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1. Introduction

The main subject of this thesis is representation theory. Representation theory
dates back to the end of 19th century when Frobenius [Fro96] introduced char-
acters for finite groups and showed how one can use representation theory to
solve various problems. Since then, representation theory has evolved beyond
groups to other structures, where one of them being associative algebras. The
main principle of representation theory is that we want to represent elements
of abstract objects with linear transformations of vector spaces. Thus using
the well understood theory of linear algebra we can extract information of the
given object we want to study.

A quiver is a set of vertices together with a set of arrows between said ver-
tices. Gabriel initiated the study of representations of quivers. He proved in
[Gab73] the crucial result that a quiver is representation finite, i.e. there are
finitely many non-isomorphic indecomposable representations, if and only if
the diagram is a Dynkin diagram of type ADE. Dynkin diagrams were intro-
duced by Dynkin in [Dyn50] in order to classify all semi-simple Lie algebras
over algebraically closed fields. Gabriel also introduced the notion of species,
which is the main protagonist of this thesis. Species is a generalisation of the
notion of a quiver. Dlab and Ringel [DR75] proved that a species is represen-
tation finite if and only if its diagram is a Dynkin diagram of type ABCDEFG.
This generalises Gabriels result to include all Dynkin diagrams.

To study representation finite algebras we use Auslander-Reiten theory. It
uses concepts such as almost split sequences, Auslander-Reiten quivers and
the Auslander-Reiten translation. This theory was introduced by Auslander
and Reiten in [Aus74] and [AR74]. It serves as a vital tool when studying
Artin algebras, see for example [ASS06] and [ARS95]. There has been exten-
sive work done to understand representation finite quivers and representation
finite species. By the result of Dlab and Ringel [DR75] we have a clear de-
scription of all almost split sequences and the Auslander-Reiten quiver in these
cases.

In [Iya07b] Iyama introduced the higher dimensional Auslander-Reiten the-
ory. He introduced a special type of category called the d-cluster tilting subcat-
egory that serves as a natural domain for higher dimensional Auslander-Reiten
theory. Iyama introduced d-almost split sequences and d-Auslander-Reiten
translations that work on said categories. If the d-cluster tilting subcategory
is generated by a single element then we say that Λ is d-representation finite.
Even though the higher Auslander-Reiten theory is very natural in how it is de-
fined, constructing examples is a challenge as the setting is highly restrictive.
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There are many examples due to [Iya07a], [IO11], [HI11b]. Concretely these
have lead to algebras given by quivers with relations. In the view of Gabriel’s
theorem compared to its generalisation by Dlab and Ringel, there should also
be many interesting examples based on species with relations.

There are constructions using tensor product to generate d-representation
finite algebras whenever the field is perfect [HI11a]. But even in these ex-
amples, they are not well understood. In this thesis we try to give insight of
how the algebras constructed using tensor products of tensor algebras of rep-
resentation finite species behave. The resulting algebra is an example of a
2-representation finite algebra. We provide various properties that are inher-
ited from the given species. Furthermore, we provide the necessary tools to
generate even more examples of 2-representation finite algebras using muta-
tion.

The core of the thesis consists of three research papers devoted to the study
of species and related structures. The summary is structured as follows. We
begin by first presenting concepts without in depth details that are used through-
out the thesis. Then we give a short summary of all articles to give a more
overview how the thesis. Then we proceed it with a very brief summary in
Swedish. Lastly, I devote the last section to express my gratitude towards
everyone that has supported me throughout this journey.
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2. Preliminaries

In this section we aim to provide the basic concepts that are present in all pa-
pers in this thesis. We include references, with more details for the interested
reader.

2.1 Notation
We assume that K is a perfect field throughout this summary. An R-module
is assumed to be a left R-module unless otherwise stated. Compositions of
arrows are done from right to left.

Let Λ be a finite dimensional K-algebra. We denote by modΛ the cate-
gory of finitely generated Λ-modules. For a Λ-module M ∈ modΛ we de-
fine add(M) to be the full subcategory of modΛ closed under direct sums
and direct summands. We say that a module M generates a subcategory C
if add(M) = C .

2.2 Auslander-Reiten theory
Auslander-Reiten theory provides a way to study properties the module cate-
gory modΛ of a finite dimensional K-algebra Λ. One can ask whether a Λ-
module M can be decomposed into M = X ⊕Y where X and Y are Λ-modules.
If a module cannot be expressed as a direct sum of two Λ-modules we call it in-
decomposable. Indecomposable modules are the building blocks of modΛ. A
natural question arises, what is the relation between all the indecomposable Λ-
modules? The relations between Λ-modules can be described by morphisms
between said Λ-modules. This is where Auslander-Reiten theory shows up.
Auslander-Reiten theory was developed by Auslander and Reiten in the late
20th century. We refer the reader to [ARS95] for details.

2.2.1 Auslander-Reiten quiver and almost split sequences
For two Λ-modules X and Y Auslander-Reiten theory introduces irreducible
morphism. A morphism f : X → Y is irreducible if

1. f is neither a section nor a retraction,
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2. if f = f1 ◦ f2, either f1 is a retraction or f2 is a section.

X Y

Z

f

f2 f1

In other words, irreducible morphisms are morphisms that cannot be factored
non-trivially. Irreducible morphisms give insight into how modules decom-
pose and interact.

The Auslander-Reiten quiver of a algebra Λ is defined as the quiver given
by the following.

1. The vertices are the isomorphism classes [X ] of indecomposable mod-
ules X .

2. There is an arrow [X ]→ [Y ] whenever there is an irreducible map X →Y .
For X ,Y ∈modΛ let radΛ(X ,Y ) to be the set of radical morphisms from X to Y .
We also let EndΛ(X) = HomΛ(X ,X). The Auslander-Reiten quiver describes
modΛ to a certain extent. One of the main techniques of Auslander-Reiten
theory is using almost split sequences. They were introduced in [Aa75] by
Auslander and Reiten. To define almost split sequences we need the following
definition.

Definition 2.2.1.
1. A morphism f0 ∈ radΛ(X ,C1) is called left almost split if C1 ∈ modΛ

and

HomΛ(C1,Y )
f0−→ radΛ(X ,Y )→ 0

is exact for all Y ∈ modΛ.
2. A morphism f0 : X → C1 is called left minimal if every h ∈ EndΛ(C1)

such that h◦ f0 = f0 is an isomorphism.
3. A left minimal and left almost split morphism is called a source mor-

phism. A sink morphism is defined dually.

Now we can state the definition of an almost split sequence.

Definition 2.2.2. Let X ,C1,Y ∈ modΛ. A sequence

0 → X
f0−→C1

f1−→ Y → 0

is said to be an almost split sequence if f0 is a source morphism and f1 a sink
morphism.
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2.2.2 Auslander-Reiten translation
The endpoints of almost split sequences are related by the Auslander-Reiten
translation. We first consider the functor

HomΛ(−,Λ) : modΛ → modΛ
op.

Starting with a Λ-module M, we can write down its minimal projective pre-
sentation

P1
p1−→ P0 → M → 0.

By applying HomΛ(−,Λ) we obtain the sequence

HomΛ(P0,Λ)→ HomΛ(P1,Λ)→ coker(HomΛ(p1,Λ))→ 0.

The Auslander-Bridger transpose is defined as Tr(M) = coker(HomΛ(p1,Λ)).
The Auslander-Reiten translation functors are now defined by composing the
K-dual D = HomK(−,K) with Tr

τ = D◦Tr, τ
− = Tr◦D.

Note that τ(P) = 0 and τ−(I) = 0, where P and I are projective and injective
modules respectively. By restricting ourselves to the stable and the costable
Λ-module categories modΛ and modΛ we get the following.

Proposition 2.2.3. The Auslander-Reiten translations τ and τ− induce mutu-
ally inverse equivalences

modΛ modΛ.
τ

τ−

Using the Auslander-Reiten translation we can construct almost split se-
quences. For every non-projective indecomposable Λ-module M there is an
almost split sequence

0 → τ(M)→ N → M → 0.

The existence of such almost split sequences can be proven using the fol-
lowing theorem.

Theorem 2.2.4. (the Auslander-Reiten formulas) Let M and N be two Λ-
modules. There exist isomorphisms

Ext1Λ(M,N)∼= DHomΛ(τ
−(N),M)∼= DHomΛ(N,τ(M))

that are functorial in both variables.

Corollary 2.2.5.
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1. For any indecomposable non-projective Λ-module M, there exists an al-
most split sequence 0 → τ(M)→ E → M → 0 in modΛ.

2. For any indecomposable non-injective Λ-module N, there exists an al-
most split sequence 0 → N → F → τ−(N)→ 0 in modΛ.

Definition 2.2.6. An algebra is hereditary if gldim(Λ)≤ 1.

If Λ is a hereditary algebra, then we define the preprojective component of
the Auslander-Reiten quiver as the full subquiver consisting of modules in

add{τ
−i(Λ) | i ≥ 0}.

In this case, indecomposable modules in the preprojective component are
called preprojective modules.

2.2.3 Representation finite hereditary algebras and preprojective
algebras

Definition 2.2.7. A finite dimensional K-algebra is said to be representation
finite if it has finitely many finitely generated non-isomorphic indecomposable
modules.

If a finite dimensional K-algebra is representation finite, then its Auslander-
Reiten quiver only consist of one component. We refer [ARS95] for more de-
tails. If we also assume that the algebra is hereditary then the preprojective
component coincides with the whole Auslander-Reiten quiver. By the discus-
sion above, in this case every indecomposable module is preprojective and
thus

modΛ = add{τ
−i(Λ) | i ≥ 0}.

One way to describe the preprojective component is to use the preprojective
algebra.

Definition 2.2.8. Let Λ be a hereditary (finite dimensional) K-algebra. The
preprojective algebra Π(Λ) is defined as

Π(Λ) =
⊕
i≥0

HomΛ(Λ,τ
−i(Λ)).

Understanding the preprojective algebra yields a lot of useful information
about the algebra, in particular when the algebra is representation finite. For
a representation finite path algebra it was proven in [BBK02], although it was
folklore before, that its preprojective algebra is finite dimensional and self-
injective, thus Frobenius. Later, Iyama and Oppermann proved that if an al-
gebra Λ is representation finite then its preprojective algebra Π(Λ) is a finite
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dimensional self-injective algebra [IO13], and thus enjoys a Frobenius struc-
ture. Hence there exists a unique automorphism γ : Π(Λ) → Π(Λ) such that
Π(Λ) ∼= DΠ(Λ)γ called the Nakayama automorphism. The Nakayama au-
tomorphism is vital when trying to understand Π(Λ) since it describes the
Frobenius structure of Π(Λ).

2.3 Higher dimensional Auslander-Reiten theory
A higher analogue of the Auslander-Reiten theory which is called the higher
dimensional Auslander-Reiten theory was introduced by Iyama in [Iya07b].
Iyama fixed an integer d ≥ 1 and defined a subcategory which enjoys similarly
properties as the module category of an algebra Λ in the usual Auslander-
Reiten theory. Such a subcategory is called a d-cluster tilting subcategory. If
the d-cluster tilting subcategory is generated by a single module, then it has
finitely many non-isomorphic indecomposables. Thus giving us a natural way
to define the concept of d-representation finite. Setting d = 1 we recover the
classical Auslander-Reiten theory. For an introduction for higher dimensional
Auslander-Reiten theory we refer to [JK19].

The higher dimensional Auslander-Reiten theory is more restrictive than
the classical Auslander-Reiten theory. Thus making it harder to construct ex-
amples. Some known examples are due to [Iya07a], [IO11], [HI11b].

2.3.1 d-cluster tilting subcategories and d-almost split sequences
The higher analogues of representation finite hereditary algebras care called
d-representation finite algebras. They are defined using the notion of d-cluster
tilting subcategories and d-cluster tilting modules.

Definition 2.3.1.
1. A functorially finite subcategory C ⊆ modΛ is said to be a d-cluster

tilting subcategory if

C = {X ∈ modΛ | ExtiΛ(X ,M) = 0, for all M ∈ C , i = 1, . . . ,d −1}=
= {X ∈ modΛ | ExtiΛ(M,X) = 0, for all M ∈ C , i = 1, . . . ,d −1}.

2. We say that a Λ-module M is called a d-cluster tilting Λ-module if
add(M) is a d-cluster tilting subcategory in modΛ.

3. An algebra Λ is called d-representation finite if gldim(Λ)≤ d and there
exists a d-cluster tilting module.

Remark 2.3.2.
1. The subcategory add(M) is always functorially finite. Moreover, note

that Λ,DΛ ∈ add(M).
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2. The word finite in d-representation finite refers to the fact that add(M)
has finitely many indecomposable objects up to isomorphism.

Remark 2.3.3. Note that for the case when d = 1 the d-cluster tilting sub-
category becomes modΛ. So 1-representation finite coincides with the usual
definition of being representation finite and hereditary.

In complete analogy of the classical Auslander-Reiten theory we recall the
following definitions and results. We start with d-almost split sequences. For
this we need to introduce source and sink sequences.

Definition 2.3.4. Let Λ be an algebra. We call a complex

X
f0−→C1

f1−→C2
f2−→ ·· ·

fd−1−−→Cd

a source sequence of X if the following conditions are satisfied.
1. Ci ∈ modΛ and fi ∈ radΛ(Ci,Ci+1) for any 1 ≤ i ≤ d −1.
2. we have the following exact sequence for all Y ∈ modΛ.

HomΛ(Cd ,Y )
fd−1−−→ ·· · f2−→ HomΛ(C2,Y )

f1−→
f1−→ HomΛ(C1,Y )

f0−→ radΛ(X ,Y )→ 0

A sink sequence is defined dually.

With this we can define d-almost split sequences.

Definition 2.3.5. We call an exact sequence

0 → X →C1 →C2 → ·· ·Cd → Y → 0

is a d-almost split sequence if it is a source sequence of X ∈ modΛ an a sink
sequence of Y ∈ modΛ.

To define the higher Auslander-Reiten translation, or the d-Auslander-Reiten
translation, we compose the regular Auslander-Reiten translation with the
(d −1)th syzygy.

Definition 2.3.6. The d-Auslander-Reiten translation is defined as

τd = DTrΩd−1 : modΛ → modΛ,

τ
−
d = TrDΩ

−(d−1) : modΛ → modΛ.

Similarly to the d = 1 case we have the following result.
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Proposition 2.3.7. Let C be a d-cluster tilting subcategory of modΛ. Then

τd : C → C , τ
−
d : C → C

are mutually inverse equivalences.

The relation between the d-Auslander-Reiten translation and the d-almost
split sequences are similar to as in the d = 1 case.

Proposition 2.3.8. If Λ is a d-representation finite algebra with d-cluster tilt-
ing subcategory C , then for every non-projective indecomposable Λ-module
X ∈ C there is a d-almost split sequence

0 → τd(X)→C1 →C2 → ··· →Cd → X → 0,

where Ci ∈ C for 1 ≤ i ≤ d. Moreover, in this case the d-cluster tilting sub-
category is given as

C = {τ
−i
d (Λ) | i ≥ 0}

and is unique.

Therefore we can view C as the "d-preprojective component", i.e. that
for all indecomposable modules X ∈ C there exists an integer n ≥ 0 such
that τn

d (X) is projective, in particular when X is an injective indecomposable
Λ-module. Note that this coincides with the usual preprojective component
whenever d = 1.

2.3.2 Higher preprojective algebras and d-representation finite
algebras

The preprojective algebra is define by considering all morphism in the prepro-
jective component from the projective modules. Since we are considering C
instead of the whole module category, it is natural to define the higher ana-
logue of the preprojective algebra as all morphisms from the preprojective
modules to objects in C .

Iyama and Oppermann in [IO13] introduced the (d+1)-preprojective alge-
bra of Λ in the following way.

Definition 2.3.9. The (d +1)-preprojective algebra Πd+1(Λ) is defined as

Πd+1(Λ) = TΛ(E),

where E = Extd
Λ
(DΛ,Λ).

Similarly as in the d = 1 case, we can identify the (d + 1)-preprojective
algebra of Λ with

Πd+1(Λ) =
⊕
i≥0

HomΛ(Λ,τ
−i
d (Λ)),
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(see [GI20]). Moreover, we have the following useful result.

Theorem 2.3.10. If Λ is a d-representation finite algebra, then Πd+1(Λ) is a
finite dimensional self-injective algebra.

In this case, Πd+1(Λ) is a Frobenius algebra and therefore there exists a
Nakayama automorphism. As in the classical case, describing the Nakayama
automorphism yields crucial information about the (d+1)-preprojective alge-
bra.

2.3.3 Tensor products of d-representation finite algebras
One way to construct examples of d-representation finite algebra is to use
tensor products. This is based upon the work of Herschend and Iyama in
[HI11a].

Before we present the crucial result we need the following. Let Λ be a basic
d-representation finite K-algebra. Fix a set of complete set of primitive or-
thogonal idempotents {ei}i∈I for some index set I. Since Λ is d-representation
finite, the d-cluster tilting subcategory C consists of finitely many indecom-
posable modules. Hence we can deduce that

C = add{τ
− j
d (Λei) | i ∈ I, j ∈ Z}= add{τ

j
d(D(eiΛ)) | i ∈ I, j ∈ Z}.

Therefore there exists integers li such that τ
−li
d (D(eiΛ)) is projective. We de-

fine the permutation σ : I → I such that

Λeσ(i) = τ
li−1
d D(eiΛ)

for all i ∈ I. The permutation σ is called the Nakayama permutation for Λ,
which coincides with the Nakayama permutation of Πd+1(Λ) induced by the
Nakayama automorphism.

Definition 2.3.11. [HI11a, Definition 1.2] The algebra Λ is said to be l-homogeneous
if li = l for all i ∈ I.

Herschend and Iyama showed the following useful result.

Theorem 2.3.12. [HI11a, Corollary 1.5] Let K be a perfect field and l a posi-
tive integer. If Λi is l-homogeneous di-representation finite for each i ∈ {1,2},
then Λ1 ⊗K Λ2 is an l-homogeneous (d1 + d2)-representation-finite algebra
with a (d1 +d2)-cluster tilting module

⊕l−1
i=0(τ

−i
d1

Λ1 ⊗K τ
−i
d2

Λ2).

Since there are not any known classification of d-representation finite K-
algebras, Theorem 2.3.12 gives us a tool to construct many new examples of
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d-representation finite K-algebras. Also note that the resulting algebra is l-
homogeneous, meaning that we can iterate the process to get more examples.
In this thesis we explore the properties of Λ1 ⊗K Λ2 whenever Λi is a tensor
algebra of some representation finite species for i ∈ {1,2}.

2.4 Quivers and Species
In this section we will recall the definition of the main protagonist of this
thesis, species. We refer the reader to [Gab73] and [Ber11] for more details.
Species play an important role in representation theory due to the fact that
many algebras can be described using a species and some relations. We will
begin by first recalling the definition of path algebras of quivers and then move
on to defining tensor algebras of species.

2.4.1 Quivers
An important type of a K-algebra is the path algebra over a quiver. A quiver
is a tuple (Q0,Q1,s, t), where Q0 is the set of vertices, Q1 is the set of arrows
and

s, t : Q1 → Q0

are maps such that s(α) and t(α) are the source and target of an arrow α ∈ Q1.
In other words, for an arrow α ∈ Q1 we can write

s(α)
α−→ t(α).

Usually we only write Q = (Q0,Q1) as a pair and omit writing out s and t. We
illustrate quivers using diagrams such as

1 2 3

4

α β

δ
γ

for example. The path algebra over a quiver Q is denoted by KQ and is defined
as the K-linear span of all paths in the quiver Q, where the multiplication is
given by following. If p and q are two paths in KQ, then p ·q is defined as the
concatenation if possible and otherwise p ·q = 0.

An ideal of a path algebra is called admissible if it is generated by paths
of length at least 2 and all paths of length m of some integer m lies inside the
ideal. The following theorem is a well known fact and motivates the study of
path algebras.

Theorem 2.4.1. [ASS06, Theorem 3.7] Let K be an algebraically closed field.
Every finite dimensional K-algebra is Morita equivalent to KQ/I, where KQ/I
is a path algebra over a quiver Q quotient by an admissible ideal I.
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The ideal I in Theorem 2.4.1 is zero if and only if KQ/I is hereditary,
so studying hereditary algebras over algebraically closed fields is reduced to
studying KQ. By applying Gabriel’s theorem we arrive at the following corol-
lary.

Corollary 2.4.2. Let K be an algebraically closed field. Every finite dimen-
sional hereditary K-algebra is Morita equivalent to KQ, where Q is a disjoint
union of quivers of Dynkin type ADE.

Note that Theorem 2.4.1 is no longer true if we do not assume that K is
algebraically closed. We can for example choose K = R and study the R-
subalgebra ï

C C
0 R

ò
(4.2.1)

of complex 2× 2-matrices. Note that for path algebras KQ/I the endomor-
phism algebra of any simple KQ/I-module is isomorphic to K. This is not
true for the algebra (4.2.1). Take for example the simple modules

S1 =

ï
C
0

ò
, S2 =

ï
C
R

ò¡ï
C
0

ò
.

Then EndΛ(S1)∼=C and EndΛ(S2)∼=R. Therefore it cannot be Morita equiva-
lent to some KQ/I. It can still be described as a path algebra over some ideal,
but the ideal would no longer be admissible. However, it can be described as
a tensor algebra of a species.

2.4.2 Species
Species are used to generalise the concept of path algebras over some quiver.
As said earlier, species are the main protagonists of this thesis and play an
important role of classifying representation finite algebras. Species were in-
troduced by Gabriel in [Gab73]. For details about result in this section we
refer the reader to [Ber11].

We define species in the following way.

Definition 2.4.3. Let Q be a quiver.
1. A species S=(Di,Mα)i∈Q0,α∈Q1 is a collection where each Di is a semisim-

ple K-algebra and Mα ∈ D j-Di-mod, where α : i → j, such that

HomDop
i
(Mα ,Di)∼= HomD j(Mα ,D j)

as Di-D j-modules, such that K is central in Di and Mα for all i ∈ Q0 and
α ∈ Q1.

2. A finite dimensional species S is a species S such that dimK Di < ∞ and
dimK Mα < ∞ for all i ∈ Q0 and α ∈ Q1.
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3. We say that a finite dimensional species S is a K-species if all Di are
division K-algebras over a common central subfield K.

4. We call a species S acyclic if Q is acyclic.

For a species S we define the tensor algebra T (S) to be the tensor algebra
T (D,M). More explicitly,

T (S) = T (D,M) =
⊕
k≥0

Mk =
⊕
k≥0

M⊗Dk, M0 = D.

A species over a quiver Q can be presented using a diagram of shape Q
where the vertices are given by Di and the arrows are decorated with Mα . For
example, the algebra in (4.2.1) can be described as the tensor algebra of the
species

C C−→ R.

For any quiver Q the species S over Q defined by setting all Di = Mα =K for
all i ∈ Q0 and α ∈ Q1 we recover the path algebra T (S) =KQ.

Our definition of species does not coincide with the definition given in for
example [Gab73] and [Ber11]. In those articles assume that Di is a division K-
algebra for all i ∈ Q0. Usually we generally only care about K-species where
our definitions match. We relaxed our definition of species due to technical
reasons, being that we are considering tensor products of tensor algebra of
species. Taking tensor products of tensor algebras of species cannot necessar-
ily be described in the obvious way using a species with relations. To illustrate
this we can consider the R-species S given by C, i.e. the species with Q = •.
Its tensor algebra is T (S) = C. Taking the tensor product over R we can show
that

T (S)⊗R T (S) = C⊗RC∼= C⊕C.

Glossing over the details and refer the reader to Paper II and Paper III for
more details, we expect the new species that describes the tensor product to
be a species over the same quiver Q. But since C⊕C is not a division R-
algebra it cannot possibly be a species. However, we show in Paper II that
T (S1)⊗KT (S2) is Morita equivalent to a K-species if S1 and S2 are K-species.
In the above example it is Morita equivalent to the species given by

C C.

In this case the quiver consists of two isolated points.
Now we can state the more general version of Theorem 2.4.1 using species.

Theorem 2.4.4. [Ber11, Corollary 4.3] Let K be a perfect field. Every finite
dimensional K-algebra is Morita equivalent to T (S)/I for some K-species S
and some admissible ideal I.
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Similarly to the quiver case, if I = 0 then T (S)/I is hereditary. Thus for
studying hereditary algebras over perfect fields it is enough to study T (S).
We can replace the assumption that K is perfect for a more general, but more
complicated, assumption. We refer the reader to [Ber11] for the details.

2.5 Representation finiteness of species
Gabriel’s theorem classifying representation finite quivers was generalised to
K-species by Dlab and Ringel in [DR75].

Theorem 2.5.1. [DR75] A K-species is representation finite if and only if it is
isomorphic to a disjoint union of species of Dynkin type ABCDEFG.

A species is of Dynkin type if its diagram is given by a Dynkin diagram.
Note that here we include all Dynkin diagrams rather than just the Dynkin di-
agrams of type ADE in Gabriel’s theorem. Dlab and Ringel showed that such
a Dynkin species is isomorphic to a species where Di,Mα ∈ {F,G} for all
i ∈ Q0 and α ∈ Q1 and F and G are two division K-algebras such that F ⊆ G.
They are represented in Figure 2.1, with their corresponding diagram in Fig-

ure 2.2. The decorated edge i j
(k)

, where k = dimK G/dimK F , means
that Di = G and D j = F . Such a decorated edge only exists in the non-simply
laced cases, i.e. the Dynkin diagrams of type BCGF. Note that the valuation
(k) in their diagram does not correspond to the orientation. The orientations
of the K-species in Figure 2.1 are omitted since all possible orientations yields
a representation finite K-species.

2.5.1 Preprojective algebras of species
In the later article [DR80] Dlab and Ringel provided a description of the pre-
projective algebra of a species. Before we present the construction of the pre-
projective algebra we need to define Casimir elements. Let S be a K-species
and let α ∈Q1. There exist x1, . . . ,xn ∈Mα and f1, . . . , fn ∈HomDop

s(α)
(Mα ,Ds(α))

such that for every x ∈ Mα we have

x =
n

∑
i=1

fi(x)xi.

Definition 2.5.2. Let xi and fi be as above. Then, the element

cα =
n

∑
i=1

xi ⊗Ds(α)
fi ∈ Mα ⊗Ds(α)

HomDop
s(α)

(Mα ,Ds(α))

is called the Casimir element of Mα ⊗Ds(α)
HomDop

s(α)
(Mα ,Ds(α)).
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(An) F F · · · F FF F F F

(Bn) F G · · · G GG G G G

(Cn) G F · · · F FG F F F

F

(Dn) F · · · F F

F

F
F

F
F F

F F F F F

(E6)

F

F F F

F

F

F F F F F F

(E7)

F

F F F

F

F F

F F F F F F F

(E8)

F

F F F

F

F F F

(F4) G G F FG G F

(G2) G FG

Figure 2.1. Description of species over Dynkin diagrams

The Casimir does not depend on the choice of bases {xi}n
i=1 and { fi}n

i=1,
therefore Casimir elements are uniquely determined. Using Casimir elements
we can define the preprojective algebra.

Definition 2.5.3. [DR80] Let S be a representation finite K-species.
1. The double quiver Q is defined to be Q0 = Q0 and Q1 = Q1 ∪Q∗

1 where

Q∗
1 = {α

∗ : j → i | α : i → j ∈ Q1}.

2. Let S be the species over Q where Di = Di for all i ∈ Q0 and Mα = Mα

when α ∈ Q1 and Mα∗ = HomDop
s(α)

(Mα ,Ds(α)).

3. For each α ∈Q1 let cα be the Casimir element of Mα ⊗Ds(α)
Mα∗ . Define

c = ∑
α∈Q1

sgn(α)cα ,
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(An) 1 2 · · · n−1 n

(Bn) 1 2 · · · n−1 n
(2)

(Cn) 1 2 · · · n−1 n
(2)

1

(Dn) 3 · · · n−1 n

2
1 2 3 4 5

(E6)

6

1 2 3 4 5 6

(E7)

7

1 2 3 4 5 6 7

(E8)

8

(F4) 1 2 3 4
(2)

(G2) 1 2
(3)

Figure 2.2. Dynkin Diagrams

where

sgn(α) =

®
1, α ∈ Q1

−1, else.

We define the preprojective algebra of S as Π(S) = T (S)/⟨c⟩.

We have the following expected theorem.

Theorem 2.5.4. There exists an isomorphism Π(S)∼=Π(T (S)), where Π(T (S))
is the usual definition of the preprojective algebra Π(T (S)) given in Defini-
tion 2.2.8.

Remark 2.5.5. Theorem 2.5.4 was proven by Ringel in [Rin98] for the case
when S is a Dynkin species of type ADE. It is also proven for a generalisation

22



of species called phylum in [GKKP22]. In Paper I we provide a proof for all
Dynkin species.

2.6 Cluster categories and quivers with potential
The notions of d-cluster tilting objects and d-cluster tilting subcategories can
be generalised to any triangulated category T . This is of particular interest
if T is d-Calabi–Yau, meaning T is K-linear with finite dimensional hom
spaces such that there is a natural isomorphism

T (X ,Y )∼= DT (Y,X [d]),

i.e. the d-fold suspension [d] is a Serre functor. Cluster categories provide
a useful source of d-Calabi–Yau categories. In this section we recall various
definitions an results related to these.

2.6.1 Cluster categories of algebras with global dimension d
Let K be a perfect field and assume that Λ is a finite dimensional K-algebra
with gldim(Λ) ≤ d. Following [Ami08, Ami09] we construct the Amiot d-
cluster category for Λ. Let Γ = Λ⊕DΛ[−d − 1] be a DG algebra with zero
differential. The we have a natural restriction functor

Db
Λ → Db

Γ (6.0.1)

where Db
Λ

and Db
Γ

are the bounded derived categories of Λ and Γ respectively.
The Amiot d-cluster category C d

Λ
is defined as

C d
Λ := thickDb

Γ

(Λ)/perf(Γ),

where thickDb
Γ

(Λ) is the smallest thick subcategory of Db
Γ

containing the image
of Λ through (6.0.1) and perf(Γ) is the category containing all of the perfect
complexes over Γ.

Lemma 2.6.1. [Ami08, Ami09] The restriction functor induces a functor π :
Db

Λ
→ CΛ which commutes with the Serre functors of the two categories.

Theorem 2.6.2. [Ami08, Ami09] If Λ is τd-finite, i.e. τ
−i
d Λ = 0 for sufficiently

large i, then:
1. The Amiot d-cluster category C d

Λ
is a d-Calabi–Yau triangulated cate-

gory.
2. πΛ is a d-cluster tilting object in the Amiot d-cluster category C d

Λ
.

Moreover, the endomorphism algebra EndC d
Λ

(πΛ)op is isomorphic to
Πd+1(Λ).
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In [JKM23] Jasso and Muro proved a derived version of the Auslander-
Iyama correspondence.

Theorem 2.6.3. [JKM23, Theorem A] Suppose that K is a perfect field and
d ≥ 1 an integer. There are bijective correspondences between the following:

1. Equivalence classes of pairs (C ,T ) consisting of,
a) an algebraic triangulated category C with finite-dimensional mor-

phism spaces and split idempotents and
b) a basic dZ-cluster tilting object T ∈ C , that is a d-cluster tilting

object such that C (T,T [i]) = 0 for all i ̸∈ dZ.
2. Equivalence classes of pairs (Π, I) consisting of

a) a basic finite-dimensional self-injective algebra Π that is twisted
(d +2)-periodic and

b) an invertible Π-bimodule I such that Ω
d+2
Πe (Π) ∼= I in the stable

category of Π-bimodules.

Remark 2.6.4. Note that if Λ is a d-representation finite algebra then it is
τd-finite. Moreover, its preprojective algebra is Πd+1(Λ) is self-injective, and
thus by [IO13, Proposition 3.6]

(πΛ)[d]∼= πΛ.

Hence πΛ ∈ C d
Λ

is a dZ-cluster tilting object which fits into Theorem 2.6.3.

Thus by Remark 2.6.4 we can provide examples for Theorem 2.6.3 by ap-
plying Theorem 2.3.12.

2.6.2 Quivers and potentials and the 3-preprojective algebra
The case d = 2 is of particular importance. In fact d-cluster tilting is a gen-
eralisation of 2-cluster tilting which is usually referred to simply as cluster
tilting. Moreover, in this case C 2

Λ
and Π3(Λ) can be understood using quivers

and potentials, in case Λ itself is given by a quiver with admissible relations.
In this section we recall some of the relevant constructions.

We follow [BIRS11] for the definition of quivers with potentials. Let Q be
a quiver. Consider the complete path algebra

K̂Q = ∏
i≥0

KQi

where KQi is the K-vector space with basis Qi consisting of path of length
i. A quiver with potential (Q,W ) consists of a quiver Q and a potential W ∈
∏i≥0KQi,cyc, where KQi,cyc is the K-vector space with a basis Qi,cyc consisting
of cycles in Qi. For a given element a ∈ Q1, we define the cyclic derivative
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∂a(W ) by
∂a(a1a2 · · ·an) = ∑

ai=a
ai+1ai+2 · · ·ana1 · · ·ai−1

and extended linearly and continuously. For a given quiver with potential
(Q,W ) we define its Jacobian algebra

P(Q,W ) = K̂Q/J (Q,W )

where J (Q,W ) = ⟨∂a(W ) | a ∈ Q1⟩ is the closure of ⟨∂a(W ) | a ∈ Q1⟩ with
respect to the K̂Q≥1-adic topology.

Definition 2.6.5. [Kel11] Let Λ be a finite dimensional K-algebra of global
dimension of at most two. For a presentation Λ = K̂Q/⟨r1,r” . . . ,rl⟩ by a
quiver Q and minimal set of relations {r1,r2, . . . ,rl}, we define (QΛ,WΛ) by

QΛ,0 = Q0,

QΛ,1 = Q0 ∪{pi : t(ri)→ s(ri) | 1 ≤ i ≤ l},

WΛ =
l

∑
i=1

pirl.

The connection between Jacobian algebras and preprojective algebras are
due to [Kel11].

Theorem 2.6.6. [Kel11, Theorem 6.10] The K-algebras Π3(Λ) and P(QΛ,WΛ)
are isomorphic.

Let Λ1 and Λ2 be two l-homogeneous representation finite algebras. Then
by Theorem 2.3.12 Λ1 ⊗K Λ2 is a 2-representation finite algebra and thus fits
into Theorem 2.6.3 due to Remark 2.6.4. Hence, if Λ1 and Λ2 are path algebras
over Dynkin quivers, then Theorem 2.6.6 yields an explicit description of the
3-preprojective algebra Π3(Λ1 ⊗K Λ2) in this case. This is demonstrated in
[HI11b, Section 5.2].
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3. Summary of papers

As discussed in Chapter 2, the Auslander-Reiten theory of a representation
finite hereditary algebra Λ is encoded in its preprojective algebra Π(Λ). If Λ

is given as a path algebra of a quiver, or more generally, as a tensor algebra of
a species, then Π(Λ) can be explicitly described.

In higher dimensional Auslander-Reiten theory one instead considers a d-
representation finite algebra Λ and its (d +1)-preprojective algebra Πd+1(Λ).
Explicit descriptions of Πd+1(Λ) were previously only known when Λ is given
by a quiver with admissible relations. For instance quivers with potentials can
be used for d = 2.

The aim of this thesis is to expand such explicit descriptions to include alge-
bras Λ given by species with admissible relations. Along the way, some results
for classical preprojective algebras are also extended to the species case. In
particular, the thesis presents results regarding the Nakayama automorphism
for preprojective algebras of Dynkin species, almost Koszul resolutions, pre-
projective algebras of tensor products, mutation theory for species with poten-
tials, self-injective species with potentials, cuts for species with potentials, the
relationship between cut-mutation and 2-APR tilting, and more.

The results presented in the thesis yields a rich source of tools on how to
generate more examples of 2-representation finite algebras given by species
with relations. We also illustrate our results by computing examples.

3.1 Paper I
In [BBK02] Brenner, Butler and King gave a complete description of the
Nakayama automorphism for the preprojective algebras of Dynkin type ADE.
They also introduced the notion of almost Koszul algebras and show that these
preprojective algebras are almost Koszul. Several homological properties can
be described using the almost Koszul property, and it allows for a more gen-
eral theory of periodic algebras. In the first part of Paper I we extend the main
result of [BBK02] to preprojective algebras of Dynkin type ABCDEFG. The
first main theorem is as follows.

Theorem 3.1.1. Let S be a Dynkin species over division algebras F ⊆ G.
There is a Nakayama automorphism γ of Π(S) given by

γ(yi
α) =

{
yi

σ(α), if α ∈ Q1

sgn(σ(α))yi
σ(α), if α ̸∈ Q1

,
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and γ(ei) = eσ(i) for all i ∈ Q0.

Here we have chosen the elements y1
α , . . . ,y

max(dimDs(α)
Mα ,dimDt(α)

Mα )

α ∈ Mα

such that {y1
α , . . . ,y

dimDs(α)
Mα

α } is a basis for Mα when Mα is viewed as a

Ds(α)-module and {y1
α , . . . ,y

dimDt(α)
Mα

α } is a basis for Mα when Mα is viewed
as a Dt(α)-module.

Note that for the case when the tensor algebra is isomorphic to a path al-
gebra of a quiver, max(dimDs(α)

Mα ,dimDt(α)
Mα) = 1 and thus we recover

[BBK02, Corollary 4.7].
We also provide a complete list of l-homogeneous finite representation

species, and compute the specific value of l in each case. By using Theo-
rem 2.3.12 we get a lot of examples of 2-representation finite algebras which
are obtained by taking tensor products of tensor algebras of Dynkin species.
Moreover, we show that the resulting 2-representation finite algebra as well as
its 3-preprojective algebra can be described using species with relations. In
Paper II we improve on this result by showing that the 3-preprojective algebra
can be described using a species with potential.

In the second part of the article we study preprojective algebras of acyclic
d-representation finite Koszul algebras. All tensor algebras of Dynkin species
fall under the case when d = 1. In [Pas17] Pasquali proved that for a d-
representation finite algebra Λ a d-almost split sequence starting at an inde-
composable non-injective module in add(τ−i

d Λ) is given by a mapping cone of
a certain morphism. Since Koszul resolutions for simple Π(Λ)-modules are
computed using d-almost split sequences, we arrive at the following result.

Theorem 3.1.2. Let Λ be an acyclic d-representation finite Koszul algebra and
let S be a graded simple Π(Λ)-module, then there exist graded Π(Λ)-module
complexes R•,Q• of length d and an almost quasi-isomorphism ϕ : Q• → R•
such that deg⋆(ϕ) = 1 and Cone(ϕ) is the almost Koszul complex for S.

Recall from Theorem 2.3.12 that if Λi is an acyclic l-homogeneous di-
representation finite algebra over a perfect field K for i∈ {1,2}, then Λ1⊗KΛ2
is (d1 + d2)-representation finite. A natural question arises, can we describe
the Koszul resolutions of Λ1 ⊗K Λ2 given the same data for Λ1 and Λ2? The
answer is yes, but we need to introduce an operation called the Segre prod-
uct. For graded algebras Γi =

⊕
k∈Z Γi,k, where Γi,k is the space of elements

of degree k in Γi and i ∈ {1,2}. We define the Segre product of Γ1 and Γ2 as

Γ1 KΓ2 =
⊕
k∈Z

Γ1,k ⊗K Γ2,k.

We show in the above setting that

Πd1+d2+1(Λ1 ⊗K Λ2)∼= Πd1+1(Λ1) KΠd2+1(Λ2).
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The Segre product can be considered as a bi-functor on graded algebras and
analogously on complexes. Now we can state our second main theorem.

Theorem 3.1.3. Let K be a perfect field. Let Λi be an acyclic di-representation
finite l-homogeneous Koszul algebra for each i ∈ {1,2}. Let SΛi be a graded
simple Π(Λi)-module and let ϕΛi : QΛi• →RΛi• be an almost quasi-isomorphism
as in Theorem 3.1.2 such that Cone(ϕΛi) is the almost Koszul complex for SΛi .
The complex

Cone(Tot(ϕΛ1 ϕ
Λ2) : Tot(QΛ1

• KQΛ2
• )→ Tot(RΛ1

• KRΛ2
• ))

is the almost Koszul complex for SΛ1 ⊗K SΛ2 ∈ Π(Λ1 ⊗K Λ2)−mod.

We provide the description of ϕΛi when Λi = T (Si) and Si a Dynkin species.
Thus using the above theorem, we automatically have total control of

Cone(Tot(ϕΛ1 ϕ
Λ2),

i.e. all almost Koszul resolutions of simple modules. Moreover, in this case
we describe the Nakayama automorphism of Πd1+d2+1(T (S1)⊗K T (S2)) as
γ1 γ2, where γ1 and γ2 are the Nakayama automorphisms for S1 and S2.

3.2 Paper II
The theory of cluster algebras was introduced by Fomin and Zelevinsky in
[FZ02]. They introduced mutation for quivers and play a central role in the
study of cluster algebras. Motivated by the mutation for quivers by Fomin
and Zelevinsky, a mutation theory on cluster tilting objects in 2-Calabi-Yau
categories was developed in [BMR+06] and [IY08]. Afterwards came a theory
of mutation of quiver with potentials introduced by Derksen, Weyman and
Zelevinsky in [DWZ07]. A relationship between these types of mutation is
established by Buan, Iyama, Reiten and Smith in [BIRS11]. They proved that
mutating on cluster tilting objects corresponds to mutation of certain Jacobian
algebras of quivers with potentials under certain conditions.

In [HI11b] Herschend and Iyama studied self-injective quivers with po-
tentials. A quiver with potential (Q,W ) is said to be self-injective if the as-
sociated Jacobian algebra P(Q,W ) is finite dimensional and self-injective,
hence P(Q,W ) is a Frobenius algebra with a Nakayama permutation σ . Us-
ing the main result in [BIRS11], Herschend and Iyama showed that mutating a
self-injective quiver with potential (Q,W ) along a Nakayama orbit of a vertex
yields another self-injective quiver with potential. They also provided a struc-
ture theorem for 2-representation finite algebras over an algebraically closed
field. It says that every basic 2-representation finite algebra over an alge-
braically closed field is isomorphic to some degree zero part of the Jacobian
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algebra of some self-injective quiver with potential, where the grading is such
that W is homogeneous of degree 1. They also proved the converse, that every
degree zero part of the Jacobian algebra is a 2-representation finite algebra, if
the grading is such that W is homogeneous of degree 1.

In this paper we assume that our field K is perfect. We define a species with
potential (S,W ) as a pair of a species S and a potential W consisting of cycles
in T (S). Similarly as in the quiver case, we define the Jacobian algebra of a
species with potential (S,W ) which we denote by P(S,W ) as T (S) quotient
with the ideal generated by derivations of W . The construction of P(S,W )
is derived from the more general theory by Nguefack [Ngu12]. The first part
of our main result is a generalisation of [BIRS11, Theorem 5.2] to the species
case. We prove, under certain assumptions, that mutating cluster tilting objects
corresponds to mutation of species with potentials. As in [HI11b], we use this
new result to show that mutating along the Nakayama orbit of a self-injective
species with potential yields a self-injective species with potential. This is
formulated as the second part of our main theorem. Thus the main theorem is
as follows.

Theorem 3.2.1. Let C be a 2-Calabi–Yau triangulated category and T =⊕n
i=1 Ti ∈ C a basic cluster tilting object with indecomposable summands Ti,

that satisfies the vanishing condition at i for all i ∈ Q0 and k ∈ Q0 is mutable.
1. If EndC (T )op ∼= P(S,W ) for a reduced species with potential (S,W ),

then EndC (µTk(T ))
op ∼= P(µk(S,W )).

2. Assume furthermore, that P(S,W ) is self-injective with Nakayama per-
mutation σ and Nakayama automorphism γ satisfying conditions
(A) γ|M : M → M where S = (D,M),
(B) γ(W ) =W.

If the Nakayama orbit (k)= {σ i(k) | i≥ 0} is sparse, then P(µ(k)(S,W ))
is self-injective with Nakayama automorphism µ(k)(γ).

The vanishing condition for all vertices and that k ∈ Q0 is mutable are two
assumptions that are needed for technical reasons. The vanishing condition at
every vertex is automatically satisfied whenever EndC (T )op is a self-injective
algebra. The conditions (A) and (B) are needed to define the Nakayama au-
tomorphism µ(k)(γ). A Nakayama orbit (k) is said to be sparse if there are
no arrows between the vertices, and if for each mutation step yields a reduced
species with potential. This is needed in order to apply the first part of Theo-
rem 3.2.1 repeatedly.

As an application consider Λ = Λ1 ⊗K Λ2, where Λi is l-homogeneous and
representation finite, specifically Λi = T (Si) when Si is a Dynkin species, for
i ∈ {1,2}. Similarly to Theorem 2.6.6, we show that Π3(Λ) ∼= P(S,W ) for
a certain species with potential. Using that EndC (πΛ)op = Π3(Λ) we can set
T = πΛ, which induces an isomorphism P(S,W )∼= EndC (T )op. We prove in
this setting that T satisfies the vanishing condition at i for all i ∈ Q0 and k ∈ Q0
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is mutable, where the former follows from the fact that Λ is 2-representation
finite. Now if (k) is a sparse orbit, then we can apply Theorem 3.2.1 to get
that P(µ(k)(S,W )) is a self-injective algebra with Nakayama automorphism
µ(k)(γ). The resulting algebra P(µ(k)(S,W )) will satisfy the conditions in
Theorem 2.6.3, and therefore expanding the collection of examples for Theo-
rem 2.6.3.

3.3 Paper III
In this article we generalise results of [HI11b] regarding the truncated Jaco-
bian algebras. Their structure theorem, mentioned above in the summary of
Paper II, says that every basic 2-representation finite K-algebra appears as a
truncated Jacobian algebra P(Q,W,C) of a self-injective quiver with potential
(Q,W ) by a cut C. A cut is a subset C ⊆Q1 such that every cycle in W contains
exactly one arrow in C. It defines a grading on the arrows of Q such that W is
homogeneous of degree 1 and thus induces a grading on P(Q,W ). The trun-
cated Jacobian algebra P(Q,W,C) is the degree zero part of P(Q,W ) with
respect to this grading. Thus as a consequence, every cut of a self-injective
quiver with potential (Q,W ) corresponds to a 2-representation finite algebra.

In the paper [IO11], Iyama and Oppermann introduced an operation called
cut-mutation. For a quiver with potential (Q,W ) and a cut C, cut-mutation
is defined at strict sources and strict sinks. A vertex x is a strict source if all
arrows ending at x belong to C and all arrows starting at x does not belong
in C. Dually we define strict sinks. Cut-mutation at a strict source x is de-
fined as removing all arrows in Q ending at x from C and add all arrows in Q
starting at x to C. Dually we define cut-mutation for strict sinks. Herschend
and Iyama proved in [HI11b] that cut-mutation of (Q,W,C) corresponds to
2-APR tilting of P(Q,W,C), which is a consequence from the combinatorics
presented in [IO11]. An important remark is that 2-APR tilting preserves 2-
representation finiteness, which was proven in [IO11]. Therefore cut-mutation
provides us with a new way of constructing new 2-representation finite alge-
bra. Herschend and Iyama also show that under certain assumptions all cuts
are transitive under successive cut-mutation.

In this paper we define cuts similarly as in [HI11b] and introduce quivers
with cycles inspired by the combinatorics of [HI11b, Section 8]. A quiver
with cycles is a triple (Q0,Q1,Q2), where (Q0,Q1) is a quiver and Q2 is a set
of distinguished cycles for (Q0,Q1). For every species with potential (S,W )
we can associate it to a quiver with cycles, where the distinguished cycles are
defined as the support of W . A cut for a quiver with cycles is a subset C ⊆ Q1
such that all elements in Q2 contains exactly one element in C. We prove the
analogues statement presented in [HI11b] that under certain assumptions all
cuts are transitive under successive cut-mutation. This is formulated as the
following.
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Theorem 3.3.1. Let Q be a quiver with cycles which is fully compatible, cov-
ered and has enough cuts, then the set of all cuts of Q is transitive under
successive cut-mutations.

The various assumptions in Theorem 3.3.1 are technical and can be hard
to check in practice, especially the fully compatible condition. To address
this we define the canvas of a quiver with cycles as in [HI11b]. The canvas
of a quiver with cycles is a CW-complex where vertices are 0-cells, arrows
are 1-cells and the set of distinguished cycles give rise to 2-cells. Canvases are
topological spaces and hence we can study their topological features. A quiver
with cycles is said to be simply connected if its canvas is simply connected.
We prove the following.

Theorem 3.3.2. Let Q be a simply connected quiver with cycles, which is
covered and has enough cuts. Then the set of all cuts of Q is transitive under
successive cut-mutations.

We now shift our focus back to species with potential. For a cut C, the
truncated Jacobian algebra P(S,W,C) is defined as the degree zero part of
P(S,W ) with respect to the grading induced by C. We say that a cut C is
preprojective if gldimP(S,W,C)≤ 2 and there is an isomorphism of complete
graded algebras ϕ : Π3(P(S,W,C)) ∼= P(S,W ) with P(S,W ) graded via C
such that ϕ is the identity on the degree 0 part. We show that 2-APR tilting of
P(S,W,C) corresponds to cut-mutation on C, and with this we state one of our
main theorems, which generalisation of the main result in [HI11b, Theorem
7.8].

Theorem 3.3.3. Let (S,W ) be a self-injective simply connected species with
potential with enough cuts. Assume that (S,W ) has a preprojective cut. Then
all cuts C are preprojective and the corresponding truncated Jacobian alge-
bras P(S,W,C) are iterated 2-APR tilts of each other. In particular, each
P(S,W,C) is 2-representation finite.

In the quiver case, all cuts of self-injective quiver with potentials are pre-
projective due to Theorem 2.6.6.

If S1 and S2 are two l-homogeneous Dynkin species, then Λ = T (S1)⊗K
T (S2) is a 2-representation finite algebra and Π3(Λ) = P(S,W ) for a species
with potential (S,W ) described in Paper II. The species S is unfortunately not
always a K-species when S1 and S2 are K-species, but we prove in Paper II
that there exists a Morita equivalent K-species with potential (S̃,W̃ ) that we
calculate in this case.

Proposition 3.3.4. Let S1 and S2 be two l-homogeneous Dynkin species over
division algebras F =K⊆ G. Moreover, if
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1. there are i ∈ Q1
0 and j ∈ Q2

0 such that D1
i = D2

j =K or,
2. D1

i = D2
j = G for all i ∈ Q1

0 and j ∈ Q2
0,

then all truncated Jacobian algebras of (S̃,W̃ ) are iterated 2-APR tilts of each
other, where (S̃,W̃ ) is the Morita equivalent K-species with potential.

Since 2-APR tilts of a 2-representation finite algebra is 2-representation
finite, we get that all truncated Jacobian algebras in the above proposition are
2-representation finite, thus expanding our collection of 2-representation finite
algebras.
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4. Summary in Swedish (svensk
sammanfattning)

Denna avhandling består av tre artiklar inom representationsteori. Vi kom-
mer att kort gå igenom bakgrunden till avhandlingen och sedan sammanfatta
resultatet i artiklarna.

4.1 Bakgrund
Ett känt resultat är att om vi har en ändligt dimensionell algebra över en al-
gebraisk sluten grundkropp så är den Moritaekvivalent med en kogeralgebra
kvotat med ett tillåtligt ideal. Vi kan lätta på kraven till sin grundkropp genom
att anta att den är perfekt istället för algebraisk sluten. I det här fallet gäller inte
det nämnda resultatet utan vi måste introducera det mer allmänna konceptet
arter. Alltså om grundkroppen är perfekt, så är varje ändligt dimensionell
algebra Moritaekvivalent med en tensoralgebra av någon art kvotat med ett
tillåtligt ideal. Detta innebär att om vi vill undersöka ändligt dimensionella
algebror över en perfekt grundkropp så räcker det att studera arter.

För att förstå modulkategorin av en given algebra använder vi oftast
Auslander-Reitenteorin. Auslander-Reitenteorin är ett verktyg för att skapa en
bild av hela modulkategorin med hjälp av koncept som nästan kluvna följder,
Auslander-Reitentransformationen och Auslander-Reitenkoger. Nästan klu-
vna följder och Auslander-Reitentransformationen används för att bygga upp
Auslander-Reitenkogret av en algebra, vilket är kogret som beskriver mod-
ulkategorin. Den är definierad så att punkterna korresponderar till icke-isomorfa
ouppdelbara moduler och det existerar en pil mellan två punkter ifall det exis-
terar en irreducibel morfism mellan de korresponderade modulerna för punk-
terna. Denna teori utvecklades på sjuttiotalet av Auslander och Reiten [Aa75].
Det finns en speciell mängd av algebror där deras Auslander-Reitenkoger är
ändligt, med andra ord har de ändligt många icke-isomorfa ouppdelbara mod-
uler i sin modulkategori. Dessa algebror kallas för representationsändliga al-
gebror. Gabriel visade i [Gab73] att en kogeralgebra över en algebraisk sluten
kropp är representationsändlig ifall diagrammet av kogret är ett Dynkin di-
agram av typ ADE. Dlab och Ringel generaliserade detta resultat genom att
visa att en tensoralgebra av en art över en perfekt kropp är representation-
sändlig om dess diagram är ett Dynkin diagram av typ ABCDEFG. I dessa fall
är Auslander-Reitenkogren kända.
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För att beskriva mer komplicerade algebror som inte är representationsändliga
använder vi oss utav en mer allmän teori kallad för högre Auslander-Reitenteori.
Den högre Auslander-Reitenteorin introducerar koncept som är mer allmänna
och analoga till nästan kluvna följder, Auslander-Reitentransformationen och
Auslander-Reitenkoger. Istället för att studera hela modulkategorin så väljer
vi ut en speciell delkategori, som kallas för en d-kluster tilting delkategori, där
d är ett positivt heltal. I den här delkategorin kan vi beskriva d-nästan kluvna
följder och d-Auslander-Reitentransformationen. Om vi sätter d = 1 så åter-
får vi den vanliga Auslander-Reitenteorin där 1-kluster tilting delkategorin är
hela modulkategorin. Vi säger att en algebra är d-representationsändlig ifall
d-kluster tilting delkategorin har ändligt många objekt, vilket visar sig vara
ekvivalent till att d-kluster tilting delkategorin är genererad av en modul som
kallas för en d-kluster tilting modul.

En speciell algebra som används för att beskriva d-kluster tilting delkate-
gorin är den (d + 1)-preprojektiva algebran. Den definieras som mängden av
morfismer från de projektiva objekten i modulkategorin till alla transformer-
ade objekten via d-Auslander-Reitentransformationen. För d = 1 har Dlab
och Ringel i [DR80] gett en beskrivning av preprojektiva algebran av repre-
sentationsändliga arter. Om en algebra är d-representationsändlig så är den
(d + 1)-preprojektiva algebran ändligt dimensionell och självinjektiv. I det
här fallet är den en så kallad Frobeniusalgebra, vilket betyder att algebran
har en speciell typ av automorfi som kallas för Nakayamaautomorfin. Genom
att beskriva Nakayamaautomorfin utvinner vi mycket information av (d +1)-
preprojektiva algebran.

Det finns ingen klassifikation för d-representationsändliga algebror, inte
ens när d = 2. En anledning är att det är svårt att hitta exempel på såna
algebror. Dock har Herschend och Iyama [HI11a] visat att ifall vi tar ten-
sorprodukten av två l-homogena d1- respektive d2-representationsändliga al-
gebror så får vi en l-homogen (d1 + d2)-representationsändlig algebra när
grundkroppen är perfekt. En algebra är l-homogen ifall varje Auslander-
Reitentransformationsbana av de projektiva modulerna har längd l, där l är
något positivt heltal. Detta ger oss ett sätt att generera exempel på
d-representationsändliga algebror.

4.2 Sammanfattning av artiklar
4.2.1 Artikel I
Artikel I består av två delar. Den första delen handlar om hur vi beskriver
Nakayamaautomorfin för representationsändliga arter. Detta generaliserar ett
resultat från [BBK02] där de ger en beskrivning av Nakayamaautomorfin för
fallet av kogeralgebror. Vi ger även en komplett beskrivning av alla l-homogena
arter, som i sin tur används senare för att skapa d-representationsändliga arter
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med hjälp av tensorprodukter. Vi ger även en beskrivning av Koszulupplös-
ningar av de representationsändliga arterna.

I den andra delen av artikeln fokuserar vi på d-representationsändliga alge-
bror. Vi beskriver Koszulupplösningar för tensorprodukter av l-homogena d1-
respektive d2-representationsändliga algebror i termer av Koszulupplösningar
för algebrorna i tensorprodukten. Vi introducerar Segreprodukten för grader-
ade algebror. Genom att använda Segreprodukten och att den högre prepro-
jektiva algebran är naturligt graderad ger vi en beskrivning av den högre pre-
projektiva algebra för tensorprodukten av algebror. Eftersom den resulterande
algebran av tensorprodukten av två l-homogena algebror är l-homogen, så har
vi att processen ovan är iterativ.

Vi ger också en beskrivning av tensorprodukten av två l-homogena repre-
sentationsändliga arter, genom att förse en konstruktion på en beskrivningen
av tensorprodukten som en tensoralgebran av en art kvotat med ett tillåtligt
ideal. Detta gör att vi får en mängd av exempel på 2-representationsändliga
algebror där vi kan applicera resultaten i den andra delen av artikeln.

4.2.2 Artikel II
En potential i ett koger är en linjärkombination av cykler i vägalgebran av ko-
gret. Det finns en mutationsteori för koger med potential som introducerades
av Derksen, Weyman och Zelevinsky i [DWZ07]. För ett koger med poten-
tial kan vi definiera Jacobianalgebran som vägalgebran av kogret kvotat med
idealet som genereras av alla deriveringar av potentialen. I artikeln [BIRS11]
visar de att mutationer av vissa koger med potential korresponderar till muta-
tion av kluster tilting objekt. Vårt första huvudresultat i den här artikeln är att
vi generaliserar resultatet från [BIRS11] till arter med potential.

En art med potential är självinjektiv ifall dess Jacobianalgebra är självin-
jektiv och ändligt dimensionell. I det här fallet kommer Jacobianalgebran att
vara Frobenius, vilket i sin tur betyder att det existerar en Nakayamapermuta-
tion för punkterna kogret. Vårt andra huvudresultat visar vi att om vi muterar
en självinjektiv art med potential längs en Nakayamapermutationsbana ger det
en ny självinjektiv art med potential. Detta generaliserar det analoga resultatet
för koger med potential i [HI11b], och ger oss ett nytt verktyg för att skapa
fler självinjektiva arter med potential.

Det visar sig att algebror som beskrivs av tensorprodukter av två l-homogena
representationsändliga arter är exempel på algebror som passar in i den de-
riverade Auslander-Iyama korrespondensen som är etablerad av [JKM23].
Genom att applicera vårt andra huvudresultat får vi fler exempel på algebror
som passar in i den deriverade Auslander-Iyama korrespondensen.
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4.2.3 Artikel III
I den här artikeln studerar vi trunkerade Jacobianalgebror. Ett snitt av en art
med potential är en mängd med pilar i kogret för arten så att potentialen är
homogen av grad ett med avseende på graderingen inducerad av snittet. För
en art med en potential och ett snitt kan vi definiera den trunkerade Jacobianal-
gebran som tensoralgebran av arten kvotat med idealet som genereras av alla
deriveringar av potential med avseende på alla pilar i snittet. Vi kan definiera
snittmutation på liknande sätt som i [IO11]. Vårt första resultat är att, givet nå-
gra antaganden, alla snitt är transitivt under successiv snittmutation. Vi visar
även att dessa antaganden är uppfyllda ifall vår art med potential är självinjek-
tiv, enkelt sammanhängande och har nog med snitt.

För en art med potential och ett snitt säger vi att snittet är preprojektivt ifall
den trunkerade Jacobianalgebran är av global dimension 2 och att Jacobianal-
gebran är dens preprojektiva algebra. Vårt andra huvudresultat är följande.
Fixera en självinjektiv enkelt sammanhängande art med potential som har nog
med snitt. Om det finns ett snitt som är preprojektivt, så är alla snitt preprojek-
tiva och deras trunkerade Jacobianalgebror är 2-representationsändliga. Ex-
empel på arter med potential som uppfyller kraven kommer från Artikel I, där
vi tar tensorprodukter av två l-homogena representationsändliga arter. Detta
expanderar vår samling av exempel på 2-representationsändliga algebror.

36



5. Acknowledgements

First of all I want to thank my supervisor Martin Herschend which has been a
huge support during all my years as a Ph.D. student. You have taught me so
much about mathematics and your passion for the subject made it so I never
felt bored during our various meetings. I will always remember all the buried
dogs we found on the way. I also want to thank my second supervisor Ju-
lian Külshammer for always trying to answer my, possibly weird, questions.
Additionally, I want to thank Thomas Kragh and Volodymyr Mazorchuk for
inspiring during my bachelor and master years respectively.

During my years at Uppsala I have made many friends that all supported
me throughout my studies. I especially want to thank William, Oskar, Erik,
Oliver, Rikard, Christopher, Andreas and many more of my close friends that
I met during the beginning of my studies. Jonathan and Johan R. you made
my struggle more bearable by beating me in table tennis during lunch breaks.
I want to thank Johan A. for keeping my spirit up during my Ph.D. studies.

To my mum and dad, I am really happy that you took care of me and gave
me the opportunities to pursue one of my biggest interests and to support me
in all of my ups and downs. I want to thank my brothers, Alexander and
Johannes, for being my role models and for motivating me.

At last, thank you Marika, my soulmate, for being in my life and I cannot
put into words how much my life have changed because of you towards the
better. You were always the missing piece of my heart that I have always
searched for.

37



References

[Aa75] Maurice Auslander and Idun Reiten and. Representation Theory of Artin
Algebras III Almost Split Sequences. Communications in Algebra,
3(3):239–294, 1975.

[Ami08] Claire Amiot. Sur les Petites Catégories Triangulées. PhD thesis, Paris
7, 2008.

[Ami09] Claire Amiot. Cluster categories for Algebras of Global Dimension 2
and Quivers with Potential. Université de Grenoble. Annales de l’Institut
Fourier, 59(6):2525–2590, 2009.

[AR74] Maurice Auslander and Idun Reiten. Stable Equivalence of Dualizing
R-Varieties. Advances in Mathematics, 12:306–366, 1974.

[ARS95] Maurice Auslander, Idun Reiten, and Sverre O. Smalø. Representation
Theory of Artin Algebras. Cambridge Studies in Advanced Mathematics.
Cambridge University Press, 1995.

[ASS06] Ibrahim Assem, Andrzej Skowronski, and Daniel Simson. Elements of
the Representation Theory of Associative Algebras: Techniques of
Representation Theory, volume 1 of London Mathematical Society
Student Texts. Cambridge University Press, 2006.

[Aus74] Maurice Auslander. Representation Theory of Artin Algebras. I, II.
Communications in Algebra, 1:177–268; ibid. 1 (1974), 269–310, 1974.

[BBK02] Sheila Brenner, Michael C. R. Butler, and Alastair D. King. Periodic
Algebras Which are Almost Koszul. Algebras and Represention Theory,
5:331–368, 2002.

[Ber11] Carl Fredrik Berg. Structure Theorems for Basic Algebras. 2011.
Preprint. arXiv: 1102.1100.

[BIRS11] Aslak Bakke Buan, Osamu Iyama, Idun Reiten, and David Smith.
Mutation of Cluster-Tilting Objects and Potentials. American Journal of
Mathematics, 133(4):835–887, 2011.

[BMR+06] Aslak Bakke Buan, Robert Marsh, Markus Reineke, Idun Reiten, and
Gordana Todorov. Tilting theory and Cluster Combinatorics. Advances
in Mathematics, 204(2):572–618, 2006.

[DR75] Vlastimil Dlab and Claus M. Ringel. On Algebras of Finite
Representation Type. Journal of Algebra, 33(2):306–394, 1975.

[DR80] Vlastimil Dlab and Claus Michael Ringel. The Preprojective Algebra of
a Modulated Graph. In Representation Theory II, pages 216–231.
Springer Berlin Heidelberg, 1980.

[DWZ07] Harm Derksen, Jerzy Weyman, and Andrei Zelevinsky. Quivers with
Potentials and their Representations I: Mutations. Selecta Mathematica,
14, 2007.

[Dyn50] Eugene Borisovich Dynkin. The Structure of Semisimple Lie Algebras.
American Mathematical Society Translations, 17:328–469, 1950.

38



[Fro96] Ferdinand Georg Frobenius. Über gruppencharaktere. Sitzungsberichte
der Königlich Preussischen Akademie der Wissenschaften zu Berlin,
pages 985–1021, 1896.

[FZ02] Sergey Fomin and Andrei Zelevinsky. Cluster Algebras I: Foundations.
Journal of the American Mathematical Society, 15(2):497–529, 2002.

[Gab73] Peter Gabriel. Indecomposable Representations II. Symposia
Mathematica, Vol XI, pages 81–104, 1973.

[GI20] Joseph Grant and Osamu Iyama. Higher Preprojective Algebras, Koszul
Algebras, and Superpotentials. Compositio Mathematica,
156(12):2588–2627, Dec 2020.

[GKKP22] Nan Gao, Julian Külshammer, Sondre Kvamme, and Chrysostomos
Psaroudakis. A Functorial Approach to Monomorphism Categories for
Species I. Communications in Contemporary Mathematics, 24(6):Paper
No. 2150069, 55, 2022.

[HI11a] Martin Herschend and Osamu Iyama. n-Representation-Finite Algebras
and Twisted Fractionally Calabi-Yau Algebras. Bulletin of the London
Mathematical Society, 43(3):449–466, Jun 2011.

[HI11b] Martin Herschend and Osamu Iyama. Selfinjective Quivers with
Potential and 2-Representation-Finite Algebras. Compositio
Mathematica, 147(6):1885–1920, 2011.

[IO11] Osamu Iyama and Steffen Oppermann. n-Representation-Finite
Algebras and n-APR Tilting. Transactions of the American
Mathematical Society, 363(12):6575–6614, 2011.

[IO13] Osamu Iyama and Steffen Oppermann. Stable Categories of Higher
Preprojective Algebras. Advances in Mathematics, 244:23–68, 2013.

[IY08] Osamu Iyama and Yuji Yoshino. Mutation in Triangulated Categories
and Rigid Cohen-Macaulay Modules. Inventiones Mathematicae,
172(1):117–168, 2008.

[Iya07a] Osamu Iyama. Auslander Correspondence. Advances in Mathematics,
210(1):51–82, 2007.

[Iya07b] Osamu Iyama. Higher-Dimensional Auslander-Reiten Theory on
Maximal Orthogonal Subcategories. Advances in Mathematics,
210(1):22–50, 2007.

[JK19] Gustavo Jasso and Sondre Kvamme. An Introduction to Higher
Auslander-Reiten theory. Bulletin of the London Mathematical Society,
51(1):1–24, 2019.

[JKM23] Gustavo Jasso, Bernhard Keller, and Fernando Muro. The Derived
Auslander-Iyama Correspondence, 2023.

[Kel11] Bernhard Keller. Deformed Calabi-Yau Completions. Journal für die
Reine und Angewandte Mathematik. [Crelle’s Journal], 654:125–180,
2011. With an appendix by Michel Van den Bergh.

[Ngu12] Bertrand Nguefack. Potentials and jacobian algebras for tensor algebras
of bimodules. 2012. arXiv:1004.2213.

[Pas17] Andrea Pasquali. Tensor Products of Higher Almost Split Sequences.
Journal of Pure and Applied Algebra, 221(3):645–665, 2017.

[Rin98] Claus Michael Ringel. The Preprojective Algebra of a Quiver. Algebras
and Modules, II (Geiranger, 1996), 24:467–480, 1998.

39



UPPSALA DISSERTATIONS IN MATHEMATICS
Dissertations at the Department of Mathematics

Uppsala University

1.	 Torbjörn Lundh: Kleinian groups and thin sets at the boundary. 1995. 
2.	 Jan Rudander: On the first occurrence of a given pattern in a semi-Markov 

process. 1996.
3.	 Alexander Shumakovitch: Strangeness and invariants of finite degree. 1996
4.	 Stefan Halvarsson: Duality in convexity theory applied to growth problems in 

complex analysis. 1996. 
5.	 Stefan Svanberg: Random walk in random environment and mixing.  1997. 
6.	 Jerk Matero: Nonlinear elliptic problems with boundary blow-up. 1997.  
7.	 Jens Blanck: Computability on topological spaces by effective domain 

representations. 1997.  
8.	 Jonas Avelin: Differential calculus for multifunctions and nonsmooth functions. 

1997.  
9.	 Hans Garmo: Random railways and cycles in random regular graphs. 1998.   
10.	 Vladimir Tchernov: Arnold-type invariants of curves and wave fronts on 

surfaces. 1998.  
11.	 Warwick Tucker: The Lorenz attractor exists. 1998.  
12.	 Tobias Ekholm: Immersions and their self intersections. 1998.   
13.	 Håkan Ljung: Semi Markov chain Monte Carlo. 1999.  
14.	 Pontus Andersson: Random tournaments and random circuits. 1999.  
15.	 Anders Andersson: Lindström quantifiers and higher-order notions on finite 

structures. 1999. 
16.	 Marko Djordjević: Stability theory in finite variable logic. 2000.   
17.	 Andreas Strömbergsson: Studies in the analytic and spectral theory of 

automorphic forms. 2001. 
18.	 Olof-Petter Östlund: Invariants of knot diagrams and diagrammatic knot 

invariants. 2001.  
19.	 Stefan Israelsson: Asymptotics of random matrices and matrix valued processes. 

2001.  
20.	 Yacin Ameur: Interpolation of Hilbert spaces. 2001.  
21.	 Björn Ivarsson: Regularity and boundary behavior of solutions to complex 

Monge-Ampère equations. 2002. 
22.	 Lars Larsson-Cohn: Gaussian structures and orthogonal polynomials. 2002.  
23.	 Sara Maad: Critical point theory with applications to semilinear problems 

without compactness. 2002.  
24.	 Staffan Rodhe: Matematikens utveckling i Sverige fram till 1731. 2002.  
25.	 Thomas Ernst: A new method for q-calculus. 2002.  
26.	 Leo Larsson: Carlson type inequalities and their applications. 2003.  



27.	 Tsehaye K. Araaya: The symmetric Meixner-Pollaczek polynomials. 2003.  
28.	 Jörgen Olsén: Stochastic modeling and simulation of the TCP protocol. 2003.  
29.	 Gustaf Strandell: Linear and non-linear deformations of stochastic processes. 

2003. 
30.	 Jonas Eliasson: Ultrasheaves. 2003. 
31.	 Magnus Jacobsson: Khovanov homology and link cobordisms. 2003. 
32.	 Peter Sunehag: Interpolation of subcouples, new results and applications. 2003. 
33.	 Raimundas Gaigalas: A non-Gaussian limit process with long-range dependence. 

2004. 
34.	 Robert Parviainen: Connectivity Properties of Archimedean and Laves Lattices. 

2004. 
35.	 Qi Guo: Minkowski Measure of Asymmetry and Minkowski Distance for 

Convex Bodies. 2004. 
36.	 Kibret Negussie Sigstam: Optimization and Estimation of Solutions of Riccati 

Equations. 2004. 
37.	 Maciej Mroczkowski: Projective Links and Their Invariants. 2004. 
38.	 Erik Ekström: Selected Problems in Financial Mathematics. 2004. 
39.	 Fredrik Strömberg: Computational Aspects of Maass Waveforms. 2005. 
40.	 Ingrid Lönnstedt: Empirical Bayes Methods for DNA Microarray Data.  2005. 
41.	 Tomas Edlund: Pluripolar sets and pluripolar hulls. 2005. 
42.	 Göran Hamrin: Effective Domains and Admissible Domain Representations. 

2005. 
43.	 Ola Weistrand: Global Shape Description of Digital Objects.  2005. 
44.	 Kidane Asrat Ghebreamlak: Analysis of Algorithms for Combinatorial 

Auctions and Related Problems. 2005. 
45.	 Jonatan Eriksson: On the pricing equations of some path-dependent options. 

2006. 
46.	 Björn Selander: Arithmetic of three-point covers. 2007. 
47.	 Anders Pelander: A Study of Smooth Functions and Differential Equations on 

Fractals. 2007. 
48.	 Anders Frisk: On Stratified Algebras and Lie Superalgebras. 2007. 
49.	 Johan Prytz: Speaking of Geometry. 2007.  
50.	 Fredrik Dahlgren: Effective Distribution Theory. 2007. 
51.	 Helen Avelin: Computations of automorphic functions on Fuchsian groups. 

2007. 
52.	 Alice Lesser: Optimal and Hereditarily Optimal Realizations of Metric Spaces. 

2007. 
53.	 Johanna Pejlare: On Axioms and Images in the History of Mathematics. 2007. 
54.	 Erik Melin: Digital Geometry and Khalimsky Spaces. 2008. 
55.	 Bodil Svennblad: On Estimating Topology and Divergence Times in 

Phylogenetics. 2008. 



56.	 Martin Herschend: On the Clebsch-Gordan problem for quiver representations. 
2008. 

57.	 Pierre Bäcklund: Studies on boundary values of eigenfunctions on spaces of 
constant negative curvature. 2008. 

58.	 Kristi Kuljus: Rank Estimation in Elliptical Models. 2008. 
59.	 Johan Kåhrström: Tensor products on Category O and Kostant’s problem. 2008. 
60.	 Johan G. Granström: Reference and Computation in Intuitionistic Type Theory. 

2008. 
61.	 Henrik Wanntorp: Optimal Stopping and Model Robustness in Mathematical 

Finance. 2008. 
62.	 Erik Darpö: Problems in the classification theory of non-associative simple 

algebras. 2009. 
63.	 Niclas Petersson: The Maximum Displacement for Linear Probing Hashing. 

2009. 
64.	 Kajsa Bråting: Studies in the Conceptual Development of Mathematical 

Analysis. 2009. 
65.	 Hania Uscka-Wehlou: Digital lines, Sturmian words, and continued fractions. 

2009. 
66.	 Tomas Johnson: Computer-aided computation of Abelian integrals and robust 

normal forms. 2009.
67.	 Cecilia Holmgren: Split Trees, Cuttings and Explosions. 2010.
68.	 Anders Södergren: Asymptotic Problems on Homogeneous Spaces. 2010.
69.	 Henrik Renlund: Recursive Methods in Urn Models and First-Passage 

Percolation. 2011.
70.	 Mattias Enstedt: Selected Topics in Partial Differential Equations. 2011.
71.	 Anton Hedin: Contributions to Pointfree Topology and Apartness Spaces. 2011.
72.	 Johan Björklund: Knots and Surfaces in Real Algebraic and Contact Geometry. 

2011.
73.	 Saeid Amiri: On the Application of the Bootstrap. 2011.
74.	 Olov Wilander: On Constructive Sets and Partial Structures. 2011.
75.	 Fredrik Jonsson: Self-Normalized Sums and Directional Conclusions. 2011.
76.	 Oswald Fogelklou: Computer-Assisted Proofs and Other Methods for Problems 

Regarding Nonlinear Differential Equations. 2012.
77.	 Georgios Dimitroglou Rizell: Surgeries on Legendrian Submanifolds. 2012.
78.	 Boris Granovskiy: Modeling Collective DecisionMaking in Animal Groups. 

2012.
79.	 Mahmoudreza Bazarganzadeh: Free Boundary Problems of Obstacle Type, a 

Numerical and Theoretical Study. 2012.
80.	 Qi Ma: Reinforcement in Biology. 2012.
81.	 Isac Hedén: Ga-actions on Complex Affine Threefolds. 2013.
82.	 Daniel Strömbom: Attraction Based Models of Collective Motion. 2013.
83.	 Bing Lu: Calibration: Optimality and Financial Mathematics. 2013.



84.	 Jimmy Kungsman: Resonance of Dirac Operators. 2014.
85.	 Måns Thulin: On Confidence Intervals and Two-Sided Hypothesis Testing. 

2014.
86.	 Maik Görgens: Gaussian Bridges – Modeling and Inference. 2014.
87.	 Marcus Olofsson: Optimal Switching Problems and Related Equations. 2015.
88.	 Seidon Alsaody: A Categorical Study of Composition Algebras via Group 

Actions and Triality. 2015.
89.	 Håkan Persson: Studies of the Boundary Behaviour of Functions Related to 

Partial Differential Equations and Several Complex Variables. 2015.
90.	 Djalal Mirmohades: N-complexes and Categorification. 2015.
91. 	 Shyam Ranganathan: Non-linear dynamic modelling for panel data in the 

social sciences. 2015.
92.	 Cecilia Karlsson: Orienting Moduli Spaces of Flow Trees for Symplectic Field 

Theory. 2016.
93.	 Olow Sande: Boundary Estimates for Solutions to Parabolic Equations. 2016.
94.	 Jonathan Nilsson: Simple Modules over Lie Algebras. 2016.
95.	 Marta Leniec: Information and Default Risk in Financial Valuation. 2016.
96.	 Arianna Bottinelli: Modelling collective movement and transport network 

formation in living systems. 2016.
97.	 Katja Gabrysch: On Directed Random Graphs and Greedy Walks on Point 

Processes. 2016.
98.	 Martin Vannestål: Optimal timing decisions in financial markets. 2017.
99.	 Natalia Zabzina: Mathematical modelling approach to collective decision-

making. 2017.
100.	 Hannah Dyrssen: Valuation and Optimal Strategies in Markets Experiencing 

Shocks. 2017.
101.	 Juozas Vaicenavicius: Optimal Sequential Decisions in Hidden-State Models. 

2017.
102. 	 Love Forsberg: Semigroups, multisemigroups and representations. 2017.
103.	 Anna Belova: Computational dynamics – real and complex. 2017.
104.	 Ove Ahlman: Limit Laws, Homogenizable Structures and Their Connections. 

2018.
105.	 Erik Thörnblad: Degrees in Random Graphs and Tournament Limits. 2018.
106.	 Yu Liu: Modelling Evolution. From non-life, to life, to a variety of life. 2018.
107.	 Samuel Charles Edwards: Some applications of representation theory in 

homogeneous dynamics and automorphic functions. 2018.
108.	 Jakob Zimmermann: Classification of simple transitive 2-representations. 2018.
109. 	 Azza Alghamdi: Approximation of pluricomplex Green functions – A probabilistic 

approach. 2018.
110.	 Brendan Frisk Dubsky: Structure and representations of certain classes of 

infinite-dimensional algebras. 2018.
111.	 Björn R. H. Blomqvist: Gaussian process models of social change. 2018.



112.	 Konstantinos Tsougkas: Combinatorial and analytical problems for fractals 
and their graph approximations. 2019.

113.	 Yevgen Ryeznik: Optimal adaptive designs and adaptive randomization 
techniques for clinical trials. 2019.

114.	 Andrea Pasquali: Constructions in higher-dimensional Auslander-Reiten theory. 
2019.

115.	 Daniah Tahir: Multi-trait Branching Models with Applications to Species 
Evolution. 2019.

116.	 Andreas Rocén: 7D supersymmetric Yang-Mills theory on toric and hypertoric 
manifolds. 2019.

117.	 Filipe Mussini: Selected Topics in Continuum Percolation. Phase Transitions, 
Cover Times and Random Fractals. 2019.

118.	 Laertis Vaso: Constructions of n-cluster tilting subcategories using 
representation-directed algebras. 2020.

119.	 Anders Israelsson: Regularity Properties of Oscillatory Integral Operators 
on Function Spaces. 2020.

120. 	 Johan Asplund: Chekanov-Eliashberg dg-algebras and partially wrapped 
Floer cohomology. 2021.

121.	 Elin Persson Westin: Stratified algebras and classification of tilting 
modules. 2022.

122.	 Marcus Westerberg: Prostate cancer incidence, treatment and mortality. 
Empirical longitudinal register-based studies and methods for handling 
missing data. 2022.

123.	 Dan Lilja: Properties of invariant sets in certain two-dimensional dynamical 
systems. Renormalization and beyond. 2022.

124.	 Oleksandra Gasanova: On properties of monomial ideals and algebras. 2022.
125.	 Colin Desmarais: Decorating trees grown in urns. 2022
126.	 Malte Litsgård: On parabolic equations of Kolmogorov-Fokker-Planck type. 

2023
127.	 Carmina Fjellström: Selected Topics in Mathematical Modelling: Machine 

Learning and Tugs-of-War. 2023.
128.	 Robert Moscrop: Quivers, superconformal field theories and higher 

symmetries. 2023.
129.	 Markus Thuresson: Ext-algebras of standard modules over quasi-hereditary 

algebras. 2023.
130. Aksel Bergfeldt: Regularity of multilinear oscillatory integral operators and 

nonlinear dispersive partial differential equations. 2023.
131. Fabian Burghart: Building and Destroying Urns, Graphs, and Trees. 2023
132. Yuqiong Wang: Optimal stopping, incomplete information, and stochastic 

games. 2023.
133. Helena Jonsson: Structure and representations of bimodule categories. 2023.



134. Christoffer Olsson: Symmetry in Randomness. Additive Functionals and 
Symmetries of Random Trees and Tree-Like Graphs. 2023.

135. Linnéa Gyllingberg: The Art of Modelling Oscillations and Feedback across 
Biological Scales. 2024.

136. Joel Dahne: Computer Assisted Studies in Fluid Mechanics and Spectral 
Geometry. 2024.

137. Lukas Nakamura: Skein-valued Gromov-Witten theory and Hofer geometry in 
contact manifolds. 2024.

138. Axel Husin: Generalized local systems and the Maslov class of exact 
Lagrangians. 2025.

139. Rebekka Müller-Widmann: Probabilistic Models of Genetic Variability in 
Sequence Evolution. 2025.

140.	 Mingyi Hou: Behind the training dynamics of neural networks. Analysis of 
Fokker-Planck equations and the path to metastability. 2025.

141. 	 Mateusz Stroiński: Module categories in the absence of adjunctions. 2025
142.	 Elias Riedel Gårding: Aspects of Generalised Symmetries of Four-

dimensional Field Theories. 2025.
143.	 Darius Dramburg: Higher representation infinite algebras from skew-group 

algebras. Higher preprojective gradings, Koszul gradings, and McKay  
quivers. 2025.

144.	 Villhelm Agdur: Community Structure in Graphs. Algorithms and 
Theoretical Guarantees. 2025.

145.	 Aron Persson: Adaptive Filtering on Manifolds. With Applications to 
Wireless Networks. 2025.

146.	 Christoffer Söderberg: Higher Auslander-Reiten Theory for Species with 
Relations. 2026




	Abstract
	List of papers
	Contents
	1. Introduction
	2. Preliminaries
	2.1 Notation
	2.2 Auslander-Reiten theory
	2.2.1 Auslander-Reiten quiver and almost split sequences
	2.2.2 Auslander-Reiten translation
	2.2.3 Representation finite hereditary algebras and preprojective algebras

	2.3 Higher dimensional Auslander-Reiten theory
	2.3.1 d-cluster tilting subcategories and d-almost split sequences
	2.3.2 Higher preprojective algebras and d-representation finitealgebras
	2.3.3 Tensor products of d-representation finite algebras

	2.4 Quivers and Species
	2.4.1 Quivers
	2.4.2 Species

	2.5 Representation finiteness of species
	2.5.1 Preprojective algebras of species

	2.6 Cluster categories and quivers with potential
	2.6.1 Cluster categories of algebras with global dimension d
	2.6.2 Quivers and potentials and the 3-preprojective algebra


	3. Summary of papers
	3.1 Paper I
	3.2 Paper II
	3.3 Paper III

	4. Summary in Swedish (svensksammanfattning)
	4.1 Bakgrund
	4.2 Sammanfattning av artiklar
	4.2.1 Artikel I
	4.2.2 Artikel II
	4.2.3 Artikel III


	5. Acknowledgements
	References
	UPPSALA DISSERTATIONS IN MATHEMATICS



