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Abstract. In this work, we study convection–diffusion equations in the cases of bounded drifts and drifts
induced by the gradient of a potential. We define a new notion of solution and prove its existence and
uniqueness. Furthermore, we show the conservation of mass, the convergence to the initial data, and the
strong maximum principle.

1. Introduction and the statements of the results

Convection–diffusion equations appear in many parts of science describing several
phenomena, see [17,20,33,36,38,39]. The general prototype of convection–diffusion
equations is

∂t u − div A∇u + div(v u) = R,

with initial data g, where g ∈ L1(Rn), R ∈ L1([0, T ] × R
n), T > 0, A = (ai j )ni, j=1

is an elliptic matrix-valued function, see (2.2) for more detail, and v is either bounded
or is of the form v = −∇V where eV + e−V ∈ L1

loc(R
n) and e−V is a regular weight,

which means that for every function f ∈ W1,1
loc (R

n) satisfying

‖ f ‖2
H1
e−V (Rn)

:=
∫
Rn

(| f |2 + |∇ f |2) e−V dx < ∞,

there exists a sequence fi ∈ C∞
0 (Rn) such that

lim
i→∞ ‖ fi − f ‖H1

e−V
= 0.

The existence and uniqueness of solutions for such equations are not yet fully under-
stood.

Mathematics Subject Classification: Primary: 35K10, 35K20; Secondary: 28A33
Keywords: Convection–diffusion equations, Regular and Muckenhoupt weights, Strong maximum prin-

ciple, Conservation of mass.

0123456789().: V,-vol

http://crossmark.crossref.org/dialog/?doi=10.1007/s00028-026-01184-z&domain=pdf
http://orcid.org/0009-0004-5564-5524


   32 Page 2 of 41 A. Ataei J. Evol. Equ.

There are several ways to define solutions if the drift v is not smooth, namely very
weak solutions, weak solutions, entropy solutions, and renormalized solutions. The
weak solution u ∈ L1([0, T ];W1,1

loc (R
n)) satisfies

∫ T

0

∫
Rn

−u ∂tφ + A∇u · ∇φ − u v · ∇φ dx dt =
∫
Rn

g φ dx

∣∣∣∣
0
+

∫ T

0

∫
Rn

R φ dx,

(1.1)

for every φ ∈ C∞
0 ([0, T ] × R

n) with φ(T, x) = 0 for every x ∈ R
n . Moreover,

assuming that A satisfies

n∑
i=1

∂ai j
∂xi

∈ L∞([0, T ] × R
n), (1.2)

for all 1 ≤ j ≤ n, then a very weak solution u ∈ L1([0, T ];L1
loc(R

n)) is defined by
the property

∫ T

0

∫
Rn

u (−∂tφ + div A∗∇φ − v · ∇φ) dx dt =
∫
Rn

g φ dx

∣∣∣∣
0
+

∫ T

0

∫
Rn

R φ dx .

(1.3)

for every φ ∈ C∞
0 ([0, T ] × R

n) with φ(T, x) = 0 for every x ∈ R
n . If the Aronson–

Serrin condition holds, see [2], then one can use regularity estimates in [2] to derive
the existence of weak solutions. In the case that v and div v are bounded, R = 0,
and (1.2), see [19], it is proved that a unique very weak solution exists, see also
[5, Thm. 6.6.2] for the case of replacing div A∇u with

∑n
i, j=1

∂
∂xi

∂
∂x j

(ai j u) which
does not require boundedness condition on div v. In general case, however, there are
some restrictions to the notion of weak and very weak solutions. First, it makes sense
only if the product u v is locally integrable, which is unclear if v = −∇V where
V : R

n → R does not belong to a Sobolev space. The second and perhaps more
crucial issue is uniqueness. If one removes the assumption of boundedness for v or
(1.2), then there are counterexamples of uniqueness. For example, in [28, Thm. 1.2],
it is proved that there are Lp-bounded drifts v satisfying div v = 0 with infinitely
many weak solutions satisfying (1.1) in the periodic case, replacing R

n with T
n . In

the case of R = 0, A = I, and smooth drifts v, it is necessary to have a special growth
bound on v, see [5, Ch. 9]; otherwise, there are infinitely many very weak solutions
for any initial data which is a probability density function, see [6, Thm. 1]. Moreover,
in Example 3.4, motivated by [32,35], we prove the lack of uniqueness if (1.2) does
not hold. To resolve the issues of existence and uniqueness, the notion of entropy
solutions was introduced in [8,32] for nonlinear parabolic equations, see also [3] for
nonlinear elliptic equations. The advantages are that the entropy solutions exist even
for square-integrable drifts, and whenever v = 0 they are unique. However, if the drift
is nonzero, the uniqueness and the connection to weak solutions are not clear. Finally,
the notion of the renormalized solutions was defined to address some of the previous
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issues, see the original idea for transport equations in [12] and then for the Fokker–
Planck equations in [23]. However, for the existence and uniqueness, one requires
certain properties such as div v being bounded, see [23,24]. We also mention that in
[30] it is proven that if a weak solution u exists for A = I and |v|2 |u| is integrable,
then the weak solution is unique and it is a renormalized solution (although the proof
is for bounded sets, one can generalize it to Rn).
Motivated by [12,30,31], we define the following notion of solutions, see Definition

3.3 and Definition 4.8 for more details: A convection solution u of

∂t u − div A∇u + div(v u) = R,

in [0, T ] × R
n with initial data g, satisfies

∫ T

0

∫
Rn

u f dx dt =
∫
Rn

g φ dx

∣∣∣∣
0
+

∫ T

0

∫
Rn

R φ dx dt, (1.4)

for every f ∈ C∞
0 ([0, T ] × R

n) and φ satisfying the adjoint equation

−∂tφ − div A∗∇φ − v · ∇φ = f,

in [0, T ] ×R
n with φ(T, x) = 0 for a.e. x ∈ R

n , where A∗ is the transpose of A. We
prove, by Proposition 3.2 and Proposition 4.5, that the adjoint equation has a unique
solution.Thebenefits ofworkingwith the adjoint equation−∂tφ−div A∗∇φ−v·∇φ =
f are the maximum principle property and energy estimates, see Proposition 3.2 and
Proposition 4.5, which implies the unique existence in a certain class of functions.
The definition of convection solution is a generalization of very weak solutions by
setting −∂tφ − div A∗∇φ − v · ∇φ = f in (1.3). However, the uniqueness property
and maximum principle are immediate from the definition of convection solutions,
which is not the case for weak solutions.
In the first part of the paper, we focus on bounded drifts and prove the following:

Let A be an elliptic measurable matrix-valued function, see (2.2). Then, the following
holds.

Theorem 1.1. Let v ∈ L∞([0, T ]×R
n;Rn), g ∈ L1(Rn), and R ∈ L1([0, T ]×R

n).
Then, there exists a unique convection solution u, belonging to L1([0, T ] × R

n) ∩
Lp([0, T ];W1,p

loc (Rn)) for every 1 ≤ p < n
n−1 , of

∂t u − div A∇u + div(v u) = R,

in [0, T ] × R
n with initial data g. Moreover, u satisfies the following properties:

(i). Let ϕε be a non-negative smooth approximation of the identity and uε ∈
L2([0, T ];H1(Rn)) be the smooth weak solution of

∂t uε − div(ϕε ∗ A)∇uε + div((ϕε ∗ v) uε) = ϕε ∗ R,



   32 Page 4 of 41 A. Ataei J. Evol. Equ.

in [0, T ] × R
n with uε(0, x) = ϕε ∗ g(x) for x ∈ R

n. Then,

lim
ε→0

∫ T

0

∫
Rn

uε ψ dx dt =
∫ T

0

∫
Rn

u ψ dx dt,

for every ψ ∈ C∞
0 ([0, T ] × R

n).

(ii). There exists F ⊂ [0, T ] of measure zero such that

lim
s→0;s∈[0,T ]\F

∫
Rn

u ψ dx

∣∣∣∣
s

=
∫
Rn

gψ dx,

for every bounded continuous function ψ : Rn → R.
(iii). If R, g are non-negative, then u is non-negative. Furthermore, if R, g are

non-negative and (ln(g))− ∈ L1
loc(R

n), then u > 0 a.e. in [0, T ] × R
n, ln u ∈

L2([0, T ];W 1,2
loc (Rn)), and

∫ T

0

∫
Rn

− ln u ∂tϕ dx dt +
∫ T

0

∫
Rn

A∇(ln u) · ∇ϕ dx dt

−
∫ T

0

∫
Rn

ϕ A∇(ln u) · ∇(ln u) dx dt

−
∫ T

0

∫
Rn

v · ∇ϕ dx dt +
∫ T

0

∫
Rn

ϕ v · ∇(ln u) dx dt ≥
∫ T

0

∫
Rn

R

u
ϕ dx dt,

(1.5)

for every non-negative ϕ ∈ C∞
0 ((0, T ) × R

n).

(iv). The convection solution is a weak solution of ∂t u − div A∇u + div(v u) = R
with initial data g.
(v). If (1.2) holds, then the convection solution satisfies the following conservation

of mass:
∫
Rn

u dx

∣∣∣∣
s

=
∫
Rn

g dx +
∫ s

0

∫
Rn

R dx dt,

for a.e. s ∈ [0, T ].
To explain the theorem, property (i) shows that any sequence of solutions to the

equations obtained by the regularization of data converges vaguely to the unique
convection solution. In property (ii), the weak convergence to initial data g is proved,
which is stronger than the vague convergence up to a subset depending on ψ that
was the strongest result proven so far, see [5, Thm. 6.6.2]. Property (iii) derives both
the weak and strong maximum principle for convection solutions. Finally, properties
(iv) and (v) demonstrate that the convection solution is a generalization of the weak
solution and satisfies the conservation of mass if (1.2) holds, respectively.

Due to a large number of researchon convection–diffusion equations, it is impossible
to mention all of them here. However, we briefly compare Theorem 1.1 with some
highlights in the literature. The first case is when the Aronson–Serrin condition is
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fulfilled, where g ∈ L∞
loc(R

2) and R ∈ Lp[[0, T ];Lq(Rn)] for some p, q > 1,
such that n

2p + 1
q < 1. Then, see [2,5], Theorem 1.1 is well-known. In the case

of (1.2), R = 0, g ∈ L2(R2), and v = v1 + v2 where v1 ∈ W 1,1
loc ([0, T ] × R

n)

and (div v2)
− ∈ L∞(R2), then Theorem 1.1 is derived using a commutator estimate

or stochastic differential equation approach; see [4,19,24] and references therein.
Moreover, in [8,9,18], the existence of an entropy and weak solutions are derived if
R = 0, where it is not clear if the solution is unique. On the other hand, for R = 0
and g ≥ 0, the uniqueness of weak solutions is derived in [30], due to v2u being
integrable. Finally, we refer to [11] regarding boundary value problems with both
Dirichlet and Neumann boundary conditions, assuming R = 0, g ∈ L2(R2) and using
a heat kernel argument to derive Theorem 1.1. As we see, all of the mentioned results
fail to give a unified approach to consider convection–diffusion equations with rough
conditions R, g being L1-integrable which is resolved by our notion of convection
solutions. Another advantage as we discussed is the immediate result of uniqueness of
convection solutions in the space L1([0, T ];L1

loc(R
n)) which fails for weak solutions;

see Example 3.4.
The second part of this work focuses on the case of A = I, v = ∇V , where

V : Rn → R is a measurable function satisfying

eV + e−V ∈ L1
loc(R

n).

e−V is a regular weight.
(1.6)

Hence, we do not assume any integrability condition on∇V or decay estimates on V
at infinity since several interesting applications require considering such a large class
of potentials. Some key examples are V ∈ L∞

loc(R
n) and V (x) = C ln |x | for x ∈ R

2

where −2 < C < 2, see [13,36] and references therein. However, the literature on
existence and uniqueness is restricted to potentials in Sobolev spaces, see [22] and
[34, Thm. 2.2.29]. The idea in [22] is to use a minimization technique that requires
regularity and decay assumptions on the potential. The other approach in [34, Thm.
2.2.29] is to show that h = u eV is theweak solution of ∂t h−�h+∇V ·∇h = R eV and
then using regularity estimates to derive solutions. However, if V is not regular enough,
then the transformation idea does not work. To define awell-defined notion of solution,
we again define the adjoint convection solution φ for −∂tφ − �φ + ∇V · ∇φ = f in
[0, T ] × R

n for every f ∈ C∞
0 ([0, T ] × R

n) with φ(T, x) = 0 for a.e. x ∈ R
n . It is

well-known that formally φ satisfies the weighted backward parabolic equation

−∂tφ − eV div(e−V∇φ) = f, (1.7)

in [0, T ] × R
n with φ(T, x) = 0 for a.e. x ∈ R

n . We prove in Proposition 4.5 that
equation (1.7) has a unique solution. Now, we denote M([0, T ] × R

n) as all the
bounded signed Borel measures. For every R ∈ L1([0, T ] × R

n), g ∈ L1(Rn), we
define a convection solution μ ∈ M([0, T ] × R

n) of

∂tμ − �μ − div(μ∇V ) = R,
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in [0, T ] × R
n with initial data g if
∫ T

0

∫
Rn

f dμ =
∫ T

0

∫
Rn

g φ dx

∣∣∣∣
0
+

∫ T

0

∫
Rn

R φ dx dt,

for every f ∈ C∞
0 ([0, T ] × R

n) and adjoint convection solution φ of −∂tφ −
eV div(e−V∇φ) = f in [0, T ] × R

n with φ(T, x) = 0 for a.e. x ∈ R
n .

Finally, we prove the following:

Theorem 1.2. Let V : R
n → R be a measurable function, satisfying (1.6), g ∈

L1(Rn), R ∈ L1([0, T ] × R
n). Then, there exists a unique convection solution μ ∈

M([0, T ] × R
n) of

∂tμ − �μ − div(μ∇V ) = R,

in [0, T ] × R
n with initial data g, where

|μ|([0, T ] × R
n) ≤ T

∫
Rn

|g| dx + T
∫ T

0

∫
Rn

|R| dx dt.

Furthermore, μ satisfies the following:
(i). Let ϕε be a positive smooth approximation of the identity and Vε ∈ C0,1(Rn) ∩

C∞(Rn) be chosen such that eVε , e−Vε converge to eV , e−V in L1
loc(R

n), respec-
tively (see Lemma 4.4 for the existence of such a sequence). Assume that με ∈
L2([0, T ];H1(Rn)) is the smooth weak solution of

∂tμε − �με − div(με∇Vε) = ϕε ∗ R,

in [0, T ] × R
n with με(0, x) = ϕε ∗ g(x) for every x ∈ R

n . Then,

lim
ε→0

∫ T

0

∫
Rn

ψ με dx dt =
∫ T

0

∫
Rn

ψ dμ,

for every ψ ∈ C∞
0 ([0, T ] × R

n).

(ii). If R, g are non-negative, then μ is a positive measure and

lim inf
r→0

μ((s − r, s + r) × B(x, r))

|(s − r, s + r) × B(x, r)| ≥ (inf g eV + s inf R eV )e−V (x),

for every s ∈ (0, T ) and every Lebesgue point x ∈ R
n of e−V .

(iii). If

∫
Rn

|g|q ′
e
q′
q V dx +

∫ T

0

(∫
Rn

|R|p′
e

p′
p V dx

) 1
p′
dt < ∞,

for some p > 1, q > 1, then μ ∈ L1([0, T ] × R
n).
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(iv). If

‖g eV ‖L∞ + ‖R eV ‖L∞ < ∞, (1.8)

then μ ∈ L1([0, T ] × R
n) and

‖μ eV ‖L∞ ≤ ‖g eV ‖L∞ + T ‖R eV ‖L∞ .

(v). If e−V ∈ L1(Rn), then the signed measure ν(I ) := μ(I ×R
n), for Borel subsets

I ⊂ [0, T ], is absolutely continuous with respect to Lebesgue’s measureL1 on [0, T ],
and μ satisfies the following conservation of mass:

dν

dL1 (s) =
∫
Rn

g dx +
∫ s

0

∫
Rn

R dx dt,

for a.e. s ∈ [0, T ].
(vi). For every f ∈ C∞

0 (Rn), the following convergence to the initial data holds:

lim
(h,s)→0

1

h

∫ s+h

s

∫
Rn

f dμ =
∫
Rn

f g dx .

where in the limit we let (h, s) goes to zero in the domain 0 < h + s < T .

To elaborate on the result, part (i) proves that any good regularization on the data,
see Lemma 4.4, gives a sequence of solutions that converges vaguely to the convection
solution. Parts (ii) and (iii) are a generalized form of the strongmaximumprinciple and
a sufficient condition for having L1-bounded solutions, respectively. In part (iv), we
prove an upper bound estimate for the convection solution if (1.8) holds. Then, with
the assumption e−V ∈ L1(Rn), we demonstrate the conservation of mass. Finally, the
last part proves the convergence to the initial data in the vague sense.
We briefly discuss the new techniques in the proofs for Theorem 1.1 and Theorem

1.2. For the first one, we apply the argument in [30, Lem. 3.4], together with using
regularization, to derive the unique adjoint solution for−∂tφ−div A∗∇φ−v ·∇φ = f
for bounded and square-integrable functions f in Rn . We then prove the conservation
of mass for regular solutions and use it to derive a sequence of functions converging
vaguely to the solution u and prove continuous convergence to initial data. To prove
the strong maximum principle, however, a nonlinear argument is applied. We first use
the linearity and perturbation to consider the strictly positive approximating solutions
ui and then extract the properties of the equation for ln(ui ). This approach is new in the
context of the strong maximum principle, but it has been used to prove the Harnack’s
inequality; see [15,25,27]. For the second result, we need to use new arguments for all
the steps. First, the notion of the adjoint convection solutions is defined on a suitable
weighted Sobolev space. Then, uniqueness is followed by a test function argument,
and existence is obtained by approximating solutions and their regularity estimates,
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see Proposition 4.5. Then, again using the conservation of mass for the approximating
smooth solutions, we derive the convection solution as a vague limit. For the upper
and lower bounds, we need to use a weighted L1-estimate on the adjoint convection
solution, see Lemma 4.7, together with the Radon–Nikodym theorem. In the next part,
if e−V ∈ L1(Rn), then, by Prokhorov’s theorem, we derive the weak convergence
of approximating solutions to convection solutions. This derives the conservation of
mass for the convection solutions. Finally, we use properties of the time derivative of
adjoint convection solutions, see Lemma 4.6, to obtain the continuous convergence to
the initial data.

2. Preliminaries and notations

In the whole note, n is a positive integer number. The set B(x, r), for x ∈ R
n, r > 0,

denotes the ball of radius r centered at x . We define the dilation ε B(x, r) = B(x, ε r)
for every ε > 0, r > 0, x ∈ R

n . The Hölder dual of a real p > 1 is denoted by
p′ := p

p−1 .

2.1. Spaces and measures

Let T > 0 and (B, ‖ ‖) be a normed vector space. For every F ⊂ [0, T ], t ∈ [0, T ],
and f : [0, T ] → R, we say that

lim sup
s→t;s∈F

f (s) = g,

for g ∈ R if
lim sup
n→∞

f (sn) = g,

for every sequence sn ∈ F such that limn→∞ sn = t.Likewise,wedefine lim infs→t;s∈F
and lims→t;s∈F . A function f : [0, T ] → B is measurable if f −1(U ) is Lebesgue
measurable for every open subset U ⊂ B. Let p, q be positive real numbers. Then,
Lp([0, T ];B) denotes the set of all the measurable functions f : [0, T ] → B such
that

‖ f ‖p
Lp([0,T ];B)

:=
∫ T

0
|| f (t)||p dt < ∞,

and L∞([0, T ];B) includes all the measurable functions g : [0, T ] → B such that

‖g‖L∞([0,T ];B) := sup
t∈[0,T ]

‖g(t)‖ < ∞.

For every f : [0, T ] → B and h > 0,we define the shift operator τh f : [−h, T−h] →
B by τh f (t) = f (t + h) for every t ∈ [−h, T − h]. The space Lq([0, T ];Wk,p

loc (Rn))

includes all the measurable real valued functions f : [0, T ] × R
n → R satisfying

∫ T

0

( k∑
i=0

∫
B

|∇k f |p
) q

p

dx dt < ∞,
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for every ball B ⊂ R
n . We denoteC([0, T ];B) as the set of functions f : [0, T ] → B

which are continuous, and C([0, T ];Lp
loc(R

n)) is made of measurable functions f :
[0, T ] → Lp

loc(R
n) such that f ∈ C([0, T ];Lp(B)) for every ball B ⊂ R

n .

We define A2(R
n) as all the positive functionsw ∈ L1

loc(R
n) such that for a constant

C > 0 we have
∫
B w dx

∫
B w−1 dx

|B|2 ≤ C, (2.1)

for every ball B ⊂ R
n . The smallest constant C in (2.1) is denoted by [w]A2 . Now,

let w,w−1 ∈ L1
loc(R

n). We define the measures dw(x) := w(x) dx, dw−1(x) :=
w−1(x) dx . For every Borel subset B ⊂ R

n , define w(B) := ∫
B dw,w−1(B) :=∫

B dw−1. The space L2
w(Rn) is defined by functions f ∈ L1

loc(R
n) such that

‖ f ‖2
L2

w(Rn)
:=

∫
Rn

f 2 dw < ∞,

and L2
w,loc(R

n) includes all measurable f : R
n → R such that

∫
B f 2 dw < ∞

for every ball B ⊂ R
n . The Sobolev space H1

w(Rn) is defined by all the functions
f ∈ L2

w(Rn) such that
∫
Rn |∇ f |2 dw < ∞ and for a sequence fi ∈ C∞

0 (Rn), we
have

lim
i→∞

∫
Rn

| fi − f |2 dw +
∫
Rn

|∇( fi − f )|2 dw = 0.

Note that by Cauchy–Schwarz inequality, we have

(∫
B

|∇ f | dx
)2

≤ w−1(B)

∫
B

|∇ f |2 dw,

for every f ∈ H1
w(Rn) and ball B ⊂ R

n . Hence, H1
w(Rn) ⊂ W 1,1

loc (Rn). In the case
that w(x) = 1, we denote H1

w(Rn) by H1(Rn). The norm ‖ ‖H1
w(Rn) is defined by

‖ f ‖2
H1

w(Rn)
:=

∫
Rn

f 2 dw +
∫
Rn

|∇ f |2 dw,

for every f ∈ L1
loc(R

n). The space W 1,2
w (Rn) includes functions f ∈ L1

loc(R
n) such

that ‖ f ‖H1
w(Rn) < ∞. Note that, unlike the classical Sobolev space, it is possible for

special weights H1
w(Rn) 
= W 1,2

w (Rn), see [10,40]. We say that w is a regular weight
if H1

w(Rn) = W 1,2
w (Rn). LetU ⊂ R

m be a Lebesgue measurable subset for a positive
integer m. We denote the set of all the bounded and continuous real-valued functions
on U by Cb(U ). The space C0(U ) includes all the functions in Cb(U ) with compact
support.We represent the space of all bounded signed Borel measures onU byM(U ).
By the Jordan decomposition theorem, for every μ ∈ M(U ) there exist two unique
bounded positive Borel measures μ+, μ− such that μ = μ+ − μ−. We define the
Borel measure |μ| := μ+ + μ−. If μ, ν ∈ M(U ) and μ is absolutely continuous
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with respect to ν, then we denote dμ
dν : U → R as the bounded ν-measurable function

satisfying

μ(F) =
∫
F

dμ

dν
dν,

for every Borel subset F ⊂ U.

2.2. Coefficient

We assume that the matrix valued function A = (ai j )ni, j=1 is with real measurable
entries Ai j : [0, T ] × R

n → R which, for some positive λ,�, satisfy the elliptic
conditions

|A(t, x)χ · ξ | ≤ �|χ | |ξ |, A(t, x)χ · χ ≥ λ|χ |2, (2.2)

for all χ, ξ ∈ R
n and a.e. (t, x) ∈ [0, T ] × R

n . The matrix valued function A∗ is the
transpose of A.

2.3. Weak and vague convergence of measures

We apply two main convergences for finite signed Borel measures here. First, we
say that μi ∈ M([0, T ] × R

n) is weakly convergent to μ ∈ M([0, T ] × R
n) if

lim
i→∞

∫ T

0

∫
Rn

f dμi =
∫ T

0

∫
Rn

f dμ,

for every f ∈ Cb([0, T ]×R
n). Second, we say that μi ∈ M([0, T ]×R

n) converges
vaguely to μ ∈ M([0, T ] × R

n) if

lim
i→∞

∫ T

0

∫
Rn

f dμi =
∫ T

0

∫
Rn

f dμ,

for every f ∈ C∞
0 ([0, T ] × R

n). Note that every weak convergence is a vague con-
vergence, but the reverse may not hold.

2.4. Truncation function

For every measurable function u : Rn → R and k > 0, define

Tk(u)(x) :=
{
u(x) |u(x)| ≤ k,

k sgn(u(x)) |u(x)| > k.

Then, by a standard result if u ∈ W 1,p
loc (Rn), for a p ≥ 1, then Tk(u) ∈ W 1,p

loc (Rn)

and ‖∇Tk(u)‖Lp(U ) ≤ ‖∇u‖Lp(U ) for every U ⊂ R
n . For p > 1, the space T p(Rn)

includes all the measurable functions f : Rn → R such that Tk f ∈ W 1,p
loc (Rn) for

every k > 0. We refer to [3] for the properties of the spaces T p(Rn).
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3. Existence for integrable drifts

In this section, we prove Theorem 1.1. We divide the proof into several steps.
We assume that

T > 0, v ∈ L∞([0, T ] × R
n,Rn). (3.1)

To define the notion of a solution, we need the notion of the dual solution.

Definition 3.1. Let (3.1) and f ∈ L∞([0, T ] × R
n) ∩ L2([0, T ] × R

n). We say that
φ is an adjoint convection solution of

−∂tφ − div A∗∇φ − v · ∇φ = f, (3.2)

in [0, T ] × R
n if φ ∈ L2([0, T ];H1(Rn)) ∩ C([0, T ];L2(Rn)), φ(T, x) = 0 for a.e.

x ∈ R
n , and

∫
Rn

φ ψ dx

∣∣∣∣
0
+

∫ T

0

∫
Rn

φ ∂tψ dx dt +
∫ T

0

∫
Rn

A∗∇φ · ∇ψ dx dt

−
∫ T

0

∫
Rn

ψ v · ∇φ dx dt =
∫
Rn

f φ dx dt,

for every ψ ∈ C∞
0 ([0, T ] × R

n).

Proposition 3.2. If (3.1) holds, then, for every f ∈ L∞([0, T ] × R
n) ∩ L2([0, T ] ×

R
n), there exists a unique adjoint convection solution φ for (3.2) which satisfies

(T − t) inf f ≤ φ(t, x) ≤ (T − t) sup f,

‖φ‖L2([0,T ];H1(Rn)) ≤ 2

λ
e(2+‖v‖2L∞/λ)T ‖ f ‖L2([0,T ]×Rn),

for a.e. (t, x) ∈ [0, T ] × R
n . Moreover, for every pointwise approximation of f, v, A

by uniformly bounded sequences fi ∈ L2([0, T ] × R
n) ∩ L∞([0, T ] × R

n), vi ∈
L∞([0, T ] ×R

n,Rn), and Ai ∈ L∞([0, T ] ×R
n,Rn ×R

n), where Ai satisfies (2.2)
and

lim
i→∞ ‖ fi − f ‖L2([0,T ]×Rn) = 0,

there exists a sequence of functions φi ∈ L2([0, T ];H1(Rn)) ∩ C([0, T ];L2(Rn))

satisfying

−∂tφi − div A∗
i ∇φi − vi · ∇φi = fi ,

in [0, T ] × R
n with φi (T, x) = 0 for a.e. x ∈ R

n, where φi converges to φ in
C([0, T ];L1

loc(R
n)) and L2([0, T ];H1

loc(R
n)).
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Proof. To prove uniqueness, let φ1, φ2 ∈ L2([0, T ];H1(Rn))∩C([0, T ];L2(Rn)) be
two adjoint convection solutions of (3.2). Then, φ := φ1−φ2 ∈ L2([0, T ];H1(Rn))∩
C([0, T ];L2(Rn)) is an adjoint convection solution of

−∂tφ − div A∗∇φ − v · ∇φ = 0,

in [0, T ] × R
n with φ(T, x) = 0 for a.e. x ∈ R

n . Let ϕε be a non-negative approxi-
mation of identity in [0, T ] × R

n . Then,

−∂tϕε ∗ φ − div ϕε ∗ (A∗∇φ) − ϕε ∗ (v · ∇φ) = 0,

weakly in [ε, T −ε]×R
n . Hence, by taking ϕε ∗φ as a test function and using Young’s

inequality, together with (2.2), we obtain

− 1

2
∂t

∫
Rn

|ϕε ∗ φ|2 dx

∣∣∣∣
t
dx +

∫
Rn

ϕε ∗ (A∗∇φ) · ϕε ∗ ∇φ dx

∣∣∣∣
t

≤ λ

2

∫
Rn

ϕε ∗ |∇φ|2 dx

∣∣∣∣
t
+ ‖v‖2L∞

2λ

∫
Rn

|ϕε ∗ φ|2 dx

∣∣∣∣
t

for every t ∈ [ε, T − ε]. Now, by Grönwall’s inequality, we derive that

1

2
e

(
‖v‖2

L∞
λ

ε

) ∫
Rn

|ϕε ∗ φ|2 dx

∣∣∣∣
ε

+
∫ T−ε

ε

∫
Rn

e

(
‖v‖2

L∞
λ

t

)
(ϕε ∗ A∗∇φ) · ϕε ∗ ∇φ dt dx

≤ λ

2

∫ T−ε

ε

∫
Rn

e

(
‖v‖2

L∞
λ

t

)
ϕε ∗ |∇φ|2 dx dt + 1

2
e

(
‖v‖2

L∞
λ

(T−ε)

) ∫
Rn

|ϕε ∗ φ|2 dx

∣∣∣∣
T−ε

.

By taking ε → 0 in the above inequality and using the elliptic condition (2.2) as well
as φ ∈ L2([0, T ];H1(Rn)) ∩ C([0, T ];L2(Rn)), it is implied that

∫ T

0

∫
Rn

e

(
‖v‖2

L∞
λ

t

)
|∇φ|2 dx dt = 0.

In conclusion, φ only depends on time and −∂tφ = 0 weakly in [0, T ] × R
n . This

together with φi (T, x) = 0 a.e. in R
n implies that φ = 0 a.e. in [0, T ] × R

n . For
the existence part, we follow the argument in [30, Lem. 3.4]. Let fi ∈ C∞

0 ([0, T ] ×
R
n), vi ∈ C∞([0, T ] ×R

n,Rn), and Ai ∈ C∞([0, T ] ×R
n,Rn ×R

n) be uniformly
bounded sequence of functions converging to f, v, A pointwise, where Ai satisfies
(2.2) and limi→∞ ‖ fi − f ‖L2([0,T ]×Rn) = 0. The construction of such sequences
is derived by a standard mollification argument. By a standard result on parabolic
equations, see [1], there exist smooth functions φi ∈ L2([0, T ];H1(Rn)) satisfying

−∂tφi − div A∗
i ∇φi − vi · ∇φi = fi ,

weakly in [0, T ] × R
n with φ(T, x) = 0 for every x ∈ R

n . Hence,

− ∂t (φi − (T − t) sup fi ) − div A∗
i ∇(φi − (T − t) sup fi )

− vi · ∇(φi − (T − t) sup fi ) ≤ 0,
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weakly in [0, T ] × R
n . By the maximum principle, see [1], φi − (T − t) sup fi ≤ 0.

Likewise, one can prove that φi − (T − t) inf fi ≥ 0. Now, by taking φi as a test
function and using (2.2), we derive that

−1

2
∂t‖φi (t, ·)‖2L2(Rn)

+ λ‖∇φi (t, ·)‖2L2(Rn)
≤

∫
Rn

φi vi · ∇φi dx

+
∫
Rn

fi φi dx .

for every 0 ≤ t ≤ T . Hence, by Young and Grönwall’s inequalities, we derive that

sup
0≤t≤T

1

2
‖φi (t, ·)‖2L2(Rn)

+ λ

2
‖∇φi (t, ·)‖2L2([0,T ]×Rn)

≤ e

(
1+ ‖vi ‖2L∞

λ

)
T
‖ fi‖2L2([0,T ]×Rn)

.

(3.3)

Then, by using the equation, it is obtained that φi is bounded uniformly in
L2([0, T ];H1(Rn)) and ∂tφi is boundeduniformly inL2([0, T ];H−1(Rn))+L1([0, T ];
L1
loc(R

n)).Hence, by the classical result in [37,Thm.6],φi converges toφ ∈ L2([0, T ];
H1(Rn)) pointwise a.e. in [0, T ] × R

n and strongly in L1([0, T ];L1
loc(R

n)), up to a
subsequence. Moreover, φ satisfies (3.2) weakly in [0, T ] × R

n and

(T − t) inf f ≤ φ(t, x) ≤ (T − t) sup f. (3.4)

Sinceφ ∈ L2([0, T ];H1(Rn)) and ∂tφ ∈ L2([0, T ];H−1(Rn))+L1([0, T ];L1
loc(R

n)),
by [29, Thm. 1], we deduce that φ ∈ C([0, T ];L1

loc(R
n)). Then, by (3.4), we get

∫
B

|φ(t, x) − φ(s, x)|2 dx ≤ 2T ‖ f ‖L∞
∫
B

|φ(t, x) − φ(s, x)| dx,

for every 0 ≤ s ≤ t ≤ T and ball B ⊂ R
n . Hence, φ ∈ C([0, T ];L2

loc(R
n)).

Now, we demonstrate that φi converges to φ in the space C([0, T ];L1
loc(R

n)). Let
us fix ϕ ∈ C∞

0 ([0, T ] ×R
n). By taking the differences of the equations for φ, φi and

using (φ − φi ) ϕ2 as a test function and using (2.2), we obtain

λ

∫ T

0

∫
Rn

|∇(φ − φi )|2 ϕ2 dx dt

≤
∫ T

0

∫
Rn

(A∗
i − A∗)∇φ · (ϕ2∇(φ − φi ) + 2(φ − φi )ϕ∇ϕ) dx dt

−
∫ T

0

∫
Rn

ϕ2 (φi − φ) vi · ∇(φi − φ) dx dt

−
∫ T

0

∫
Rn

ϕ2 (φi − φ) (vi − v) · ∇φ dx dt

+
∫ T

0

∫
Rn

ϕ2 ( fi − f ) (φ − φi ) dx dt
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for t ∈ [0, T ]. In conclusion, by using strong convergence of φi to φ in L2([0, T ];
L2
loc(R

n)), (3.3), and Lebesgue’s dominated convergence, we obtain φi converges to
φ strongly in the space L2([0, T ];H1

loc(R
n)). Then, by using the equations for φ, φi ,

we derive that ∂tφi converges to ∂tφ in L2([0, T ];L2(B)) + L2([0, T ];H−1(B)) for
every ball B ⊂ R

n . Hence, by [29, Thm. 1], φi converges to φ in C([0, T ];L1
loc(R

n)).
Note that the argument above works also for any pointwise approximation of f, v, A
by uniformly bounded sequences fi ∈ L2([0, T ] × R

n) ∩ L∞([0, T ] × R
n), vi ∈

L∞([0, T ];L∞(Rn × R
n)), Ai ∈ L∞([0, T ] × R

n,Rn × R
n), where Ai satisfies

(2.2) and limi→∞ ‖ fi − f ‖L2([0,T ]×Rn) = 0. Finally, we prove that in fact φ ∈
C([0, T ];L2(Rn)). To elaborate the proof, let r > 0 and ψ ∈ C∞(Rn) be a function
which satisfies 0 ≤ ψ ≤ 1 in R

n , ψ = 0 in B(0, r/2), ψ = 1 in R
n\B(0, r), and

|∇ψ | ≤ C
r in Rn for a constant C > 0. By using the equation for φi , we take ψ φi as

a test function to arrive at

− 1

2
∂t

∫
Rn

φ2
i ψ2 dx

∣∣∣∣
t
+

∫
Rn

A∗
i ∇φi · ∇(φi ψ2) dx

∣∣∣∣
t
≤

∫
Rn

‖vi‖L∞|∇φi | |φi | ψ2 dx

∣∣∣∣
t

+
∫
Rn

| fi | |φi | ψ2 dx

∣∣∣∣
t
.

Then, by using Young’s inequality, Grönwall’s inequality, and (2.2), we obtain

sup
0≤t≤T

1

2

∫
Rn

φ2
i ψ2 dx

∣∣∣∣
t

≤ e

(
1+ ‖vi ‖2L∞

λ

)
T(∫ T

0

∫
Rn

2�2

λ
φ2
i |∇ψ |2 dx dt +

∫ T

0

∫
Rn

f 2i ψ2 dx dt

)
.

Hence, by strong convergence of φi to φ in both C([0, T ];L1
loc(R

n)) and L2([0, T ];
L2
loc(R

n)), Fatou’s lemma, and Lebesgue’s dominated convergence, we obtain

sup
0≤t≤T

1

2

∫
Rn

φ2 ψ2 dx

∣∣∣∣
t

≤ e

(
1+ ‖v‖2

L∞
λ

)
T(

2(C �)2

r2 λ

∫ T

0

∫
B(0,r)

φ2 dx dt +
∫ T

0

∫
Rn\B(0,r/2)

f 2 dx dt

)
.

Thus, we obtain

lim
r→∞ sup

0≤t≤T

∫
Rn\B(0,r)

φ2 dx

∣∣∣∣
t
= 0.

Since φ ∈ C([0, T ];L2
loc(R

n)), for every t ∈ [0, T ], ε > 0, ball B ⊂ R
n , there exists

a constant δ(t, ε, B) > 0 depending on t, ε, B, such that

∫
B

|φ(t, x) − φ(s, x)|2 dx < ε,
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for all s ∈ [0, T ] satisfying |s − t | < δ(t, ε, B). Let ε > 0 and r > 0 satisfies

sup
0≤t≤T

∫
Rn\B(0,r)

φ2 dx

∣∣∣∣
t
<

ε

8
.

Then, for every t > 0, we have
∫
Rn

|φ(t, x) − φ(s, x)|2 dx =
∫
B(0,r)

|φ(t, x) − φ(s, x)|2 dx

+
∫
Rn\B(0,r)

|φ(t, x) − φ(s, x)|2 dx

<
ε

2
+ 2

∫
Rn\B(0,r)

φ2 dx

∣∣∣∣
t
+ 2

∫
Rn\B(0,r)

φ2 dx

∣∣∣∣
s

< ε,

for every s ∈ [0, T ] satisfying |s − t | ≤ δ(t, ε/2, B(0, r)). In conclusion, φ ∈
C([0, T ];L2(Rn)). This completes the proof. �

Now, we define a notion of solution for convection–diffusion equations.

Definition 3.3. Let (3.1), g ∈ L1(Rn), and R ∈ L1([0, T ] × R
n). Then, we say that

u is a convection solution for

∂t u − div A∇u + div(v u) = R,

in [0, T ] × R
n with initial value g if u ∈ L1([0, T ] × R

n) and

∫ T

0

∫
Rn

u f dx dt =
∫
Rn

g φ dx

∣∣∣∣
0
+

∫ T

0

∫
Rn

R φ dx dt,

for every f ∈ L∞([0, T ] × R
n) ∩ L2([0, T ] × R

n) and dual solution φ satisfying
(3.2). We say that a convection solution u for

∂t u − div A∇u + div(v u) = R,

in [0, T ] × R
n with the initial value g satisfies the conservation of mass if

∫
Rn

u dx

∣∣∣∣
s

=
∫
Rn

g dx +
∫ s

0

∫
Rn

R dx dt,

for a.e. s ∈ [0, T ].
Now, we prove Theorem 1.1.

Proof of Theorem 1.1. The proof is divided into several steps.
1. First,weprove the uniqueness of convection solutions. Ifu1, u2 ∈ L1([0, T ]×R

n)

are convection solutions of (3.2) with the initial value g, then

∫ T

0

∫
Rn

(u1 − u2) f dx dt = 0



   32 Page 16 of 41 A. Ataei J. Evol. Equ.

for every f ∈ C∞
0 ([0, T ] × R

n). Hence, u1 = u2 a.e. in [0, T ] × R
n .

2. In this step, we prove some properties of approximate solutions. For now, we
assume that R, g are non-negative and (ln g)− ∈ L1

loc(R
n). We remove the extra

assumptions later in Step 6. Let ϕε be a positive approximation of identity. We de-
fine R̃i = ϕ1/ i ∗ R, g̃i := ϕ1/ i ∗ g, Ai = ϕ1/ i ∗ A, and vi := ϕ1/ i ∗ v. Then,

Ri = R̃i + 1
i e

−x2 , gi = g̃i + 1
i e

−x2 are positive smooth approximations of R, g in
L1([0, T ];L1(Rn)), respectively. Note that, by Young’s convolution inequality, Ri ∈
Lp([0, T ]×R

n), gi ∈ Lp(Rn) for every p ≥ 1 and i.Hence, by a standard theorem on
parabolic equations, see [1], there exists a smooth function ui ∈ L2([0, T ];H1(Rn))

such that ui (0, x) = gi (x) for every x ∈ R
n and

∂t ui − div Ai∇ui + div(vi ui ) = Ri , (3.5)

in [0, T ] × R
n . By the strong maximum principle, see [1], ui > 0 in [0, T ] × R

n .

Then, taking uα
i as a test function for α > 0, we obtain

1

α + 1
∂t

∫
Rn

uα+1
i dx

∣∣∣∣
t
+ α

∫
Rn

uα−1
i Ai∇ui · ∇ui dx

∣∣∣∣
t

− α

∫
Rn

uα
i vi · ∇ui dx

∣∣∣∣
t
=

∫
Rn

Riu
α
i dx

∣∣∣∣
t
,

for every t ∈ [0, T ]. Then, by Young’s inequality and (2.2), we obtain

1

α + 1
∂t

∫
Rn

uα+1
i dx

∣∣∣∣
t
+ αλ

2

∫
Rn

|∇ui |2uα−1
i dx

∣∣∣∣
t

≤
(

α‖vi‖2L∞

2λ
+ α

α + 1

) ∫
Rn

uα+1
i dx + 1

α

∫
Rn

Rα
i dx

∣∣∣∣
t
.

for every t ∈ [0, T ]. Hence, by Grönwall’s inequality, we have

sup
0≤t≤T

∫
Rn

uα+1
i dx dt ≤ e

( (α+1)‖vi ‖2L∞
2λ +α

)
T
(

α + 1

α

∫ T

0

∫
Rn

Rα
i dx dt +

∫
Rn

gα+1
i dx

)
. (3.6)

Now, take s ∈ [0, T ] and a sequence functions ψ j ∈ C∞
0 (Rn) satisfying

1B(0, j) ≤ ψ j ≤ 1B(0,2 j),

ψ j ≤ ψ j+1,

|∇kψ j | ≤ Ck

jk
,

(3.7)

for all non-negative integers j, k, where Ck is a constant depending on n, k. Then,
∫
Rn

ui ψ j dx

∣∣∣∣
s

=
∫
Rn

gi ψ j dx

∣∣∣∣
0
+

∫ s

0

∫
Rn

ui div Ai∇ψ j dx dt

+
∫ s

0

∫
Rn

ui vi · ∇ψ j dx dt +
∫ s

0

∫
Rn

Ri ψ j dx dt,

(3.8)
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for every 0 ≤ s ≤ T . Hence, using (3.6) and Hölder’s inequality, we deduce∣∣∣∣
∫ s

0

∫
Rn

ui div Ai∇ψ j dx dt +
∫ s

0

∫
Rn

uivi · ∇ψ j dx dt

∣∣∣∣
≤ (‖Ai‖L∞ + ‖vi‖L∞ + ‖∇Ai‖L∞ + 1)

C1 + C2 + 1

j

∫ s

0

∫
B(0,2 j)

ui dx dt

≤ (‖Ai‖L∞ + ‖vi‖L∞ + ‖∇Ai‖L∞ + 1)(|B(0, 1)|(2 j)n) α
α+1

C1 + C2 + 1

j(∫ s

0

∫
B(0,2 j)

uα+1
i dx dt

) 1
α+1

≤ C(2 j)
nα

α+1−1T
1

α+1 e
( ‖vi ‖2L∞

2λ + α
α+1

)
T
(

α + 1

α

∫ T

0

∫
Rn

Rα
i dx dt +

∫
Rn

gα+1
i dx

) 1
α+1

,

for α > 0, where C is a constant depending on n and ‖Ai‖L∞ + ‖vi‖L∞ + ‖∇Ai‖L∞ .
Taking α small enough ( α < 1

n−1 ), letting j → ∞ in (3.8), and using monotone
convergence theorem, we arrive at∫

Rn
ui dx

∣∣∣∣
s

=
∫
Rn

gi dx +
∫ s

0

∫
Rn

Ri dx dt. (3.9)

3. In this step, we prove logarithm-type estimates. Since ui > 0, we can define the
smooth function Si := ln ui . Hence, by (3.5), it is implied that

∂t Si − div Ai∇Si − Ai∇Si · ∇Si + div vi + vi · ∇Si = Rie
−Si , (3.10)

weakly in [0, T ] × R
n . Note that by (3.9), we obtain∫

Rn
S+
i dx

∣∣∣∣
s

≤
∫
Rn

eSi dx

∣∣∣∣
s

=
∫
Rn

gi dx +
∫ s

0

∫
Rn

Ri dx dt. (3.11)

for every s ∈ [0, T ]. We need to prove estimates for S−
i . By using ϕ2, where ϕ ∈

C∞
0 (Rn), as a test function and (3.10), we get∫ s

0

∫
Rn

ϕ2 A∇Si · ∇Si dx dt +
∫ s

0

∫
Rn

Ri e
−Si ϕ2 +

∫
Rn

Siϕ
2
∣∣∣∣
0

=
∫
Rn

Siϕ
2
∣∣∣∣
s

+
∫ s

0

∫
Rn

2ϕ A∇Si · ∇ϕ dx dt −
∫ s

0

∫
Rn

2ϕ vi · ∇ϕ dx dt +
∫ s

0

∫
Rn

ϕ2 vi · ∇Si dx dt,

(3.12)

for every s ∈ [0, T ]. Then, by using Young’s inequality and (2.2) again, together with
(3.11), we obtain

λ

2

∫ T

0

∫
Rn

|∇Si |2ϕ2 dx dt +
∫ T

0

∫
Rn

Ri e
−Si ϕ2 dx dt + sup

0≤s≤T

∫
Rn

S−
i ϕ2 dx

∣∣∣∣
s

≤ 2
∫
Rn

S−
i ϕ2 dx

∣∣∣∣
0
+ ‖ϕ‖2L∞

∫
Rn

gi dx + ‖ϕ‖2L∞

∫ T

0

∫
Rn

Ri dx dt

+
(
1

λ
+ λ

�2

) ∫ T

0

∫
Rn

v2i ϕ
2 dx dt + 5�2

λ

∫ T

0

∫
Rn

|∇ϕ|2 dx dt.

(3.13)
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4. Now, we use the estimates to get to a limit. By (3.10) and (3.13), for every ball
B ⊂ R

n , ‖Si‖L2([0,T ];H1(B)), ‖Rie−Si ‖L1([0,T ]×B) is uniformly bounded and ∂t Si has

uniformly bounded norm in L2([0, T ];H−1(B))+L1([0, T ];L1(B)). Hence, by [37,
Thm. 6], Si converges to S ∈ L2([0, T ];H1

loc(R
n)) strongly in L1([0, T ];L1

loc(R
n))

and weakly in L2([0, T ];H1
loc(R

n)), up to a subsequence. In particular, up to a sub-
sequence, Si converges pointwise to S a.e. in [0, T ] × R

n . In conclusion, by Fatou’s
lemma and (3.9), we derive
∫ T

0

∫
Rn

eS dx dt ≤ lim inf
i→∞

∫ T

0

∫
Rn

eSi dx dt = T
∫
Rn

g dx + T
∫ T

0

∫
Rn

R dx dt.

Also, by letting i → ∞ in (3.12) and using [7, Thm. 4.3], together with Fatou’s
lemma, we conclude (1.5). Now, we prove that u := eS is the desired convection
solution. Let us fix a function f ∈ L∞([0, T ] × R

n) ∩ L2([0, T ] × R
n) and assume

that fi ∈ C∞
0 ([0, T ] × R

n) converges to f in L∞([0, T ] × R
n)-weak* and strongly

in L2([0, T ] ×R
n). We define the sequence f ki := fi 1{ui≤k}. Since ui , vi are smooth

and satisfy (3.5) weakly, we obtain
∫ T

0

∫
Rn

ui f ki dx dt =
∫
Rn

gi φ
k
i dx

∣∣∣∣
0
+

∫ T

0

∫
Rn

Ri φ
k
i dx dt, (3.14)

for every dual solution φk
i satisfying

−∂tφ
k
i − div A∗

i ∇φk
i − vi · ∇φk

i = f ki ,

weakly in [0, T ]×R
n . By Proposition 3.2, φk

i are uniformly bounded and φk, φk(0, ·)
converge pointwise to φk, φk(0, ·), respectively. Moreover, φk satisfies

−∂tφ
k − div A∗∇φk − v · ∇φk = f k, (3.15)

weakly in [0, T ]×R
n with φk(T, x) = 0 for a.e. x ∈ R

n . Since |ui f ki | ≤ k| f | and, up
to a subsequence, ui converges pointwise to u, by Lebesgue’s dominated convergence
and taking i → ∞ in (3.14), it is implied that

∫ T

0

∫
Rn

u f 1{u≤k} dx dt =
∫
Rn

g φk dx

∣∣∣∣
0
+

∫ T

0

∫
Rn

R φk dx dt.

By the same argument as above, up to a subsequence, φk and φk(0, ·) are uniformly
bounded and converge pointwise to φ and φk(0, ·), respectively, where φ satisfies
(3.2). Hence, by the dominated convergence, we obtain

∫ T

0

∫
Rn

u f dx dt =
∫
Rn

g φ dx

∣∣∣∣
0
+

∫ T

0

∫
Rn

R φ dx dt.

Thus, u is the desired convection solution. Since ui ∈ L2([0, T ];H1(Rn)) is the
smooth solution of (3.5) with ui (0, x) = gi (x) for x ∈ R

n , by using the test function
Tkui for the equation of ui and (2.2), we obtain that
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sup
0≤t≤T

∫
Rn

1

k
|Tk(ui )|2 dx

∣∣∣∣
t
+ λ

2k

∫ T

0

∫
Rn

|∇Tkui |2 dx dt

≤ e
(
1+ ‖vi ‖2L∞

λ

)
T
(∫

Rn
gi dx +

∫ T

0

∫
Rn

Ri dx dt

)
.

Hence, by Fatou’s lemma andweak convergence of∇Tkui to∇Tku in L2([0, T ]×R
n),

it is implied that u ∈ T 2([0, T ] × R
n) and

sup
0≤t≤T

1

k

∫
Rn

|Tk(u)|2 dx + λ

2k

∫ T

0

∫
Rn

|∇Tku|2 dx dt

≤ e
(
1+ ‖v‖2

L∞
λ

)
T
(∫

Rn
g dx +

∫ T

0

∫
Rn

R dx dt

)
.

By a simple application of the layer cake representation, for every bounded subset
� ⊂ R

n and 1 ≤ p < n
n−1 , we have

∫
�

|Du|p ≤ |�| + p
∫ ∞

1
λp−1 |{x ∈ � : |Du| > λ}| dλ

� |�| + p
∫ ∞

1
λp−1− n

n−1 dλ = |�| + p
n

n−1 − p
.

for n > 2, where we used [3, Lem. 4.2] on the last inequality. For n ≤ 2, one can
simply use the same argument by applying Hölder’s inequality and q instead of n

n−1 ,

which satisfies p < q < n
n−1 . Hence, u ∈ L2([0, T ];W 1,p

loc (Rn)) for all 1 ≤ p < n
n−1

and ui converges to u weakly in L2([0, T ];Lp
loc(R

n)), up to subsequence depending
on p. Moreover,

∫ T

0

∫
Rn

ui f dx dt =
∫
Rn

gi φ dx

∣∣∣∣
0
+

∫ T

0

∫
Rn

Ri φ dx dt,

for every f ∈ C∞
0 ([0, T ] × R

n) and i. Hence,

lim
i→∞

∫ T

0

∫
Rn

ui f dx dt =
∫
Rn

g φ dx

∣∣∣∣
0
+

∫ T

0

∫
Rn

R φ dx dt =
∫ T

0

∫
Rn

u f dx dt.

In conclusion, ui converges to u vaguely in [0, T ] ×R
n without any need to pass to a

subsequence.
5. In this step, we prove that there exists a set F ⊂ [0, T ] of measure zero such that

lim
s→0; s∈[0,T ]\F

∫
Rn

u ψ dx

∣∣∣∣
s

=
∫
Rn

gψ dx (3.16)

for every ψ ∈ Cb(R
n). By the Stone–Weierstrass theorem and σ -compactness of Rn ,

there exists a countable dense subset D ⊂ C∞
0 (Rn). Let us fix an element ϕ ∈ D and
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0 ≤ t1 < t2 ≤ T . Then, by using (2.2), the equation of ui , and test function ϕ, we
have

∣∣∣∣
∫
Rn

ui ϕ dx

∣∣∣∣
t1

−
∫
Rn

ui ϕ dx

∣∣∣∣
t2

∣∣∣∣ ≤
∫ t2

t1

∫
Rn

�|∇ui | |∇ϕ| dx dt

+
∫ t2

t1

∫
Rn

|vi | |ui | |∇ϕ| dx dt +
∫ t2

t1

∫
Rn

Ri ϕ dx dt.

Hence, by Hölder’s inequality, we derive that

lim sup
i→∞

∣∣∣∣
∫
Rn

ui ϕ dx

∣∣∣∣
t1

−
∫
Rn

ui ϕ dx

∣∣∣∣
t2

∣∣∣∣ ≤
√
t2 − t1| suppϕ| 1

p′ ‖∇ϕ‖L∞(Rn)(� + ‖v‖L∞) lim sup
i→∞

‖ui + |∇ui |‖L2([0,T ];Lp(suppϕ))

+
∫ t2

t1

∫
Rn

R ϕ dx dt,

for every p < n
n−1 . Moreover, by (3.9), it is obtained that

∣∣∣∣
∫
Rn

ui ϕ dx

∣∣∣∣
s

∣∣∣∣ ≤ ‖ϕ‖L∞
∫
Rn

ui dx

∣∣∣∣
s

≤ ‖ϕ‖L∞
(∫

Rn
gi +

∫ s

0

∫
Rn

Ri dx dt

)
,

for every 0 ≤ s ≤ T . In conclusion, by the Arzelà-Ascoli theorem, the sequence∫
Rn ui ϕ dx : [0, T ] → R converges uniformly to a continuous function fϕ : [0, T ] →
R, up to a subsequence. Since ui converges weakly to u in L1([0, T ];L1

loc(R
n)), up

to a subsequence, fϕ = ∫
Rn u ϕ dx a.e. in [0, T ]. By combining the previous results,∫

Rn u ϕ dx is continuous in [0, T ] outside a set Fϕ of measure zero, which depends
on ϕ. We define F := ∪ϕ∈DFϕ ∪ G, where [0, T ]\G is the set of points s ∈ [0, T ]
such that

∫
Rn u dx

∣∣
s is finite and s is Lebesgue point for the function

∫
Rn u dx . By

Fubini’s theorem and Lebesgue’s differentiation theorem, the subset F is of Lebesgue
measure zero. Let s ∈ (0, T )\F and 0 < ε < min(|T − s|, s). Then, by (3.9) and
Fatou’s lemma,

1

2ε

∫ s+ε

s−ε

∫
Rn

u dx dt ≤ 1

2ε
lim inf
i→∞

∫ s+ε

s−ε

∫
Rn

ui dx dt

= lim inf
i→∞

∫
Rn

gi dx + 1

2ε

∫ s+ε

s−ε

∫ t

0

∫
Rn

Ri dx dr dt

=
∫
Rn

g dx + 1

2ε

∫ s+ε

s−ε

∫ t

0

∫
Rn

R dx dr dt.

Now, by letting ε → 0 in the above inequality and using Lebesgue’s differentiation
theorem, we arrive at

∫
Rn

u dx

∣∣∣∣
s

≤
∫
Rn

g dx +
∫ s

0

∫
Rn

R dx dt. (3.17)
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Let ψ ∈ C∞
0 (Rn) and ϕi ∈ D be a sequence of functions converging to ψ in Cb(R

n).
Hence, by (3.17), for every s ∈ [0, T ] \ F we have
∣∣∣∣
∫
Rn

u ψ dx

∣∣∣∣
s
−

∫
Rn

gψ dx

∣∣∣∣ ≤
∣∣∣∣
∫
Rn

u ϕi dx

∣∣∣∣
s
−

∫
Rn

g ϕi dx

∣∣∣∣
+ ‖ψ − ϕi‖L∞(Rn)

(∫
Rn

u dx

∣∣∣∣
s
+

∫
Rn

g dx

)

≤
∣∣∣∣
∫
Rn

u ϕi dx

∣∣∣∣
s
−

∫
Rn

g ϕi dx

∣∣∣∣
+ ‖ψ − ϕi‖L∞(Rn)

(
2

∫
Rn

g dx +
∫ T

0

∫
Rn

R dx dt

)
.

By letting s → 0, we derive

lim sup
s→0;s∈[0,T ]\F

∣∣∣∣
∫
Rn

u ψ dx

∣∣∣∣
s
−

∫
Rn

gψ dx

∣∣∣∣

≤ ‖ψ − ϕi‖L∞(Rn)

(
2

∫
Rn

g dx +
∫ T

0

∫
Rn

R dx dt

)
.

Since i is arbitrary, it is implied that

lim
s→0;[0,T ]\F

∫
Rn

u ψ dx

∣∣∣∣
s

=
∫
Rn

gψ dx . (3.18)

Now, we prove that in fact the convergence in (3.18) holds for every ψ ∈ Cb(R
n).

First, by (3.17), we obtain

lim sup
s→0;s∈[0,T ]\F

∫
Rn

u dx

∣∣∣∣
s

≤
∫
Rn

g dx .

Then, by (3.18), we arrive at
∫
Rn

gψi dx = lim
s→0;[0,T ]\F

∫
Rn

u ψi dx

∣∣∣∣
s

≤ lim inf
s→0;[0,T ]\F

∫
Rn

u dx

∣∣∣∣
s
,

where ψi are the increasing sequence of functions in (3.7). Thus, by combining the
previous inequalities, we conclude

lim
s→0;s∈[0,T ]\F

∫
Rn

u dx

∣∣∣∣
s

=
∫
Rn

g dx .

Moreover,

lim
s→0;s∈[0,T ]\F

∫
Rn

u (1 − ψi ) dx

∣∣∣∣
s

= lim
s→0;s∈[0,T ]\F

∫
Rn

u dx

∣∣∣∣
s
−

∫
Rn

u ψi dx

∣∣∣∣
s

=
∫
Rn

g (1 − ψi ) dx .
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Hence,

lim
i→∞ lim sup

s→0;s∈[0,T ]\F

∫
Rn\B(0,2i)

u dx

∣∣∣∣
s

= 0.

In conclusion, by Prokhorov’s theorem, we imply (3.16) for every ψ ∈ Cb(R
n).

6. In this step, we remove the extra assumptions in Step 2 to prove the existence
and vague convergence to the initial data. Notice that, by the definition, the convection
solutions depend linearly on R, g. Hence, it is enough to find a convection solution
for R+, g+. By Step 5, for the initial data R = 0, g = e−|x |2 there exist a convection
solution ue. Since ln(g+ + e−x2) ≥ −|x |2, there exists a convection ueg solution with
initial data R+, g+ + e−x2 . Taking the difference ueg − ue gives us the desired result.
Also, by Step 5, there exist sets F1, F2 ⊂ [0, T ] of Lebesgue measure zero such that

lim
s→0; s∈[0,T ]\F1

∫
Rn

ue ψ dx

∣∣∣∣
s

=
∫
Rn

e−x2 ψ dx,

lim
s→0; s∈[0,T ]\F2

∫
Rn

ueg ψ dx

∣∣∣∣
s

=
∫
Rn

(g+ + e−x2) ψ dx,

for every ψ ∈ Cb(R
n). Hence,

lim
s→0; s∈[0,T ]\(F1∪F2)

∫
Rn

(ueg − ue) ψ dx

∣∣∣∣
s

=
∫
Rn

g+ ψ dx,

for every ψ ∈ Cb(R
n).

7. Finally, we prove that the convection solutions are weak solutions and they satisfy
the conservation of mass. Let φ ∈ C∞

0 ([0, T ] × R
n) such that φ(T, x) = 0 for every

x ∈ R
n . Then,

∫ T

0

∫
Rn

−ui ∂tφ + Ai∇ui · ∇φ − ui vi · ∇φ dx dt

=
∫
Rn

gi φ dx +
∫ T

0

∫
Rn

Ri φ dx dt.

Sinceui converges tou pointwise a.e. in [0, T ]×R
n andweakly inL2([0, T ],W 1,p

loc (Rn))

for 1 < p < n
n−1 , up to a subsequence depending on p, we derive that

∫ T

0

∫
Rn

−u ∂tφ + A∇u · ∇φ − u v · ∇φ dx dt =
∫
Rn

g φ dx +
∫ T

0

∫
Rn

R φ dx dt.

Thus, u is a weak solution. Finally, we prove that u satisfies the conservation of mass
if (1.2) holds. Let take F ⊂ [0, T ] defined in Step 6 and s ∈ [0, T ] \ F . Assume that
ψi ∈ C∞

0 (Rn) is the sequence of functions in (3.7).
Define

θi (r) := i

2

∫ T

r
1[s− 1

i ,s+ 1
i ](t) dt,
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for every r ∈ [0, T ]. Then, by (1.2), we have

fi := −∂t (θi ψi )−div A∗∇(θi ψi )−v·∇(θi ψi ) ∈ L∞([0, T ]×R
n)∩L2([0, T ]×R

n),

weakly in [0, T ] × R
n and θi ψi (T, x) = 0 for every x ∈ R

n . Hence,

∫ T

0

∫
Rn

fi u dx dt =
∫
Rn

θi ψi g dx

∣∣∣∣
0
+

∫ T

0

∫
Rn

θi ψi R dx dt.

Taking i → ∞ above and using Lebesgue’s dominated convergence and Lebesgue’s
density theorems, we derive that

∫
Rn

u dx

∣∣∣∣
s

=
∫
Rn

g dx +
∫ s

0

∫
Rn

R dt dx,

which completes the proof. �

Example 3.4. We use the idea in [32,35] to demonstrate the non-uniqueness of weak
solutions for coefficients that do not satisfy (1.2). Assume that ai j (t, x) = δi j +
(a − 1)

xi x j
|x |2 for (t, x) ∈ [0, T ] × R

n and n = 2, 3, where the positive constant a
is to be determined later. Then, by a classical result of Serrin, see [35], the function
u(x) = x1|x |1−n−ε is a weak solution for − div A∇u = 0 in R

n , where 0 < ε < 1
2

and a = n−1
ε(ε+n−2) . We note that ∇u /∈ W 1,2

loc (Rn) and ∇u ∈ W 1,p
loc (Rn) for every

p < n
n+ε−1 . Now, let ϕ ∈ C∞

0 (Rn) be a cut-off function such that ϕ = 1 in the unit
ball B(0, 1) and define R := − div A∇(u ϕ). Since − div A∇u = 0 inRn weakly and
A, u are smooth inRn\0,we obtain R ∈ C∞

0 (Rn). If we define g := u ϕ, then u ϕ is the
weak solution of ∂t (u ϕ)−div A∇(u ϕ) = R in [0, T ]×R

n with initial data g, and u ϕ

does not belong to L2([0, T ];W 1,2
loc (Rn)). Since g ∈ L2(Rn), R ∈ L2([0, T ] × R

n),
by variational method in [26] or Galerkin method in [14], there exists a solution
ũi ∈ L2([0, T ];W 1,2

0 (B(0, i))) which satisfies ∂t ũi − div A∇ũi = R weakly in
[0, T ] × B(0, i) with initial data g. By standard regularity estimates, we derive

a‖ũi‖2L2([0,T ];W 1,2(B(0,i)))
≤ ‖R‖2

L2([0,T ]×B(0,i))
+ ‖g‖2

L2(B(0,i))
.

Hence, up to a subsequence, ũi converges weakly to ũ in L2([0, T ];W 1,2(Rn)) which
satisfies ∂t ũ − div A∇ũ = R weakly in [0, T ] × R

n with initial data g. Moreover,
w := u− ũ belongs to L1([0, T ];W1,1

loc (R
n)) and satisfies ∂tw−div A∇w = 0 weakly

in [0, T ] × R
n with the initial data 0 but w 
= 0.

4. Existence for drifts induced by potentials

In this section, we assume that T > 0 and V : Rn → R is a measurable function,
which satisfies (1.6). The following examples are the main motivations:



   32 Page 24 of 41 A. Ataei J. Evol. Equ.

Example 4.1. If V ∈ L∞
loc(R

n), then eV + e−V ∈ L1
loc(R

n). To prove that e−V is a
regular weight consider f ∈ H1

e−V (Rn) and ψi ∈ C∞
0 (Rn) constructed in (3.7). Then,

‖(1 − ψi ) f ‖2H1
e−V (Rn)

≤
∫
Rn

(
(1 − ψi )

2 + C2
1

i2

)
f 2 + (1 − ψi )

2|∇ f |2 de−V .

Hence, by Lebesgue’s dominated convergence limi→∞ ‖(1 − ψi ) f ‖H1
e−V (Rn) = 0.

Moreover, since ψi f is compactly supported and e−V is comparable with Lebesgue
measure on compact subsets of R

n , there exists fi ∈ C∞
0 (Rn) such that ‖ fi −

ψi f ‖H1
e−V (Rn) ≤ 1

i . In conclusion, by triangle inequality, we derive that limi→∞ ‖ fi −
f ‖H1

e−V (Rn) = 0.

Example 4.2. Let V (x) = C ln |x | for x ∈ R
n and a constant −n < C < n. Then,

e−V belongs to Muckenhoupt weight A2(R
n), see [21, Ch. 15]. Hence, eV + e−V ∈

L1
loc(R

n) and, by [21, Thm. 15.21], e−V is a regular weight.

We need the following concept of an adjoint convection solution.

Definition 4.3. Let f ∈ L∞([0, T ]×R
n)∩L2

e−V ([0, T ]×R
n).We define the adjoint

convection solution φ ∈ L2([0, T ];H1
e−V (Rn)) ∩ C([0, T ];L2

e−V (Rn)) of

−∂tφ − eV div(e−V∇φ) = f, (4.1)

in [0, T ] × R
n if φ(T, x) = 0 for a.e. x ∈ R

n and
∫
Rn

φ ψ de−V
∣∣∣∣
0
+

∫ T

0

∫
Rn

φ ∂tψ de−V dt

+
∫ T

0

∫
Rn

∇φ · ∇ψ de−V dt =
∫ T

0

∫
Rn

f ψ de−V dt,

for every ψ ∈ C∞
0 ([0, T ] × R

n).

We need the following auxiliary lemma.

Lemma 4.4. There exists a sequence Vi ∈ C0,1(Rn) ∩C∞(Rn) such that infRn Vi >

−∞, Vi converges pointwise to V , and eVi , e−Vi converge to eV , e−V in L1(B),
respectively, for every ball B ⊂ R

n . Moreover, if e−V ∈ L1(Rn), then e−Vi converges
to e−V in L1(Rn).

Proof. Let ϕε be a positive approximation of identity, where ε is a positive constant.
Define Vε,θ,δ(x) := ϕε ∗ (V 1B(0, 1

θ
))(x) + δ

√|x |2 + 1 ∈ C0,1(Rn) ∩ C∞(Rn) for

every x ∈ R
n , where θ, δ are positive constants. Then, infRn Vε,θ,δ > −∞. Since

eV + e−V ∈ L1
loc(R

n), we obtain that e|V | ∈ L1
loc(R

n). Hence, by |V |n
n! ≤ e|V | for

every positive integer n, we derive that V ∈ Lp
loc(R

n) for every p > 0. Now, we prove
that

lim
(ε,θ,δ)→0

‖eVε,θ,δ − eV ‖L1(B) + ‖e−Vε,k,δ − e−V ‖L1(B) = 0, (4.2)
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for every ball B ⊂ R
n . Let us fix a ball B ⊂ R

n . Since B is bounded,

eVε,θ,δ + e−Vε,k,δ

∣∣∣∣
B

≤ CBe
ϕε∗(|V |1

B(0, 1
θ

)
)
∣∣∣∣
B
,

for constant CB depending on B. By a variant of Lebesgue’s dominated convergence,
see [16, Thm. 1.20], it is enough to prove that

lim
(ε,θ)→0

‖eϕε∗(|V |1
B(0, 1

θ
)
) − e|V |‖L1(B) = 0. (4.3)

By Young’s convolution inequality, we obtain∫
B

|ϕε ∗ (|V |1B(0, 1
θ
))|p dx ≤

∫
Rn

|ϕε ∗ (|V |1(1+ε)B)|p dx ≤
∫

(1+ε)B
|V |p dx .

for every p ≥ 1. Hence, by the monotone convergence theorem, it is obtained that

∫
B
e
ϕε∗(|V |1

B(0, 1
θ

)
)
dx =

∞∑
j=1

∫
B

|ϕε ∗ (|V |1B(0, 1
θ
))| j

j ! dx

≤
∞∑
j=1

∫
(1+ε)B

|V | j
j ! dx =

∫
(1+ε)B

e|V | < ∞.

Also, by Fatou’s lemma, we have∫
B
e|V | dx ≤ lim inf

(ε,θ)→0

∫
B
e
ϕε∗(|V |1

B(0, 1
θ

)
)
dx .

Hence, lim(ε,θ)→0
∫
B e

ϕε∗(|V |1
B(0, 1

θ
)
)
dx = ∫

B e|V | dx . Then, since e
ϕε∗(|V |1

B(0, 1
θ

)
)
con-

verges pointwise to e|V |, byRiesz–Scheffé–Brezis–Lieb lemmaweobtain e
ϕε∗(|V |1

B(0, 1
θ

)
)

converges to e|V | in L1(B) as (ε, θ) goes to 0. This completes the proof of (4.2). Now,
if e−V ∈ L1(Rn), we construct a sequence of εi , θi , δi converging to zero such that

lim
i→∞ ‖e−Vεi ,θi ,δi − e−V ‖L1(Rn) = 0 (4.4)

Since e−Vε,θ,δ ≤ 1B(0, 1+ε
θ

)e
ϕε∗(|V |1

B(0, 1
θ

)
) + e−δ

√
|x |2+1 and

∫
Rn e−δ

√
|x |2+1 < ∞, by

(4.3) and a variant of Lebesgue’s dominated convergence, see [16, Thm. 1.20], we
have

lim
ε→0

‖e−Vε,θ,δ − e
−V 1

B(0, 1
θ

)
−δ

√
|x |2+1‖L1(Rn) = 0. (4.5)

Also, by Lebesgue’s dominated convergence and e
−V 1

B(0, 1
θ

)
−δ

√
|x |2+1 ≤ e−V +

e−δ
√

|x |2+1, we deduce

lim
θ→0

‖e−V 1
B(0, 1

θ
)
−δ

√
|x |2+1 − e−V−δ

√
|x |2+1‖L1(Rn) = 0,

lim
δ→0

‖e−V−δ
√

|x |2+1 − e−V ‖L1(Rn) = 0.
(4.6)
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In conclusion, by triangle inequality, (4.5), and (4.6), there exists a sequence (εi , θi , δi )

converging to 0 such that (4.4) holds. �
For simplicity, define the weights

wi := e−Vi , w := e−V ,

where Vi is the sequence in Lemma 4.4.We now construct an approximating sequence
of weak solutions for (4.1).

Proposition 4.5. For every f ∈ L∞([0, T ] ×R
n) ∩L2([0, T ];L2

w(Rn)), there exists
a unique adjoint convection solution φ ∈ L2([0, T ];H1

w(Rn)) ∩ C([0, T ];L2
w(Rn))

of (4.1) in [0, T ] × R
n. Also, φ satisfies the following:

(i). For every uniformlybounded sequence fi ∈ L∞([0, T ]×R
n)∩L2([0, T ];L2

w(Rn))

which converges to f in L2
w([0, T ] × R

n), there exists a sequence φi belonging to
L2([0, T ];H1

w(Rn)) ∩ C([0, T ];L2
w(Rn)) which are adjoint convection solutions of

−∂tφi − eVi div(e−Vi ∇φi ) = fi , (4.7)

in [0, T ] × R
n, and φi converges to φ in C([0, T ];L1

loc(R
n)).

(ii).

(T − t) inf f ≤ φ(t, ·) ≤ (T − t) sup f,

sup
0≤t≤T

1

p
‖φ(t, ·)‖p

Lp
w(Rn)

+ ‖φ p−2
2 ∇φ‖2

L2
w([0,T ]×Rn)

≤ e(p−1)T

p
‖ f ‖p

Lp
w([0,T ]×Rn)

,

sup
0≤t≤T−h

‖τhφ(t, ·) − φ(t, ·)‖2
L2

w(Rn)

≤ eT
(

‖τh f − f ‖2
L2

w([0,T−h]×Rn)
+

∫ T

T−h

∫
Rn

| f |2 dw

)
,

for every p > 1, where f ∈ Lp
w(Rn), and 0 < h < T .

Proof. For the uniqueness, it is enough to prove that 0 is the only adjoint convection
solution of (4.1) if f = 0. Let φ ∈ L2([0, T ];H1

w(Rn)) ∩ C([0, T ];L2
w(Rn)) be an

adjoint convection solution of

−∂tφ − eV div(e−V∇φ) = 0, (4.8)

in [0, T ] × R
n . We assume that 0 < ε < T , ηε ∈ C∞

0 (R) is an approximation of
identity, and β ∈ C∞

0 ((ε, T − ε)). Then, for every ψ ∈ C∞
0 ([0, T ] × R

n) we have
∫ T

0

∫
Rn

φ ∂t (ηε ∗ (βψ)) dw dt +
∫ T

0

∫
Rn

∇φ · ∇(ηε ∗ (βψ)) dw dt = 0,

where we used ηε ∗ (βψ)(t, x) = 0 if t = 0, T and x ∈ R
n . Hence,

∫ T

0

∫
Rn

−β ψ ∂t (ηε ∗ φ)β ψ dw dt

+
∫ T

0

∫
Rn

β ∇(ηε ∗ φ) · ∇ψ dw dt = 0
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for everyψ ∈ C∞
0 ([0, T ]×R

n). Sincew is a regularweight andφ ∈ L2([0, T ];H1
w(Rn)),

we can take an approximation of ηε ∗ φ by elements in C∞
0 ([ε, T − ε] × R

n) in
L2([ε, T − ε];H1

w(Rn)) to obtain

∫ T

0

∫
Rn

−β ∂t (ηε ∗ φ) ηε ∗ φ dw dt

+
∫ T

0

∫
Rn

β ∇ηε ∗ φ · ∇ηε ∗ φ dw dt = 0.

Thus,

1

2

∫ T

0

∫
Rn

(ηε ∗ φ)2∂tβ dw dt +
∫ T

0

∫
Rn

β ∇ηε ∗ φ · ∇ηε ∗ φ dw dt = 0.

Letting ε → 0 in the above derives that

1

2

∫ T

0

∫
Rn

φ2 ∂tβ dw dt +
∫ T

0

∫
Rn

β |∇φ|2 dw dt = 0 (4.9)

for everyβ ∈ C∞
0 ((0, T )). By approximation and the assumptionφ ∈ C([0, T ];L2

w(Rn))∩
L2([0, T ];H1

w(Rn)), we can assume that β ∈ C0,1([0, T ]) and β(0) = β(T ) = 0 in
(4.9). Define

βi (t) :=

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

0 0 ≤ t ≤ 1
i ,

i t − 1 1
i ≤ t ≤ 2

i ,

1 2
i ≤ t ≤ 1 − 2

i ,

i(T − t) − 1 T − 2
i ≤ t ≤ T − 1

i ,

0 T − 1
i ≤ t ≤ T,

for i > 1
T + 1. Then, by definition βi ∈ C0,1([0, T ]) and βi (0) = βi (T ) = 0. Hence,

by using φ ∈ C([0, T ];L2
w(Rn))∩L2([0, T ];H1

w(Rn)) and replacing β by βi in (4.9),
we deduce

∫
Rn

φ2 dw

∣∣∣∣
0
−

∫
Rn

φ2 dw

∣∣∣∣
T

+
∫ T

0

∫
Rn

|∇φ|2 dw dt

= lim
i→∞

∫ T

0

∫
Rn

φ2 ∂tβi dw dt +
∫ T

0

∫
Rn

βi |∇φ|2 dw dt = 0.

Hence, ∇φ = 0 and φ is a function of time. By (4.8), we imply that −∂tφ = 0 in
[0, T ]×R

n . Sinceφ(T, x) = 0 for a.e. x ∈ R
n,we conclude thatφ = 0.Now, to prove

the existence part, let fi ∈ C∞
0 ([0, T ]×R

n)where fi is a uniformly bounded sequence
which converges to f in L2([0, T ];L2

w(Rn)). By the standard theory of parabolic
equations, see [1], there exists a smooth weak solution φi ∈ L2([0, T ];H1(Rn))

satisfying (4.7) and φi (T, x) = 0 for every x ∈ R
n . Then, by Proposition 3.2, we have

(T − t) inf fi ≤ φi (t, ·) ≤ (T − t) sup fi , (4.10)
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for every 0 ≤ t ≤ T . Let 0 ≤ T ′ ≤ T . Using φi |φi |p−2 wi , for p > 1, as a test
function gives

∂t
1

p

∫
Rn

|φi |p dwi

∣∣∣∣
t
+ p

∫
Rn

|φi |p−2|∇φi |2 dwi dt

∣∣∣∣
t
≤

∫
Rn

| fi | |φi |p−1 dwi

∣∣∣∣
t
.

Hence, by Young and Grönwall’s inequality, we obtain

sup
T ′≤t≤T

1

p

∫
Rn

|φi |p dwi

∣∣∣∣
t
+ p e−(p−1)T

∫ T

T ′

∫
Rn

|φi |p−2|∇φi |2 dwi dt

≤ e(p−1)T

p

∫ T

T ′

∫
Rn

| fi |p dwi dt,

(4.11)

for every p > 1. Now, by definition �i := τhφi − φi is the weak solution of

−∂t�i − ��i + ∇Vi · ∇�i = τh fi − fi ,

in [0, T − h] × R
n with �i (T − h, x) = −φi (T − h, x) for x ∈ R

n, where the shift
operator τh is defined in Sect. 2.1. Taking �i wi as a test function and using Young’s
inequality as above, we obtain

sup
0≤t≤T−h

∫
Rn

�2
i dwi

∣∣∣∣
t
≤ eT

∫ T−h

0

∫
Rn

|τh fi − fi |2 dwi dt +
∫
Rn

�2
i (T − h, x) dwi .

(4.12)

Note that by integration by part the term ∇Vi · ∇φi disappears. Indeed, we used

∫ T−h

0

∫
Rn

(−��i + ∇Vi · ∇�i )�iwi dx dt

=
∫ T−h

0

∫
Rn

|∇�i |2 dwi dt +
∫ T−h

0

∫
Rn

�i∇�i · ∇wi dx dt

+
∫ T−h

0

∫
Rn

�iwi∇Vi · ∇�i

=
∫ T−h

0

∫
Rn

|∇φi |2 dwi dt ≥ 0,

where we noted that ∇wi = ∇e−Vi = −wi∇Vi . Let B ⊂ R
n be a fixed ball and

0 ≤ t1 < t2 ≤ T . Then, by Cauchy–Schwarz inequality and (4.11), it is implied that

(
sup

0≤t≤T−h

∫
B

|τhφi − φi | dx
∣∣∣∣
t

)2

≤ w−1
i (B) sup

0≤t≤T−h

∫
B

|τhφi − φi |2 dwi

∣∣∣∣
t

≤ eTw−1
i (B)

(∫ T−h

0

∫
Rn

|τh fi − fi |2 dwi dt +
∫ T

T−h

∫
Rn

| fi |2 dwi dt

)
.
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In conclusion, limh→0 supi ‖τhφi − φi‖L1([0,T−h]×B) = 0. Moreover, by (4.11) and
Cauchy–Schwarz inequality, we have

(∫
B

∣∣∣∣∇
∫ t2

t1
φi dt

∣∣∣∣ dx
)2

≤ (t2 − t1) w−1
i (B)

∫
B

∫ t2

t1
|∇φi |2 dt dwi

≤ T eT w−1
i (B)

∫
B

∫ t2

t1
f 2i dt dwi

Thus, by Sobolev embedding,
∫ t2
t1

φi dt is relatively compact in L1(B). Now, by the

classical result in [37, Thm. 1], φi is relatively compact in C([0, T ];L1(B)). Hence,
up to a subsequence, φi converges to φ ∈ L∞([0, T ] × R

n) ∩ C([0, T ];L1
loc(R

n)) in
C([0, T ];L1

loc(R
n)) and L∞([0, T ]×R

n)-weak*, where φ(T, x) = 0 for a.e. x ∈ R
n .

By Lemma 4.4 and (4.11), for every ball B ⊂ R
n , we have w

1
2
i ∇φi is uniformly

bounded in L2([0, T ] × R
n,Rn) and w

1
2
i , w

− 1
2

i converges to w
1
2 , w− 1

2 , respectively,
in L2

loc(R
n). Now, we will use φi converges to φ in L∞([0, T ] × R

n)-weak* to show

that w
1
2
i ∇φi converges to w

1
2 ∇φ weakly in L2([0, T ] × R

n,Rn). In fact, if w
1
2
i ∇φi

converges to F = (F1, · · ·, Fn) weakly in L2([0, T ] × R
n,Rn), then

lim
i→∞

∫ T

0

∫
Rn

�w
1
2
i ∂x j φi dx dt =

∫ T

0

∫
Rn

� Fj dx dt,

for every 1 ≤ j ≤ n and � ∈ L2([0, T ] × R
n). Now, by Hölder’s inequality and the

convergence of w
− 1

2
i to w− 1

2 in L2(Rn), we obtain

lim
i→∞

∫ T

0

∫
Rn

w
− 1
2

i ϕ · w
1
2
i ∂x j φi dx dt =

∫ T

0

∫
Rn

ϕ Fj w
− 1

2 dx dt,

for every 1 ≤ j ≤ n and ϕ ∈ C∞
0 ([0, T ] × R

n). Then, by the convergence of φi to φ

in L∞([0, T ] × R
n)-weak*, we arrive at

∫ T

0

∫
Rn

ϕ Fj w
− 1

2 dx dt = lim
i→∞

∫ T

0

∫
Rn

ϕ ∂x j φi dx dt = −
∫ T

0

∫
Rn

φ ∂x j ϕ dx dt.

In conclusion, F = w
1
2 ∇φ. Moreover, using (4.11) and Lemma 4.4 again, we derive

that w
1
2
i φi converges to w

1
2 φ weakly in L2([0, T ] × R

n). Now, we prove that φ ∈
C([0, T ];L2

w(Rn)). By Fatou’s lemma, (4.11), and (4.12), we obtain

sup
0≤t≤T−h

∫
Rn

|τhφ − φ|2 dw

∣∣∣∣
t

≤ eT
(∫ T−h

0

∫
Rn

|τh f − f |2 dw dt +
∫ T

T−h

∫
Rn

f 2 dw dt

)
,

which proves that φ ∈ C([0, T ];L2
w(Rn)). Then, using (4.7), (4.10), and the weak

convergence ofw
1
2
i ∇φi , w

1
2
i φi tow

1
2 ∇φ,w

1
2 φ, respectively, we imply that φ is a weak
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solution of (4.1) with φ(T, x) = 0 a.e. in R
n . Since φ is unique, we derive that φi

converges to φ in C([0, T ];L1
loc(R

n)) without any need to pass to a subsequence.
To complete the proof of part (i), we note that the proof above applies to any fi ∈
L∞([0, T ]×R

n)∩L2
w([0, T ]×R

n) converging to f in L∞([0, T ]×R
n)-weak* and

L2
w([0, T ]×R

n). Finally, recall that, φi converges to φ inC([0, T ];L1
loc(R

n)). Hence,
part (ii) is obtained by applying Fatou’s lemma in (4.10), (4.11), and in (4.12). �

The following lemma derives some properties of the adjoint convection solution if
the right-hand side is time-independent.

Lemma 4.6. Let f ∈ C∞
0 (Rn) and φ be the adjoint convection solution of (4.1) in

the set [0, T ] × R
n. Then, for every 0 ≤ s ≤ T , φs(t, x) := φ(t + T − s, x), for

0 ≤ t ≤ s, x ∈ R
n, is the adjoint convection solution for

−∂tφ
s − eV div(e−V∇φs) = f,

in [0, s]×R
n .Moreover, for everyweak solutionφi ∈ C∞([0, T ]×R

n)∩L2([0, T ];H1(Rn))

of −∂tφi − �φi + ∇Vi · ∇φi = 0 with φi (T, ·) = 0, we have ∂tφi converges to ∂tφ

in C([0, T ];L1
loc(R

n)), ∂tφ(T, x) = − f (x) for a.e. x ∈ R
n, and

‖∂tφ‖L∞ ≤ ‖ f ‖L∞ .

Proof. The proof uses the argument in Proposition 4.5. Let Vi be as in Lemma 4.4
and φi ∈ L2([0, T ];H1(Rn)) be the smooth weak solution for

−∂tφi − �φi + ∇Vi · ∇φi = f,

in [0, T ]×R
n with φi (T, x) = 0 for every x ∈ R

n . Then, φs
i (t, x) := φi (t+T −s, x)

for 0 ≤ t ≤ s, x ∈ R
n is the adjoint convection solution of

−∂tφ
s
i − eVi div(e−Vi ∇φs

i ) = f,

in [0, s]×R
n . Since φs

i converges pointwise to φs , by Proposition 4.5, φs is the adjoint
convection solution of

−∂tφ
s − eV div(e−V∇φs) = f,

in [0, s] × R
n . For the second part, we have

−∂t (∂tφi ) − �(∂tφi ) + ∇Vi · ∇(∂tφi ) = 0, (4.13)

weakly in [0, T ] × R
n and

∂tφi (T, x) = −�φi (T, x) + ∇Vi (x) · ∇φi (T, x) − f (x) = − f (x) (4.14)

for every x ∈ R
n . Hence, by the maximum principle, see [1], we arrive at

‖∂tφi‖L∞ ≤ ‖ f ‖L∞ . (4.15)
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Define �i := ∂tφi − f . Then, �i is the weak solution of

−∂t�i − ��i + ∇Vi · ∇�i = � f − ∇Vi · ∇ f, (4.16)

in [0, T ] × R
n with �i (T, x) = 0 for every x ∈ R

n . Hence, by taking �i wi as a test
function for (4.16), we obtain that

−1

2
∂t

∫
Rn

�2
i dwi

∣∣∣∣
t
+

∫
Rn

|∇�i |2 dwi = −
∫
Rn

∇ f · ∇�i dwi .

In conclusion, by Young’s inequality, we derive that

sup
T ′≤t≤T

∫
Rn

|�i |2 dwi

∣∣∣∣
t
+

∫ T

T ′

∫
Rn

|∇�i |2 dwi dt ≤
∫ T

T ′

∫
Rn

|∇ f |2 dwi dt,

(4.17)

for every 0 ≤ T ′ ≤ T . Let 0 < h < T and �h
i := τh�i − �i . Then, �h

i (T − h, x) =
−�i (T − h, x) for every x ∈ R

n and

−∂t�
h
i − ��h

i + ∇Vi · ∇�h
i = 0, (4.18)

in [0, T − h] × R
n . By taking the test function �h

i wi for (4.18) and using (4.17), it
is obtained that

sup
0≤t≤T−h

∫
Rn

|�h
i |2 dwi

∣∣∣∣
t
+

∫ T

T ′

∫
Rn

|∇�h
i |2 dwi dt ≤

∫
Rn

|�i |2 dwi

∣∣∣∣
T−h

≤
∫ T

T−h

∫
Rn

|∇ f |2 dwi dt.

Hence, by Cauchy–Schwarz inequality, we have

∣∣∣∣
∫ T−h

0

∫
B

|�h
i | dx dt

∣∣∣∣
2

≤ Tw−1
i (B)

∫ T−h

0

∫
B

|�h
i |2 dwi dt

≤ T 2w−1
i (B)

∫ T

T−h

∫
Rn

|∇ f |2 dwi dt,

for every ball B ⊂ R
n . Therefore,

lim
h→0

lim sup
i→∞

‖τh�i − �i‖L1([0,T−h]×B) = 0,

for every ball B ⊂ R
n . Moreover, by using Cauchy–Schwarz inequality and (4.17),

we deduce that
(∫

B

∣∣∣∣∇
∫ t2

t1
�i dt

∣∣∣∣ dx
)2

≤ (t2 − t1) w−1
i (B)

∫
B

∫ t2

t1
|∇�i |2 dt dwi

≤ T w−1
i (B)

∫
B

∫ t2

t1
|∇ f |2 dt dwi
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for every 0 ≤ t1 ≤ t2 ≤ T and ball B ⊂ R
n . Then, for every 0 ≤ t1 ≤ t2 ≤ T , by

Sobolev embedding,
∫ t2
t1

�i dt is relatively compact in L1
loc(R

n). Hence, by the classi-

cal result in [37, Thm. 1], ∂tφi = �i + f is relatively compact inC([0, T ];L1
loc(R

n)).
Then, since φi converges to φ in C([0, T ];L1

loc(R
n)) by Proposition 4.5, we obtain

that ∂tφi converges to ∂tφ inC([0, T ];L1
loc(R

n)). This together with (4.14) and (4.15)
completes the proof. �
We also need the following L1-estimate lemma.

Lemma 4.7. Let f ∈ C0([0, T ] × R
n) and φ be the adjoint convection solution of

(4.1) in [0, T ] × R
n. Then,

sup
0≤t≤T

∫
Rn

|φ| dw
∣∣∣∣
t
≤

∫ T

0

∫
Rn

| f | dw dt.

Moreover, if w ∈ L1(Rn), then
∫
Rn

φ dw

∣∣∣∣
s

=
∫ T

s

∫
Rn

f dw dt,

for every 0 ≤ s ≤ T .

Proof. Without loss of generality, by decomposing f = f + − f −, we can assume
that f is non-negative. Let φi be the approximating sequence in Lemma 4.4 and
consider the test functions ψ j wi where ψ j is defined in (3.7). Then, by Lemma 4.4,
0 ≤ φi ≤ T ‖ f ‖L∞([0,T ]×Rn) and

∫
Rn

φi ψ j dwi

∣∣∣∣
t
+

∫ T

t

∫
Rn

−φi div(wi∇ψ j ) dx dt =
∫ T

t

∫
Rn

f ψ j dwi dt.

Now, by Hölder’s inequality and Lemma 4.5, we obtain

sup
0≤t≤T

∣∣∣∣
∫ T

t

∫
Rn

−φi div(wi∇ψ j ) dx dt

∣∣∣∣
≤ ‖wi φi‖Lp([0,T ]×Rn)‖w−1

i div(wi∇ψ j )‖Lp′ ([0,T ]×Rn)

≤ eT sup
Rn

w

p−1
p

i ‖ f ‖Lp
wi ([0,T ]×Rn)‖w−1

i div(wi∇ψ j )‖Lp′ ([0,T ]×Rn)
,

for every p > 1. Letting p < n
n−1 and taking j → ∞ in the inequality above, we

arrive at ∫
Rn

φi dwi

∣∣∣∣
s

=
∫ T

s

∫
Rn

f dwi dt,

for every s ∈ [0, T ], where we used Lemma 4.4 to derive

sup
Rn

wi = e− infRn Vi < ∞,

sup
Rn

w−1
i |∇wi | ≤ ‖Vi‖C0,1(Rn) < ∞.



J. Evol. Equ. Existence and uniqueness of the solutions to convection–diffusion…Page 33 of 41    32 

Now, using Lemma 4.4 and Proposition 4.5, φi (s, ·) converges pointwise to φ(s, ·) for
every s ∈ [0, T ], up to a subsequence depending on s, andwi converges tow pointwise
and in L1

loc(R
n). Hence, by Fatou’s lemma and Lebesgue’s dominated convergence, it

is obtained that
∫
Rn

φ dw

∣∣∣∣
s

≤
∫ T

s

∫
Rn

f dw dt.

for every 0 ≤ s ≤ T . Moreover, by Lemma 4.4, Proposition 4.5, and Lebesgue’s
dominated convergence, the inequality above is equality if w ∈ L1(Rn). �

Now, we define the notion of convection solutions.

Definition 4.8. We say that μ ∈ M([0, T ] × R
n) is a convection solution for

∂tμ − �μ − div(μ∇V ) = R, (4.19)

with initial value g if
∫ T

0

∫
Rn

f dμ =
∫
Rn

φ g dx

∣∣∣∣
0
+

∫ T

0

∫
Rn

φ R dx dt,

for every f ∈ C∞
0 ([0, T ]×R

n) and weak solution φ of (4.1).We say that a convection
solution μ for

∂tμ − �μ − div(μ∇V ) = R,

with the initial value g satisfies the conservation of mass if the measure ν(I ) :=
μ(I × R

n), for Borel subsets I ⊂ [0, T ], is absolutely continuous with respect to
Lebesgue’s measure and

dν

dL1 (s) =
∫
Rn

g dx +
∫ s

0

∫
Rn

R dx dt,

for a.e. s ∈ [0, T ].
Proof of Theorem 1.2. We prove the Theorem in several steps.

1. Similar to Theorem 1.1, the uniqueness follows directly by the definition. To
prove the existence, by the linearity of the equation, we can assume that g, R are non-
negative. Let gi , Ri be the non-negative smooth approximation of g, R in L1(Rn),

L1([0, T ] ×R
n) constructed in Theorem 1.1. By a standard theory of parabolic equa-

tions, see [1], there exists a non-negative weak solution μi ∈ C∞([0, T ] × R
n) ∩

L2([0, T ];H1(Rn)) of

∂tμi − �μi − div(μi∇Vi ) = Ri .

with μi (0, x) = gi (x) for every x ∈ R
n . By Theorem 1.1, we have

μi ([0, T ] × R
n) ≤ T

∫
Rn

gi dx + T
∫ T

0

∫
Rn

Ri dx dt,



   32 Page 34 of 41 A. Ataei J. Evol. Equ.

and

∫ T

0

∫
Rn

f dμi =
∫
Rn

φi gi dx

∣∣∣∣
0
+

∫ T

0

∫
Rn

φi Ri dx dt,

for every f ∈ C∞
0 ([0, T ] ×R

n), where φi ∈ C∞([0, T ] ×R
n) ∩L2([0, T ];H1(Rn))

is the weak solution of

−∂tφi − �φi + ∇φi · ∇Vi = f,

in [0, T ]×R
n with φ(T, x) = 0 for x ∈ R

n .Hence, up to a subsequence,μi converges
to μ ∈ M([0, T ] × R

n) in the vague topology, see [16, Thm. 1.41]. Moreover, by
Lemma 4.4, φi is uniformly bounded and converges to φ ∈ L2

w([0, T ];H1
w(Rn)) ∩

C([0, T ];L2
w(Rn)) in C([0, T ];L1

loc(R
n)), where φ is the unique adjoint convection

solution of (4.1). In conclusion,
∫ T

0

∫
Rn

f dμ =
∫
Rn

φ g dx

∣∣∣∣
0
+

∫ T

0

∫
Rn

φ R dx dt, (4.20)

for every f ∈ C∞
0 ([0, T ] × R

n), where φ is the adjoint convection solution of (4.1),
and

|μ|([0, T ] × R
n) ≤ T

∫
Rn

g dx

∣∣∣∣
0
+ T

∫ T

0

∫
Rn

R dx dt. (4.21)

Moreover,

lim
i→∞

∫ T

0

∫
Rn

f dμi =
∫
Rn

φ g dx

∣∣∣∣
0
+

∫ T

0

∫
Rn

φi R dx dt =
∫ T

0

∫
Rn

f dμ.

Thus, μi converges vaguely to μ without any need to pass to a subsequence.
2. Assume that

∫
Rn

|g|q ′
w

− q′
q dx +

∫ T

0

(∫
Rn

|R|p′
w

− p′
p dx

) 1
p′
dt < ∞,

for some p > 1, q > 1. To show that μ ∈ L1([0, T ] ×R
n), by Radon–Nikodym, it is

enough to prove thatμ(E) = 0 for every subset E ⊂ [0, T ]×R
n of Lebesguemeasure

zero. Consider a subset E ⊂ [0, T ]×R
n of Lebesguemeasure zero and functions fi ∈

C∞
0 ([0, T ]×R

n) approximating 1E in L∞([0, T ]×R
n)-weak*. By Lemma 4.4, there

exists an adjoint convection solution γi ∈ L2([0, T ];H1
w(Rn)) ∩ C([0, T ];L2

w(Rn))

of

−∂tγi − eV div(e−V∇γi ) = fi ,

in [0, T ] × R
n . Hence,

∫ T

0

∫
Rn

fi dμ =
∫
Rn

γi g dx

∣∣∣∣
0
+

∫ T

0

∫
Rn

γi R dx dt.



J. Evol. Equ. Existence and uniqueness of the solutions to convection–diffusion…Page 35 of 41    32 

Then, by Lemma 4.4 and Hölder’s inequality, we have

∣∣∣∣
∫ T

0

∫
Rn

fi dμ

∣∣∣∣ ≤ ‖γi (0, ·)‖Lq
w(Rn) ‖gw−1/q‖Lq′

(Rn)

+ T 1/p sup
0≤t≤T

‖γi (t, ·)‖Lp
w(Rn) ‖R w−1/p‖L1([0,T ];Lp′ (Rn))

≤ eT ‖ fi‖Lq
w([0,T ]×Rn)‖gw−1/q‖Lq′

(Rn)

+ T 1/peT ‖ fi‖Lp
w([0,T ]×Rn)‖R w−1/p‖L1([0,T ];Lp′ (Rn))

.

Taking i → ∞ implies that μ(E) = 0.

3. In this part, we derive an upper bound estimate for the convection solution. Let
R, g satisfy (1.8). Without loss of generality, again we assume that g, R are non-
negative and μ is the convection solution of (4.19) with initial data g. Let s ∈ (0, T )

and x ∈ R
n . We consider a sequence of function fi ∈ C∞

0 ((1 + 1
i )I × (1 + 1

i )B)

satisfying fi = 1 in I × B, where I ⊂ [0, T ], B ⊂ R
n are open balls satisfying

s ∈ I, x ∈ B, and i is large enough such that (1 + 1
i )I ⊂ [0, T ]. Then,

∫ T

0

∫
Rn

1

|I × B| fi dμ =
∫
Rn

ψi g dx +
∫ T

0

∫
Rn

ψi R dx dt,

where ψi ∈ L2
w([0, T ];H1

w(Rn)) ∩ C([0, T ];L2
w(Rn)) is the non-negative adjoint

convection solution of

−∂tψi − eV div(e−V∇ψi ) = 1

|I × B| fi ,

in [0, T ] × R
n . Hence, by Lemma 4.7, it is concluded that

μ(I × B)

|I × B| ≤ 1

|I × B|
∫ T

0

∫
Rn

fi dμ = 1

|I × B|
(∫

Rn
ψi g dx +

∫ T

0

∫
Rn

ψi R dx dt

)

≤ 1

|I × B| ‖gw−1‖L∞
∫ T

0

∫
Rn

fi dw dt

+ T

|I × B| ‖R w−1‖L∞
∫ T

0

∫
Rn

fi dw dt.

Hence, by [16, Lemma 1.2], Radon–Nikodym theorem, and Step 1, it is concluded
that μ ∈ L1([0, T ] × R

n) and

‖μw−1‖L∞ ≤ ‖gw−1‖L∞ + T ‖R w−1‖L∞ .

To prove the strong maximum principle, without loss of generality, let R, g be non-
negative and inf gw−1 + inf R w−1 > 0. Then, w ∈ L1(Rn) and, by Lemma 4.7, we
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have

μ(
(
1 + 1

i

)
I × (

1 + 1
i

)
B)∣∣(1 + 1

i

)
I × (

1 + 1
i

)
B

∣∣ ≥ 1∣∣(1 + 1
i

)
I × (

1 + 1
i

)
B

∣∣
∫ T

0

∫
Rn

fi dμ

= 1

|I × B|
(∫

Rn
ψi g dx +

∫ T

0

∫
Rn

ψi R dx dt

)

≥ inf gw−1∣∣(1 + 1
i

)
I × (

1 + 1
i

)
B

∣∣
∫ T

0

∫
Rn

fi dw dt

+ inf R w−1∣∣(1 + 1
i

)
I × (

1 + 1
i

)
B

∣∣
∫ T

0

∫ T

t

∫
Rn

fi dw dr dt.

This concludes that

lim inf
r→0

μ((s − r, s + r) × B(x, r))

|(s − r, s + r) × B(x, r)| ≥ inf(gw−1 + s inf R w−1) w(x),

for every 0 < s < T and Lebesgue point x ∈ R
n of w.

4. Now, we prove the conservation of mass. Assume that w ∈ L1(Rn) and R, g are
non-negative functions. We take the same sequences of functions Ri , gi , Vi , μi as in
Step 1. Define f = 1Rn\B for a ball B ⊂ R

n . Then, by Lemma 4.4, wi converges
to w in L1(Rn) and f ∈ L∞([0, T ] × R

n) ∩ L2
wi

([0, T ] × R
n) for every i . Hence,

by Proposition 4.5 and Lemma 4.7, there exists an adjoint convection solution φB
i ∈

C([0, T ];L2
w(Rn)) ∩ L2([0, T ];H1

w(Rn)) of

−∂tφ
B
i − eVi div(e−Vi ∇φB

i ) = f,

in [0, T ] × R
n , where

‖φB
i ‖L∞(Rn) ≤ T, sup

0≤t≤T
‖φB

i (t, ·)‖L1
wi

(Rn) ≤ wi (R
N \ B).

Moreover, as i → ∞, φB
i converges to φB in C([0, T ];L1

loc(R
n)). Hence, by Fatou’s

lemma and Lebesgue’s dominated convergence, we derive

sup
0≤t≤T

‖φB(t, ·)‖L1
w(Rn) ≤ w(RN \ B),

lim sup
i→∞

∫ T

0

∫
Rn\B

dμi ≤
∫
Rn

φB g dx

∣∣∣∣
0
+

∫ T

0

∫
Rn

φB R dx dt.

In conclusion, by replacing B by B(0, j) and using again Proposition 4.5, we derive
that, φB(0, j) is uniformly bounded and converges to zero inC([0, T ];L1

loc(R
n)). Then,

lim
j→∞ lim sup

i→∞

∫ T

0

∫
Rn\B(0, j)

dμi = 0,

where we used Lebesgue’s dominated convergence above. Hence, μi is a tight se-
quence, and, by Prokhorov’s theorem and Step 1, it converges weakly to μ. Let
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� ∈ C1([0, T ]) be a fixed functionwhere�(T ) = 0. Then,−∂t�−��+∇�·∇Vi =
−∂t� weakly in [0, T ] × R

n and
∫ T

0

∫
Rn

−∂t�μi dt dx =
∫
Rn

� gi dx +
∫ T

0

∫
Rn

� Ri dx dt.

Taking i → ∞ and using the weak convergence of μi to μ, we arrive at
∫ T

0

∫
Rn

−∂t� dμ =
∫
Rn

� g dx +
∫ T

0

∫
Rn

� R dx dt.

Let s ∈ (0, T ) be a fixed point, i > max( 1
T−s ,

1
s ), and ϕε is an approximation of the

identity. Setting �ε(t) = i
2

∫ T
t ϕε ∗ 1[s− 1

i ,s+ 1
i ] dt for every t ∈ [0, T ], we arrive at

∫ T

0

∫
Rn

−∂t�ε dμ =
∫
Rn

�ε g dx

∣∣∣∣
0
+

∫ T

0

∫
Rn

�ε R dx dt.

Taking ε → 0 implies that

i

2

∫ s+ 1
i

s− 1
i

∫
Rn

dμ =
∫
Rn

g dx +
∫ s− 1

i

0

∫
Rn

R dt dx

+ i

2

∫ s+ 1
i

s− 1
i

∫
Rn

(
i s + 1 − i t

2

)
R dr dt dx .

Hence, by [16, Lem. 1.2], Radon–Nikodym theorem, and letting i → ∞, we arrive
at the signed measure ν(I ) := μ(I ×R

n), for Borel subsets I ⊂ [0, T ], is absolutely
continuous with respect to Lebesgue’s measure and

dν

dL1 (s) =
∫
Rn

g dx +
∫ s

0

∫
Rn

R dx dt

for a.e. s ∈ [0, T ].
5. Finally, we prove the continuous to the initial data. Without loss of general-

ity, we assume that R, g are non-negative functions. Let f ∈ C∞
0 (Rn) and φi ∈

L2([0, T ];H1(Rn)) be the smooth weak solution of

−∂tφi − �φi + ∇Vi · ∇φi = f,

in [0, T ] × R
n with φi (T, x) = 0 for every x ∈ R

n, and gi , Ri , μi be the sequences
defined in Step 1. Then, by Lemma 4.6, we have∫ s

0

∫
Rn

f μi dx dt =
∫
Rn

φs
i gi dx

∣∣∣∣
0
+

∫ s

0

∫
Rn

φs
i Ri dx dt,

where s ∈ (0, T ), φs
i (t, x) := φi (t + T − s, x) for every 0 ≤ t ≤ s, x ∈ R

n . Let
0 < s < T be fixed. Now, using φs

i (s, x) = φi (T, x) = 0 for every x ∈ R
n and taking

the derivative of both sides of above equality with respect to s, we obtain∫
Rn

f μi dx

∣∣∣∣
s

=
∫
Rn

−∂tφi gi dx

∣∣∣∣
T−s

+
∫ s

0

∫
Rn

−∂tφi (t + T − s, ·) Ri dx dt.
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Hence, by Lemma 4.6, it is concluded that
∣∣∣∣
∫
Rn

f μi dx

∣∣∣∣
s
−

∫
Rn

f g dx

∣∣∣∣ ≤
∣∣∣∣
∫
Rn

−∂tφi gi dx

∣∣∣∣
T−s

−
∫
Rn

f g dx

∣∣∣∣
+ ‖ f ‖L∞

∫ s

0

∫
Rn

Ri dx dt.

Then, by vague convergence of μi to μ proved in Step 1, Lemma 4.6, and Lebesgue’s
dominated convergence, we have
∣∣∣∣1h

∫ s+h

s

∫
Rn

f dμ −
∫
Rn

f g dx

∣∣∣∣ = lim
i→∞

∣∣∣∣1h
∫ s+h

s

∫
Rn

f μi dx dt −
∫
Rn

f g dx

∣∣∣∣
≤ 1

h

∫ s+h

s

∣∣∣∣
∫
Rn

−∂tφ g dx

∣∣∣∣
T−t

−
∫
Rn

f g dx

∣∣∣∣ dt

+ ‖ f ‖L∞
1

h

∫ s+h

s

∫ t

0

∫
Rn

R dx dr dt,

for every 0 < h < T − s. In conclusion, by using Lemma 4.6 and Lebesgue’s
dominated convergence again, we arrive at

lim
(h,s)→0

∣∣∣∣1h
∫ s+h

s

∫
Rn

f dμ −
∫
Rn

f g dx

∣∣∣∣ = 0,

where the limit is taken in the domain 0 < h + s < T . �

Example 4.9. If R = 0, g = e−V , then by Theorem 1.2, the convection solution μ of

∂tμ − �μ − div(μ∇V ) = 0, (4.22)

in [0, T ] × R
n with initial data g satisfies μ ∈ L1([0, T ] × R

n) and

1 ≤ μ eV ≤ 1

for a.e. (t, x) ∈ [0, T ] × R
n . Hence, μ = e−V which is the stable solution of (4.22).

Remark 4.10. We remark that if∇V ∈ L∞(Rn), equivalently V is globally Lipschitz,
then, byProposition 3.2 andProposition 4.5,Definition 3.1 andDefinition 4.3 coincide.
In conclusion, by Theorem 1.1 and Theorem 1.2, the two definitions of convection
solutions, namely Definition 3.3 and Definition 4.8, are equivalent whenever ∇V ∈
L∞(Rn). Furthermore, with a slight change in the arguments, we can generalize the
definition of convection–diffusion solutions and Theorem 1.2 to ∂tμ − div A∇μ −
div(μ∇V ), where A is a positive definitive matrix with constant coefficients.
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