacier dynamics, meltwater routing, and landscape evolution.
The maps of potential future lakes highlight regions where new water bod-
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Figure 5.5. Global and regional potential lake volume in currently glacierized terrain.

ies are likely to emerge as glaciers retreat, offering valuable information for
hydro- and ecological studies as well as for assessing potential hazards, such
as glacier lake outburst floods. Altogether, the results offer a comprehensive
view of the landscapes beneath Earth’s glaciers. Methodologically, the study
was the first to apply a higher-order model on distributed grids to all glaciers
globally, progressing from earlier SIA and flowline based approaches.
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6. Outlook

Motivated by the so-far insufficient knowledge on the spatial distribution of
glacier ice on Earth, this thesis provides new constraints on the ice thick-
ness, bed topography and glacier volume on regional and global scales. A
novel thickness inversion method was developed that goes beyond previous
approaches that are based on strong simplifications of the ice-flow physics. Af-
ter initial testing and bench-marking, this method found applications in Scan-
dinavia, Svalbard and finally on all glaciers globally, redefining the view on
the subglacial landscapes that may soon emerge from beneath the ice. The key
outcomes of this thesis may be divided into methodological advancements and
new data of direct practical relevance.
Methodologically, the central outcome of this work is the development of

a glacier thickness inversion method that is 1) computationally efficient, and
easy to implement, 2) model agnostic and compatible with complex ice-flow
physics, 3) reliably stable and 4) allows for joint inversions with basal fric-
tion. Although applied in a thickness inversion framework here, this method
could also be used to infer other hard-to-observe glacier characteristics, such
as ice viscosity, provided that a heuristic gradient function can be established
similar to Eq. (4.1). While it remains to be tested, it seems likely that a fur-
ther development of the method could also infer more than the two parameters
(thickness and friction) simultaneously. This would be contingent on the num-
ber of corresponding target observations increasing as well, and on the signal
from different processes being clearly disentangible. For instance, it would
seem relatively straight-forward to also infer a calving parameter that controls
the position of the glacier front, using observations of the latter. Meanwhile,
inferring distributed ice viscosity and sliding simultaneously in addition to bed
topography may be more difficult, given that both reflect predominantly on ice
flow velocities, and that it would be unclear how to separate the influence of
varying the two parameters.
The inverse method has strong potential for further applications in local and

regional studies. Furthermore, a repeat application on a global scale, once
better input data become available, seems promising to update the global bed
product TOPO-DE and reduce errors linked to input data uncertainties. Simi-
larly, the method could be applied on an ice-sheet scale to provide a new bed
product there. Meanwhile, the method itself could also see further improve-
ments to enhance its wider applicability. This could include a currently lack-
ing ability to locally, rather than globally, assimilate thickness observations.
Also, ’mass leakages’ where a non-zero ice thickness is produced outside the
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defined glacier domain have proven to be a challenge. To resolve both of these
aspects ideally requires the inclusion of long-range model sensitivities in the
inversion, i.e. to move away from bed updates that are applied as a function of
the local misfit alone. Mathematically speaking, this would require to replace
the identity matrix as the model Jacobian with a matrix with non-zero val-
ues at the off-diagonal entries. How to implement this without computing the
full Jacobian or the adjoint model which would increase the complexity of the
method considerably and take away its key strengths needs to be explored fur-
ther. Furthermore, the method is currently not optimally equipped to take input
data errors into account. In contrast to variational methods where different cost
functions terms can be assigned different weights, or when using regularization
methods that ensure that the data is not fit beyond its uncertainties, the regular-
ization technique used here based on surface updates is less explicitly linked to
input data uncertainty. Due to the large-scale perspective of this thesis work,
with overall poorly quantified input data errors and a general lack of thickness
observations, such issues were not found critical. However, in cases where ac-
curate input data error estimates exist, or where many thickness observations
are available, a variational method may be more suitable. Of particular interest
in this regard are novel machine-learning methods that are fully differentiable
by design and increasingly constrained by physics, avoiding both large com-
putational costs and the complex derivation of adjoint models. Indeed, even
beyond thickness inversions, such methods open the door to assimilate an un-
precedented amount of data that is already available, but currently disregarded
by all large-scale models. Apart from so-far neglected quantities such as ob-
served snow-lines, a large potential lies in harvesting time-dependent data such
as historic glacier extents or past ice flow velocities which, in principle, can be
obtained for the entire satellite era.
Beyond inversions, another methodological advance of this thesis lies in the

application of a distributed higher-order ice flow model on a global scale. This
is the first application of such kind, going beyond previous SIA-based flow-
line models that to-date form the standard in large-scale glacier models. While
arguments can be made in favor of simpler models, in particular regarding
the overparameterization of glacier models, it is also clear that many glaciers
are not well-represented by such approaches. It thus appears likely that future
studies will increasingly explore distributed models with more complete ice
flow physics, the feasibility of which was demonstrated in this thesis. At the
base of this advancement lie novel developments in computer science which
have brought forward highly efficient ice flowmodels, such as IGM. These are
enabled not only by machine-learning techniques, but also by massively paral-
lelized code running on Graphic Processing Units. With more and more such
tools emerging, not the least in the field of physics informed deep learning, a
key limitation of ice-flow modeling studies on glaciers and ice sheets alike,
namely the large computational resources required, is increasingly overcome.

59



Apart from the described technical advancements, this thesis provided new
data that is of high relevance not only for direct climate change mitigation and
adaptation, but also for follow-on studies that can profit from the bed topogra-
phy datasets produced here. The new numbers on present-day glacier volume
and SLE held in glaciers in Scandinavia, Svalbard and globally are of direct
relevance for coastal adaptation in view of large-scale glacier mass loss. Al-
though the global ice volume estimated in this thesis is very similar to previous
recent estimates, the discrepancies found on a regional level are an important
outcome that highlight the uncertainty in all estimates which so-far is not ade-
quately propagated into future projections. To reduce this uncertainty, this the-
sis identified the collection of more thickness observations as key, alongside
further methodological advances described above allowing to fully assimilate
the wealth of observational data available. In addition, the constraint on the
water volume potentially stored in lakes that form as glaciers retreat is an im-
portant outcome of this work. Although small compared to the total volume
of glacier ice globally, this quantity was so-far unknown, limiting our under-
standing of hydrological feedbacks that emerge as glaciers retreat. Indeed,
explicitly modeling the location and depth of these potential future lakes is of
high relevance locally where such lakes could either pose a threat (e.g. due
to them causing catastrophic floods) or offer opportunities (e.g. in the context
of hydropower production or recreation). Nonetheless, these results should
also be interpreted with care and under due consideration of the limitations of
this large-scale study at local scales. Future work could seek to improve link-
ing input data and model errors in different regions to the projected lakes, a
task outside the scope of this work. Furthermore, more explicitly taking into
account how future geomorphic changes of the lakes, e.g. due to erosion, in-
fluence their shape and volume could be explored further.
The bed topography datasets provided by this thesis also offer many new

research possibilities that have barely been explored in this thesis. The pos-
sibility to identify geological features in the new bed maps has been demon-
strated for one specific area in Paper IV, but could be attempted on a much
wider scale. Similarly, the morphology of the glacier beds revealed, as well as
that of the potential future lakes, carries important information to study future
species colonization or limnology. Linking projected glacier changes to hydro-
logical models by taking into account bed shape and future lakes also offers
exciting research avenues that are of high relevance for quantifying the impact
of glacier mass loss on the broader hydrological cycle. Finally, and above all,
the glacier beds can form an input to prognostic ice dynamics studies, thus
helping to produce better projections of future glacier change. Knowing that
the inversion method developed here provides fully-initialized glacier states,
a follow-on study could leverage this to project glacier evolution directly fol-
lowing a thickness inversion.
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7. Sammanfattning på svenska

Glaciärisarna smälter av och minskar i volym över hela världen. Detta gäller
inte minst alla de dalglaciärer och isfält som finns i kalla bergsområden, men
ligger utanför de stora inlandsisarna på Anatrktis och Grönland. Dessa är
denna avhandlingens fokus, och kallas för bara ”glaciärer” här. För att förbät-
tra prognoserna för glaciärförändringar och bedöma därmed sammanhängande
effekter på jordsystemet krävs noggrann kunskap om bottentopografin under
isen. Direkta observationer av glaciärbotten finns dock endast för en liten
del av de över ca. 200,000 glaciärerna globalt. Därför behövs dator-baserade
beräkningsmetoder för att härleda bottenegenskaper från den av naturliga skäl
mer tillgängliga ytdatan. Denna avhandling presenterar en metod för inversion
av glaciärbotten och istjocklek samt dess tillämpningar för att ta fram isvoly-
mer från glaciärer på regional och global skala.
Metoden har utformats för att vara beräkningsmässigt effektiv, robust och

kompatibel med komplex isflödesfysik på rutnät. Tester på syntetiska och
verkliga glaciärer visade att dennametod presterar väl jämförtmot andrametoder.
Den första regionala tillämpningen resulterade i detaljerade botten topografier
för Skandinavien, och en beräknad total glaciärvolym på 0.32×103 km3, vilket
motsvarar 0.8mmglobal genomsnittlig havsnivåhöjning ifall all is skulle smälta
i Skandinavien. I en senare tillämpning på alla glaciärer i Svalbard – där
glaciärdynamiken är mer komplex – uppskattades volymen till 6.80×103km3

(motsvarande 16.3mmhavsnivåhöjning) och det uppnåddes bättre överensstäm-
melse med observationer jämfört med tidigare studier. Slutligen gav en global
tillämpning en total glaciärvolym på 149.41×103 km3 (motsvarande 316.1
mm havsnivåhöjning). Medan den globala totalsumman stämmer överens med
tidigare uppskattningar, identifierades betydande regionala skillnader. Utöver
isvolymen producerade den globala studien fysiskt realistiska botten topografier
och kartlade >50,000 potentiella framtida sjöar i terräng som för närvarande
är täckt av glaciärer, med en total volym på 3,138 km3 (2% av den globala
glaciärvolymen) och en yta på >40,000 km2.
Metodologiskt sett innebär denna avhandling ett framsteg inom storskalig

inversion av glaciärtjocklek och presenterar den första globala tillämpningen
av högre ordningens isflödesfysik på rutnät, vilket möjliggörs av digital djupin-
lärning och parallelliserad kod optimerad för grafikkort. De regionala och
globala uppskattningarna av isvolymen är viktig data för anpassnings- och be-
gränsningsstrategier relaterade till glaciärernasmassförlust och havsnivåhöjnin-
gen, medan de framräknade bottenkartorna stödjer framtida forskning inom
geovetenskaperna samtmöjliggör förbättrade prognoser för glaciärförändringar.
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Monica, Minchao, Melinda, Rohan, Sonja, Svitlana and Venu. Thanks a
lot! And then my horizon was genuinely broadened by the hydrologists Ben-
jamin, Claudia, Ekaterina, Fritjof, Giuliano, Jeanne, Johanna, Mamata,
Marie, Omar, Riccardo, Roger, Sara L., Surabhi, Thomas G., thank you!
Many thanks also to Anjali, Fatima, Gabriella, Iman, Mariia, Maria D.,
Malin E., Nabil, Nicholas, Sofie, Shakti, Thomas S., Tomas, Veronica,
Yunus for the time spent together.
Slutligen, ett otroligt stort tack tillHanna och Jonatan! Ni var inte med på

Geo, men ändå har ni en jättestor del i den här avhandlingen. Det är helt sjukt
att tänka på allt vi har upplevt tillsammans de senaste åren, de otroligt många
fina stunder vi tillbringade på kvällar, helger och semester. Det betyder jät-
temycket för mig att ha er som vänner! Und alles das gilt natürlich auch für
dich, Ramona. Wo soll ich anfangen, wo soll ich aufhören um die letzten 5
Jahre zu beschreiben? Das Zitat ”Vi är de goaste vänner” aus ”Utvandrarna”
comes to mind, und ich finde, so soll es bleiben!

And as I’m now submitting this thesis, the first snow flakes of the winter are
falling outside the window. What a cheesy end to this journey...
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