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Coherent quantum state transfer over macroscopic distances between non-neighboring elements in quantum
circuits is a crucial component to increase connectivity and simplify quantum information processing. To
facilitate such transfers, an efficient and easily controllable quantum pump would be highly beneficial. In this
work, we demonstrate such a quantum pump based on a one-dimensional quasicrystal Fibonacci chain (FC). In
particular, we utilize the unique properties of quasicrystals to pump the edge-localized winding states between
the two distant ends of the chain by only minimal manipulation of the FC at its end points. We establish the
necessary conditions for successful state transfer within a fully time-dependent picture and also demonstrate
robustness of the transfer protocol against disorder. We then couple external qubits to each end of the FC and
establish highly adaptable functionality as a quantum bus with both on-demand switching of the qubit states and
generation of maximally entangled Bell states between the qubits. Thanks to the minimal control parameters, the
setup is well-suited for implementation across diverse experimental platforms, thus establishing quasicrystals as
an efficient platform for versatile quantum information processing.

DOLI: 10.1103/8zys-w2v4

I. INTRODUCTION

Reliable transfer of quantum states and the distribution
of entanglement over macroscopic distances [1,2] are cen-
tral in emerging quantum technologies. This includes secure
quantum communication and distributed quantum computing
[3-8], underlying the development of the quantum internet,
aimed at interconnecting quantum processors across extensive
distances [9-11]. Key to this endeavor are quantum buses
capable of reversibly entangling and transferring quantum
information between physical systems. Various physical plat-
forms have already been proposed, including atoms coupled to
cavities [12,13], quantum spin chains [14—16], and phononic
systems [17]. However, these protocols often face challenges
from disorder and noise, which degrade fidelity and hinder
scalability.

A quantum pump based on protected boundary states of a
topological material [18-20] can lead to topological quantum
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state transfer [21], which is naturally robust to disorder. To
this end, quantum state transfer has already been proposed in
several different topological systems [22-49]. For example,
there exist theory proposals for quantum state transfer based
on the chiral edge state in quantum spin liquids [23,26], but
facing substantial experimental challenges. A much larger set
of work has instead focused on topological quantum state
transfer in the dimerized Su—Schrieffer—Heeger (SSH) model
[25,27-38,40-49], which is the simplest one-dimensional
(1D) topological setup and a periodic system. However, state
transfer in an SSH chain is only achieved by dynamically
switching the bond strength between intracell and intercell
sites throughout the whole system [25,28-38,40-49]. This
leads to the number of operations to achieve a state transfer
growing linearly with the distance, again limiting experimen-
tal feasibility. Here, we instead identify a 1D quasicrystal as a
simpler and more efficient platform for achieving topological
quantum state transfer, often not needing more than one or
two bond switches in total, despite long distances.
Quasicrystals are quasiperiodic materials without transla-
tional symmetry but with exotic properties, such as discrete
scale invariance and multifractal energy spectrum [50-60].
One of the most well-studied quasicrystals is the 1D Fibonacci
chain (FC) [61,62], which contains quasiperiodic modulation
of either the hopping strength or on-site potential, follow-
ing the Fibonacci sequence [61,62]. Interestingly, the 1D FC
can be associated with the topological properties of a two-
dimensional (2D) crystal Chern insulator under the inclusion
of a so-called phason degree of freedom [61-69]. The re-
sulting Chern numbers are associated with gap labels for
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FIG. 1. The FQP consists of an FC with weak bonds J4 (blue)
and strong bonds Jp (red). The transfer protocol V() dynamically
modifies the outermost bonds of the FC and induces a transfer of
a winding state from the left end (light orange) to the right (dark
orange). External qubits O, and Q, are coupled to the FQP with
coupling constant g. The FQP can transfer a state between the two
qubits or generate maximally entangled states between them.

each quasicrystal energy gap, which has been demonstrated
in diffraction experiments [70]. Subsequently, the FC sup-
ports topologically protected in-gap edge-localized states that
‘wind’ inside the quasicrystal gap, with a winding number
equal to the gap label of that gap [61,62]. These winding
states have also been employed for quantum state transfer
in photonic quasicrystals [22,24] and optical setups [71].
However, previous work has not provided any protocol for
on-demand transfer and, especially, demanded protocols that
requires bond strengths to be switched throughout the whole
length of the quasicrystal [22,24,71], which results in a simi-
larly cumbersome setup as for the SSH chain [25,28-38,40—
49]. Finding a protocol that requires only minimal parame-
ter switches for topological quantum state transfer, also over
longer distances, is therefore absolutely crucial for any fea-
sible and on-demand experimental realizations. Moreover, an
important outstanding goal is to demonstrate that such a quan-
tum pump can, in fact, be used for other important tasks such
as entanglement generation and state preparation, paving the
way to general-purpose quantum information processing.

In this work, we exploit the intriguing quasiperiodic prop-
erties of the FC to develop a minimal topological Fibonacci
quantum pump (FQP), which requires only switching of one
or two of the outermost bonds of the FC; see Fig. 1 for an illus-
tration. This dramatically reduces complexity and allows for
simple and efficient implementation in different experimental
frameworks, not just limited to optical setups [22,24,71] but
also feasible with superconducting resonators [72], Josephson
junction arrays [73], or mechanical systems [39]. In particular,
by studying the full-time evolution, we show how quantum
state transfer is readily achieved with the FQP for a wide
range of parameters and several simple transfer protocols.
Importantly, we then utilize the FQP as a quantum bus to
transmit information between two distant qubits connected
at each end of the pump (see Fig. 1) and demonstrate both
complete quantum state transfer and how to create maximally
entangled Bell states between the qubits. Thus, the FQP may
be controlled on demand for a variety of applications.

The remainder of the paper is organized as follows. In
Sec. II, we discuss the properties of the Fibonacci chain,
which act as the building block of the pump. In Sec. III, we
demonstrate the pumping of the winding states in the FQP. In
Sec. IV, we employ the FQP to transfer and create maximal
entanglement between two distant qubits. We conclude with a
summary and discussion in Sec. V.

II. BACKGROUND: FIBONACCI CHAIN
The 1D FC can be modeled by the Hamiltonian [61]

H=u chc,- + ZJicch,»H + H.c., (1)

L l

where u represents the chemical potential, cj is the electronic
creation operator at lattice site i, and J; is either a weak (J,)
or a strong (Jp) bond between two nearest-neighbor sites,
with {J;} belonging to the Fibonacci sequence {C,}. Here
the nth Fibonacci approximant C, is constructed through the
concatenation rule C, =C,_1 ® C,—» (Vn = 2), with Cp =
Jp and C| = Ju, leading to Cy = JyJp, C3 = JuJgJa, C4 =
JaJpJaJaJp, etc. [61]. Thus, the total number of bonds Np
in C, is given by the Fibonacci number F, = F,_; + F,_»,
Vn > 2, with Fy = F; = 1. Longer Fibonacci chains can also
be constructed by repeating / times the approximant C,, such
that the number of lattice sites is L = [/F, + 1. We here always
employ open boundary conditions (OBCs) for the chain, set
Ja =1, p =0, and consider the dimensionless hopping ratio
p = Jg/Ja. All energies (and times) are thus given in units of
Ju. We verify that other parameters give qualitatively the same
results. We also consider natural units, such that c = 7 = 1.

The FC can alternatively be constructed using the sign
of a characteristic function y;, such that positive (nega-
tive) values of x; set the ith bond strength to Jg (Js)
[61], with x; = sgn[cosmit ™' + 7Tt~ +¢) — cos(rr~1)],
where T = (1 + +/5)/2 is the golden ratio and ¢ € [0, 277) the
phason angle. Changes in the phason angle account for pair-
wise flipping of specific bond strengths [74] and as the phason
angle ¢ varies from 0 to 27, the topologically protected states
wind across the energy gap [63]. We illustrate this in Fig. 2(a)
for a Cg FC, where two in-gap states (red and black lines)
wind once through one of the larger gaps (gray shaded) and
are separated from the remaining states (blue lines). These
states are therefore often referred to as winding states. The
number of windings inside a specific energy gap is equal to its
gap label, which can be connected to the Chern number of a
parent 2D system using also the phasonic degree of freedom
[61-69]. The winding states with energies inside the gap are
localized at one end of the FC, while they delocalize when
approaching the gap edge [63]. In Fig. 2(a), C =1 for the
highlighted winding states.

To construct an FQP with only small and easily imple-
mentable changes to the FC, we identify nearby values of the
phason angle ¢ that amount to only flipping two outermost
bonds in an FC approximant. This occurs, for example, for
angles ¢, (green dashed line) and ¢, (orange dashed line) in
Fig. 2(a), with the change of the outermost bonds indicated
by arrows in Fig. 2(b). We then identify a large gap with a
winding state well-separated from other states at these two
phason angles as the state to pump, here the red winding
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FIG. 2. (a) Eigenvalues E as a function of phason angle ¢. Red
and black curves represent winding states in one of the larger qua-
sicrystal energy gaps (gray shaded). (b) Flipping between strong
(red) and weak (blue) bonds indicated by arrows, when changing
phason angle from ¢, (green) to ¢, (orange), also marked in (a).
(c) Spatially resolved amplitude of the red winding state along the
chain at ¢; (green) and ¢, (orange). Inset shows the eigenvalue
spectrum E,, as a function of the state index m for phason angles ¢,
(green) and ¢, (orange), with red dot and arrow marking the winding
state. Here we use a Cg FC with L = Fg + 1 = 35 sites and p = 1.5,
¢, =0.737, and ¢, = 0.78x.

state in Fig. 2(a). In Fig. 2(c), we plot the eigenstate of this
winding state at phason angle ¢; (green) and find that it is
well localized at the left side of the FC, while for the ¢,
angle (orange), its localization is completely switched to the
right side. This change of localization of the winding state
is the key component for using the FC as a quantum pump.
Generally, such a pair of phason angles is always possible to
identify and occurs for angles on either side of a critical angle
¢. where the winding state (red) approaches another winding
state (black); see Fig. 2(a). The black winding state can also
be employed as a pumping state, but with worse performance
due to less edge localization. Instead, the black state often
becomes the lowest excited state during the transfer. More-
over, all eigenvalues corresponding to the ¢; and ¢, FCs are
unchanged since they are symmetrically oriented around ¢,;
see inset in Fig. 2(c). Importantly, we only need to switch the
two outermost bonds in order to go from phason angle ¢; to
¢, via ¢, and thereby obtain well-localized winding states at
different ends of the chain, making it experimentally simpler
than SSH-type topological pumps [25,28-38,40—49] or earlier
suggested FC pumps [22,24,71].

III. MINIMAL TOPOLOGICAL PUMP

Next, we demonstrate pumping of FC winding states. We
focus on the Cg FC in Fig. 3 in the main text, but other ap-
proximants of FCs show similar results; see Appendix B. We
consider the state to be initialized (at time + = 0) as the edge-
localized winding state ,,(0) = 1/f,f' at the left end of the
chain for hopping sequence {Jf"} given by phason angle ¢;;
see green state in Fig. 2(c). We then apply an adiabatic one-
step transfer protocol that switches only the two outermost
bonds, marked by arrows in Fig. 2(b), such that we end up

1
0 t T/4 0 t T/4

FIG. 3. (a) Eigenvalue evolution E(¢) of the winding state (solid)
and the next excited state (dashed) as a function of time ¢ for the Cg
FCwith L = Fg + 1 =35 (red) and L = 2F3 + 1 = 69 (green). Inset
shows enlarged excitation gap. Here p = 1.5. (b) Same as (a) but for
different hopping ratios p = 1.5 (blue) and 2.0 (orange) for the FC
L = Fy + 1 = 35. (c) Evolution of the winding state as a function of
time ¢ and spatial position i for p = 1.5 forthe FCL = Fg + 1 = 35.
(d) Same as (c) but for p = 2.0. In all panels, the transfer rate is
Q=10

with the phason angle ¢, FC.! The explicit time dependence
of the hopping is given in Eq. (Al) in Appendix A 1, with
adiabaticity controlled by the rate €2 and illustrated in the inset
of Fig. 5(a). We solve explicitly for the full time dependence to
accurately capture the transfer, including nonadiabatic effects;
see Appendix A 2.

To maintain adiabatic evolution and thus achieve complete
state transfer, the winding state needs to have a finite excita-
tion gap separating it from all other excited states. Otherwise,
if the excitation gap is too small or the rate 2 too high,
the winding state may make a transition, ending up in the
excited level, which results in no clean state transfer and
broken adiabaticity [29,75]. We therefore, in Figs. 3(a) and
3(b), investigate the evolution of the energies of the winding
state (solid) and the next excited state (dashed). As seen in
Fig. 3(a), the excitation gap decreases as we increase the
number of repetitions of approximants from L = Fg + 1 = 35
(red) to L = 2Fy + 1 = 69 (green). We can instead consider
other approximants, but find also then that the excitation gap
decreases with increased chain length, see Appendix B. We
thus attribute the existence of an excitation gap to a finite size
effect, also in agreement with earlier results [75]. In addition,
we investigate the effect of the hopping ratio p on the excita-
tion gap size in Fig. 3(b). Here, the excitation gap diminishes
with increasing p. We thus need to consider an appropriate

'For a short approximant, we may need to repeat the approximant
more than once to obtain a desired system size, which then requires
changing two bonds per repetition.
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system size and hopping ratio to keep a finite excitation gap
and thus adiabaticity.

We illustrate the importance of adiabaticity in Figs. 3(c)
and 3(d), where we plot the transfer of the winding state
for different p. Here, a smaller (larger) value of p yields
a larger (smaller) excitation gap and leads to a successful
(unsuccessful) FQP operation for a given transfer rate 2. In
the former case, the state gets transferred completely to the
other end of the system, following an adiabatic evolution,
while in the latter case, the state remains on the same side
as the initial state due to loss of adiabaticity. Furthermore, the
FQP operation is also robust against both on-site and bond
disorder; see Appendix C. For efficient, fast, and successful
on-demand FQP operations, it is therefore essential to find
optimum conditions based on controllable parameters.

To capture the performance of the FQP quantitatively,
we define a weighted fidelity F (see Appendix A 3), which
measures the overlap between the time-evolved state v (¢;) at
the end of the protocol at = #; and a target state Yt = ¥,
i.e., the winding state for ¢, [orange state in Fig. 2(c)].
The fidelity is also weighted by a factor « that ensures that
the target state is an edge state localized at the right end
of the chain see Eq. (A5) in Appendix A3. Thus, F =~ 1
indicates a successful transfer of states to the other end of the
FC. We plot F in Fig. 4(a) as a function of hopping ratio p
and rate 2 for the Cg FC. For p = 1, the fidelity is zero since
the system is conventional 1D metal with no edge states. But
as soon as the system becomes a quasicrystal, the fidelity is
increased. We observe that F is close to 1 for a broad range of
parameters, highlighting a large flexibility in the operational
window of the FQP. Especially keeping 1 < p < 1.6 allows
for very flexible transfer rates. This observation aligns with
Fig. 3(b), where we show the decrease of gap size for even
larger hopping ratios. We note that, while the weighted fidelity
F signals edge-localization of the final state, it does not,
however, tell how good the localization is. We therefore also
compute the inverse participation ratio (IPR) to capture edge-
localization properties of the pumped state; see Appendix D.
The robust and on-demand dynamic transfer of the winding
state by switching only two hoppings in the whole system
for a wide range of parameters is one of the main findings in
this work.

We also showcase results for a two-step protocol. In this
two-step protocol, instead of changing both hoppings in a
unit cell of Cg simultaneously, we change them adiabatically
in two separate steps, first J; and then Jy, see Egs. (A3) in
Appendix A 1 and also Appendix E. We compare F for the
one- and two-step protocols in Fig. 4(b) as a function of p.
As clearly seen, F remains close to 1 over a larger range
of p values for the two-step protocol. The two-step protocol
also supports more rapid change of parameters (higher rate
2) than the one-step protocol. We attribute this improvement
to the increase and nature of the excitation gap separating the
winding state from excited states; see Appendix E. Thus, the
two-step protocol enhances the FQP flexibility by adapting the
transfer process.

The pumping of winding states in the FQP demonstrates
that it is possible to fully transfer states from one end of the
system to the other by only minimally changing parameters by
leveraging the unique quasiperiodic properties of the FC. This

1072

Q
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1.0 4

1.5 p

FIG. 4. (a) Weighted fidelity F as a function of hopping ratio p
and rate Q2 for the Cg FC with L = F3 + 1 = 35. The frequency axis
is on a logarithmic scale. (b) F as a function of p for fixed @ = 10~
for FCs with L = Fg + 1 = 35 (red) and 2F3 + 1 = 69 (green) for
the one- (solid) and two-step (dashed) transfer protocols.

makes our FQP prescription highly suitable for experimental
realization, as it requires significantly less tuning compared
to conventionally studied (periodic) SSH model-based pumps
[25,28-38,40-49] or previous FC protocols [22,24,71]. Fur-
thermore, we next demonstrate how the FQP can be used as
a quantum bus between two distant qubits. Moreover, in Ap-
pendix F, we discuss a different type of FC, where the on-site
chemical potentials instead belong to a Fibonacci sequence,
while bond strengths remain constant throughout the chain,
and replicate our results.

IV. STATE TRANSFER AND MAXIMAL
ENTANGLEMENT BETWEEN DISTANT QUBITS

Next, we demonstrate the potential of the FQP for quantum
information science. Specifically, we aim to employ the FQP
as a quantum bus to control and mediate quantum information
and entanglement between distant qubits, thereby enabling
general-purpose quantum information processing. To this end,
we couple the FQP to two outer qubits, Q; and Q,, with
a coupling strength g, as schematically illustrated in Fig. 1.
Although the full Hamiltonian of the system in the many-body
basis is considerably large, the problem can be effectively
simplified by assuming that the outer qubits interact only
with the winding state. Such an approximation has previously
successfully been employed for matching energies between a
qubit and the outer state [76]. We therefore approximate the
full system with an effective three-site Hamiltonian, Hyg (¢);
see Eq. (A7) in Appendix A 4. Employing Hyp(¢) and only
considering the even occupation sector (see Appendix A4),
we obtain the time-evolved state: Wyp(r) = a1(f) [110) +
ar(2) [101) + a3(2) |011), where we employ the basis states
|nyn,n,) with n;, n,, and n,, representing the occupation of the
left and right qubits, and the winding state, respectively, tak-
ing values 0, 1. Hence, the time-dependent weights «; 5 3(¢),
carry all the quantum information stored in Wyg(¢). For in-
stance, the concurrence between the two outer qubits, given
by C = 2|y (t)as(t)|, quantifies their entanglement [77,78].
We further set the qubit internal energies to E; = E, = 0 and
the coupling strength between qubits and the FQP to g = 0.1,
but we verify that our results do not depend on this specific
choice.

We employ the FQP to both transfer information between
the qubits and generate entanglement. We start by showing the
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FIG. 5. (a) Spatially resolved amplitude of the winding state at initial time t = 0 (green) and final time t = ¢, (orange) using the transfer
protocol in inset with changes only to the hopping amplitudes J; and Jy,. (b) Amplitudes | 23(¢)|? of the time-evolved many-body state for
initial state |101) as a function of time. (c) Concurrence C as a function of time for the same initial state as in (b). Inset shows the probability
of obtaining the two Bell states. (d), (e) Repeats (a)—(c) but changes only one of the hopping amplitudes in the unit cell. Here we use the Cg
FCwithL = Fy+1=235and p = 1.4, while g = 1.0, 2 = 10™*, and E; = E, = 0.0.

result of the time evolution of the winding state governed by
the instantaneous FC Hamiltonian H (¢) (see Appendix A 2) in
Fig. 5(a) for the one-step transfer protocol, thus reproducing
Fig. 3(c) but now only focusing on the initial time (+ = O,
green) and final time (¢ = ¢, orange). The insets show how
the outermost hoppings J; and Jy, are changing during the
one-step transfer protocol. Figures 5(b) and 5(c) then illustrate
how the qubits Q) ; are influenced by this transfer of the wind-
ing state between the two ends of the FQP, when the system
is initially prepared in the unentangled state |101). Thus, at
t = 0, the left (right) qubit is occupied (unoccupied), with the
transferring state (winding state) also occupied. Specifically,
in Fig. 5(b) we plot the amplitudes of the weights |a; 2 3()|?
of the time-evolved state Wyp(r). We observe that |o, (¢)]2
(le3()]?) evolve from one (zero) at the initial time 75 = 0
to zero (one) at the final time #; = T /4, while leer (1)]> = 0.
Thus, at 1, = T /4, the system reaches the state [011), indi-
cating that the quantum information has been fully transferred
from the left qubit to the right qubit. This transfer occurs as the
winding state moves from the left end to the right end of the
FQP, see Fig. 5(a), demonstrating the capability of the FQP
to operate as a quantum bus, enabling quantum information
transfer between two spatially separated qubits.

The information transfer in Fig. 5(b) occurs via entan-
glement between the two qubits, mediated by the FQP.
Figure 5(c) illustrates the entanglement dynamics in terms
of the time-dependence of the concurrence C between the
two qubits. As seen, the qubits start unentangled in |101),
then the entanglement gradually increases as the winding state
propagates across the chain. Midway through the transfer,
when J; < Jy, switches to J; > Jy,, the two qubits become
maximally entangled, before again decreasing to the unentan-
gled state |011), indicating completion of the quantum state
transfer. At maximum concurrence, the time-evolved state

also becomes identical to a Bell state. This is seen in the
inset of Fig. 5(c),~where we glot the overlap with the two Bell
states, P];’ = | (‘IIMB(I)WI;’ )y |, with the Bell states defined
as W2 = (]101) + [011))/+/2. In Appendix G, we provide
complementary results for state transfer and entanglement
dynamics for different initial states.

The limited time-window for maximum entanglement in
Fig. 5(c) can be improved if we stop the protocol of the
FQP at the peak point of the concurrence. However, this
switching point is sharp and may be difficult to control; see
Appendix G. Instead, we engineer maximum entanglement by
using a partial-state transfer protocol where only Jy, changes
from Jg — Jy, while J; remains fixed at J,; see inset of
Fig. 5(d) and Eq. (A4) in Appendix A 1 for the explicit form
of this protocol. For this protocol, we set the final time to
ty = T/2 to show entanglement stability, but the switching
of Jy, is complete already at ¢+ = 7' /4. In Fig. 5(d), we show
that the initial state (green) does not get completely transferred
from the left to the right end of the FC; rather, the final state
(orange) is now localized at both ends of the chain in a super-
position. As a consequence, the qubits become coupled via the
FQP. We verify this in Fig. 5(e), again starting with the initial
state |101) but now ending up with an equal superposition of
the [101) and |011) from # = T /4 and onward. The result is
maximal concurrence C = 1 and the Bell state W3, as seen in
Fig. 5(f). This demonstrates that the FQP can be used both
to transfer states between qubits and to prepare maximally
entangled states between them.

V. SUMMARY AND OUTLOOK

In this work, we show that the intriguing quasiperiodic
properties of the FC can be successfully utilized to construct
a FQP that requires modulating only two single couplings to
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allow for complete state transfer of a quasicrystal winding
state, likely making it the minimal possible topological pump.
In particular, we demonstrate complete quantum pumping of
winding states from one end of the chain to the other by
solving for the full time dependence and keeping adiabatic
evolution. The parameter range for successful pumping with
maximal fidelity is large and highly tunable by both config-
uring the FC chain and the transfer protocol. Importantly,
we also demonstrate that the FQP acts as a quantum bus
for mediating quantum information exchange between two
distant qubits by being able to both perform perfect quantum
state transfer between the qubits and generate a maximally
entangled Bell state.

While we have demonstrated a FQP with quantum state
transfer and maximal entanglement generation, we envision
that more general quasicrystals may possibly have even more
improved properties, for example, larger gaps protecting adia-
batic evolution from excited states or stronger winding state
localization. Moreover, optimization of the FQP operation
also involves optimization of the transfer protocol. For exam-
ple, achieving even faster transfer rates might be possible by
specially engineered protocols, such as following the frame-
work of shortcuts to adiabaticity [79,80]. Still, our one- and
two-step protocols are highly beneficial and may actually be
easier to implement, as we only change two couplings in a
straightforward simultaneous or successive manner, resulting
in very simple protocols.

Our work provides the necessary proof of principle to
investigate the experimental realization in quasiperiodic sys-
tems but also paves the way for many other interesting further
studies. For instance, the impact of the environment on the
FQP warrants further investigation. Coupling to the environ-
ment can lead to dissipation, which may induce decoherence
during the transfer protocol and modify the FQP operation
regime [81,82]. In contrast, dissipation has also been exploited
to induce topologically protected states [83—-86] and have
even been shown to improve the state transfer in some cases
[87,88].

Our FQP setup is likely possible to implement in multiple
different experimental setups. One of the potential plat-
forms is a lattice of superconducting resonators [72], where
modifying couplings between different resonators using an
electrostatic gate potential has already been employed to engi-
neer the SSH model. Instead, utilizing the FQP requires only
one or two gate potential changes, while for the SSH model,
the number of changes scales with the total length of the chain.
Another potential setup may be fermionic simulators made
out of arrays of coherently coupled Josephson junctions [73].
Also, photonic waveguide arrays can be employed to realize
the FQP, where a hopping Hamiltonian can be engineered,
with longer (shorter) separation between two waveguides ef-
fectively describing weaker (stronger) bond strengths. In this
latter setup, the propagation direction of light mimics the
time axis. However, unlike previous implementations [22,24],
requiring changing all the interwaveguide distances along the
propagation direction to pump a state, our approach simplifies
the setup substantially by only requiring adjustment of the
outermost waveguides, keeping all the others fixed. Thus,
our work highlights the advantages of quasiperiodic sys-
tems for long-range entanglement and quantum state transfer,

potentially facilitating quantum experiments and simplifying
quantum algorithms.
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APPENDIX A: METHODS
1. Transfer protocols

To transfer a state between the two ends of the FC, we dy-
namically change the hopping parameters. In Figs. 3(a)-3(c),
and 5(a)-5(c), we employ the one-step protocol. Explicitly,
the one-step protocol reads

vi)= {79+ ({972} = {97 )1 = cos ), t €10, T/4],
(AD

where {]f)"z} represents the hopping sequence corresponding
to phason angles ¢; ,, while 2 is the transfer rate. Further,
T =2m/Q2 and we set t; = T /4 to the time where the pro-
cess is completed. Note that the transfer protocol V () only
changes the two outermost hoppings in the FC (or two hop-
pings per approximant repetition), see Fig. 2(b), while all
other hoppings remain unchanged. Explicitly, the two outer-
most hoppings change as

J1(t) = Jg — (Jg — Jy) cos Q,
Ing (1) = Ja + (Jg — Jx) cos Qu,

t €[0,T/4],

t €[0,T/4], (A2)

illustrated in the inset of Fig. 5(a). In FCs repeating a single
approximant / times, e.g., in Figs. 3(a) and 4(b), we repeat
Egs. (A2) in each approximant, resulting in 2/ hoppings being
changed. We illustrate such a change of multiple hoppings for
a repeated chain in Fig. 6.

The two-step protocol we employ in Fig. 4(b) instead ex-
plicitly reads as

Ji(@t) =Jg — (Jgp — Ja)cos Qu,
Iy, (t) = Jg + (Jp — J4) cos Qt,

t €[0,T/4],

te[T/4,T/2]. (A3)
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For this two-step protocol, we instead set ¢y = 7'/2 to the time
where the process is completed. The hopping changes in the
two-step protocol are shown in Fig. 10 in Appendix E.

Finally, to generate entanglement in Figs. 5(d) and 5(e), we
use the partial-transfer protocol where we only change one of
the hoppings as

In, (@) =Ja + (UJp — Ju)cos Qt, te[0,T/4], (A4)

while J; remains fixed at J4. For this protocol, the hopping
change is completed at ¢+ = T /4, but in Figs. 5(d) and 5(e),
we still study the system until # = 7'/2 to show that we retain
maximal entanglement.

2. Time evolution

For the one-step transfer protocol, we obtain the instan-
taneous Hamiltonian H(¢) at time ¢ by using the hopping
sequence V(¢) in Eq. (Al), such that H(¢) = H[V (¢)], with
HO)=H [{J;’5 '11. To obtain time-evolved states, we construct
the time-evolution operator in a time-ordered (7)) manner as
U,0)= 7'exp[—if0r H(t")dt']. We then compute the time-
evolved state ¥ (¢) as ¥ () = U(t, 0)y,(0), where ¥, (0)
represents the winding state of the Hamiltonian H (0) at initial
time ¢t = 0, corresponding to the hopping sequence for the
phason angle ¢;. Then at final time ¢, = T /4, the Hamiltonian
H (ty) represents a FC with a hopping sequence generated
for the phason angle ¢,, where T = 27 /Q2 with transfer rate
Q. Similarly, for the two-step and partial-transfer protocols,
we use Egs. (A3) and (A4), respectively, to obtain H(z) and
thereby their time-evolution operators U (, 0).

3. Fidelity

We define a weighted fidelity F employing the target
state Y1 as

F=al(y@ =tp)lym) P,

where 1 is the winding state of the FC Hamiltonian for ¢,:
Yt = ¥ see orange state in Fig. 2(c). Here, ¥ (r = tr)is the
time-evolved winding state, while the weight « is computed as
a = (|Yr1l* — Y1 1l?)/maximum({|y; t|*}); with ¥, 1 being
the elements of i1 at lattice sites i, with L the last site of the
chain. Including « into a weighted fidelity ensures that the
target state is an edge state with a maximum weight at the
right end of the chain. We find that this is important close to
p =~ 1, where the chain starts to resemble a 1D metal with an
almost delocalized winding state.

(A5)

4. Effective qubit-FQP-qubit setup

We model the qubit-FQP-qubit system as an effective
three-site system, with the middle site being constructed out
of the time-evolved winding state i (¢) that we numerically
obtain by evolving ,,(0) using U (¢, 0). When the energies
of the qubits are close to that of the winding state ¥ (¢), the
qubits interact only with the winding state, and we can then
safely work with this effective three-site Hamiltonian [76]. In
practice, this means we need to numerically extract the energy
of the winding state and its weight on the first site, i = 1, and
last site, i = L, of the FC at each time ¢. These weights then
determine the coupling with the corresponding qubit. In this

description, the effective Hamiltonian of the system reads [76]
H =E,(t)c}c,, + Edd) + E,dd,

+ gai(t)d) ¢, + ga,(t)cld, + H.c., (A6)

where E,(t) (CL), E; (d;f), and E, (dj') are the energies
(electronic creation operators) of the time-evolved winding
state, left, and right qubits, respectively. The energy E, (¢)
here becomes a time-dependent parameter that we obtain from
the eigenvalues of H(¢); see, e.g., solid curves in Figs. 3(a) and
3(b). The qubit energies E; , should, in principle, be chosen
close to E, (t). However, once we make the approximation
that the qubits are only interacting with the time-evolved
winding state and construct the Hamiltonian in Eq. (A6),
we find that the choices for E; , do not matter as much and
we therefore set them to zero for simplicity. We verify that
different values of E;, do not alter our discussion. More-
over, a;(1) = |Yi=1(1)[* (a,(t) = [Yi=L(t)]?) is the weight of
the time-evolved winding state at the left (right) end of the
chain, which we extract numerically at each time, while g is a
free parameter controlling the coupling strength between the
winding state and the qubit.

To solve the Hamiltonian Eq. (A6), we consider a basis
|nin.ny), where n;, n,, and n,, represent the occupation of
the left qubit state, right qubit state, and the time-evolved
winding state, respectively, taking values n = 0, 1. Since the
Hamiltonian in Eq. (A6) preserves the number of particles,
it does not couple even and odd number of particle sec-
tors, and we can focus on only the even number of particles
sector, while an analysis of odd number of particles sector
gives the same results. We thus use the even sector basis:
{l1oty,|o11y, |110>}T); with T representing transpose, with
the many-body Hamiltonian in this basis reading as

E +E, gar(1) ga(t)
Hus(t) = | ga(t) E;+E,(@) 0 (A7)
84 (t) 0 Er + Ew(t)

We here omit the |000) state as there is no term in the Hamilto-
nian associated with this state. We employ the Hamiltonian in
Eq. (A7) to construct the time-evolution operator Uyg(z, 0) =
T exp[—i fé Hyp(t')dt'] and compute the time-evolved many-
body state as Uyp(t) = Upmp(t, 0)Wyp(0). This time-evolved
state can always be expressed as v (1) = o (1) ]110) +
ar(2) [101) + a3(¢) |011). Thus, the time-dependent weights
ay23(t) govern all properties, including the dynamics of
the quantum state transfer and the qubit-qubit entanglement
distribution.

APPENDIX B: FIBONACCI QUANTUM PUMP USING
DIFFERENT FIBONACCI CHAINS

In the main text, we discuss the FQP, employing the Cg
FC, mainly for one repetition (I = 1), but also for two (I =
2). Here, we demonstrate that the FQP can also easily be
implemented using other approximants. To this end, we first
consider the Cs and C; FC approximants, but we obtain analo-
gous results also for other approximants. We then also extract
the excitation gaps for the winding states for different lengths
and generations of the FCs.
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FIG. 6. (a) Dynamical change of hoppings as a function of time
t for the C¢ FC with [ = 3 repetitions such that L = 3F + 1 = 40,
with colors representing the amplitude of the hopping, with J4 (blue)
and Jp (green). Curly brackets represent one unit cell of the FC.
(b) Pumping of the winding state as a function of lattice site i and
time ¢ for the dynamical change of hoppings in (a). (c-d) Repeats
(a-b) but for the C; FC with [ = 1 such that L = F; = 22. Here
p=15Q=10"

The unit cell of C¢ FC consists of 13 bonds (Ng = 13). In
Figs. 6(a) and 6(b), we demonstrate the same transfer protocol
as in Eq. (A1) but employing a chain comprising of three
repetitions (I = 3) of the C¢ FC, such that the number of
sites is L = 3Fg + 1 = 40. This means that we change the two
outer bonds in each unit cell, i.e., J; and Jy,, of the C¢ FC
dynamically, resulting in a total of six bonds being changed.
We explicitly showcase this dynamic change of the bonds in
Fig. 6(a), where the unit cell is indicated by curly brackets. In
Fig. 6(b), we then show how this results in a complete pump-
ing of the winding state from one end to the other of the FC. In
Figs. 6(c) and 6(d), we similarly demonstrate the FQP for a C;
FC with only one repetition such that L =21 4+ 1 =22. We
again dynamically change only the two outermost hoppings,
with the change in hoppings as a function of time ¢ shown in
Fig. 6(c), while Fig. 6(d) shows the pumping of the winding
state. Note that, in this case, we only need to change two of
the hoppings.

The results in the main text and here in Fig. 6 illustrate
some trade-offs for the choice of FC for the FQP. Using a
higher generation of the FC can be beneficial, as then we can
reach a longer chain, or transfer distance, with fewer hop-
pings that need to be changed. For instance, a single unit cell
(I = 1) only requires changing the two outermost hoppings,
making it likely a minimal topological quantum pump. In
contrast, shorter approximants of the FC require us to make
two changes per unit cell (/). Still, repeating unit cells might
be desirable in order to create a more localized winding state.
This is seen in Fig. 6, where the winding state in Fig. 6(d) is
notably less localized than in Fig. 6(b).

1072\ (a) e L=FR+1=3 » (b) o L=F+1=14
o L-2F+1=6 |10 o L=F+1=2
o L=3F+1=103 o L=R+1=35
S} o L[=4R+1=137 | & o L=F+1=5
<] L=5F+1=17 <
107
50 L 100 150 15 25 35L 45 55

FIG. 7. (a) Excitation gap AE, as a function of system sizes L
for multiple repetitions / of the Cg FC. (b) Excitation gap AE, gap
for a single unit cell / = 1 of different FC approximants. Here we use
u=0and p =1.5.

On the other hand, while longer FCs have a more strongly
localized winding state, the excitation gap, AE,, that sep-
arates the winding state from the next excited state during
time evolution decreases with the increase in system size.
We demonstrate this feature in Fig. 7. In particular, Fig. 7(a)
shows the excitation gap AE, for different system sizes L for
the FC approximant Cs. We observe that the excitation gap
notably decreases with system size. This figure complements
Fig. 3(a) in the main text. In Fig. 7(b), we additionally illus-
trate the excitation gap AE, for a single unit cell (/ = 1) of
different Fibonacci approximants. For longer approximants,
we again have a longer chain, and the excitation gap de-
creases. Thus, for longer FC chains, we need to have a smaller
rate that changes the bonds more slowly to be able to adiabat-
ically pump the winding state. Depending on the demands for
speed, localization, fidelity, and simplicity of implementation,
different FCs might thus best fulfill the desired requirements.

APPENDIX C: ROBUSTNESS AGAINST DISORDER

In the main text, we discuss the phase diagram for success-
ful state transfer in Fig. 4 in terms of the weighted fidelity
F. However, we there do not consider any disorder. Here, we
study the effect of disorder on the operation of the FQP.

We again focus on the Cg FC, as in the main text, but now
also add disorder in either the on-site (i 4+ W;) or hopping
(J; + W;) terms in the Hamiltonian in Eq. (1) in the main
text. Here, W; represents disorder, which we assume to be
uniformly distributed using W; € [—u/2, u/2], with u repre-
senting the disorder strength in units of J4. We focus on the
weighted fidelity F, an observable that quantifies successful
FQP operation. We compute the weighted fidelity F for differ-
ent random disorder configurations and then take an average
over 50 disorder configurations for each u.

In Fig. 8, we plot the disorder-averaged weighted fidelity
(F) as a function of the disorder strength u for on-site (a) and
hopping (b) disorder, respectively. We find that the weighted
fidelity (F) remains close to 1 for small to moderate disor-
der strengths, but eventually diminishes as we increase the
disorder strength. For hopping disorder, the fidelity decreases
somewhat faster, which we attribute to it breaking quasiperi-
odicity. Nevertheless, these results show that the FQP displays
remarkable robustness against disorder.
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FIG. 8. Disorder-averaged weighted fidelity (F) as a function of
the disorder strength u for (a) on-site and (b) hopping disorder. Here
weuse the Cg FCwith L=F;+1=35 u=0,p=1.4,and Q2 =
10~* and average over 50 random disorder configurations for each u.

APPENDIX D: LOCALIZATION PROPERTIES

In Fig. 4(a), we study the phase diagram for the one-step
protocol in terms of the weighted fidelity. By choosing to
study a weighted fidelity, expressed in Eq. (AS), we know that
the final state is mainly located at the right end of the chain,
but it does not give us any information about the degree of
localization. Here, we provide additional information about
the localization properties by studying the IPR.

The IPR for the time-evolved winding state is defined as
IPR = |y¥(r = tf)|4. A (lower) higher value of IPR thus indi-
cates a (de)localized state. We plot the IPR as a function of the
hopping ratio p and the rate €2 in Fig. 9(a), i.e., analogous to
the phase diagram for the weighted fidelity in Fig. 4(a) in the
main text. Our results illustrate that if a sharply localized state
is desired, we may resort to a higher value of hopping ratio
p, but in that case, the parameter change rate should be a bit
slower. In Fig. 9(b), we also repeat Fig. 4(b) in the main text,
but for the IPR, by comparing the IPR for one-step (solid)
and two-step (dashed) protocols for different system sizes
L =F;+1=35(red)and 2F3 + 1 = 69 (green) as a function
of the hopping ratio p. As we increase the chain length, we
find a smaller range with higher IPR, while for the two-step
protocol, the range for a higher IPR is larger compared to the
one-step protocol, both resulting in overall agreement with the

1.0 15 p 20 1 2 p3 4

FIG. 9. (a) IPR as a function of hopping ratio p and rate
for Cg FC with L = Fy 4+ 1 = 35 using the one-step protocol. The
frequency axis is on a logarithmic scale. (b) IPR as a function of
o for a fixed Q = 10~* for FCs with L = Fy + 1 = 35 (red) and
L = 2F; + 1 = 69 (green) for the one- (solid) and two-step (dashed)
transfer protocols. Same systems and plots as Fig. 4 in the main text
but for the IPR instead of the weighted fidelity.
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FIG. 10. (a) Dynamic change of hoppings J; and Jy, inside the
unit cell of Cg FC as a function of time in the two-step protocol,
Egs. (E1). (b) Comparison of the excitation gap between the winding
state and the next excited state in the one-step, Egs. (A2) (red) and
two-step, Egs. (E1) (green) protocols. (¢) Pumping of the winding
state for the two-step protocol. (d) Weighted fidelity F as a function
of hopping ratio p and rate €2 in the two-step protocol. The frequency
axis is on a logarithmic scale. Here, L = Fs +1 =35, p = 1.5 and
Q = 10~* for (a)—(c).

behavior of the weighted fidelity. Thus, these results show that
the IPR and the weighted fidelity largely track each other and
that it is possible to design the FC and the transfer protocol to
reach a high weighted fidelity and IPR.

APPENDIX E: TWO-STEP PROTOCOL

In the main text, we discuss some of the results of a two-
step transfer protocol. In particular, as shown in Fig. 4(b) in
the main text, the two-step protocol has an advantage of a
larger region of high fidelity compared to the one-step proto-
col given by Eqgs. (A1) and (A2). Here, we discuss the details
of the two-step protocol and some results associated with it.

In terms of the change in the outermost hoppings J; and
Jn,, the two-step protocol reads

Ji(t) =Jg — (Jp — Ja) cos Q,
Iny ) = Jg + (Jp — Ja) cos Q1

t e[0,T/4],
te[T/4,T/2]. (El)

In Fig. 10(a), we plot the time dependence of these two
hoppings, with the hopping J; (blue) first switched from Jy
to Jp, and only once that is completed we start switching
the other hopping Jy, (red) from Jp to Ju, to be compared
to the one-step protocol illustrated in the inset of Fig. 5(a)
in the main text. In Fig. 10(b), we then plot the evolution
of the eigenvalues of the winding state (solid) and the next
excited state (dashed) for one-step (red) and two-step (green)
protocols. Since the final times for the one- and two-step
protocols are different, we here, for plotting purposes, scale
them such that #; is the same for both protocols. We find that
the excitation gap isolating the winding state from the next ex-
cited state for the two-step protocol is slightly larger compared
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to the one-step protocol. Although this difference is small,
it has a notable effect on the FQP operations as explained
below. We also note that at the minimum gap, the evolution
of the winding state and the excited state display a clear kink.
This kink appears at the time instance when we interchange
which hopping is being changed. We can therefore attribute
the kinklike feature in the excitation gap to the fact that the
changes in the hoppings also display kinks.

In Fig. 10(c), we show the pumping of the winding state
employing the two-step protocol. In comparison to the one-
step protocol, see Fig. 3(c) in the main text, the transition
period when the winding state lives on both ends of the system
is longer. In Fig. 10(d), we depict the phase diagram in terms
of the weighted fidelity F (colorbar) as a function of the
hopping ratio p and rate 2 for the two-step protocol. The
region with F 2~ 1 is more extended for the two-step protocol
compared to the one-step protocol displayed in Fig. 4(a) in the
main text. Thus, these results supplement the results shown in
Figs. 3 and 4 in the main text and demonstrate how a different
transfer protocol can lead to a wider region of parameters for
successful FQP operation.

APPENDIX F: ONSITE FIBONACCI CHAIN

In the main text, we discuss results based on a hopping FC
model. However, we can also build an FC employing an on-
site FC model. Here, show that a FQP can also be constructed
using winding states of an on-site FC.

In the on-site FC, the on-site chemical potential u; varies
according to the Fibonacci sequence, while the hopping J
remains constant. We can write the Hamiltonian for an on-site
FC as [61]

H=Y wcle;+JY clci+He, (F1)

where the site-dependent p; take values as low (ua) and
high (up) chemical potentials, with {x;} belonging to the nth
Fibonacci approximant {C,}, such that Cy = ug, C; = ua,
G = papp, C3 = papppra, Co = papipflapiajip, and so on
[61]. Thus, the total number of sites in C,, equals the Fibonacci
number F, = F,_1 + F,_, Vn > 2, with F; = 1, F; = 1. Note
that the number of bonds in a unit cell is Nz = F,, — 1 here,
while the hopping model has Ng = F, number of bonds.
Similar to the FC hopping model, we can construct longer
on-site FCs by either considering larger approximants C,,
or repeating the approximant C, [ times, such that the to-
tal number of lattice sites of the chain is given as L = [F,.
We also again employ OBCs and consider a dimensionless
parameter p = up/a, while setting us = J = 1 throughout
this appendix and expressing all variables with the dimensions
of energy in units of the hopping amplitude J.

We consider the Cg FC with L = Fg = 34 lattice sites and
demonstrate the eigenvalue spectra as a function of the phason
angle ¢ in Fig. 11(a). The red energy in Fig. 11(a) marks a
winding states inside a quasicrystal gap shaded by gray. In
this quasicrystal gap, the winding state winds once, and the
gap has gap label C = 1. Next, we focus on two specific values
of the phason angle ¢; and ¢,, denoted by the dashed green
and orange lines in Fig. 11(a). We choose these ¢ » such that
the change of the phason angle from ¢; to ¢, amounts to only

e I e

o (.2

I ;]

1 === 01 i

FIG. 11. (a) Eigenvalues E as a function of phason angle ¢.
Red curve represents a winding state in one of the quasicrystal
gaps (gray shaded). (b) Flipping between high (red) and low (blue)
on-site chemical potentials, indicated by the arrows when changing
phason angles from ¢; (green) to ¢, (orange), also marked in (a).
(c) Eigenstate of the winding state (red) along the chain at ¢, (green)
and ¢, (orange). Inset shows eigenvalue spectrum E,, as a function
of the state index m for phason angles ¢, (green) and ¢, (orange),
with red dot marking the winding state. Here we use the Cg FC with
L =F3 =34sitesand p = 1.5, ¢ = 0.737, and ¢p, = 0.787.

flipping the two outermost chemical potentials in a unit cell
of the Cg FC, as denoted by the arrows in Fig. 11(b). This
is analogous to the setup in Fig. 2(b) in the main text. We
denote these two chemical potentials as p; and pupy,+1. We
plot the eigenvalue spectrum for ¢; (green) and ¢, (orange) in
the inset of Fig. 11(c) and see that they perfectly overlap, with
with winding state marked in red appearing around E,, >~ 2.0.
Then, in Fig. 11(c), we investigate the spatial extent of the
winding state for the phason angles ¢; (green) and ¢, (orange)
and find that it completely switches between the two ends of
the chain with the change of phason angle. These results are
thus analogous to Fig. 2 in the main text and demonstrate that
winding states in the on-site FC can also be employed for FQP
operation.

For completeness, we explicitly demonstrate FQP oper-
ations for the on-site FC. We consider a similar one-step
transfer protocol as for the hopping FC model in the main

34 w2 1072
0.4
7 Q
17 107
107-’1 i
b t T/4 10 15 p 20

FIG. 12. (a) Evolution of the winding state as a function of time
t and spatial position i for the Cg FC in Fig. 11. Here = 10~* and
p = 1.5. (b) Weighted fidelity F as a function of hopping ratio  and
rate Q2. The frequency axis is on a logarithmic scale.
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FIG. 13. (a) Amplitudes |a;,3(t)|* of the time-evolved many-
body state for an initial state (a) [110) and (b) |011) as a function
of time. The figures reproduce Fig. 5(b) from the main text but with
other initial states, while all other parameters are the same, except
g = 0.1 to reduce the oscillation of the time-evolved state.

text, i.e. Eq. (A1). The transfer protocol thus reads

Vi = (uf) + () — ()0~ coson)
t €[0,T/4], (F2)

where { ,u?”} represents the chemical potential sequence corre-
sponding to phason angle ¢; and €2 indicates the rate. Note that
there is only a change of two chemical potentials in a unit cell
in V(¢) as shown in Fig. 11(b), while others remain the same,
similar to the hopping FC transfer protocol employed in the
main text. More explicitly, in terms of the chemical potential
M1,n,+1, the transfer protocol reads

t €[0,T/4],
te[0,T/4]. (F3)

u1(t) =pp — (g — pa) cos 2,
MNg+1 () =pa + (up — pa) cos 1,

Using the one-step transfer protocol and solving for the full
time-dependence as outlined in Appendix A, we demonstrate
the pumping in the on-site FQP. In the main text, we show
pumping of a state from left to right. Here, we display an op-
posite case, where we transfer a state from the right end to the
left. We depict the time-resolved state transfer in Fig. 12(a),
showing a winding state which is initially localized at the right
end of the system being transferred to the other left end. We
also compute the weighted fidelity F and plot it as a func-
tion of p and 2 in Fig. 12(b), thus showing complementary

information to Fig. 4(a) in the main text. These results demon-
strate that we can equally well use an on-site FC to perform
quantum state transfer using the winding state.

APPENDIX G: STATE TRANSFER
AND ENTANGLEMENT GENERATION

In the main text, we discuss state switching and
entanglement generation employing the FQP and using
the initial state |101) and the one-step protocol. Here, we
provide complementary results using other initial states and
protocols. First, we discuss results for different initial states.
In Figs. 13(a) and 13(b), we show the coefficients |a; 2 3(t)|?
of the time-evolved state for the initial many-body states
[110) and |011), respectively. For the initial state |[110), we
do not observe any change in the time-evolved state. This is
expected as both qubits are occupied initially, so there is no
change in the qubit state from FQP operations. However, for
the initial state |011), we see an analogous behavior to the
state |101) in Fig. 5(b) in the main text.

In the main text, we discuss how the two-step protocol
can be employed to expand the parameter space for high
fidelity of the FQP. Here, we complement the results also
for coupling the FQP to the two qubits. In particular, we
demonstrate state transfer operation between two qubits when
employing the two-step protocol in Fig. 14. We first show
the transfer of the winding state in the FQP in Fig. 14(a). In
Fig. 14(b), we then show how the coefficients | 2 3(t)|> of
the time-evolved many-body state behave for an initial state
[101) when transferring the winding state. As expected, we
observe a similar behavior to Fig. 5(b) in the main text, with
the qubit states getting flipped as we complete the transfer
protocol. This behavior is reflected in the concurrence as well
as in Fig. 14(c). The concurrence exhibits a value close to 1
when the qubit states are being flipped but we do not retain
a high concurrence at the end of the transfer protocol. This
behavior is also observed when we plot the overlap of the
time-evolved state with the Bell states (Pé‘2) in the inset of
Fig. 14(c). We obtain the Bell state for a short instance of
time when the concurrence is 1. Thus, we observe a fully
analogous scenario for the two-step protocol as that of the
one-step protocol in Fig. 5(c) in the main text.

1.01 1.0
03] —t=0——t=17/2
(a) N g
P S
E 0.5 0.5
0.1
0.0 i i— O ) 0.0
I ; B0 /A ¢ T/2 0 T4 ¢ T2

FIG. 14. (a) Spatially resolved amplitude of the winding state at initial time ¢ = O (green) and final time ¢ = ¢, (orange) using the two-step
transfer protocol in Fig. 10. (b) Amplitudes |or; 23()|? of the time-evolved many-body state for an initial state [101) as a function of time.
(c) Concurrence C as a function of time for the same initial state as in (b). Inset shows the probability of obtaining the two Bell states. The
figures reproduce Figs. 5(a)-5(c) from the main text but with the two-step protocol, while all other parameters are the same.
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tp
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350 t T/4

FIG. 15. (a) Modified one-step transfer protocol as a function of time ¢, with green arrow marking the point when we turn off the protocol.
(b) Spatially resolved amplitude of the winding state at initial time # = O (green) and final time ¢ = #; (orange) using the transfer protocol
in (a). (c¢) Concurrence C for the initial state |101) as a function of time. Inset shows the probabilities of obtaining the two Bell states. The
figure reproduces Figs. 5(a) and 5(c) from the main text but with the turned off one-step protocol in (a), while all other parameters are the

same.

Finally, in the main text in Fig. 5(c), we observe near max
C ~ 1 when the winding state is switched from one side to
the other of the system. However, we can then not retain this
high concurrence C at the final time. Here, we show that by
simply turning off the one-step protocol, we can also maintain
the high concurrence at the final time #;. Thus, we stop the
change of the hoppings at the point marked by the green arrow
in Fig. 15(a). When we stop our parameter-changing protocol

at this point, the winding state does not get completely
transferred to the other end of the system, rather, it is now
localized at both ends of the chain in a superposition state,
as shown in Fig. 15(b). At the same time, by stopping the
transfer protocol here, we retain the maximum C =~ 1 until the
final time, as shown in Fig. 15(c). We also show the overlap
of the time-evolved state with the Bell state in the inset of
Fig. 15(c), observing that we obtain one of the Bell states.
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