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transforms for establishing zero interlacing of the neigh-
boring multiple orthogonal polynomials of type I and
type II. We apply these criteria to establish zero location
and interlacing of type I multiple orthogonal polynomi-
als for Nikishin systems. Additionally, we recover the
known results on zero location and interlacing for type I
multiple orthogonal polynomials for Angelesco systems,
as well as for type II multiple orthogonal polynomials
for Angelesco and AT systems. Finally, we demonstrate
that normality of the higher-order Christoffel transforms
is naturally related to the zeros of the Wronskians of
consecutive orthogonal polynomials.
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1 | INTRODUCTION

Given an infinite set I on the real line R, let M(T') denote the set of all finite Borel measures
u of constant sign, with finite moments and infinite support supp 4 C I'. For any u € M(R), its
orthogonal polynomial of degree n € N := {0, 1, 2, ...} is defined to be the monic polynomial P,, of
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exact degree n satisfying
/Pn(x)xkdu(x) =0, k=0,1,..,n—1. (1.1)

It is easy to see that such P, always exists and is unique. The two basic yet fundamental properties
of the zeros of orthogonal polynomials are:

(i) All zeros of P, are real, simple, and belong to the interior of the convex hull of supp x;
(ii) Zeros of two consecutive polynomials P, and P, interlace, that is, between every two
consecutive zeros of one of the polynomials there lies exactly one zero of the other polynomial.

For more details on the theory of orthogonal polynomials on the real line, see, for example, [11,
23, 40-42].

Let us now define multiple orthogonal polynomials. For an introduction to the theory, see [2,
23,37,39]. Let u = (Uy, ..., 4), ¥ > 1, be a system of (potentially complex) measures with all finite
moments. We write n for multi-indices (n,, ..., n,) € N', and |n| = n; + --- + n,.

A type I multiple orthogonal polynomial at a location n € N" \ {0} is a vector of polynomials
A, = (AS),... ,Aslr)) such that degquj) <nj— 1,j=1,..,r,and

r
0 K 0, fork=0,1,..,|n|—2,
A (O)x"du;(x) = 1.2
j;/ n XA () {1, fork = |n| —1. (12)

In cases where n; = 0 for some j = 1,...,r, we interpret the degree condition deg AE{) <n;—1

to mean that A;j)(z) =0. If n =0, we set Ay(z) =0 by definition. For r =1 and n > 0, the
polynomial A, coincides with P,_; from (1.1), but with a nonmonic normalization.

A type I multiple orthogonal polynomial for u at alocation n € N is a monic polynomial P,,(x)
of exact degree |n| such that

/P,,(x)xkd,uj(x) =0, k=01,..,n,—-1, j=1..r (1.3)

(if r = 1, then this reduces to P,, in (1.1)).

We say that an index n is normal with respect to p if P, exists and is unique. It is easy to show
that this is equivalent to the existence and uniqueness of A,, (see Section 3.1 for details). A system
is called perfect if every n € N" is normal.

If r > 2, it is not easy to identify perfect systems, but there are several wide classes of systems
that are known to be perfect. These are Angelesco, AT, and Nikishin (see Sections 3.2, 3.3, and 3.4,
for the definitions). In particular, all the known multiple orthogonality analogues of the classical
orthogonal polynomials fall within these categories.

We are interested in studying properties of the zeros of type I and type II multiple orthogonal
polynomials, specifically their possible locations and interlacing properties. The notion of the
(multiple) Christoffel transform is crucial for our analysis.

Given a measure u and a point z, € C, a one-step Christoffel transform of u is the new measure
i defined by

/ FOARG) = / FOOx = 20)du(). (14)

We denote such a measure by (x — z,)u.
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Our first main result is the criterion (Theorem 4.1) that says that z; is a zero of P,, if and only if
the index n is not normal for the system

((x =z, e s (X — Zg)t,.). (1.5)

Similarly, Theorem 4.8 says that z is a zero of AS,D if and only if the index n — e, (here e, denotes
the vector in Z" with a 1 in the #-th component and zeros elsewhere) is not normal for the system

((x = z)ptys Mg e s M) (1.6)

(analogous statements hold for A;j ) with any other j = 2,...,r).

Normality of indices for the systems (1.5) and (1.6) are often easy to check, which provides the
set free from zeros of the orthogonal polynomials. In particular, it can be applied to establish
the possible locations of the zeros of Angelesco systems (for type I and type II polynomials), AT
systems (for type II polynomials only, as for type I nothing general can be said), and Nikishin
systems (for type I and type II polynomials). All of these results are well known, except for the case
of type I polynomials for Nikishin systems (Theorem 4.13), which is new (see [33] for a somewhat
related study on real-rootedness). The distinctive feature is that these zeros all appear on a set
disjoint from the supports of the orthogonality measures, which is unlike any other case.

The second result of the paper is a criterion (Theorem 5.1) that says that, foreach Z =1, ..., r,
two neighboring polynomials P, and P,,,,, have interlacing zeros if and only if the index n is
normal for the system

<(x —ZO)Z,ul,...,(x —zo)z,ur> 1.7)

for every z, € R (assuming real-rootedness of P,). One side of this equivalence was already
observed by Haneczok and Van Assche [22], and our proof is in essence distilled from their paper.

A dual result to this is Theorem 5.6, which states that AS) and Aﬁ}_)ef have interlacing zeros if
and only if n — 2e, is normal for the system

<(x - Zo)zlv‘l’ﬂzy---’lir> (1.8)

for every z, € R (assuming real-rootedness of AE,D), and similarly for Aslj) with any other j =
2, .. ,T.

We then apply these criteria to Angelesco and Nikishin systems to obtain interlacing for both
type I and type I polynomials. Interlacing for type I neighboring polynomials for Nikishin systems
(Theorem 5.9) is new.

The organization of the paper is as follows. Section 2 contains a collection of results that are
needed for the proof. In Section 3, we remind the reader the definitions of Angelesco, AT, and
Nikishin systems. In Section 4, we deal with location of zeros and in Section 5 with interlacing.
Section 6 has a short discussion on the Christoffel transforms of higher order and their connection
to Wronskians of consecutive orthogonal polynomials.

In order to keep the paper self-contained and friendly for the general audience, we present in
Section 3, elementary proofs of perfectness for Angelesco and AT systems that do not involve zero
counting, inspired by the arguments of Kuijlaars [31].

Interlacing property of the zeros of the neighboring type II polynomials for Angelesco systems

was shown in [22] (and more generally for any systems with positive a,, ;-recurrence coefficients),

85U20| 7 SUOWILLOD 381D 3|cedl|dde Uy Aq pauienob a2 s3jolie O ‘8sN 4O Sa|n1 104 AXe1q1T8UIIUO AB]IA UO (SUORIPUOD-PUR-SWIBILIOD" AB] 1M ARe1q 1 [ou|Uo//:SANY) SUORIPUOD PUe SW L 34} 83S *[9202/20/60] U0 ARiqiauliuo &M ‘A1 Asieaiun efesddn Aq T8202'SWIA/ZTTT OT/I0P/LI00 A8 1M AReiq Ul U 0CSyRWIpUO //:Sd1Y WO papeo|umoq ‘T ‘9202 ‘0ZTZ69tT



40f20 | KOZHAN and VAKTNAS

see also [3]. Interlacing for type I was proved in [21], see also [13]. Interlacing of the zeros of the
neighboring type II polynomials for Nikishin systems was shown in [16], and for AT systems in [16,
22,26]. Some other types of interlacing properties of multiple orthogonal polynomials were inves-
tigated in [6, 7, 14, 20, 21, 28, 32, 35, 36]. Christoffel transforms of multiple orthogonal polynomials
were the topic of [4, 10, 28, 29, 34].

2 | PRELIMINARIES
2.1 | A generalization of the Andreief identity

In Section 3, we use the following generalization of the Andreief identity (which is the special case
of (2.1) with M = N). It is particularly well suited for matrices with block structure which results
in simple proofs of perfectness of Angelesco and AT systems. It can also be applied to Nikishin
systems [12, 27, 31], as well as Angelesco, AT, and Nikishin systems on the unit circle [27, 30].

Proposition 2.1 [30]. Let (¢ j)ﬂ'\]:p (z,bk)lljz1 € L?(u) for some probability measure y on a measure
space (X,Z, u); a ik €EC Then we have the identity

aip o 4N

aN_.M,l aN_.M,N $1(x1) o Pu(x) | M
/ det | oo det| i [[]dmxp
K hi(x1) o Pn(x) $10n) o Pu(xa) ) 571

$1(ear) -+ PuCo)

2.1)
a a;nN
an-m1 - AN-M,N
= Mldet] o .
[ $100h1 () du(x) - [ P1(x)ibn(x) dulx)
S GO AuCe) [ Eag Oy () da(x)
2.2 | m-functions and Christoffel transforms
The m-function of u € M(R) is defined by
d
m,(z) 1= /R xM—(xz)’ z € C\ suppu. 2.2)

Assuming additionally that u € M(R) is a probability measure, m satisfies the following relation,
see, for example, [41, Theorem 3.2.4],

1 =
m,(z)

by —z — ajm,w(2), (2.3)
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for some a,, b; € R with a; > 0, where

duV()
o (z) = /R 9 2.4)

X —2Z

is the m-function of another probability measure u(!) (which is the spectral measure of the Jacobi
operator of u but with the first row and column stripped). Using (2.3), it is easy to show that if
supp u belongs to some interval I, then supp u*) also belongs to I.

It is an easy exercise to see that the m-function (2.2) mﬁ(z) of the Christoffel transform U =
(x — zy)u (recall (1.4)) satisfies

—zy)d
my(2) = / 2 / dp(x) + (2 = 2)m, (2). 25

2.3 | Zeros, real-rootedness, and interlacing

Given a polynomial p(z), let Z[p] stand for the set of its zeros. We say that a polynomial is real-
rooted if Z[p] C R.

We say that zeros of two real polynomials p(x) and g(x) interlace, and we write p(x) ~ q(x), if
all zeros of p(x) and g(x) are real and simple, and between every two consecutive zeros of (any)
one of the polynomials there lies exactly one zero of the other (here we mean strict interlacing,
ie., Z[pln Zlq] = @).

Recall that a Wronskian of # polynomials Q;(x), ..., Q,(x) is

Q;(x) Q,(x) Qs(x)

Qi (x) Q) .. Q.

W(Q;,...,Qp;x) 1= det (2.6)

QP V) .. QP
To check interlacing we need to use the following standard result.

Lemma 2.2. Let Q be a real-rooted polynomial and P be any real polynomial. Then P ~ Q if and
only if W(P,Q; zy) # 0 forall z, € Rand degP < degQ + 1.

Proof. Without loss of generality, we may assume P and Q to be monic. Suppose W(P,Q; x) # 0
on R, with degQ = N, and deg P < N + 1. Since W(P, Q) is continuous, it keeps the same sign for
all x € R. If x; is a zero of Q, we have W(P,Q; x;) = P(xj)Q’(xj), so all zeros of Q are simple and
different from those of P. We write x; > x, > ... > xy for the zeros of Q.

Since Q'(x ;) alternates sign, we obtain that between each two consecutive zeros of Q there must
be an odd number of zeros of P (counting multiplicities). Switching the roles of P and Q, we obtain
that there is exactly one zero of P on each interval (x 1 X j). This determines the location of N — 1
zeros of P and proves P ~ Q unless degP = N + 1. If degP = N + 1, then we claim there is one
zero of P on (x;, c0). If not then P(x;) > 0 and therefore W (P, Q; x;) = P(x;)Q’(x;) > 0. But this
contradicts W(P, Q; x) ~ xN*tI(NxN—1) — (N + 1)xNxN = —x?N as x — oo. Similarly one shows
that P must have a zero on (—oo, X ). This completes the proof of P ~ Q.
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For the converse, assume deg Q > deg P and write

W(P,Q;x) = —Q(x)*(P/Q) (x) = Q(X)ZZ @7

x)z’

where 4; is the residue of P/Q at x;. Interlacing P ~ Q implies that all 1;’s are of the same sign,
and then the last equality proves that W(P, Q; x) does not vanish on R. The case degQ < degP
can be handled by swapping the roles of P and Q. O

3 | MULTIPLE ORTHOGONAL POLYNOMIALS
3.1 | Normality

Let 7 > 1 and consider a system of measures on the real line g = (1, ..., 4,) € M(R)".

Recall the definition of the type I and type II multiple orthogonal polynomials (1.2)
and (1.3).

It is not hard to verify that existence and uniqueness of either type I or type II polynomials is
equivalent to the condition det H,,[] # 0, where

@ D (1)
S S Cm-
il) Cgl) C(l)

n—1 "M In|+n,—2
Hn[l"] =1
) () )
C?) C%) . c'"('FI
r r r
c Cin|

GG

Cn,—l n, |n|+n,—2

and Hy[u] := 1. Here c(J ) = [ xkdu; (). If this happens then we say that n is normal with respect
to p. p is called perfect 1f every n € N" is normal.

Remark 3.1. Easy to see that n € N" is normal if and only if there is no nonzero solution to (1.3)
with deg P,, < |n|. Similarly, n is normal if and only if there is no nonzero vector A,, that satisfies

degAslj) <nj— 1 and

> / AP dps(x) =0,  k=0,..,In| - 1. 3.1)
j=1

Note that (3.1) has one extra orthogonality condition compared with (1.2).
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3.2 | Angelesco systems and their perfectness

Definition 3.2. Foreach1 < j <r,letu i € M(R). We call (u j);:1 an Angelesco system [1] if there
existintervals I';, 1 < j < r, such that supp u; € I'; and for each j # k, I'; N I, is either empty or
consists of a single point.

Theorem 3.3. Angelesco systems are perfect.

Proof. The idea of the proof is borrowed from [31, Section 4.2]. The use of Proposition 2.1 slightly
simplifies the argument. Write H 5114)|n| for the j-th block in (3.1). Apply (2.1) r times to each of the
s

g sequentially (use N = |n| and M = n;) to get

Vlj,|"r|

r
1 0
detH, = mlonl /r;’f"/r;“‘ TAVITE S ,xr)gAn.,(xj)d Tpi(x)),

where x; = (x; 1, ...,xj,nj), and A (xq,...,X) = ij(xj —X;) is the k X k Vandermonde deter-
minant. We end up with the integral

p
1 / / 2
_— Alxpx) | | AGe;)d" pi(x)), 3.2)
ml..m! Jrm r;}rg e 11:[1 J A

where A(x;;x;) 1= Ha,ﬁ(x j« — Xig)- Clearly the integrand does not change sign, so cannot be
zero, and we conclude that n is normal. O

Remark 3.4. Recall that the type II multiple orthogonal polynomials in a perfect system satisfy the
nearest-neighbor recurrence relations [43]

.
XPy(X) = Pyyo () + Dy iPu(X) + Y @y Py, ().
=1

Assuming intervals I'; are ordered according to I'; < I'; for all i < j, the above proof also shows
that det H,, > 0 for every n € N'. This fact can be used to show that all the nearest-neighbor
recurrence coefficients a,, , for Angelesco systems are positive [3].

3.3 | AT systems and their perfectness

Let I be a closed interval of R. A collection (u j(t));.’:1 of continuous real-valued functions on I' is
called a Chebyshev system on I' if the determinant

up(x)  wy(xy) - uy(xy)
U, (x) := det uy(x1) uy(xy) - uy(xy) (3.3)
un('xl) un(.xZ) un('xn)
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is nonzero and has a constant sign for any x; < x, < ... < x,, onT. See [25] to more details about
the Chebyshev property and its equivalent form.

Definition 3.5. For each 1 < j <r, let du;(x) = w;(x)du(x) be an absolutely continuous mea-
sure with respect to some u € M(T'). We say that (,uj);=1 is an AT system on I' for the index
n = (ny, ..., n,) if the functions

-1 - -1
{wy, xwy, ..., X" wy, wy, Xw,, .., X2 Wy, Wy, XWX W, (3.4)
form a Chebyshev system on T'.

Theorem 3.6. If (1 j);':l is an AT system for the index n, then n is normal.

Proof. The proof is borrowed from [31, Section 4.3]. Given n € N', denote U, (x) to be the deter-
minant (3.3) for functions (3.4). Applying the Andreief identity ((2.1) with M = N = |n|) and
performing elementary row operations we arrive at

1

detH,[u] = W

/F | Un0A () "), (3.5

where A, is again the Vandermonde determinant. Since both U,, and A, preserve sign on x; <
... < X}, and simultaneously change sign when we permute the x;’s, we see that the integrand
does not change sign. Hence det H,, # 0, so that n is normal. O

Remark 3.7. Similarly to Remark 3.4, we can see that sgn det H,, = sgn U,,. The collection of signs
of U, therefore determines the signs of all the nearest-neighbor recurrence coefficients a,, ; for
AT systems.

3.4 | Nikishin systems

For any set S C R, we denote S to be the interior of S in the topology of R. Given two closed inter-
vals T'; and T, with I'; n T, = @, and two measures o, € M(T;), o, € M(T,), denote (7,,0,) €
M(T) to be the measure

d(01,0,)(x) 1= m, (x)do, (x), (36)

where m, is the m-function of o, (see Section 2.2). Note that the right-hand side of (3.6) always
defines a finite sign-definite measure onI';, assuming thatI'; and I', are disjoint. IfI'; and I', share
a common endpoint, however, then by writing (o, 0,), we implicitly assume that (3.6) defines a
finite measure, as this is no longer automatic and depends on the behavior of o, and o, at that
point.

Definition 3.8. We say that u = (g, ..., 4,) € M(R)" forms a Nikishin system generated by
(oy,...,0,) (we then write g = N (a4, ...,0,)), if there is a collection of closed intervals L, j=
1,...,r such that
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fjﬁfj+1=®, j:1,...,r—1, (3.7)
and measures g; € M(Pj),j =1,..,r, so that
My = 01ty = (01:05), My = {01,(05,03))s sl = (01, (02, (03, . 5,)).
It is well-known that Nikishin systems are perfect. The proof for r = 2 appeared in [15], and

for any r > 2 this was shown in [18, 19]. See also [5, 9, 12, 16, 17, 27, 31, 32, 38] for related
normality/perfectness results.

4 | ZERO LOCATION
4.1 | Zero location for type II multiple orthogonal polynomials
The following theorem provides a very simple yet useful tool for locating zeros of the type II multi-

ple orthogonal polynomials. Recall that the notation Z[P] stands for the zero set of a polynomial P,
and (x — z,)u stands for the Christoffel transform of u (see Section 2.2). Let us also write (x — z,)u

for ((x — zg)uys -, (X — Zo),)
Theorem 4.1. Let n € N" be normal with respect to u. Then
Z[P,] = {zy € C : nis not normal for (x — zy)u}. (4.1)

Remark 4.2. The same proof shows that z, being a zero of P,, of multiplicity > 2 implies that n is
not normal for (x — z)*u.

Remark 4.3. Suppose each u; € M(R) and let z, € C\ R. Then the same proof shows that
P,(z,) = 0 implies that n is not normal for |x — z|*u.

Proof. If P,(z,) =0, then Q(x) = P,(x)/(x — z,) satisfies every orthogonality relation for the
index n with respect to (x — z,)u. Since deg Q < |n|, we obtain that n is not normal for (x — z,)u
by Remark 3.1.

Conversely, if n is not normal for (x — z,)u, then by Remark 3.1 there is some monic polynomial
Q # 0with degQ < |n| and

/ QM)x*(x — zp)du;(x) =0,  k=0,..,n;—1. (4.2)

Since n is normal, we then have P,(x) = Q(x)(x — z;), so P,(z,) = 0. O

We now illustrate how this approach leads to zero location for type II polynomials for AT,
Nikishin, and Angelesco systems. These results are, of course, well known.

Corollary 4.4. Let u be an AT system on a closed interval T for an index n € N'. Then Z[P,] C I,
and each zero is simple.
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Proof. Letzy € R\ I. u being an AT system on I at n implies that so is (x — z,)p: just replace the
reference measure u in Definition 3.5 with (x — z,)u. By Theorems 3.6 and 4.1, we get that z, is
not a zero of P,,.

Let z, € C \ R. It is easy to see that |x — z,|?u is an AT system on T for n. By Theorem 3.6 and
Remark 4.3, we get that z, is not a zero of P,,.

That each zero must be simple follows from Remark 4.2 and AT property of (x — z,)?u on T for
n for any z, € R. O

Corollary 4.5. Let u be a Nikishin system. Then Z[P,] C I';, and each zero is simple.

Proof. If z, ¢ I';, then (x — z,)u is a Nikishin system which is perfect. O
If 1 is an Angelesco system, then both (x — z,)u (for z, € R\ U;zl I ;) and |x — zo|*u (for

z, € C \ R) are also Angelesco systems. Therefore, by applying the exact same argument as in the

case of AT systems, we obtain Z[P,] C U;zl I ;> and all zeros are simple. This statement can be

sharpened using the following well-known result. We give a slight variation of the standard proof,

based on the notion of the Christoffel transform.

Proposition 4.6. Let T be an interval in R and u € M(T). If a polynomial P(x) satisfies
/P(x)xkd/,t(x) =0, k=o0,..,n—1, (4.3)

then it has at least n distinct zeros on .

Proof. Let Q(x) be the monic polynomial whose zeros are precisely the zeros of P of odd multi-
plicity that lie in I', each counted only once. Then the Christoffel transform i : = % u belongs to
M(T), since all zeros of P/Q in I" occur with even multiplicity. Consequently, 2 admits a unique

orthogonal polynomial of degree n. But (4.3) implies
/ Qx)x*da(x)=0, k=0,..,n—1. (4.4)

The n-th orthogonal polynomial of & cannot have degree < n, which implies deg Q > n. [

Corollary 4.7. Let u be an Angelesco system and n € N". Then P,, has exactly n; zeros on each I s
and each zero is simple.

Proof. Since n is normal, we have deg P,, = |n|. By Proposition 4.6, P,, has at least n; distinct zeros
on each I’ It Since I' j’s are pairwise disjoint, we obtain the statement. O
4.2 | Zero location for type I multiple orthogonal polynomials

The main result of this section provides a criterion for the zero locations of the type I polynomials

AS{”. For simplicity, we state it for m = 1 only, though it holds for any m = 1, ...,r. The general
case of Theorem 4.8 and Remarks 4.9 and 4.10 is obtained by replacing AE,I) with Aflm), e; with
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e,,, and applying the Christoffel transforms to the m-th component of u instead of the first (m =
1,..,r).

Theorem 4.8. Let n € N" with n; > 0 be normal with respect to u. Then
Z[AS)] = {zy € C : n— e, is not normal for (x — Zy)piy, fys -, 4y) }-

Remark 4.9. The same proof shows that if z is a zero of AS,D of multiplicity > 2, then n — 2e; and
n — e, are not normal for ((x — zy)? iy, My, e » Uy )-

Remark 4.10. Suppose each y; € M(R) and let z, € C\ R. Then the same proof shows that
A,(:)(zo) = 0 implies that n — 2e, and n — e, are not normal for (|x — zy |y, iy, .- » K&;.)-

Proof. Let us denote ((x — zg)u;, Uy, - » 1) bY £ = (1, ... , B,.). Since n is y-normal, we have
r .
Z/Aﬁf)(x)x"d/x,-(x) =0, k=0,..,|n| —2. (4.5)
1f AY(z,) = 0, then let B(x) be (A (x)/(x — zy), AP (x), ..., AV (x)). By (4.5),
r
D / BUY)x*dp(x) =0, k=0,..,|nl—2. (4.6)

Since deg BV < n; — 2 and deg BY) < n; —1for j =2,..,r, Remark 3.1 shows that n — e, is not
J-normal.

Conversely, if n —e; is not normal for @, then by Remark 3.1 there is a vector B =
BWY,...,BM) # 0 with deg BV < n, — 2 and deg BV < <n;—1for j = 2,..,r, that satisfies (4.6).
Then A, (x) must be equal to (BD(x)(x — Zy), B@(x),...,BM(x)),upto a multiplicative normal-
ization, so AS)(ZO) =0.

As for the first remark, assume that Aﬁ,l)(zo) =0 of multiplicity > 2. Denote
((x = 20)* g2 figs o 1) by ji=(ity,...fi,) and let B(x) be the system (AV(x)/(x —
204 AP (), ..., AV (x)). By (4.5),

¥ / BOGOx A (x) =0,  k=0,..,|n| - 2. 47

Since deg BV < n; — 3 and deg BY) < <nj—1forj=2,..,r, Remark 3.1 shows that both n — 2e,
and n — e, are not g-normal. The same argument apphes for the second remark, just with (x —

20)*py replaced by (x — zo)(x — Zo)uy = |x — zo°pty. 0

We now apply this criterion to the Angelesco systems (this result is well known). Application
to the Nikishin systems is in the next section.

Corollary 4.11. Let u be an Angelesco system. Then Z[A;j)] C f‘j foranyj=1,..,randanyn € N’
with n > 0, and each zero is simple.
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Proof. For any j and any z, € R\ I j» replacing p; with (x — z,)u; leads to another Angelesco

system. By Theorems 3.3 and 4.8, we get Aslj )(Zo) # 0.

Let z, € C \ R be arbitrary. Then Remark 4.10 together with the Angelesco property of the
system (|x — 2|1y, Uys ... » 4,) Shows that Ag)(zo) # 0.

Finally, simplicity of zeros follows from Remark 4.9 and the Angelesco property of the system
((x = 2V g, gy s 1) fOT 29 ER. O

4.3 | Zero location for type I multiple orthogonal polynomials in
Nikishin systems

Note that if s is an AT system on T, then replacing u; with (x — z,)u; with z, € R \ T may destroy
the AT property. Therefore, one should not expect general results about the zeros of type I multiple
polynomials for AT systems. This should not be surprising, since such polynomials need not even
be real-rooted in general. We can say something about zeros of type I polynomials for Nikishin
system, however. For simplicity, we consider the case r = 2 (see Remark 4.16 below). We employ
the following simple result.

Lemma 4.12. Let p 1= (uy, 4p) and f 1= (uy, fi,), where
S .
A, (x) = aduy () + Q) (%), Q(x) = D kjxl, a#0. (4.8)
Jj=0

Then for any n = (n,,n,) € N> with n, < n, — s, n is normal with respect to p if and only if it is
normal with respect to it In this case,

P,(x) = P,(x), (4.9)
AP = AV - LA ), (4.10)
AD(x) = AP (), (4.11)

where P, are the type Il and A,, are the type I polynomials of .

Proof. Observe that Hflll) - block is common for both H,,[u] and H,,[¢]. Now note that the k-th
row Ofﬁfzzz),|n| (k=1,..,n,y)is

N
5(2) 2 =(2) — @ @ (2) @ @ @
<Ck—1’ck ""’ck—2+|n|> =a (Ck—l’ck ""’ck—2+|n|> + 2k (Ck+j—1’ck+j’ ""Ck+j—2+|n|>'
r
(4.12)
If n, < n; — s, each row of moments in the last sum can be canceled in det H,[¢] by subtracting a
multiple of the corresponding row of H1(11)|n| (use n, < n; — s). This shows that det H,[u] is equal
1

to a2 det H,,[u], which proves the first statement.
Now we write
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/ AP )xPdp, (x) + / AP (x)xPdE,(x) (4.13)
= / (A,(,”(x) + Q(x)z,(?(x))xpd#l(x) + / a AP (x)xPdu, (x). (4.14)

If n, <n;—s, then deg QAE,Z) <n; —1. Hence, by normality of n for u, we see that
( AE,l)(x), A;z)(x)) = (Z,(:)(x) + Q(x)ﬁf)(x), ocﬁ,(f)(x)) which proves (4.10) and (4.11). The proof
of (4.9) is similar. O

Theorem 4.13. Let (u,, 4,) = N (04, 0,) be a Nikishin system.
(i) Letn € N> with n; + 1 < ny, ny # 0. Then AS) is real-rooted and
@ >
ZI[A,] c Ty, (4.15)

and each zero is simple.
(i) Letn € N> withn, +1 > n,, n, # 0. Then Aslz) is real-rooted and

Z[AD ] c 1), (4.16)
and each zero is simple.

Remark 4.14. Our simulations clearly show that the above statement is optimal in the sense
that (4.15) does not have to hold if n; + 1 > n, and (4.16) does not have to hold ifn; + 1 < n,. How-
ever, real-rootedness for AE,D also holds if n; = n,, and for Af) if n; = n, — 2, see Remark 5.10.
Beyond these locations, one typically should expect an appearance of complex zeros.

Remark 4.15. Theorem 4.13 and Remark 5.10 show that all polynomials A;j ) are real-rooted along
the step-line indices (n, n) and (n,n + 1). Note, however, that this is not necessarily the case for
indices (n + 1, n), which are also commonly referred to as step-line indices.

Proof. (ii) Let z, € R \ T',. Note that

(1, (x = Z2g)Hp) = (g, (x — Zo)maz(x)/h)- (4.17)

By (2.5), (x — zo)mgz(x) = maz(x) + ¢, where &, = (x — z,)o, and ¢ = — [ do,(t) € R, which
means that (4.17) can be represented as

(py, Mg, (X + cpy). (4.18)

Note that supp &, C suppo, C T, so (i, mg, (X)) is a Nikishin system, and thus it has every
index normal. Applying Lemma 4.12 with s = 0, we obtain that (4.18) has every (n,, n,) with n, <
n; normal. Theorem 4.8 then proves that z is not a zero of Aﬁf) for any (n;,n,) withn, — 1 < n;.

Now let z, € C \ R. Consider fi, = |x — z,|*u, = (x — zo)(x — Zy)mg, (X)p;. Denote 5, = (x —
Zy)(x — Zy)o,. Apply (2.5) twice to get

(x —zp)(x — Zo)mgz(x) = mgz(x) +cx+d,
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with ¢ = — [ do,(t) € Rand d = —2cRe(z,) — [ tdo,(t) € R. Therefore,

(15 1) = (py, ma, (X + (ex + d)y). (4.19)

Since (u,,H,) is a Nikishin system, it is perfect. Applying Lemma 4.8 (with s = 1), we obtain
that (4.19) has every (n,,n,) with n, < n; — 1 normal. Then Remark 4.10 shows that z, is not
a zero of AE,Z) for any (n,, n,) with n, — 2 < n; — 1. This completes the proof of (4.16). To show
simplicity of zeros, apply the exact same argument but with Remark 4.9 instead of Remark 4.10.
(i) We use the well-known reversal trick here. Let ii; = m, (x)/,t1 so that u can be rewrltten as

(mg, (x)7';, #1)- Define the reversed system » = (%, m, ,(x)” 17)). Its type I polynomials Bn Ty
B® @ 40

ny,ny Nny,ny % < ny,ny 0

are then given by A respectively. Applying the relation (2.3), we see that

v = (U, (b —x)u; — azmogwﬁl)- (4.20)
for some a # 0. Finally, let n = (i, m_ <1),221) and C,(f])nz C(Z)n be its type I polynomials. By
Lemma 4.12, c? =_1B@ for any n, < n; — 1. Since # is a Nikishin system (supp 0'(1) cr,

ni,n, q2ong,n,
since I, is an interval), we obtain Z [Cﬁl ) ] c I, for every n, 4+ 1 > n, (with all zeros simple) by

(ii). Combining this all together produces Z [A(l) ]lc F2 whenever n, < n; —1whichis(i). [

ny,1

Remark 4.16. 1t is a natural question whether the conclusions of Theorem 4.13 (as well as those of
Theorem 5.9 below) remain valid for Nikishin systems (y;, ..., 4,) with > 3. The current proof
of part (ii) extends with only minor modifications, yielding that Aslr) is real-rooted with Z [Aslr)] C
I, whenever n € N satisfies n, < min jin;} + 1. It is reasonable to expect that the reversal trick

used in the proof of part (i) can be adapted to obtain analogous statement for the zeros of A;j),
j=1,...,r — 1. Indeed, this strategy was successfully implemented by Fidalgo and Lopez [18] in
their proof of the perfectness of Nikishin systems for any r, suggesting that the same idea can be
useful here as well.

5 | ZERO INTERLACING
5.1 | Zero interlacing for type II multiple orthogonal polynomials

Let (x — z,)*u stand for the system ((x — 2o)*y, ..., (x = 29)*,), where (x — z,)*; is the double
Christoffel transform of u j» see Section 2.2.

Theorem 5.1. Assume n and n + e; are normal for p. Then
ZIW (P, Pa)] = {zy € C : nis not normal for (x — zy)*p}. (5.1)

In particular, if P, is real-rooted, then P,, te; ™ P, ifand only if n is normal with respect to (x — zy)*p
foreveryz, € R.
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Remark 5.2. The same proof shows that ifn + e i+ e andn +e j + ey are normal for u, j # k,
then

Z[W(Ppye;» Paye)] = {zy € C : misnot normal for (x — z,)*u}. (5.2)

In particular, if P, te; is real-rooted, then P, te; ™ Py e, if and only if n is normal with respect to
(x — z)*u for every z, € R.

Proof. Note that W (P, +ej,Pn; z,) = 0 if and only if the system of equations
aP,.. (z,) +bP,(z)) =0

DI (5.3)

apP, +e, (zp) + bP,(z5) =0

holds for some (a, b) # (0, 0). This is equivalent to aP,, +e; () + bP,(x) = (x — 2,)*Q(x) for some
polynomial Q # 0. Such a Q would satisfy

/Q(x)xp(x - zo)zd,uj(x) =0, p=0,.,n;-1, (5.4)

but deg Q < |n|, which contradicts to the normality of n for (x — z)*u.

Conversely, if n is not normal for (x — z,)?u, then there is some Q # 0 with degQ < |n| sat-
isfying (5.4). Pick a such that (x —z,)?Q(x) — aP,, te; has at most degree |n|. By comparing
orthogonality relations, we find that (x — z,)>Q(x) — dPn te; = bP,, due to normality of n with
respect to u. Since Q # 0, we must have (a, b) # (0,0), so W(P, +ej,P,,;zo) = 0. This concludes
the proof, if we note that the interlacing follows from Lemma 2.2.

For Remark 5.2, the same proof works if we note that P, te; and P, arelinearly independent
whenn + e; + e is normal (the converse also holds). To see this, assume P, is a nonzero mul-
tiple of P, or vice versa. Then P, +e; and P, satisfy all the orthogonality relations for the
index n +e; + ¢, but dean+ej <|n+e;+el, son+e; + e cannot be normal. Note that the
linear independence of P,, and P,, te; Was immediate since they have different degrees. O

We now apply this criterion to provide a streamlined approach to type II interlacing for
Angelesco systems (originally due to [3, 22]), AT systems ([16, 22, 26]), and Nikishin systems ([16]).

Corollary 5.3. Let u be an Angelesco system. Then Pyie; ~ Py and Pyie; ~ Prie, foranyn e N,
any j=1,..,r,and any k # j.

Proof. By Corollary 4.7, all polynomials P,, are real-rooted. (x — z,)?u is an Angelesco system for
any z, € R, so Theorem 5.1 applies, along with Remark 5.2. O

Corollary 5.4. Let p be an AT system on I for n and n + e;. Then zeros of P,, and Pn+ej interlace. If
MmisATonT forn+ej, n+e andn+e; + ey, then Pn+ej ~ Py, forany j # k.

Proof. By Corollary 4.4, all polynomials P, are real-rooted. If u is an AT system for k, then so
is (x — z,)?u for any z, € R (just replace the reference measure y, see Definition 3.5, with (x —
Zy)? ), so Theorem 5.1 applies. N
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Corollary 5.5. Let u be a Nikishin system. Then P,, e ™ P,andP, +e; ™ Py e foranyn € N, any
j=1,..,r,and any k # j.

Proof. By Corollary 4.5, all polynomials P,, are real-rooted. If u is a Nikishin system, then so is
(x — zy)*u for any z, € R, so Theorem 5.1 applies. [

5.2 | Zero interlacing for type I multiple orthogonal polynomials

The main result of this section provides a criterion for the zero interlacing of neighboring type
I polynomials Aslm). Just like in Section 4.2, we state it for m = 1 only, though it holds for any
m = 1,...,r. The general case of Theorem 5.6 and Remark 5.7 is obtained by replacing Asll) with
Af{"’, e, with e,,, and applying the Christoffel transform to the m-th component of u instead of

the first(m =1, ..., r).

Theorem 5.6. Assume that n, n — e, are normal for u = (U, Uy, ..., 4,). Forany ¢ € {1, ..., r} such
that n — e, is normal, we have

Z[W(AS,D,AS_)W)] = {z, € C : n—2e, is not normal for (x — zy)*fiy, iy, ..., 1)} (5.5)

If AS ) s real-rooted, then AE,I) ~ A;l_)ef if and only if n — 2e, is normal for the system ((x —
Z0) lys Moy e » ) fOT €VEry 2 € R.

Remark 5.7. Assuming additionally the u-normality of n — e, and n — e, — e,, with k # ¢, then
A;l_) ey ™ Agll_)ek if and only if n — 2e, is normal for ((x — z()*u;, 4y, - , 4,) fOT every z, € R. The
proof is almost identical.

Proof. Fix any z, € C and denote & to be ((x — zy)*y, iy, --- » 4,). Note that W(AS)’AS—)W; Zy) =0
if and only if aAS)(x) + bAE,l_)ef (x) = (x — zy)*B(x) for some (a, b) # (0,0) and some polynomial
B with deg B < n; — 3. Note that A, and A,,_,, are linearly independent, since

r r
> / ADCoxM2dp ) =04 Y / AP, GoxI=2dp;(x). (5.6)
Jj=1 Jj=1
Then the vector (B, aAﬁ? + bAﬁf_)ef, s aAslr )+ bAE,rz ¢,) is nonzero and satisfies all the degree and

orthogonality conditions for the index n — 2e, with respect to f&. Since we also have
r . .
Y [ @A+ bag, on = duy ) o (57)
j=1

we see that n — 2e, is not normal for @ by Remark 3.1.
Conversely, if n — 2e, is not normal for i, then there is some vector B = (B(l), B®@ .. B )) #0
with deg BV < n; — 3 and deg BY) < n; —1for j =2,...,r, such that

.
¥ /BU)(x)deﬁj(x) =0, p=0,..|n-3. (5.8)
j=1
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Pick a such that ((x — z,)?BM(x), B?(x) ..., B (x)) — aA,_,,(x) satisfies the same degree and
orthogonality conditions as A,, (with the correct choice of a we get the one missing orthogonality
condition). This shows that aAﬁ,l)(x) + bAS,l_)e () = (x - 2,)?BY(x) for some (a, b) # (0,0) and
completes the proof of (5.5). /

The statement on interlacing then follows from Lemma 2.2 since normality of n — e, gives us
degAS,l) = n; — 1 (use [23, Corollary 23.1.1]), and degA(l_) <n;—-1< degAEll) +1. O

n—ey

Corollary 5.8 [13, 21]. Let u be an Angelesco system. Then AY ~ AY —and AV —~ AD

nte; nte; n+e;’
assuming n; > 1and j # k.

Proof. By Corollary 4.11, all polynomials AS) are real-rooted. For any z,€R, ((x-—
Z0)2Mys My - » My) is an Angelesco system, so Theorem 5.6 and Remark 5.7 apply. O

For AT systems, real-rootedness of type I polynomials does not have to hold, so one cannot
expect interlacing, of course. For Nikishin systems, Theorem 5.6 can be used, however.

Theorem 5.9. Let (u;, 4,) = N'(0y, 0,) be a Nikishin system. Then

(i) A(l) AY and AV

n—e,’ n—e,

(i) A®, A and AP

are pairwise interlacing if n, + 1 < n,.
n—eq’ n—e, >

are pairwise interlacing if n; + 1 > n,.

Remark 5.10. In particular, this shows that the polynomials Asll) with n;, = n, and A;Z) with
n, + 2 = n, are real-rooted, which improves the statement from Theorem 4.13 (see Remark 4.14).
Interlacing also shows that all, except potentially one, of the real roots of each of these polynomials
belong to I',.

Proof. Recall that Aslz) is real-rooted for any n € N? with n, + 1 > n, > 0 by Theorem 4.13(ii). As
in the proof of that theorem, for any z, € R we get

(i1, (x = 20)° ) = (uy, mz, (X + QX)) (5.9)

with supp &, C supp 0,, degQ < 1. Lemma 4.12 implies normality of this system for indices with
n, < n; — 1. Then n — 2e, is normal if n, — 2 < n; — 1. This together with Theorem 5.6 and
Remark 5.7 proves (ii).

(i) follows from the same argument as in the proof of Theorem 4.13(i). O

6 | WRONSKIANS OF HIGHER ORDER

It should come as no surprise that normality of higher-degree Christoffel transforms is linked
to the zeros of higher-order Wronskians. Fix an “increasing path” of indices «{ns}sf=1 with 7 €
{1,2,..}, n, € N', so that

ns+1 = ns +ejs

for every s € {1,2,...,# — 1}, and for some j; € {1,...,r}.
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Theorem 6.1. Suppose each multi-index in {ns}f=1 is p-normal. Then

ZIW(Py s Py,sX)] = {zo € C : ny is not normal for (x — z,)" u}.

We skip the proof since it follows the same steps as the proof of Theorem 5.1. This result
immediately gives us the following corollary.
Corollary 6.2. Let u be an Angelesco, AT, or Nikishin system, and ¢ be even. Then W(Pn] yees Py 3 X)
has no real zeros.

ny>

For AT systems this was shown by Zhang and Filipuk in [44], and for r = 1 this goes back to
the classical result of Karlin and Szeg6 [24, Theorem 1].
A similar result can be stated for type I polynomials as follows.

Theorem 6.3. Let each index in {ns}f:1 be u-normal, (n,); = 2. Then
Z[W(A(l) A(l)'x)] = {z € C : n, — e, is not normal for (x — z,)” 6.1
ny 2 On, s X1 =120 s h - 0 ﬂl,ﬂz’--w#r)}- (6.1)

Analogous statements hold for A;{j) for j =2,...,r, if we instead transform the j-th measure
and replace e, with e;.

Corollary 6.4. Let u be an Angelesco system, and ¢ be even. Then, forany j = 1, ..., r, the Wronskian
W(AE,JI), ,AS,J/); x) has no real zeros.

One can show a similar statement for Nikishin systems for indices in certain cones, similarly
as in Theorem 5.9.
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