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A B S T R A C T

Time-resolved pump-probe experiments offer unique possibilities for studying ultrafast processes; however,
simulation tools for interpreting phonon dynamics in electron diffraction patterns at the sub-picosecond scale
remain limited. We introduce the frozen trajectory excitation (FTE) method of exciting phonons beyond their
thermal equilibrium population by modifying a molecular dynamics trajectory in the (𝑞, 𝜔)-space, and couple
it with a new approach to ensemble sampling that extends frozen phonon multislice simulations into the time
domain. In this approach, phonons with a certain natural frequency (𝜔) and located within an arbitrarily
selected range of phonon wave vector (𝑞) are first selectively excited within a single molecular dynamics
trajectory. Subsequently, several parallel relaxation runs are started at random points, and snapshots from
these trajectories serve as inputs for multislice simulations at defined time delays.

We apply this framework to fcc Ni with relaxation time resolution of 10 fs. The simulations reveal
multi-phonon scattering processes as well as strong mode dependence in phonon relaxation, highlighting
the importance of considering phonon-specific behavior in ultrafast dynamics. Our results show that mode-
dependent relaxation leaves measurable signatures in diffraction patterns, providing predictive guidance for
future time-resolved TEM studies.
1. Introduction

In 1996, Beaurepaire et al. reported the discovery of ultrafast laser-
induced demagnetization in face-centered cubic (fcc) nickel [1]. They
observed that a femtosecond laser pulse caused a rapid reduction in
magnetization, within a few hundred femtoseconds, followed by a
slower relaxation back to equilibrium. This discovery sparked signif-
icant interest because of its implications for subpicosecond magnetiza-
tion switching, which holds great potential for future ultrafast magnetic
storage technologies.

The excitation and subsequent de-excitation processes involve the
intricate interplay between three coupled reservoirs — spins, the crystal
lattice, and electrons — each characterized by distinct effective temper-
atures. To explain these dynamics, Beaurepaire et al. introduced the
so-called three-temperature model [1], which has since become a leading
tool for understanding this phenomenon. Extensions and refinements of
this model have been proposed [2–4], aiming to capture the complex
interactions involved with greater accuracy.

✩ This article is part of a Special issue entitled: ‘FEMMS 2024’ published in Ultramicroscopy.
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Despite nearly three decades of research, the role of lattice dynamics
in the ultrafast demagnetization process remains relatively underex-
plored, with most studies focusing on the spin and electron systems [5–
8]. However, recent experimental and theoretical advancements have
increasingly highlighted the critical contribution of lattice dynamics to
this process [9–14].

To contribute to bridging this gap, here we develop a computational
scheme capable of isolating and capturing the role of inter-phonon
interactions in this phenomenon. This is achieved by introducing a
phonon-wave-vector- and frequency-resolved [(𝑞 , 𝜔)-resolved] physical
change in the simulated phonon mode population and capturing its
evolution in time.

Complementing our computational efforts, we identify transmis-
sion electron microscopy (TEM) as an important experimental tool for
probing the ultrafast lattice dynamics. Advances in TEM technology, in-
cluding aberration correction [15,16], electron beam monochromation
for resolving vibrational modes [17], direct electron detectors [18,19],
and the incorporation of ultrafast laser pulses with fast cameras [8,13,
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14,20–23], enable atomic-scale spatial and temporal resolution. These
developments suggest that the studies of ultrafast phonon dynamics
using electron energy loss spectroscopy (EELS) are now within reach.

In this work, we focus on the computational study of ultrafast
ynamics of phonons in fcc Ni, specifically their relaxation after ex-

citation beyond thermal equilibrium. Using the lammps package [24],
we introduce a method, referred to as frozen trajectory excitation (FTE),
which enables the resolution of phonon excitations as a function of 𝑞
nd 𝜔. This method, designed for atomistic-scale molecular dynamics

(MD) simulations, is flexible and efficient, with potential extensions to
spin and spin-lattice dynamics simulations [25,26].

The theoretical framework presented here builds on the recipro-
cal space decomposition scheme employed in the frequency-resolved
frozen phonon multislice (FRFPMS) method [27,28]. Our approach
extends this scheme to allow for arbitrary excitations and the recon-
struction of complete molecular dynamics trajectories for subsequent
ree relaxation simulations. In an earlier study, Dettori et al. utilized
 colored hotspot thermostat to selectively heat phonons within a spe-
ific energy range, achieving temperatures well above equilibrium [9].

However, their technique does not allow for wave-vector-dependent
excitations.

We introduce a time-delay-based modification to the frozen phonon
multislice (FPMS) method [29]. The implemented excitation introduc-
ion and the subsequent free relaxation over several picoseconds allow
s to analyze the evolution of the resulting electron diffraction patterns
n time. The FTE framework, utilizing FPMS across independent free
elaxations, yields time-dependent differential diffraction patterns in a
ay directly comparable to ultrafast electron diffraction in TEM. In

his work we aim to show how such artificial excitations — if care-
ully designed — can provide an invaluable insight to phonon mode
ontributions to the ultrafast dynamics in the system.

2. Method

2.1. Overview

Our calculations consist of three main phases, (I)–(III), summarized
n Fig. 1, that were performed using an in-house software designed to
ntegrate lammps via its ‘‘as a library’’ feature [24]. In the first phase,
I), the system is created and equilibrated using lammps subroutines.
ubsequently, we obtain the time-dependent position of all atoms —
he MD trajectory — during the equilibrium finite-temperature simula-
ions of the system (from lammps). Next, in the second phase, (II), this
rajectory is manipulated using the fftw3 fast Fourier transform (FFT)
ibrary [30], following the procedure detailed below, to introduce the
esired excitation. It is the phase we call a frozen trajectory excitation
FTE). In the final phase, (III), we allow for a free MD relaxation of the

excited system and calculate time-resolved electron diffraction patterns.
ultiple independent free MD relaxations are calculated, starting from

napshots chosen from the excited trajectory.
In the following Sections 2.2–2.4, we provide an underlying physics

background for the method. Section 3 provides details about simu-
lation parameters, whereas the Appendix contains a comprehensive
description of implementation details.

2.2. Equilibrium trajectory generation

In the first stage — (I) Equilibrium trajectory generation — we save
complete sets of atomic positions in the system (referred to later as
napshots) at regular time intervals, during an ordinary MD run. It is
receded by proper equilibration and thermalization, and the length
f this MD run is matched to allow the desired frequency resolution
o be obtained in subsequent stages, incorporating FFT. This is then
epeated several times with new random seeds, as described further.

ach atom’s trajectory is decomposed into three components: the origin

2 
Fig. 1. Overview of the frozen trajectory excitation (FTE) protocol, presenting
steps performed to obtain atomic configurations at different time delays during
the relaxation process.

of the unit cell 𝑟 0, the basis site position 𝑏⃗, and the atomic displacement
⃗. Explicitly,

⃗ℎ,𝑘,𝑙 ,𝑖(𝑡) = 𝑟 0ℎ,𝑘,𝑙 + 𝑏⃗𝑖 + 𝑢ℎ,𝑘,𝑙 ,𝑖(𝑡), (1)

where 𝑖 is the unit cell basis site index, and ℎ, 𝑘, and 𝑙 are basis trans-
lation indices within the supercell, corresponding to integer multiples
of the lattice vectors 𝑎1, 𝑎2, and 𝑎3, i.e. 𝑟 0ℎ,𝑘,𝑙 = ℎ ⃗𝑎1 + 𝑘 ⃗𝑎2 + 𝑙 ⃗𝑎3. The
displacements 𝑢 can thus be represented in a 6-dimensional hypercube.
In our approach, we consider each basis site separately, and x, y,
and z displacement components are treated equivalently. Hence, we
reduce the basis site and cartesian coordinate dimensions, obtaining a
4-dimensional dataset for further treatment, where the FFT indexed by
h, k, and l yields phonon wave vector (𝑞) spectrum, and the FFT indexed
by timeframe corresponds to the frequency spectrum.

2.3. Frozen trajectory excitation

Via the aforementioned FFT, we calculate 𝑢𝑖(𝑞 , 𝜔)— in principle for
each primitive basis atom, which in the case of fcc Ni reduces to one
atom only (𝑖 = 1). Subsequently, we introduce an excitation into the
ystem by applying a band-enhance filter 𝐹 (𝑞 , 𝜔), designed to amplify
n arbitarily chosen region of the (𝑞 , 𝜔)-space (see the Appendix for

details). Creating such a modified displacement field 𝑢′𝑖(𝑞 , 𝜔), corre-
ponding to an excited state, allows for treating the resulting trajectory
s if it has constantly been in an out-of-equilibrium state in which a
pecific range of phonon modes is thermally overpopulated.

In order for the obtained trajectory to be useful as a starting point
for subsequent simulations, we require a full set of coordinates 𝑅⃗ =
{{𝑟′𝑖 , ⃗𝑣′𝑖}}

𝑁at om
𝑖=1 , where both atomic positions and velocities are included.

The velocities can be obtained from 𝑢′(𝑞 , 𝜔) by calculating the time
derivative of displacements that, in energy space, gives:

𝑣′(𝑞 , 𝜔) = −𝑖𝜔 ⃗𝑢′(𝑞 , 𝜔). (2)

We obtain 𝑣′(ℎ, 𝑘, 𝑙 , 𝑡) and 𝑢′(ℎ, 𝑘, 𝑙 , 𝑡) through inverse Fourier trans-
forms, and from there finally obtain atomic positions in the excited
trajectory.
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2.4. Free relaxation and diffraction patterns calculation

In early approaches, structures sampling the thermodynamic en-
ergy landscape of a crystal at a given temperature were derived from
the Einstein model [31]. Several more recent works utilize atomic
displacement distributions based on experimental or DFT phonon dis-
persions [32,33] and random sampling from MD trajectories [34,35].
These approaches are typically referred to as frozen phonon or frozen
lattice methods. Here, in order to introduce time-dependence, we in-
stead perform averaging over snapshots 𝑅⃗(𝛥𝑡) = {𝑟𝑖(𝛥𝑡)}𝑁at om

𝑖=1 at specific
time delays 𝛥𝑡 from the 𝑁S different realizations of the relaxation
process. Such an approach provides a time-dependent description of
the thermal diffuse scattering, i.e., the inelastic phonon scattering in
TEM.

More precisely, from the excited trajectory (or even several inde-
pendent excited trajectories), we select a subset of 𝑁S snapshots spaced
sufficiently apart to minimize the correlation between them — here we
used a minimum of 100 fs, adding a bit more randomness by choosing
one of 10 neighboring snapshots of the system. Using each of those
snapshots, we perform a simulation of the relaxation process, obtaining
atomic configurations 𝑅⃗𝑗 (𝛥𝑡). At each time delay, we compute the cor-
responding TEM diffraction intensities — that, in general, can depend
on the in-plane momentum transfer 𝑞⟂, the electron beam position 𝑟𝑏,
and the atomic configuration 𝑅𝑗 . This is done employing the frozen
phonon multislice (FPMS) approach [29] — equivalent to the quantum
excitation of phonons (QEP) framework [36,37] — across the multiple
relaxation trajectories as explained above. The so-called multislice
auxiliary wavefunction 𝜓(𝑞⟂, ⃗𝑟𝑏, 𝑅⃗𝑗 (𝛥𝑡)) is obtained using DrProbe [31].
Explicitly, the intensities are calculated as:

𝐼incoh(𝑞⟂, ⃗𝑟𝑏, 𝛥𝑡) = 1
𝑁𝑆

𝑁𝑆
∑

𝑗=1
|𝜓(𝑞⟂, ⃗𝑟𝑏, 𝑅⃗𝑗 (𝛥𝑡))|2 (3)

𝐼coh(𝑞⟂, ⃗𝑟𝑏, 𝛥𝑡) =
|

|

|

|

|

|

1
𝑁𝑆

𝑁𝑆
∑

𝑗=1
𝜓(𝑞⟂, ⃗𝑟𝑏, 𝑅⃗𝑗 (𝛥𝑡))

|

|

|

|

|

|

2

(4)

𝐼vib(𝑞⟂, ⃗𝑟𝑏, 𝛥𝑡) = 𝐼incoh(𝑞⟂, ⃗𝑟𝑏, 𝛥𝑡) − 𝐼coh(𝑞⟂, ⃗𝑟𝑏, 𝛥𝑡), (5)

where 𝐼incoh, 𝐼coh, and 𝐼vib represent respectively the total scattering
intensity (corresponding to the incoherent average), the elastic inten-
sity (coherent average), and the vibrational intensity (thermal diffuse
scattering — TDS).

3. Calculation details

Most molecular dynamics (MD) simulations were conducted with
integration schemes based on the time-reversible measure-preserving
Verlet and rRESPA integrators by Tuckerman et al. [38]. In the free
MD simulations, we employed the pure velocity-Verlet integrator. A
consistent time step of 1 fs was used throughout all simulations.

We considered a 28 × 28 × 28 supercell of the conventional 4-
atom face-centered cubic (fcc) Ni unit cells oriented along the (001)
crystal direction. The lattice parameter was optimized using the isother-
mal–isobaric (NpT) ensemble, resulting in lattice parameter 𝑎 = 3.5329Å
at 300 K. It yielded an approximately 10 nm × 10 nm × 10 nm
system, repeated with periodic boundary conditions in all spatial di-
mensions. With the optimized 𝑎, the calculations were restarted in
the canonical (NVT) ensemble, and the initial atomic velocities were
randomized to match the target temperature. The system was then
equilibrated for 2 ps at the target temperature of 300 K. Both the
NpT and NVT stages employed the Nosé–Hoover thermostat and baro-
stat [39], with the equations of motion based on the implementation by
Shinoda et al. [40]. After the equilibration, we performed simulations
spanning 1 ps within the canonical (NVT) ensemble, saving snapshots of
the system at regular time intervals of 20 fs. To ensure computational
efficiency and cost-effectiveness, we described the interatomic inter-
actions with the spectral neighbor analysis pattern machine-learning
3 
Fig. 2. Comparison of the calculated phonon FFT intensity in fcc Ni
(grayscale) with experimental phonon dispersion from Birgeneau et al. [44].
The intensity has been calculated from atomic displacements according to
Eq. (6) and subsequently normalized. Longitudinal acoustic (LA) and trans-
verse acoustic (TA) phonon branches are labeled for further reference.

interatomic potential (SNAP ML-IAP [41], referred to further as SNAP)
in the parametrization of Zuo et al. [42].

The anharmonicity of the potential allows for phonon–phonon scat-
tering and results in finite lifetimes of phonon excitations. The em-
ployed potential is trained on parameters derived from a fully quantum
treatment of 800 distorted crystal structures. This training includes the
redistribution of electron charge density. As a result, the approach en-
sures a near-DFT level of accuracy while also implicitly accounting for
the partial influence of the electronic cloud on atomic vibrations. How-
ever, it is important to note that fully incorporating electron–phonon
interaction would necessitate either quantum mechanical molecular
dynamics simulations or the pre-training of a custom interatomic po-
tential. This pre-training would require a dataset that explores a vast
portion of the fcc Ni configurational space, particularly focusing on
heavily distorted structures.

Next, we introduced excitations to the trajectory, using the FTE
approach, described in the previous section. We increased 20-fold the
FFT amplitudes of a (𝑞 , 𝜔) region corresponding to transverse acoustic
(TA) phonons separately at four distinct points in the 𝑞𝑧 = 0 plane of
the reciprocal space. These points include the high-symmetry X point
in both the 𝑞𝑦 and 𝑞𝑧 directions, as well as two intermediate points
along the 𝛥 high-symmetry line. The selected excitation leads to a
temperature increase in the system by approximately 25 K due to the
finite size of the system.

We chose seven snapshots from the middle section of one modified
trajectory as initial frames for further separate, free relaxation in the
microcanonical (NVE) ensemble. We repeated the procedure 7 or 14
times depending on the specific simulation scheme, resulting in𝑁S = 49
or 98 uncorrelated relaxation realizations, respectively. As the frame-
work presented in this work is rooted in the elements of (FR)FPMS, we
followed the experience gathered from those methods when choosing
the number of snapshots for statistical averaging [27,43]. In the initial
stage of the study, 100 snapshots were saved during the system’s
relaxation at 10 fs intervals. In the later stages, the sampling count
was increased to 200 frames of the system’s relaxation, with the time
interval extended to 20 fs. For each of the relaxation runs and for each
time frame in those runs, we calculate TEM diffractograms with a paral-
lel incident electron beam — to avoid complications with interpretation
due to the convergent electron beam — at an acceleration voltage of
100 kV.

4. Results and discussion

4.1. Initial results

To evaluate the accuracy of the simulations, we compared the
phonon dispersion stemming from the chosen approach with experi-
mental results. Typically, phonon dispersions are obtained from MD tra-
jectories via a Fourier transform  of the velocity autocorrelation func-
tion [45]. However, we approximate phonon dispersions 𝜔ph(𝑞) as pro-
nounced local maxima of the Fourier-transformed atomic displacements
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Fig. 3. Coherent (a) and incoherent (b) averages of exit wavefunctions over 350 atomic configurations in simulated electron diffraction, using a parallel beam
incident on an fcc Ni supercell 28 × 28 × 28 conventional 4-atom unit cells) in thermodynamic equilibrium at 325 K. Panel (c) shows the thermal diffuse
(inelastic) scattering diffraction pattern. The color scale indicating fractional intensities is logarithmic. The thin lines show the first Brillouin Zone boundaries in
the diffraction plane.
𝑞

𝑞

𝐼(𝑞 , 𝜔):
𝜔ph(𝑞) = max(𝐼(𝑞 , 𝜔)) = max(| (𝑢(𝑟 0, 𝑡))|). (6)

This approach is computationally equivalent to using velocity auto-
correlation, up to a constant [46]. Note that the authors in Ref. [46]
worked with velocities, which are phase-shifted in relation to the
displacements. We show this quantity along with the experimental
results by Birgeneau et al. [44] in Fig. 2. The phonon dispersion calcu-
lated from our simulations shows good agreement with the experimen-
tal results, showing that we achieve accuracy comparable to density
functional theory (DFT) calculations at much reduced computational
costs.

Fig. 3 shows the calculated electron diffraction pattern contributions
in the system without the induced excitation, including the coherent
(a), incoherent (b), and vibrational (c) components, based on 𝑁 = 350
snapshots sampled from an equilibrium NVT trajectory before excita-
tion and NVE relaxation (see Eqs. (3)–(5)). In Fig. 3(a), minor noise is
visible around the Bragg spots. This noise results from incomplete sam-
pling of the system’s configurational space and should decrease with
increasing statistics. Importantly, the noise is approximately two orders
of magnitude weaker than the vibrational intensity in these regions,
as shown in Fig. 3(c). Additionally, kinematically forbidden reflections
can be observed. These occur because the distribution of atoms in
individual atomic planes differs from that of atoms in a 𝑧-projected unit
cell. Beam propagation effects cause imperfect destructive interference,
leading to the appearance of these kinematically forbidden Bragg spots,
albeit at low intensity.

4.2. Excited system

Subsequently, we introduced a set of excitations into the system.
Having the possibility to introduce any artificial enhancement filter,
we chose point-like excitations of a single phonon band. We chose the
magnitude of the excitation, spatial and temporal dimensions so that
it can be seen clearly both in diffraction patterns and in phonon dis-
persion (displacements power spectrum), while simultaneously keeping
the system’s energy reasonably close to the unperturbed system — less
than 10% relative difference in temperature. Final numerical parame-
ters of the excitations are presented in the Appendix. Fig. 4 presents
the (𝑞 , 𝜔)-resolved oscillation amplitudes after excitations have been
introduced. So far, we have not explicitly discussed the rationale be-
hind the selection of the excitation points. X was chosen because it
is the only high-symmetry point for which the reflections of all its
symmetrically equivalent copies — X (X high-symmetry point in the
𝑞𝑥

4 
Fig. 4. Phonon intensity in fcc Ni after applying the simulated excitation
filter. Color scale is logarithmic, intensity is in arbitrary units. Panels (a) and
(d) show excitations A and D, at X𝑞𝑦 and X𝑞𝑧 points. Panels (b) and (c) depict
excitations B and C, at selected points along the 𝛥 high-symmetry line in the
̂𝑦 direction. Normalized intensities are reflected in the heatmap color scheme.

̂𝑥 direction), X𝑞𝑦 (X high-symmetry point in the 𝑞𝑦 direction), and X𝑞𝑧
(X high-symmetry point in the 𝑞𝑧 direction) — can be observed in the
diffraction pattern in the selected simulation conditions, see Fig. 3(c).
Additionally, excitation points along the 𝛥 high-symmetry line in the 𝑞𝑦
direction — specifically, halfway between the 𝛤 and X high-symmetry
points, and at half the frequency of the X point — enable us to observe
multi-phonon scattering events during the relaxation process, as we
will show further. To simplify following descriptions and provide a
more intuitive link between text and figures, we henceforth label the
excitations mentioned earlier as:

• A — excitation in X (Fig. 4(a)),
𝑞𝑦
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Fig. 5. TDS diffraction patterns of the excited system before relaxation: (a)
Excitation A, at the X𝑞𝑦 point, (b) Excitation B, along the 𝛥 high-symmetry line
in the 𝑞𝑦 direction, (c) Excitation C, also along the 𝛥 high-symmetry line in the
̂𝑦 direction, and (d) Excitation D, at the X𝑞𝑧 point. The colored ellipses indicate
the integration areas for intensity plots, which are presented in subsequent
figures with corresponding colored lines. Intensities in all panels are presented
on a logarithmic scale.

• B — halfway between the 𝛤 and X𝑞𝑦 high-symmetry points
(Fig. 4(b)),

• C — along the 𝛥 high-symmetry line towards X𝑞𝑦 and at half the
TA mode frequency of the X𝑞𝑦 point (Fig. 4(c)),

• D — excitation in X𝑞𝑧 (Fig. 4(d)).

For convenience, these A–D labels also correspond to a–d subfigures in
Figs. 5–9. The introduced excitation in all cases resulted in raising the
temperature of the system to approximately 325 K.

Fig. 5 presents the diffraction patterns of the TDS right after the
excitation. The changes appear as intensity peaks at their corresponding
𝑞⟂ = (𝑞𝑥, 𝑞𝑦) values. In panels 5(b) and 5(c), additional reflections
are observed at double the 𝑞 of the induced excitation (highlighted
by red ellipses). In the initial frame (0th frame), we can confidently
conclude that this effect is not caused by a higher-than-thermal excita-
tion of phonon modes with double momentum transfer, as the phonon
dispersion and population statistics are well-resolved.

We also conducted simulations at reduced sample thickness. Upon
comparing the intensity at the double-momentum-transfer spot, 𝐼(2𝑞exc),
with the intensity at the excitation spots, 𝐼(𝑞exc), we found that their
ratio, 𝐼(2𝑞exc)∕𝐼(𝑞exc), remained nearly constant. Therefore, these ad-
ditional local intensity maxima can be attributed to multi-phonon
scattering processes.

The excitation peaks in the diffractograms are all elongated in the
(−1, 1) direction (i.e. at 135◦ from the 𝑞𝑥 axis). This results from the
cubic filter (𝛥𝑞𝑎1 = 𝛥𝑞𝑎2 = 𝛥𝑞𝑎3 ) applied in the primitive coordinate
system:

𝑞𝑎1 = ( 𝑎−1,−𝑎−1, 𝑎−1),

𝑞𝑎2 = ( 𝑎−1, 𝑎−1,−𝑎−1),

𝑞𝑎3 = (−𝑎−1, 𝑎−1, 𝑎−1).

When described in Cartesian coordinates, this cubic filter transforms
into a rhombohedron with its short diagonal aligned along the (111)
direction in reciprocal space. The projection of this rhombohedron onto
5 
the (001) plane in the 𝑞-space specified in the Cartesian basis produces
the skew observed in all panels of Fig. 5.

In Fig. 6, we show TDS during the relaxation process after applying
one of the FTE filters — excitation C, as a representative example.
The time dependence of the TDS is highlighted by presenting differ-
ences of diffraction patterns with respect to an equilibrium diffraction
pattern, on a relative scale — a way often used in ultrafast electron
diffraction experiments. By considering point-like excitations, we can
isolate effects arising from excitations of individual phonon modes,
demonstrating how such analysis can provide an additional insight into
experimental results, potentially also in more complex systems. In the
case of the 4 excitations considered in this work, we pinpoint Bragg
spots, the excitation point, and points with double 𝑞 of the excitation
as the main areas for further investigation. The elongation described
above is clearly visible.

Therefore, for further analysis, we integrate the vibrational intensi-
ties over an elliptic aperture 𝛺:

𝐼vib[𝛺(𝑞⟂), ⃗𝑟𝑏] = ∬𝛺(𝑞⟂)
𝐼vib(𝑞⟂, ⃗𝑟𝑏)d𝑞⟂, (7)

centered at a selected Bragg spot (𝛤−2,0,0, excitation translated with 𝑞
respective to this spot, and the image of the excitation appearing at
2𝑞. The ellipses are shown in Fig. 5, with colors corresponding to the
following intensity-versus-time plots in Figs. 7 and 8.

4.3. Relaxation — shorter timescale, higher temporal resolution

Fig. 7 presents the first 1 ps of the relaxation process of two of the
selected excitations (A and B) with a temporal resolution of 10 fs. The
diffractograms are averaged over 98 uncorrelated relaxation trajecto-
ries realized according to the procedure described in Section 2.4. All
panels show TDS intensities related to equilibrium TDS at 325 K. There
are two key observations.

Firstly, the excitation B (along the 𝛥 line) (Fig. 7(b)) relaxes signifi-
cantly faster than the excitation A (in X𝑞𝑦 point) (Fig. 7(a)). In Fig. 7(b),
the yellow curve drops below 70% of its initial value within the first
picosecond, while the corresponding excitation in Fig. 7(a) is still over
85% of the initial intensity after the same period. Interestingly, this
faster relaxation is accompanied by an intensity enhancement at double
the excitation point’s 𝑞 (see the green curve in Fig. 7(b)). This may
indicate ongoing energy transfer to phonon modes associated with the
X-point. This behavior differs from the multi-phonon excitations seen
in Fig. 5, as scattering from the excited modes decreases over time,
and the two-phonon scattering should also diminish. However, a mild
but distinct intensity increase is observed up to around 600 fs after
the excitation. This double-𝑞 intensity enhancement visible in Fig. 7(b)
indicates a more complex scenario, as it may reflect energy transfer,
multi-phonon excitation at a specific frequency, or both. The fact that
the multi-phonon scattering signal should decrease whenever the exci-
tation itself decreases leads to the conclusion that the relaxation time
constant 𝜏 is not only strongly dependent on (𝑞 , 𝜔), but is also governed
by intricate phonon–phonon interactions, including the energy transfer
between modes. We, hence, confirm the mode-dependence in the relax-
ation processes [12] and the involvement of phonon–phonon interac-
tions in the process by the real-time, explicit atomistic simulations. This
indicates that, in addition to electron–phonon and phonon–magnon in-
teractions, phonon–phonon interactions must also be considered when
analyzing the system’s magnetization dynamics. Regardless, the strong
(𝑞 , 𝜔)-dependence of 𝜏 emerging from explicit all-atom simulations is
clearly observed.

Secondly, we observe oscillations in the vibrational intensity in
the excitation point, occurring at double the frequency of the excited
phonon mode. This behavior follows directly from the construction
of vibrational scattering intensities in the FPMS framework. While
the atomic displacement associated with a coherently excited phonon
mode oscillates at its natural frequency 𝜔, the experimentally relevant
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Fig. 6. Relative difference in TDS intensity at different time steps 𝑡
(0 ps — first excited snapshot, 0.5 ps, 1 ps, 2 ps, 3 ps, and 4 ps) versus TDS in
equilibrium at 325 K. Resultant intensities are obtained using the equation:
𝐼𝑟𝑒𝑙 𝑎𝑡𝑖𝑣𝑒 = (𝐼𝑡 − 𝐼𝑒𝑞)∕𝐼𝑒𝑞 and presented in linear color scale. Positive values (red)
present an increase in the intensity after excitation of the system in relation to
the equilibrium system. Analogously, negative values (blue) indicate a decrease
in intensity.

quantity is the exit-wave intensity, 𝐼 = |𝜓|2. The vibrational signal,
defined via incoherent intensity averaging with subtraction of the
coherent elastic contribution [Eqs. (3)–(5)], therefore scales with the
mean-square atomic displacement [37,47]. For 𝑢(𝑡) ∝ cos(𝜔𝑡), this yields
⟨𝑢2(𝑡)⟩ ∝ cos2(𝜔𝑡) = 1

2 [1 + cos(2𝜔𝑡)] and hence a modulation of the vibra-
tional intensity at 2𝜔. It is noteworthy that similar intensity oscillations
have been previously reported at the 𝛤 -point in bismuth [48–52]. Two
factors currently limit the experimental observation of the behavior
we describe in this work. First, to the best of our knowledge, there is
no method for inducing an arbitrary 𝑞-resolved phonon excitation in
scanning transmission electron microscopy. Second, current hardware
capabilities are only now reaching the femtosecond temporal resolution
necessary to observe these effects [8,48].

4.4. Relaxation — longer timescale, lower temporal resolution

Since the excitations presented in Fig. 7 after 1 ps have not yet
fully equilibrated, we repeated the simulations for a longer but less
detailed trajectory spanning 4 ps, with a sampling period of 20 fs. We
also expanded the range of excited points in (𝑞 , 𝜔) space by introducing
one more excitation along the 𝛥 line [C point, Fig. 8(c)] and one more
excitation in X point image [D point, Fig. 8(d)]. These calculations
also served to cross-check the results shown in Fig. 7. The results,
presented in Fig. 8, are averaged over 49 new uncorrelated trajectories
with different random seeds, with excitations introduced as described
in Section 2.3. Over this extended period, the difference in relaxation
6 
Fig. 7. Integrated TDS intensities over a 1 ps trajectory with a sampling
period of 10 fs, relative to the intensities in thermal equilibrium at 325 K. Panel
(a) shows the relaxation of the excitation A, at the X𝑞𝑦 point. Panel (b) depicts
the relaxation of the excitation B, along the 𝛥 high-symmetry line in the 𝑞𝑦
direction. Panel (b) reveals a possible energy transfer to the X-point phonons.
The plots represent the relaxation processes of the excitations shown in Fig. 5,
with colors and panel order corresponding to that figure.

timescales between X-point excitations [Fig. 8(a,d)] and selected excita-
tions along the 𝛥 high-symmetry line [Fig. 8(b,c)] becomes even more
pronounced. Fig. 9 shows a 3D view of this evolution of the 𝛥 scan
intensity in time and depicts the true magnitude of oscillations relative
to the excitation amplitude.

Additionally, Figs. 8(b) and 8(c) reveal a beat in the vibrational
intensity oscillations at the excitation point. This beat arises due to
the finite size of both the excitation filter and the aperture used for
integrating the intensity. The effect is more pronounced in Fig. 8(c)
because the excitation region clearly captures the longitudinal acoustic
mode at the same 𝑞, but in different 𝜔, resulting in the effective
summation of vibrational intensities from two distinct phonon modes.
Nevertheless, Fig. 8(b) also shows that the enhancement affects a range
of phonon frequencies, which are integrated over the aperture, leading
to similar, albeit less pronounced beat. Consequently, this beat should
disappear for a point excitation (or point aperture). As discussed before,
the oscillations stem from the atomic movement, so they should become
negligible with sufficiently large sample averaging.

After 4 ps, excitations B and C along the 𝛥 high-symmetry line
[Fig. 9(b, c)] reach their half-lives due to interactions between multiple
excited phonons, suggesting a relaxation time on the order of 4-5 ps,
consistent in order of magnitude with the literature [4,11]. In contrast,
the intensity of excitations A and D (at X𝑞𝑦 and at X𝑞𝑧 ) decrease by only
around 30 — 35% over the same period.

The 𝜏 derived from the three-temperature model is an effective
average over the Brillouin zone. However, our results clearly support
the view that the contributions to this average are strongly (𝑞 , 𝜔)-
dependent. In particular, the relaxation observed in Fig. 8(b) (also
Fig. 9(b, c)) mostly occurs within the first picosecond, whereas the
phonons excited at the X high-symmetry point exhibit a much longer
relaxation period. This observation aligns with the time scales re-
ported by Pankratova et al. [4] as well as with the mode-dependent
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Fig. 8. Integrated TDS diffraction intensities, relative to the intensities in thermal equilibrium at 325 K, over a longer 4 ps trajectory with a sampling period of
20 fs. Panel (a) shows the relaxation of the excitation A, panel (b) depicts the relaxation of the excitation B, panel (c) presents the relaxation of the excitation C,
and panel (d) shows the relaxation of the excitation D. The plots correspond to the relaxation processes of the excitations shown in Fig. 5, with matching colors
and panel order.
Fig. 9. TDS diffraction intensities along the 𝛥 (𝛤–X) high-symmetry line, presenting relaxation of: (a) excitation A (in X𝑞𝑦 point, (b) excitation B, along the 𝛥
high-symmetry line in 𝑞𝑦 direction, and (c) excitation C, also along the 𝛥 high-symmetry line in 𝑞𝑦 direction. Plots present the relaxation process of excitations
presented in Fig. 5, considering the full unit-cell-resolved 𝛥-line scan. Same data — integrated over a finite aperture surrounding selected points — is presented in

more detail in Figs. 7 and 8. All plots use the respective order of panels.
relaxation times due to phonon–phonon interactions reported by Ritz-
mann et al. [12].

5. Summary and conclusions

In this work, we presented an approach for exploring phonon re-
laxation processes through molecular dynamics simulations combined
with frozen phonon multislice calculations. This method enables a
(𝑞 , 𝜔)-resolved analysis of explicit phonon dynamics, emphasizing the
7 
mode-dependence of relaxation times. By introducing the frozen tra-
jectory excitation technique, we achieved efficient and flexible manip-
ulation of atomic trajectories, allowing selective excitation of specific
phonon modes. By combining it with a modification of the frozen
phonon multislice approach, we obtain time-resolved diffraction pat-
terns and integrated intensity plots, a direct parallel to ultrafast electron
diffraction results.

Our findings for face-centered cubic nickel demonstrate that the
relaxation process is highly dependent on the phonon mode. In partic-
ular, excitations at the X-point exhibit slower relaxation compared to
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intermediate excitations along the 𝛥 high-symmetry line. This mode-
specific dependence highlights that the approaches to phonon relax-
ation that average over the entire Brillouin zone may obscure important
mode-resolved behaviors in real materials. We see expected oscil-
latory behavior observable in simulated time-resolved transmission
electron microscopy, related to sample count, excitation region, and
integration aperture. These results offer new avenues for investigating
ultrafast phonon dynamics in real materials and will contribute to a
eeper understanding of the role of phonons in ultrafast dynamics
nd energy dissipation mechanisms. Future extensions could focus
n the incorporation of the spin system via consideration of explicit
pin-lattice dynamics using methods of Ref. [26] or heat-conserving
hree-temperature model calculations [4], by including the effects of

electron scattering on magnetic moments [53,54].
Computationally, by combining GPU acceleration with FTE intro-

duced in this article, we achieve an efficiency improvement of three to
four orders of magnitude over traditional CPU-only calculations, which
rely on a one-excitation-per-trajectory approach.
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Appendix. Detailed description of calculations procedure

This Appendix outlines the implementation details of the compu-
ational protocol described in the main text. Fig. A.10, an expanded
ersion of Fig. 1, provides a schematic overview of the workflow,
llustrating the data flow, coordinate transformations, and simulation

steps. The following subsections present the technical details of the
implementation.
 M

8 
Fig. A.10. Detailed schematic of the calculations workflow, presenting steps
performed to obtain atomic configurations at different time delays during
the relaxation process. It shows explicitly performed changes of basis from
cartesian space (𝑟, 𝑡), via the primitive cells to reciprocal space and frequency
domain (𝑞 , 𝜔), and back.

A.1. Details of equilibrium trajectory generation

Beyond what was described in Section 3, there are two additional
spects to be taken into consideration.

First, to expedite equilibration, we used the overestimated
axwell–Boltzmann distribution at 600 K. Then, we thermalize the
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system at the target temperature of 300 K. The temperature for ther-
mostatting purposes is calculated in lammps from the averaged kinetic
energy:

𝑇 =
2𝐸k in
𝑁DOF𝑘B

, with kinetic energy

𝐸k in =
𝑁at om
∑

𝑖=1

1
2
𝑚𝑖𝑣

2
𝑖 , and 𝑁DOF degrees of freedom. (A.1)

The same equation is used to quantify the impact of excitation on the
system’s temperature.

Second, we need sufficiently sampled, continuous, periodic data to
avoid spectral leakage and aliasing, as well as to ensure a proper phys-
ical system description. Thanks to the periodic boundary conditions in
the simulation, atomic displacements are periodic with respect to ℎ,
𝑘, and 𝑙. Sampling frequency, initial trajectory length, and supercell
sizes are set to ensure that atomic motion is sufficiently sampled to
meet the desired angular and energy resolutions. In preparing the
supercell, we aimed to closely replicate the experimental conditions.
We used realistic length scales to capture the interactions present in
the physical sample accurately. We applied the experimental sample
thickness as the supercell dimension along the beam direction. Addi-
tionally, we sought to achieve 𝑞-space resolution comparable to that
observed in experiments, while accounting for the limitations imposed
by computational costs. Computational treatment of this regime’s lower
boundary — exactly 10 nm — has proven to be feasible.

The final concern is the periodicity in time. Prior to performing FTE,
e apply the Tukey window (cosine-tapered window) 𝑊 [𝑛] as a pre-
rocessing step to reduce the effects of discontinuities at the first/last
napshot [55]. For snapshot index 𝑛 ∈ [0, 𝑁], we define Tukey window
n the explicit form:

𝑊 [𝑛] =
⎧

⎪

⎨

⎪

⎩

1
2

[

1 − cos( 2𝜋 𝑛𝛼 𝑁 )
]

, if 0 ≤ 𝑛 ≤ 𝛼 𝑁
2

1, if 𝛼 𝑁
2 ≤ 𝑛 ≤ 𝑁

2
𝑊 [𝑁 − 𝑛], otherwise,

(A.2)

where we apply a cosine decay to the 𝛼 = 0.4 portion of the trajectory
both in the beginning and at the end of the equilibrium MD simulation,
resulting in the removal of the first and last 99 snapshots from the total
f 500 snapshots recorded in this work.

A.2. Frozen trajectory excitation details

In the preparatory phase of the FTE protocol, we map the system
nto a supercell of primitive fcc unit cells, given by the vectors:

𝑎1 = (0.5𝑎, 0.5𝑎, 0)
𝑎2 = (0.5𝑎, 0, 0.5𝑎)
𝑎3 = (0, 0.5𝑎, 0.5𝑎).

This way, we obtain 56 × 56 × 28 primitive unit cells. Converting
into the primitive basis allows for unfolding the Brillouin zone while
andling the phonon band structure during the intermediate FTE steps.

This way, we obtain the array indexed by 𝑢[{𝑥 = 0, 𝑦 = 1, 𝑧 =
}][𝑖][ℎ][𝑘][𝑙][𝑛]— where 𝑛 is the snapshot index for time 𝑡 (MD frame
umber), that forms a dataset for 4D 𝑢(𝑟 0, 𝑡) → 𝑢(𝑞 , 𝜔) and 1D 𝑢(𝑡) →
𝑢(𝜔) Fourier transforms, without requiring additional memory padding.

From there, we convert to the (𝑞 , 𝜔)-space and obtain 4-dimensional
Fourier transform amplitudes related to the dispersion as stated in Eq. (6
In discrete form, the intensities are obtained as:

𝐼[𝑞𝑥][𝑞𝑦][𝑞𝑧][𝜔] = |𝑢[𝑞𝑥][𝑞𝑦][𝑞𝑧][𝜔]| =

= |𝐹 𝐹 𝑇 (𝑢[ℎ][𝑘][𝑙][𝑛])|. (A.3)

In the FTE procedure, we use a filter function to artificially enhance
phonon populations in a selected region of (𝑞 , 𝜔)-space by a factor of
𝐴:

𝑢′ = (1 + (𝐴 − 1)𝐹 ) ⋅ 𝑢, (A.4)
 n

9 
where 𝐹 ∈ [0, 1], so that |𝑢′| ∈ [|𝑢|, 𝐴|𝑢|].
This band-pass filter 𝐹 is multiplicative and based on the Tukey

window. In our current implementation, the 4D band-pass filter is
xpressed as a product of four 1D band-pass filters:

𝐹 [ℎ][𝑘][𝑙][𝑛] = 𝐹 [ℎ] ⋅ 𝐹 [𝑘] ⋅ 𝐹 [𝑙] ⋅ 𝐹 [𝑛], (A.5)

where for every index 𝑖 = {ℎ, 𝑘, 𝑙 , 𝑛} varying between 0 and 𝑁𝑖, the
partial functions

𝐹 [𝑖] =

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

0, if |𝑖0 − 𝑖
𝑁𝑖

| > 𝛥𝑖 + 𝛼𝑖
1, if |𝑖0 − 𝑖

𝑁𝑖
| < 𝛥𝑖

1
2

[

1 − cos
(

𝜋(𝛼𝑖−|𝑖0−
𝑖
𝑁𝑖

|+𝛥𝑖)

𝛼𝑖

)]

,

otherwise,

(A.6)

specify a window centered at 𝑖0, with a width of 𝛥𝑖, and decaying over
𝛼𝑖, with all three parameters provided as a fraction of the 𝑁𝑖 range.

When building the filter, we take care to ensure its hermitic-
ity, i.e., to keep inversion symmetry in (𝑞 , 𝜔)— to guarantee real-to-
complex (𝑟, 𝑡)→(𝑞 , 𝜔) FFT and complex-to-real (𝑞 , 𝜔)→(𝑟, 𝑡) IFFT.

In our case, we aimed at excitations that are clearly visible in both
honon dispersion and electron diffraction patterns, while not driving
he system too far from equilibrium temperature. Assuming energy
quipartition among phonon modes and uniform spatial occupation,
his yields an initial guess of 7% of the mapped reciprocal space in

each spatial dimension. After further adjustments while calculating
the temperature change induced by our preffered excitations, we have
chosen 𝛥𝑞 = 𝛥𝑡 = 𝛼𝑡 equal to 1%, and 𝛼𝑞 equal to 5% of the transform
size (see Eq. (A.4)).

Up to this point, memory usage is minimized by storing only the
tomic positions. This enables all calculations to be performed effi-
iently and scalably using volatile memory (RAM) only. Prior to the
ost-processing stage, we obtain a full trajectory with both displace-
ents and velocities for each atom according to Eq. (2). In practice,

we employ a swap-and-multiply transform on the real and imaginary
FFT components:

Re[𝑣(𝑞 , 𝜔)] = 𝜔 Im[𝑢(𝑞 , 𝜔)]
Im[𝑣(𝑞 , 𝜔)] = −𝜔 Re[𝑢(𝑞 , 𝜔)]. (A.7)

Tests we conducted, where we compared velocities in reconstructed
non-excited trajectory to original lammps data, showed less than 0.2%
relative error for such procedure.

A.3. Free relaxation and data processing

Finally, we calculate electron diffraction patterns. To present TDS
intensity changes in time, we integrate over an aperture described
in Eq. (7), where the aperture 𝛺 is an elliptical region and is defined
by:

𝛺(𝑞⟂) ∶
[(𝑞𝑥 − 𝑞𝑥0) cos 𝛼 + (𝑞𝑦 − 𝑞𝑦0) sin 𝛼]2

𝑎2
+

+
[(𝑞𝑥 − 𝑞𝑥0) sin 𝛼 − (𝑞𝑦 − 𝑞𝑦0) cos 𝛼]2

𝑏2
≤ 1,

(A.8)

Here, 𝛼 is the tilt angle (135◦), and the semiaxes are 𝑎 = 4 and 𝑏 = 3
data pixels (∼ 0.08 and ∼ 0.06Å−1, respectively). The (𝑞𝑥0, 𝑞𝑦0) refers to
the central point of the numerical aperture.

Finally, it is noteworthy that, similar to the FRFPMS method, the
roposed FTE approach relies on molecular dynamics (MD) simulations
nd multislice calculations, both of which scale linearly, i.e., (𝑛), with
he number of atoms in the system. The following FFT trajectory manip-
lation, scaling as (𝑛 log 𝑛) is, in realistic applications, computationally
egligible due to a much lower scaling factor.
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