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Bayesian three-point water models
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We introduce a Bayesian framework leveraging synthetic likelihoods to enable uncertainty
quantification and robust inference of non-bonded force parameters in three-point water models. The
approach integrates multiple experimental observables —enthalpy of vaporization, molecular volume,
the radial distribution function, and hydrogen bonding patterns —to explicitly infer model parameters.
Beyond parameter estimation, we quantify uncertainty in both inference observables and validation
properties, including those that are difficult to target by other means. By systematically analyzing the
response of these observables to parameter variations, our method highlights inherent limitations of
three-point water models. These findings highlight the utility of our framework in integrating diverse
data sources in a principled uncertainty quantification workflow, ultimately improving confidence in
the ability of molecular dynamics simulations to reproduce experimental data. Additionally, we
evaluate the performance of the mean and the mode of the posterior distribution, demonstrating the

limitations of this family of models.

Reliable models are fundamental to molecular dynamics (MD)
simulations', and the representation of water molecules plays a crucial
role in applications ranging from materials and physics™ to biology™ ™.
Three-point water models, one of the most well-known being TIP3P’, are
a popular choice due to their computational efficiency but due to their
simplicity, they have limited accuracy and often struggle to simulta-
neously reproduce key experimental properties’. Arguably, this under-
scores the need for rigorous inference frameworks that not only estimate
parameters but also help identify the fundamental limitations of simple
model classes like TIP3P, guiding the development of more accurate
models in the future.

Traditional model calibration methods typically fit parameters to a
limited set of experimental observables, which can lead to parameter choices
that fail to generalize across different conditions, such as broader tem-
perature rangesg. Moreover, parameters fit to reproduce certain properties
under specific conditions do not necessarily guarantee accurate predictions
of other properties under those same conditions. A robust estimation
approach must therefore incorporate multiple experimental restraints to
yield parameter sets that generalize across diverse thermodynamic condi-
tions with quantified uncertainty.

Bayesian inference provides a consistent framework for parameter
estimation by treating model parameters as probability distributions rather
than fixed values'”. Access to the parameter posterior is essential for
quantifying uncertainties, but constructing it is often computationally
demanding. To address this, Cailliez et al."" developed a surrogate-based
approach, using Gaussian process models to approximate simulation out-
puts and efficiently sample the four-point model TIP4P” parameter pos-
terior. This strategy enables uncertainty estimation even when direct

posterior evaluation is infeasible. Ideally, access to the full posterior is pre-
ferred; when the simulated observables asymptotically follow a multivariate
normal distribution, a synthetic likelihood (SL) can be constructed". In
combination with Metropolis-Hastings (MH) sampling"’, this enables direct
exploration of the posterior, albeit at a higher computational cost than
relying on surrogate models. Recent advances in GPU computing have
made this approach feasible at last, enabling the many repeated simulations
required for SL inference to be performed within a practical time frame.
Unlike conventional optimization methods that yield point estimates,
Bayesian approaches explicitly characterize uncertainty by considering the
full posterior, which is particularly advantageous in molecular simulations
where small parameter variations can induce large changes in system
behavior. By integrating multiple data sources and rigorously accounting for
uncertainty, Bayesian frameworks offer a flexible and robust approach to
force field (FF) parameterization'*".

In this work, we present a Bayesian framework to estimate the posterior
distribution of the non-bonded parameters assigned to the oxygen atom ina
TIP3P-like water model—specifically, its Van der Waals ¢ and o parameters,
as well as its partial charge q. We then systematically quantify the variance
and bias of both inference observables and those requiring computationally
intensive simulations to evaluate, such as the static dielectric constant €, or
the diffusion coefficient D. Force fields differ in the physical properties they
are optimized to reproduce, with bulk properties like enthalpy of vapor-
ization AH,,, and density p being the most common. Other properties
include features such as the radial distribution function (RDF) and, in
particular, hydrogen bonding for water molecules. By directly addressing
the competing demands of reproducing multiple bulk properties—each
reflecting different physical aspects of the liquid state—our method refines
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Fig. 1| Contour plots of scaled SL posteriors. Plots were obtained from single-point
simulations based on 45-by-45 equidistant grid points of ¢ and o. Likelihoods are
computed based on (A enthalpy of vaporization AH,,, and molecular volume Vj,
B the RDF properties 7, ; and g, ;» C the average hydrogen bond distance (ry)
and angle (Op), and D all six propérties combined. The red point marks the
parameter values of the original TIP3P model.

TIP3P parameters while offering broader insights into the inherent lim-
itations of three-point water models at 298.15 K and 1 atm. Finally, we
propose two new parameter sets, based on the mode and mean of the
posterior distribution respectively'*, and quantify the uncertainties for both
the inference observables and independent validation observables. These
estimates establish fundamental bounds on the accuracy achievable within
this class of models, offering a benchmark for evaluating properties of other
FF models and distinguishing between errors arising from parameter
choices and those fundamentally limited by the model and simulation
themselves'®".

Results

Effect of inference properties on posterior landscape

To investigate how the choice of inference properties affects the SL posterior,
single-point simulations over a two-dimensional (¢, o) grid were performed.
The considered properties include the enthalpy of vaporization AH,,
molecular volume V), the RDF features 7, ; and g, and the average
hydrogen-acceptor distance in a hydrogen bond (r45) and average (z).
The definition of as well as how the RDF and the hydrogen properties are
computed are explained in “Integration of Experimental Observables”.

As shown in Fig. 1, the posterior landscape varies depending on the
selected observable set. The (AH, 4, V) joint posterior in Fig. 1A shows a
negative correlation for ¢ < 1.2kJmol™" as either ¢ or ¢ accounts for a
balanced repulsive force. For € > 1.8 k] mol ™" there is a positive correlation,
suggesting that increasing ¢ compensates for the overall weakening of
interaction strength—both repulsive and attractive—as molecules are
pushed further apart by larger o values. More notably, there is a probability
maximum corresponding to the mode at e = 2.04 k] mol ' —more than three
times the value for TIP3P. The joint posterior of (7o, ;,800,) in Fig. 1B
follows a strictly negative trend in correlation, mainly due to the impact of
repulsion from molecules within the first solvation shell. The distance to the
first peak of the RDF and ¢ are both correlated with the Van der Waals
radius of an atom, which is demonstrated by the convergence of o for large €.
A similar trend can be seen in Fig. 1C for ({ryg), (Oms)), but even lower
values for o are considered plausible. All three joint pairwise posteriors
suggest that nonzero likelihood regions exist for € > 2 k] mol . However, the
regions of high likelihood show limited overlap. Therefore, when the six
properties are considered all at once (Fig. 1D), the region of agreement is
now smaller, limiting the parameter ranges of the posterior and penalizing
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Fig. 2 | Difference between (¢, 0, q) samples from MCMC and the original
TIP3P model. The center of each plot indicates a zero difference to the TIP3P model.
Diagonal plots show marginal distributions of each parameter; off-diagonal plots
display pairwise (2D) marginal distributions as scaled kernel density estimates
(upper triangle) and scatter plots (lower triangle). Solid lines in the diagonals denote
the distribution mean; dashed lines indicate 64.2% and 95.4% confidence intervals.
Corresponding points and circles are used for the 2D distributions. Note: y-axes
apply only to off-diagonal plots.

higher e values. The individual single-observable posteriors are presented in
Figs. S2-87.

Validation of synthetic likelihood approximation

The multivariate normality of the synthetic likelihoods across a 45-by-45 grid
was assessed using Mardia’s test'® and the ratio of distributions considered to
be normal was 0.9185, 0.9284, and 0.9333 for subplots A, B, and C, respec-
tively in Fig. 1. For the six-property joint posterior in subplot D, the ratio was
0.8489. Given the close agreement between the observed ratios and the the-
oretical values for multivariate normal distributions, the synthetic likelihoods
are considered asymptotically normal, validating the applicability of the SL
approximation for this parameter space. For completeness, the univariate
normality Shapiro-Wilk tests'”** of the individual single-observable poster-
iors are presented in Figs. S8-S13, and the multivariate normality Mardia’s
tests corresponding to the subplots in Fig. 1 are presented in Fig. S14. For
comparison, if one were to assume independent variables, the multi-
dimensional Shapiro-Wilk tests corresponding to Fig. 1A-D are 0.9057,
0.9007,0.9052, and 0.7383. The reference value for independent truly normal
is 0.95% = 0.9025 in two dimensions and 0.95° = 0.7351 in six dimensions (see
Synthetic Likelihood and Normality Assumption”).

Differences between the two-dimensional posterior and the original
TIP3P parameter set are shown in Fig. S15. The sampled posterior reflects a
nonlinear, negatively correlated relationship between e and o, consistent
with the trends observed in the grid-based likelihoods (Fig. 1). Observables
associated with the sampled posterior in Fig. S15 are shown in Fig. S16.
AH,,, and V) closely match their experimental reference values. In con-
trast, the average hydrogen bond distance (ryp) and angle (Oyp) deviate
from the reference by approximately one and two standard deviations,
respectively.

Influence of partial charge on observables and posterior

To assess the effect of atomic charge on model behavior, we extended the
parameter space from two to three dimensions by including the partial
charge g of the oxygen atom as an additional parameter (Fig. 2). This change
increases the posterior spread slightly, more for ¢ than for e. While the
negative correlation as seen in Fig. S15 between € and o persists, g exhibits a
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Fig. 3 | Difference between measured observables and experimental reference
values. Differences correspond to the samples from the MCMC (e, o, q) posterior.
The plots are centered at the reference data. Diagonal plots show marginal dis-
tributions of each observable; off-diagonal plots display pairwise (2D) marginal
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distributions as scaled kernel density estimates (upper triangle) and scatter plots
(lower triangle). Solid lines in the diagonals denote the distribution mean; dashed
lines indicate 64.2% and 95.4% confidence intervals. Corresponding points and
circles are used for the 2D distributions. Note: y-axes apply only to off-diagonal plots.

positive correlation with € and a negative one with 0. Mean parameter values
remain close to those of the original TIP3P model in Table 2.

A similar trend to that observed for the parameters is also seen in the
observables. When comparing only the diagonal plots of the two-
dimensional (Fig. S16) and three-dimensional (Fig. 3) posteriors, the var-
iance increases slightly for g, |, AH,4, and (Op). A more pronounced
increase is seen for 7, ; and V4, both of which are strongly correlated with
molecular density—consistent with the larger variance observed in the o
parameter. The variance of (ryp) remains unchanged. The limited
improvement from including g, particularly for (ryg) and (Oyg), suggests
that the original TIP3P model’s charge is already near-optimal for this
model family and set of inference observables, likely due to the fixed geo-
metry at which the partial charges are positioned.

Uncertainty quantification

The coefficient of variation (CV), relative bias (RB), and relative standard
error (RSE), as defined in “Quantification of Errors”, are summarized in
Table 1. For the properties evaluated during MCMC, parameter uncertainty

—reflected in the CV—is modest, typically between 1% and 11%, and
consistently exceeds the RSE, which remains near or below 0.1%. This
indicates that uncertainty in the parameters, rather than finite sampling, is
the primary source of simulation error in these cases. In contrast, for
properties not included during MCMC and evaluated using the unscented
transform (UT), the dominant source of error shifts toward model bias.
Despite low CVs and RSEs, relative biases can be substantial—for example,
the dielectric constant (ey) and heat capacity (C,) deviate markedly from
experimental references, with D showing an RB of up to 68%. It should be
noted that the deviation in C, is mainly due to omitted vibrational quantum
corrections'””". These findings highlight that well-constrained parameters
alone cannot overcome limitations inherent to the functional form of the
TIP3P-like model, and emphasize the importance of distinguishing between
parameter uncertainty, model inadequacy, and numerical noise.

Estimates obtained via UT, despite relying on a limited number of
sigma points, generally align well with those from the full MCMC posterior,
validating UT as a practical tool for error propagation in computationally
expensive observables. While UT errors tend to be slightly higher than those
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Table 1| Relative simulation errors for selected observables Y, including the coefficient of variation CV(Y), relative bias RB(Y, y)
with respect to reference values y, and relative standard error RSE(Y)

Property y ref No CV(Y) (%) RB(Y, y) (%) RSE(Y) (%)
Bmcmc Our Omcmc Our Bur T3Bmean
AHyap 44.0 % 59 2 5.1 9.9 0.3 0.5 0.0 0.0
3 5.1 11 0.7 1.1 0.0 0.0
Vim 30.0 A® 59 2 4.8 8.1 0.3 -0.2 0.0 0.0
3 8.2 12 2.2 15 0.1 0.0
Foo- 297 A 42 2 13 2.4 06 —07 0.0 0.0
3 2.2 3.4 0.0 -0.2 0.0 0.0
Fo04 2.14 42 2 11 11 26 26 0.1 0.0
3 12 12 -3.3 -3.3 0.0 0.0
{ruB) 1.93A 60 2 2.8 3.9 —41 —4.2 0.0 0.0
3 29 4.3 -3.8 -3.9 0.0 0.0
(BHB) 14.7 deg 60 2 7.0 7.5 —17 —-17 0.0 0.0
3 8.8 9.0 -19 —-19 0.0 0.0
€ 78.4 59 2 - 14 - -15 4.7 0.4
3 - 20 - —26 6.3 0.4
D 2'30x10*5% 61 2 - 38 - —63 19 1.0
3 - 41 - 68 23 1.3
Co 75.3 ﬁ 59 2 — 4.4 - —44 1.9 0.2
3 - 6.3 - —47 2.9 0.1

The observables Y(6) are evaluated using parameter samples 6ycmc from the posterior, 8yt from unscented transform sigma points based on the MCMC posterior mean and covariance, and T3B,ean

denoting the posterior mean. Reference values y and sources are also listed.

from MCMC, they remain consistent across both the two- and three-
dimensional posteriors. One notable exception is V5, where MCMC yields
slightly higher variability than UT. As expected, the inclusion of atomic
charge g in the three-dimensional posterior increases CV values across
properties, reflecting increased parameter sensitivity. For all inference
properties except (6y5), RB remains below 5%. For this particular property,
however, the bias is substantial: the reference value is approximately 17%
and 19% lower than the samples for both posterior variants respectively.
Overall, the decomposition of errors in Table 1 provides a comprehensive
view of how parameter uncertainty, model limitations, and sampling pre-
cision each contribute to simulation accuracy.

A natural point of comparison for our simulated parameter sets—
T3B,10an and T3B,,,,4.—1is the original TIP3P model. The more recent OPC3
model™ is also included, which was developed through an exhaustive search
in electrostatic parameter space and shown to closely approach the accuracy
limits of rigid three-point water models. T3B?, .. in particular improves
agreement with reference data for nearly all inference properties, with the
exception of V)5, which deviates slightly more from experiment. The OPC3
model, which also incorporates modified molecular geometry, demon-
strates the best overall agreement across all properties.

Discussion

This study applied a Bayesian framework to investigate the uncertainty in
model parameters and predictions, as well as the limitations of a TIP3P-like
three-point water model for molecular simulations at 298.15 K and 1 atm.
This was done by constructing a posterior distribution over the non-bonded
parameters governing the intermolecular interactions with synthetic like-
lihoods. By including multiple experimental inference properties, we
examined how well the model can reproduce dynamics as well as structural
and thermodynamic properties. We further assessed the extent to which
systematic bias and parameter uncertainty each contribute to prediction
error, compared to errors stemming from model inadequacies and limited
sampling.

The SL posteriors observed in our grids and MCMC samples provide
insight into how different experimental observables shape the posterior
distribution and thereby constrain the force field parameters. Notably, using
AH,,, and V) (Fig. 1A) as inference targets favors a significantly higher e
value than is used in the original TIP3P model, despite these properties
being common targets in FF parameterization. To our knowledge, this shift
toward higher e values has not been previously reported. In the original
design of the TIPS models by Jorgensen®, their parameter tuning included
thermodynamics, energy distributions, RDF properties, and hydrogen
bonding, similar to the six inference properties in this study (Fig. 1D),
explaining the similarities between TIP3P and T3B,,,,,, variants.

The joint distributions in Fig. 2 reveal a pronounced exclusion zone at
low ¢, corresponding to unphysical regimes where Lennard-Jones repulsion
becomes too weak to counteract singular Coulombic attractions from point
charges. The observed negative correlation between € and o aligns with the
structure of the Lennard-Jones potential: both parameters influence the
interaction energy, but o enters at higher exponents (6 and 12), making it
more sensitive to minor changes than €. In three-dimensional inference (Fig.
2), € shows a positive correlation with g, while o shows a negative one—
suggesting that e is more involved in balancing repulsion, whereas o plays a
compensatory role in dispersion.

Our results also show that parameter uncertainty is the dominant
contributor to simulation error, with inadequate model design explaining
the systematic biases observed. In this context, evaluating the adequacy of
the model refers to assessing whether the employed functional form and
parameter ranges are sufficient to reproduce the selected observables within
experimental uncertainty. The remaining systematic deviations indicate
that limitations in the functional form, rather than parameter uncertainty,
dominate the residual bias, especially for (6yp) and the validation proper-
ties, as shown in Table 1. This is particularly evident when comparing the
posterior T3B,,,,4, to the OPC3 model in Table 2; improvements in geo-
metry can apparently reduce the bias of three-point models beyond what
non-bonded tuning alone can achieve, as has also been demonstrated for
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Table 2| Model parameters and simulated properties for the original TIP3P model, the OPC3 model, and posterior samples from

the two- and three-dimensional Bayesian inference

Model Exp OPC3 TIP3P Tssf"ea" ngf" e TSBf,, can TsB?no .
Parameter

e (&) = 0.68369 0.63627 0.612404 0.473053 0.635323 0.520877
o (nm) - 0.317427 0.31507 0.316619 0.318831 0.314392 0.315596
go () - —0.89517 —0.8340 —0.8340 —0.8340 —0.82270 —0.82543
I (nm) 0.09572 0.097888 0.09572 0.09572 0.09572 0.09572 0.09572
O (deg) 104.52 109.47 104.52 104.52 104.52 104.52 104.52
Observable

DHy0p (K1) 44.0 44.6° 426 41.8 433 41.3 432

Vi (A%) 30.0 30.1 30.4 30.9 30.5 30.4 29.9

Fooq (A) 2.97 2.99 3.01 3.02 2.99 3.01 2.98
9oo1 ) 2.14 2.17 2.24 222 2.07 2.24 2.12
(rus) (A) 1.93 1.97 2.03 2.04 1.99 2.04 1.99
{BHB) (deg) 14.7 15.5 18.1 18.1 17.2 18.4 17.5

€ () 78.4 78.9 98.3 96.2 924 93.1 93.41

D (10°° %) 2.30 2.11 6.76 9.39 4.77 13.0 9.57

Co (=3 75.3 134 135 136 137 136 137

Posterior samples are summarized by their mean (T3B)ye4,) and mode (T3B,,,04e). The OPC3 model includes geometry modifications; experimental reference values are provided in the second column.
Uncertainty estimates for these properties, including the coefficient of variation, bias, and simulation error, are reported separately in Table 1.

125

" corrected according to Berendsen et al.”® with data from Horn et al.”®.

four-point models such as GOPAL™. It is worth emphasizing, however, that
the correction applied to the AH,,,, of OPC3 in part relies on quantum
mechanical estimates of gas-phase enthalpy”*, which are specific to the
system and temperature in question, thereby limiting their general applic-
ability. Importantly, our focus here is not to optimize force field parameters
per se, but to quantify the range and source of predictive uncertainty.
Extending the present Bayesian framework to include geometric parameters
would therefore be a promising next step that could provide further gains in
accuracy and insight. A high-dimensional posterior would, however, be
tedious to sample and to interpret and is therefore beyond the scope of
this work.

The TIP3P model remains one of the most widely used descriptions of
liquid water, primarily due to its simplicity and compatibility with biomo-
lecular force fields. However, its empirical design and neglect of polarization
and nuclear quantum effects lead to systematic deviations from experi-
mental observables. Comprehensive reviews have shown that earlier rigid,
non-polarizable models did not reproduce dielectric properties, diffusion
coefficients, and phase-transition behavior accurately, even when tuned to
match density and vaporization enthalpy at ambient conditions’. More
recent parameterizations, such as OPC3* and GOPAL* have substantially
improved the accuracy achievable within this subcategory of models,
however. Developments toward many-body and polarizable potentials,
such as MB-pol, have achieved higher accuracy at substantially increased
computational cost”. These studies collectively highlight the trade-off
between efficiency and physical realism that still motivates research into
error-aware parameterization strategies for simple water models.

It is well established that the TIP3P model does not reproduce certain
key properties accurately’* ™, and our results reflect this limitation (Table 2).
These large deviations further underscore the need for error-aware cali-
bration frameworks. When using UT to estimate predictive uncertainty, two
assumptions must be acknowledged: (1) the posterior is approximated by its
mean and covariance, and (2) the region of posterior mass lies near an
optimum in observable space. If the posterior is broad or shifted away from
the true optimum, the resulting uncertainty estimates may misrepresent the
underlying distribution. Nonetheless, despite these simplifications, the UT
approach yields coefficient of variation estimates that are consistent with

those obtained from full MCMC sampling, while requiring significantly
fewer simulations. This makes it a practical alternative in high-dimensional,
simulation-expensive settings.

Our approach expands on earlier efforts to apply Bayesian methods to
molecular simulations. For instance, Cooke and Schmidler’' emphasized a
simulation-as-prediction perspective, treating molecular simulations as
statistical models capable of generating experimentally testable predictions,
rather than as tools for fitting or visualization alone. Their treatment of FF
calibration as a predictive inference task aligns with our aim of describing
posterior uncertainty rather than producing a single best-fit parameter set.
In parallel, Angelikopoulos et al.”” introduced a high-performance Bayesian
uncertainty quantification framework using transitional MCMC and sur-
rogate models, explicitly quantifying FF uncertainty and its propagation to
derived properties—a conceptually similar goal, but relying on surrogate
models to approximate simulation outputs, whereas our method samples
from a synthetic likelihood based on direct simulations. As Cooke and
Schmidler note, using multiple observables “ensures that no particular
measurements are well described at the expense of others,” while Angel-
ikopoulos et al. highlight that too few data relative to parameters can lead to
“unidentifiable cases”; both points support our finding that diverse obser-
vables help constrain the posterior.

In contrast to surrogate-based calibration, our framework shares closer
methodological similarities with the BioFF method of Kofinger and
Hummer”, which also performs inference over FF parameters via iterative
simulation and ensemble reweighting. BioFF formulates force field cali-
bration as a Bayesian inference problem and updates parameters by opti-
mizing the agreement between experimental data and reweighted
simulation ensembles, using gradient-based optimization to refine the
posterior. While BioFF integrates reweighting with gradient optimization,
our work avoids ensemble weighting schemes and instead relies on
simulation-derived summary statistics that are asymptotically normally
distributed, enabling direct likelihood approximation via the SL approach.
This tradeoff reflects a different balance between inference tractability and
sampling accuracy: while BioFF avoids expensive resampling through
ensemble reweighting, its accuracy may suffer if the initial ensemble poorly
represents the posterior. In contrast, our method incurs a higher
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computational cost by relying on repeated simulations but provides more
reliable posterior estimates when summary statistics are asymptotically
normally distributed.

A complementary perspective is offered by Imbalzano et al.**, who
decompose uncertainty in machine learning-driven MD into sampling
noise and model error using committee-based learning. Their approach
relies on on-the-fly reweighting combined with a cumulant expansion
approximation to efficiently propagate uncertainty from model predictions
to thermodynamic observables. While methodologically distinct, this goal
aligns with our use of the unscented transform (UT) to approximate pre-
dictive uncertainty from a parameter posterior. Their results demonstrate
that such strategies can yield reliable uncertainty estimates for structural and
thermodynamic properties across diverse systems, and can inform robust
active learning strategies.

Finally, our results underscore the importance of rigorous statistical
error reporting and convergence diagnostics, as advocated by Grossfield
et al.”. Their emphasis on best practices—including effective sample size
estimation, confidence intervals, and equilibration analysis—reflects prin-
ciples incorporated in the treatment of posterior sampling and sigma point
propagation in this work. By adopting these practices, our Bayesian fra-
mework not only quantifies FF uncertainty but also aligns with community
standards for reproducibility and transparency’” and TRUE principles
proposed by Thompson et al.”.

Together, these contributions position our SL approach as a bridge
between conventional FF optimization and emerging probabilistic meth-
odologies for molecular simulation. Our parameter posteriors reproduce
AH,, and V,; within 2-3% of their experimental references (Table 1),
which is comparable to the best-performing models like OPC3. However,
other observables such as the hydrogen bond angle (8yp) show relative
biases of 17-19%, and thermal response properties such as D deviate by up
to 68%. These magnitudes are consistent with the findings of Cailliez and
Pernot”, who demonstrated that parameter uncertainty can dominate over
statistical sampling noise in molecular simulations. By decomposing the
error into parameter uncertainty, model bias, and numerical noise, our
framework reveals how even well-constrained parameters may yield poor
predictions when the functional form is insufficient. In this way, probabil-
istic calibration shifts the focus from merely fitting parameters to critically
evaluating the adequacy of the model itself, that is, whether the employed
functional form and parameter space are sufficient to reproduce the target
observables within their experimental uncertainty.

Recent work by Paliwal and Shirts™ introduced a reweighting-based
optimization framework that combines multistate reweighting and con-
figuration mapping to efficiently explore parameter space across wide
temperature and pressure ranges. Reweighting approaches such as the
multistate Bennett acceptance ratio (MBAR)*** and configuration
mapping™ provide an efficient means of estimating ensemble-averaged
observables across nearby parameter or state points, substantially reducing
the computational cost when sufficient configuration-space overlap exists.
While their approach can be viewed as an implicit likelihood maximization,
the resulting uncertainties stem from frequentist error propagation of
reweighted observables. In contrast, our Bayesian framework explicitly
samples the full posterior via synthetic likelihood and MCMC, yielding a
probabilistic description of uncertainty that captures correlations between
parameters and observables. Although our current dataset does not include
per-frame energies required for reweighting, integrating reweighting tech-
niques within a Bayesian synthetic-likelihood framework represents a
promising direction for future work.

Methods

In the original TIP3P model, water molecules are kept rigid at the experi-
mental gas-phase geometry, and the only contribution to the energy of a
system stems from non-bonded interactions. To model these interactions,
the Lennard-Jones 12-6 potential is used to describe van der Waals inter-
actions, while Coulombic interactions account for electrostatics. The
Lennard-Jones interaction is applied only between oxygen atoms, whereas

electrostatic interactions act between all atomic partial charges. The total
non-bonded potential energy between atoms i and j is given by:

12
99, 0 _
4meqty; + 4€OO |:< Ty

%4;

3
4megr

o 6
(%) } if ij e (0)
Unonbonded(rlj) = ’

otherwise
1)

Here, r;;is the distance between atoms i and j, € is the vacuum permittivity,
€oo and opp are the Lennard-Jones parameters for the oxygen-oxygen
interaction, and g;, gjare the partial charges. In three-point water models like
TIP3P, the two hydrogens carry positive partial charges, and the oxygen
carries a negative charge equal in magnitude to their sum, ensuring overall
charge neutrality.

Integration of experimental observables
A diverse set of observables are incorporated to constrain the inference of
non-bonded FF parameters. These are the enthalpy of vaporization (AH,,),
molecular volume (V),), structural features of the oxygen-oxygen RDF
(Foo,1 and g 1), average hydrogen-acceptor distance in a hydrogen bond
({rup)), and average hydrogen-donor-acceptor angle ({fy5)). Together,
these observables capture energetic and structural characteristics of
liquid water.

AH,, is calculated from the average potential energy per molecule as:

AH,,,

U
=RT - Nf’“ : @
M

where R is the gas constant, T the temperature, U, the total potential
energy, and N, the number of molecules. This relation holds for rigid water
models, where the internal degrees of freedom do not contribute to the
enthalpy and the kinetic energy is accounted for by the ideal gas term RT.
According to Berendsen et al.”” the following was used instead for OPC3:

U %4
_ pot P

where p is the pressure and V the volume of the simulation box. The
polarization term E,,,; is approximated as

2
S

where y is the dipole moment of the model geometry, pig,s and e, are the
reference dipole moment and polarizability, respectively of the gas phase.
The value of these two references, along with the temperature-dependent
correction term C accounting for the non-ideal gas behavior of
intramolecular vibrational modes, is provided by Horn et al’. Vj, is
computed as:

\4

Vyuy=—.
M Ny

(©)

The RDF could not be used directly, but rather 7, ; and g, , was used.
Specifically, RDF histograms are converted back to raw binned counts
independent of molecule count. These counts are integrated radially until
the known coordination number is reached, defined via integration to the
first minimum, here estimated to be 4.96 molecules per molecule from an
X-ray experimental reference RDF by Skinner et al.*”. Within this shell, the
mean and standard deviation of the counts are estimated assuming
Gaussian statistics. The RDF is reconstructed from this Gaussian
approximation, and the position and height of the resulting peak yield
00,1 and g ;> respectively. The tilde notation is adopted to emphasize the

npj Computational Materials | (2025)11:366


www.nature.com/npjcompumats

https://doi.org/10.1038/s41524-025-01879-w

Article

difference between these derived metrics and their traditional RDF
counterparts. This approach ensures that the structural features used for
inference reflect robust solvation shell properties rather than noise from
limited sampling. A visual demonstration of this calculation is shown in
Fig S1.

Finally, the hydrogen bond properties (ry) and (8yp) are computed as
the mean of their respective distributions, obtained from binned distance
and angle data. These observables provide a geometric assessment of the
model’s ability to reproduce hydrogen bonding behavior.

Bayesian framework for parameter estimation

A full Bayesian framework was implemented to estimate the posterior
distribution of non-bonded force parameters in a TIP3P-like water model.
The posterior distribution, P(6]y), is calculated using Bayes’ theorem:

P(Bly) o P(y|0)P(6), (6)

where 0 represents the FF parameters, y denotes the experimental obser-
vables, P(y|0) is the likelihood function, and P(6) is the prior distribution.
The likelihood quantifies how well a given parameter set reproduces the
data, while the prior encodes pre-existing knowledge or constraints. In this
study, uniform priors are used for all parameters, ensuring equal probability
across the defined bounds.

Synthetic likelihood and normality assumption

In cases like this where the likelihood function P(y|0) is analytically
intractable—e.g., when using noisy, simulation-derived observables—an SL
approach is employed. This constructs a likelihood using a parametric
approximation based on simulated data, under the assumption that the
observables are asymptotically normally distributed, as described below.
The likelihood is then simply a multivariate Gaussian:

1 1
P(yl6) = We@ (‘5()’ - #y)sz - My)> s ()
where N, is the number of observables, y, is the vector of proposed means
for an estimated parameter set 6, and X, is the corresponding covariance
matrix. This formulation captures both uncertainty and interdependence
among observables.

A key assumption of this framework is the asymptotical normality of
the observables for each 6. To assess this, the Shapiro-Wilk test'** is applied
to the individual observable distributions. At a significance threshold of p >
0.05, the normality test passes. For # independent observables, the prob-
ability that all marginals pass the test under true normality is approximately
0.95". Since the assumption of independence does not hold for the
observables in this study, Mardia’s test' was used to verify multivariate
normality. Unlike univariate tests, Mardia’s test provides a single joint
evaluation whose significance is based on the asymptotic y* and normal
distributions of its skewness and kurtosis components. While the SL method
is known to tolerate mild deviations from normality, strong non-Gaussian
features can lead to inaccurate posteriors".

When estimating %, care must be taken to avoid artificial scaling effects
related to system size. Additional adjustments are applied depending on
whether the observable is defined on a per-molecule or per-molecular-pair
basis. Because this distinction cannot be readily determined from the tra-
jectory output, the variance corresponding to the true per-molecule or per-
pair property must be estimated explicitly. Both AH,,, and V), are defined
per molecule. For a system with N,; molecules, where each molecule con-
tributes to the potential energy and occuples avolume while bemg correlated
with itself and N¢ neighbors, i +N

In contrast, properties derived from the RDF or hydrogen bond sta-
tistics are inherently defined per molecular pair. If, on average, each
molecule interacts with N neighbors, there are approximately Nj/N¢/2
unique pairs. Each such pair is assumed to be correlated with itself and with
the remaining 2N — 2 pairs formed by the atoms within the pair, leading to

NyNc/2
a total variance scaling factor of “—C/ For covariances between per-

molecule and per-pair observables, the scahng factor is taken as the square
root of the product of the respective variance scaling factors. These cor-
rections ensure that the covariance matrix X, reflects true statistical
uncertainty, avoiding distortions due to finite-size effects or local
correlations.

Metropolis-Hastings sampling
To explore the posterior distribution, the MH algorithm"” is employed. This
MCMC method samples from the posterior without requiring its analytical
form. Each iteration consists of proposing a new parameter set and
accepting or rejecting it based on the likelihood.

New proposals 6 are drawn from log-normal distributions to ensure
that the non-bonded parameters remain valid:

0, =16, with 5, ~ exp (N(O, O'éi>), (8)

where g controls the spread of the perturbation. The acceptance prob-
ability is given by:

)

A0 — 0) = min(l,P(y‘e/)P(e/)g(Q’ — 9)).

P(y|0)P(6)g(60 — 6')

Because the priors are uniform and proposals outside the prior bounds are
immediately rejected, the prior terms cancel. To account for the asymmetry
of the log-normal proposal, the Hastings ratio is included in the acceptance
probability. For a log-normal proposal, the proposal density is:

/ 2
_ (log 6; —log 6;) )7 (10)

g(er - 91) = 20_5

1
0, 00 /2 P <
and similarly:
log 6;) 2

/ _ 1 (log Gi _ i
80 =~ 8) = 0; 09 v/2m P <_ 2051 > (D

Since the squared log difference is symmetric, the exponentials cancel. The
Hastings ratio simplifies to:

g6, — 6) _
86, — 9;) B

1/6, 6,

1

Thus, the multiplicative factor #; appears directly in the acceptance prob-
ability due to the asymmetry of the log-normal proposal, leading to:

POI6)
P16 L H ) 49

A0 — 9) = min(

where Ny is the number of parameters. A proposal is accepted if A exceeds a
uniform random number u ~ U(0, 1); otherwise, the current parameter set
remains.

According to Roberts and Rosenthal on MH, “any algorithm with
acceptance rate between say 0.15 and 0.5 will be at least 80% efficient™.
Individual values of 6 are selected such that 88% of proposed steps remain
within bounds in the two-parameter case and 92% in the three-parameter
case. These choices yield an acceptance rate between 20% and 40%, con-
sistent with Roberts and Rosenthal.

The resulting Markov chain converges to the true posterior after a
sufficient number of iterations. To identify the burn-in period, the Geweke
diagnostic” is used, and initial samples are discarded until stationarity is
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reached. After doing so, a total of 101987 parameter samples were left in 2D
and 133288 in 3D.

Unscented transform sigma point calculations
To estimate uncertainties in observables without requiring a full posterior
sample, the UT* is applied. The UT approximates the propagation of
uncertainty through nonlinear models by deterministically generating a set
of 2Ny + 1 sigma points, centered around the posterior mean 6, and shaped
by the posterior covariance Xg. These sigma points are propagated inde-
pendently through the simulation model, and the resulting observable sta-
tistics are reconstructed via weighted averaging.

The sigma points {6”},_; and their associated weights W and W
are constructed as follows. First, a scaling factor is computed:

A= a*(Ng+x) — Ny, (14)
where & = 0.3, k =3 — Np, and f3 = 2 are used in this study.
The weights for the mean and covariance are then defined as:
A

O = 15

=N (15)
) _ A

R R (16)
wo—wh =1 i 1,...,2N,. (17)

To construct the sigma points, the matrix square root of (Ng + 1)Zg is
computed, e.g., via Cholesky decomposition:

0% =6, (18)
60 =0, + {\/(NG +A)29] L fori=LoNg  (19)
g — g, — [\/(Ng n A)ze} L fori=1. N (0)

Each sigma point corresponds to either two or three modified parameters in
the 2D or 3D case respectively. The models with these updated parameters
are then simulated independently to compute observables. For each point 4,
a set of block-averaged observable vectors Y(bl) is obtained over N, time
blocks. The final observable mean and variance are estimated by:

2N, LA
=Y W) (NZYL’)) 1)
i=0 b p=1
2N, 2
@:zw% ZY ) (22)
=0

To estimate the statistical error in the mean, the standard deviation of the
block-averaged observable is computed (aggregated using the mean weights
W,,,), and multiplied by N/

2N, ‘
SEy = N, '/ . StdDev (Z WS}Y;”) . (23)

i=0

This approach provides an efficient estimate of both the mean and uncer-
tainty in the observables without requiring full posterior sampling. The
Unscented Transform assumes that the underlying variables are approxi-
mately locally normal, allowing mean and covariance to be propagated
through nonlinear mappings using a finite set of sigma points. However, this

assumption need not be exact: the transform captures the mean and cov-
ariance correctly up to the second order for arbitrary distributions and up to
the third order when the variable is Gaussian, with errors entering only at the
fourth order and higher in the Taylor expansion of the nonlinear function™.
Consequently, the UT provides an accurate local linear estimate even when
the posterior deviates moderately from perfect normality.

Quantification of Errors

Beyond estimating parameters, the uncertainty in both the inference
observables and additional validation properties is assessed. By using the
observables Y corresponding to the sampled parameters of the posterior, the
coefficient of variation of the model can be computed as

v/ Var(Y)

CV(Y) = By (24)
the relative bias as
RB(Y.) =20, (25)

for a point value y, considered known, and the relative standard error as

ss/~/Np

RSE(Y) = B

(26)

where s is the block sample standard deviation of N blocks. This allows us
to evaluate how sensitive the observables are to parameter variations and to
identify systematic deviations.

Computational details

The grid point as well as the MCMC simulations were performed using
OpenMM" with a 1 fs integration time step on CUDA-enabled GPUs. Each
system was energy-minimized for 1000 steps, followed by equilibration for 1
ns in the NVT ensemble and 1 ns in the NpT ensemble. Production
simulations lasted 100 ps, with observables sampled every 1 ps. Simulations
for the parameter grid in Fig. 1 employed 2000 water molecules, while those
used in MCMC sampling in Figures S15, S16, 2, and 3 were reduced to 500
molecules for computational efficiency. Temperature was maintained at
298.15 K using a Nosé-Hoover chain thermostat™, and pressure was con-
trolled at 1 atm using a Monte Carlo barostat*’ applied every 25 steps. Water
molecules were treated as rigid”’. Non-bonded interactions were handled
using the particle mesh Ewald™ method with a 0.8 nm cutoff and an Ewald
error tolerance of 10~%. Lennard-Jones interactions were truncated at the
same distance, with long-range dispersion corrections enabled. Measure-
ments for AH,,, and V), were extracted directly from OpenMM outputs.
RDFs and hydrogen bond statistics were computed using GROMACS™.
Utilities from the Alexandria Chemistry Toolkit™ are used to manage force
field files.

During MCMC sampling, parameter proposals were applied on-the-
fly within a continuous simulation workflow. Each new parameter set was
introduced by loading a checkpoint containing the atomic coordinates and
velocities from the previously accepted state. This avoided unnecessary
repetition of minimization and equilibration, as most proposals resulted in
only minor perturbations to the system. To ensure the system remained
equilibrated after each parameter update, the final 100 ps of the trajectory
were compared to the preceding 100 ps using three statistical tests: the
Mann-Whitney U test™, the Kolmogorov-Smirnov test™, and the Student’s
t-test™. These were applied to the distributions of potential energy and box
volume. If all p-values indicated no significant difference (p > 0.05), the most
recent 100 ps segment was used to compute observable means and covar-
iances for likelihood evaluation. Otherwise, the simulation was extended by
an additional 100 ps, repeating the comparison until equilibrium was
confirmed. If a proposal was rejected—either due to its posterior probability
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or simulation instability—a backup checkpoint of the last accepted state was
used to restore the system before continuing the MCMC chain.

Simulations corresponding to sigma points from UT were performed
using GROMACS”, which provides convenient access to built-in estimators
for the validation properties. The consistency between GROMACS and
OpenMM implementations was verified (see Fig. S17). Each system was
energy-minimized using the steepest descent algorithm, followed by equi-
libration in the NVT ensemble for 1 ns and in the NpT ensemble for an
additional 1 ns. Production simulations were run for 50 ns with a 1 fs time
step. Temperature was maintained at 298.15 K using the Nosé-Hoover
thermostat with a coupling time constant of 0.2 ps, and pressure was con-
trolled at 1 atm using the isotropic Parrinello-Rahman barostat with a
coupling time of 2.0 ps. All bonds involving hydrogen were constrained
using the LINCS” algorithm, and water molecules were treated as rigid™.
Non-bonded interactions were handled using the Verlet cutoff scheme with
Lennard-Jones and Coulomb cutoffs at 0.8 nm. Long-range electrostatics
were treated using the particle mesh Ewald’' method with a Fourier spacing
of 0.12 nm and a real-space tolerance of 10~* Analytical long-range dis-
persion corrections were applied to energy and pressure.

RDF features, hydrogen bonding metrics, and validation observables
were computed using GROMACS analysis tools. The diffusion coefficient
and dielectric constant were obtained from the mean-squared displacement
(msd) and total dipole moment (dipoles) analyses of the NpT production
trajectories, respectively, rather than from separate NVE simulations. These
analyses were performed on the full trajectory and over 10 ns blocks to
estimate statistical means and uncertainties. For the posterior mean para-
meter set, an extended 200 ns simulation was carried out and similarly
divided into 10 ns blocks to assess statistical error.

Data availability
Data and code for Bayesian inference of TIP3P-like water models are
available on GitHub: https://github.com/pastaalfredo/Data.

Code availability
Data and code for Bayesian inference of TIP3P-like water models are
available on GitHub™.
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