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Existence and uniqueness of the solutions to convection—diffusion
equations

ALIREZA ATAEI

Abstract. In this work, we study convection—diffusion equations in the cases of bounded drifts and drifts
induced by the gradient of a potential. We define a new notion of solution and prove its existence and
uniqueness. Furthermore, we show the conservation of mass, the convergence to the initial data, and the
strong maximum principle.

1. Introduction and the statements of the results

Convection—diffusion equations appear in many parts of science describing several
phenomena, see [17,20,33,36,38,39]. The general prototype of convection—diffusion
equations is

o;u — div AVu + div(vu) = R,

with initial data g, where g € L'(R"), R e L'([0, T] x R"), T > 0, A = (@i}
is an elliptic matrix-valued function, see (2.2) for more detail, and v is either bounded

oris of the form v = —VV where ¥ + ¢~V ¢ LlloC (R") and e~V is a regular weight,
1,1

which means that for every function f € W, .

(R") satisfying

2 ._ 2 2\ -V
Hﬂwwwy—AAM|+Wﬂ)ecu<m,
there exists a sequence f; € C§°(R") such that

Iim || fi — fllgp  =0.
1—00 e~

Vv

The existence and uniqueness of solutions for such equations are not yet fully under-
stood.
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There are several ways to define solutions if the drift v is not smooth, namely very

weak solutions, weak solutions, entropy solutions, and renormalized solutions. The
weak solution u € L' ([0, T']; wh! (R™)) satisfies
T
+ / / R ¢ dx,
0 0 n

loc
(1.1

T
/ / —u8t¢+AVu~V¢—uv-V¢dxdt=/ g¢ dx
0 n Rn

for every ¢ € C3°([0, T] x R") with ¢(T,x) = O for every x € R". Moreover,
assuming that A satisfies

n

3 4aij 1 %0, T] x R, (12)
8x,~

i=

for all 1 < j < n, then a very weak solution u € Lo, 771; LllOC (R™)) is defined by
the property

T
+//R¢dx.
o Jo Jee

(1.3)

T
/ / u(—8,¢+divA*V¢—v~V¢)dxdt:/ g¢ dx
0 n R7

for every ¢ € C3°([0, T] x R") with ¢ (T, x) = O for every x € R". If the Aronson—
Serrin condition holds, see [2], then one can use regularity estimates in [2] to derive
the existence of weak solutions. In the case that v and div v are bounded, R = 0,
and (1.2), see [19], it is proved that a unique very weak solution exists, see also
[5, Thm. 6.6.2] for the case of replacing div AVu with er‘l,jzl %%(aiju) which
does not require boundedness condition on div v. In general case, however, there are
some restrictions to the notion of weak and very weak solutions. First, it makes sense
only if the product u v is locally integrable, which is unclear if v = —VV where
V : R" — R does not belong to a Sobolev space. The second and perhaps more
crucial issue is uniqueness. If one removes the assumption of boundedness for v or
(1.2), then there are counterexamples of uniqueness. For example, in [28, Thm. 1.2],
it is proved that there are L”-bounded drifts v satisfying divv = 0 with infinitely
many weak solutions satisfying (1.1) in the periodic case, replacing R” with T". In
the case of R = 0, A = I, and smooth drifts v, it is necessary to have a special growth
bound on v, see [5, Ch. 9]; otherwise, there are infinitely many very weak solutions
for any initial data which is a probability density function, see [6, Thm. 1]. Moreover,
in Example 3.4, motivated by [32,35], we prove the lack of uniqueness if (1.2) does
not hold. To resolve the issues of existence and uniqueness, the notion of entropy
solutions was introduced in [8,32] for nonlinear parabolic equations, see also [3] for
nonlinear elliptic equations. The advantages are that the entropy solutions exist even
for square-integrable drifts, and whenever v = 0 they are unique. However, if the drift
is nonzero, the uniqueness and the connection to weak solutions are not clear. Finally,
the notion of the renormalized solutions was defined to address some of the previous
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issues, see the original idea for transport equations in [12] and then for the Fokker—
Planck equations in [23]. However, for the existence and uniqueness, one requires
certain properties such as div v being bounded, see [23,24]. We also mention that in
[30] it is proven that if a weak solution u exists for A = I and [v]? |u| is integrable,
then the weak solution is unique and it is a renormalized solution (although the proof
is for bounded sets, one can generalize it to R").

Motivated by [12,30,31], we define the following notion of solutions, see Definition
3.3 and Definition 4.8 for more details: A convection solution u of

o;u — div AVu + div(vu) = R,
in [0, T] x R"™ with initial data g, satisfies

T T
//ufdxdt:/ g dx +/ / R ¢ dxdt, (1.4)
0 n RV[ 0 0 n

forevery f € C3°([0, T] x R") and ¢ satisfying the adjoint equation

— 3¢ —divA*Vo —v - Vo = T,

in [0, T] x R" with ¢ (T, x) = 0 for a.e. x € R", where A* is the transpose of A. We
prove, by Proposition 3.2 and Proposition 4.5, that the adjoint equation has a unique
solution. The benefits of working with the adjoint equation —d;¢p—div A*Vep—v-V¢p =
f are the maximum principle property and energy estimates, see Proposition 3.2 and
Proposition 4.5, which implies the unique existence in a certain class of functions.
The definition of convection solution is a generalization of very weak solutions by
setting —d;¢p — div A*V¢ — v - V¢ = f in (1.3). However, the uniqueness property
and maximum principle are immediate from the definition of convection solutions,
which is not the case for weak solutions.

In the first part of the paper, we focus on bounded drifts and prove the following:
Let A be an elliptic measurable matrix-valued function, see (2.2). Then, the following
holds.

Theorem 1.1. Letv € L([0, T]1 x R"; R"), g € LY(R"), and R € L' ([0, T] x R").
Then, there exists a unique convection solution u, belonging to Ll([O, T] x RY) N
L2 ([0, T1; Wyol (RM)) for every 1 < p < 37, of

oiu — div AVu + div(vu) = R,

in [0, T1 x R"™ with initial data g. Moreover, u satisfies the following properties:

(i). Let ¢ be a non-negative smooth approximation of the identity and u. €
L%([0, T1; H'(R™)) be the smooth weak solution of

ore — div(ge * A)Viue + div((ge * v) tte) = @c * R,
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in [0, TT x R" with ue (0, x) = @ * g(x) for x € R"™. Then,

T T
lim/ / uﬂ/fdxdt:/ / uy dx de,
=0 Jo n 0 n

forevery y € C3°([0, T] x R").
(ii). There exists F C [0, T] of measure zero such that

lim dx| = dx,
s—>O;se[0,T]\F/nuw . s fngw *

for every bounded continuous function ¢ : R" — R.

(iii). If R, g are non-negative, then u is non-negative. Furthermore, if R, g are
non-negative and (In(g))~ € Llloc(]R"), then u > 0 a.e. in[0,T] x R*, Inu €
L2([0, T1; Wy, (R")), and

T T
/ / —Inu oo dxdr +/ / AV(Inu) - Vo dx dt
0 n 0 n

T
— / / ¢ AV(Inu) - V(Inu) dx dt
0 R~

T T T R
—f / v-Vgodxdt+f / (pv~V(lnu)dxdtZ/ / — ¢ dx dt,
0 n 0 n 0 Rr U

(1.5)

for every non-negative ¢ € C3°((0, T) x R").

(iv). The convection solution is a weak solution of o;u — div AVu + div(vu) = R
with initial data g.

(v). If (1.2) holds, then the convection solution satisfies the following conservation

N
/udx :/gdx—i—//Rdxdt,
n s Rn 0 n

To explain the theorem, property (i) shows that any sequence of solutions to the
equations obtained by the regularization of data converges vaguely to the unique
convection solution. In property (ii), the weak convergence to initial data g is proved,
which is stronger than the vague convergence up to a subset depending on 1 that
was the strongest result proven so far, see [5, Thm. 6.6.2]. Property (iii) derives both
the weak and strong maximum principle for convection solutions. Finally, properties
(iv) and (v) demonstrate that the convection solution is a generalization of the weak
solution and satisfies the conservation of mass if (1.2) holds, respectively.

Due to alarge number of research on convection—diffusion equations, itis impossible
to mention all of them here. However, we briefly compare Theorem 1.1 with some
highlights in the literature. The first case is when the Aronson—Serrin condition is

of mass:

fora.e.s € [0, T].
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fulfilled, where g € L® (Rz) and R € LP[[0, T]; LY(R™)] for some p,q > 1,

loc
such that 2’—’p + % < 1. Then, see [2,5], Theorem 1.1 is well-known. In the case

of (12), R = 0,¢g € L2(R?), and v = vy + vy where v; € W, ([0, T] x R?)
and (div v2)~ € L®(R?), then Theorem 1.1 is derived using a commutator estimate
or stochastic differential equation approach; see [4,19,24] and references therein.
Moreover, in [8,9, 18], the existence of an entropy and weak solutions are derived if
R = 0, where it is not clear if the solution is unique. On the other hand, for R = 0
and g > 0, the uniqueness of weak solutions is derived in [30], due to vZu being
integrable. Finally, we refer to [11] regarding boundary value problems with both
Dirichlet and Neumann boundary conditions, assuming R = 0, g € L?(R?) and using
a heat kernel argument to derive Theorem 1.1. As we see, all of the mentioned results
fail to give a unified approach to consider convection—diffusion equations with rough
conditions R, g being L!-integrable which is resolved by our notion of convection
solutions. Another advantage as we discussed is the immediate result of uniqueness of
convection solutions in the space L! ([0, T1; Llloc(R”)) which fails for weak solutions;
see Example 3.4.

The second part of this work focuses on the case of A = I,v = VYV, where
V : R" — R is a measurable function satisfying

e +eV e Ll (R,

e Visa regular weight.

(1.6)

Hence, we do not assume any integrability condition on V'V or decay estimates on V
at infinity since several interesting applications require considering such a large class
of potentials. Some key examples are V € LS (R") and V(x) = Cln |x]| forx € R?
where —2 < C < 2, see [13,36] and references therein. However, the literature on
existence and uniqueness is restricted to potentials in Sobolev spaces, see [22] and
[34, Thm. 2.2.29]. The idea in [22] is to use a minimization technique that requires
regularity and decay assumptions on the potential. The other approach in [34, Thm.
2.2.29]isto show that i = u ¢ isthe weak solutionof 3, si— Ah+VV-Vh = Re" and
then using regularity estimates to derive solutions. However, if V is not regular enough,
then the transformation idea does not work. To define a well-defined notion of solution,
we again define the adjoint convection solution ¢ for —9;¢p — A¢p + VV - V¢ = fin
[0, T] x R" for every f € C3°([0, T] x R") with ¢(T, x) = 0 fora.e. x € R". Itis
well-known that formally ¢ satisfies the weighted backward parabolic equation

—9¢p — e’ divie VVe¢) = f, (1.7)

in [0, T] x R" with ¢(T, x) = 0 for a.e. x € R”. We prove in Proposition 4.5 that
equation (1.7) has a unique solution. Now, we denote M ([0, T] x R") as all the
bounded signed Borel measures. For every R € L' ([0, T] x R"), g € LY (R"), we
define a convection solution u € M([0, T] x R") of

o — Ap —div(u VV) = R,
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in [0, T] x R” with initial data g if

T T T
//fdu=/ / g ¢ dx +/ / R ¢ dxdt,
0 n 0 n 0 0 n

for every f € C(‘)’O([O, T]1 x R") and adjoint convection solution ¢ of —d;¢p —
eV div(e VV¢p) = fin [0, T] x R" with ¢(T, x) = 0 for a.e. x € R".
Finally, we prove the following:

Theorem 1.2. Let V : R" — R be a measurable function, satisfying (1.6), g €
LYR"), R € LY([0, T] x R™). Then, there exists a unique convection solution ji €
M0, T] x R™) of

o —Ap —div(uVV) = R,

in [0, T1 x R"™ with initial data g, where

T
|,u|([O,T]xR")§T/ el dx+T/ f |R| dx dr.
R~ 0 n

Furthermore, u satisfies the following:
(i). Let @ be a positive smooth approximation of the identity and V, € C%!(R™) N

C®(R") be chosen such that ¢V, e~ Ve converge to eV, e Vin LllOC (R™), respec-

tively (see Lemma 4.4 for the existence of such a sequence). Assume that e €
L2([0, T1; HL(R™)) is the smooth weak solution of
Orphe — Apte — div(ue VVe) = @c * R,

in [0, TT x R" with 1 (0, x) = @c * g(x) for every x € R". Then,

T T
lim/ Ve dxdt:/ v odu,
e—0 Jo R 0 R

forevery Y € C3°([0, T] x R").

(ii). If R, g are non-negative, then [L is a positive measure and

.. u((s—=r,s+r)x B(x,r))
lim inf

> (infgeV +sinfRe")e V™,
r—0 |(s—r,s4+r)x B(x,r)| z (infg )

for every s € (0, T) and every Lebesgue point x € R" of eV .

(iii). If

, T s
/|g|qequx+/ (/ |R|1’epvdx)”dz<oo,
n 0 n

forsome p > 1,q > 1, then u € Ll([O, T] x R™).
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(iv). If
lige” L~ + IR e" l|lL~ < oo, (1.8)
then n € L1([0, T] x R") and

e lle < lige” Lo + T IR e” || .

(v). Ife=" € LY(R"), then the signed measure v(I) := (I x R"), for Borel subsets
I C [0, T, is absolutely continuous with respect to Lebesgue’s measure L on [0, T],
and . satisfies the following conservation of mass:

dv s
d—ﬁl(s)szngdx—i—/(; /anxdt,
forae. s €0, T].

(vi). For every f € CG°(R"), the following convergence to the initial data holds:

1 s+h
li — du = dx.
(h,i?ith fRnf # ‘/l‘gnfg .

where in the limit we let (h, s) goes to zero in the domain 0 < h +s < T.

To elaborate on the result, part (i) proves that any good regularization on the data,
see Lemma 4.4, gives a sequence of solutions that converges vaguely to the convection
solution. Parts (ii) and (iii) are a generalized form of the strong maximum principle and
a sufficient condition for having L!-bounded solutions, respectively. In part (iv), we
prove an upper bound estimate for the convection solution if (1.8) holds. Then, with
the assumption e~V e LIY(R"), we demonstrate the conservation of mass. Finally, the
last part proves the convergence to the initial data in the vague sense.

We briefly discuss the new techniques in the proofs for Theorem 1.1 and Theorem
1.2. For the first one, we apply the argument in [30, Lem. 3.4], together with using
regularization, to derive the unique adjoint solution for —9;¢p —div A*V¢ —v-V¢ = f
for bounded and square-integrable functions f in R". We then prove the conservation
of mass for regular solutions and use it to derive a sequence of functions converging
vaguely to the solution u and prove continuous convergence to initial data. To prove
the strong maximum principle, however, a nonlinear argument is applied. We first use
the linearity and perturbation to consider the strictly positive approximating solutions
u; and then extract the properties of the equation for In(x; ). This approach is new in the
context of the strong maximum principle, but it has been used to prove the Harnack’s
inequality; see [15,25,27]. For the second result, we need to use new arguments for all
the steps. First, the notion of the adjoint convection solutions is defined on a suitable
weighted Sobolev space. Then, uniqueness is followed by a test function argument,
and existence is obtained by approximating solutions and their regularity estimates,
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see Proposition 4.5. Then, again using the conservation of mass for the approximating
smooth solutions, we derive the convection solution as a vague limit. For the upper
and lower bounds, we need to use a weighted L'-estimate on the adjoint convection
solution, see Lemma 4.7, together with the Radon—-Nikodym theorem. In the next part,
ife V e LI(R"), then, by Prokhorov’s theorem, we derive the weak convergence
of approximating solutions to convection solutions. This derives the conservation of
mass for the convection solutions. Finally, we use properties of the time derivative of
adjoint convection solutions, see Lemma 4.6, to obtain the continuous convergence to
the initial data.

2. Preliminaries and notations

In the whole note, n is a positive integer number. The set B(x, r), forx € R",r > 0,
denotes the ball of radius r centered at x. We define the dilation € B(x,r) = B(x,€r)
for every € > 0,r > 0,x € R". The Holder dual of a real p > 1 is denoted by

2.1. Spaces and measures

Let T > Oand (B, || ||) be anormed vector space. Forevery F C [0, T], t € [0, T1,
and f : [0, T] — R, we say that
limsup f(s) = g,

s—t;seF

forg e Rif
lim sup f(sp) = g,

n— o0
forevery sequences, € F suchthatlim,_, s, = t.Likewise, wedefinelim infs_, ;. ;e
and limg_,;.4cF . A function f : [0, T] — B is measurable if f_l(U) is Lebesgue
measurable for every open subset U C B. Let p, ¢ be positive real numbers. Then,
LP([0, T]; B) denotes the set of all the measurable functions f : [0, T] — B such
that

T
LA 0.7 :=/ ILf@OIIP di < oo,
0
and L*°([0, T']; B) includes all the measurable functions g : [0, T] — B such that
lgllLeqo,71:8) := sup [lg@®)| < oo.
1€[0,T]

Forevery f : [0, T] — Bandh > 0, we define the shift operator zj, f : [—h, T —h] —
Bby 1, f(t) = f(t 4+ h) forevery t € [—h, T — h]. The space LY ([0, T]; Wllf)’cp (R™))
includes all the measurable real valued functions f : [0, T] x R" — R satisfying

T,k Z
/ (Z/|V"f|P> dx dr < oo,
0 \im,’B
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for every ball B C R". We denote C ([0, T']; B) as the set of functions f : [0, T] — B
which are continuous, and C ([0, T]; sz)c (R™)) is made of measurable functions f :
[0, T] — Lf;c(R”) such that f € C([0, T']; L?(B)) for every ball B C R".

We define A (R") as all the positive functions w € Llloc (R™) such that for a constant

C > 0 we have

wdx [,w ! dx
Iz /s
|B|? -

@2.1)

for every ball B C R". The smallest constant C in (2.1) is denoted by [w]4,. Now,
let w,w™! e LIIOC(R”). We define the measures dw(x) := w(x) dx, dw™'(x) =

w~!(x) dx. For every Borel subset B C R”, define w(B) := fB dw, w™(B) =
f B dw~!. The space sz (R") is defined by functions f € L\ (R") such that

loc

2 N 2
”‘f”L%U(Rn) T /]\Q" f dw < oo,
and Li’loc(R”) includes all measurable f : R” — R such that | B f2dw < o0
for every ball B C R”". The Sobolev space Hllu (R™) is defined by all the functions
f e sz(R”) such that fR" |V f|? dw < oo and for a sequence f;i € Cj°(R"), we
have

lim | fi — fI? dw—i—f IV(fi — )I? dw = 0.
R}l

i— 00 Rn

Note that by Cauchy—Schwarz inequality, we have

2
(f v/l dx) sw—1<3>/ VP dw,
B B

for every f € H}U (R™) and ball B C R”". Hence, H}U R" C Wﬁ;l(R”). In the case

C

that w(x) = 1, we denote H}U (R™) by H! (R"). The norm || gt (rny is defined by

115 oy = /R £2 dw + fR IVFI? dw,

for every f € LlloC (R™). The space Wl};z(R”) includes functions f € LIIOC(R”) such
that || f ||H11‘) ®m < 00. Note that, unlike the classical Sobolev space, it is possible for
special weights HIIU (R") #£ Wl})’z(R"), see [10,40]. We say that w is a regular weight
if Hllu R" = WJ;2(R”). Let U C R™ be a Lebesgue measurable subset for a positive
integer m. We denote the set of all the bounded and continuous real-valued functions
on U by C,(U). The space Co(U) includes all the functions in Cp(U) with compact
support. We represent the space of all bounded signed Borel measures on U by M (U).
By the Jordan decomposition theorem, for every u € M(U) there exist two unique
bounded positive Borel measures u*, u~ such that © = u* — u~. We define the
Borel measure |p| := u* 4+ pu=. If u,v € M(U) and u is absolutely continuous
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with respect to v, then we denote ‘fi—‘]f : U — R as the bounded v-measurable function
satisfying

d
W(F) = / i g,
F dl)

for every Borel subset F C U.

2.2. Coefficient

We assume that the matrix valued function A = (a;;)? =1 is with real measurable
entries A;; : [0, T] x R" — R which, for some positive A, A, satisfy the elliptic
conditions

|A@, X)X - €] < Alxl &l AG X)X - x = Mxl, 2.2)

forall x,& € R" and a.e. (¢, x) € [0, T] x R". The matrix valued function A* is the
transpose of A.

2.3. Weak and vague convergence of measures

We apply two main convergences for finite signed Borel measures here. First, we
say that u; € M([0, T] x R") is weakly convergent to u € M([0, T] x R") if

T T
i [ pan=[ [ ran
1—>00 0 Rn 0 Rn

forevery f € Cp([0, T] x R"). Second, we say that u; € M([0, T'] x R") converges
vaguely to u € M([0, T] x R") if

T T
nm/ fdm=//fdu,
i—00 0 R 0 R~

for every f € Cg°([0, T] x R"). Note that every weak convergence is a vague con-
vergence, but the reverse may not hold.

2.4. Truncation function
For every measurable function # : R* — R and k > 0, define

T () (x) = u(x) lu(x)| < k,
¢ Tk sen@) Ju@)] > k.

Then, by a standard result if u e WIL‘CP (R™), for a p > 1, then Ty (1) € Wlt’cp (R™)
and ||VT () llLr vy < I VullLr @y for every U C R”™. For p > 1, the space 77 (R")
includes all the measurable functions f : R” — R such that T; f € Wll ’Cp (R™) for

O
every k > 0. We refer to [3] for the properties of the spaces 77 (R").
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3. Existence for integrable drifts

In this section, we prove Theorem 1.1. We divide the proof into several steps.
We assume that

T >0, velL®(0,T]xR"R". 3.1
To define the notion of a solution, we need the notion of the dual solution.

Definition 3.1. Let (3.1) and f € L>([0, T'] x R") NL2([0, T] x R"). We say that
¢ is an adjoint convection solution of

—8¢ —divA*Vp —v - V¢ = (3.2)

in[0, T] x R" if ¢ € L2([0, T]; H'(R™)) N C([0, T]; L2(R")), ¢(T, x) = O for a.e.
x € R", and

T T
¢ dx +f ¢a,¢dxdt+f / A*V - Vi dx dt
R? 0 0 Rn 0 n

T
—/ Yv-Vodrdt = | f¢ dxdr,
0 R7 R7

for every ¥ € C3°([0, T] x R").

Proposition 3.2. If (3.1) holds, then, for every f € L°°([0, T] x R*) N L2([0, T x
R™), there exists a unique adjoint convection solution ¢ for (3.2) which satisfies

(T —t)inf f < ¢ (1, x) = (T —1)sup f,

@120, 731! Rey) =

2 @+l /DT
< Xe( HIvllf oo /2) ”f”Lz([O,T]xR")’

fora.e. (t,x) € [0, T] x R". Moreover, for every pointwise approximation of f, v, A
by uniformly bounded sequences f; € L2([O, Tl x RM) NL*®(([0,T] x R"),v; €
L°([0, T] x R", R"), and A; € L*°([0, T] x R", R" x R"), where A; satisfies (2.2)
and

lim || fi — n =0,
oo Il fi f||L2([0,T]><R )

there exists a sequence of functions ¢; € L*([0, T]; HL(R")) N C([0, T]; L2(R"))
satisfying

—0,¢; —divA;Veg; —v; - Vo = f;,

in [0,T] x R" with ¢;(T,x) = 0 for ae. x € R", where ¢; converges to ¢ in
C(10, T1; L, (R™) and L*([0, T1; Hj, (R™)).

loc loc
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Proof. To prove uniqueness, let ¢, ¢ € L2([0, T1; H' (R")) N C ([0, TT; L>(R")) be
two adjoint convection solutions of (3.2). Then, ¢ := ¢ — ¢ € L2([0, T]; H! R")HN
C([0, T1; L2(R™)) is an adjoint convection solution of

—0;¢p —divA*V¢ —v -V =0,

in [0, T] x R" with ¢(T, x) = 0 for a.e. x € R". Let ¢, be a non-negative approxi-
mation of identity in [0, 7] x R". Then,

—019e * ¢ — divge x (A"Ve) — e * (v- V) =0,
weakly in [, T — €] x R". Hence, by taking ¢, * ¢ as a test function and using Young’s
inequality, together with (2.2), we obtain
1

_ —a,/ e % ¢ dx
2 R’l

dx +/ @e * (A*V) - pc x V¢ dx
t R~

+ ”””i“’/ e % $I2 dx
, 20 Jro €

t

A 2
S5 | gex|VolTdx
2 Jrn

t
forevery t € [e, T — €]. Now, by Gronwall’s inequality, we derive that

ol
I ( %°°€> 5
€ / lpe * ¢|~ dx
Rn

12 oo

T—e¢ < T t)
+/ / e (pe * A*V@) - pe % V¢ dt dx
€ € "

1012 oo 12 oo

A T—e€ < 8 l) ) 1 ( )\ (T—e)) 5
< f‘/. / e Qe ¥ V|~ dxdt + —e / |@e * p|= dx
2 € n 2 Rn

By taking € — 0 in the above inequality and using the elliptic condition (2.2) as well
as ¢ € L?([0, T]; HY(R")) N C([0, T]; L>(R™)), it is implied that

T—e€

117 o0

f f e V| dx df = 0.
O n

In conclusion, ¢ only depends on time and —d;,¢p = 0 weakly in [0, T] x R". This
together with ¢; (T, x) = 0 a.e. in R” implies that ¢ = 0 a.e. in [0, T] x R". For
the existence part, we follow the argument in [30, Lem. 3.4]. Let f; € C3°([0, T] x
R™),v; € C*°([0, T] x R",R"),and A; € C*>°([0, T] x R", R" x R") be uniformly
bounded sequence of functions converging to f, v, A pointwise, where A; satisfies
(2.2) and limjoo I fi — fll 20, 7)xrry = 0. The construction of such sequences
is derived by a standard mollification argument. By a standard result on parabolic
equations, see [1], there exist smooth functions ¢; € L2([O, T1; HY(R")) satisfying

—0¢; —divA; Ve —v; - Vi = fi,
weakly in [0, 7] x R" with ¢ (T, x) = O for every x € R". Hence,

— 0:(¢i — (T —t)sup f;) —div A7 V(¢; — (T —t)sup f;)
— i - V(¢ — (T —1t)sup f;) <0,
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weakly in [0, 7] x R". By the maximum principle, see [1], ¢; — (T — t) sup f; <O.
Likewise, one can prove that ¢; — (T — ) inf f; > 0. Now, by taking ¢; as a test
function and using (2.2), we derive that

1
=SB 2y + MV 2 ) < /R b1 vi - Vi dx

—|—/ fi ¢i dx.
Rn

for every 0 <t < T. Hence, by Young and Gronwall’s inequalities, we derive that

1
sup -

N <1 1700\ 1
. 2 A 2 B (2
S0 11 M2 + 51V g 71y < € [ —

(3.3)

Then, by using the equation, it is obtained that ¢; is bounded uniformly in
L2([0, T]; H' (R™)) and 9, ¢; is bounded uniformly in L?([0, T']; H~ ! (R"))+L' ([0, T'];
LllOC (R™)). Hence, by the classical resultin [37, Thm. 6], ¢); convergesto ¢ € L2([0, Tl
Hl(]R”)) pointwise a.e. in [0, 7] x R” and strongly in Ll([O, T1; LL (RM)), up to a

loc

subsequence. Moreover, ¢ satisfies (3.2) weakly in [0, T'] x R” and
(T —1)inf f < $(t,%) < (T —1)sup f. (3.4)

Since ¢ € L*([0, T1; H'(R")) and ;¢ € L2([0, T]; H-'(R"))+L! ([0, T1; L] .(R")),
by [29, Thm. 1], we deduce that ¢ € C([0, T]; Llloc(R")). Then, by (3.4), we get

/B (1, x) — (s, X)* dx < 2T f L /B lp (2, x) — P (s, x)| dx,

forevery 0 < s < < T and ball B C R". Hence, ¢ € C([0, T]; L2 (R™)).

loc
Now, we demonstrate that ¢; converges to ¢ in the space C([0, T]; LllOC (R™)). Let

us fix ¢ € Cgo([O, T1 x R™). By taking the differences of the equations for ¢, ¢; and
using (¢ — ¢;) g02 as a test function and using (2.2), we obtain

T
A/ / V(¢ — ¢i)|* ¢ dx dt
0 R»
T
< [ [ i =40 V0 =00+ 20 - pVe) s
T
—/ / ¢* (¢ — P) vi - V(gi — p) dx dr
0 R»
T
—/ / ¢ (¢ — ¢) (v; —v) - V¢ dx dr
0 Rn

T
+/ / o (fi — f) (¢ — #) dxdt
0 R~
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for t € [0, T]. In conclusion, by using strong convergence of ¢; to ¢ in L2([O T1;

loc (R™)), (3.3), and Lebesgue’s domlnated convergence, we obtain ¢; converges to
¢ strongly in the space L2([0, T]; H lOC (R™)). Then, by using the equations for ¢, ¢;,
we derive that d,¢; converges to d;¢ in L2([0, T1; L*(B)) + L2([0, T]; H~(B)) for
every ball B C R". Hence, by [29, Thm. 1], ¢; converges to ¢ in C ([0, T']; LIOL(R”)).
Note that the argument above works also for any pointwise approximation of f, v, A
by uniformly bounded sequences f; € L2([O, Tl x R NL®((0,T] x R"),v; €
L%([0, TT; L°(R" x R™)), A; € L°°([0,T] x R",R" x R™), where A; satisfies
(2.2) and lim; o || fi — f”Lz([O,T]xR”) = 0. Finally, we prove that in fact ¢ €
C ([0, T1; L2(R™)). To elaborate the proof, let r > 0 and ¢ € C*°(R") be a function
which satisfies 0 < ¢ < 1inR", v = 0in B(0,r/2), ¥ = 1 in R"\B(0, r), and
IVyr| < % in R" for a constant C > (. By using the equation for ¢;, we take 1 ¢; as
a test function to arrive at

1 22
50 [ oF R ax

+ / AFV; - V(g ¥?) dx
t R

< [, Voo V0116112 s

t 1

+/ (il 16119 dx| .
R’l

t

Then, by using Young’s inequality, Gronwall’s inequality, and (2.2), we obtain

sup—/q&tpdx

0<t<T 2

se< : le) (/ [nz 287 oy dxdt+/ / 2y dxdr)

L} .(R™)) and L*([0, T'];
(R™)), Fatou’s lemma, and Lebesgue’s dominated convergence, we obtain

Hence by strong convergence of ¢; to ¢ in both C([0, T];

loc

l 2 2
sup ¢- Y- dx
0<t<T 2 Rn

t

ol
1+ L°°> 2
5@( * <2(CA) / / #? dxdt—i—/ / 12 dxdt).
B(0.r) 0 JRM\B.r/2)

Thus, we obtain

=0.

lim sup/ $* dx
r=>0<r<T JR"\B(0,r)

Since ¢ € C([0, T]; LIOC(R”)), foreveryt € [0, T], e > 0, ball B C R”, there exists
a constant § (¢, €, B) > 0 depending on ¢, €, B, such that

t

/ 16t x) — B (s, 1) dx < e,
B
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for all s € [0, T] satisfying |s — t| < §(¢, €, B). Lete > 0 and r > O satisfies

sup / ¢ dx
0<t<T JR"\B(0,r)

Then, for every t > 0, we have

€
< -.
8

t

f B (1. x) = p(s. 1)|” dx = / B, x) — ¢(s, x)|* dx
" B(0,r)
+/ lp (1, x) — P(s, x)* dx
R"\B(0,r)

<f+2/ ¢? dx +2/ 62 dx
2 R\ B(0,r) p R\ B(O,r)

for every s € [0, T] satisfying |s — t| < 46(¢,€/2, B(0,r)). In conclusion, ¢ €
Cc(0,T]; L2 (R™)). This completes the proof. ]

<e€,

N

Now, we define a notion of solution for convection—diffusion equations.

Definition 3.3. Let (3.1), g € LI (R"), and R € L'([0, T'] x R"). Then, we say that
u is a convection solution for

o;u — div AVu + div(vu) = R,

in [0, T] x R" with initial value g if u € L! ([0, T] x R") and

T T
/ / ufdxdt:/ g¢ dx +/ / R ¢ dx dt,
0 n R}l 0 0 n

for every f € L*°([0,T] x R*) N L%([0, T] x R") and dual solution ¢ satisfying
(3.2). We say that a convection solution u for

diu — div AVu 4+ div(vu) = R,

in [0, T] x R"™ with the initial value g satisfies the conservation of mass if
N
/ u dx =/ gdx~|—/ / R dx dt,
n s Ril 0 n

Now, we prove Theorem 1.1.

forae.s € [0, T].

Proof of Theorem 1.1. The proof is divided into several steps.
1. First, we prove the uniqueness of convection solutions. If u1, us € L' ([0, T]1xR")
are convection solutions of (3.2) with the initial value g, then

T
/ / (U1 —up)f dxdt =0
0 R®
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for every f € Cgo [0, T] x R™). Hence, u; = up a.e.in [0, T'] x R".

2. In this step, we prove some properties of approximate solutions. For now, we
assume that R, g are non-negative and (Ing)~ € L}OC(R”). We remove the extra
assumptions later in Step 6. Let ¢, be a positive approximation of identity. We de-
fine Ri = @1/i * R,gi = Q1/i * g, A,’ = @1/i % A, and Vi = Q1/i * V. Then,
R, = Ié,- + %e’xz, gi =g + ll,e’x2 are positive smooth approximations of R, g in
L! ([0, T1; L! (R™)), respectively. Note that, by Young’s convolution inequality, R; €
LP([0, T1xR"), g; € LP(R") forevery p > 1 andi. Hence, by a standard theorem on
parabolic equations, see [1], there exists a smooth function u; € Lz([O, T1; H'(R"))
such that u; (0, x) = g; (x) for every x € R" and

o;u; — div A;Vu; + div(v; u;) = R;, 3.5)

in [0, T] x R". By the strong maximum principle, see [1], u; > 0 in [0, T] x R”".
Then, taking u as a test function for @ > 0, we obtain

1
8t/ utl dx
o + l n t

—a/ ui v - Vu; dx
n

+otf u?fl A;Vu; - Vu; dx
t n

= / Riuf dx
t n
for every ¢ € [0, T]. Then, by Young’s inequality and (2.2), we obtain
1 A
at/ u Tl dx| + a—[ |Vu; Pu®~" dx
o+ 1 n ! ' 2 R? ! '

2
ol|vi [[f s 1
< (M, e /u?“der—/ R® dx| .
21 a+1) Jre o JRre

t

t

3

t

for every ¢ € [0, T]. Hence, by Gronwall’s inequality, we have

<a+1>nv, 12 1
sup f u}”l dxdr < e( (a + / / RY dx dr +f o+l dx). 3.6)
0<t<T JR" n

Now, take s € [0, T'] and a sequence functions ¥; € C;°(R") satisfying

1gw©,j) < ¥j < 1B0.2))»

Vi <Y, 3.7)

Ck
IVEy;| < -

for all non-negative integers j, k, where Cy is a constant depending on n, k. Then,

/u”pjdx :/ gi v dx —{—//ulleAVl//dedl
Re !

/fu,v, Vtﬂ/dxdt+//R1ﬁjdxdt

3.8)

@ Springer



J. Evol. Equ. Existence and uniqueness of the solutions to convection—diffusion...Page 17 of 41 32

for every 0 < s < T. Hence, using (3.6) and Holder’s inequality, we deduce

s
u; diVAiVIﬁj dx dr +/ / U;v; - Vlﬁj dx dr
n O Rn

Ci+Cr+1 [°
s(||A1-||Loo+||v,»||Loo+||VAi||Loo+1>—.// ui dx dr
J B(0,2))

o C1+Cr+ 1
< (lAillL> + lvillLe + IIVA; [IlLe + DB, DI(2/)") T ——————

e
</v/ uqﬂrl dr dt) a+1
o JBw0.2j) '
. nu,-uzoo N :
5C(2j)r+1—1T%+le( P (‘”1/ / R* dxdt+/ gt dx> -
n Rn

for @ > 0, where C is a constant depending on n and || A; ||y + |[villLe + | VA || Lee.
Taking o small enough (o < ﬁ), letting j — oo in (3.8), and using monotone
convergence theorem, we arrive at

N
/ u; dx :/ gi dx +/ / R; dx dr. 3.9
n s Rn 0 n

3. In this step, we prove logarithm-type estimates. Since u; > 0, we can define the
smooth function S; := Inu;. Hence, by (3.5), it is implied that

0;S; —divA;VS; — A;VS; - VS; +divy; +v; - VS = Rie_si, (3.10)
weakly in [0, 7] x R". Note that by (3.9), we obtain

N
/s,.*dx 5/ ¢St dx =/ gidx—i-// R; dx dr. (3.11)
n s n s Rﬂ 0 n

for every s € [0, T]. We need to prove estimates for S; . By using @2, where ¢ €
Cg°(R™), as a test function and (3.10), we get
= / Sl(pz

//(pAVS Vdedt+//ReS’¢+/ ;>
n n Rll
//2(pAVS Vo dxdr — /fZ(pv, V(pdxdtJr//(p v; - VS; dx dr,

forevery s € [0, T]. Then, by using Young’s inequality and (2.2) again, together with
(3.11), we obtain

A T T
—f / |V S; |22 dxdt+/ / Rie Sig? dxdr + sup / ST ¢? dx
2 0 n 0 n 0<s<T n
2 2 r
< 2/ ST dx| + ”(p”Loo/ gi dx + ||<p||Loc/ / R; dxdt
n 0 RVL 0 ]Rn

+(1+k>/T/ 202 d dz+5A2/T/ |Vo|? dx dt
-+ — vip” dx —_— @|” dx dr.
)\. A2 0 nl )\, 0 Rn

(3.12)

N

(3.13)
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4. Now, we use the estimates to get to a limit. By (3.10) and (3.13), for every ball
B C R*, |IS; 20,7111 (B))» |Rje™Si L1 (j0.7x B i uniformly bounded and 9, S; has
uniformly bounded norm in L?([0, 7']; H~!(B)) +L!([0, T]; L' (B)). Hence, by [37,
Thm. 6], S; converges to S € L*([0, T; HL.(R™)) strongly in L' ([0, T]; L. _(R"))

and weakly in L2([0, T1; HllOc (R™)), up to a subsequence. In particular, up to a sub-
sequence, S; converges pointwise to S a.e. in [0, 7] x R". In conclusion, by Fatou’s

lemma and (3.9), we derive

T T T
/fesdxdtfliminf/ / eSi dxdt:T/ gdx+T/ f R dxdt.
0 n 1—> 00 0 n R~ 0 n

Also, by letting i — oo in (3.12) and using [7, Thm. 4.3], together with Fatou’s
lemma, we conclude (1.5). Now, we prove that u := ¢S is the desired convection
solution. Let us fix a function f € L*®([0, T] x R") N L%([0, T] x R") and assume
that f; € C3°([0, T'] x R") converges to f in L>([0, T'] x R")-weak* and strongly
in L2([0, T] x R™). We define the sequence fik = fi Lju;<k)- Since u;, v; are smooth
and satisfy (3.5) weakly, we obtain

T
/ / uifikdxdt:/ g,-qblkdx
0 n R~

for every dual solution d)l{‘ satisfying

T
+/ / R; ¢¥ dx dr, (3.14)
0 O n

—8,¢F —div ATVeF —v; - VoF = fF,

weakly in [0, 7] x R". By Proposition 3.2, qﬁf are uniformly bounded and ¢>k , qﬁk ©, )
converge pointwise to qbk , ¢k (0, -), respectively. Moreover, ¢k satisfies

—3,¢F — div A*VeF — v - Vo* = fF, (3.15)

weakly in [0, 7] x R" with ¢*(T, x) = 0fora.e.x € R". Since |u,~fik| < k| f] and, up
to a subsequence, u; converges pointwise to u, by Lebesgue’s dominated convergence
and taking i — oo in (3.14), it is implied that
T
+ / f R ¢* dx dr.
0 0 "

T
/ / uf1{u5k}dxdt=/ g ¢F dx
0 n Rl‘l

By the same argument as above, up to a subsequence, ¢* and ¢* (0, -) are uniformly
bounded and converge pointwise to ¢ and ¢X(0, -), respectively, where ¢ satisfies
(3.2). Hence, by the dominated convergence, we obtain

T T
/ / ufdxdt:/ g¢ dx +/ / R ¢ dx dr.
0 n R~ 0 0 n

Thus, u is the desired convection solution. Since u; € L2([0, T']; H'(R")) is the
smooth solution of (3.5) with u; (0, x) = g;(x) for x € R", by using the test function
Tiu; for the equation of u; and (2.2), we obtain that
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1 2
sup %|Tk(ui)| dx
n

+kaf |V Tiui|? dx dr
- kUi X
0<i<T . 2k Jo Jge !

(1+ 1 1 00 )7 T
<e A (/ gi dx—i—/ / R; dxdt).
R 0 Jre

Hence, by Fatou’s lemma and weak convergence of VTju; to VTiu in L>([0, T]x R™),
it is implied that u € 72([0, T] x R") and

1 ) A [T 5
sup — | |Th(@)|” dx + — |V Tiu|* dx dt
o<t<T k JRn 2k Jo "

(i 1017 00 T
<\t )T</ gdx—i—/ / Rdxdt).
R" 0 Jre

By a simple application of the layer cake representation, for every bounded subset
QCcR'and1 <p <

__ we have
n—1

o0
/ |Dul? < |Q| +pf AP {x € Q: |Du| > A}| dA
Q 1

p
n_ _
n—1

o0
<19 —I—pf APTImET AL = |1Q) +
1

for n > 2, where we used [3, Lem. 4.2] on the last inequality. For n < 2, one can
simply use the same argument by applying Holder’s inequality and ¢ instead of ",
which satisfies p < g < nnTl Hence, u € L2([0, Tl; WIL’CP(R")) foralll < p < n”Tl
and u; converges to u weakly in L>([0, T']; Lﬁ)C(R")), up to subsequence depending

on p. Moreover,
T
+/ / R; ¢ dx dt,
0 0 n

T
f /uifdxdtzf gi ¢ dx
0 n Rn
forevery f € C3°([0, T] x R") and i. Hence,
T T
+/ / Rd)dxdt:/ / u f dxdt.
0 0 n 0 n

In conclusion, u; converges to u vaguely in [0, 7] x R” without any need to pass to a

T
_lim/ / ul-fdxdt=/ g¢ dx
1—>00 Jo n Rn
subsequence.

5. In this step, we prove that there exists a set F' C [0, T'] of measure zero such that

lim uy dx
s—0; s€[0,TI\F JRn

=/ gy dx (3.16)
Rn

N

for every ¥ € Cp(R"). By the Stone—Weierstrass theorem and o -compactness of R",
there exists a countable dense subset D C C;°(IR"). Let us fix an element ¢ € D and
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0 <11 < tp < T. Then, by using (2.2), the equation of u;, and test function ¢, we

have
—/ u,(pdx / / A|Vu;| |Ve| dx dt
I3 n
//|v, |u||V<p|dxdt+// i @ dx dr.

Hence, by Holder’s inequality, we derive that

/uigodx —/ u; @ dx
n 1 R~

Vi =111 5upp @17 IVl amy (A -+ vl lim sup s + 1983112 00, 71-Lrsunpen

i—00
n
—i—/ / R ¢ dx dr,
1 n

n

for every p < - Moreover, by (3.9), it is obtained that

S
SllprILoc</ g,-+f / R dxdt),
N R” 0 n

for every 0 < s < T. In conclusion, by the Arzela-Ascoli theorem, the sequence
fR,, u; ¢ dx : [0, T] = Rconverges uniformly to a continuous function fw [0, T] —»
R, up to a subsequence. Since u; converges weakly to u in L1 ([0, T]; LloC R™)), up
to a subsequence, f, = ]R" u ¢ dx a.e. in [0, T]. By combining the previous results,
fRn u ¢ dx is continuous in [0, 7] outside a set F, of measure zero, which depends
on ¢. We define F' := Uyep Fy U G, where [0, T]\G is the set of points s € [0, T']
such that [p, u dx|s is finite and s is Lebesgue point for the function [p, u dx. By
Fubini’s theorem and Lebesgue’s differentiation theorem, the subset F is of Lebesgue
measure zero. Let s € (0, T)\F and 0 < € < min(|T — s|, s). Then, by (3.9) and
Fatou’s lemma,

1 s+e
—/ / udxdt<—11rn1nf/ / u; dx dr
€ Js—¢ n 6 i—00 s n
t

=liminf/ gi dx+—/ / / R; dx drdt

i—00 R2 2e s—€ 0 n
1 s+e€ t

=/gdx+—/ //Rdxdrdt.

R” 2¢ Jy—e Jo Jmrn

Now, by letting ¢ — 0 in the above inequality and using Lebesgue’s differentiation

theorem, we arrive at
s
5/ gdx—l—f / R dx dr. (3.17)
s Rn 0 n

/udx

u,godx

lim sup
i—00

n

uip@ dx| | < ||<P||L°°/ u; dx
R s R
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Let ¥ € C;°(R") and ¢; € D be a sequence of functions converging to ¥ in C (R").
Hence, by (3.17), for every s € [0, T'] \ F we have

/uwdx —/ g dx [u(pidx —/ g dx
n s n R~ s R~
+||1/f—<Pi||L°°(JRn)</ u dx —i—/ gdx)
R” s R?
/u(p,-dx —/ g dx
n S Rn
T
+||x/f—<oi||Loo<Rn)(z/ gdx+f f Rdxdt).
Rl‘l 0 n
lim sup

/ uy dx —/ gV dx
s—0;5€[0,TI\F|JR" s R~

T
s||w—¢,~||Loo(Rn)<2/Rgdx+/ / Rdxdt).
n O n

Since i is arbitrary, it is implied that

=<

-

By letting s — 0, we derive

lim / uy dx

s—>0;[0,TI\F JR

2/ g dx. (3.18)
s R

Now, we prove that in fact the convergence in (3.18) holds for every ¥ € Cp(R").
First, by (3.17), we obtain
< / g dx.
s n

lim sup / u dx
s—0;5€[0, TI\F n

Then, by (3.18), we arrive at

Fdx = lim uy; dx
/Rn g Vi s—0:[0,T]\F /Rn vi

where /; are the increasing sequence of functions in (3.7). Thus, by combining the
previous inequalities, we conclude
= / g dx.
s n

’
s

< liminf /udx
s—=0;[0,TI\F Jrn

S

lim /udx
s—>0;5€[0,TI\F Jrn

Moreover,

lim / u(l — ) dx

s—>0;5€[0,TI\F JR

—/ u i dx

= lim /udx
s s—0:s€[0.TI\F JRn

=/ g =) dx.
Rn

s
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Hence,

=0.

N

lim  limsup f u dx
=005 50;5€[0,TI\F JR"\B(0,2i)

In conclusion, by Prokhorov’s theorem, we imply (3.16) for every ¥ € Cp(R").

6. In this step, we remove the extra assumptions in Step 2 to prove the existence
and vague convergence to the initial data. Notice that, by the definition, the convection
solutions depend linearly on R, g. Hence, it is enough to find a convection solution
for R, g™. By Step 5, for the initial data R = 0, g = ¢~ there exist a convection
solution u,. Since In(g™ + e_xz) > —|x|2, there exists a convection U g solution with
initial data R™, g+ + e, Taking the difference u., — u, gives us the desired result.
Also, by Step 5, there exist sets F, F» C [0, T'] of Lebesgue measure zero such that

= / €_X2 Ip dx,
s "

=/ (gT +e )y dx,
s R"

lim / ue Yy dx
Rn

s—0; s€[0,T]\Fi

lim / Ueg ¥ dx

s—0; s€[0, T\ F>

for every ¥ € Cp(R™). Hence,

(ueg —ue) ¥ dx

lim = T dx,
s—0;5€[0,TI\(F1UF2) Jrn s \/]Rn g I//
for every ¥ € Cp(R").

7. Finally, we prove that the convection solutions are weak solutions and they satisfy
the conservation of mass. Let ¢ € C;°([0, T] x R") such that ¢ (T, x) = 0 for every
x € R". Then,

T
f f —u; ¢+ AijVu; - Vo — u; v - Vo dx dr
O n

T
=/ giq&dx—}—/ / R; ¢ dx dt.
R~ 0 n

Since u; converges to u pointwise a.e. in [0, 7] xR" and weakly in L2 ([0, T, WIL’CP (R™))

forl < p < up to a subsequence depending on p, we derive that

_n_
n—1°

T T
/ / —uatqb—l—AVu-V(ﬁ—uv-V(bdxdt:/ gqbdx—l—/ / R ¢ dx dr.
O Rll Rﬂ 0 Rﬂ

Thus, u is a weak solution. Finally, we prove that u satisfies the conservation of mass
if (1.2) holds. Let take F C [0, T'] defined in Step 6 and s € [0, T] \ F. Assume that
Vi € Cg°(R") is the sequence of functions in (3.7).

Define

i T
0,(r) := 5/r H gy dr,
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for every r € [0, T']. Then, by (1.2), we have
fi i= = 30; Yi)—div A*V(6; ¥)—v-V(6; ) € L¥([0, TIxRMHNL*([0, T]xR"),

weakly in [0, T] x R" and 6; ¥, (T, x) = O for every x € R". Hence,

T T
/ ﬁudxdt:/ 0; ¥ g dx +/ / 0; ¥i R dx dr.
0 R” R” 0 0 n

Taking i — oo above and using Lebesgue’s dominated convergence and Lebesgue’s
density theorems, we derive that

N
/udx =/gdx+// R dtdx,
n s ]Rn 0 n

which completes the proof. 0

Example 3.4. We use the idea in [32,35] to demonstrate the non-uniqueness of weak
solutions for coefficients that do not satisfy (1.2). Assume that a;;(¢,x) = §;; +
(a — 1)% for (r,x) € [0,T] x R" and n = 2, 3, where the positive constant a
is to be determined later. Then, by a classical result of Serrin, see [35], the function
u(x) = x1]x|'7""€ is a weak solution for —div AVu = 0 in R", where 0 < € < %
and a = ﬁ We note that Vu ¢ W]]O’CZ(R”) and Vu € WIL’CP (R™) for every
P <; +271 . Now, let ¢ € C°(IR") be a cut-off function such that ¢ = 1 in the unit
ball B(0, 1) and define R := —div AV (u ¢). Since — div AVu = 0 in R"” weakly and
A, uare smoothin R"\0, we obtain R € C3°(R").If we define g := u ¢, thenu ¢ is the
weak solution of 9, (u ¢) —div AV (u ¢) = Rin [0, T'] x R" with initial data g, and u ¢
does not belong to L([0, T]; W,52(R™)). Since g € L*(R"), R € L*([0, T] x R"),
by variational method in [26] or Galerkin method in [14], there exists a solution
ii; € LX([0, T]; Wy 2 (B(0, i))) which satisfies dii; — div AVii; = R weakly in
[0, T] x B(0, i) with initial data g. By standard regularity estimates, we derive

2

- 2 2
alliillz o 7w 280,y = 1RIL20, 7180, T 181L280.00)°

Hence, up to a subsequence, ii; converges weakly to i in L2([0, T']; W 2(R")) which
satisfies d;u — div AV = R weakly in [0, T'] x R" with initial data g. Moreover,
w := u—ii belongs to L ([0, T']; W]l(;c1 (R™)) and satisfies 9, w —div AVw = 0 weakly
in [0, T] x R with the initial data O but w # 0.

4. Existence for drifts induced by potentials

In this section, we assume that 7 > 0 and V : R” — R is a measurable function,
which satisfies (1.6). The following examples are the main motivations:
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Example 4.1. 1f V. € L2 (R"), then ¢¥ + e~V € L} _(R™). To prove that e~ is a

regular weight consider f € Hi,v (R™) and ¥; € C3°(IR") constructed in (3.7). Then,

C2
ua—mvﬁuw@sé‘ﬂ—%f+ﬁ)ﬂ+a—mﬂvﬁde

Hence, by Lebesgue’s dominated convergence lim; o0 [[(1 — ¥;) f Il SR = 0.

Moreover, since v; f is compactly supported and e~" is comparable with Lebesgue

measure on compact subsets of R”, there exists f; € C{°(R") such that || f; —

Vi fllg J Ry = ll In conclusion, by triangle inequality, we derive thatlim; . || fi —
-

f”]—[i_V(Rn) =0.

Example 4.2. Let V(x) = Cln|x| for x € R" and a constant —n < C < n. Then,
eV belongs to Muckenhoupt weight A, (R"), see [21, Ch. 15]. Hence, eV +e Ve
Llloc(R") and, by [21, Thm. 15.21], e Visa regular weight.

We need the following concept of an adjoint convection solution.

Definition 4.3. Let f € L°°([0, T] x R") ﬂLi_V ([0, T] x R™). We define the adjoint
convection solution ¢ € L2([0, T; H!_, (R") N C([0, T]; Lg_V(R")) of

—9p — e’ divie Vo) = f, 4.1)

in[0, T] x R*if (T, x) = 0 for a.e. x € R"” and

T
+/ / ¢y deV dr
R)l 0 0 n

T T
+/ / Vo - Vi de*th:/ f de”V dr,
0 n 0 Rll

for every ¥ € C3°([0, T] x R").

¢y de”

We need the following auxiliary lemma.

Lemma 4.4. There exists a sequence V; € C»1(R") N C>®(R") such that infgn V; >
—o00, Vi converges pointwise to V, and eVi e Vi converge to eV, e Vin Ll(B),
respectively, for every ball B C R". Moreover, ife=" € L' (R"), then e=Vi converges
toe " in LV(RM).

Proof. Let ¢, be a positive approximation of identity, where € is a positive constant.
Define Ve g 5(x) := @c * (VIB(O’é))(x) +8/Ix2+1 € COLRY) N C®(R") for
every x € R", where 0, § are positive constants. Then, infgr: V¢ g s > —o0o. Since

eV +eV € LIIOC(R"), we obtain that e!V! e Llloc(]R”). Hence, by IZ_!" < eVl for

every positive integer n, we derive that V € Lﬁ)c (R™) for every p > 0. Now, we prove
that

lim eVets _ oV + fleVeks — =V -0, 49

(€,0,6)—0 I It gy + I 317 (4.2)
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for every ball B C R". Let us fix a ball B C R". Since B is bounded,

eVe,H,(S + e*Ve.k,E < CBe(pe*qulB(U,%))
B B
for constant Cp depending on B. By a variant of Lebesgue’s dominated convergence,

see [16, Thm. 1.20], it is enough to prove that

. per(VIT, 1)
(cm e 100" — e gy = 0. (4.3)

By Young’s convolution inequality, we obtain

[ e Vitg x| locx@vitaomr as = [ vie ax
B 10 R (1+€)B

for every p > 1. Hence, by the monotone convergence theorem, it is obtained that

oerVilyq 1)) |pe * (|V|13(0 ))|’
e ’ Z
B
VI
SZ/ | |—dx—/ eVl < 0.
o Javes J! (14+6)B

Also, by Fatou’s lemma, we have

.. ex(|V|1 )
/e'vl dx < hmlnf/ e BO.5) qx.
B

(e,0)—>0Jp
. Pex(IVI1,01)) . Pex(IVI1,0 1))
Hence, limc,g)—0 [ € POT dx = [y ¢!Vl dx. Then, since e BO.3)" con-
. . V| . . . . . W€*(|V|13(0 l))
verges pointwisetoe'!” !, by Riesz—Scheffé—Brezis—Lieb lemma we obtain e b

converges to e!V! in L' (B) as (¢, 0) goes to 0. This completes the proof of (4.2). Now,
ifemV eL! (R™), we construct a sequence of €;, 6;, §; converging to zero such that

1*1520 ”67‘/61',91"51' — e_V”LI(R") = 0 (44)
l
. Yex(IVIL, 01.) _ 2 _ 2
Since e~ Vebs < Lg 0. 1ieye BO.5 4 o=/ IXIP+1 gnq Jne VI < o0, by
>0

(4.3) and a variant of Lebesgue’s dominated convergence, see [16, Thm. 1.20], we
have

— _ 2
VIB(O%) 84/ 1x[*+1

51135 le=Veos — e It gry = 0. 4.5)

1,64/ [x]2+1
BO.5)

-Vi

Also, by Lebesgue’s dominated convergence and e < eV +
KP+1 we deduce
. Vi1, =8/lxP+1 /Ix21
llm ||€ B(O’g) V=dyx P41 ”LI(R”) = 0
6—0 (46)

x[2+1

. —V-5 -V _
lim le e lipt gy = 0.
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In conclusion, by triangle inequality, (4.5), and (4.6), there exists a sequence (¢;, 6;, §;)
converging to 0 such that (4.4) holds. 0
For simplicity, define the weights

wi=e Vi, wi=eV,

where V; is the sequence in Lemma 4.4. We now construct an approximating sequence
of weak solutions for (4.1).

Proposition 4.5. For every f € L®°([0, T] x R") NL2([0, T1; L2 (R")), there exists
a unique adjoint convection solution ¢ € L2([0, T; H}” R™) N C(0, T, Li) (R™))
of (4.1)in [0, T] x R". Also, ¢ satisfies the following:

(i). For every uniformly bounded sequence f; € 1L°°([0, T1xR"HNL2([0, TT; Lﬁj (R™))

which converges to f in L2 ([0, T] x R™), there exists a sequence ¢; belonging to
L2([0, T1; H (R NC(O,T]; Lﬁ) (R™)) which are adjoint convection solutions of

—d¢i — e 1 divie "1 Ve = fi, 4.7)

in [0, T] x R™, and ¢; converges to ¢ in C([0, T]; LIOC(R")).
(ii).

(T —n)inf f < ¢(t,-) <(T —1)sup f,

p—2 2 e(p 1)T
sup —||¢(t N2, ") +lé 2 Vo o < —If17, n
0<t=T P L% (Rm) L2,([0,T1xR ) L% ([0,T]1xR")’
sup  [ltap(t, ) — o (1, )% "
0<t<T—h Lo R

T
eT(Ilfhf ~ FIE2 qo.r i + /H / Vis dw),

forevery p > 1, where f € LL,(R"), and0 <h < T.

Proof. For the uniqueness, it is enough to prove that 0 is the only adjoint convection
solution of (4.1) if f = 0. Let ¢ € L2([0, T]; H, (R™)) N C ([0, T]; L2 (R™)) be an
adjoint convection solution of

—0,¢ — eV div(e " Vg) = 0, (4.8)

in [0, T] x R". We assume that 0 < € < T, ne € C§°(R) is an approximation of
identity, and 8 € C§°((e, T — €)). Then, for every ¥y € C3°([0, T'] x R") we have

T T
/ / @ 0 (e * (BY)) dwds +/ / V¢ - V(ne * (By)) dwdr =0,
0 R~ 0 Rn

where we used n. * (By)(t,x) =0if r =0, T and x € R". Hence,

T
//—ﬂlﬂf?z(ne*fﬁ)ﬂwdwdt
0o Jre

T
+/ / BV(ne % ¢) - Vi dwdr =0
0 R7
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forevery ¢ € Cgo([O, T1xR").Since w isaregular weightand ¢ € L2([O, T1; H}U(R”)),
we can take an approximation of ne * ¢ by elements in C;°([e, T — €] x R") in
L2([e, T — €]; H! (R™)) to obtain

T
/f_ﬂat(ns*¢)ne*¢det
0 JRre
T
+/ BVnex¢-Vnex¢ dwdt =0.
0 JRre
Thus,

1 T T
-/ / (e * )0, B dwdt—i—/ / BVnex¢-Vne x¢ dwdt = 0.
2Jo Jge 0o Jre
Letting ¢ — 0 in the above derives that
1 T T
—/ / ¢ 0,8 dw dt +/ B1Ve|> dwdr =0 (4.9)
2 0 n 0 R”
forevery 8 € C(‘)’O((O, T)). By approximation and the assumption ¢ € C([0, T]; Lﬁj R")HN

L2([0, T, H}H(R")), we can assume that 8 € c%1([0, 1) and BO) =B(T) =0in
(4.9). Define

0 0<tr<t,

it—1 T<r<?
Bi(1) =11 F<r<1-3

i(r-n-1T-%2<r<T7-1

0 T—-1<t<T,

fori > & + 1. Then, by definition 8; € C%!([0, T1) and B;(0) = ;(T) = 0. Hence,
by using ¢ € C([0, T1; L2 (R")) NL2([0, T]; H. (R")) and replacing f by ; in (4.9),

we deduce
/ / |V¢| dw dt
O n

T
= lim > 0 Bi dwdt—i-/ / Bi IVo|?> dwdr = 0.
Rn 0 R7

i—00 Jg

¢2 dw
Rn

¢dw

Hence, V¢ = 0 and ¢ is a function of time. By (4.8), we imply that —d;¢p = 0 in
[0, T]xR". Since ¢ (T, x) = Ofora.e.x € R", we conclude that ¢ = 0. Now, to prove
the existence part, let f; € C;°([0, T]xRR") where f; is auniformly bounded sequence
which converges to f in L2([0, TT; L%U (R™)). By the standard theory of parabolic
equations, see [1], there exists a smooth weak solution ¢; € L>([0, T]; H'(R"))
satisfying (4.7) and ¢; (T, x) = 0 for every x € R”. Then, by Proposition 3.2, we have

(T —t)inf f; < ¢i(t,-) < (T —t)sup fi, (4.10)
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forevery 0 <t < T.Let0 < T’ < T. Using ¢; |¢,~|f”_2 w;, for p > 1, as a test
function gives

! p
0 — i |7 dw;
D JRrr

Hence, by Young and Gronwall’s inequality, we obtain

+pr 1641721V du dr S/R il 1P dw;
t n n

t t

1 o r _
sup —/ i1” dw;| +pe P ”Tf / 1P 2|V i |* dw; dr
T/SISTP R t T n

e(pfl)T T
< //mv’dwidt,
p i n

for every p > 1. Now, by definition ®; := 1,¢; — ¢; is the weak solution of

4.11)

-0, P — AD; +VV; - VO, =1 f; — f;,

in [0, T — h] x R" with ®;(T — h,x) = —¢;(T — h, x) for x € R", where the shift
operator t is defined in Sect.2.1. Taking ®; w; as a test function and using Young’s
inequality as above, we obtain

T—h
f / ltn fi — fil? dwidt~|—/ ®X(T — h, x) dw;.
0 R» Rn
(4.12)

sup /Cblz dw;| <el
0<t<T—h JR" t

Note that by integration by part the term VV; - V¢; disappears. Indeed, we used

T—h
/ ( AD; + VV; - VO,)D;w; dx dt

T— h T—h
/ / |V<I>| dwldt+f / O;VD; - Vw; dx dt
T—h
+f f ®wiVV; - VO,
0 n
T—h
=/ / Vi[> dw; dr > 0,
O n

where we noted that Vw; = Ve Vi = —w;VV;. Let B C R" be a fixed ball and
0 <1t; <ty <T.Then, by Cauchy—Schwarz inequality and (4.11), it is implied that
2
) <w;'(B) sup / i — il dui|

( sup /|Th¢z ¢il dx
0<t<T—h 0<t<T—h

T—h
<ew (B)(/ /|thf, fil dw,dt—i—/ /|f, dw,dt)
T—h n
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In conclusion, limy_.q sup; ||[th¢; — @i ||L1([0’T7h]xB) = 0. Moreover, by (4.11) and
Cauchy—Schwarz inequality, we have

%) 2 n
(/V/madrdo sm—wow*w{// IVi|* dr dw;
B 1 B Jny

n
<Te’ w;I(B)/ f7 dt dw;
B Jty

Thus, by Sobolev embedding, fflz ¢; dt is relatively compact in L' (B). Now, by the
classical result in [37, Thm. 1], ¢; is relatively compact in C ([0, T']; L! (B)). Hence,
up to a subsequence, ¢; converges to ¢ € L°°([0, T] x R") N C([0, T]; 1OC(R")) in
c(o, 1y, LIOC(R")) and L°°([0, T] x R™")-weak*, where ¢ (T, x) = Ofora e.x € R".

By Lemma 4.4 and (4.11), for every ball B C R", we have w; V¢, is uniformly

bounded in L2([0, T'] x R", R") and w w 2 converges to w2 w2 , respectively,

in leoc (R") Now, we will use ¢; converges to ¢ in L°°([0, T] x R")-weak* to show

that w; V¢, converges to w2 V¢ weakly in L2([0, T] x R", R™). In fact, if w; V¢l
converges to F = (Fy, - - -, F,) weakly in L>([0, T] x R" R"), then

T | T
lim / / <I>wi28qu),~ dx dr :/ / ® F; dxdr,
i—o0 Jo n 0 n X

forevery 1 < j < n and CD € L%([0, T] x R™). Now, by Hélder’s inequality and the

convergence of w; -3 to w2 in L2(R"), we obtain

T
1lim / / w; (p w; 8qub, dxdr = / / pF; w_% dx dt,
11— 00 n 0 R

foreveryl < j <nandg € Cgo ([0, T] x R™). Then, by the convergence of ¢; to ¢
in L*°([0, T] x R")-weak*, we arrive at

T T T
/ / gpF,-w—%dxdz:.hmf f 00y, dxdt:—/ ¢ 0y, dx dr.
0 n 1—> 00 0 n 0 Rn :

In conclusion, F = w%Vqﬁ. Moreover, using (4.11) and Lemma 4.4 again, we derive

1
that wl.2 ¢; converges to u)% ¢ weakly in L2([0, T] x R™). Now, we prove that ¢ €
c(o, 1], sz (R™)). By Fatou’s lemma, (4.11), and (4.12), we obtain

sup [ ing - P

0<t<T—h JR t

T—h T
_eT</ / |rhf—f|2dwdt+/ fzdwdt),
0 R® T—h JR"

which proves that ¢ e C ([O T, L2 (R™)). Then, using (4.7), (4.10), and the weak

convergence of w; qu, , W; 2 i tow > Vo, w 2 ¢, respectively, we imply that ¢ is a weak
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solution of (4.1) with ¢ (7T, x) = 0 a.e. in R". Since ¢ is unique, we derive that ¢;

converges to ¢ in C([0, T]; LIIOC(R")) without any need to pass to a subsequence.

To complete the proof of part (i), we note that the proof above applies to any f; €
L0, T x RN Lﬁ)([O, T1 x R"™) converging to f in L*°([0, T'] x R")-weak* and
sz([O, T'1 xR™). Finally, recall that, ¢; converges to ¢ in C ([0, T']; L (R™)). Hence,

loc

part (ii) is obtained by applying Fatou’s lemma in (4.10), (4.11), and in (4.12). O

The following lemma derives some properties of the adjoint convection solution if
the right-hand side is time-independent.

Lemma 4.6. Let f € C°(R") and ¢ be the adjoint convection solution of (4.1) in
the set [0, T] x R"™. Then, for every 0 < s < T, ¢°(t,x) ;== ¢t + T — s, x), for
0 <t <s,x € R" is the adjoint convection solution for

—3,¢° — eV div(e”"Vo*) = f,

in[0, s]xR". Moreover, for every weak solution ¢; € C*°([0, T1xRMHNL2([0, T1; H (R™))
of —0:¢p; — Ap; + VV; - Vo, = 0with ¢;(T, ) = 0, we have 0:¢; converges to 9;¢p
inC([0,T]; LIIOC(R")), u¢(T,x) = —f(x)forae x € R", and

0:pllLoe < Il fllLoe-

Proof. The proof uses the argument in Proposition 4.5. Let V; be as in Lemma 4.4
and ¢; € L2([0, T]; H' (R™)) be the smooth weak solution for

—0ipi — A +VVi- Vo = f,

in [0, T] x R" with ¢; (T, x) = O forevery x € R". Then, d:f (t,x) =¢it+T —s, x)
for0 <t < s, x € R" is the adjoint convection solution of

—3,¢9) — e i div(e™"1VeP) = f,

in [0, s] x R". Since ¢; converges pointwise to ¢*, by Proposition 4.5, ¢* is the adjoint
convection solution of

—9,¢° — eV div(e V' Vg®) = f,
in [0, s] x R”. For the second part, we have
—0:(9;¢i) — A9 i) + VV; - V(3:¢i) =0, (4.13)
weakly in [0, T] x R" and
0:9i (T, x) = =A¢i (T, x) + VVi(x) - Vg (T, x) — f(x) = —f(x) (4.14)
for every x € R". Hence, by the maximum principle, see [1], we arrive at

19 i lloe < Il fllLee. (4.15)
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Define ®; := 9,¢; — f. Then, ®; is the weak solution of
—0;®; — AD; +VV; - VO, = Af —VV; - VS, (4.16)

in [0, T] x R" with ®; (T, x) = 0 for every x € R". Hence, by taking ®; w; as a test
function for (4.16), we obtain that

1
—53,/” @7 dw;

In conclusion, by Young’s inequality, we derive that

T T
sup / 112 du +f / |vc1>i|2dwidrs/ / VP duw dr,
n t / n T/ n

T'<t<T
4.17)

+/ |vq>,~|2dw,~=—/ Vf-Vo; dw;.
[ n n

forevery0 < T’ <T.Let0 <h < T and \Illh = 1;,P; — ®;. Then, \Ill.h(T —h,x) =
—®;(T — h, x) for every x € R" and

—3 W — AW 4 VV; VU =0, (4.18)

in [0, T — h] x R". By taking the test function ‘-Illh w; for (4.18) and using (4.17), it

is obtained that
T
B AR TR L
t T/ n n T—h

T
5/ / |V f1? dw; dr.
T—h JR"
Hence, by Cauchy—Schwarz inequality, we have

T—h 2 T—h
f f W/ dxdr| < Twl._l(B)/ / |W!2 dw; dr
0 B 0 B

T
< Tzw;1(3>/ / IV £1? duy; dt,
T—h n

sup /lll-'ih|2dw,-
0<t<T—h JR"

for every ball B C R". Therefore,

lim lim sup ||z, ®; — ®; =0,
e i»oop IItn ®@; l”Ll([O,T—h]xB)

for every ball B C R". Moreover, by using Cauchy—Schwarz inequality and (4.17),
we deduce that

)
</ V/ ®; dr
B 1

2 )
dx) <(h—1) wi_l(B)/ / |V, |* dr dw;
B Jny

n
§wa1(B)f/ IV £1? dr dw;
B J1
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forevery 0 < t; <1, < T and ball B C R". Then, forevery 0 < t; <1, < T, by
Sobolev embedding, fttlz ®; dr is relatively compact in L (R"). Hence, by the classi-

loc

calresultin [37, Thm. 1], 0;¢; = ®; + f is relatively compactin C ([0, T]; LL (R").

loc

Then, since ¢; converges to ¢ in C([0, T']; LL (R") by Proposition 4.5, we obtain

loc

that 9;¢; converges to 9;¢ in C ([0, T']; L1 (R™)). This together with (4.14) and (4.15)

loc
completes the proof. U

We also need the following L!-estimate lemma.

Lemma 4.7. Let f € Co([0, T] x R") and ¢ be the adjoint convection solution of

4.1)in [0, T] x R™. Then,
T
sup f || dw 5[ / | f] dwdr.
0<t<T JR" t 0 R
T
:/ f dwdt,
Ky S R~

Moreover, if w € L'(R"), then

¢ dw
Rll

forevery0 <s <T.

Proof. Without loss of generality, by decomposing f = f+ — f~, we can assume
that f is non-negative. Let ¢; be the approximating sequence in Lemma 4.4 and
consider the test functions v; w; where ¥, is defined in (3.7). Then, by Lemma 4.4,

0 <¢i < Tl fllL>o,7]xr) and

/ i ¥j dw;
Rn

Now, by Holder’s inequality and Lemma 4.5, we obtain

T T
+/ —¢; div(w; V) dx dt =/ / f¥jdw;dr.
t t R? ¢ R

sup
0<t<T

T
f —¢i div(w; V) dx dr
t Rl‘l

—1 4
< llwi @illiLe qo.r1xny lw; ™ divwi VDI 10, 77rm)
p—1
T W S
=e Sﬂgpwil ”f”Lf,’}l.([(),T]xR”)”wi dw(wiij)||L1’/([0,T]><]R")’

for every p > 1. Letting p < %5 and taking j — oo in the inequality above, we

arrive at
T
=/ / f dw; dz,
s s Rn

for every s € [0, T], where we used Lemma 4.4 to derive

@i dw;
Rll

sup w; = e—mfRn Vi

]Rn

< 00,

-1
supw; |Vw;| < ”‘/[”Co,l(Rn) < 00.
]Rn
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Now, using Lemma 4.4 and Proposition 4.5, ¢; (s, -) converges pointwise to ¢ (s, ) for
every s € [0, T], up to asubsequence depending on s, and w; converges to w pointwise
andin L] (R"). Hence, by Fatou’s lemma and Lebesgue’s dominated convergence, it

loc
T
/ ¢ dw 5/ f dwdz.
n s s Rn

is obtained that
for every 0 < s < T. Moreover, by Lemma 4.4, Proposition 4.5, and Lebesgue’s
dominated convergence, the inequality above is equality if w € L' (R"). O

Now, we define the notion of convection solutions.

Definition 4.8. We say that u € M([0, T] x R") is a convection solution for
o — Ap —div(uVV) = R, 4.19)

with initial value g if

T
//fdu=/ o dx
0 R» R»

forevery f € Cé’o ([0, T]1xR™) and weak solution ¢ of (4.1). We say that a convection
solution u for

T
+/ ¢ R dxdt,
0 0 JRr

o — Ap —div(u VV) = R,

with the initial value g satisfies the conservation of mass if the measure v(/) :=
w(l x R™), for Borel subsets I C [0, T], is absolutely continuous with respect to
Lebesgue’s measure and

W / d+/S/Rddt
S) = g dx X dar,
d£1 Rn 0 n

Proof of Theorem 1.2. We prove the Theorem in several steps.
1. Similar to Theorem 1.1, the uniqueness follows directly by the definition. To
prove the existence, by the linearity of the equation, we can assume that g, R are non-

forae.s € [0, T].

negative. Let g;, R; be the non-negative smooth approximation of g, R in L' (R"),
L1 ([0, T] x R") constructed in Theorem 1.1. By a standard theory of parabolic equa-
tions, see [1], there exists a non-negative weak solution u; € C*°([0, T] x R") N
L2([0, T1; H'(R")) of

Orpi — Api —div(u; VVi) = R;.

with ©; (0, x) = g;(x) for every x € R". By Theorem 1.1, we have

T
m([O,T]xR”)ET/ ¢ dx+T/ / Ri dxdr,
R» 0 n
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and

T
f fd,ui=/ ¢i gi dx
0o Jre R

forevery f € C°([0, T] x R"), where ¢; € C*°([0, T] x R") NL2([0, T]; HY(R™))
is the weak solution of

T
+ / ¢ Ri dx dr,
0 0 R~

—0pi — A + V¢ - VVi = f,

in [0, T]xR"* with ¢ (T, x) = O forx € R". Hence, up to a subsequence, j1; converges
to u € M([0, T] x R") in the vague topology, see [16, Thm. 1.41]. Moreover, by
Lemma 4.4, ¢; is uniformly bounded and converges to ¢ € Lﬁ)([O, T, H}U R™) N
C([0, T1; L2 (R™)) in C([0, TT; L. (R™)), where ¢ is the unique adjoint convection
solution of (4.1). In conclusion,

T
/ fdu=/ 6 dx
0 Rr R”

forevery f € C3°([0, T] x R"), where ¢ is the adjoint convection solution of (4.1),

and
T
+T/ / R dx dr. (4.21)
0 0 n
Moreover,

T T T
_lim/ / fdu; = ¢ g dx +f ¢iRdxdt=/ fdu.
i»ooJo Jrn R o Jo Jrn 0 JRre

Thus, p; converges vaguely to p without any need to pass to a subsequence.
2. Assume that

;4 T S\
f lgl?w™ dx+/ / IRIPw™ P dx | dr < oo,
n 0 n

for some p > 1, g > 1. To show that u € Ll([O, T] x R"), by Radon—Nikodym, it is
enough to prove that u(E) = 0 forevery subset E C [0, T'] x R” of Lebesgue measure
zero. Consider asubset E C [0, T] x R" of Lebesgue measure zero and functions f; €
C3° ([0, T] x R™) approximating 1 g in L*°([0, T'] x R")-weak*. By Lemma 4.4, there
exists an adjoint convection solution y; € L2([0, T]; HL (R")) N C ([0, T1; L2 (R™))
of

T
+ / ¢ R dx dt, (4.20)
0 0 Rn

LI(0, T x R") < Tf ¢ d
Rﬂ

—dy — e divie™ ' V) = fi,

T
+/ / vi R dx dt.
0 0 n

in [0, T'] x R". Hence,

T
/ fidu=/ vi g dx
0 R» Rn
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Then, by Lemma 4.4 and Holder’s inequality, we have

[ ] = 10 gy N ™
+TY7 sup lyi(t, Iy r @ IR w7 1
0<t£ i LD ®") LL([0,T;LY (Rm))
< "l filigqo.rixrn g w ™y @,

1 T -1
+ T /Pe ||ﬁ ”Lg([O,T]XR”) ”R w /p ”Ll([O,T];Lp,(Rn)).

Taking i — oo implies that u(E) = 0.

3. In this part, we derive an upper bound estimate for the convection solution. Let
R, g satisfy (1.8). Without loss of generality, again we assume that g, R are non-
negative and u is the convection solution of (4.19) with initial data g. Lets € (0, T)
and x € R". We consider a sequence of function f; € C5°((1 + %)I x (1 + %)B)
satisfying f; = 1in I x B, where I C [0, T], B C R" are open balls satisfying
s € I,x € B,and i is large enough such that (1 + ll.)I C [0, T]. Then,

d R dx dz,
/ Awlxm / %gx+/‘Rf“ >

where ¥; € L2 ([0, T1; HL (R")) N C([0, T]; L2 (R")) is the non-negative adjoint
convection solution of

. 1
—0py; — eV div(e™V Vi) = mfi,

in [0, T] x R"™. Hence, by Lemma 4.7, it is concluded that

M(IXB) /' £ d 1 W' q +/T iR drdi
7 x B |I><B| o T |I><B| K prax

<7 ﬂg lhw/ / fi dwdt
o ﬂRw hw/ / f dwdr.

Hence, by [16, Lemma 1.2], Radon—Nikodym theorem, and Step 1, it is concluded
that u € L([0, T] x R") and

-1 -1 -1
lww e < llgw e + TR w™ " [lree.

To prove the strong maximum principle, without loss of generality, let R, g be non-
negative and inf g wl+inf Rw=! > 0. Then, w € L (R™) and, by Lemma 4.7, we
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have
w(1+ DI x (1+1)B) _ 1 /T/ £ du
L+ D)< (1+7)B] — [(1+ )1 x (1+7)B| Jo Je
1 T
—|I><B|< - w,-gdx—i—/o - 1/f,~Rdxdt>

inf gw™! /T i dwdr
T+ Hrx 1+ DBl Jo Je

N inf Rw™! /T/T/ F: dwdrdr
i w ar .
[+ Drx @+ Dp[So S Je”

This concludes that

.. pm((s=r,s+r)x B(x,r))
lim inf
r—0 |(s—r,s+r)x B(x,r)|

> inf(g w™! + sinf R w_l) w(x),

forevery 0 < s < T and Lebesgue point x € R" of w.

4. Now, we prove the conservation of mass. Assume that w € L!(R") and R, g are
non-negative functions. We take the same sequences of functions R;, g;, V;, i; as in
Step 1. Define f = lgrm p for a ball B C R". Then, by Lemma 4.4, w; converges
to w in L'(R") and f € L®([0, T] x R") N L3 ([0, T] x R") for every i. Hence,
by Proposition 4.5 and Lemma 4.7, there exists an adjoint convection solution qbig €
C([0, T]; L3, (R") N L2([0, T1; H}, (R")) of

—0,¢) — e dive™"1 Vo) = f,
in [0, T] x R", where

67 ey < T, sup 167 (2, )l gy < wi RV \ B).
0 T ¢

<t<

Moreover, as i — 00, ¢Z.B converges to qu in C([0, T1; LlloC (R™)). Hence, by Fatou’s
lemma and Lebesgue’s dominated convergence, we derive

sup [1¢® (. It gy < wRY \ B),
0<t<T

T
lim sup/ / du; < ¢Bg dx
i—oo JO "\B R

In conclusion, by replacing B by B(0, j) and using again Proposition 4.5, we derive
that, ¢B ©.5) is uniformly bounded and converges to zero in C ([0, T']; Ll (R™)). Then,

loc
T
lim lim supf / du; =0,
J=0 oo JO "\ B(0, )
where we used Lebesgue’s dominated convergence above. Hence, p; is a tight se-
quence, and, by Prokhorov’s theorem and Step 1, it converges weakly to u. Let

T
+/ #® R dx dr.
0 0 R”
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[ORS Cl([O, T]) be a fixed function where ®(7') = 0. Then, —0; P —AP+VI-VV; =
—0;® weakly in [0, T'] x R" and

T T
/ / —0; D wu; dtdx:/ Dg; dx—i—/ / ® R; dxdr.
0 n RV! O n

Taking i — oo and using the weak convergence of u; to i, we arrive at

T T
f f —8,<Ddu=/ @gdx+/ / ® R dx dr.
O n Rn 0 n

Lets € (0, T) be a fixed point, i > max(ﬁ, %), and ¢, is an approximation of the

identity. Setting O (t) = %ftT Qe 11

,8

+1 dr for every t € [0, T'], we arrive at
T T
/ / —0; D, du:/ d, g dx +/ / o, R dx dr.
0 n R” 0 0 n
Taking € — 0 implies that

i s+% sf%
—/ / d,u:/ gdx+/ /Rdtdx
2 S_IIT n RYI 0 n
it fis+1—it
+ = ———— R drdrdx.
2 s—1 n 2

Hence, by [16, Lem. 1.2], Radon—-Nikodym theorem, and letting i — oo, we arrive
at the signed measure v(/) := u (I x R™), for Borel subsets I C [0, T], is absolutely
continuous with respect to Lebesgue’s measure and

dv §
m(s): Rngdx—l— A anxdt
forae.s € [0, T].

5. Finally, we prove the continuous to the initial data. Without loss of general-
ity, we assume that R, g are non-negative functions. Let f € C°(R") and ¢; €
L%([0, T1; H'(R")) be the smooth weak solution of

—0¢i — Api +VV; - V¢ = f,

in [0, T] x R" with ¢; (T, x) = 0 for every x € R", and g;, R;, i; be the sequences
defined in Step 1. Then, by Lemma 4.6, we have

N N
/ f i dxdt:/ ¢ gi dx +/ ¢; R; dxdr,
0 JR» R 0 0 JR#

where s € (0, 7T), q)f(t,x) = ¢i(t+T —s,x) forevery 0 <t < s,x € R" Let
0 < s < T be fixed. Now, using @7 (s, x) = ¢; (T, x) = 0 for every x € R" and taking
the derivative of both sides of above equality with respect to s, we obtain

Z/ —0r¢; gi dx
Rn

f i dx

s
—l—/ / —0;i(t +T —s,-) R; dxdt.
T—s 0 n

Rn s
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Hence, by Lemma 4.6, it is concluded that

‘/ F s dx —/ rede| <|[ —ogi g dx —/ fgdx
R7 s R7 R7 T R7

s
+||f||L00//R,~ dx dr.
0 JR»

Then, by vague convergence of u; to i proved in Step 1, Lemma 4.6, and Lebesgue’s

dominated convergence, we have
s+h
/ /f,u,dxdt /fgdx

1 s+h
" s e
s Rn Rﬂ
1 s+h
=/ /—a,¢gdx - [ reara
s+h
+||f||Loo—/ // R dx dr dt,

for every 0 < h < T — s. In conclusion, by using Lemma 4.6 and Lebesgue’s
dominated convergence again, we arrive at

fs+h/ fdu— ffgdx

where the limit is taken in the domain0 < h +s < T. O

lim
l—)OO

=0,

(h, s)—>0

Example 4.9. If R =0, g = ¢~V then by Theorem 1.2, the convection solution 4 of
o — Ap —div(uVVv) =0, 4.22)
in [0, T] x R" with initial data g satisfies u € L! ([0, T] x R") and
1< uev <1
fora.e. (¢, x) € [0, T] x R". Hence, u = e~V which is the stable solution of (4.22).

Remark 4.10. We remark thatif VV € L°°(R"), equivalently V is globally Lipschitz,
then, by Proposition 3.2 and Proposition 4.5, Definition 3.1 and Definition 4.3 coincide.
In conclusion, by Theorem 1.1 and Theorem 1.2, the two definitions of convection
solutions, namely Definition 3.3 and Definition 4.8, are equivalent whenever VV ¢
L°°(R™). Furthermore, with a slight change in the arguments, we can generalize the
definition of convection—diffusion solutions and Theorem 1.2 to o, — div AV —
div(uVV), where A is a positive definitive matrix with constant coefficients.
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