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Abstract
To a conformal map f from the disk D into the complex plane onto a domain with 
rectifiable Ahlfors-regular boundary, we associate a new kind of Grunsky operator 
on the Hardy space of the unit disk. This is analogous to the classical Grunsky op-
erator, which itself can be viewed as an operator on Bergman or Dirichlet space. We 
show that the pull-back of the Smirnov space of the complement of f(D) by f is the 
graph of the Grunsky operator. We also characterize those domains with rectifiable 
Ahlfors-regular boundaries such that the Grunsky operator is Hilbert-Schmidt. In 
particular, we show that if the Grunsky operator is Hilbert-Schmidt, then f(D) is a 
Weil-Petersson quasidisk. The formulations of the results and proofs make essential 
use of a geometric treatment of Smirnov space as a space of half-order differentials.

Mathematics Subject Classification  53C56 · 32Q35 · 32L05 · 47b34 · 51M15

Received: 9 April 2024 / Revised: 27 March 2025 / Accepted: 25 May 2025 / 
Published online: 12 July 2025
© The Author(s) 2025

A fermionic Grunsky operator

Peter Kristel1 · Eric Schippers2 · Wolfgang Staubach3

	
 Wolfgang Staubach
wulf@math.uu.se

Peter Kristel
pkristel@gmail.com

Eric Schippers
eric.schippers@umanitoba.ca

1	 Hausdorff Center for Mathematics Endenicher Allee 62, 53115 Bonn, Germany
2	 Department of Mathematics, University of Manitoba, Machray Hall, Winnipeg,  

MB R3T 2N2, Canada
3	 Department of Mathematics, Uppsala University, S-751 06 Uppsala, Sweden

Mathematische Annalen

1 3

https://doi.org/10.1007/s00208-025-03210-w
http://crossmark.crossref.org/dialog/?doi=10.1007/s00208-025-03210-w&domain=pdf&date_stamp=2025-7-7


P. Kristel et al.

1  Introduction

1.1  Results and literature

The Grunsky operator is an operator associated to a conformal map f from the unit 
disk into the complex plane (a biholomorphic function). It has been studied for many 
years in complex function theory, for example in association with extremal problems 
for univalent functions [15, 29], regularity of the boundary of the image domain [29, 
38], and potential theory [32]. It can be formulated and viewed in many ways, for 
example as an integral operator [6], or in terms of generating functions [15, 29]. It 
also appears in connection to Teichmüller theory and symplectic geometry [41].

The functional-analytic theory of the Grunsky operator has so far explicitly or 
implicitly involved the Dirichlet norm on functions, or equivalently, the Bergman 
norm on one-forms. In this paper, we define an analogue of the Grunsky operator 
on the Hardy space of the disk, and prove results for this new operator analogous to 
those for the standard Grunsky operator. The interpretation of the Grunsky operator 
involves the Smirnov space on the image of f and its complement (which on the disk 
agrees with the Hardy space).

Assuming that f maps onto a domain with Ahlfors-regular rectifiable boundary Γ; 
the main results of the paper can be summarized as follows. (1) The Grunsky opera-
tor is bounded; (2) the graph of the Grunsky operator is the pull-back of the Smirnov 
space of the complement (Thm. 4.7); (3) if the Grunsky operator is Hilbert-Schmidt, 
then Γ = f(S1) is a Weil-Petersson class quasicircle (Cor. 5.3). (4) We also show a 
partial converse.

These results are largely motivated by the Kirillov–Yuri’ev/Nag–Sullivan (or 
KYNS) period map of Diff(S1)/Möb(S1) into the infinite Siegel disk, and the rep-
resentation theory of Diff(S1). The infinite Siegel disk was conceived of and inves-
tigated by G. Segal [36], in association with representations on a symmetric Fock 
space. In that paper Diff(S1) acts symplectically on smooth functions on the circle 
by composition, thus embedding Diff(S1) into the Lagrangian Grassmannian. The 
connection with the Grunsky operator comes from conformal welding: an element ϕ 
of Diff(S1)( or more generally, a quasisymmetry of S1) can be written ϕ = g−1 ◦ f 
where f and g are conformal maps of the disk and its complement in the sphere 
respectively. A. Kirillov and D. Yuri’ev [19] showed that the Lagrangian correspond-
ing to ϕ is the graph of the Grunsky matrix of f. It was shown by S. Nag and D. Sulli-
van [25] that the symplectic action by composition extends to quasisymmetries of S1, 
where smooth functions are replaced by the homogeneous Sobolev space Ḣ1/2(S1); 
indeed quasisymmetries are precisely the bounded symplectomorphisms. In particu-
lar, the KYNS period map embeds the universal Teichmüller space into the sym-
plectic Lagrangian Grassmannian. The second two authors proved in [33] that when 
f(D) is a quasidisk, the graph of the Grunsky operator is the pull-back under f of the 
homogeneous Dirichlet space of the complement of f(D). It was furthermore shown 
by Y. Shen [38] and L. Takhtajan and L–P. Teo [41] independently that the Grunsky 
operator is Hilbert–Schmidt if and only if the conformal map f is in what is called the 
Weil–Petersson class. The Hilbert–Schmidt condition means that the corresponding 
Lagrangian is in the restricted Lagrangian Grassmannian, which has importance in 
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the representation theory. See [34, Section 6] for a survey in the context of Weil–
Petersson Teichmüller theory.

The action of Diff(S1) on function spaces on the circle is an important ingredi-
ent in Segal’s formulation of conformal field theory, and representation theory of 
the Virasoro algebra [17, 21, 35, 36, 42]. The actions in the previous paragraph are 
symplectic, and not orthogonal. So the cited results do not apply to the orthogonal 
Lagrangian Grassmannians of L2(S1) which play a role in fermionic models, see e.g. 
Segal [35], J. Tener [42], or P. Kristel and K. Waldorf [21]. It is then natural to ask 
whether there are fermionic analogues of the original Grunsky operator — which we 
could call bosonic — and corresponding results about its geometric and algebraic 
meaning. It turns out that although an appropriate analogue of the closely related 
Faber operator (which is a composition of certain pull-back and a certain Cauchy-
type integral operator) existed in the literature, an analogue of the Grunsky operator 
did not. We advance such an analogue, and show that its graph is the Grassmannian 
associated to the conformal map f, see Theorem 4.7. We also show that if the Grunsky 
operator is Hilbert-Schmidt (among conformal maps onto domains with rectifiable 
and Ahlfors-regular boundary), then the conformal map is in the Weil-Petersson class 
(Corollary 5.3). As in the symplectic case, this condition has importance in represen-
tation theory and fermionic conformal field theory.

We adopt a presentation which can be understood entirely in terms of complex 
analytic function theory (see below). However, for those who wish to compare it 
with the literature in conformal field theory, which in the fermionic theories involves 
spin bundles over domains and curves in the Riemann sphere [21, 42], we have pro-
vided Appendix A. It can also be asked whether there are generalizations to Riemann 
surfaces of the fermionic Grunsky operator, analogous to the generalization of the 
bosonic Grunsky operator obtained by M. Shirazi [40]. Such a generalization would 
have to be formulated in terms of spin bundles over Riemann surfaces, either implic-
itly or explicitly.

Aside from these results, a major part of this paper is devoted to demonstrating 
that the operator we define here is indeed the natural analogue of the original Grunsky 
operator that was associated to one-forms (the so-called bosonic Grunsky operator). 
This can be done even from a complex function-theoretic point of view, partly thanks 
to existing analogues of the Faber operator. While the classical Grunsky operator can 
be viewed as acting on Bergman/Dirichlet spaces of one-forms/functions, this new 
Grunsky operator acts on the Smirnov space of half-order differentials.

To accomplish this, we make use of a perspective of M. Bolt and D. Barrett on the 
Cauchy and related operators in terms of these half-order differentials, which they 
used to investigate the geometry of the Kerzman-Stein operator [3, 4]. The point 
of view seems to us natural both geometrically and analytically. The half-order dif-
ferential point of view was also the centre of a lengthy investigation by N. Hawley 
and M. Schiffer [16] into domain functions associated to conformal maps, invariant 
functions on Riemann surfaces, and the Schwarzian derivative and the Riccati equa-
tion, among other things. In order to demonstrate that our Grunsky operator on Hardy 
space is the natural analogue of the classical Grunsky operator on Dirichlet/Bergman 
space, we also redevelop known results for the Faber operator and series from the 
half-order differential point of view of Barrett and Bolt. Here we make no claims 
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to originality except in the manner of presentation of known results, and also in the 
introduction of the “overfare” operator into the formulation of the Faber operator. An 
overfare operator was used by the second two authors in the Dirichlet/Bergman space 
in investigation of the jump decomposition, Faber operator, and Grunsky operator for 
domains bounded by quasicircles [33]. Taken as a whole, this motivates the defini-
tion of our new Grunsky operator in terms of the Faber operator, in a way which is 
entirely analogous to the classical Grunsky operator.

Although we make no use of the interesting theorems in [3, 4, 16], the approach 
plays a major role in this paper. We include a development of the formalism in the 
present context, since it motivates and clarifies the definitions and results – indeed it 
led us to their formulation. Furthermore, in our opinion, it has considerable explana-
tory power and value on its own and provokes many new questions.

1.2  Preliminaries

Here we recall some basic facts from the theory of quasiconformal Teichmül-
ler spaces, theory of function spaces on the disk and planar domains, the theory of 
Cauchy integrals on Ahlfors regular curves (or rather its ramifications), and finally 
weighted norm inequalities for singular integral operators, that will all be used in 
various sections of this paper.

Notations and nomenclatures.
In this paper, a “conformal” map is a biholomorphism from a domain onto its 

image. Also, if the values of constants C in estimates of the form a ≤ Cb are of no 
significance for our main purpose, then we use the notation a ≲ b as a shorthand for 
a ≤ Cb.

1.2.1  Teichmüller spaces and the Weil-Petersson class

Let C denote the Riemann sphere, D := {z ∈ C : |z| < 1} the unit disk, and 
D∗ = C\cl(D) be the exterior of the unit disk, where ”cl” denotes the closure.

Now, let L∞(D∗)1 denote the open unit ball of the Banach space L∞(D∗) of 
bounded measurable functions on D∗. For µ ∈ L∞(D∗)1, extend it to D by the 
reflection

	
µ(z) = µ

(
1
z̄

)
z2

z̄2 , z ∈ D.� (1)

Let wµ be the unique quasiconformal homeomorphism from C → C (i.e.  
∂wµ = µ ∂wµ in C) which fixes the points −1, i and 1. One defines an equivalence 
relation on the space of complex dilatations in L∞(D∗)1 in the following way: µ and 
ν are equivalent if wµ|S1 = wν |S1 .

Definition 1.1  The universal Teichmüller space T (1) is defined as
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	 T (1) = {[µ] : µ ∈ L∞(D∗)1},� (2)

where [µ] denotes the equivalence classes of µ according to the equivalence relation 
above.
Another model for the universal Teichmüller space is given as follows. First, 
we extend µ ∈ L∞(D∗)1 to be zero outside D∗. Then one considers the unique 
quasiconformal mapping wµ that is the solution of the Beltrami equation 
∂wµ = µ ∂wµ and normalized by the conditions (wµ|D)(0) = 0, (wµ|D)′(0) = 1, 
(wµ|D)′′(0) = 0. Now define an equivalence relation ∼ on the space of complex dila-
tations in L∞(D∗)1 in the following way: µ ∼ ν if wµ |D = wν |D . Using this equiva-
lence relation, one can define T (1) = L∞(D∗)1/ ∼. However we observe that since 
wµ|D = wν |D ⇐⇒ wµ|S1 = wν |S1 , the two definitions of T(1) are equivalent to 
each other.

These two models can be used to define a conformal welding associated to an ele-
ment [µ] ∈ T (1) (which will be used in Sect. 5). Indeed, if [µ] ∈ T (1), then there is 
a corresponding conformal welding, which for appropriate quasiconformal mappings 
gµ and fµ (on C), is given by

	 wµ = g−1
µ ◦ fµ,� (3)

see [41, Section 2.2] and [23] for details. We also note that fµ is conformal inside the 
unit disk and gµ is conformal outside the unit disk.

The universal Teichmüller space T (1) is a group (not a topological group) under 
the composition of the quasiconformal mappings. The group law on L∞ (D∗)1 is 
defined implicitly by

	 λ = ν ∗ µ−1,

through wλ = wν ◦ w−1
µ , where µ−1 is defined by the property that µ ∗ µ−1 = 0. 

Explicitly, the group law is given by

	
λ =

(
ν − µ

1 − µ̄ν

(∂wµ)(
∂w̄µ

)
)

◦ w−1
µ .� (4)

If Φ : L∞(D∗)1 → T (1) is the natural projection-map µ �→ [µ], then the group struc-
ture on L∞(D∗)1 projects to T(1) by [λ] ∗ [µ] = [λ ∗ µ] and the right translation 
defined by

	 R[µ] : T (1) −→ T (1), [λ] �−→ [λ ∗ µ],� (5)

is a biholomorphic automorphism of T(1). The complex structure on T(1) can be 
obtained in different ways, for example from the Bers embedding [23, 24], but we 
will not use this directly here. Moreover, for µ ∈ L∞ (D∗)1 the tangent space at [µ] 
of T(1) is given by
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	 T[µ]T (1) = D0R[µ] (T0T (1))� (6)

As was shown by L. Takhtajan and L-P. Teo [41] T(1) possesses a Hilbert manifold 
structure with a natural Hermitian metric. Namely, if

	
ρ(z) = 4

(1 − |z|2)2 � (7)

denotes the the density of the hyperbolic metric on D∗, and dAz  denotes the Leb-
esgue area-measure on C, define the Hilbert space of harmonic Beltrami differentials 
on D∗ by

	
H−1,1 (D∗) =

{
µ = ϕ(z)

ρ(z)
, ϕ holomorphic on D∗; ∥µ∥2 < ∞

}
,� (8)

where

	
∥µ∥2

2 :=
�

D∗

|µ|2ρ(z) dAz.� (9)

Then it was shown by Takhtajan and Teo [41] that T(1) is a Hilbert manifold with 
uncountably many connected components. The tangent spaces are given by

	 T (1) � [µ] �→ D0R[µ]
(
H−1,1 (D∗)

)
⊂ T[µ]T (1),� (10)

where above T[µ]T (1) denotes the tangent space at [µ] with respect to the classical 
Banach manifold structure.

Let T0(1) be the component of origin of the Hilbert manifold T(1). As was shown 
in [41], T0(1) is a subgroup of T(1), it is a Hilbert manifold and, as opposed to T(1), a 
topological group. Given [µ] ∈ T (1) with the corresponding conformal welding (3), 
it was shown in [41] that [µ] ∈ T0(1) if and only if

	

∫

D

|Sfµ(z)|2

ρ(z)
dAz < ∞,� (11)

where Sf := (f ′′/f ′)′ − 1/2 (f ′′/f ′)2 is the Schwarzian derivative of a function f. 
This leads to the following definition.

Definition 1.2  The class of such [µ]’s in T0(1) is called the Weil-Petersson class. 
Note that in this case ∥µ∥2 < ∞. With a slight abuse of nomenclature, we also say 
that fµ belongs to the Weil-Petersson class (referred to as the WP–class). In this case 
the quasicircle fµ(S1) is referred to as a WP–class quasicircle.
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1.2.2  Function spaces on the disk

Next, we recall some facts about certain function spaces on the disk and planar 
domains that are used in this paper.

Definition 1.3  The Bergman space of the disk, denoted A(D), is the Hilbert space 
consisting of holomorphic functions f : D → C such that

	
∥f∥2

A(D) :=
∫

D
|f(z)|2 dAz < ∞.� (12)

Definition 1.4  For 0 < p < ∞, the Hardy spaces of the disk, denoted Hp(D), are the 
Banach spaces consisting of holomorphic functions h : D → C such that

	
∥h∥p

Hp(D) := sup
0<r<1

∫ 2π

0
|h(reiθ)|pdθ < ∞.� (13)

It is a well-known fact of function theory that

	 H2(D) ↪→ A(D),� (14)

where ↪→ denotes continuous (i.e. bounded) inclusion.
Let U  be a simply-connected domain in the plane, which is conformally equivalent 

to the unit disk. Let gq denote its Green’s function (with Dirichlet boundary condi-
tion) with singularity at q ∈ U . For 0 < r < 1, let Γq,r denote the level curve

	 Γq,r = {z ∈ U : gq(z) = − log r}.� (15)

        

Definition 1.5  Given a bounded connected open set D with a rectifiable Jordan curve 
Γ as its boundary and an unbounded complementary component Ω, one defines 
Ĥ2(D) to be the closed subspace of L2(Γ, |dz|) such that

	

∫

Γ
f(z)zkdz = 0, k ≥ 0,

and Ĥ2(Ω) is defined as the closed subspace of L2(Γ, |dz|) such that

	

∫

Γ
f(z)zkdz = 0, k ≤ −1.

One refers to these spaces as generalized Hardy spaces. Note that Ĥ2(D) in the defi-
nition above agrees with H2(D) of Definition 1.4 when D = D (and p = 2).
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R. Coifman and Y. Meyer [12] call the space in Definition  1.5H2(D) or H2(Ω) 
(which is at times denoted by H(Γ) in their book). Moreover they define the space 
H2(D) as the closure in L2(Γ) of the polynomials in z, and H2(Ω) as the closure in 
L2(Γ) of the polynomials in z−1 that vanish at ∞. It is shown in [12, Theorem 8, page 
183] that for Ahlfors-regular rectifiable boundaries Γ, H2(D) = H2(D) = Ĥ2(D) 
and H2(Ω) = H2(Ω) = Ĥ2(Ω), using our notation above.

A class of functions that plays an important role in approximation theory is the 
so-called Smirnov class [14].

Definition 1.6  Let 0 < p < ∞. Let D be a simply-connected domain conformally 
equivalent to the disk, and let h : D → C be holomorphic. We say that h ∈ Ep(D) 
(the Smirnov space), if there is a sequence of rectifiable simple closed curves Γn 
eventually enclosing any compact subset of D such that

	
∥f∥p

Ep(D) := sup
n

∫

Γn

|f(z)|p|dz| < ∞.� (16)

If this holds for some Γn, it also holds in particular for Γq,r for any q, see [14, Theo-
rem 10.1].

A Smirnov domain [14, Section 10.3] is a bounded simply-connected domain D 
with a rectifiable Jordan boundary in the complex plane C with the following prop-
erty: there is a conformal mapping z = ϕ(w) from the disk |w| < 1 onto D such that 
for |w| < 1 the harmonic function log |ϕ′(w)| can be written as the Poisson integral 
of its non-tangential boundary values log

∣∣ϕ′ (
eiθ

)∣∣ :

	
log

∣∣ϕ′ (
reiθ

)∣∣ = 1
2π

∫ 2π

0

1 − r2

1 + r2 − 2r cos(t − θ)
log

∣∣ϕ′ (
eit

)∣∣ dt.� (17)

As was mentioned by Coifman-Meyer in [12, last paragraph on page 157], if D is a 
Smirnov domain, then E2(D) = Ĥ2(D), moreover E2(D) coincides with the clo-
sure of the polynomials in L2(Γ), see P. Duren’s book [14, Chapter 10], and in par-
ticular [14, Theorem 10.6] for proofs of these facts.

1.2.3  Ahlfors regular curves and G. David’s theorem

In this paper, the regularity conditions that are required of the boundary curves are 
rectifiability and Ahlfors regularity. The latter is defined as follows.

Definition 1.7  Let Γ be a Borel set in R2. We say that Γ is a Ahlfors-regular if it is 
bounded and if there is a constant CΓ such that

	
r

CΓ
≤ H 1(B(x, r) ∩ Γ) ≤ CΓr� (18)
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for all x ∈ Γ, 0 < r ≤ 1, where H 1 denotes the 1-dimensional Hausdorff measure.
For a Jordan curve Γ which splits the plane into complementary components, Ω1 
and Ω2, A. Calderón [8] posed the problem of whether the space L2(Γ) is the direct 
sum of the generalized Hardy spaces Ĥ2(Ω1) and Ĥ2(Ω2), when these spaces are 
realized as subspaces of L2(Γ) via their corresponding trace operators. G. David [13] 
characterized the curves Γ for which Calderón’s problem has an affirmative answer. 
David’s result is

Theorem 1.8  Let Γ  be a rectifiable curve in the plane, of finite total length, and let 
Ω1  and Ω2  be its complementary components in the Riemann sphere. The direct sum 
decomposition

	 L2(Γ, |dz|) = Ĥ2(Ω1) ⊕ Ĥ2(Ω2)

holds if and only if Γ  is Ahlfors-regular. The decomposition is the jump decomposi-
tion obtained from the Cauchy integral.

1.2.4  Muckenhoupt weights and weighted norm inequalities

We recall very briefly some basic facts about weighted norm inequalities, that will 
be used in Sect. 5.

Definition 1.9  For a fixed 1 < p < ∞, one says that a non-negative function 
w : Rn → [0, ∞) belongs to the Muckenhoupt Ap-class, if w is locally integrable 
and there is a constant C such that, for all balls B in Rn, one has

	

(
1

|B|

∫

B

w(x)dx

) (
1

|B|

∫

B

w(x)− p′
p dx

) p

p′

≤ C < ∞

where |B| is the Lebesgue measure of B, and p′ is the Hölder conjugate of p, mean-
ing that 1

p + 1
p′ = 1.

It is well-known that for p > 1 and x ∈ Rn, the weights |x|α ∈ Ap if and only if 
−n < α < n(p − 1).

One says that the function f ∈ Lp
w, if f is measurable and

	
∥f∥Lp

w
:=

{ ∫

Rn

|f(x)|p w(x) dx
}1/p

< ∞.

Apart from the significant role that the Muckenhoupt weights play in the weighted 
Lp–boundedness of Hardy-Littlewood maximal operators, it was shown by R. Coif-
man and C. Fefferman [11] that singular integral operators of Calderón-Zygmund 
type are also bounded on weighted Lp spaces equipped with Muckenhoupt weights. 
More precisely
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Theorem 1.10  Let T be a Calderón-Zygmund operator of convolution-type. Then for 
1 < p < ∞ and w ∈ Ap, one has the weighted norm inequality

	 ∥Tf∥Lp
w

≤ Cp∥f∥Lp
w

.

Note that the Hilbert and the Beurling transforms

	
H f(x) = P.V.

∫

R

f(y)
x − y

dy, and Bf(z) = P.V.
∫

C

f(ζ)
(ζ − z)2 dAζ � (19)

respectively, are examples of Calderón-Zygmund operators to which this result 
applies.

2  Smirnov spaces of half-order differentials

2.1  Half-order differentials

We give a nuts-and-bolts description of holomorphic half-order differentials, that is 
in line with a common function-theoretic way of thinking of differentials (e.g. [23]). 
In Appendix A, we show that half-order differentials are really sections of the square-
root of the canonical line bundle, and moreover, that all definitions in this section 
are completely compatible with this point of view. While this differential-geometric 
viewpoint is not strictly necessary to understand or prove our results, it is a useful 
source of intuition, and moreover provides our results with a broader context.

We shall define holomorphic 1
2 -differentials h(z)dz1/2 in terms of how they trans-

form under holomorphic change of coordinates. Whereas the transformation law of 
a 1-differential involves the derivative of the holomorphic transformation, for 1

2 -dif-
ferentials we require the square root of the derivative. First, we make precise what we 
mean by this. Recall that if f : Ω2 → Ω1 is a biholomorphism of simply-connected 
(proper) domains, then there exist exactly two holomorphic functions g : Ω2 → C× 
that satisfy g(z)2 = f ′(z) for all z ∈ Ω2( here C× = C \ {0}). We denote by 
Conf(Ω2, Ω1) the set of biholomorphisms from Ω2 to Ω1 and define

	 Ĉonf(Ω2, Ω1) := {(f, g) : f ∈ Conf(Ω2, Ω1), g(z)2 = f ′(z)}.

We will denote elements f̂ ∈ Ĉonf(Ω2, Ω1) by f̂ = (f,
√

f ′) where f is a biholomor-
phism from Ω2 to Ω1, and it is understood that 

√
f ′ denotes a definite choice of one 

of the two possible branches of square root of f ′.

Definition 2.1  The space of holomorphic half-order differentials on Ω1, denoted 
Ω 1

2 ,0(Ω1) is the space of holomorphic functions from Ω1 to C. Elements of Ω 1
2 ,0(Ω1) 

are denoted by h
√

dz = hdz1/2, where h : Ω1 → C is such a holomorphic function. 
If f̂ = (f,

√
f ′) ∈ Ĉonf(Ω2, Ω1), then for h

√
dz ∈ Ω 1

2 ,0(Ω1), we define
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	 f̂∗(h
√

dz) := (h ◦ f)
√

f ′
√

dz ∈ Ω 1
2 ,0(Ω2),� (20)

or, equivalently

	 f̂∗(h
√

dz)(z) = h(f(z))
√

f ′(z)
√

dz, z ∈ Ω2.

We equip Ω 1
2 ,0(Ω) with the bilinear pairing

	 Ω 1
2 ,0(Ω) × Ω 1

2 ,0(Ω) → Ω1,0(Ω), (h1
√

dz, h2
√

dz) �→ h1h2dz.� (21)

The symbol 
√

dz is formal, but it serves to remind us of Equations (20) and (21). 
The space Ĉonf(Ω) := Ĉonf(Ω, Ω) is a group, and in fact it is a double cover of the 
group of biholomorphisms from Ω to itself. Equation (20) then yields a group action 
of Ĉonf(Ω) on Ω 1

2 ,0(Ω).

Definition 2.2  The space of anti-holomorphic half-order differentials on Ω1, 
denoted Ω0, 1

2 (Ω1) is the space of anti-holomorphic functions h : Ω1 → C. Elements 
of Ω0, 1

2 (Ω1) are denoted by h
√

dz. If f̂ = (f,
√

f ′) ∈ Ĉonf(Ω2, Ω1), then for 
h

√
dz ∈ Ω0, 1

2 (Ω1), one defines

	 f̂∗(h
√

dz) := (h ◦ f)
√

f ′
√

dz ∈ Ω0, 1
2 (Ω2).

At the moment, the space Ω 1
2 ,0(Ω) is simply a vector space. In the sequel, we con-

sider a subspace consisting of elements satisfying a certain integrability condition, 
see Eq. (22), and see that this leads naturally to Smirnov spaces.

2.2  The Smirnov space of half-order differentials

In this section we add some regularity to the half-order differentials (introduced in 
Sec. 2.1) to obtain a model of the Smirnov space. In brief, we view the Smirnov space 
as half-order differentials of the form h(z)

√
dz where h(z) ∈ E2(Ω). We recall some 

basic results, in order to establish our terminology.
Let A1/2(Ω, q) ⊂ Ω 1

2 ,0(Ω) denote the space of holomorphic half-order differen-
tials h

√
dz satisfying

	
∥h

√
dz∥2

Ω,q := lim
r↗1

∫

Γq,r

|h(z)|2|dz| < ∞,� (22)

where Γq,r is defined in (15). Equivalently, using the notation in (15), the conformal 
invariance of Green’s function and the fact that Green’s function of the disk satis-
fies g0(z) = − log |z|, one may write the curves Γq,r as curves f(|z| = r) where 
f : D → Ω is a conformal map such that f(0) = q. This yields that
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∥h

√
dz∥2

Ω,q := lim
r↗1

∫

f(|z|=r)
|h(z)|2 |dz|.� (23)

Thus, with (22) and this definition, we can identify A1/2(Ω, q) with the Smirnov 
space E2(Ω)

	
A1/2(Ω, q) =

{
h dz1/2 : h ∈ E2(Ω)

}
.

Furthermore, as a collection of functions, A1/2(Ω, q) is independent of q. We shall 
shortly show that the norm does not depend on q either, that is, we shall prove the 
following result.

Proposition 2.3  Let Ω be a simply-connected domain. Then, we have, for all 
h

√
dz ∈ Ω 1

2 ,0 (Ω)

	 ∥h
√

dz∥Ω,p = ∥h
√

dz∥Ω,q

for all p, q ∈ Ω.
We will prove Prop. 2.3 below, but first we take some preliminary steps.

Lemma 2.4  If f̂ ∈ Ĉonf(Ω2 , Ω1 ), then the map f̂ ∗ : Ω 1
2 ,0 (Ω1 ) → Ω 1

2 ,0 (Ω2 ) 
restricts to an isometry

	 f̂∗ : A1/2(Ω1, p) → A1/2(Ω2, f−1(p)),

for any p ∈ Ω1 .

Proof  Let h
√

dz ∈ A1/2(Ω1, p), and f̂ = (f,
√

f ′) ∈ Ĉonf(Ω2, Ω1). The crucial 
observation here is that we have, for all r ∈ (0, 1) that f(Γf−1(p),r) = Γp,r. This 
yields for r ∈ (0, 1) that

	

∫

Γf−1(p),r

|h(f(z))||f ′(z)||dz| =
∫

Γp,r

|h(w)||dw|.

Taking the limit as r ↗ 1 on both sides, yields the desired conclusion. � □
We note that, by comparing Eq. (16) with Eq. (13), we obtain an identification of 

Banach spaces

	 H2(D) = A1/2(D, 0).� (24)

This identification will allow us to exploit some well-known results in the context of 
Hardy spaces to prove Proposition 2.3.
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Proof of Proposition 2.3  We first consider the case that Ω = D. Let h
√

dz ∈ A1/2(D, 0) 
be arbitrary, and let Cr be the circle |z| = r for 0 < r < 1. As is well-known, ele-
ments of H2(D) have non-tangential limits almost everywhere and by the mean con-
vergence theorem the Hardy space norm equals the L2-norm of the boundary values 
with respect to the measure dθ. By the (isometric) identification of A1/2(D, 0) with 
H2(D), we thus have

	
∥h

√
dz∥2

D,0 = lim
r↗1

∫

Cr

|h(z)|2|dz| =
∫

S1
|h(z)|2|dz|.

For an arbitary Möbius transformation M preserving D, we then have

	

∫

S1
|h(z)|2|dz| =

∫

S1
|h(M(z))|2|M ′(z)||dz|

= lim
r↗1

∫

Cr

|h(M(z))|2|M ′(z)||dz| = lim
r↗1

∫

M−1(Cr)
|h(z)|2||dz|

= ∥h
√

dz∥2
D,M−1(p).

�(25)

Now, let Ω be an arbitrary simply-connected domain, and let p, q ∈ Ω. Let 
f̂ = (f,

√
f ′) ∈ Ĉonf(D, Ω) be such that f−1(p) = 0. We then have, using Lemma 2.4,

	 ∥h
√

dz∥2
Ω,p = ∥f̂∗(h

√
dz)∥2

D,0 = ∥f̂∗(h
√

dz)∥2
D,f−1(q) = ∥h

√
dz∥2

Ω,q.

� □

Remark 2.5  In many sources it is required that the boundary of Ω be rectifiable in 
order to define the Smirnov space. Here it is not necessary, but we will add that condi-
tion in the next section.

Observe that the definition is entirely conformally invariant; the regularity of the 
boundary plays no role in either the norm or the space. Observe also that the defini-
tion extends without problem to arbitrary simply-connected domains Ω in the Rie-
mann sphere, so long as one observes that if ∞ ∈ Ω then we must assume that for 
h(z)

√
dz ∈ A1/2(Ω) the function h(1/z) /z is holomorphic at 0.

We also define an inner product on A1/2(Ω), namely

	

(
h1

√
dz, h2

√
dz

)
Ω

= lim
r↗1

∫

Γp,r

h1(z)h2(z)|dz|

which incidentally is nicely motivated by the product

	 h1(z)dz1/2 · h2(z)dz̄1/2 = h1(z)h2(z)|dz|.� (26)

Arguing as above, we see that this is independent of p (c.f.Proposition 2.3). More-
over, if f̂ ∈ Ĉonf(Ω2, Ω1), then the associated map
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	 f̂∗ : A1/2(Ω1) → A1/2(Ω2)

is unitary (c.f. Lemma 2.4).
We denote by A1/2(Ω) the set of differentials h dz̄1/2 such that h dz1/2 ∈ A1/2(Ω), 

and define the inner product via

	

(
h1dz̄1/2, h2dz̄1/2

)
Ω

= lim
r↗1

∫

Γp,r

h1(z)h2(z)|dz|.

Definition 2.6  We set

	 A1/2
h (Ω) := A1/2(Ω) ⊕ A1/2(Ω),

and extend the inner product so that the two subspaces are orthogonal.

Remark 2.7  If we also extend the product (26) in the obvious way, then we have that

	

(
h1dz1/2 + H1dz̄1/2, h2dz1/2 + H2dz̄1/2

)

=
(

h1dz1/2, h2dz1/2
)

+
(

H1dz̄1/2, H2dz̄1/2
)

= lim
r↗1

∫

Γp,r

(
h1(z)h2(z)|dz| + H1(z)H2(z)|dz| + h1(z)H2(z)dz + h2(z)H1(z)dz̄

)

= lim
r↗0

∫

Γp,r

(
h1(z)dz1/2 + H1(z)dz̄1/2

) (
h2(z)dz̄1/2 + H2(z)dz1/2

)
,

because the third and the fourth integral in the third line vanish for all 0 < r < 1 
by holomorphicity of hk and Hk. Thus the choice that the holomorphic and anti-
holomorphic spaces are orthogonal is consistent with the product. In fact the product 
is the natural symmetric product arising in the differential geometric definition of 
differentials.
The obvious analog of Lemma 2.4 for A1/2(Ω) holds, from which it follows that 
elements of Ĉonf(Ω2, Ω1) also yield isometries. In summary, we have the following 
proposition.

Proposition 2.8  If ̂f ∈ Ĉonf(Ω2 , Ω1 ), then we have an isometry

	 f̂∗ : A1/2
h (Ω1) → A1/2

h (Ω2),

which sends A1/2 (Ω1 ) to A1/2 (Ω2 ) and A1/2 (Ω1 ) to A1/2 (Ω2 ).

Remark 2.9  Given an arbitrary simply-connected domain Ω, one can define the Hardy 
space H2(Ω) as the set of holomorphic functions on Ω with a harmonic majorant 
[14]. For a conformal map f : Ω1 → Ω2
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	 h ∈ H2(Ω2) ⇔ h ◦ f ∈ H2(Ω1),

whereas a function h is in the Smirnov space E2(Ω2) if and only if h ◦ f
√

f ′ is in 
E2(Ω1) [14, 10.1]. Thus elements of the Hardy space transform as functions while 
elements of the Smirnov space transform as half-order differentials.

Remark 2.10  Note that if the boundary of the domain is sufficiently regular, e.g. C2 
smooth, then the Hardy spaces and Smirnov spaces agree [14, Theorem 10.2]. Nev-
ertheless, the distinction between their geometric natures should be kept in mind.

2.3  Rectifiable curves and overfare

Now assume that Ω is a simply connected domain whose boundary Γ is rectifiable. 
In that case, the unit tangent T exists almost everywhere on Γ, and so there is a well-
defined notion of non-tangential limit almost everywhere on Γ.

We have the following well-known result (rephrased slightly).

Theorem 2.11  Let Ω be a simply connected domain in the sphere whose boundary 
Γ  is rectifiable. Given any h dz1/2 ∈ A1/2 (Ω), h has a non-tangential limit almost 
everywhere on Γ . If the non-tangential limits vanish on a set of non-zero measure, 
then h dz1/2 = 0 . Finally,

	

∫

Γ
|h(z)|2 |dz| = ∥h dz1/2∥2

Ω < ∞.

The same claims extend to A1/2 (Ω).

Proof  Since Γ is rectifiable, ∞ /∈ Γ. If ∞ /∈ Ω, this is just [14, Theorem 10.3]. If 
∞ ∈ Ω, we can apply a Möbius transformation M so that M(Ω) is bounded and 
invoke conformal invariance of the norm and apply a change of variables. � □

In other words, the boundary values of elements of A1/2(Ω) and A1/2(Ω) are in 
L2(Γ, |dz|), that is, the L2-space with respect to arc length.

By slightly adjusting the arguments in the proof above, or directly from the state-
ment of the theorem using the polarization identity, we have

Corollary 2.12  Let Ω be a simply connected domain in the sphere whose boundary Γ  
is rectifiable. For hk dz1/2 ∈ A1/2 (Ω), k = 1 , 2 , we have

	

(
h1 dz1/2, h2 dz1/2

)
Ω

=
∫

Γ
h1(z)h2(z)|dz|,

similarly for hk dz̄1/2 ∈ A1/2 (Ω) we have
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(
h1 dz̄1/2, h2 dz̄1/2

)
Ω

=
∫

Γ
h1(z)h2(z)|dz|.

Remark 2.13  Since Γ is rectifiable, if f : D → Ω is a conformal map then f ′ ∈ H1(D). 
In particular, f ′ has non-tangential boundary values almost everywhere on ∂D and

	
d

dθ
f(eiθ) = if ′(eiθ)

almost everywhere, where f ′(eiθ) denote the non-tangential boundary values of f ′.
Assume, for the moment, that the boundary ∂Ω of Ω is smooth. We then denote by 

T : ∂Ω → S1 ⊂ C the positively-oriented unit tangent vector. By [5, Theorem 4.3] 
every element u of L2(∂Ω) has a unique decomposition

	 u(ζ) = h(ζ) + H(ζ)T (ζ)� (27)

where h and H are non-tangential boundary values of elements of the Hardy space of 
Ω. Furthermore this decomposition is orthogonal. As we observed above in Remark 
2.10, the Hardy space and Smirnov space agree in the case that the boundary is 
smooth, so that h dz1/2 ∈ A1/2(Ω) and H dz̄1/2 ∈ A1/2(Ω).

Remark 2.14  In connection with Remark  2.10, we observe that although the decom-
position (27) is stated for Hardy spaces in S. Bell’s book [5], in fact it is more natural 
on Smirnov space. In particular, the appearance of the unit tangent vector T is easily 
explained, and indeed the formula for the decomposition in the Smirnov space is 
more symmetric.

Remark 2.15  It would also make sense to write h
√

T + H
√

T  instead of h + HT . 
This formulation makes the situation more apparently symmetric. However, we use 
the decomposition h + HT  because this is how it appears in the literature, moreover, 
the symmetry is not important for us at this point. (We establish some variation of the 
inherent symmetry later on in any case.)

One sees then that for smooth domains, one can identify A1/2
h (Ω) with L2(Γ, |dz|). 

The precise statement is the following theorem, which in fact only requires rectifiable 
boundary. Let

	
W =

{
h|Γ ∈ L2(Γ, |dz|) : h dz1/2 ∈ A1/2(Ω)

}

where h|Γ denotes the non-tangential boundary values. Then

	
W =

{
H

∣∣
Γ ∈ L2(Γ, |dz|) : H dz̄1/2 ∈ A1/2(Ω)

}
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is the set of complex conjugates of elements of W.

Theorem 2.16  If Ω is a domain in the sphere with rectifiable boundary Γ , then we 
have the orthogonal decomposition

	 L2(Γ, |dz|) = W ⊕ TW.

Furthermore, the map

	

bΩ : A1/2
h (Ω) → L2(Γ, |dz|)

h dz1/2 + Hdz̄1/2 �→ h|Γ + H
∣∣
Γ T

is an isometric isomorphism.

Proof  Repeating the computation in Remark 2.7 in the light of Theorem 2.11 and 
Corollary 2.12, shows that bΩ preserves the inner product. Injectivity follows from 
orthogonality of W ⊕ TW  together with Theorem 2.11. Thus bΩ is an isometry. It 
remains only to show that every element of L2(Γ, |dz|) is in W ⊕ TW .

Let u ∈ L2(Γ, |dz|). Then u ◦ f
√

f ′ ∈ L2(∂D, |dz|)( here we are using Remark 
2.13). It was already observed that for smooth domains Ω, elements of L2(∂Ω, |dz|) 
have such a decomposition. In particular this holds for the disk, so

	 u ◦ f
√

f ′ = h1 + H1T1

for h1(z)dz1/2 ∈ A1/2(D), H1(z)dz̄1/2 ∈ A1/2(D), where T1(eiθ) is the unit tan-
gent vector on ∂D.

By Remark  2.13 the unit tangent vector on Γ is

	

T (f(eiθ)) =
df(eiθ)

dθ∣∣∣ df(eiθ)
dθ

∣∣∣
= ieiθ

√
f ′(eiθ)√
f ′(eiθ)

so since T1(eiθ) = ieiθ, we see that

	
T ◦ f = T1

√
f ′

√
f ′

.� (28)

Thus we have

	
u = h1 ◦ f−1

√
f ′ ◦ f−1

+ H1 ◦ f−1
√

f ′ ◦ f−1
T1 ◦ f−1.
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Setting

	
h = h1 ◦ f−1

√
f ′ ◦ f−1

, H = H1 ◦ f−1
√

f ′ ◦ f−1

and applying (28) we obtain

	 u = h + HT.

The fact that hdz1/2 ∈ A1/2(Ω) and Hdz̄1/2 ∈ A1/2(Ω) follows from Proposi-
tion 2.8. � □

Remark 2.17  This theorem extends the decomposition Eq. (27) given in [5] to simply 
connected domains with rectifiable boundary. Although it is elementary, we were not 
able to locate this in the literature.

The identification made in Theorem 2.16 is motivated by the heuristic computation

	
h(ζ)dζ1/2 + H(ζ)dζ

1/2 =
(

h(ζ) + H(ζ)T (ζ)
)

dζ1/2� (29)

where we have used

	 Tdζ1/2 = TT 1/2|dζ|1/2 = T
1/2|dζ|1/2 = dζ

1/2
.

Thus we obtain a function on Γ from u(ζ)dζ1/2 by “factoring out” dζ1/2.
This also suggests that we could write instead

	
h(ζ)dζ1/2 + H(ζ)dζ

1/2 =
(

h(ζ)T (ζ) + H(ζ)
)

dζ̄1/2.

Indeed one can show in exactly the same way that the orthogonal decomposition

	 L2(Γ, |dz|) = TW ⊕ W � (30)

holds.
Finally, we consider the following “overfare” process. Given bΩ as in Theo-

rem 2.16, let

	 b−1
Ω : L2(Γ, |dz|) → A1/2

h (Ω)

denote its inverse. For a rectifiable Jordan curve Γ in the sphere, let Ω1 and Ω2 be the 
two connected components of the complement. We then have that

	 b−1
Ω2

bΩ1 : A1/2
h (Ω1) → A1/2

h (Ω2)
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is a bounded map, which takes elements of A1/2
h (Ω1) to elements of A1/2

h (Ω2) 
with the same boundary values almost everywhere. We call b−1

Ω2
bΩ1  the “overfare 

operator”.

Remark 2.18  An analogous overfare operator was defined by two of the authors in the 
case of Dirichlet spaces, under the assumption that the boundary is a quasicircle, see 
e.g. [33]. In the Smirnov space setting the analysis is considerably more straightfor-
ward, at least for domains with rectifiable boundary.

Remark 2.19  If one uses the decomposition (30) to define bΩ1  and b−1
Ω2

, then the 
resulting overfare operator does not change, so long as one makes a consistent choice 
on both sides. To see this, assume that

	
bΩ1

(
h(z)dz1/2 + H(z)dz̄1/2

)
= bΩ2

(
h∗(z)dz1/2 + H∗(z)dz̄1/2

)
,

that is

	 h(z) + H(z)T (z) = h∗(z) + H∗(z)T (z).� (31)

If we now define

	
b̃Ω1

(
h(z)dz1/2 + H(z)dz̄1/2

)
= h(z)T (z) + H(z)

and similarly for b̃Ω2 , multiplying both sides of (31) by T we obtain that

	
b̃Ω1

(
h(z)dz1/2 + H(z)dz̄1/2

)
= b̃Ω2

(
h∗(z)dz1/2 + H∗(z)dz̄1/2

)

Remark 2.20  The assumption of rectifiability can be weakened very slightly. It suf-
fices to assume that T (Γ) is rectifiable for some Möbius transformation T. It is easily 
checked using the invariance of the norm and inner product that the results of this 
section can all be extended to this case. This might be of use in connection with the 
inversive geometry of [3, 4].

3  Faber operator and Faber series

3.1  Jump decomposition and Faber operators

We define the following Cauchy operator on A1/2(Ω). Let Γ be a rectifiable curve in 
the plane, and let Ω1 and Ω2 be the connected components of the complement in the 
sphere C. Given α ∈ A1/2

h (Ω1), define for k = 1, 2
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[
J1/2

1,k α
]

(z) = 1
2πi

lim
r↗1

∫

Γp,r

α(w)dw1/2dz1/2

w − z
, z ∈ Ωk.� (32)

Remark 3.1  Since our integral kernels are bi-differentials, we need to remove ambi-
guity about the variable of integration. In general the integration variable is the one 
which does not appear after integration, in this case w. We will therefore explicitly 
display the variable of the output differential, in this case z. When this is not possible, 
the variable of integration will be explicitly added as a subscript to the integral.

Here we are following Barrett and Bolt [3] for the expression for the Cauchy opera-
tor and jump decomposition. Their formalism of half-order differentials leads to an 
elegant (and computationally convenient) approach to the Cauchy integral in associa-
tion with L2(Γ, |dz|) and A1/2

h (Ω1) for rectifiable curves, as will be illustrated in the 
first part of this section.

A well-known result of G. David (Theorem 1.8) says precisely when the jump 
decomposition holds.

Remark 3.2  By Theorem 2.16 we can also think of J1/2
1,k  as an operator on L2(Γ), 

where it is understood that the isometry bΩ1  is used to identify the spaces L2(Γ) and 
A1/2

h (Ω1).

The integral is interpreted as follows. Denoting α(z) = h(z)dz1/2 + H(z)dz̄1/2 
we can write this as

	

[
J1/2

1,k α
]

(z) = lim
r↗1

1
2πi

∫

Γp,r

h(w)
w − z

dw · dz1/2 + lim
r↗1

1
2πi

∫

Γp,r

H(w)
w − z

|dw| · dz1/2 z ∈ Ωk

= 1
2πi

∫

Γ

h(w)
w − z

dw · dz1/2 + 1
2πi

∫

Γ

H(w)
w − z

|dw| · dz1/2 z ∈ Ωk

�(33)

where in the second equality we are using Theorem 2.11 to obtain the non-tangential 
boundary values of h and H  almost everywhere.

It is easily seen that the usual Cauchy integral on L2(Γ, |dz|) agrees with the inte-
gral (33) on A1/2

h (Ω1)( still assuming Γ is rectifiable). For any u ∈ L2(Γ, |dz|) write 
u = h + HT  uniquely using Theorem 2.16. We then have

	

1
2πi

∫

Γ

u(w)
w − z

dw = 1
2πi

( ∫

Γ

h(w)
w − z

dw +
∫

Γ

H(w)T (w)
w − z

dw
)

= 1
2πi

( ∫

Γ

h(w)
w − z

dw +
∫

Γ

H(w)
w − z

|dw|
)

.

� (34)

Thus if we write α(z) = u(z)dz1/2 as in (29), the above integral agrees with (33).
In light of the above, we can remove the limit in equation (32) to obtain
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[
J1/2

1,k α
]

(z) = 1
2πi

∫

Γ
α(w)dw1/2dz1/2

w − z
z ∈ Ωk.

and call it without reservation the Cauchy integral of α.

Proposition 3.3  Let Γ  be a rectifiable curve in the plane, and let Ω1  and Ω2  be its 
complementary components in the Riemann sphere. Assume that ∞ ∈ Ω2 . For any 
α ∈ A1/2 (Ω1 ) we have

	 J1/2
1,2 α = 0 and J1/2

1,1 α = α.

Proof  This follows directly from (33). � □

Using these jump operators, we now state a slight reformulation of David’s result 
(Theorem  1.8). By a result of M. Zinsmeister [43], Ahlfors-regular domains are 
Smirnov. Thus we obtain

Corollary 3.4  Let Γ  be an Ahlfors-regular rectifiable Jordan curve of finite length and 
let Ω1  and Ω2  be the complementary components in the sphere. Then

	 L2(Γ, |dz|) = A1/2(Ω1) ⊕ A1/2(Ω2).

The decomposition is obtained from the bounded operators

	 J1/2
1,k : A1/2

h (Ω1) → A1/2(Ωk)

for k = 1 , 2 .
The decomposition in Corollary 3.4 is the jump decomposition, which says that if

	
uk(z) = 1

2πi

∫

Γ

u(ζ)
ζ − z

dζ z ∈ Ωk, k = 1, 2,

then

	 [bΩ1u1] (z) − [bΩ2u2] (z) = u(z).

Writing the jump decomposition in terms of the half-order differential for-
malism, given α = u(z)dz1/2 ∈ A1/2

h (Ω1) we use the decomposition 
u(z) = h(z) + H(z) T (z) ∈ L2(Γ, |dz|) on Γ. Then u satisfies

	 u(z) = bΩ1J
1/2
1,1 α − bΩ2J

1/2
1,2 bΩ1α

since the integrals (33) and (34) agree. By applying bΩ1  to both sides, one can also 
write, for α ∈ A1/2

h (Ω1)
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	 α = J1/2
1,1 α − b−1

Ω1
bΩ2J

1/2
1,2 α.� (35)

We have the following immediate consequences of Corollary 3.4.

Corollary 3.5  Let Γ  be an Ahlfors-regular rectifiable Jordan curve of finite length and 
let Ω1  and Ω2  be the complementary components in the sphere. Then

	
J1/2

1,2

∣∣∣
A1/2(Ω1)

: A1/2(Ω1) → A1/2(Ω2)

is an isomorphism.

Proof  Assume that J1/2
1,2 Hdz̄1/2 = 0. Set

	 h(z)dz1/2 = −J1/2
1,1 H(w)dw̄1/2.

Then setting α = h(z)dz1/2 + H(z)dz̄1/2 it is easily checked that

	

(
J1/2

1,1 α, J1/2
1,2 α

)
= (0, 0)

so by Corollary 3.4α = 0 so in particular H(w)dw̄1/2 = 0. So J1/2
1,2  is injective on 

A1/2(Ω).

Now let g(z)dz1/2 ∈ A1/2(Ω2). By Corollary 3.4 there is an

	 α = h(z)dz1/2 + H(z)dz̄1/2

such that

	

(
J1/2

1,1 α, J1/2
1,2 α

)
=

(
0, g(z)dz1/2

)
.

By Proposition  3.3 we see that J1/2
1,2 H(w)dw̄1/2 = J1/2

1,2 α = g(z)dz1/2. So J1/2
1,2  

restricted to A1/2(Ω1) is surjective. � □
This is an analogue in the Smirnov space setting of one direction a result of 

Napalkov and Yulmukhametov [26, 27].
Using the Cauchy operators we define the Faber operators as follows

Definition 3.6  Let Γ be an Ahlfors-regular rectifiable Jordan curve of finite length 
and let Ω1 and Ω2 be the complementary components in the sphere. Let f : D → Ω1 
be a conformal map, and fix a choice of 

√
f′ to obtain an ̂f ∈ Ĉonf(D, Ω1). We define 

the Faber operator as

	 I1/2
f̂

= −J1/2
1,2 (̂f

−1
)∗ : A1/2(D) → A1/2(Ω2).
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Thus we obtain the following theorem, see B. T. Bilalov and T. I. Najafov [7] where 
it appears with a different formulation.

Corollary 3.7  Let Γ  be an Ahlfors regular rectifiable Jordan curve. The Faber opera-
tor is an isomorphism.

Proof  This follows directly from Proposition 2.8 and Corollary 3.5. � □

This is a counterpart in the Smirnov space setting of the result of A. Çavuş [9] and 
Shen [39], see Theorem 3.8 ahead.

In fact by David’s theorem, the converse holds under the much weaker assumption 
that the Faber operator is bounded, or equivalently, if J1/2

1,2  is bounded. Assume that 

the boundary of the domain is rectifiable and J1/2
1,2  is bounded. Given a rational func-

tion R with no poles on Γ, it can be written as RΩ1 + RΩ2  where RΩk  is holomorphic 
on Ωk for k = 1, 2. We have that R is in L2(Γ). By David’s theorem [13, Theorem 
3] one has that if ∥RΩ2∥L2(Γ) ≲ ∥R∥L2(Γ) if and only if Γ is Ahlfors regular. But 
RΩ2 = J1/2

1,2 R, so since the Smirnov norm and L2 norm on the boundary are compa-
rable for rectifiable curves, this completes the proof.

3.2  Faber polynomials and Faber series

Let us very briefly recall some facts about the p-Faber series. Let Ω1 be a Jordan 
domain in C with rectifiable boundary Γ. Let Ψ : D∗ → Ω2 be the Riemann mapping 
with Ψ′(∞) > 0, where Ω2 denotes the exterior of Ω1. Let p′ denote the Hölder-
conjugate of p ≥ 1. For k = 0, 1, . . ., and R > 1 define the polynomial of degree k

	
Φp,k(z) = 1

2πi

∫

|w|=R

wk [Ψ′(w)]1/p′

Ψ(w) − z
dw, z ∈ Ω1.

Here we choose the branch of the p’th root such that [Ψ′(∞)]1/p′
> 0. These polyno-

mials are referred to as p-Faber polynomials.

Now for any g ∈ Ep(Ω1) one has

	
g ∼

∞∑
k=0

akΦp,k,� (36)

where

	
ak = 1

2πi

∫

|w|=1
(g ◦ Ψ(w)) [Ψ′(w)]1/p

w−k−1dw,� (37)

where the series in (36) is referred to as the p-Faber series of g.
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For p > 1, the p-Faber series for Jordan domains with rough boundary (i.e. bound-
ary with corners) were studied by V. Kokilašvili [20] and I. Ibragimov and D. Mam-
edhanov [18]. For Jordan domains with rectifiable boundary p ≥ 1 the study of the 
p-Faber series was made by L–E. Andersson, who also gave a sufficient condition on 
the domain Ω for the bijectivity of the Faber operator

	
FpΦ(z) = 1

2πi

∫

|w|=1

Φ(w) [Ψ′(w)]1/p

Ψ(w) − z
dw, z ∈ Ω1,� (38)

when p > 1 where Φ are boundary values of a function in Ep(D) = Hp(D). The 
main results necessary for our investigations, Theorem 3.11 and Corollary 3.7 above, 
are reformulations of results in the Faber series literature; see [7] and references 
therein.

Çavuş [9] and Shen [39] investigated the case of Faber series and operators, for 
p = 1. One of the consequences of those investigations is the following result

Theorem 3.8  Let Γ  be a Jordan curve. Then the following are equivalent. 

(1)	 Γ is a quasicircle.
(2)	 The Faber operator F1 is a bounded isomorphism.

Now, returning to our study of half-order differentials, let gk(z) = zkdz̄1/2. We 
define the 2-Faber polynomial associated to the domain Ω2 via the conformal map 
f : D → Ω1 by

	 Φk = I1/2
f̂

gk

for k ≥ 0, where the Faber operator I1/2
f̂

 was introduced in Definition 3.6. This is of 
the form

	 Φk = Φ̂k(z)dz1/2� (39)

where Φ̂k(z) is a polynomial of degree k + 1 in 1/z.

In many of the sources on Faber series, including the ones cited above, the conven-
tion is that the Faber polynomials are defined on a bounded domain. Here we define 
them on the unbounded domain Ω2 in order to align with conventions in some of 
the literature on Teichmüller theory and in our previous papers [33]. This change is 
inconsequential but for the convenience of the reader we note the change in the defi-
nition of the Faber operator, which with our convention would be defined by

	
F2Φ(z) = − 1

2πi

∫

|w|=1

Φ(w)
[
f′(w)

]1/2

f(w) − z
dw, z ∈ Ω1,� (40)
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when p > 1 where Φ are boundary values of a function in E2(D∗). The change in sign 
is an artefact of the change in orientation induced by the change from the bounded to 
the unbounded side of the curve.

The operators I1/2
f̂

 and F2 are related by composition by b−1
D∗ bD, which is just 

pull-back under the map z �→ 1/z̄. Namely, we have

	 F2b−1
D∗ bD = I1/2

f̂
.

Remark 3.9  In the Dirichlet space setting, it has been found in earlier papers of the 
second two authors that this reformulation of the Faber operator on a space of anti-
holomorphic functions leads to simpler functional analytic and function-theoretic 
identities. The formulations in this paper could be seen to confirm this, but we will 
not deal with this point in detail.

For any h(z)dz1/2 ∈ A1/2(Ω2), let

	 G(z)dz̄1/2 = (I1/2
f̂

)
−1

h(w)dw1/2.

Then G(z)dz̄1/2 is in the Smirnov space of the disk (which agrees with the Hardy 
space of the disk) and therefore the power series of G(z) converges to G(z) in the 
Smirnov space. Denoting the power series by

	
G(z)dz̄1/2 =

∞∑
k=0

akz̄kdz̄1/2,

this leads to the definition of the Faber series of half-order differentials.

Definition 3.10  We define the Faber series of h(z)dz1/2 ∈ A1/2(Ω2) by

	

∞∑
k=0

akΦ̂k(z)dz1/2,

where Φ̂k(z) is given by (39).
By applying the isomorphism I1/2

f̂
 to the power series we obtain the following.

Theorem 3.11  Let Γ  be a rectifiable Ahlfors-regular Jordan curve, and let Ω1  and 
Ω2  be the bounded and unbounded components of the complement respectively. The 
Faber series of any element h(z) dz1/2 ∈ A1/2 (Ω2 ) converges in A1/2 (Ω2 ) to 
h(z) dz1/2 . It is the unique series in 2-Faber polynomials which does so.

Remark 3.12  We note that this result is the counterpart of Theorem 3.8 above for the 
case of 2-Faber series.
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4  Grunsky operator

4.1  Szegő and Garabedian kernels

In this section, we describe the Szegő and Garabedian kernels in the half-order dif-
ferential formalism of Barrett and Bolt/Hawley and Schiffer. We will make use of an 
identity for the Garabedian kernel, which is analogous to an identity which appears 
in the work of Schiffer in the setting of Bergman spaces. Although the Szegő kernel 
is not necessary in the remaining results, we nevertheless included the reformulation, 
since it elucidates this point of view and fits quite naturally in the exposition.

Let

	 PΩ : A1/2
h (Ω) → A1/2(Ω), and PΩ : A1/2

h (Ω) → A1/2(Ω)

denote the orthogonal projections. Because the decomposition 
A1/2

h (Ω) = A1/2(Ω)⊕A1/2(Ω) is orthogonal we have 1 = PΩ + PΩ.
This decomposition commutes with pull-back, and therefore if we have 

ĝ ∈ Ĉonf(Ω1, Ω2) we immediately have that

	 ĝ∗PΩ2 = PΩ1 ĝ∗, and ĝ∗PΩ2 = PΩ1 ĝ∗.� (41)

We will give integral expressions for the projections; these are the familiar Szegő and 
Garabedian kernels. The Szegő kernel for the disk is

	
SD(z, ζ)dζ

1/2
dz1/2 = 1

2π

dζ
1/2

dz1/2

1 − ζz

and the Garabedian kernel is

	
LD(ζ, z)dζ1/2dz1/2 = 1

2π

dζ1/2dz1/2

ζ − z
.

Let Ω be a simply-connected domain, and let F̂ = (F,
√

F ′) ∈ Ĉonf(Ω,D). We 
define the Szegő and Garabedian kernels of Ω by

	
SΩ(z, ζ)dζ

1/2
dz1/2 = (F̂ × F̂ )∗

[
SD(z, ζ)dζ

1/2
dz1/2

]
= 1

2π

√
F ′(ζ)

√
F ′(z)

1 − F (ζ)F (z)
dζ

1/2
dz1/2�(42)

and

	
LΩ(ζ, z)dζ1/2dz1/2 = (F̂ × F̂ )∗

[
LD(ζ, z)dζ1/2dz1/2

]
= 1

2π

√
F ′(ζ)

√
F ′(z)

F (ζ) − F (z)
dζ1/2dz1/2.�(43)
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These kernels do not depend on the choice of (F,
√

F ′). Indeed, it is clear that the 
choice of sign of 

√
F ′ is immaterial. However, F can still be replaced by T ◦ F  for 

any disk automorphism T. For any Möbius transformation T it is easily verified that

	

√
T ′(w)

√
T ′(z)

T (w) − T (z)
= 1

w − z

and if T is a disk automorphism, i.e.

	
T (w) = eiθ w − a

1 − āw

for some a ∈ D then

	

√
T ′(w)

√
T ′(z)

1 − T (w)T (z)
= 1

1 − wz

which establishes that the kernel functions are well-defined.
With this definition, we immediately have that the Szegő and Garabedian kernels 

are conformally invariant. That is, if ĝ ∈ Ĉonf(Ω1, Ω2) then, if z = g(w), η = g(ζ), 
we have

	
(ĝ × ĝ)∗

(
SΩ2(z, ζ)dz1/2dζ

1/2)
= SΩ1(w, η)dw1/2dη1/2

and

	
(ĝ × ĝ)∗

(
LΩ2(z, ζ)dz1/2dζ1/2

)
= LΩ1(w, η)dw1/2dη1/2.

Observe once again that the left hand sides are unchanged if one changes the choice 
of sign of 

√
g′.

We then have the following formulas for the projection operators.

Proposition 4.1  Let Ω be a simply-connected domain which is conformally equiva-
lent to the disk. We have for any α ∈ A1/2

h (Ω) that,

	
[PΩα] (z) =

(
α(ζ), SΩ(z, ζ)dζ

1/2
dz1/2

)
=

(
lim
r↗1

∫

Γr

α(ζ)SΩ(z, ζ)dζ
1/2

)
dz1/2�(44)

where Γr = {z : gp(z) = − log r} for some specific choice of p.
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Proof  We prove that the formula holds in A1/2(Ω) and A1/2(Ω) separately, and the 
result follows by orthogonality. If α(ζ) = H(ζ)dζ

1/2 then since H(ζ) and SΩ(ζ, z) 
are both anti-holomorphic in ζ we have

	

(
α(ζ), SΩ(z, ζ)dζ

1/2
dz1/2

)
= lim

r↗1

∫

Γr,ζ

SΩ(z, ζ)H(w)dζdz1/2 = 0

and since PΩα = 0 this proves the claim. The variable of integration is ζ, as indicated 
by the subscript in the integral sign.

Now assume that α(ζ) = h(ζ)dζ1/2 ∈ A1/2(Ω). Observe first that if Ω = D  
(or a sufficiently regular domain), Eq. (44) is a well-known fact in slightly differ-
ent notation; see for example [5, p. 23]. Let F : Ω → D be a conformal map and 
Cr = {z : |z| = r}. Then, denoting η = F (ζ) and w = F (z),

	

(
α(ζ), SΩ(z, ζ)dζ

1/2
dz1/2

)
= lim

r↗1

∫

F −1(Cr)
SΩ(z, ζ)dζ

1/2
dz1/2h(ζ)dζ1/2

= lim
r↗1

∫

F −1(Cr)

√
F ′(z)

√
F ′(ζ)

1 − F (ζ)F (z)
dζ

1/2
dz1/2h(ζ)dζ1/2

= lim
r↗1

∫

Cr

√
F ′(z)

1 − ηF (z)
dη1/2dz1/2h(F −1(η))

√
(F −1)′(η)dη1/2

= F ∗
[

lim
r↗1

∫

Cr

SD(η, w)dη1/2dw1/2((F −1)∗α)(η)
]

=
[
F ∗PD(F −1)∗α

]
(z).

The claim now follows from (41). � □

Proposition 4.2  Let Ω be a simply-connected domain which is conformally equiva-
lent to the disk. We have for any α ∈ A1/2

h (Ω) that

	

[
PΩα

]
(z) =

(
α(ζ), 1

i
LΩ(ζ, z)dζ1/2dz1/2

)
=

(
lim
r↗1

∫

Γr

1
i
LΩ(ζ, z)dζ1/2 α(ζ)

)
dz̄1/2

Proof  By conformal invariance of the Garabedian kernel and the projection, a change 
of variable similar to the proof of Proposition 4.1, it suffices to prove this for any partic-

ular domain, for example the disk. Again, we write α(ζ) = h(ζ)dζ1/2 + H(ζ)dζ
1/2.

First assume α(ζ) = H(ζ)dζ
1/2. It is immediately clear on the disk, using the 

Cauchy integral theorem, that
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α(z) = H(z)dz1/2 = 1
i

lim
r↗1

∫

|ζ|=r

L(ζ, z)dζ1/2dz1/2H(ζ)dζ1/2

=

(
1
i

lim
r↗1

∫

|ζ|=r

L(ζ, z)H(ζ)dζ

)
dz1/2.

Taking the complex conjugate proves the claim on the disk, which as noted above 
is sufficient. (Note that the general case for smooth domains is [5, p25], if one sets 
h = 0 in the decomposition of [5, Theorem 4.3]).

Now assume that α(ζ) = h(ζ)dζ1/2. If the domain Ω is smoothly bounded, we 
have that

	

1
i

lim
ϵ↘0

∫

Γϵ,ζ

L(ζ, z)dζ1/2dz1/2h(ζ)dζ
1/2 =

(
1
i

lim
ϵ↘0

∫

Γϵ,ζ

L(ζ, z)h(ζ)dsζ

)
dz1/2 = 0

where the final equality is given in [5, p25], if one sets H = 0 in the decomposition 
of [5, Theorem 4.3]. Once again taking the complex conjugate proves the claim for 
smooth domains, which as observed above is sufficient. � □

Remark 4.3  The inner product with the Szegő kernel can be written in the following 
way in terms of the contour integrals. Letting α(ζ) = h(ζ)dζ1/2 + H(ζ)dζ

1/2, and 
ds denotes infinitesimal arc length, we have

	

(
α, SΩ(z, ζ)dζ

1/2
dz1/2

)
= lim

ϵ↘1

∫

Γϵ,ζ

SΩ(z, ζ)dζ
1/2

dz1/2
(

h(ζ)dζ1/2 + H(ζ)dζ
1/2)

= lim
ϵ↘1

∫

Γϵ,ζ

SΩ(z, ζ)dζ
1/2

dz1/2h(ζ)dζ1/2

+ lim
ϵ↘1

∫

Γϵ,ζ

SΩ(z, ζ)dζ
1/2

dz1/2H(ζ)dζ
1/2

=
(

lim
ϵ↘1

∫

Γϵ,ζ

SΩ(z, ζ)h(ζ)dsζ

)
dz1/2

+
(

lim
ϵ↘1

∫

Γϵ,ζ

SΩ(z, ζ)H(ζ)dζ

)
dz1/2.

Similarly, for the Garabedian kernel we have

	

(
α,

1
i
LΩ(ζ, z)dζ1/2dz1/2

)
=

(
lim
ϵ↘1

∫

Γϵ,ζ

1
i
L(ζ, z)h(ζ)dsζ

)
dz1/2

+
(

lim
ϵ↘1

∫

Γϵ,ζ

1
i
L(ζ, z)H(ζ)dζ

)
dz1/2.
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4.2  The Grunsky operator

We now define a generalization of the Grunsky operator to Smirnov spaces.

Definition 4.4  Let Γ be an Ahlfors-regular rectifiable Jordan curve dividing the 
sphere into Ω1 and Ω2, and assume that ∞ ∈ Ω2. Let f : D → Ω1 be a conformal 
map. We define the Grunsky operator as the bounded operator given by

	 Gr1/2
f := −f̂

∗
PΩ1b

−1
Ω1

bΩ2 J1/2
1,2 (̂f

−1
)∗ : A1/2(D) → A1/2(D),� (45)

where we have chosen a branch of 
√

f′ in order to obtain an element ̂f ∈ Ĉonf(D, Ω1).
Since this is done consistently in the conjugation, Gr1/2

f  is independent of this choice, 
justifying the notation.

Proposition 4.5  If Γ  is an Ahlfors-rectifiable Jordan curve, separating the sphere 
into Ω1  and Ω2 , with ∞ ∈ Ω2 , then

	 Gr1/2
f = −f̂

∗
J1/2

1,1 (̂f
−1

)∗.

Proof  Let α ∈ A1/2(D) and β = (̂f
−1

)∗α. Using (35) we obtain

	

Gr1/2
f α = −f̂

∗
PΩ1b

−1
Ω1

bΩ2J
1/2
1,2 β

= −f̂
∗
PΩ1

[
J1/2

1,1 β − β
]

= −f̂
∗
J1/2

1,1 β

which proves the claim. � □
We also have the following integral expression for Gr1/2

f  reminiscent of the Berg-
man-Schiffer integral expression for the Grunsky operator [6, 33].

Corollary 4.6  Let Γ  be a rectifiable Ahlfors-regular Jordan curve divid-
ing the sphere into Ω1  and Ω2 , and f : D → Ω1  be a conformal map. For any 
α = H (z)dz̄1/2 ∈ A1/2 (D)

	

[
Gr1/2

f α
]

(ζ) = − 1
2πi

∫

S1,η

(
f′(ζ)1/2f′(η)1/2

f(η) − f(ζ)
− 1

η − ζ

)
dη1/2dζ1/2H(η)dη̄1/2.�(46)

Proof  Let F = f−1 and β = F ∗α. By (43) and Proposition 4.2 we have that

	
lim
r↗1

∫

f(Cr),w

√
F ′(w)

√
F ′(z)

F (w) − F (z)
dw1/2dz1/2 β(w) = 0.
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Thus

	

[
J1/2

1,1 β
]

(z) = 1
2πi

lim
r↗1

∫

f(Cr),w

(
1

w − z
−

√
F ′(w)

√
F ′(z)

F (w) − F (z)

)
dw1/2dz1/2 β(w).

Now using Corollary 4.5 and applying a change of variables, the result follows. � □
Of course, we could subtract any multiple of the Garabedian kernel and the result 

will still be true. The importance of the integral kernel in Corollary 4.6 is that it is 
non-singular. This trick of removing the singularity was applied in the setting of 
Bergman spaces by Schiffer [6, 31].

We also have the following result, which is an analogue of [33, Theorems 6.5, 
6.11].

Theorem 4.7  Let Γ  be a rectifiable Ahlfors-regular Jordan curve dividing the sphere 
into Ω1  and Ω2 , and ̂f ∈ Ĉonf(D, Ω1 ). Then

	

PD f̂
∗
b−1

Ω1
bΩ2I

1/2
f̂

= Id

PD f̂
∗
b−1

Ω1
bΩ2I

1/2
f̂

= Gr1/2
f .

Thus, the graph of the Grunsky operator is the extension to Ω1  of the pull-back of the 
boundary values of A1/2 (Ω2 ).

Proof  The second claim follows almost immediately from the definition of the 
Grunsky operator, after observing that PD f̂

∗
= f̂

∗
PΩ1 . The first claim follows from 

(35), indeed Let α ∈ A1/2(D) and set β = (̂f
−1

)∗α,

	

PD f̂
∗
b−1

Ω1
bΩ2I

1/2
f̂

α = −PD f̂
∗
b−1

Ω1
bΩ2J

1/2
1,2 β

= −PD f̂
∗ [

J1/2
1,1 β − β

]

= PD f̂
∗
β = α.

� □

5  The Weil-Petersson class and the Hilbert-Schmidt property of the 
Grunsky operator

In this section we investigate the relationship between the Hilbert-Schmidtness of 
the Grunsky operator and the Weil–Petersson class Teichmüller space. More specifi-
cally, using the facts and the notations of Subsection 1.2.1, given a conformal map 
f : D → C onto a domain with rectifiable Ahlfors-regular boundary, we ask when 
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the associated operator Gr1/2
f  is an element of the Weil-Petersson class Teichmüller 

space.
In the case of functions or 1-forms, it was shown independently by Takhtajan and 

Teo [41], and Shen [38] that among conformal maps fµ onto domains bounded by 
quasicircles, the “ordinary” Grunsky operator Grfµ  is Hilbert-Schmidt if and only if 
is corresponding map fµ is in the Weil–Petersson class.

One might hope for an equivalent statement concerning the Hilbert-Schmidt prop-
erty of Gr1/2

f  and the Weil-Petersson property of f, but only one direction of the proof 
can be realized as a result for the operator Gr1/2

f  itself.
In this section, we assume throughout that Γ is a rectifiable Ahlfors-regular Jordan 

curve dividing the sphere into Ω1 and Ω2, and f : D → Ω1 is a conformal map. We 
consider the associated Grunsky operator Gr1/2

f : A1/2(D) → A1/2(D) as defined in 
(45). Let ι : A1/2(D) → A(D) be the inclusion operator. This operator is bounded, 
as a result of combination of the bounded inclusion (14) with the identification (24). 
We shall establish the following result.

Theorem 5.1  Let f : D → Ω be a conformal map. Assume that the boundary of Ω is 
Ahlfors-regular and rectifiable. The operator ιGr1/2

f  is Hilbert-Schmidt if and only 
if f is in the Weil-Petersson class.

This result is demonstrated by proving a couple of propositions and a lemma.
We start by showing that the Hilbert-Schmidtness of ιGr1/2

f  implies that f is in 
the WP–class, according to Definition 1.2. In this connection, we also recall that an 
operator A is Hilbert-Schmidt if and only if AA∗ is trace-class. Here A∗ denotes the 
adjoint of A.

Proposition 5.2  If ι Gr1/2
f  is Hilbert-Schmidt, then f is in the WP–class.

Proof  The integral kernel of ι Gr1/2
f  is given, modulo a multiplicative factor of 1

2πi  
by

	
K(z, w) = 1

z − w
− f′(z)1/2f′(w)1/2

f(z) − f(w)
.� (47)

Since this multiplicative constant has no bearing on the proof, it will be left out. and 

the kernel of 
(

ι G r1/2
f

)∗
 is

	
K∗(z, w) =

(
1

w − z
− f′(z)1/2f′(w)1/2

f(w) − f(z)

)
.� (48)

From these it follows that the integral kernel of the operator
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ιGr1/2

f

(
ι G r1/2

f

)∗
: A(D) → A(D)

is given by M(z, w) with

	

M(z, w) =
∫

S1
K(z, ζ)K∗(ζ, w) |dζ|

=
∫

S1

(
1

z − ζ
− f′(z)1/2f′(ζ)1/2

f(z) − f(ζ)

) (
1

w − ζ
− f′(ζ)1/2f ′(w)1/2

f(w) − f(ζ)

)
|dζ|.

� (49)

This in turn yields that the trace of the operator ι Gr1/2
f

(
ι G r1/2

f

)∗
 is given by

	
τ :=

∫

D
M(z, z) dAz =

∫

D

( ∫

S1

∣∣∣∣
f′(z)1/2f′(ζ)1/2

f(ζ) − f(z)
− 1

ζ − z

∣∣∣∣
2

|dζ|
)

dAz.� (50)

We assume now that ι Gr1/2
f  is Hilbert-Schmidt, and thus that τ < ∞. Our goal now 

is to show that this implies that f satisfies (11), which implies that f is in the WP-class. 
Now suppose that

	

1
ζ − z

− f′(z)1/2f′(ζ)1/2

f(ζ) − f(z)
=

∞∑
m,n=0

am,nznζm,

where a0,0 = 0. Then one has

	

∫

S1

( 1
ζ − z

− f′(z)1/2f′(ζ)1/2

f(ζ) − f(z)

)
|dζ| =

∞∑
n=1

a0,nzn.

Note also that

	

( 1
ζ − z

− f′(z)1/2f′(ζ)1/2

f(ζ) − f(z)

)∣∣∣
ζ=0

=
∞∑

n=1
a0,nzn.

Using a Taylor expansion, it can be shown that

	
1

ζ − z
− f′(z)1/2f′(ζ)1/2

f(ζ) − f(z)
= C Sf(z)(ζ − z) + O(|ζ − z|2),� (51)

for a constant C. This yields that

	
CSf(z) = 1

z

( f′(z)1/2f′(ζ)1/2

f(ζ) − f(z)
− 1

ζ − z

)∣∣∣
ζ=0

+ O(|z|) = −
∞∑

n=1
a0,nzn−1 + O(|z|).
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Therefore one has

	

∫

D
(1 − |z|2)2|Sf(z)|2 dAz ≲

∞∑
n=1

|a0,n|2
∫ 1

0
r2n−1(1 − r2)2 dr + O(1)

≲
∞∑

n=1

|a0,n|2

n(n + 1)(n + 2)
+ O(1)

On the other hand a calculation shows that

	
τ = 1

2

∞∑
n,m=0

|an,m|2

n + 1

and since

	

∞∑
n=1

|a0,n|2

n(n + 1)(n + 2)
+ O(1) ≲ τ + O(1)� (52)

we conclude that if τ < ∞ then 
∫
D(1 − |z|2)2|Sf(z)|2 dAz < ∞. � □

Corollary 5.3  If Gr1/2
f  is Hilbert-Schmidt, then f is in the Weil-Petersson class.

Proof  Because ι is bounded, the assumption that Gr1/2
f  is Hilbert-Schmidt implies 

that ι Gr1/2
f  is Hilbert-Schmidt (because of the well-known “ideal-like” property of 

Hilbert-Schmidt operators). By Prop. 5.2 we then see that f is in the WP–class. � □

We now proceed with the converse of Prop. 5.2 i.e. that the Weil-Petersson prop-
erty yields Hilbert-Schmidtness.

To this end, we use the concepts that were introduced in Subsection  1.2.1. As 
was shown in [41], for [µ] ∈ T0(1) with supz∈D∗

∣∣∣ µ(z)
ρ(z)

∣∣∣ < δ ∈ (0, 1), δ sufficiently 
small, one can choose a representative µ ∈ L2(D∗, ρ(z) dAz) such that the path [tµ] 
connecting 0 to [µ] in T(1) lies in T0(1). Let wtµ = g−1

tµ ◦ ftµ be the corresponding 
conformal welding (according to (3)) and denote by (K)t (z, ζ) the kernel K(z, ζ) of 
ι G r1/2

ftµ ( given by (47)), associated with the conformal map ftµ. Then we obtain the 
following variational formula.

Lemma 5.4  Set wt = wtµ, ft = ftµ and gt = gtµ. Then one has

	

d

ds

∣∣∣
s=0

(K)s+t(f−1
t (z), f−1

t (ζ))
√

(f−1
t )′(z)

√
(f−1

t )′(ζ) = −1
2π

∫

Ω∗
t

µt(u)(ζ − z)
(u − z)2(u − ζ)2 dAu,�(53)
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where Ω∗
t = ftµ (D∗) = gtµ (D∗), and

	

(
µt ◦ gtµ

) g′
tµ

g′
tµ

= DtµR(tµ)−1(µ).� (54)

Note that the integral in (53) is not a principal value, because ζ and z are in Ωt.

Proof  Since the equality (54) was already given in Theorem 2.6 in [41], it only 
remains to show (53). Setting vs = fs+t ◦ f−1

t , the variational formula for quasicon-
formal mappings (see [1]) yields that

	

d

ds

∣∣∣∣
s=0

vs(z) = v̇0(z) = − 1
π

∫

Ω∗
t

µt(u)z(z − 1)
(u − z)u(u − 1)

dAu + p(z),� (55)

where p(z) is a quadratic polynomial. On the other hand

	

(K)s+t

(
f−1
t (z), f−1

t (ζ)
) √(

f−1
t

)′ (z)
(
f−1
t

)′ (ζ)

=
√(

f−1
t

)′ (z)
(
f−1
t

)′ (ζ)


 1

f−1
t (z) − f−1

t (ζ)
−

√
f′s+t(f

−1
t (z))

√
f′s+t(f

−1
t (ζ))

fs+t(f−1
t (z)) − fs+t(f−1

t (ζ))




=
√(

f−1
t

)′ (z)
(
f−1
t

)′ (ζ)


 1

f−1
t (z) − f−1

t (ζ)
−

√
f′s+t(f

−1
t (z))

√
f′s+t(f

−1
t (ζ))

fs(z) − fs(ζ)




=




√(
f−1
t

)′ (z)
(
f−1
t

)′ (ζ)
f−1
t (z) − f−1

t (ζ)
−

√
v′

s(z) v′
s(ζ)

vs(z) − vs(ζ)


 ,

�(56)

and

	

d

ds

∣∣∣∣
s=0

√
v′

s(z)v′
s(ζ)

vs(z) − vs(ζ)
= (z − ζ)(v̇′

0(z) + v̇′
0(ζ))/2 − (v̇0(z) − v̇0(ζ))
(z − ζ)2 .

This yields that

	

d

ds

∣∣∣
s=0

(K)s+t

(
f−1
t (z), f−1

t (ζ)
) √(

f−1
t

)′ (z)
√(

f−1
t

)′ (ζ)

= − (z − ζ)(v̇′
0(z) + v̇′

0(ζ))/2 − (v̇0(z) − v̇0(ζ))
(z − ζ)2 .

� (57)

Now note that
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1
2(z − ζ)

(v̇′
0(z) + v̇′

0(ζ))

= − 1
2π

∫

Ω∗
t

µt(u)
u(u − 1)(z − ζ)

(2uz − u − z2

(u − z)2 + 2uζ − u − ζ2

(u − ζ)2

)
dAu + p′(z) + p′(ζ)

2(z − ζ)
�(58)

and

	

− v̇0(z) − v̇0(ζ)
(z − ζ)2 = 1

π

∫

Ω∗
t

µt(u)
u(u − 1)(z − ζ)2

(z2 − z

u − z
− ζ2 − ζ

u − ζ

)
dAu − p(z) − p(ζ)

(z − ζ)2 .�(59)

We also observe that

	

−1
2(z − ζ)u(u − 1)

(2uz − u − z2

(u − z)2 + 2uζ − u − ζ2

(u − ζ)2

)
+ 1

(z − ζ)2u(u − 1)

(z2 − z

u − z
− ζ2 − ζ

u − ζ

)

= ζ − z

2(u − z)2(u − ζ)2 .

�(60)

This yields that

	

(z − ζ)(v̇′
0(z) + v̇′

0(ζ))/2 − (v̇0(z) − v̇0(w))
(z − ζ)2

= 1
2π

∫

Ω∗
t

µt(u)(ζ − z)
(u − z)2(u − ζ)2 dAu + p′(z) + p′(ζ)

2(z − ζ)
− p(z) − p(ζ)

(z − ζ)2 .
� (61)

However, since for any quadratic polynomial p(z) = az2 + bz + c one has that

	

p′(z) + p′(ζ)
2(z − ζ)

− p(z) − p(ζ)
(z − ζ)2 = (z − ζ)(p′(z) + p′(ζ)) − 2(p(z) − p(ζ))

2(z − ζ)2

= (z − ζ)(2az + 2aζ + 2b) − 2(az2 + bz − aζ2 − bζ)
2(z − ζ)2 = 0,

� (62)

(57) and (61) yield the desired result. � □
Having the lemma at our disposal, we can prove that the operator ιGr1/2

fµ  is Hil-
bert-Schmidt, if fµ is in the Weil-Petersson class.

Proposition 5.5  If fµ and gµ correspond to a point [µ] in the WP–class Teichmüller 

space T0 (1 ), then the operator ι Gr1/2
fµ

(
ι G r1/2

fµ

)∗
: A(D) → A(D), is trace-class.
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Proof  Recalling that (K)1 (z, ζ) := (K)t=1(z, ζ) is the kernel K(z, ζ) of ι G r1/2
f   

(given by (47)), and reasoning as in the Proof of Proposition 5.2, it is enough to show 
that for fµ = f one has that

	

∫

D

∫

S1

∣∣(K)1(ζ, z)
∣∣2 |dζ| dAz =

∫

D

( ∫

S1

∣∣∣ f
′(z)1/2f′(ζ)1/2

f(ζ) − f(z)
− 1

ζ − z

∣∣∣
2

|dζ|
)

dAz < ∞.�(63)

To this end, by the fundamental theorem of calculus, Jensen’s inequality and Fubini’s 
theorem we have that

	

∫

D

∫

S1

∣∣(K)1(ζ, z)
∣∣2 |dζ| dAz

=
∫

D

∫

S1

∣∣∣∣
∫ 1

0

d

dt
(K)t(ζ, z)dt

∣∣∣∣
2

|dζ| dAz

≤
∫ 1

0

∫

D

∫

S1

∣∣∣∣
d

dt
(K)t(ζ, z)

∣∣∣∣
2

|dζ| dAzdt

=
∫ 1

0

∫

D

∫

S1

∣∣∣∣
d

ds

∣∣∣
s=0

(K)t+s(ζ, z)
∣∣∣∣
2

|dζ| dAzdt

=
∫ 1

0
I(t)dt.

� (64)

Therefore, our goal is to show that 
∫ 1

0 I(t)dt < ∞. A change of variables 
ζ �→ f−1

t (ζ), z �→ f−1
t (z) in the inner integral I(t),  and Lemma 5.4, yield that

	

I(t) =
∫

Ωt

∫

∂Ωt

∣∣∣∣
d

ds

∣∣∣∣
s=0

(K)t+s

(
f−1
t (ζ), f−1

t (z)
) √(

f−1
t

)′ (ζ)
(
f−1
t

)′ (z)
∣∣∣∣
2

|
(
f−1
t

)′ (z)| |dζ| dAz

= 1
2π

∫

Ωt

∫

∂Ωt

∣∣∣∣∣∣∣

∫

Ω∗
t

µt(u)
(u − ζ)2(u − z)2 dAu

∣∣∣∣∣∣∣

2

|z − ζ|2|
(
f−1
t

)′ (z)||dζ| dAz.

Now assume for the moment that supz∈Ωt
|z − ζ||

(
f−1
t

)′ (z)| < ∞ for ζ ∈ ∂Ωt, 
which will be motivated at the end of the proof. Then one has that
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I(t) ≲
∫

Ωt

∫

∂Ωt

∣∣∣∣∣∣∣

∫

Ω∗
t

µt(u)
(u − ζ)2(u − z)2 dAu

∣∣∣∣∣∣∣

2

|z − ζ| |dζ| dAz

≲
∫

C

∫

∂Ωt

∣∣∣∣∣∣

∫

C

χΩ∗
t
(u)µt(u)

(u − ζ)2(u − z)2 dAu

∣∣∣∣∣∣

2

|z − ζ| |dζ| dAz

≲
∫

∂Ωt

( ∫

C
| BF (z) |2 |z − ζ| dAz

)
|dζ|

where F (z) =
χΩ∗

t
(z)µt(z)

(z−ζ)2 ,χΩ∗
t
 is the characteristic function of Ω∗

t , and BF (z) is 
the Beurling transform of F given by (19). By Theorem 1.10, the Beurling transform 
(being a Calderón-Zygmund operator in R2), satisfies the weighted norm inequality

	

∫

C
|BF (z)|2|z − ζ| dAz ≲

∫

C
|F (z)|2|z − ζ| dAz,� (65)

because the Beurling transform commutes with translations, |z| is a Muckenhoupt A2
-weight in C, (see the facts in Subsection 1.2.4 regarding power-weights), and B is 
bounded on the weighted space L2

|z|(C, dAz). Therefore using (65) we obtain

	

I(t) ≤ 1
2π

∫

∂Ωt

( ∫

Ω∗
t

|µt(z)|2

|z − ζ|4
|z − ζ| dAz

)
|dζ| =

∫

Ω∗
t

|µt(z)|2
( ∫

∂Ωt

|dζ|
|z − ζ|3

)
dAz .

Note that if η(z) = d(∂Ωt, z) (here d(z, w) := |z − w|), then one  
has η(z) ∼ (ρ2)−1/2

t (z) for z ∈ Ω∗
t  (see [23, 24] for a proof) where 

(ρ2)t(z) := (ρ ◦ g−1
t )(z)|(g−1

t )′(z)|2 is the hyperbolic metric density on Ω∗
t . 

Therefore

	

∫

∂Ωt

|dζ|
|z − ζ|3

≤
∫

|z−ζ|=η(z)

|dζ|
|z − ζ|3

= 2π

η2(z)
≲ (ρ2)t(z), z ∈ Ω∗

t ,� (66)

This and (9) in turn yield that

	

I(t) ≲
∫

Ω∗
t

|µt(z)|2(ρ2)t(z) dAz =
∫

D∗

|µ̃t(z)|2ρ(z) dAz = ∥µ̃t∥2
2,

where µ̃t = DtµR(tµ)−1(µ) and R is the right translation in (5), and we have also 
used (54). Now it follows from Remark 2.8 in Chapter 1 of [41] that

	 ∥µ̃t∥2 ≲ ∥µ∥2,
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for all 0 ≤ t ≤ 1. This together with (64) finally yields that 
∫ 1

0 I(t)dt ≲ ∥µ∥2
2, which 

by Definition 1.2 would conclude the proof.
Therefore it only remains to confirm the claim that supz∈Ωt

|z − ζ||
(
f−1
t

)′ (z)| < ∞ 
for ζ ∈ ∂Ωt. Note that for z ∈ Ωt one has (see e.g. [23] and [24] for a proof)

	 d(∂Ωt, z) ∼ (ρ1)−1/2
t (z) := (ρ ◦ f−1

t )−1/2(z)|(f−1
t )′(z)|−1.

This yields that for ζ ∈ ∂Ωt

	
sup
z∈Ωt

|z − ζ||
(
f−1
t

)′ (z)| ≲ sup
z∈Ωt

(ρ ◦ f−1
t )−1/2(z) = sup

w∈D

1
2

(1 − |w|2) ≲ 1,

which shows the claim. � □
Thm. 5.1 gives necessary and sufficient conditions on f, such that ιGr1/2

f  is Hil-
bert-Schmidt, under the assumption that f is a conformal map from the disk to a 
domain with Ahlfors-regular and rectifiable boundary. However, it is the operator 
Gr1/2

f  rather than ιGr1/2
f  that is the natural analogue of the Grunsky operator for 

Smirnov spaces of half-order differentials. We are thus led to the following problem.

Problem 5.6  Determine necessary and sufficient conditions on Ω and f : D → Ω 
which guarantee that the operator Gr1/2

f  is Hilbert-Schmidt.

Of course, for the operator Gr1/2
f  to be Hilbert-Schmidt, it must first be bounded. 

We have found that a sufficient condition for this, is that the boundary of Ω is Ahlfors-
regular and rectifiable. Under this assumption, for Gr1/2

f  to be Hilbert-Schmidt, it is 
then necessary that f is Weil-Petersson (Cor. 5.3). A reasonable next step towards a 
resolution of Problem 5.6 would be to determine if this condition is also sufficient.

Differential geometry of half-order differentials

In this section, we take a differential geometric approach to defining half-order dif-
ferentials, essentially following Barrett and Bolt [3]. We shall use the same notation 
as in Sect. 2.1, we shall see later that this is justified.

Given a simply-connected domain Ω, a (holomorphic) half-order differential 
should be an object that can be squared to give a differential of rank (1, 0) on Ω. (Or 
more generally, one should be able to pair two different half-order differentials to 
obtain a (1, 0)-differential.)

We consider the two charts on the Riemann sphere ϕ0 : C\{∞} → C, z �→ z and 
ϕ∞ : C\{0} → C, z �→ 1/z. Let E be the complex line bundle defined by the tran-
sition function C ⊃ C× g0∞−−→ C× = GL(C), z �→ i/z. The bundle E → C is holo-
morphic, because z �→ i/z is. We recall that the holomorphic cotangent bundle T ∗

1,0C 
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has transition function C× → C×, z �→ −1/z2. This implies that there is an isomor-
phism of holomorphic vector bundles E ⊗ E ∼= T ∗

1,0C.
Let Ω ⊆ C be a (not necessarily proper) subset. A holomorphic half-order dif-

ferential (or 1
2 -differential) on Ω is a holomorphic section of E|Ω. We denote the 

set of holomorphic half-order differentials on Ω by Ω 1
2 ,0(Ω). Similarly, one obtains 

an anti-holomorphic line bundle E, together with an isomorphism E ⊗ E → T ∗
0,1C. 

Anti-holomorphic sections of E are called anti-holomorphic half-order differentials, 
they constitute Ω0, 1

2 (Ω).
Using the identification E ⊗ E ∼= T ∗

1,0C one may pair half-order differentials to 
obtain ordinary differentials, i.e. we have bilinear maps

	 Ω 1
2 ,0(Ω) × Ω 1

2 ,0(Ω) → Ω1,0(Ω), Ω0, 1
2 (Ω) × Ω0, 1

2 (Ω) → Ω0,1(Ω),

which justifies the terminology. We denote the above maps simply by juxtaposition.
If Ω ⊂ C is an open such that ∞ /∈ Ω, we write dz ∈ Ω1,0(Ω) for the section 

associated to the “identity coordinate” Ω → C, z �→ z. Any element of Ω1,0(Ω) can 
be written as hdz, where h : Ω → C is a holomorphic function. By construction, the 
bundle E|Ω comes equipped with a trivialization. We denote by 

√
dz ∈ Ω 1

2 ,0(Ω) 
the corresponding holomorphic section. Any element of Ω 1

2 ,0(Ω) can be written as 
h

√
dz, where h : Ω → C is a holomorphic function. Observe that this notation is 

internally consistent, in the sense that

	 h1
√

dz ⊗ h2
√

dz �→ h1
√

dzh2
√

dz = h1h2dz.� (67)

Now, assume that Ω1 and Ω2 are simply-connected domains, and assume for the 
moment that they do not contain ∞. Let g : Ω1 → Ω2 be a biholomorphism. We write 
dg∗ for the adjoint of the differential of g. We obtain a commutative diagram

 This induces a map

	 dg∗ : Ω1,0(Ω2) → Ω1,0(Ω1), σ �→ dg∗ ◦ σ ◦ g.

We write dzi ∈ Ω1,0(Ωi) for the canonical sections. We then have

	 dg∗(dz2) = g′dz1.� (68)

One might now ask if dg∗ : T ∗
1,0Ω2 → T ∗

1,0Ω1 admits a square root, i.e. if there exists 
an associated map 

√
dg∗ such that the following diagrams commute
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� (69)

It follows directly from Eqs. (68) and (67) that if 
√

g′ is a square root of g′, then the 
rule

	
√

dg∗
√

dz2 =
√

g′
√

dz1,� (70)

defines a transformation 
√

dg∗ such that Diagram (69) commutes. We moreover ask 
that the transformation 

√
dg∗ be an isomorphism (of holomorphic vector bundles). 

This is the case if and only if the right-hand-side of (70) defines a holomorphic sec-
tion of E|Ω1 , which is the case if and only if 

√
g′ is holomorphic. The assumption that 

Ω1 is simply-connected implies that g′ : Ω1 → C× admits exactly two holomorphic 
square roots, and thus we have the following result.

Lemma A.1  For every biholomorphism g, there exist exactly two square roots of dg∗.

The pairs (g,
√

g′) are exactly the elements of the space Ĉonf(Ω1, Ω2). Now, 
given σ ∈ Ω 1

2 ,0(Ω2), and ĝ = (g,
√

g′) we define

	 ĝ · σ =
√

dg∗ ◦ σ ◦ g ∈ Ω 1
2 ,0(Ω1).

This is exactly the transformation behaviour of half-order differentials from 
Definition 2.1.

We refer to [22, Sec. 2] for further information on how to translate between half-
order differentials (used in this paper) and spinors on the circle (as they appear in 
conformal field theory literature).
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