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Abstract

We establish the local well-posedness of the Bartnik static metric extension problem for
arbitrary Bartnik data that perturb that of any sphere in a Schwarzschild {r = 0} slice. Our
result in particular includes spheres with arbitrary small mean curvature. We introduce a new
framework to this extension problem by formulating the governing equations in a geodesic
gauge, which reduce to a coupled system of elliptic and transport equations. Since standard
function spaces for elliptic PDEs are unsuitable for transport equations, we use certain spaces
of Bochner-measurable functions traditionally used to study evolution equations. In the pro-
cess, we establish existence and uniqueness results for elliptic boundary value problems in
such spaces in which the elliptic equations are treated as evolutionary equations, and solv-
ability is demonstrated using rigorous energy estimates. The precise nature of the expected
difficulty of solving the Bartnik extension problem when the mean curvature is very small is
identified and suitably treated in our analysis.

Mathematics Subject Classification Primary: 35Q75 - Secondary: 58J32 - 83C05 - 53C21

Contents

1 Introduction . . . . . . . . L e
Summary of MainResults . . . . . . .. .. L
Comparison with the Framework in [S]and [8] . . . . . . . ... ... ... . ... ... .....
Comparison with the Proof in [2] . . . . . .. . ... ...

2 Preliminari€s . . . . . . . . . e e e e
2.1 Properties of Static Vacuum Extensions . . . . . . . . ... ... L
22 Function SPaces . . . . . . . ..o e
2.3 The Main Theorem . . . . . . . . . . o i e et e e e e

3 Solvability of Elliptic BVP in Ay & (M) and APy oo
Proving H-Estfor £ > 1 . . . . . . . . o e
Proving C-Estfor € > 1 . . . . . . . . e

4 Reduction of the problem . . . . . . . . ..
5 Proof of The Main Theorem . . . . . . . . . . . . . . 0 it ettt e
5.1 Definition of the Artificial Vector Field X . . . . . . . . . ... ... ... ... .. .......

Communicated by A. Mondino.

B Ahmed Ellithy
ahmed.ellithy @mail.utoronto.ca

1 Department of Mathematics, Uppsala University, Uppsala, Sweden

Published online: 04 December 2025 @ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s00526-025-03175-3&domain=pdf
http://orcid.org/0000-0002-7051-239X

7 Page2of58 A. Ellithy

5.2 Definition and Existence of the Modified Solution . . . . . . . ... .. ... ... ........
5.3 The Vanishing of X for Modified solutions (g, u, X) . . . . . . . . . . ... ... . ... .. ..
5.4 Proof that D& is an Isomorphism . . . . . . . ..o oL
AAppendiX . . ...
A.1 A PDE of Finite Type for Conformal Killing Vector Fields . . . . ... ... ... ........
A.2 A Hardy-type Inequality . . . . . . . .. e
A.3 The Legendre functions Ppand Qp . . . . . . . . . .. o e
References . . . . . . . . L

1 Introduction

We consider the Bartnik static metric extension problem, which originates in the Bartnik
mass-minimization problem, [10, 11]: In the latter, one considers a topological 3-ball (B, g)
equipped with a Riemannian 3-metric of positive scalar curvature. A natural example of
such a metric arises on any compact space-like maximal hypersurface €2 (with boundary)
in a (3 4 1)-spacetime (M, g) that satisfies the dominant energy condition, where g is the
restriction of the space-time metric g to 2.

One wishes to assign a notion of mass to (€2, g); in fact ideally, [11], the notion of mass
should depend just on the restriction of g to d<2, the second fundamental form of 2 C M at
092, as well as the second fundamental form of 92 inside 2.

Bartnik’s definition, see [11, 18], considers such data on 02 and associates to it a class
PM of admissible asymptotically flat extensions (Mext, gext), and seeks to minimize the
ADM mass among all such extensions. There are many possibilities on how to define the
space PM of extensions, see [11]. The most “minimal” requirements are that the 3-metrics
Zext € PM should be of positive scalar curvature, the metrics on d Mex; induced from the two
sides €2 (interior side) and Mex, (exterior side) should match: gextlam., = glaq; moreover,
the mean curvature Hex; of d Mex; in My should agree with the mean curvature Hiy of
0 Mex = 02 with respect to the interior metric g over 2. Additional requirements, such as
the non-existence of closed minimal surfaces in the extension (Mex, gext) are very natural
(see [11]) and are also frequently imposed. Once the class of admissible extensions has
been chosen the Bartnik Mass is defined to be the infimum of the ADM masses, among all
admissible extensions.

An important feature of the Bartnik mass is the result of Corvino, [17, 18] that if this
infimum is attained for some (asymptotically flat) metric g, on a manifold Mex; with 0 Moy =
d€2, then this extension g must satisfy the system of equations:

Agf =0, Ricg= ! Hessg(f), (1.1)
as well as the two imposed requirements

glome, = glog, Hext(9) = Hint. (L.2)

A solution to the system (1.1) implies that the metric g = — f 2dt? + g on Mey x R would
satisfy the Einstein Vacuum equations, and also be static, in the sense that £y, g = 0.

Remark 1.1 ‘We note further that if the Bartnik minimizer exists, it is known—see [11]—-that the
metric giotal defined over Miora = Q2 Mexc by joining g with g across d Mey is generically
expected to be merely Lipschitz across the joining boundary dMex: The traceless parts
K g K |g of the second fundamental forms K |g, K |4 induced on 92 = 0 Mex, from the two
sides (€2, g), (Mext, g) are generically expected to not match.
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Remark 1.2 In this paper, we define the mean curvature of a surface in a 3-manifold as half
the trace of the second fundamental form of the surface. In particular, the mean curvature of
the round unit sphere in R is 1.

In view of the result of [17] the question of the attainment of the Bartnik mass leads to
the Bartnik static extension problem with data supported on a 2-sphere:

Question (Bartnik static metric extension problem) Consider a Riemannian 2-sphere (S 2 ¥)
equipped with a function H over S*. We consider a (topological) manifold M = R3\ B and
seek an asymptotically flat metric g over M which satisfies:

® glom =,

o the mean curvature Hexy of 9 M relative to g equals H, and:

o There exists a positive function f over M with f(x) — 1 as |x| — oo on M so that the
pair (g, f) satisfy the system of equations (1.1).

Definition 1 The system in (1.1) will be called the static vacuum equations. The pair of pre-
scribed data over S2 (the metric y and the putative mean curvature function H) will be called
Bartnik data. A solution (g, f) to (1.1) to this prescribed data with g being asymptotically
flat and f going to 1 at infinity will be called a static vacuum extension with Bartnik data

(v, H).
Two important examples of static vacuum extensions are:

1. The Euclidean solution (ge,c, 1) on R3 \ B; with Bartnik data (¥s2, 1), where yg2 is the
round metric on S2.
2. The Riemannian Schwarzschild solution (gs¢, f5c) with mass mg on R3 \ B/, and Bartnik

data (rgysz, f‘LOrO)), where ro > 2m( and

-
2,02, 2 2mg
gsc = fsc dr +r yst fsc = 1-— -

Since the static vacuum equations are highly nonlinear, one first hopes to achieve a local
well-posedness result near arbitrary solutions. In fact, Anderson and Khuri in [8] prove, by
means of counterexamples, that global well-posedness does not hold (see also [7]) . Nonethe-
less, there has been significant progress on establishing local well-posedness results. Miao in
[30] confirmed that the extension problem is locally well-posed near Euclidean Bartnik data
on the unit sphere under a triple reflectional symmetry assumption. This symmetry assump-
tion was later removed by Anderson in [6] with the result generalized by Huang and An in
[3] and [4] for a large range of connected embedded surfaces in Euclidean R3.

Subsequently, Huang and An in [5] introduced a general criterion for local well-posedness
near a given solution, which hinges on the triviality of the kernel of a particular operator. They
identified a class of static vacuum extensions they call “static regular”, characterized by the
linearized operator having a trivial kernel, as sufficient conditions for local well-posedness.
They showed that static regularity is, in some sense, generic for smooth hyper surfaces which
are already inside a static vacuum extension. However since this relies in a very essential
way on the data already lying in the interior of a given solution (which must be analytic),
this result does not guarantee genericity in any sense in the space of smooth Bartnik data.
Their findings in particular implies that for any given mo > 0 and € > 0, the set of radii
ro > 2mg + € for which the Schwarzschild manifold R3 \ By, with mass my is static regular
forms an open dense subset of [2mg + €, 00).
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Summary of Main Results

Our main result in this paper is establishing local well-posedness for perturbations of every
Schwarzschild solution, hence strengthening Huang and An’s result in [5]. We present a new
approach to this problem that can be applied to similar extension problems. In this approach,
we write the putative solution (g, f) with respect to a geodesic gauge, which was not used
before for this problem. One benefit of this gauge is that the connection coefficients of the
desired solution g can be linked to f by ordinary differential equations, where f provides the
forcing terms. More precisely, we will be considering the metrics g := f2 - g, whose Ricci
curvature must then satisfy: Ric;;(g) = 2V;u ® V;u (withu = In f), and we will reduce the
extension problem in (1.1) to an elliptic equation on u coupled with Riccatti equations on the
second fundamental form of g, with u providing the forcing term, and constraint equations
on the boundary coming from the contracted Gauss and Codazzi equations. We rigorously
establish estimates for the linearized operator and its inverse, showing that the linearization
of the reduced equations is an isomorphism on appropriate Banach spaces. We then invoke
the implicit function theorem on Banach manifolds to conclude local well-posedness.

An interesting remark concerns the expected difficulty of solving Bartnik’s extension
problem when the Schwarzschild sphere is very close to the horizon, in which the mean
curvature is positive but very small. This difficulty is anticipated by the black hole uniqueness
theorem (see [25]), which in particular implies the following: for surfaces with zero mean
curvature, the existence of static vacuum extensions fails unless the surface is a round sphere,
in which case the Schwarzschild exteriors are the only possible extensions. Therefore, one
expects that the space of allowed perturbations of the Schwarzschild spheres S, must be
shrinking as r goes to 2m. This also suggests that solving the linearized problem should be
progressively harder as r — 2mg. We do capture this difficulty in our analysis and resolve
it (see proposition 5.20), showing the solvability of Bartnik’s extension problem near all
spheres S, r > 2my.

The choice of gauge influences which Banach spaces are most appropriate to use. Due
to our choice of gauge, the equations in (1.1) reduce to an elliptic PDE coupled with trans-
port equations. Consequently, the standard spaces used for elliptic PDEs, such as weighted
Sobolev and Holder spaces, are not appropriate as they do not provide the correct setting to
solve transport equations. Instead, we use spaces of Bochner-measurable functions that are
traditionally used as the setting to study hyperbolic and parabolic PDEs (see [21]). More
specifically, the spaces we use for u are .Acgz’k) (M) and Aygz'k) (M) defined by (see defini-
tion 2.9)

wel? ([ro, 00); H"(S2))
we AgPP ) = louell, ([ro, o) H"—‘(S?))
Puell, ([ro, 00); H"_z(Sz))
ueCy ([ro, 00); Hk(Sz))
ue AcP My = louec? ([ro, 0); Hk_l(SZ))

uecC), ([ro, 0); HH(SZ))

where rg > 0,k > 2,and § € (—1, —%) is a weight introduced appropriately in the norms
of the above spaces to control the decay at infinity. These spaces are not traditionally used to
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study elliptic PDEs. In this paper, we establish solvability of a certain elliptic problem in the
above spaces. More specifically, defining the operator Q : u > (Agu, ulyp) with respect to
a certain asymptotically flat metric g on M = R3\ B,,, we demonstrate that (see chapter 3)

0: Aygz’k)(M) — L%_z ([ro, 0); Hk*2(52)> X Hk’I/Z(BM) is an isomorphism
0: Acgz’k)(M) — C&z ([ro, 0); Hk_z(Sz)) X Hk(aM) is an isomorphism

This result can be generalized to arbitrary asymptotically flat metrics and more general
elliptic boundary value problems, thereby establishing the solvability of such problems in
the above spaces.

An interesting comparison we can make to the above is the study of elliptic boundary
value problems in C¥ spaces. It is well known that there is no general existence theorem for
elliptic boundary value problems in Ck(M) (see [23] problem 4.9 for a counterexample). In
[23], the authors demonstrate via the celebrated Schauder and Calderon-Zygmund estimates
that Holder spaces Ck(Q) and Sobolev spaces H k(€2) on a bounded open set €2, instead of
C*(), have sufficiently nice properties allowing for general existence theorems for elliptic
boundary value problems. Modification of those spaces by including wights generalizes these
existence results to unbounded spaces (see for example [9]). In this paper, we establish an
existence theorem in Cg ([ro, 00): H¥ (Sz)) spaces, a mix of both Holder and Sobolev spaces.
Our work readily implies similar existence results in the spaces C([a, b] : H*(5%)) when
the domain is bounded.

Comparison with the Framework in [5] and [8]

Given the two different approaches to the Bartnik static metric extension problem, it is of
interest to describe the key differences between our framework and the one developed in
[5] and [8]. In the latter, the extension problem is formulated as an elliptic boundary value
problem in a certain gauge called the Bianchi-harmonic gauge. In contrast, our formalism
is based on a simpler equivalent conformal system (see equation (2.2)) and leverages the
fact that the Ricci curvature determines the full Riemann curvature tensor in 3 dimensions;
the extension problem is then presented, in a geodesic gauge, as an elliptic boundary value
problem on the lapse function coupled with transport equations on the second fundamental
form of the leaves of the equidistant foliation. Our framework has several advantages:

e Owing to the vanishing of the Weyl tensor in 3 dimensions, the complicated geomet-
ric equation fRic = Hessf simplifies to transport equations governing the evolution
of the second fundamental form (see equations (4.11) - (4.14)). This allows for a more
tractable analysis of the linearized problem, enabling us to establish local well-posedness
for perturbations of every coordinate Schwarzschild sphere, which strengthens the results
in [5]. This more accessible analysis may also open the door to addressing more gen-
eral extension problems, such as the generalized Bartnik metric extension problem for
non-time-symmetric initial data sets, where one seeks a stationary (rather than static)
extension.

e The linearized problem in our setting reduces to a novel nonlocal elliptic system (see
equation (5.105)) that seems to be fundamental to this problem. This new perspective
may serve as a useful tool for studying the global solvability of the problem and could
have further implications for the theory of quasi-local mass in general relativity.

e Our framework is flexible and can be adapted to use gauge foliations other than the
equidistant foliation considered here. For instance, one can apply the results in [24] to
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7 Page6o0of58 A. Ellithy

reformulate the geometric equations in terms of the foliation generated by inverse mean
curvature flow. This freedom may prove useful in analyzing the global solvability of the
extension problem and exploring new geometric perspectives.

e There are intrinsic obstructions to solvability that seem to be fundamental to this problem
which, in our framework, manifest in the contracted Codazzi equation (see the introduc-
tion to chapter 5). We are then able to relate this space in a natural way to the conformal
structure of the 2-sphere, providing an insightful geometric interpretation of these pecu-
liar apparent obstructions. We circumvent this difficulty by introducing an artificial object
to the definition of a solution to our problem (see section 5.1). A similar argument appears
in [3] and [5].

e The solvability of certain elliptic boundary value problems play a central role in this
extension problem. While [5] relies on standard elliptic theory in weighted Holder spaces
(see lemma 2.3 in [3] and lemma 3.3 in [5]), our framework necessitates working in
nonstandard function spaces, for which classical results do not apply. As part of this
paper, we establish new solvability results in these settings (see Chapter 3). The main
result, Theorem 3.1, may be of independent interest, with potential applications to other
extension problems involving coupled elliptic and non-elliptic (e.g., transport, parabolic,
or hyperbolic) PDE systems.

Remark 1.3 We note that a limitation of our approach is that it applies specifically to 3 dimen-
sional manifolds, whereas the framework developed in [5] extends to all higher dimensions.
In particular, in dimensions larger than 3, it is not yet known whether the extension problem
is locally well-posed near every coordinate Schwarzschild sphere. This reflects a key strength
of the approach by An and Huang as they are able to establish a local well-posedness result
for all but possibly a meager set of radii in higher dimensions.

Comparison with the Proof in [2]

As mentioned above, Huang and An in [5] reduce the local well-posedness of the Bartnik
problem to showing that a certain operator has trivial kernel (see theorem 5.1 in [5]). The
analysis of the current paper, namely proposition 5.20, readily implies the kernel is trivial
for coordinate Schwarzschild spheres of every radius in (2mg, 00), thus providing another
proof of the same result. This alternative proof is outlined in [2] by An, Huang, Alexakis and
the present author. The key difference between the current paper and [2] is essentially how
the surjectivity of the corresponding operator is proven. In [2], the surjectivity follows from
lemma 3.10 in [5], which is based on proposition 3.1 in [8], asserting that the operator is
Fredholm of index 0. In the current paper, surjectivity is shown explicitly in the framework
we use, owing to the more tractable analysis of our approach.

2 Preliminaries

Let M = R3 \ By.m, where n > 2 and mo > 0. Denote by ge,. the Euclidean metric on M
and by g the round metric on the unit sphere s2.

2.1 Properties of Static Vacuum Extensions

In this section, we will discuss some decay and regularity properties of static vacuum exten-
sions and demonstrate that they can be written in the geodesic gauge. More precisely, we will
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show that given a static vacuum extension (g, f), we can globally write the metric g := f~2g
in geodesic coordinates so that g takes the form

g=f2dr’ +y,,

where r is the distance function from the boundary with respect to g and yg,. is the induced
metric on the level sets of . Note that this form is directly observable in the Schwarzschild
solutions (gsc, fsc) as gsc 1S given by

Osc = fszzd}’2 + rzysz
Definition 2.1 Let > 0. A C> metric g over M is asymptotically flat of order 5 > 0 if there
exists a coordinate system (x] L x2, x3) near infinity in which the metric satisfies

e gij —6;j =O(x|™")
o dgij = O(x|"1)
o ddgij = O(Ix|7"72)

where 9 = ﬁ and |x| = v/|x!|2 + [x2|2 + |x3|2. For conciseness, we will write g;; =

8;j + O2(]x|™7) if the above conditions are satisfied.

Definition 2.2 For a metric g and a positive function f, we say that a pair (g, f) is a strongly

asymptotically flat if g admits a coordinate system (x!, x2, x?) near infinity in which
2m _2 m -2
gij= |1+ F Sij + O2(Ix™),  f=1- i + Oa(lx[) 2.1

The Schwarzschild solutions (gs¢, fsc) discussed in the introduction are examples of
smooth strongly asymptotically flat static vacuum extensions.

The system in (1.1) is equivalent to a lower order system of equations. Letting g :=
f2g,u :=In f, a direct computation shows that (g, f) solves equation (1.1) if and only if
(g, u) solve

Ricg = 2du @ du, Agu = 0. 2.2)

We will call the above equations the conformal static vacuum equations. We will call the
pair (gse, Use) == ( fszc @sc, In fi.) the conformal Schwarzschild solution.

By taking advantage of the form that the Ricci curvature takes for g, Murchadha in [27]
shows that every static vacuum extension (g, f) is strongly asymptotically flat and is smooth
away from the boundary. For the rest of this section, we will describe how this strong decay
and regularity of static vacuum extensions allows us to write the extension problem in a
geodesic gauge.

Let (g, u) solve the conformal static vacuum equations in (2.2). We wish to write the
metric g in geodesic coordinates. Let r(-) = dist(-, M) + ro be a shifted distance function
from d M. Due to the compactness of d M, the function r is smooth on a neighborhood of d M,
with d M excluded, and so defines a foliation near d M with the leaves being the level sets of r.
We can then write the metric with respect to this foliation as d 24+ ¥, where y; is the induced
metric on the level sets. This representation of the metric generally does not hold globally
and is valid only whenever r is differentiable. However, under a smallness assumption on
the Ricci curvature of g, it will hold that r is differentiable everywhere on M \ dM and the
metric can be written globally as dr> + y,. This follows from the next proposition, which
follows from a straightforward adaptation of the argument in proposition 5.01 in [15].
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7 Page8o0of58 A. Ellithy

Proposition 2.3 There exists T = t/(n, mg) > 0 small enough such that the following is
true forany 0 <t < 7.
If an asymptotically flat metric g on M of order n > 0 satisfies in Cartesian coordinates

1x171g — gsel + 1x"T1 |9 g — dgscl + [x|"F2|90g — ddgse| < T (2.3)
where | - | is with respect to the Euclidean metric 8, then:

1. The affine parameter r(-) = distys(0M, -) + nmy is differentiable everywhere on M \ 0 M
and defines a global radial foliation with leaves S, diffeomorphic to S*. Moreover, given
a coordinate system (x', x2, x3) near infinity as described in definition 2.1, r and |x| are
comparable in the sense that

Clx| <r < Clx| (2.4)

for some constant C > 0.
2. With respect to this foliation, we have

_% —1-n o — —1-7
trk = p + Oy (r ), K| = O1(r ) 2.5)

where K = Hess(r) is the second fundamental form on the leaves S,, tr K is the trace of
K, and K is the traceless part of K.

3. There exists a unique diffeomorphism ® : M — [nmg, 00) X S2 such that Plyy = Idg,
r(-) = 7, 0o ®(-) where 1, is the projection onto the first coordinate, and ®.g = dr’>+ Ve,
where 'y, is the push forward of the induced metric on S;.

This allows us to globally express the static vacuum extension (g, f) in geodesic coordi-
nates as follows:

g= f_zdr2 + vg,,» Wwhere yg, is the induced metric on S,

and, hence, justifies the space of metrics that we will be working in (see definition 2.8 in the
next section).

2.2 Function Spaces

In this section, we define the function spaces that we will be using. Fix k € Z>p and § € R.
From here onwards, we will identify M with the space [nmg, 00) x S 2,

Definition 2.4 We define the weighted Sobolev space H, é‘ (M) with weight § to be the space
of all functions u in HZIZ (M) such that [lu||; s < oo respectively, where

k

lulles = {/M (IDlul -r”‘s)zﬂdvr (2.6)

=0

where r = |x|, D is the connection with respect to the Euclidean metric on M, and dV is the
Euclidean volume form on M. We will also denote the space H g‘ (M) by L%(M ) whenk = 0.

Definition 2.5 We define the space Xg‘ (M) to be the space of vector fields X on M with
components X' := X (x")in H Sk (M), where (x!, x2, x?) is the standard cartesian coordinates.
The norm we use is

k
Xlps = H D'x H 2.7
X le.s g DX 2.7

@ Springer



Local Well-posedness of the Bartnik Static Extension Problem near... Page 9 of 58 7

Definition 2.6 Let H*(S?) be the usual L2 space, when k = 0, and Sobolov space, when
k > 1, on (52, vs2). Let M¥(8%) and H¥ (S2) be the space of metrics on $2 and symmetric
tensors on S, respectively, with components in H*(5?). The norm we will use is as follows:

(2.8)

2
L2(82)

k
11 5oy = D 1801
=0

where 1D is the covariant derivative on S? with respect yso.
Let QF(S2) be the space of 1-forms on $2 with components in H k($2). The norm used on
this space is as follows:

(2.9)

L2 (SZ)

k 2
2 . § /
=0

Definition 2.7 Let ¢ € Z=(. We define the space H ([nmq, 00); H*(S5?)) to be the space of
functions u in Hj, . ([nmo, 00); H*(S%)) such that ||lull ¢4, s < 00, where

L[ M 2
Nl s = Z/ B g Ou| 2.10)
v—o Y nmo Hk(82)

We also define the space Cg ([nmo, 00); H* (Sz)) to be the space of continuous Hk(8%)-
valued functions u on [nmg, 00) such that |[u|l ¢ k) s < 00, where

t
2 . —28+42t"
Il iy 5= D, Sup (r 2

r=nm
=0 = 0

0 u(r) Hz ) 2.11)

Hk(sZ)

We then define the space H} ([nmq, 00); M*(8?)) and H} ([nmo, 00); H* (S?)) similarly
to the above with norm

! %) 2
2 o —28—142t" || 4(t")
Wl e = y,8 = ;_0 /nmo r 9, "h(r) HHk(SZ)dr (2.12)

Definition 2.8 Define M’g(M) to be the space of metrics on [nmg, 00) X 52 of the form dr? +
g(r) where g(r) = r2(yoo + h(r)), oo € M¥(8?),and h € H} ([nmo, 00); H*(5%)). The
space M]g (M) can be naturally identified with an open subset of the Banach space H* (52) @
H(S2 ([nmo, 0); Hk(Sz)). This makes M]g(M) an open Banach submanifold of H*($?) @
H? ([nmg, 00); H*(5?)) and, in particular, a Banach manifold. Given gog € M& (M), the
tangent space Tg, Mg‘ is isomorphic to the space of tensors g of the form § = r2(Yuo + A(r)),
where 75 € H*(S?) and he H52 ([nmo, o0); H¥ (Sz)), equipped with the norm

180 = Wl + [, o @19

Definition 2.9 Let ¢ > 0. Denote by .AH((;[’k) (M) and Acgt’k)(M) the spaces

t
AP o) = () Hy (1nmo, 00); B (7))
t'=0
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7  Page 100f 58 A. Ellithy

t
AcY P = () €5 (Inmo, 00y B (57)) (2.14)
t'=0

equipped with the norms

2 2 2 2
u = max |lu s u = max |lu 2.15
Il 7= max Wl gy Bl o= max Bl gy 2:15)
Note that

ueAgi"P M) — forevery0 <t <1, 3 uell ([nmo, 00); Hk”,(Sz))
ue Acf;’k)(M) < forevery0 <t <t, 8r(’/)u € Cg_,/ ([nmo, 00); Hk_t’(Sz))
Denote the intersection of these spaces by Agt’k) (M) defined by

AFP 1) = A0 ) () Ac™ ()

equipped with the norm

2

flu ||Al(3t<k) :

_ 2 2
= Ogltﬁ}é(||“||ﬂ,(;/—>k—ﬂ),a + ||u||c,(t/_>k_t/),3) (2.16)

In the next proposition, we list some important results regarding the spaces we defined
that will be repeatedly used in the rest of the paper.

Proposition 2.10 (a) Letk > 0,t > 1andé§ < 0. Every functionu € Hg ([nmo, 00); Hk(Sz))

has a representative in C;O_CI ([nmo, 00); Hk(Sz)), which will also be denoted by u. Fur-

thermore, there exists a constant C > O such that for everyu € Hg ([nmo, 0); HF (Sz))
lulle,¢—1-0).6 < Clullg, ¢—i).s (2.17)

If in addition k > 2, then Br(t/)u(r) € Ck=2(82) for every r € [nmg, 00) and 0 < t' <
t — 1. Also, forevery0 <l <k—2and0 <t <t —1,

D9 Ul = o) asr — oo (2.18)

(b) Letdr*+ g(r) € M’g (M) withg(r) = rz(yoo + h(r)). Then with respect to the foliation
defined by the level sets of r, the trace and traceless part of the fundamental form satisfy

2
trk — —
-

e H, ([nmo, 0): Hk(Sz)), R enl, ([nmo, 0): Hk(S2)>
(2.19)

Furthermore, the metric dr® + g(r) is asymptotically flat if and only if yso is of constant
curvature 1.

(c) Letk; < ko, t1 < tr, and 5> < 81 < 0. Then the space Hg ([nmo, 00): Hk2 (SZ)) is com-
pactly  embedded in Hg: ([nmo, 00); Hk (Sz)). Furthermore, the  space
Cgi ([nmo, 00): Hk2 (SZ)) is compactly embedded in Cé'l ([nmo, 00); Hk (Sz)).

(d) Letk > 1and$ € R. Suppose a function u satisfies

well ([nmo, 0); H"(Sz)> (M), duel?, ([nmo, 0); H"_I(Sz)) (M)

Then for every r € [nmg, 00),

u(r) e H*12(s%)
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Proof (a), (b) and (d) follow immediately from standard results on Sobolev spaces (see [9]
theorem 1.2 and lemma 1.4, and [21] section 5.9).
We focus on proving (b). The metric g(r) evolves according to the equation

9-8(r) = trK g(r) +2K (2.20)

wherq K = Hess(r) is the second fundamental form on the leaves S,, tr K is the trace of
K, and K is the traceless part of K. Since g(r) = }'2()/Oo + h(r)), it follows that

2 1 ,
K = > S tr, 2 Goh), 2R =72 (3000) — trygn (3eh()g) 221

This directly implies equation (2.19)
In view of the Gauss and Codazzi equations, we get

R=2Ric( 2,2 +R 1t1<2+|1€|2
B PP STt :
3 0 1 .
Ric| —, — ) = —8,trk — —(trK)> — |[K|? (2.22)
or or 2

It follows immediately using equation (2.19) and the fact that the scalar curvature R, , of
(82, yso) is the limit of rZRS, as r goes to infinity that R decays faster than 2 if and only if
Ry, = 2. We conclude that the metric is asymptotically flat if and only if yo is of constant
curvature 1. O

2.3 The Main Theorem

Definition 2.11 In place of the mean curvature H, we will work with tr Ky := 2H for
convenience, which represents the trace of the hypothetical second fundamental form on
oM. From this point forward, we will denote the Bartnik data on M by (yss, %tr Ky). We

will also denote by (yg,. %tr K, .) the Schwarzschild Bartnik data, which is given by

, 2/1-2
ygsc (nm()) Vs2 r fsc nmo ( )

The statement of the main theorem is as follows.

Main Theorem Let M := R3\ Bumy where mo > 0 andn > 2. Let § € (—1, —%] and
k = 5. There exists a neighbourhood U of (yg,., %trKgsc) in MY @MY x HF(OM)
and a unique C! map H : (ym, %trK%) — (g,u) onU to M§(M) X Al(gz’kﬂ)(M) in
which (g, f) := (e~ g, e) solves the static Einstein vacuum equations with Bartnik data
(v, 5trKp).

Given Bartnik data (yss, %trK%) € U, the pair (g, u) = H(yss, %trK%) will then solve
the conformal static vacuum equations written out in equation (2.2). Due to proposition
(2.10), g and f are C% on M and satisfy, in some coordinates (x1 , X2, x3),

gij =8 + O2(IxlP), f=1+0(x]°) (2.24)

Moreover, the discussion in section 2.1 implies that (g, f) is strongly asymptotically flat and
is smooth away from the boundary.
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3 Solvability of Elliptic BVP in .AHfsz’k) (M) and .Ac‘(sz’k) m

In this chapter, we will establish the well-posedness of the elliptic PDE A, # = 0 on
(M, gs¢), subject to Dirichlet boundary conditions, in the function spaces .AHéz’k)(M ) and
Acgz’k) (M). Here, g is the conformal Schwarzschild metric on M = R3 \ Bj.m, given by

gsc = dr* + r(r —2mo)yse 3.1

andn > 2, mg > 0.
More precisely, we will prove the following theorem.

Theorem 3.1 Define the operator Q by:

For§ e (—1,—3landk = 1,
0: Aygz’kﬂ)(M) — (0 k l)(M) Hk+1/2(8M) is an isomorphism
and
0 Ac* VM) — AV (M) x HY N (9M) s an isomorphism
Remark 3.2 In particular, it holds that
0: .A;z'kH)(M) — A((;(lg_l)(M) X HkH(BM) is an isomorphism,
which will be used in section 5.4.

The map Q can be defined on the space Ag (2k+1) (M) and AC§2’k+l) (M) with codomain
AugPED oy < H2(0M) and Ac T l)(M) x H**1(3M) respectively. Indeed, we
deduce directly from the definition of our Banach spaces that for all u € A ng’k+])(M ),
2(r —mg) _ . 1

0,u
r(r — 2mg) r(r — 2mo)
— Ay (0 k 1) (M)
u(nmo) € H*T1/2(§?)  (by proposition 2.10 (d))

A il = 0% + Ky ii(r) € L3, ([nmo, 0); H’H(Sz))

Similarly, for all u € Acf;z'k+])(M),

_ _ . 2(r—mo) , . 1 - _
A il = 820 + o oy i s By i) € o, ([nmo, o0); HE 1(S2)>

u(nmo) € Hk“(Sz)
We recall the following result from Maxwell in [29]:
0: HBZ(M) — L%_Q(M) X H3/2(8M) is an isomorphism
To prove theorem 3.1, it then suffices to prove the estimates

il 4, 060 = CHQED 4, 040 k12 oy
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|IMIIAC<2.k+1> <C ”Q(”)||AC§‘L’;—‘>XHH1(3M)

forallzin Ay ((32,k+1) (M) and Ac; (2.k+1) (M) respectively. These estimates will be the content
of the next lemma.

Lemma3.3 e There exist a constant C > 0 such that for any u € AH((;z’kH)(M), the
following estimate holds.

1l 0xe0 = € (|8l g, 000 + Wil (32)

o There exist a constant C > O such that forany it € Acg (2k+1) (M), the following estimate
holds.

”IZHAC,(;Z’HI) <C (” Agscﬁ”.Acf;O’k_l) + ||ﬁ||Hk+1(3M)) 3.3)
Proof Since Agz'kﬂ)(M) is dense in both .AH((SZ’H])(M) and .Acfsz’kH)(M), it suffices to

prove both estimates for all # € Af;z’k“)(M ).
Letu € Agz’kﬂ). Define F := A, i and h := ii(nmg). Then

F e APV = 13, (1nmo, 00); H' (D) 1 €3, (Inmo, 00); H(57))
h e H* ' (0M)

We utilize the spherical symmetry of (M, g;) to reduce the equation Ag it = F to differ-
ential equations on the coefficients of i with respect to its spherical harmonics decomposition.
Decompose i, F, and h as follows

00 4 00 4
Q) =Y > am)Ynex). Fr.x) =Y Y bue(r)¥me(x). h(x)

=0 m=—¢ (=0 m=—¢

gr”qg

Z Cme Yme (X) (3.4)

for r € [nmg,o0) and x € dM. Here and below the spherical harmonics Y,,¢(x) are
viewed as functions over the unit sphere S2. These same functions will also be thought of
over round spheres of any other radius via the natural push-forward map. We will assume
that they are normalized with respect to the round metric ys on the unit sphere.

We first rewrite the norms of the relevant Banach spaces in terms of the coefficients
with respect to the spherical harmonics decomposition. For a nonnegative integer s and
f € H*(dM) with spherical harmonic coefficients f;,¢, the norm

1/2

o) £
£ s onny = (Z e+ 1)]slfmz|2> (3.5)

=0 m=—{
is equivalent to the standard norm on H*(d M). For a nonnegative integer ¢ and real number
7, we will rewrite the norm on H! ([nmo, 00); H*(5%)) (M) and C! ([nmo, 00); H*(5?)).
We begin with the norm on H! ([nmg, 00); H*(5?)) (M). Given a function v €
H! ([nmo, 00); H' (Sz)), recall that

2 ; > 28—1+21
1N e = D / r
/=0 " "M0

, 2
! v(r)H dr (3.6)

H(5?)
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Let vy, = vpe () be the spherical harmonic coefficients for v. The first term in the sum
becomes

o0 o0 Vi o
/nmo o201 ||v(r)||2 “(s?) dr = Z Z [1+4 2L+ 1)]S/ ”72871|Um((r)|2dr 3.7)

=0 m=—1{ nnmo

where we invoked the monotone convergence theorem to switch the order of the integral
and the infinite sum. Now for each 1 < ¢’ <t and r € [nmg, 00), we have that

/ Yine art/v(r)d(rsz = 8?/ Yme v(r)dog (3.8)
52 52

since 8,”_1 lives in Hch ([nmo, 00); LZ(Sz)). In light of the fact that v,,¢(r) = fS2 Yine v(r)
dog, it follows that v, are differentiable ¢ times in » and v,(é;) are the spherical harmonic

coefficients of 87 v
We can then rewrite the norm in equation (3.6) as follows:

ol g r = Z Z [1+€¢+ D Z/ P (v;;2<r>)2dr (3.9)
nmg

=0 m=—¢

where we have repeatedly invoked the monotone convergence theorem to switch the order
of the integral and the infinite sum.
Now consider a function w € C! ([nmg, 00); H*(5?)). Recall that

t
2 —2r+21'
1WIE gy, = Zsup( o
t'=0

Letting w;,¢ = w;,e (r) be the spherical harmonic coefficients for w, we have

8 w(r )H o Sz)) (3.10)

[ee) 4 t
N1 gy = D D0 1L+ DF Y sup (r 2 wl)en?) @G

=0 m=—¢ t'=0

It is then convenient to define the following norms for functions on [nmg, co): for a
function fi; € H! ([nmg, 00) and f> € C!([nmg, 00)), define

loc
’ ’ 2
il = Z / 2 (FO00) dr, 1R,
nmg
= Z sup (r 7274 (S, (1)?) (3.12)
t'=0

We denote by H!([nmyg, 00)) and C%([nmy, 00)) all functions f; € H/ .([nmg, oo) and
f> € C'([nmyg, 00)) in which || f; lg.sr <ooand || f2llc,., < o0 respectively.
Using the above notation, we can then write equation (3.6) and (3.11) as follows:

Wl e =2 > L&+ DT lomelly o TwIE (g
=0 m=—¢

00 4
=33 L+ L@+ D llwmelE, - (3.13)

=0 m=—{¢
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We now return to the statement of the lemma. Recall from equation (3.4) that

o i € APV (M) with coefficients aye € HE ([nmy, 00)) N C2(lnmyg, 00)).
o Fi=A, Ul € A(O k= 1)(M) with coefficients b, € L%_z([nmo, 00))NCs_2([nmg, 00)).
o h:=ii(nmg) € Hk+1 (52) with coefficients ¢p,y.

To prove the lemma, it then suffices to show that there exist a constant C > 0 independent
of m and £ such that

laz, ||HO,S L+ [+ e+ 1) ||a,,,z||,j,o(S L O+ 0+ DY llamellz 0

1 S (H-Est)
< CUllbmelFy .52 + [1+ £+ DP? |cmel

H“ ”cos , T+ e+ D] Hame ”cos p HI e+ DP? ”“M”COB
< C(Ilbmellc,o,g_z + 1+ 2+ D1 lemel®

(C-Est)

for each m and £. Indeed, if we multiply H-Est and C-Est by [1 4 £(€ + D71*~! and sum over
m and £, we get the two desired estimates in the statement of the lemma. We will demonstrate
this for H-Est: after multiplying H-Est by [1 + £(¢ + 1)]*~!, we sum over m and ¢ to get
the following three estimates

~ 12
llu ”H,(Z*)k*l),a
¢

o0
=3 ) O+ e+ D1 lamelly o5

=0 m=—¢
= Z Z [1+ e+ D)! (H“ ”HOS 2t ”"M”Hos 1 ”“W“HOS)
=0 m=—¢
o0 ¢ o0 l
<C (Z ST+ e+ DI bmeld 50+ Y D [ +EE+ 1)]"“/2|cmz|2)
=0 m=—¢ =0 m=—¢
=C (nFufMg_l> + ||h||§1k+1/z(sz)>
||ft||2H,(1—>k),s
00 4
=D > e+ D lanel, s
=0 m=—¢

¢
Z [1+ (¢ + D ( lape 3051 + ||amell?q,o,5)
¥4

| /\

£=0m=—1

o0
=0m
00 4 00 4
(Z DAL+ D bmelfros 2+ Y Y [T+ + 1)]k+1/2|cmz|2>
=0 m=—t
(nFu2 ST ||h||§,k+1/2(sz)>
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2
el 5 0= k+1).6

00 14
=33 4@+ D lamelF 05
=0 m=—¢
o0 L o0 ¢
<C (Z DAL+ DI Ubmellz 052+ Y, D [+ £+ 1)]k+1/2|cm£|2>
(=0 m=—1L (=0 m=—1L

_ 2 2
- C (”F”AHS;OJ;_D + ||h||Hk+1/2(S2)>
It then follows that
|Iﬁ||AH§2.k+1> =max {llullg. or—1).s» 1l a—r .5 Nl g 0-kr1).5) (3.14)
<C (”F”iﬂg%’;-” + ||h||i,k+1/2(52>) (3.15)

as needed.

The rest of the proof is then devoted to prove estimates H-Est and C-Est.

We first introduce a piece of notation. Given 2 quantities «, 8, we will write o < B if there
exists a constant C > 0 depending only on n, mg and §, such that « < CB. In particular, the
constant will not depend on i, F, h, m, and £. In this notation, the estimates that we will be
proving are

lamel13 05— + 11+ £+ DI a5 051 + 11+ €+ D llame) 13 0.5

S bmelly 0.5 + [1+ €€+ DI el
(H-Est)

2 2
lamellc0.5-0 + 1+ €€+ DT ap, () [ g5y + 1+ €+ DI llame ()% 0.5
S bmellE 0.5-2 + [1+ £+ DI [cmel?
(C-Est)

for every m and <.
The relation between iz, F and h,namely F = A, i and h = ii(nmg), imply the following
differential equation on the coefficients a,¢, by ¢, and cje:

r(r =2mo)ay , (r) + 20 — mo)ay, ,(r) = L€ + Daye(r)
=r(r —2mo)bye(r), r € [nmg, 00) (3.16)

amg(nmg) = cpe

We first consider the case ¢ = 0. we integrate once the above differential equation to get

r

r(r — Zmo)a(/)o(r) = / s(s — 2mo)boo(s)ds + n(n — 2)m%a60(nm0) (3.17)

nmo

which immediately gives the following estimate on ||a60 || C.05-1"
laollc.0.5-1 S lboollc.0.5-2 + lag(rmo) (3.18)
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To estimate ||aé)0 || H.0.5—1> We use equation (3.17) to get

) 2541 5 00 Fo20+1 r 2 5
0 (aby (r)dr < / _ (/ s(s — ZmO)boo(s)ds) dr + |ajn(nmg)|
/nmo 0 nmgo r2(r - 2m0)2 nmg 0
(3.19)

o0
< f 723 (boo (r))?dr + |agy (nmo) |* (3.20)
nmy

where Hardy’s inequality was used in the last line. We then conclude the following estimate
on [ g, HH,O,S—I:
lago “H,o,sq S Nbooll gr.0.5—2 + lagy(nmo)| 3.21)
We divide equation (3.17) by r(r — 2mg) and integrate to get
r 1 N
apo(r) = coo + /

_ s'(s" — 2mg)boo(s")ds'ds + aj(nm
e 5 = 2m0) e ( 0)boo(s") 00 (nmo)

R n(r —2mg) \ n(n —2)mg (3.22)
(n—=2)r 2
which, in the same manner as for "60’ gives the following estimates:
laoollc.0.6 < leool + 1boollc.0.5—2 + lagy(nmo)| (3.23)
laoollgr.0.5 < lcool + booll g.0.5—2 + lagy(nmo)| (3.24)

Using the fact that agp vanishes at infinity, we take the limit as r goes to infinity in equation
(3.22) to get the following expression for a(’]o (nmyg) in terms of ¢y and bgg:

2 o0 1 r
/ = e[ — — 2mo)boo(s)dsd
ago(nmo) 2 ln( ) < oo /r;mo T —2m0) /anS(S mo)boo(s)ds V)

n
n—2
(3.25)
which allows us to estimate a(’)o (nmg) to get
lago (nmo)| < leool + I1booll f7,0.5—2 (3.26)
lago(nmo)| < |cool + 1boollc.0.5—2 (3.27)

We now get an estimate for a(’)/o (r). Using the ODE in (3.16) we isolate for ago (r) to get:
2(r — mo)

a(/)/o(r) =boo(r) — ma(l)o(r) (3.28)

It then follows that
lago “c,o,sfz < lboollc,0,5—2 + ||“(/)o||c,0,5,1 (3.29)
llago ||H,O,<S—2 < Mboolla,0.5-2 + [ago HH,0,5—1 (3.30)

Combining the estimates for ago, ag, and afy, in equations (3.23), (3.24), (3.18), (3.21),
(3.29) and (3.30) together with the estimates for |a60(nm0)| in equations (3.26) and (3.27),
we finally deduce the desired estimates:

llacoll g 2.5 S lcool + I1booll fr.0.5—2 (3.31)
lacollc 2.5 < lcool + l1boollc,0,6—2 (3.32)

‘We now deal with the case £ > 1.
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Proving H-Est for £ > 1

26

We multiply both sides of the differential equation in (3.16) by r— g (r) and integrate

by parts to obtain:
o0
/ r= 27 (r = 2mo)al?, (r)dr
nmg
o0 26 +1
+/ [z(z FD+@5+1) (a - M)] r2-102 (r)dr
n r

mo

o0
= - f 0 G ()b (P)dr — (nmo) ™ mo(n — 2)emeal,, (nmo)
nmg

25 —1 _
+ ?(nmo)

‘We observe that for £ > 1,

2=lmo(n —2)c2, (3.33)

>0+ 1) — % (3.34)

z(z+1)+(25+1)<3-@)

and, hence, we have that

o0
2 25—
lape 3 051 + 11+ €€+ D llamelF o5 S / r= 3 (r = 2mo)ag, (r)dr

nmg
+ /oo [z(z D+ @5+ 1) (3 - w)] r 27102 (rdr (3.35)
nmg r
Deriving an upper bound for the expression in right hand side of equation (3.33) will then
lead to an upper bound for Ha,’n,Z Hi[,o,é—l + 1+ +1)] ||amg||%_,’0‘3.
We obtain an estimate for a;, ,(nmg) by multiplying equation (3.16) by a;, ,(r) and inte-
grating by parts to get

o 1 1
/ (r —mo)alz,(r)dr + (€ + 1) =c2, — —nm3(n — 2)a’?,(nmo)
nm 2 2

oo

- / F(r — 2m0)d, (Yo (F)dr (3.36)

mo

where we used the fact that a;fz (r)yr(r —2mgp) = o(1) and afne (r) = o(1). By estimating
the right side of the above equation as follows

o0
2
f r(r = 2mo)ay, (Mbpe(rdr| S 1€+ D1 a5 054
n

mo

L+ DIV 1bmelF 0,52 - (3.37)
we deduce that
(e (rmo)| S 16+ DIV e o5
HLE 4+ DI bmell17,0,6-2 + L€ + DI |cpel (3.38)

We can now estimate the right hand side of equation (3.33) to get

o0
- / 2 G ()b (P)dr — (nmo) ™ mo(n — 2)emeal,  (nmo)
nmo
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+ T_l(nmo)_za_lmo(n —2)cmy
Slamellg 0.5 1bmellg0.5—2 + lemel
(1t + D1 are |y 05 + LEE+ DT e ll1.0.5-2 + [ECE + D1 enel)
+ e (3.39)

We estimate each term appearing in the right hand side of the above equation. Let € > 0
that will be chosen to be small later on. Then we have

D(e)

2 2

lamell pr,0,5 Nbmell ,0,5—2 < €€(€ + 1) llamelly 9.5 + WwiD 1bmelly o.5—2 (3.40)
e+ D4, 1 )

Cme ||bm2||H,0,<S—2 = 2 Cme T+ 200 + 1)]3/4 ||bm£||H,0,372 (3.41)

cme [y ”H,o,a—l < ele€ + D17 ay,, ”?{,0,5—1 + D@L + D1V ey, (3.42)

where D = D(¢) is a constant depending on €.
Combining the above, we get

2
lape 30521 + 1L+ €€+ D llamel o 5 (3.43)

2
< Ce (£ + D lanelyos+ [ahel3y0,51) + CDE)
1
1/2 2 2
([e(e + D122, + WD ||bmg||H’078_2> (3.44)

for some constant C > 0 that only depends on n, mg, and §. Choosing € to be small, we can
absorb the expression multiplied to Ce in the above equation to the left hand side to finally
deduce

2 _
el 0.5 + (1 + €€+ Dl lameliFy o5 S T4 €€+ DI lbmelFr 052
+ 1+ e+ D12, (3.45)

which is the desired estimate for ||a;nz || H.0.5-1 and |lamell g 0.5-
We use the ODE in (3.16) to get

4

What is left is to estimate Ham[ H H.0.5-2"

2
2712k — 2mg)? (a;,;e(r))2 =21 |:bmg(r) + 0+ Dame(r) = 2(r — mo)a;ne(r)i|

(3.46)
‘We can then estimate
2 2
lame HH,o,a—z S bmelly 0,52 + 11+ £+ D lamell 0.5 + |ame ”H,o,a—l
+ L+ D lbmell ,0.5—2 lamell 7.0,
el 051 Nbmel e 05-2 + €€+ D lamell .05 |apel .o 51 (3.47)
2

ST+ e+ D apell .05y + 11+ €E+ DV lamelly o5 + NbmellFro s  (348)
S+ + DP e, + lbmelldyo.5-2 (3.49)
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where we used equation (3.45) in the last line. Combining the above equation with equation
(3.45), we finally get the desired estimate H-Est:

5 2
”‘1;7/12 ”H,O,8—2 +[14+2£+1)] ||a;/nl HH,O,S—I
L4 00+ D llamelr o5 < Ibmeld 0 + 11+ £+ D22, (3.50)

Proving C-Est for £ > 1

For r € [nmg, o0) define
r
z= o I, Ri=n—1, hu(@):=ame(r), [fme(2):=r@ —2mo)bue(r)

Note that R > 1 since n > 2. The desired estimate in C-Est in terms of % is then
2 2
|home ”c,o,a-z +[1+ £+ D ||A,, HC,0,5—1 (C-Est)
A+ €L+ D im0 5 S W fmellE o5+ [T+ L€ + DFPen

The IVP for a,,¢ in (3.16) becomes

(2% — DA (2) + 22k, (2) — €€ + Dhpe(2) = fne (@), 2 € [R, 00)
hme(R) = cme (3.51)
hme € HZ([R, 00)) N C3([R, 00))

The above ODE is the Legendre differential equation; the Legendre functions of the first
and second kind, P, and Qy, are two linearly independent solutions to the homogeneous
equation in (3.51) (i.e. with f;,, = 0) satisfying the following asymptotics as z — oo (see
[31] chapter 5 section 12):

Pi(z) = 0z, Qe =0@E""" (3.52)

We will frequently use some properties of those functions discussed and proved in section A.3
in the Appendix.
We normalize Py and Qg so that

lim z7¢Pz) =1, lim z/t1Qu(x) = 1 (3.53)
—> 00 —> 00

Using the method of Frobenius, we can expand P, and Q, as a sum of powers of z on
[R, 00), which we present in proposition A.5 in the Appendix. We rewrite the proposition
here for convenience.

Proposition 3.4 Py and Q, admit an expansion of the following form. For 7 > 1,

t o)
Pi2) =Y @z Qi) =) bz TF (3.54)
k=0 k=0

where the coefficients ay and by are defined recursively as follows:

ay=by=1, a=b =0
=k +2)C—k+ 1) L+ k-1D(+k)

k>2, ~2, =
forkz2, a 2 _kQl+1) P KT T okt D)

k—2
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We observe immediately from the above that Q,(z) is positive and 2102 is decreasing
on [R, 00).

Using the variation of parameters method (see [13]), we can explicitly write the solution
to (3.51):

hime(2) = AQe(z) + Pe(z)/ Qu(t) fne OIW ()(t> = )] 'dr
Z

+0¢(2) /1; Py(t) fne OIW () (1> — 1] ™' at (3.55)

where W (1) := Py(t)Q,(t) — P;(t)Q(r) is the Wronskian and A is defined by

1 (sz Pe(R)/ Qu(t) fne OIW (1) (1> — )]_ldt> (3.56)
T 0uR)
Note that W (7)(t2 — 1) is a constant by Lagrange’s identity (see [32] pg 354). We compute
that constant to be 2¢ 4 1 by taking the limit as z goes to oo in the expansion of Py and Q.
We summarize here some estimates on the Legendre functions uniform in z and £ that we
prove in the Appendix (check proposition A.6): There exists a constant C = C(R) such that
forany £ > 1 and z € [R, 00), the following holds

", 2z - 041 2z ‘
z | P(2) =C (7) .z Qe =C <7) (3.57)

z+Vz2 -1 2+ V2 -1
2z -t 2z ¢
—(t=1)| pr 042 oy
z |Pp(2)] < Ct (7) . =C (7)
‘ z+v22 -1 ‘ z+V2 -1
(3.58)

‘We note that the function

Z__ g decreasing on [R, co) and is bounded below and
. z+. Zz_] . . . .
above by 1 and 2 respectively. Using the expression for /¢ in equation (3.55) and the uniform
bounds of P; and Qy in equation (3.57), we obtain

e @] < 270 ANQe () + 27 2€+1|PK(Z)|/ | Qe fme()1d1

+z 26+1|Qe(2)|/ [Pe (O] fme(1)|d1 (3.59)

TIA|Qe(R)RT !

Cc? s 55( 2z >_{Z * 2t ¢ 1.5
+ supt =] fne ()] ) 2870 (——e / A ey
25"‘1(211; " ) 2+ V2 -1 : \r+r2 -1

Cc? s —1-5 2z £ 2t B 0,8
+ o \supt | fme@®l )27 <7> / <7) trde
2£+1<t2R " 2+ V22 =1/ Jr \t + V12— 1

(3.60)
C? 1 1 R
<A RYR™S ;9 ‘ L S RN
< |A|Q¢(R) +2£+1<ZS§E Ifme()|><g_8+z+l+a( (Z)
(3.61)
It immediately follows that
Imellc.0.6 S 1AIQe(R) + €72 | fmellc 0.5 (3.62)
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To derive an estimate for |A| Q¢ (R), we use equation (3.56) to get

| |Q ( ) = | | i t 5|f (t)| ¢ e
A R + sup R
4 = [Cme 20 1 me ) 1

t>R R
/Oo< 2 )ZI_Z_lt‘sdt (3.63)
R \r+/12—1 '
C?RS s
< lem | supt | frue (¢ 3.64
< lcmel + T D=3 (gg | fme( )I) (3.64)

The above estimate for |A|Q¢(R) together with equation (3.62) implies
Ihmelc.os S lemel + €72 1 fmellc0,8 (3.65)

To achieve an estimate for ||/, |~  ;_,, We take the derivative of equation (3.55) to get

e (2) = AQg(Z)+ Pg(Z)/ QZ([)me(t)dt+ Qg(Z)/ Py (1) fme(0)dt
(3.66)

In a similar manner, we will apply the uniform bounds on P, and Q; in equations (3.57) and
(3.58) to obtain the desired estimate for ||h Using the above equation for &), , as
well as equations (3.57) and (3.58), we get

mZ“CO(S 1

@] < AN @+ o

1P f QeI fne (1) d

+z*‘”12£ +1|Q5(Z)| f | Pe(0)|| fme(1)]d1 (3.67)
ce 2z -t
Lo+l L [
< |AI1Q)(z W+ 5t (supr Ifme(l)|>z <Z+m>

/ (2 et
z t+12 -1

+ e 170 e ] ) 21 (722 )Z
Su; Z
2w\ T+ V2 -1

¢ 2t ot 0,8
J ) o0
<A@+ —— e (supr Ifmz(l)|>
20 + 1
( 1 n 1 (1_(7)@-84—1)) (3.69)
L—6 L£4+1+46 z

We estimate the term z 51! |A||Q (z)]. First, we observe from the expansion of Q(z)
in proposition A.5 that z/*2 Q) ¢(2) is negative and increasing on [R, 0o), which in particular
implies that

A0, ()] < 27 THAIQ(R)|I R 42 (3.70)

R I
<zt (;) R*|A[|Q,(R)| (3.71)
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< RMAJQ)(R)| (3.72)

We then use the recursive relation for Q[ in equation (A.44) to deduce that
|0y (R)| = ( RQ¢(R) + Q¢-1(R)) (3.73)

< ﬁszl(R) (3.74)

which, in light of equations (3.72) and (3.64), implies that

zR—tS—H
L1
|Al1Q;(2)] < 21 A1 (R) (3.75)
KR_(S-H C2R5
— t- t 3.76
= et o+ G pa =g (e @l ) 376
The above together with equation (3.69) finally lead to the desired estimate for ||hm ¢ H C.OS-1"
[iell 0,51 S Clemel + €71 ML funellc 0.5 (3.77)
What is left is estimating ”hmz ”c 0.6-2" Using the ODE satisfied by &, in (3.51), we
have
3-8 2-8 728
- b4 L+ 1)z
Ry, () = — B + = hne@ + S @ (378)

which then, using equations (3.65) and (3.77) implies

Imelc05-2 S 1rmell .51 + €€+ D lmelic.o,s + I fmellc.o,5 (3.79)
< Clemel + I fmellc.os (3.80)

The above equation together with equations (3.65) and (3.77) finally imply the desired
estimate:

Hhﬁé Hc 0,6—2 + [+ €08+ D] ”hml Hc,o,a—l (C-Est')
F A+ L+ DP ImelE o5 S I fmellE o5+ [+ £E + Dy

This concludes the proof of the lemma. O

4 Reduction of the problem

In this section, we reduce the static Einstein vacuum equations into a simpler system involving
ODEg, the Laplace equation on M, and first order partial differential equations on M.

Let g be a metric on M of the form dr? + g(r), where g(r) is a metric on $2 for each
r € [mmg, 00). The level sets of the function r defines a foliation with leaves denoted by S;.
We define the unit vector field n := % that is normal to the foliation. We denote by Y and
47 the covariant derivative and divergence with respect to the induced metric g(r) on S,,
and { the exterior derivative on S,.

We then define the second fundamental form K as the (0, 2) symmetric tensor field on M
that is tangential to the leaves S, of the foliation and satisfies:

K(X,Y):=g(V,X,Y) 4.1)
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for vector fields X, Y on M that are tangential to S,. We will decompose K into the sum of
its traceless and trace parts:

L1
K=K+ EtrK g
Note that Hessg (r) = K and Agr = trK.

The following equations on the leaves S, describe the evolution of the geometry on M in
terms of K and Ric (see [15] and [28]). Given coordinates (r, 67, 92) on M,

1 .
07K + S (trK)? + |KI* = —Roo 4.2)
. A 1
V:Kij +trKK;; = —|:Rij+§g,'j(Ro()—R):| 4.3)
kR = R
Rs, 2(trK) + |K|" = R — 2Rpo “4.4)
N 1
V'Kji — EWI'IVK = R (4.5)
d-gij = 2K +1rK g (4.6)

where i, j = 1,2, Ry, is the scalar curvature of (S,, g(r)), R is the scalar curvature on
(M, g), and Y is the connection on (S,, g(r)). Moreover, Ry := Ric(n,n) and Ry; =
Ric(n, 57) fori =1,2.

We note that the left side of equation (4.3) can be simplified as follows

V,I?ij +IVKI€,']‘ = arkij — 2Féjkﬂ + trKI%ij 4.7
= 0,Kij — 2K Ky (4.8)

Equation (4.3) can then be written as follows:
2 ol 1
([,% K)ij — 2K§ Kij=— |:Rij + Egij(Roo — R)] (4.9)

The above equations determine all the components of the Ricci curvature of g. More
specifically, if the right hand sides of equations (4.2) to (4.5) are known on all the leaves,
then the Ricci curvature can be fully recovered. In fact, if we in addition know that (g, u)
solves the conformal static vacuum Einstein equations for some function # on M, then, due
to the contracted Bianchi identities, equations (4.4) and (4.5) need only to be imposed on the
boundary for the Ricci curvature to be fully recovered. The next proposition will prove this
fact and will demonstrate the desired reduction of our problem.

Reduction Theorem Let (ysm, %trKgB) be Bartnik data. Let g = dr? + g(r) and u be a

metric and function on M respectively, where g(r) is a metric on S* for every r € [nmyg, 00).
The pair (g, f) = (e"2"g, e) solves the static Einstein vacuum equations with Bartnik data

(s, %trK%) if and only if (g, u) satisfies
Agu=0, onM (4.10)

1 .
otrK + EtrK2 +IKP>+20,u)>=0, on M 4.11)
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VK +1rKK + [2du @ du + g(r) ((3,1)* — |Vu|*)]| =0, onM 4.12)
. 1

21Vul? = 20,u)> — |K|> = Rym + Ezr1<2 =0, ondM (4.13)
L1

2(0,u)du — Aiv(K) + EdtrK =0, onoM (4.14)

e gl = vm. ondM (4.15)

e" (trKlyy — 20,u) = trKes, ondM (4.16)
Proof The “only if “ direction is clear from equations (4.2) to (4.5). We prove the “if
direction.

Suppose (g, u) satisfy equations (4.10) to (4.16). It suffices to show that Ric = 2du @ du.
We first decompose the Ricci curvature of g with respect to the foliation. Let IT be the (1, 1)
projection tensor field defined by

I = sk — ntn, (4.17)
We then define the function Q, the 1-form P tangential to the foliation, and the (0,2)
symmetric tensor field S tangential to the foliation as follows:
Q = Ric(n,n), Py =T n"Ryy, Sy =TT Ry (4.18)
The Ricci curvature of g can then be written in the following way:

Ric=0n®n+P®n+n®P+S (4.19)

where n is the 1-form achieved by lowering the index for n. We will omit the underbar when
we write n in components.
Define the function H on M and the 1-form A tangent to the foliation in the following
way:
H:= R —2|Vul? (4.20)
A:=P —2n(u)du 4.21)
We now compare equations (4.2) - (4.5) with equations (4.11) - (4.14). From Equation
(4.2) and (4.11), we deduce on M that

0 =2n(u)* (4.22)
From equation (4.3) and (4.12), we deduce on M that
S=2du®du+%)/H (4.23)
We also have by definition of A:
P =2nuwdu+ A (4.24)
From equation (4.4) and (4.13), it follows that on 0 M,
R —20 =2|Vul*> — 4n(u)? (4.25)
which gives us:
Hlyy =0 (4.26)

From equation (4.5) and (4.14), we get:
Algy =0
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To prove the statement, we just need to show that H, A = 0.
We first prove the following lemma.

Lemma4.1 Let dr? + g(r) be a metric on M where g(r) is a metric on S* for every r €
[nmg, 00). Suppose that the Ricci decomposition relative to the foliation defined by r, as
written in equation (4.19), is

0 =2nw)? P=2nwdu+A, S=2duQdu+ %g(r)H 4.27)

where u is a harmonic function on M, H is a function, and A is a I-form tangent to the
foliation.
Then A and H satisfy
(VoA + A KL +trKAg =0 (4.28)
Vo.H + HtrK = 2div(A) (4.29)
Proof Recall the second Bianchi identity:
1

S VR = Vi Ry, (4.30)

where w,v =0, 1, 2.
‘We can write the Ricci curvature as follows:

Ric=0n®n+P®n+n®P+S 4.31)

We compute the divergence of the tensor 2du ® du to be:

VHQ2du ® du) ., =2V*du,du, + 2du, V*du, (4.32)
= Audu, + 2Hess(u)(Vu, 9,) (4.33)
= V,|Vul? (4.34)
where Au = 0 was used in the last line. Using the Bianchi identities, we get
1 1
EV‘,R:V“(Zdu@du—f—A@ﬂ—i—Q@A—l—EHy) (4.35)

j7aY
= VFQdu ® du),y + V*Aun, + A Vi, + Vin, Ay 40, VA, (4.36)
1 o1
+ EVU/HI'[U + EHV“(g,w — nyny)
= Vy[Vul® + VFAun, + A KP4+ 1trK A, + V, A,

1 Col
+ 5V HIL = S HirKn, 4.37)

where HZ’ = SZ/ - n”/nu. We also used the fact that y,,, = g, 1) ny = uv — NyNy.
Using fermi coordinates (r, 6!, 92) and lettingv =i = 1,2, we get

(VaA)i + AjK! +1rKA; =0 (4.38)

Letting v = 0, we get
V.H + HtrK =2V*A, (4.39)
as desired. O
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We then have that A satisfies,

(Vi) + AiKp +trKAy =0, on M (4.40)
A =0, on oM
By the existence and uniqueness theory of ODEs, it follows that A = 0.
Since div(A) = 0, we get that H satisfies
V,H + HtrK =0, M
nH o (4.41)
H =0, on oM

By invoking again the existence and uniqueness theorem of ODEs, we deduce that H = 0.
]

5 Proof of The Main Theorem

The reduction theorem in section 4 suggests that we study the map

W ML @MY x HE@OM) x ME(M) x AZFTD
— APED oy x Lg,z([nmo, 00); Hk(S2)> x L§,2<[nm0, 00); Hk(52)>

x H*1 (M) x Q1 (9M) x HE(9M) x H*(9M)

Agu
dtrK + LtrK? + K% +2(8,u)?

| VK +trKK + [2du ® du + g(r) ((3,0)> — |Vul?)]
U(yes, —trKes, g, u) = 2|Yul? = 2(8,u)* — |K > — Ry + StrK?

2 [P 1

2(9,w)du — dev(K) + ydirK

e gy — v

trK|gy —e ™ (trKss + 2¢"0,u)

5.1

where 17K and K are with respect to the metric g, and Rjyys is with respect to the metric
e?*ygs . Furthermore, norms |-| used in the second, third and fourth line are with respect to
the metric g.

We wish to show that there exists a map taking Bartnik data (ys3, %trK ») close to
Schwarzschild data to a pair (g, u) satisfying W (ym, %ersB, g,u) = 0, showing that
(g, f) = (e 2u g, e") solves the static Einstein vacuum equations with Bartnik data
(ys, %tr Ks). This can be achieved by first attempting to show that the linearization of W
with respect to (g, u) at (yg, ., %trKgﬁc, gsc» Uge) 18 an isomorphism, or merely surjective,
and then invoking the implicit function theorem. However, the linearization of the contracted
Codazzi equation, in the fifth line of the definition of W, leads to obstructions to surjectivity
stemming from the divergence operator acting on symmetric traceless tensors on 2. More
specifically, we are faced with the cokernel of the divergence operator: a 6-dimensional space
of obstructions equal to the space of conformal Killing vector fields on $2.

This difficulty does not preclude the possibility of finding solutions given arbitrary Bartnik
data close to Schwarzschild data. A similar situation arises when one attempts to show the
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existence of metrics on the sphere with prescribed scalar curvature (see [26]). The operator
of study will not satisfy the conditions for the inverse function theorem, yet existence holds
as shown in [3]. In our case, we circumvent this difficulty by introducing an artificial object,
in the form of a vector field X, to the meaning of a solution to our problem, proving its
existence using the implicit function theorem, and then finally showing that this vector field
X vanishes, yielding a solution to the original problem.

5.1 Definition of the Artificial Vector Field X

As explained in the introduction of section 5, the contracted Codazzi equations give rise to
obstructions that are in correspondence with the space of conformal Killing vector fields on
§2. We will overcome these seeming obstructions by introducing an artificial vector field X
to the definition of a solution; this means that the solution will consist of a metric g, a function
u, and a vector field X. This needs to be done in a way so that, firstly, the corresponding
modified problem is solvable, and secondly, the artificial vector field, in fact, vanishes for
a solution to the modified problem, yielding a solution to the original problem. To achieve
this, the artificial vector field X needs to be carefully defined, which will require a certain
way of uniquely extending conformal Killing fields from S to the ambient manifold M. This
procedure will be outlined in this section.

Notably, Huang and An have also introduced an artificial vector field X in [3] and [5]
for analogous purposes; specifically, they define X to be a vector field that vanishes on the
boundary and asymptotically approaches a Killing vector field at infinity. In contrast, we will

T
define X to be a vector field that satisfies (E 9 ) = 0 on the boundary and asymptotically

approaches a conformal killing vector field on (M, gs.) that restricts to a conformal Killing
vector field on (M, ys2).

Given a metric g and a vector field X on M, we denote by L, conr X and Ag conr X the
conformal Lie derivative of g with respect to X and the conformal laplacian of X defined by

LogconfX =Lxg AgconfX :=divg (L consX) (5.2)

where Z;E is the traceless part of Lxg. It follows that X is conformal Killing on (M, g) if
and only if Lg conr X = 0.

Definition 5.1 Given a conformal Killing vector field Xcx on (dM, yg), we denote by
X ck the unique vector field on (M, g.) extending X cx on d M and satisfying the evolution
equation

E%XCK =0, inM (5.3)

Also, we will use “;l«iﬁygz (Xck)"” to denote both the divergence of Xcg on (0M, yg) and
the same function extended to a function on M independent of r. It should be clear from
context which one we are referring to.

Definition 5.2 Define the space X, as the space of conformal killing vector fields X, on
(M, g_yc) of the form

Xoo = f(l’)(d't/ySQ (XCK)> +h(r)Xck (54

where f = f(r) and h = h(r) are smooth functions on M such that f = 0Oand 2 = 1 on
dM and Xck is a conformal Killing vector field on (dM, ys2).
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In the case that X is Killing, equation (5.4) becomes
Xoo = h(r)Xck (5.5)
Lemma 5.3 Let Xcg be a nontrivial conformal Killing vector field on (9M, ys2).

(a) Suppose Xck is Killingon (0M, ys2). Then h = 1is the unique smooth functionh = h(r)
on M inwhichh = 1 on oM and X ~, defined by equation (5.5), is conformal Killing on
(M, gsc)- In fact, X 5, would also be Killing.

(b) Suppose X ck isnot Killing on (0 M, ys2). There exists unique smooth functions f = f(r)
and h = h(r) on M such that f =0, h = 1 on M and the vector field X ~, defined by
(5.4) is conformal Killing on (M, gs). Furthermore, f = O(r?) and h = O (r?).

In particular, X is a 6 dimensional vector space of conformal Killing vector fields on

(M, gsc)-

Proof We will repeatedly use the following identity of the Lie derivative: for any vector fields
X,Y, Z and any (0, 2) tensor field 7 on M,

[[ZXT](Y, 7) = X<T(Y, Z)) —T(X,Y],Z) =T, [X,Z]) (5.6)

We first prove (a). Suppose Xcx is Killing on (9M, ys2). It is clear that h(r)Xck is
Killing on (M, gsc) for h = 1 on M as it is a rotation vector on the spherically symmetric
Schwarzschild manifold. Now suppose 7 = h(r) is a smooth function such that 2 = 1 on
dM and h(r)Xck is conformal Killing on M. In particular, we have that

0 —
0= [ﬁh(r)ﬂgs‘c] <37’ XCK) (57)
3 S, R 3
= &sc ([37 h(r)ch] , ch) + 8&se ([Y h(r)Xck |, 5) (5.8)
=n'(r)gseXck, Xck) (5.9)

In view of the fact that Xcg # 0, it follows that #” = 0 and so &7 = 1 on M as needed.
We now prove (b). Suppose X ¢ is not Killing on (0M, ys2).Let f = f(r) and h = h(r)
be smooth functions on M. Recall that the metric gy can be written as

8sc = dr? +r(r —2mo)ys2

Only for the proof of this lemma, we will denote the function MVSZ (Xck) by By for
simplicity of the notation. Recall that By, is understood as a function on M or a function
on 9 M depending on the context, and that By, as a function on M is constant in r.

Since X c is not Killing, we have that By ., is nonzero. Moreover, after fixing a spherical
coordinate system on d M, the vector field X cx can be written as a linear combination of the
vector fields VVSZ Y ,ffl ,form = —1,0, 1, where Y,flzl are the ¢ = 1 spherical harmonics on
oM. In particular, it holds that

Yy Bxex = —2Xck (5.10)
This implies that
1
Ve, (Bxex) = mv@ (Bxcx) (5.11)
2 _
=X 5.12
r(r —2mg) cK ( )
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For Xoo = f(r)Bx.x % + h(r)Xck and arbitrary vector fields Y, Z tangent to the
foliation, we compute

[c ] LA I x.|.2 (5.13)
Xoo8sc aror) = 8sc a5’ oo iy .

=2f'(r)Bxex (5.14)
[zx g‘-](i Y):g,([ix ] Y)—I—g“([YX ] 3) (5.15)
00 &SC 81" ’ sc 3]" k) o0 ) Sc k) ool 8}" .
=h'(NgseXck.Y)+ f(r)Y (Bxcg) (5.16)
=h'(r)gseXck.Y) + f(r)gse (VBxcg. Y) (5.17)

2 .
= <h/(r) - 7f(r)) (XK. Y) (5.18)
r(r —2mg)
[£xe8se | (V.20 = L1000y, 28| VD + [ Lhpxarae| 2 5.19)
= 1) Bxcy 1rKse 85c(Y, 2) + 1 = 2m)h(r) [ Lxcvee (Y. 2) (5.20)
= £(r) Bxey trKse 85e(Y, Z) +1(r — 2m)h(r) Bxeg ve2 (Y. Z) (5.21)
=[f(MtrKge +h(r)] Bxcg gsc(Y, Z) (5.22)

In the above calculation, we used the fact that X ¢ is conformal Killing on each leaf and

hence Lx Vs = Bxcg Vs2-
It follows that Lx_ g is conformal to g, f = 0 and h = 1 on 9M if and only if the
pair (f, h) satisfy the following on [nmgq, 00).

2f'(r) = f(trKge + h(r),
W (r) = =m0y [ (),

(5.23)
f(nmg) =0,
h(nmg) =1
This decouples to the following initial value problems for f and & on [nmg, 00).
r— 2mg _
FI0) = A0 () + s S () =0
f(nmg) =0 (5.24)
f'(nmo) = 3
/ _ 2
W) = sy £ () (5.25)
h(nmgy) =1

Invoking the existence and uniqueness theorem for ODEs, it follows that there exists
unique smooth functions f and g satisfying the above initial value problems.

We have then proven that there exists unique smooth functions f = f(r) and 2 = h(r) on
M such that f =0, h = 1 on 9 M and the vector field X o, is conformal Killing on (M, gs.).

We utilize Fuchsian theory to establish that both f and % are O (r%). We first observe that
the ODE for f in equation (5.24) has a regular singular point at infinity. We can then express
f as a Frobenius series as follows (see [13]):

fO) = =m)* > an(r —mo)™" (5.26)

n=0
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where « € R is to be determined and ag 7# 0. We substitute this expression of f into the
ODE in (5.24) to get

o0
Z an(a —n)(a —n— 1) — mo)o‘fnf2
n=0

= 2 m%
_rgan(a—n)(r—mo) (1+r(r—2m0)) =0 (5.27)

a—n—4 (r_m0)4

00
+ 2, 2 — - v’
0 Z an(r = mo) r2(r — 2m0)2

n=0

Upon examining the highest power of r — m(, we deduce that o must satisfy the equation
ale—1)—a=0 (5.28)

implying that & can only be 0 or 2. It follows that f = O(r?). The fact that h = O(r?)

follows immediately from equation (5.25). O

Remark 5.4 Note that any vector field X, in X satisfies
T
(58@ xoo) -0, ondM

Hence, the lemma proves an existence and uniqueness result for an overdetermined problem:
for any conformal Killing vector field Xcg on (M, ys2), there exists a unique conformal
Killing vector field X, on (M, gg.) satisfying the following boundary conditions on d M:

T
Xeclow = Xex. (L2 Xo) =0 (5.29)

Furthermore, X, will of the form as in equation (5.4) for some functions f = f(r) and
h = h(r).

Definition 5.5 We define %Z(M ) to be all vector fields X € X 82 (M) (see definition 2.5) such
T
that Xy is tangent to 9 M and (LgX) =0on oM.

The artificial vector field X will be chosen to live in the space 5(:32(M ) @ Xoo(M). The
reasons for this choice will be clear in the next sections.

5.2 Definition and Existence of the Modified Solution

In this section, we will define the modified problem and its solutions, which we call “the
modified solutions”, and prove their existence. Here and onwards, we fix a number § €
(-1, —%] and an integer k > 5.

Let 1 be a smooth cut off function on [nmg, oo) satisfying n(r) = 1 forr > nmg + 2 and
n(r) =0forr < nmgy+ 1. Given X € fsz(M) @D X (M), define the function F(X) on M
by

F(X) 1= e " nIXP (5.30)

where | - | is taken with respect to g;..

Given g = dr? + g(r) € MA(M) and Xoy € Xoo, define w(g, Xoo) to be the 1-form on
dM achieved by lowering the index of X |spm With respect to g(nmg). Note that X |gp is
a conformal Killing field on (0 M, ys2) by definition of the space Y.
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7 Page320f58 A. Ellithy

Define ® by:
@ : M OM) x HX@M) x MEM) x AP () x ()?g(M) o XOO(M)>

— A%ED () x L§,2<[nm0, 00): Hk(Sz)) x Lg,z([nmo, 00); H- (52)> x X9 5 (M)

x H* LM x QL @oM) x H* (M) x H*(@M)

Agu on M

drtrK + LerK? + 1K + 2(3,u)? on M

ViR +1rKK + [241,4 @ du + g(r) ((a,.u)2 - \Vulz)} on M

1 A, . F(X)X on M
Oy, 3irKy, g.u, X) = 2\Vul? - 2(3,:55()if\(1€|(2 j R);,M + k2 onan | O3

20,u)du — HO(K) + 3dirK + (3. Xoo) on M

e 2ug —yx5 on dM

trK gy —e " (trKsg +2€"9,u) on dM

where X o, is the projection of X onto X (M), tr K and K are with respect to the metric
g, and Ry is with respect to the metric e>“yss. Furthermore, norms |-| used in the second,
third and fifth equation are with respect to the metric g.

Definition 5.6 Given Bartnik data (ys3, %tr Ksg), we say thata 3-tuple (g, u, X) is amodified
solution if @ (yy, %trK%, g, u,X)=0.

Remark 5.7 In view of proposition 4, a modified solution is a solution to the original problem
if and only if X = 0.

The main tool to obtain the existence of the modified problem is the implicit function
theorem on Banach manifolds (see [1]), which is stated here for convenience.

Theorem 5.8 Let U C E, V C F be open subsets of Banach spaces E and F, and let
W :UxV — G beaC" map to a Banach space G, with r > 1. For some xo € U,
yo € V, assume the partial derivatives in the second argument DoV (xg, yo) : F — G is an
isomorphism. Then there are neighbourhoods Uy of xo and Wy of W (x¢, yo) and a unique
C" map H : Uy x Wy — V such that for all (x, w) € Uy x Wy, ¥(x, H(x, w)) = w.

The map @ is indeed C! near (Vgocs %trKgsc , &sc» Use, 0). To see this, we first note the
following:

e The map u — du @ du is C' from Agz’kH)(M) to Hys_, ([nmo, 00); HF(S%)).
e The map g > 17K is C! from M} (M) to H_, ([nmo, 00); H*(S%)).
e The map g > K is C' from MY(M) to H} | ([nmo, 00); H¥(S?)).

This immediately shows that each line, excluding the fourth line, in the definition of ® is C I 1t

remains to show that the map (g, X) > Ag conr (F(X)X) is ¢! from M’g(M) X <5(\52(M) @

X (M) | to X (9_2 near (gsc, 0). This follows directly from the smoothness of F(X) and the

following identity of the conformal laplacian (see [36]):

1
Ag conf(F(X)X) = Ag(F(X)X), + gvu(divg(F(X)X)> + RWF(X)X" (5.32)
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We can then differentiate ® at (yg, ., %trK gecr &sc» Use, 0) and study its derivative.
Let D®,,. denote the derivative of ® with respect to the last three components evaluated
1
at (Vgqer 317 Kggs &ses Use, 0) where

Ddg, : To, ME x AT <)?§(M) @ XOO(M)>

— APED oy x Lg,z([nmo, 00):; Hk(S2)> x L(%,z([nmo, 00); Hk(S2)>
x H* =1 oM) x Q1 (aM) x H*(0M) x H*(9M)
Proposition 5.9 D&, is an isomorphism.
Proof The proof of this will be the content of section (5.4). ]
We can now conclude the existence theorem for the extended problem.

Theorem 5.10 There exists a neighbourhood U of (yg,., %trKg“) in MM @M) x
H¥(OM) and a unique C! map H : (v, %trKsB) — (g,u,X) on U into .M/g(M) X
APV (M) x B2(M) @ Xoo (M) satisfying

1 1 1
(v, EtrK%, H(yms, Etrl(%)) =0, forall (yms, EtrK%) el (5.33)

Proof Follows from proposition (5.9) and the implicit function theorem on Banach manifolds.
]

5.3 The Vanishing of X for Modified solutions (g, u, X)

The next step is to show that if (g, u, X) is a modified solution, then X = 0, yielding a
solution (g, u) to the conformal static vacuum Einstein equations.

Let (y, 3trKs) € U be Bartnik data and let (g, u, X) := H(ys, 3trKs) be the
corresponding modified solution.

We first find the Ricci curvature of the metric g.

Proposition 5.11 The Ricci decomposition of g = dr? + g(r) relative to the foliation defined
by r is given by

Ric=0n®n+Pn+n®P+S (534

0=2nw)? P=2n(wdu+A, S=2du®du+ %g(r)H (5.35)

where H and A are the unique function on M and 1-form on M tangent to the foliation
satisfying:

V,,Ak—i-A,'K,’;—i-trKAk =0, onM (5.36)
A=uw(g, Xoo), on oM '
V,H + HtrK = 2div(A), on M (5.37)
H =0, on oM
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Proof Lemma (4.1) shows that A and H satisfy the desired transport equations on M. The
boundary condition for A and H follow by comparing equations

N 1
2Vul® = 20,w)?* = |K P = Row + 51rK* =0,
N 1
and 2(0,u)du — div(K) + Ed”K +w(g, Xe0) =0
with equations (4.4) and (4.5). O

The relation between the Ricci curvature of g and u as described in the above proposition
leads to the following regularity result.

Proposition 5.12 The following holds for any modified solution (g, u, X).

e The Ricci curvature of g is C' away from the boundary. Furthermore, there exists a
universal constant C > 0 such that for R > nmy,

sup r*(|Ric| +r|VRic|) < C||yso — s | onny + o(R?%) (5.38)

r>R

as R goes to oco.
e The vector field F(X)X lies in Xg (M).

Proof We first find explicit expressions for A and H. Letting (r, 6 1 92) be fermi coordinates,
we compute fori =1, 2,

VoA = 0,A; — T} A; (5.39)
= 9,A; — K] A, (5.40)

Equation (5.36) for A then becomes

0,A; +trKA; =0, onM (5.41)
A=w(g X, on dM
which gives
1
Ai(r) = n® (5.42)
.
where L(r) := exp (/ trK(s)ds).
nmo
We then solve equation(5.37) for H to obtain
1 r
H@r) = —/ L(s)2div(A(s))ds (5.43)
L(r) Jumg

From proposition (2.10), we have

2
trK — —
P

e H, ([nmo, 00): Hk(Sz)) . KeH', ([nmo, 00): Hk(S2)> (5.44)

It then follows that A € H,%)C ([nmo, 00); Hk(Sz)) anddiv(A) € H] ([nmo, 00); Hk*I(S2)),
which in turn implies that H € leoc ([nmo, 00); H"_I(Sz)).
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Furthermore, since k > 5, the Sobolev embedding described in proposition (2.10) imply
that K and K are continuous in r, have 3 continuous angular derivatives, and satisfy

2 5—1 ¢ §—1
trK =—40@0"""), |K|l=00""") (5.45)
r
Using the asymptotics of rr K described above, we derive the asymptotics of L to be
L' =00, L) H=00), [VLEH HI=007)  (546)

as r goes to oo.
It follows that A and H have continuous first derivatives and satisfy

A = 007, 13,A()| =00, VAW =00 (5.47)
H(r) =002, 8,Hr) =003, |YH(r)| =003 (5.48)
By virtue of the fact that (g, u, X) is a modified solution, we have

8,214 +1rKod-u + Agyu =0 (5.49)

The above equation together with the fact that u € Al(sz’kJrl)(M ) then implies 8,2u €
H}_, (lnmg, 00); H*=2(§?)). This in particular implies that d.u,|Vu| €
Hé;z_1 ([nmo, 0); H"_z(Sz)). Using the Sobolev embeddings again and the fact that k > 5,
we deduce that d,u, |Yu| have continuous first derivatives and satisfy

du=o00""1), u=00""2), |Vdul =002 (5.50)

Having achieved the asymptotics for #, we can now derive an explicit expression for the
leading order term for H and V H. Using the Gauss equation, we get

2
2 _ 2 _ 2a 2 2 T 2 2
rPH(r) =r"Rg(r) =24 2r° Q)" + 7 |K|T = = (1K +2r(trk
r r

(5.51)
=12 Ry — 2+ 0(r?) (5.52)
where we have used equations (5.50) and (5.45).
It then follows that
H(@r) =r2(Ry, —2) + 00’72,
VHO = (1Rye ~ 22 4 Ry 5) " + 0077 (5.53)

where | - |, is the yoo-norm.

In view of the expression of the Ric in terms of u, A, and H in equations (5.34) and (5.35),
we deduce the desired regularity of Ric, namely that it is C' away from the boundary. We
are now in a position to prove equation (5.38). Using again equations (5.34) and (5.35), we
estimate |Ric| and |V Ric|: for some universal constant C > 0, we have

[Ric| < C(|Vul® + |A| + |H|), |VRic| < C(Vul>+|VA|+|VH|) (5.54)

Using the asymptotics of u, A, and H laid out in equations (5.50), (5.47) and (5.53), we
get that for R > nmy,

sup 72 (|Ric| +r|VRic|) < Csup (IR, — 2| + ARy |y ) + o(R®) (5.55)
r>R S2
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< Clys = v22llg3s2) + 0(RD) (5.56)
< Cllys = v2l s (s2) + 0(R") (5.57)

as R goes to oo. In the last line, we have used again the Sobolev embeddings and the fact
that k > 5. We have also allowed the constant C to change from line to line while staying
universal, i.e. independent of g and u.

We turn our attention to the second statement of the proposition. It suffices to show that
Xo admits 3 derivatives. By virtue of the fact that (g, #, X) is a modified solution, we have

1 2 > 12 2
ortrK + EIFK + |K|* = —=2(0,u) (5.58)
V,K +trKK = =2du @ du — g(r)((3,u)> — |Vu|?) (5.59)

Thanks to equation (5.50), we have that |Vu| € H52_] ([nmo,oo); Hk_2(S2)) and
so admits 2 radial derivatives. Hence, the above equations directly impy that trK
and K admit 3 radial derivative and, in fact, live in Hj | ([nmo, 00); H* (%)) and
H 53_1 ([nmo, 00); Hk(Sz)) respectively. Due to the evolution equation

dg(r) =1rK g(r) + 2K, (5.60)

we deduce that g(r) € Hl‘(tc ([nmo, 00); Hk(S2)) and so admits 4 radial derivatives. By
the Sobolev embedding and the fact that k > 5, this implies that g(r), d,g(r), 83 g(r) are
continuous in r and are C> on the sphere. We conclude that the metric g = dr? + g(r) is
of class C3. Since F(X)X satisfy the elliptic equation Ag o F(X)X = 0 with respect to
a C3 metric, standard localized interior estimates show that F (X)X lives in X;(M ) (see for
example [14] appendix II). O

Remark 5.13 Stronger regularity results can be proven for the modified solution (g, u, X).
Specifically, g, u#, and X are in fact smooth away from the boundary. Nonetheless, the above
regularity result is sufficient for our purpose. We will use it to show the nonexistence of
nontrivial conformal Killing fields on (M, g) (see lemma (5.14)).

We now show that X = 0. Letting X = F(X)X, we note that Ag,conf)_( =0on M in
light of the fourth line in the definition of ® and the fact that (g, u, X) is a modified solution.
We decompose X as follows,

X = X0+ Xoo (5.61)
where X € )?52(M ) and X, € X5. We make the following observations:

e Iflimsup,_, r*1X|* = oo, then F(X) decays exponentially in 7. Since |X| = [Xoo +
Xo| = O(r?) by lemma 5.3, we deduce that | X| decays exponentially in r.
e Iflimsup, ., r*|X|?> < oo, then F(X) = O(1) and so |X| = O(r~?).

The above implies that |X| = O(r—2). This allows us to perform the following integration-
by-parts computation:

0= f X" Ag conf X udVy (5.62)
M

1 -2 - - 0
= _E/M |Lg.conf X|"dV, —/aM Ly.conf X (X, 5)d0g(um) (5.63)
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The above calculation is valid since |£g,co,, f)_( |2 is integrable and the boundary integral
at infinity vanishes.

We now compute Eg,m,lf)_( (X, 8%) on dM in order to evaluate the boundary integral in
equation (5.63). Recall that we decomposed X as follows,

X = X0+ Xoo (5.64)

where Xg € %Z(M ) and X, € Xo. We also have that X and X, satisfy the following
onoM.

T
Xoo = Xck, (ﬁaﬁxo) —0 (5.65)
. a 1 . B
Lo Xoo = [ (nmo)div,, (XCK)E +h'(nmo)Xckx = EMVSZ (XCK)E (5.66)
d d
8(X0, =) =8Xoo, —) =0 (5.67)
ar ar

Using the above, we compute that the integrand of the boundary integral appearing in
equation (5.63) satisfies the following on d M.

_ -9 a
con, X X? )= con X X, o .
ﬁg, onf ( 3?’) ﬁg, onf ( 3") (5 68)
d 2 d
=Lxg(X, —)— =divX g(X, —) (5.69)
ar 3 ar
= g(EaiX, X) (5.70)
:g([laiXo,X)-i-g([ZaiXoo,X) (5.71)
=0 (5.72)

where the fact that X = X near 3 M was used in the first equality. It then follows that
1 -2
0= |Lg.con X|™ dV, (5.73)
M

implying that X is conformal Killing on (M, g). However, the next lemma shows that if
Yoo 18 close enough to ys2, then there does not exist a non trivial conformal Killing field on
(M, g) that vanishes at oo.

Lemma5.14 Let § < 0. There exists € > O such that the following holds.

Let g € M§ (M) satisfy the statement of proposition (5.12) (i.e. Ric is C' away from dM
and equation (5.38) holds). Suppose also that || Voo — V2 ”H"(SZ) <elfZ e Xg(M) isa
conformal Killing vector field on (M, g), then Z = 0.

Proof Let Z € X53(M ) is a conformal Killing vector field on (M, g). A direct computation
shows that we can express the third covariant derivative of Z as follows.

V3Z=A.VZ+B.-Z (5.74)

where A and B are linear expressions in Riem and V Riem, where Riem is the Riemann
curvature tensor. We will move the proof to the appendix to avoid digressing from the main
discussion (refer to A.1). Since the dimension of M is 3, Riem can be written in terms of
only Ric and g, and so A and B can be thought of as linear expressions in Ric and VRic.
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An application of a Hardy-type inequality shows that there exists an Ry > nmq depending
only on g and a positive constant C depending only on § such that for any R > Ry and any
vector field Z € X(S?’(M),

/ P 2322 + PV ZP)dV, < c/ P20z AV, (5.75)
[R.00)x 52 [R,00) x §2

A proof of this inequality is provided in section A.2 in the Appendix (see corollary A.3).
On the other hand, given R > nmy, equation (5.74) implies

/ 2033193720y < c/ r 2633\ VRic1Z)? + |Ric2IVZ12)dV
[R,00)x 52 [R,00)x §2
(5.76)
<C (sup r*(|Ric)® + r2|VRic|2)) / el (VAR A VA (5.77)
r>R [R,00)x §2
<cC (Hyoo — ¥l regs, + R%) f rRB30Z2 + A vZ PV (5.78)
[R,00)x 2
< C(e + R?) rB3(212 + 12 \vZ)PPdv (5.79)
[R,00)x 82

where the constant C is allowed to change from line third to fourth line while staying universal,
i.e. independent of Z, R, and g.
We have then proven that

/ r= B33z + P2 VZHdV < Cle + R?) r= 87322 + 21V Z1Hdv (5.80)
[R,00) x §2 [R.00) x §2

Choosing € small enough and R large enough so that C (e + R%®) < 1 implies that Z = 0
on [R, 00) x S2,

Since Z satisfies the elliptic equation Ag o,y Z = 0 and vanishes on an open set, standard
arguments then imply that Z = 0 on M (see for example [16]). O

Remark 5.15 The nonexistence of nontrivial conformal Killing vector fields vanishing at
infinity on asymptotically flat manifolds has already been established in [16] and [36]. The
above lemma extends this nonexistence result to a broader class of metrics, including some
that are not asymptotically flat.

After possibly shrinking the neighbourhood ¢/ of (yg, ., %tr K4, .) and using the continuity
of H, we can assume that for (ys, %trK%) € U, the metric g of the modified solution
H(yss, %trK%) = (g, u, X) satisfies ”yoo - Ys2 ”Hk(SZ) < €. Since X is conformal Killing
on (M, g) and lives in Xg (M), the above lemma then implies that X = 0, and hence X = 0.
We then finally conclude, by remark 5.7, that (g, u) is a solution to the conformal static

vacuum Einstein equations with Bartnik data (ys3, %tr K+s). This concludes the proof of the
main theorem.

5.4 Proof that DD, is an Isomorphism
In this section, we will prove proposition 5.9.

We first remind the reader of the values of some key parameters for the Schwarzschild
solution (gsc¢, fs¢) and the conformal Schwarzschild solution gz, = fszcggc, use = In( fye)
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® Jsc = (1 - 2’:170> dr? +r27/52 ® Vg, = (mmo) ys2
_ 2mg
2m, ° — l_ zmq
2,/1-=0 Sse \/7
[ ] trKgsc = \/rir r
2r—
® Zye = dr? + ( 2m0) reyse o 1rK;. = ,((,r_{:lnoo))
° Vsc:”(”l—z)mo Vs2 o Kic =0 ,
e U =In 1 — 2m .RBMSC:W

r

Let g € Ty, MK, ii € APV (M), and X € X2(M). For small 1, let g(1), u(t), and X (1)
be smooth 1-parameter families satisfying

o g(0) = gy e g'(0)=g
o u(0) = uge o /(0)=1u
e X(0)=0 e X' (0)=X
Define the following
o rK == &| _ 1rK(1) o 7= | _ &) (nmo)
« K= %L:OK(O o &= %| _ o). Xoo(1))

where X (1) is the projection of X () into the space X». By definition of @, we have
that @ is a conformal Killing field on (S 2, gsc(nmo)).
We compute D®,. to be

D®g, : Te,, ME 5 ATV (M) x <)?§(M) @ XOO(M)>

— APV () x L%fz([nmo, 00); Hk(S2)> x L§72<[nm0, 00); Hk(52)>

x XY 5 (M) x H* Y aM) x @1 (0M) x H(aM) x H*(am)

1
q)(ygsc’ EtrKgscsg(Z), M(t), X(t))
t=0

gSCM + (8 uvc)(trK)
0, 1rK + trKtr K o 4@ruse) (@ i)
LK

v L

Agxuco”fx
= | —4B,u5e) (3i0) + trK 7}7?’ + i+ 24 8D
rtsc r sc oM n(n— 2)m2 }’sc

2(0y usc)dﬁ —d’i/(K) + o
= Sy —2n m(z)ﬁgsz
trK ut 2l — 20,01

nmg

Dq)sc(g’a ﬁv )2) =

dt

Note that for the third line in D ®y,., we used the fact that

V,K +trkK = Laik (5.82)
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since IQSC =0.
Let(A,B,C,D,E, F,G, H)bean a{bitrary element in the codomain of D® .. We wish
to show that there exists a unique (g, i, X) in the domain satisfying

Mgy ii + (Bruse)(trK) = A, on M (5.83)

0,1rK + trKsotr K +4(3use)(3yi)) = B, on M (5.84)
Laik =C, onM (585)

Agxfscm'lszv = Dv on M (586)

—4(use) (Br@1) + trKse 7}7?’ + i+24,d=E, ondM (587

M n(n— 2)m%

2(0yuse)dit —d«t”v/(;é) +o=F, ondM (5.88)

" S7—2n'miiige =G, ondM (589)
-
N 2
er’ b C i-20d=H, ondM (5.90)
oM nm

The above equations can be decoupled to give a non-local elliptic system on .

Lemma5.16 Letii € ATV (M) and § € Ty MY satisfy equations (5.84) and (5.90).
Then u and g satisfy equations (5.83) and (5.87) if and only if u satisfies

A i 4m% . n(n — 2)mg 4m% 4—n Tlons -+ O,
u — u —= — u [0 u 0
ST (r — 2mo) 2 2 [rr—2mo) \n(n—2my M T M
+v, onM (5.91)
4 . 4 .
——0p0t + 240 + —————u="I, ondM (5.92)
nmgo n%(n — 2)mg
where Y and T are defined as follows
¥i=A o /r G —2moyBds — =D g
TR 2m0? Sy T T T 20— 2m)? '
2n —1
r—g__20-b 4, (5.94)
nn —2)mgy

Remark 5.17 Inlight of the spaces that A, B, E and H livein, it follows that ¢ € .A((&];l) (M)
and T € H*1(5?). Note that the boundary value problem that « satisfies in equations (5.91)
and (5.92) does not depend on g or X; hence, we have indeed decoupled the system.

Proof We directly deduce that equations (5.92) and (5.87) are equivalent by using equation
(5.90).
We rewrite equation (5.84) as follows:

3, (exp ( f ' trKM(s)ds)?rf) — —exp ( / ' trKsc(s)ds> (4(arus5)(arﬁ) - B).

mo mo
(5.95)
A direct computation gives:
r
1
exp </ trKSC(s)ds> = 721’0 — 2my). (5.96)
nmo n(n —2)mg
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We integrate equation (5.95) to get an expression for 17K in terms of ii: for r € [nmg, 00)
and p € $2, we have

— B nn — 2)m% — nn — Z)m%
irkir.p) = r(r —2mg) trK’aM (P) = r(r —2mg)
r 1
/nm() ms(s = 2m)(drusc)(s)(Orut) (s, p)ds
nn— 2)m(2) r
—2mg)B(s, p)d 5.97
r(r —=2mo) Jumy n(n — 2)m(2)S(s mo) B(s, p)ds ( )
_ nn— 2)m% —~ m% r 1 mg oo~
T r(r —2mg) ‘aM ()= 4r(r =2mo) Jnmy ;%S(S ~ 2mo) <s(s - 2m0)> @ri)(s. p)ds
+ B s(s —2mg)B(s, p)ds (5.98)
r(r —2mg) nmog
_ = 2my —~ 4mo .
T r(r —2mg) trK‘aM ()= r(r —2mo) Jum, Ou(s, p)ds
N s(s —2mg)B(s, p)ds (5.99)
r(r —2mg) nmg
B nn— 2)111(2) — 4m ~ -
= o —2my) trk o (p) — m(u(r, p) —M|BM(P))
! ' s(s —2mg)B(s, p)ds (5.100)

r(r —2mo) nm

We plug this into equation (5.83) to derive

—2)mZ —~— 4
A= Ageil + —2 ("(n Ul er‘ ﬂ(u - ﬁlaM>>

r(r —2mg) \ r(r —2myg) oM r(r —2mg)
o / " 565 — 2mo)B(s. p)d (5.101)
= 2m02 Jom, s(s —2mg)B(s, p)ds .
4m? 4m? n(n —2)ymy ——
= Al — 0 " 0 i —_—t K‘
G T ame T P2 = 2mo)? (”'3’” L " o
mo r
+ 7 s(s —2mg)B(s, p)ds (5.102)
F2(r — 2mo)? /nmo b

Using equation (5.90), it then follows that & satisfies:

Ao i 4m(% ﬁ_A_n(n—Z)mO 4m% ( 4—n Hoag + 3ol )
8sc r2(r — 2mg)? - 2 P2 — 2mg)2 \n(n — 2)mg M rilgm
n(n — Z)mg m /r
r2(r —2mg)? " r2(r — 2mg)? nmg $(s = 2m)BGs, p)ds (5.103)
_ n(n—2mp 4m(2) 4—n . -
- 2 r2(,._2m0)2 (n(nfz)moul‘)M—"_a’”ldM)"'w (5104)
This proves that equation (5.91) is equivalent to equation (5.83). O

The rest of the proof will proceed in the following steps.

Step 1: We will show that for every ¢ € Af&lg_l)(M) and ' € H*1(§2), there exists a

unique solution i € A((;z’kﬂ) solving equations (5.91) and (5.92).
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Step 2: We will show if u € Agz’kH) satisfies (5.91) and (5.92) with ¢ and T" given by
equations (5.93) and (5.94), then there exists a unique g € gw./\/l (M) and a
unique conformal Killing field & satisfying equations (5.83) to (5.85) and (5.87) to

(5.90).
Step 3: We will show that there exists a unique vector field ¥ € %Z(M ) satisfying
Agyecont¥ = D.

The above 3 steps will then imply that there exists a unique (g, it, X) in the domain of
D, solving equations (5.83) to (5.90). In particular, u and g are achieved from steps 1 and
2 respectively and X := Y + &, where Y and & are achieved from steps 2 and 3 respectively.

Step 1: Solving for i

To study the boundary value problem in (5.91) and (5.92), we will investigate the prop-
erties of the corresponding non-local elliptic operator Pg., which maps .A((SZ’HI)(M ) into

ACED (M) x HY1(9M) and is defined by

~ 4m2 ~ n(n—2)m 4m? 4— ~ ~
A - [r(r—2r(p)10)]2u + 2R o= 23[0)] (n(” g ilom + 8ru|aM)
Pse(u) =

2 2
e O i+ Au+ Ty 2)m2u

(5.105)

In fact, this operator will turn out to be Fredholm of index 0 as shown in the following
proposition.

Remark 5.18 1In [3] and [5], the authors study the static Einstein vacuum equations in a gauge
different from the one used in this paper. Specifically, they study an operator analogous to
the operator ® considered here. They achieve that the linearization of their operator is an
isomorphism, so as to invoke the implicit function theorem, by first establishing that it is
Fredholm of index O and then showing that its kernel is trivial. Our approach here is similar
except that our gauge allows us to decouple the equations; this decoupling reduces the task
of proving that D&, is an isomorphism to proving that a much simpler operator, Ps. acting
on the linearization of the lapse function i, is an isomorphism. Specifically, we will establish
that Py, is Fredholm of index O and has a trivial kernel. The remaining parameters, g and
X, are governed by straightforward ODEs with i appearing in the forcing term, and the fact
that D&, is an isomorphism will follow readily (see Step 2).

Proposition 5.19 Fix§ € (—1, —3]and k € Z=q. Let T : AP My = HE1(OM) and
S Af D (M) — HY1(dM) be operators defined by

T (i) == dii + pil (5.106)
S@) == Ay it + B13,ii + poit (5.107)

where 11, i, Bo € HK(dM).
Let P be the nonlocal elliptic differential operator defined by

P APy - ALV ) x BN om

_ (A it — Vit — Vo T (it)
P(i) ._< 8 SGi) ) (5.108)

where Vi, V> € HlS ([nmo, 00); Hk(Sz)) and T (u) is the function on M defined by
(r, p) > T @) (p) for (r, p) € M. Then P is Fredholm of index 0.
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Proof Decompose the operator P = P; + P», where the operators Py, P, : Afgz’kH) M) —
A(O KD (M) x H*1(3M) are defined by
- Ay Ul - —Viu — VoT ()

Pi(u) := 8sc -, Por(u) := ~ ~

1 (1) (Am“> 2 (i) < B0yl + poii
In light of proposition (2.10), we observe that P, is a compact operator. Indeed, for
any ii € A(Z’k+1) we have that —Vyi — V,T (@) lives in H'5 ([nmy, 00); H*(5?)) which
compactly embeds in A(O k=1) (M), and B10,u + Bru lives in H k(@M) which compactly
embeds in H*~1(dM). To show that P is Fredholm of index 0, it then suffices to show that

Py is Fredholm of index O (see [33])
By theorem 3.1, the operator Q defined by:

L (Ag
Q(ir) -—( “’; )

is an isomorphism from A(2 D o A(O k= l)(M) x HF Y om).

We also recall the followmg standard result on the laplacian on compact manifolds: The
operator Aym s H(aM) — H*=1(d M) is Fredholm of index 0. In fact, the kernel is the
one-dimensional space of constant functions on M and the cokernel is the same since A,
is self-adjoint.

We observe that P| = (ZD, A,,.) o Q, where

(ID. Ky,) : A" (M) x B @M) — ALV (M) x B @)
is defined by
(ID’ A)’sc)(f)i f) = (ﬁ, Ay“,f)

Since (ZD, Ayx(_) is Fredholm of index 0 and Q is an isomorphism, it then follows that P; is
Fredholm of index O as needed.
O

By the above proposition, showing that the nonlocal operator Ps. defined in (5.105) has
trivial kernel is sufficient to prove that the system in (5.91) and (5.92) is uniquely solvable for
every ¥ € A(O *=D(M)and T e H*1(S2). This will be the content of the next proposition.

Proposition 5.20 Fixd € (—1, 1. Letu € A" sarisfy
~ 4m? ~ _ nm—-2)my 4m? 4—pn ~ ~
Dol = P = =7 2 G—2mo)P (n(n—Z)mo”|3M + 3rM|aM), on M
nmoau—I—ZAM—i—W :0, Ol’laM

(5.109)
Then u = 0.

Proof Similarly to what was done in the proof of lemma (3.3), we utilize the spherical
symmetry of the conformal Schwarzschild metric to reduce the system in (5.91) and (5.92)
to differential equations on the coefficients of & with respect to its spherical harmonics
decomposition:

00 4
A, x) =Y > ame(r) Ve (x) (5.110)

=0 m=—{t
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for r € [nmg, 00) and x € IM.

We define the functions a,¢ () := @pe(nmor) on [1, 00). Using the discussion in lemma
(3.3), the condition ||z ||A((§z,k+1) < 00 in particular implies |lay¢ll; s < oo for every m and €,
where

o0 o0
lamel} s = / r= 2t a),, (r)dr + f r 2 e (r))dr (5.111)
1 1

The system in (5.91) and (5.92) as well as the condition |l@mell; s < oo implies the
following non-local differential equations on all the coefficients a,,¢(r):

2
dmy

(= 2m0)d (1) 4200 = m0) (1) ((_MO)

+ L+ 1)) dme(r)

2n(n—2)m3 _ - -
= — rﬂ(rnizmzl)o n(n472';m0am[(nm0) + a;ne(nmo)), r € [nmg, +00)

g e (1m0) = b (UE 4 1) = D)iime (amo) =0,

lamells < o0
(5.112)

The functions a,,¢, using (5.112), satisfy the following similar non-local differential equa-
tions:

r(r —3all (1) +20r — Ha! ,(r) - <ﬁ7;) + L+ 1) ) ape(r)

r(

= -2 3:§amz<1>+a,;,£(1)>,

n2r(r7%)
S (1) = sy (L + 1) = Dane(1) =0,
”amZHI,S <00

(5.113)

Note that the mass parameter m( does not appear in the non-local differential equation for
apme. From here onwards we will study the system (5.113) instead of (5.112).

We consider (5.113) for any nonnegative integer ¢ and seek to derive that a,,¢(r) = 0 is
the only solution. We consider the £ = 0 case separately. We replace the last condition in
(5.113) with a;n (1) = C and find the explicit (unique) solution to this shooting problem to
be

-2 6r — 3nr — 2nr? 4 n*r?
ao(r) = —C +n + 6r nr nr< +n“r ’ (5.114)
r(nr —2)

It then can easily be verified that lim,_, o apo(r) = 0 if and only if C = 0, implying that
aoo = 0 is the only solution to (5.113).

We conclude the only solutions to (5.113) in the £ = 0 case is the zero solution.

We now deal with the £ > 1 case. We will write a, instead of a,,, for simplicity.

Define the following constants:

_2(n—2) 4—n

Co = ) (maé(l)'f‘aé(l))
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n2

TaQ—tl+1)—6

oy

_ n?(nl(f + 1) —2)
(2 =L+ 1) —6)2(n —2)

Note that oy and B, are well defined for ¢ > 1 and are both negative.
Then the function a; solves the following initial value problem:

Be

Cy

r(r — %)aé/(r) +2(r — %)aé(r) - (74‘:72) + 1 + 1)) ag(r) =
! (5.115)

1
n? r(rf%)
ay(1) = BeCe

ag(l) = a¢Cy

If C, = 0, then ay = 0 by the existence and uniqueness theorem from ODE theory.
Suppose now that C; # 0. By considering % instead of a;, we can assume without loss of
generality that Cy = 1.

We rewrite the system in the following way:

Lrr - Hayn)] = (ﬁ e+ U) “t)+ 5ig
= (5.116)
ag(l) = ay

We will show that ay blows up at infinity contradicting that ||a¢||; 5 < oc. This will then
imply that C; = 0 and hence a; = 0. First, we prove a technical lemma.

Lemma5.21 Let hy, hy be smooth functions on [1,00) such that hy is positive and
lim, 5~ h1(r) = Cy for some C; > 0. Let g be a function on [1, c0) satisfying the fol-
lowing ODE:

d 2
ar [r(r - f)g/(r)} =h(r)g(r) + ha(r) (5.117)
r n

Then the following is true.

o Suppose that ho(r) > 0 (< 0) on [1, 00) and that both g(ry) and g'(rs) are positive
(negative) for some 1 € [1, 00). Then g and g’ are positive (negative) on (ry, 00).

e Suppose that g and g’ are positive (negative) on (ry, 00) for some ry € [1, 00) and that
ha(r) = O(r~2). Then lim,_, o0 g(r) = 00 (—00).

Proof Suppose that i, is nonnegative everywhere. Let r, € [1, 00) be such that g’(r,) > 0
and g(r) > 0. We will prove that g’(r) > 0 on (r,, 00) by using a simple bootstrap method.
By continuity of g’(r), we know that g’(r) > 0 on [ry, ry + &) for some § > 0. Then the set
B :={r € (rs,0) | g'(s) > Ofors € [ry, r)} is nonempty. Suppose that R := sup B < oo.
By continuity, we have that g’(R) = 0 and g’(r) > 0 for r € (ry, R). Since g(r) > 0 and
g is increasing on (1, R), we have that g(R) > 0. By letting r = R in equation (5.117),
it follows that j—r[r(r — 2/n)g’] is positive at R and, in turn, on a neighbourhood of R.
This implies that 7 (r — 2/n)g’(r) is increasing on a neighbourhood of R, which implies that
0<r(r—2/n)g'(r) < R(R—2/n)g’(R) forr < R and close to R. As this contradicts that
g (R) = 0, we conclude that sup B = oo and hence g’ and g are positive on (ry, 00).
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Suppose now that g and g’ are positive on (r,, 00) for some ry € [1, 00) and that /12 (r) =
O (r~2). In virtue of the positivity of g’ and g as well as the monotone convergence theorem,
it follows that lim, _, o, g(r) either is a positive number or is 0co. Suppose that lim,_, », g(r) =
A > 0, which in particular implies that g’ is integrable.
By integrating equation (5.117), we get that
n—

2 r
r(r—2/mg'(r) = . g'(1)+/; [h1(s)g(s) + ha(s)lds (5.118)

Using the fact that 4y and g are O(1) and that hy(r) = O(@r~2), it follows that
sup,~ rg’'(r) < oo.
Furthermore, we have that

rg'(r)—g'(h) = / [sg'(s)]'ds (5.119)
1
= / g (s)ds + / sg" (s)ds (5.120)
1 1
" hi(s)g(s) /" ha(s) /’ s ,
= — 2 s ds — s)d. 5.121
/1 s—2/n o 1 s—2/ns 1 s—Z/ng(Y)T ( )
It follows that there exists a constant M > 0 such that
r
h K
/ M) ;0 oy (5.122)
1 s—2/n

forany r € [1, 00); since the integrand is positive, the limit as » tends to oo exists. In particular,
this implies that § € L'([1, 00)), which then contradicts that A is positive. Hence, we see
that lim,_, 5, g(r) = 00, as needed.

The case when h, is nonpositive is identical. O

Corollary 5.22 Let hy, hy be smooth functions on [1,00) such that hy is positive and
lim, 00 11 (r) = Cy for some C;1 > 0. Let g and g be functions on [1, 00) satisfying
the following ODE:

d 2, d 2, -
o [i’(l’ —=)g (1’)] =mhr)glr)+ha(r), — [r(r - -)g (r)} =hi(r)g(r) + ha(r),
r n dr n

(5.123)
Ifg(1) =g(1)and g'(1) < g'(1), then g(r) < g(r) forany r € (1, 00).
Proof Define f := g — g and observe that f satisfies
d 2
o [r(r - f)f’(r)] =hi(r) f(r) (5.124)
r n

Observe also that f(1) = 0 and f/(1) < 0. This in particular implies that there exists an
rx > 1 close enough to 1 such that f(r) and f/(r) are negative for any r € (1, r,). By
invoking lemma (5.21), we conclude that f(r) < O for any r € (1, 0co) as needed. O

We now return to our goal of showing that a, blows up at co.
We first decompose a; = fr + g¢ where f; solves

0= 0570 = (g e+ 1) A0 -

fi)=0
Sfe() = ag

(5.125)
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and g¢ solves

2
A UG TAGIES <% et ”) 80+ 55
g,(1) = B
£e(0) =0

(5.126)

By letting » = 1 in the equation for fy, we observe that »(r — 2/n) fé (r) is decreasing near
r = 1;since f;(1) = 0, it follows that f; and f, are negative near r = 1. In particular, letting
fg(r) = fi(r) — oy, we also have that fg and fe/ are negative near r = 1. Using the system
in (5.125), we deduce that f( satisfies the following:

4 [r(r _ %)fg(r)] - <ﬁ e+ 1)) Fo(r) + gl + 1)

@/(1) =0
fi(1)=0

(5.127)

We invoke lemma (5.21) on ng to deduce that ng and f;’ are negative on (1, 00).

This in particular implies that f,(r) and fé (r) are negative on (1, co). We again invoke lemma
(5.21) on f; to conclude that lim, _, », f¢(r) = —o0.

It suffices to show that g,(r) < O for all » € [1, c0). We first observe from the definition of
B and oy that

Be n? ( 2(n —2) )
=— 1+ (5.128)
I+ @/mDa . 20—\ " n@E+1) -2 +2
2
n

forall n > 2 and £ € N. In particular, we have that 1 + (4/n%)ay > 0 for every n > 2 and
¢eN
Let g, be the function on [1, co) solving

d 2\5 4 = 1
ar [r(r - ;)gé(l’)] = <m + 0L+ 1)) ge(r)y + I

- 2 5.130
g () = _2(:72) ( )

&) =0

In light of corollary (5.22) along with equation (5.129), it follows that the negativity of
8¢(r) on (1, co) implies the negativity of H({f/i(;m
the negativity of g¢(r) on (1, 0o). It then suffices to show that g¢(r) < 0 on (1, 00).

We will prove that g¢(r) < 0 on (1, co) by induction on £. We first find the solution for

£ =0 to be:

on (1, 00), which in turn implies that

n(r—1)

~30 =2/ ) (5.131)

go(r) =

which is negative everywhere.
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Now suppose that g,(r) < 0 on (1, co) for some nonnegative integer £. Define h, :=
8oa1 — &, which will solve:

e [ = i )]
H,(1) =0
he(1) =0

(m + U+ DE+ 2)) he(r) +2(€ + 1)ge(r)
! (5.132)

We directly compute /(1) = ;552(£+1)g¢(1) = Oand 2y’ (1) = 252(L+1)g,(1) < 0.
This then implies that &, and /), are negative near r = 1. Using the fact that g;(r) < 0 on
(1, 00) and invoking lemma (5.21), it follows that 4, (r) < 0 on (1, 00), which in turn implies
that g1 (r) < 0 on (1, 0co) as needed.

We have finally shown that a, blows up at infinity for every £ € N contradicting that
laelly s < co. We conclude that the assumption that C; # 0 was false and hence a; = 0 for
every £ € N and, in turn, & = 0.

]

This concludes Step 1, and we move on to Step 2.

Step 2: Solving for gand &

Let i € AP ™ be the function satisfying equations (5.91) and (5.92) with ¥ and T
given by equations (5.93) and (5.94). We wish to show that there exists a unique g € Tg“/\/l]g
and a conformal Killing field & satisfying equations (5.83) to (5.85) and (5.87) to (5.90).

Equation (5.90) determines uniquely the initial data for;?l(/, which is given by

—~—] 2
trK| = H+20ilyy — —iilam (5.133)
oM nmy

and is living in H*(3M). We rewrite the ODE (5.84) obeyed by 1rK here for convenience.
01K + trKoetrK + 4(9,u0)(0,i1) = B, on M

which, together with the initial condition in (5.133), determines uniquely 7rK on M. We
explicitly solve for rr K on M to get:

— _n(n— 2)m(2) —— 4mg - .
trK(r, p) = m ”K’aM (p) — m(u(”» p) — M|dM(P))
+71 /r s(s —2mo)B(s, p)ds (5.134)
r(r —2mop) nmg

for r € [nmg, c0) and p € s2.
‘We observe that

o (Oyusc)(dyut) € L§_2 ([nm07 00); Hk(SQ))
e B e L} ,([nmo,00); H*(5?)).

and so 77 K lies in H]_, (Inmo, 00); H*(5%)).

We turn our attention to K. We first recall the well known fact regarding the divergence
operator on symmetric traceless tensors on S (see [15]).

Proposition 5.23 Let k > 2. Let y be a smooth metric on S with positive curvature. Denote
by D*(8?) the space of traceless symmetric (0, 2) tensors on (S2,y) with components in

H*(S?). Let QJ-]F] (0M) be the space of vector fields on S? with components in H=1(M)
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that are L?* orthogonal to conformal Killing vector fields on (82, y). Then the divergence
operatorMy is an isomorphism from D*(82) to Qlk_l (5%

The above proposition along with equation (5.88) imply that md il + @& — F must be
orthogonal to conformal Killing vector fields on (d M, y;.). Since @ is conformal Killing on
(0 M, ys¢), thisrequirement determines @ uniquely. Indeed, if Yy, ..., Ygisan L? orthonormal
basis of conformal Killing vector fields, then @ must be

6

5 N 4
Bi=y (/52 Vi (F = o 2)m0du)d%) Y; (5.135)

i=1

The above proposition together with (5.88) determine uniquely the initial condition for K
to be

K

— giv!
_Mysc

dﬁ—i—d)—F) (5.136)
oM

2
n(n — 2)mg
living in H*(dM). We rewrite the ODE (5.85) obeyed by K here for convenience.
L 2 K=cC , onM

which, together with the initial condition in (5.136), determines K uniquely on M. Fixing
fermi coordinates, (r, 0!, 6%), we explicitly solve for K on M to get:

A ~

Kij(r,p) = Kij

,
. +/ Cij(s, p) (5.137)
M Jumg
fori, j =1,2,r € [nmg, 00) and p € §2. R
Since C € L3, ([nmg, 00); H*(8?)), it follows that K liesin H) | ([nmo, 00); H¥(S?)).
Equation (5.89) determines uniquely initial data for g given by
n—2

Zloy = (2n*mfii ys + G) (5.138)
n

living in H* (3 M). The evolution of § is determined byt/r\k/and K inthe following equation:

L08=2K+1rK goe +1rKsc & (5.139)

KR
ar

Equations (5.139) and (5.138) determine uniquely g to be, in fermi coordinates (r, ol 92),

G r—2mo) | (21? + 17K guer; ) d L =2mo) oo (5140
i =r(r—2m ij i )ds i .
8ij 0 - s(s — 2m0) ij 8scij nm% ij

Inlightofthefactthatﬁ\f € H{ | (Inmo, 0o); Hk(Sz)) and K e HY ([nmo, 0); Hk(Sz)),
it follows g is of the form & = r2(G + h(r)) where G € HX(S?) and h €
H52 ([nmo, 0); Hk(Sz)); this implies that g € TgspM]g as needed.

We have then shown that there exists a unique g and @ satisfying equations (5.84), (5.85)
and (5.87) to (5.90). It follows by lemma (5.16) that equation (5.83) is satisfied as well. This
concludes Step 2, and we move on to Step 3.

Step 3: Solving for X

We wish to show that there exists a unique Ye /’/Y\SZ(M ) satisfying

Agyeconf¥ =D (5.141)
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where D € Xg)fz(M ). Similar results have been shown in [29] for the above equation with
trivial Dirichlet and Neumann conditions. In our case, vector fields Y in ?(M ) satisfy the
following mixed boundary conditions

a T
s(v. ) =0, (E%Y) -0 (5.142)

The isomorphism of the operator Ay . cons in our space follows by minor modifications of
the proof in [29]. We add the proof here for the sake of completeness.

Proposition 5.24 Let§ € (—1, —%]. The operator Ag, . conf is an isomorphism from .5(\52(M)
to X ,(M).

Proof Recall that if X € X7 (M), then

d T
gX. ) =0, (£,X) =0 (5.143)
ar o
on dM. In particular, we have that
L X(X 9 )=Lxg(X 9 ) 2d' Xg(X i ) (5.144)
o..conf ,—) = , —) — -aw s .
8ac,conf ar X8 or 3 § or
=38(La X, X) (5.145)
=0 (5.146)

onoM.

Let X € /'/Y:Sz(M) satisfy Ag . conf X = 0. Given R > nmy, let ¢g be a cutoff function on
[nmg, 0o) satisfying ¢pr(x) = 1 forx < R, ¢pr(x) =0forx > R+ 1,and -2 < ¢j,e(x) <0
for any x € [nmg, 00).

We integrate by parts to get

0= / PRX" Ay, conf X ud Ve, (5.147)
M

1 a
= _5 / (['gsr,conquRX) ! (['gsaCU"fX) dVgs(‘ - / ‘C'SSCsCU"fX(X’ ai)doﬂgsc(”mO)
M oM r

(5.148)
1 2 1 , d
=5 ¢R ’»Cgsc,coan| dVgSC -3 2¢R [/gsc,coan(X» *)d Vsc (5'149)
2 M 2 M Br
This implies that for any R > nmy,
2 2
/ |Lgye.cong X|“d Vg, < / DR |Loye.conf X|"dVy,, (5.150)
BR\Ban M
0
= - / 2¢’;e ['gsf,confx(xa 7)dvsc (5'15])
M Br
0
=< 4/ |['g5f.coan(X, ai)|dvsc (5-152)
Bry1\Br r
< / IVX|2d Ve (5.153)
Br41\Bg

Since § € (—1, —1), we have that |[VX|? < |[VX|?r =23~ and so |[VX|? is integrable on
M and fM IVX|2d V. < ||VX||6’5_1. We can then take the limit as R goes to infinity in the
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above equations to deduce that

2
f |Lgycong X|”d Vg, =0 (5.154)
M

implying that X is conformal Killing on (M, g). Since the equation Ay conr X = 01is an
elliptic PDE with smooth coefficients, elliptic regularity shows that X is C*°. We can then
invoke lemma 5.14 to conclude that X = 0, which shows that the kernel of Ay, conf is trivial.

Now we show that the kernel of the adjoint is also trivial. It will then follow that Ag  cons
is an isomorphism. Recall that

A*:c LUnf (X5 2(M)) (X(Sz(M))*

For any number 7 € R, Riesz’s representation theorem allows us to identify (X?(M ))*
with X0(M) via the map :

I x0M) — (X0m))”
ForY € X(M), J(Y): X € X°(M) > / X-Yr2"3dv,,
M

where - is with respect to g;.. For simplicity of the notation, we will denote both Y and J (Y)
by Y; it will be clear from context which one we are referring to.

We then have that Y € (Xz?_z M ))>k is in the kernel of Azmmn Y if and only if
/ Y- Agycont X r7207D73qv, =0 (5.155)
M

for every X € X? 5 (M), which is equlvalent to the above equation holding for every smooth
compactly supported vector field X in Xs (M) by a density argument.

It follows from elliptic regularity that ¥ XS,Z(M) In fact, ¥ will be smooth since
the metric g;. is smooth. Given an arbitrary smooth compactly supported vector field X in
%(M ), we can then integrate by parts to get

fM Y- Agm,confx r72(872)73stc = /M X- Ag“,conf ?stc (5156)
9 _ 9
+ /E;M (ﬁgsc'vcon.fY(X’ ;) - £S’S('~CU"./X(Y’ 37)> do
(5.157)
- /M X Dy cony TdVsc (5.158)
. _ _ _ 2 _
/ |:X’ (Lo ¥ —8;Yy) + §a,xoyo + 7M(XT)YO] do
oM ar 3 3
(5.159)

where Y = r20-D-3y x, = gsc(da,, X) and Yy = gsc(da,, Y). Note that the boundary
terms vanish at mﬁmty since X is compactly supported. Since X was an arbitrary vector field
in a dense subset of Xa (M), it follows that Y satisfies

_ _ NT
Ageconf¥ =0, g(a—r, P=0, (£.7) =0 (5.160)

Considering that ¥ € X(SO_Z(M), it follows that ¥ € )?35_1(M)~ Since Agmc,,,,f? =0
and —1 < —§ — 1 < 0, we have that Y € 5(;2(M) forany t € (—1, 0) (see [14] and [9]). We
can then apply the same integration-by-parts argument carried out earlier to conclude that ¥
is conformal Killing on (M, g4.) and hence, by lemma (5.14), vanishes as needed. m]
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A Appendix
A.1 A PDE of Finite Type for Conformal Killing Vector Fields

In this section, we will prove an identity satisfied by conformal Killing vector fields that
is used in the proof of lemma 5.14. More specifically, we will prove that any conformal
Killing vector field Z on an arbitrary n-dimensional Riemannian manifold (M, g) satisfies
the following PDE of finite type:

V3Z=A-VZ+B-Z (A1)

where A and B are linear expressions in Riem and V Riem.
Let Z be a conformal Killing field and let ¢ := %din . The conformal Killing equation
is

ViZ; +V;Zi = Vgij (A2)
Eisenhart in [20] (see pages 231-232 in [20]) proves the following identities:
1
VikV;Zi = —ZnR}}; + E(gijvk\/f + gik ViV — gjk Vi) (A.3)
) n—2 1
&' Zn IR} = ZnVkRT — Vi ZuRT — V; Zu R + 5 ViVi¥ + SeiAY =0
(A4)

where R denotes Riem or Ric depending on the number of indices. Taking the trace of
equation (A.4), we get

2 . .
Ay = — (zmv,- R™ + vl-z,,,R"“) (A.5)

Using equation (A.5) to eliminate Ay in equation (A.4), we get the following expression
of ViV

2 )
ViV = ( — 8" Zu iR + ZnVkRT + Vi Zu R} +V; Zn R}
1 . .
- (zmvi R™ 4,2, R"“) ) (A.6)
n—
Taking a derivative of equation (A.3) and using equation (A.6), we get the desired result.

A.2 A Hardy-type Inequality

In this section, we will prove a Hardy-type inequality that is used in the proof of lemma 5.14,
namely equation (5.75).
Letg € M’g (M) be a Riemannian metric on M = [nmyg, 00) x S2 of the form

g=dr’ +r*(yso + h(r))

where o is a metric on S2and h € H52 ([nmo, 0); Hk(Sz)). We will prove the following.
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Proposition A.1 There exists an Ry > nmg depending only on g such that for R > Ro and
T > 0, the inequality

4

AT AV, < — FEIVT 2V, (A7)

8 2 8
[R,00)x §2 T% J[R,00)x §2

holds for all tensor fields T € CC1 (M).

Proof The main tool we will use is a general L? Hardy inequality in Riemannian manifolds
developed by D’ Ambrosio and Dipierro in [19]. We present the relevant version of it below.

Theorem A.2 Let p € C2(M) such that Agp > 0 such that % € L}OC(M). Then for any
R > nmy, the inequality

> IVol* o
ul>ApdV, < 4 = \vulav, (A.8)
[R,00) x 52 [R.oo)xS2  Ap
holds for all u € C1(M).
Letting p = rT for T > 0, we compute

2
Ap =152 |:1: +14r (trl( — 7)] . |VpP =i (A.9)

r

In light of the Sobolev embeddings in proposition 2.10, we have that
2
ltrK — | = o(r~'1%) (A.10)
r
So we can choose Ry > nmg depending only on g such that for any R > Ry,

(-3
r{trk — —
’

This, in turn, implies that for any r > 0 and any R > Ry,

<1 (A.11)

Ap>T4rT2>0 (A.12)
on [R, 0c0) x 52,
We can then invoke theorem A.2 directly to deduce that the inequality
4
/ PR uldV, < = r¥IVu?dV, (A.13)
[R,00)x §2 T JIR,00)x 5?2

hold forany R > Rpand u € Ccl(M).
The same inequality holds with u replaced with a tensor field 7. To see this, we first
compute that for any tensor field 7 on M,

IVITII* < |VT|? (A.14)

Using the above and letting # = |T| in equation (A.13), we immediately deduce that the
inequality

4
/ rTAT AV, < = rPIVT*dV, (A.15)
[R,00)x §2 T JIR,00)x 52
holds for any R > Ry and tensor field T € CC1 (M). m]
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CorollaryA3 Let § € (—1, —%). There exists an Ry > nmg depending only on g and a
positive constant C depending only on § such that for any R > Ro and any vector field
Z e X}(M),

/ r72873(|Z|2+r2|VZ|2)dVg EC/ r*2(873)73|v3z|2dvg (A.l6)
[R,00)x S2 [R,00) x §2

Proof By repeatedly applying proposition A.1 for t = =28 — 1, =28 + 1, =28 + 3 and
T = Z,VZ,V2Z, we deduce that there exists a positive constant C = C(§) such that

/ re 21 + AV ZPdv, < c/ r20IIVAZ12av, (A17)
[R,00)x §2 [R,00)x §2

for any R > R( and any vector field Z € C, C3(M ). The above inequality can be rewritten in
terms of the norm on Xg‘ (M) (see definition 2.5) as follows:

12135 < C | V2], s (A.18)

The desired inequality then follows from the density of C C3 (M) in X, 53 (M). O

A.3 The Legendre functions P; and Q;

In this section, we will prove properties of the Legendre functions of the first and second
kind, Py and Qy, that are used in the proof of lemma 3.3.

Fix R > 1 (which is equal to n — 1 in section 3). For a positive integer ¢, as described by
Olver in [31], the Legendre functions, Py and Qy, are linearly independent solutions to the
ODE

(22— DA"(2) + 221/ (2) — £ + Dh(2) = 0, z € [R, 00) (A.19)
with the following asymptotics as 7 — 00,
Piz) = 0(z"), Q) =0@"" (A.20)
We normalize Py and Qg so that
lim 2 °P(z) =1, lim '*1Q,(x) =1 (A21)
7—>00 700
which is different than Olver’s. Letting P, and Q, be the Legendre functions as defined by

Olver, the relation between ours and his can immediately be obtained is as follows (see [31]
chapter 5 section 12 and 13 ):

JAT( + 1)
2T (e + 1)

2€+1F(E+ %)
ﬁl”(£+ 1)

In the following proposition, we will apply the method of Frobenius to obtain the expansion
of Py and Qg in terms of powers of z.

Py(z) = Pi(z), Q¢(2) = Q¢ (2) (A.22)

Proposition A.5 Py and Qg admit an expansion of the following form. For z > 1,

4 00
P2 =Y az ™ Qi@ =) bzt (A.23)
k=0

k=0
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where the coefficients ay and by are defined recursively as follows:
ay=byp=1, ai=b =0
C—k+2)—k+1) CL+k—1DE+k)
= 5 ax—n, by = k—2
k> — k¢4 1) k2t +k+1)

The expansion of P, and Q, as described above agree with [35] pg 302 and 320.

fork =2, ay

Proposition A.6 There exists a constant C = C(R) such that for any £ > 1 and z € [R, 00),
the following holds

>, 2z - e+1 2z ‘
z | P(2)] = C( ) .z Q@] = C( ) (A.24)

z++/722 -1 7+4z72 -1
2z -t 2z ¢
—(t—1)| p 2, oy
z |P(z)| < C¢ (7) . 20 =Ce (7) (A.25)
¢ z+4/72 -1 ¢ 7+ -1

Proof Olver, in [31] chapter 12 section 12, has established an asymptotic expansion of Py
and Q for large degree ¢ that is uniformly valid for z € (1, c0). Shivakumar and Wong, in
[34], proved an equivalent expansion of P, that is more computable; letting u = £ 4 1/2, he
has shown that for & > 0,

1/2
Py(cosh§) = (singh 5) <10(ME) + €(u, 5)) (A.26)

where
'3/2) 2§ 5Li(ué)
e, )] < o
2r(/2) 1+&  u
and Iy, I; are the modified Bessel functions (see [31] chapter 2 section 10).

Similarly, Frenzen, in [22], proved an equivalent expansion of Qy that is more computable
than Olver’s; he has shown that for & > 0,

(A.27)

1/2
Q¢(cosh§) = (ﬁ) (Ko(u%‘) + n(u, é)) (A.28)

where
&  Ki(ué)
u, S
In(u, &)l 2048 u
and Ko, K are the modifed Bessel functions (see [31] chapter 7 section 8).

Letting &y be the positive number in which cosh&y = R, Olver’s asymptotics of the
modified Bessel function in [31] chapter 12, section 1 implies that for all £ > &,

(A.29)

ug z \1/2
IR —u§

)]+ 1) = C e Kol + 1Ky )] = € <2u$> ¢

(A.30)
for some constant C > 0 depending only on R. We can then compute for £ € [£g, 00),
(cosh &) ¢ Py(cosh &)| = M(msbs)—ﬂpl(msbgn (A31)
VATEHD , o o, JE t+1/28

C——=2 A.32
= 200 (e + 1) € +e?) V& — e E2nJUF1)2)JE (A.32)

@ Springer



7  Page 56 of 58 A. Ellithy

Te+1) 1 &\ &\
‘Cme+pv@<ﬁ—ef) <ﬁ+e*) (A3
re+1) 1 &\
T+ 1) Ve <eé + e*é) (A3
241r(e 4 3
(cosh &)™ Q¢ (cosh &)| = ﬁ(eoshé)”llm(coshé)l (A.35)
_ 2 %)Z_z_l(eg Loty _ Y2 ( il )1/2 o—(+1/2)8
- /Al +1) Vet —e=§ \2(6 +1/2)&
(A.36)
re+ %) 1 & 12 e et b
=t (o) () "
F(ﬁ—i—%) 1 & +et ¢
: Ixz+1)37< & > o

where we have allowed the constant C to change from line to line but remains dependent
only on R and not on & or ¢.

In light of Stirling’s formula (see [31], chapter 3, section 8), the Gamma function enjoys
the following asymptotics:

Fx)=e *x*1+0x""), asx — o0 (A.39)

In particular, we have

r+1 1 G2 e _
(71) = (1 + ) A +0u (A.40)
re+ 5 2(6+1/2) NG
and
3
F+3) 1\ yEts |
— =1+ 14+ 0~ A4l
r+1) ( 2(£+1)> Ve ( “ (Aab
re+ 1 re+d) 1
as £ — oo. It then follows that T 1Vi and INGEY; are bounded for £ > 1, and we
finally conclude that there exists a constant C depending only on R such that for any z > R,
2z - 2z ¢
— 0+1
P =C (*) , 2 Qe =C (7) (A42)
1+ V22 -1 2+Vz2 -1
where we used
§ — 2
cre” < (A43)

et T+ V2 -1
for z = cosh&.
We have then shown equation (A.24). The estimate for P, and Qj in equation (A.25)
follows immediately from equation (A.24) and the recurrence relations (see [12] pg 161 and
[35] pg 318)

(@ = DP)R) = £zPi(2) = Pi-1(2)), (2 = DQ}(R) = £(20¢(2) — Qe-1(2))  (A44)
o
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