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Abstract
We propose a new definition of the ADM mass for asymptotically Euclidean manifolds
inspired by the definition of mass for weakly regular asymptotically hyperbolic manifolds by
Gicquaud and Sakovich. This version of the mass allows one to work with metrics of local
Sobolev regularityW 1,2

loc ∩ L∞ and we show, under suitable asymptotic assumptions, that the
mass is finite, invariant under a change of coordinates at infinity and that it agrees with the
classical ADM mass in the smooth setting. We also provide an expression in terms of the
Ricci tensor that agrees with the Ricci version of the ADM mass studied by Herzlich.

Keywords ADM-mass · Asymptotically Euclidean manifolds · Riemannian geometry in
low regularity

Mathematics Subject Classification 53C21 · 83C05 · 83C30

1 Introduction

The notion of mass is a central concept in mathematical general relativity. Depending on the
setting the definition of mass might differ but one of the most well-known of these is the
so-called ADM mass of an asymptotically Euclidean metric, given by Arnowitt, Deser, and
Misner [1–4], see also [4].

An asymptotically Euclidean manifold is, roughly speaking, a complete non-compact
Riemannian manifold (Mn, g) such that outside of a compact set M is diffeomorphic to the
complement of a closed ball in R

n and such that g approaches the Euclidean metric δ at
infinity. The ADM mass of such an asymptotically Euclidean metric g is defined as

mADM(g):= 1

2(n − 1)ωn−1
lim
R→∞

∫
SR

(
divδ(g) − d trδ(g)

)
(νδ) dμδ,

where divδ and trδ are the divergence respectively the trace with respect to δ, SR is the (n−1)-
sphere of radius R with outward pointing unit normal νδ and ωn−1 is the (n−1)-dimensional
volume of the unit sphere S1 ⊆ R

n .
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The positive mass conjecture states that if the scalar curvature Scalg of (M, g) is non-
negative, then mADM(g) ≥ 0 with equality if and only if (M, g) is isometric to Euclidean
space (Rn, δ). In 1979 Schoen and Yau [19, 20] proved the positive mass conjecture for
asymptotically Euclidean manifolds of dimension n = 3 using methods from the theory of
minimal surfaces and in 1981 Witten [21] proved the conjecture for all dimensions n ≥ 3
under the assumption that the manifold M be spin. Recently the positive mass theorem has
been proven using different methods, see for example Bray, Kazaras, Khuri and Stern [7] and
Agostiniani, Mazzieri and Oronzio [5] for proofs involving so-called level set methods. To
date, there are other generalizations of these results, for example the positive mass theorem
has been proven to hold for manifolds M having other asymptotic ends, in addition to a
distinguished asymptotically Euclidean end, see Lesourd, Unger and Yau [16].

Recently, thefield ofmathematical general relativity has seen a surge of activity in the study
of low regularity metrics. Progress in this area would allow the theory to describe (impulsive)
gravitational waves, cf. [13], and other geometric singularities. Yet another reason to study
low regularity metrics is related to the question of stability of the positive mass theorem,
see for example Lee and Sormani [15]. Thus, there is a need for generalizations of classical
concepts, including the notion of ADM mass, so that they might be applied in this low
regularity setting. A notable result in this direction was obtained by Lee and LeFloch [14]
where they defined the notion of mass for metrics of local regularity W 1,n

loc ∩ C0 and proved
a positive mass theorem in this setting. This in turn generalizes the earlier classical work of
Bartnik [6], where the mass was defined for metrics of local regularity W 2,p

loc , for p > n.
The aim of this text is to generalize the notion of ADM mass to allow for asymptotically

Euclidean metrics g ∈ W 1,2
loc ∩ L∞, a lower regularity than earlier definitions for asymptoti-

cally Euclidean metrics of Sobolev regularity. We do so by adapting the work of Gicquaud
and Sakovich [9] carried out in the setting of weakly regular asymptotically hyperbolic man-
ifolds. Using a suitable family of cutoff functions {χα}α≥1, we define the weak ADM mass
to be the following limit:

mW(g):= 1

2(n − 1)ωn−1
lim

α→∞

∫
Rn\BR

(
divδ(g) − d trδ(g)

)
(−∇δχα) dμδ,

where BR is the open ball of radius R and ∇δχα denotes the gradient of χα with respect to
the Euclidean metric δ. In Theorem 3.9 we prove that mW(g) is finite and independent of
the choice of {χα}α≥1 and in Theorem 3.11 we show that it agrees with mADM(g) for C2-
asymptotically Euclidean metrics. In Theorem 3.19 we show that the weak ADMmass does
not depend on the choice of coordinates at infinity. In addition, we show that our definition
of mass can be expressed in terms the Ricci tensor as in Miao and Tam [17] and Herzlich
[10]. More specifically, in Theorem 4.5 and Theorem 4.6 we prove the identity

mW(g) = −1

(n − 1)(n − 2)ωn−1
lim

α→∞

∫
Rn\BR

(
Ricg − 1

2
Scalgg

)
(r∂r ,−∇δχα) dμδ,

where Ricg respectively Scalg is the Ricci tensor respectively the scalar curvature of g and
r = |x | is the radial function on R

n . In Theorem 4.7, we show that in the C2 ∩ C3
loc-setting

this expression of the weak ADM mass agrees with the Ricci version of the ADM mass in
Miao and Tam [17] and Herzlich [10].

We would like to point out that we have not yet investigated the relation of our notion of
mass to the notion of isoperimetric mass originally defined by Huisken in [11], see also [12]
for further references, as this would presumably require methods that are very different from
the ones used in this article.
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The outline of the paper is as follows. In Section 2 we recall standard facts about weighted
Sobolev spaces and asymptotically Euclidean metrics. In Section 3 we define and study the
weak ADM mass of an asymptotically Euclidean metric of Sobolev regularity. In Section 4
we show that our weak mass can be expressed in terms of the Ricci tensor.

2 Preliminaries

Throughout this paper we will consider Riemannian manifolds (Mn, g) of dimension n ≥ 3.
We denote the Lebesgue measure induced by g on M by dμg . The covariant derivative with
respect to g is denoted by ∇g and all tensor norms with respect to g are denoted by | · |g . The
kth application of the covariant derivative ∇g to a tensor T is denoted by (∇g)(k)T . We will
also occasionally abuse notation slightly and write ∇g f in place of gradg( f ). In Euclidean
space, the sphere respectively the closed ball of radius R > 0 are denoted by SR respectively
BR , that is SR :={x ∈ R

n : |x | = R} respectively BR :={x ∈ R
n : |x | ≤ R}. The Euclidean

metric is denoted by δ.

2.1 Asymptotically Euclideanmanifolds

We now define reference manifolds and weighted Sobolev spaces on reference manifolds, as
well as what it means for a metric to be asymptotically Euclidean. For this we mainly follow
Lee and LeFloch [14] and refer the reader there for further details.

Definition 2.1 Let Mn be a smooth manifold, K ⊆ M a compact set, R ≥ 1 a radius and
� : M \K → R

n \BR a diffeomorphism. The pair (M,�) is then called a reference manifold
and � a chart at infinity.

A reference manifold can be equipped with background metric data, defined as follows.

Definition 2.2 Let (Mn,�) be a reference manifold with � : M \ K → R
n \ BR its chart

at infinity. A smooth metric h on M and a smooth function r : M → (0,∞) are said to
be a background metric structure for (M,�) if � is an isometry between (M \ K , h) and
(Rn \ BR, δ) and if for all x ∈ R

n \ BR

(r ◦ �−1)(x) = |x |.
Because the set K in Definition 2.1 is compact, it follows that every reference manifold
(M,�) equipped with a background metric structure (h, r) is complete as a metric space.

Remark 2.3 From now on, in all definitions and results we assume, unless otherwise stated,
that (Mn,�) is a reference manifold of dimension n ≥ 3 with chart at infinity � : M \ K →
R
n \ BR for some R ≥ 1 and is equipped with a background metric structure (h, r). We

denote the covariant derivative with respect to the metric h by D.

For k ≥ 0 an integer and p ∈ [1,∞], a tensor T defined on M is said to belong to the
local L p space L p

loc if for any compact subset E ⊂ M its L p norm

‖T ‖L p(E):=

⎧⎪⎨
⎪⎩

(∫
E
|T |ph dμh

)1/p

, p < ∞
ess sup

E
|T |h, p = ∞
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is finite. Similarly, T is said to belong to the local Sobolev space Wk,p
loc if D(l)T ∈ L p

loc for
all 0 ≤ l ≤ k. These spaces are independent of the choice of reference metric h. We now
recall the notion of weighted Sobolev spaces, cf. Bartnik [6] and Lee and LeFloch [13].

Definition 2.4 Let k ≥ 0 be an integer, p ∈ [1,∞] and τ ∈ R. We define the weighted
Sobolev space Wk,p

−τ (h, r) to be the set of tensors T ∈ Wk,p
loc whose weighted Sobolev norm

‖T ‖
Wk,p

−τ (h,r)
:=

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

k∑
l=0

(∫
M
r p(τ+l)−n |D(l)T |ph dμh

)1/p

, p < ∞
k∑

l=0

ess sup
M

(
r τ+l |D(l)T |h

)
, p = ∞

is finite. The weighted L p space L p
−τ (h, r) is then defined as L p

−τ (h, r):=W 0,p
−τ (h, r).

If no confusion can arise we write L p
−τ in place of L p

−τ (h, r) and Wk,p
−τ in place of

Wk,p
−τ (h, r).

Remark 2.5 At times we argue using tensors defined on R
n . For this reason we note that

(Rn, id) is a reference manifold that can be equipped with a background metric structure
(δ, ψ + (1 − ψ)|x |), where ψ : Rn → [0, 1) is any smooth function supported in B1 such
that ψ(0) > 0. We fix one such function ψ once and for all, and for k ≥ 0 an integer,
p ∈ [1,∞] and τ ∈ R, we define

δWk,p
−τ :=Wk,p

−τ

(
δ, ψ + (1 − ψ)|x |).

For a tensor T ∈ Wk,p
loc which is supported on M \ K , the tensor �∗T is a priori only defined

on R
n \ BR . However, after extending �∗T by 0 to all of BR we have �∗T ∈ δWk,p

loc and

‖T ‖
Wk,p

−τ
= ‖�∗T ‖δWk,p

−τ
,

so that in particular T ∈ Wk,p
−τ if and only if �∗T ∈ δWk,p

−τ .

We now give the definition of asymptotically Euclidean metrics in low regularity.

Definition 2.6 Let k ≥ 0 be an integer, p ∈ [1,∞] and τ ∈ R. A complete Riemannian
metric g on M is called Wk,p

−τ -asymptotically Euclidean if

g, g−1 ∈ L∞
0 , e:=g − h ∈ Wk,p

−τ ,

and for some constant C > 1 we have

C−1h ≤ g ≤ Ch,

in the sense of quadratic forms. Here g−1 is the inverse of g, defined by g−1(α, β):=g(α�g ,

β�g ) for all 1-forms α and β, with �g : T ∗M → T M the musical isomorphism induced by g.

Because of the equivalence at the end of Remark 2.5, a reference manifold (Mn,�)

equipped with a background metric structure (h, r) and an asymptotically Euclidean metric
g induces a structure at infinity as defined in [6]. Lastly, we recall the standard definition of
a Ck-asymptotically Euclidean metric.
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Definition 2.7 Let k ≥ 0 be an integer and τ > 0 a real number. A Riemannian metric
g ∈ Ck

loc(M) is called Ck-asymptotically Euclidean of order τ if there is some constant
C > 0 such that for e:=g − h and all 0 ≤ l ≤ k we have

|D(l)e|h ≤ Cr−τ−l .

2.2 Properties of weighted Sobolev spaces

We now present weighted versions of certain standard results for Sobolev spaces. The reader
is referred to [6, Theorem 1.2] for further details and results. The following lemma, which is
a straightforward consequence of Definition 2.4, guarantees that functions of certain fall-off
rates lie in Sobolev spaces with corresponding weights.

Lemma 2.8 If f : M → R is a continuous function that satisfies | f | ≤ Cr−τ for someC > 0
and τ ∈ R, then f ∈ L p

−w ∩ L∞−τ for all p ∈ [1,∞) and w < τ .

The following weighted version of the Hölder inequality is a straightforward consequence
of the classical Hölder inequality and Definition 2.4, and can be proven by considering the
cases k = 0 and k > 0 separately. See also [6, Theorem 1.2 ii)].

Lemma 2.9 Suppose that k ≥ 0 is an integer, that τ1, τ2 ∈ R and that p1, p2, q ∈ [1,∞]
are such that p−1

1 + p−1
2 = q−1. If u1 ∈ Wk,p1−τ1

and u2 ∈ Wk,p2−τ2
, then u1 ⊗ u2 ∈ Wk,q

−τ1−τ2
and

‖u1 ⊗ u2‖Wk,q
−τ1−τ2

≤ C‖u1‖Wk,p1−τ1

‖u2‖Wk,p2−τ2

,

for some constant C > 0 depending only on k.

The next proposition is a special case of the Sobolev inequality.

Lemma 2.10 For an integer k ≥ 0 and τ, p ∈ R such that p > n we have

Wk+1,p
−τ ⊆ Wk,∞

−τ .

Proof Denote the compact set of Definition 2.1 by K , so that � : M \ K → R
n \ BR . We

first consider the case k = 0. Let u ∈ W 1,p
−τ and let φ : M → [0, 1] be a compactly supported

smooth function such that φ ≡ 1 in a neighbourhood of K . The tensor u1:=(1−φ)u then lies
inW 1,p

−τ and has support in M \K . Extending�∗u1 by 0 to all ofRn , we have�∗u1 ∈ δW 1,p
−τ

by Remark 2.5. An application of [6, Theorem 1.2, (iv)] shows that �∗u1 ∈ δL∞−τ and

again by Remark 2.5 it follows that u1 ∈ L∞−τ . Next, we consider u2:=φu ∈ W 1,p
loc . Since

u2 ∈ W 1,p
loc , the Sobolev embedding theorem implies that u2 ∈ L∞

loc and since u2 is compactly
supported it follows that u2 ∈ L∞−τ as well. We thus conclude that u = u1 + u2 ∈ L∞−τ .

For the general case we let u ∈ Wk+1,p
−τ , so that D(l)u ∈ Wk+1−l,p

−τ−l ⊆ W 1,p
−τ−l for

0 ≤ l ≤ k. But having just shown that W 1,p
−τ−l ⊆ L∞−τ−l , we conclude that D

(l)u ∈ L∞−τ−l

for l = 0, . . . , k and so u ∈ Wk,∞
−τ , which is what we wanted to show. ��

Lastly, we need a weighted version of the Sobolev-Gagliardo-Nirenberg inequality. Our
argument is based on the proof of [9, Lemma 4.8], which is an analogous result in the
asymptotically hyperbolic setting.
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Proposition 2.11 Suppose that p ∈ [1,∞), that q, s, t ∈ [1,∞], that k > l ≥ 0 are integers
and that there is θ ∈ [ lk , 1] such that

1

p
= l

n
+ θ

(
1

q
− k

n

)
+ 1 − θ

s
.

If k − l − n
q is a non-negative integer, then we additionally require that θ < 1. Furthermore,

suppose that τ0, τ1, τ2, τ3 ∈ R satisfy

τ0 < min
(
θτ1 + (1 − θ)τ2, τ3

)
.

Then there is a constantC > 0, depending only on the parameters (n, τ0, τ1, τ2, τ3, p, q, s, t,
k, l, θ) and the background metric structure (h, r), such that for any u ∈ Wk,q

loc we have

‖D(l)u‖L p
−τ0−l

≤ C
(‖u‖θ

Wk,q
−τ1

‖u‖1−θ
Ls−τ2

+ ‖u‖Lt−τ3

)
. (2.1)

Proof Like in the proof of Lemma 2.10 we let K be the compact set of Definition 2.1. We
let φ : M → [0, 1] be a fixed compactly supported smooth function such that φ ≡ 1 on K .
We can choose φ in such a way that for all k ≥ 0:

‖φ‖Wk,∞
0

=
k∑

l=0

‖D(l)φ‖L∞−l
≤ C < ∞,

for some constant C > 0 depending only on the background metric structure (h, r).
Defining u1:=(1−φ)u and u2:=φu, so that u = u1 + u2, we note that it suffices to show

that the following two inequalities hold:

‖D(l)u1‖L p
−τ0−l

≤ C
(‖u1‖θ

Wk,q
−τ1

‖u1‖1−θ
Ls−τ2

+ ‖u1‖Lt−τ3

)
, (2.2)

‖D(l)u2‖L p
−τ0−l

≤ C
(‖u2‖θ

Wk,q
−τ1

‖u2‖1−θ
Ls−τ2

+ ‖u2‖Lt−τ3

)
. (2.3)

Indeed, if the above estimates hold, then for each non-negative integer m ≤ k we have

‖D(m)u2‖Lq
−τ1−m

≤ C
m∑
i=0

‖D(m−i)φ ⊗ D(i)u‖Lq
−τ1−m

≤ C
m∑
i=0

‖D(m−i)φ‖L∞
i−m

‖D(i)u‖Lq
−τ1−i

≤ C
m∑
i=0

‖D(i)u‖Lq
−τ1−i

.

The rightmost sum above is nothing but C‖u‖Wm,q
−τ1

. Summing over 0 ≤ m ≤ k we find that

‖u2‖Wk,q
−τ1

≤ C‖u‖
Wk,q

−τ1
,

for some constant C depending only on the parameters (τ1, q, k) and the background metric
structure (h, r). A similar argument shows that ‖u1‖Wk,q

−τ1
≤ C‖u‖

Wk,q
−τ1

and that

‖ui‖Ls−τ2
≤ C‖u‖Ls−τ2

, ‖ui‖Lt−τ3
≤ C‖u‖Lt−τ3

,

123



Geometriae Dedicata           (2026) 220:18 Page 7 of 35    18 

for i = 1, 2 and some constant C > 0 depending only on (q, s, t, τ1, τ2, τ3) and the back-
ground metric structure (h, r). Thus

‖D(l)u‖L p
−τ0−l

≤ ‖D(l)u1‖L p
−τ0−l

+ ‖D(l)u2‖L p
−τ0−l

≤ C
(‖u1‖θ

Wk,q
−τ1

‖u1‖1−θ
Ls−τ2

+ ‖u1‖Lt−τ3
+ ‖u2‖θ

Wk,q
−τ1

‖u2‖1−θ
Ls−τ2

+ ‖u2‖Lt−τ3

)

≤ 2C
(‖u‖θ

Wk,q
−τ1

‖u‖1−θ
Ls−τ2

+ ‖u‖Lt−τ3

)
,

which is nothing but (2.1).
Since u2 is compactly supported, the Sobolev-Gagliardo-Nirenberg inequality [18, Equa-

tion 2.2] together with a standard argument using a partition of unity subordinate to a
collection of local coordinate charts that cover the support ofφ implies (2.3), with the constant
C depending only on the parameters (n, τ0, τ1, τ2, τ3, p, q, s, t, k, l, θ) and the background
metric structure (h, r). We now turn to proving (2.2).

In the remainder of the proof we let Aρ :={x ∈ R
n : |x | ∈ (ρ, 2ρ]} for each ρ > 0. We

also define vρ(x):=v(ρx) and use the weighted Lebesgue norms

‖v‖L p
−w(E):=

⎧⎪⎨
⎪⎩

(∫
E
|x |pw−n |v|pδ dμδ

)1/p

, p < ∞
ess sup

E

(|x |w|v|δ
)
, p = ∞

for tensors v on subsets E ⊆ R
n \ B1. Since u1 is supported in M \ K , Remark 2.5 implies

that in order to show (2.2) it suffices to prove that for any tensor v ∈ δWk,q
loc whose support

lies in R
n \ BR we have

‖D(l)v‖L p
−τ0−l (R

n\BR) ≤ C
(‖D(k)v‖θ

Lq
−τ1−k (R

n\BR)
‖v‖1−θ

Ls−τ2
(Rn\BR)

+ ‖v‖Lt−τ3
(Rn\BR)

)
.

(2.4)

For such a v, the following scaling inequality holds, see [6, equation 1.4]:

C−1ρw‖vρ‖
LQ

−w(A1)
≤ ‖v‖

LQ
−w(Aρ)

≤ Cρw‖vρ‖
LQ

−w(A1)
, (2.5)

the constant C depending only on the parameters w and Q but crucially not on v nor on
ρ > 0. Defining Ri :=2i R for i ≥ 0, it follows that

‖D(l)v‖L p
−τ0−l (R

n\BR) ≤
∞∑
i=0

‖D(l)v‖L p
−τ0−l (ARi )

≤ C
∞∑
i=0

Rτ0+l
i ‖(D(l)v)Ri ‖L p

−τ0−l (A1)
,

where we have used the triangle inequality in the first inequality and (2.5) with w = τ0 + l
and Q = p in the second. The chain rule implies that (D(l)v)R = R−l D(l)(vR), so

‖D(l)v‖L p
−τ0−l (R

n\BR) ≤ C
∞∑
i=0

Rτ0+l−l
i ‖D(l)(vRi )‖L p

−τ0−l (A1)

= C
∞∑
i=0

Rτ0
i ‖D(l)(vRi )‖L p

−τ0−l (A1)
.

(2.6)

We now note that for any T ∈ LQ
loc(A1) we have

C−1‖T ‖LQ
−w(A1)

≤ ‖T ‖LQ
−n/Q (A1)

≤ C‖T ‖LQ
−w(A1)

,
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for a constant C > 0 depending only on (Q, w, n). In the view of this, the unweighted
Sobolev-Gagliardo-Nirenberg interpolation inequality [18, Equation 2.2] implies that for
each T ∈ Wk,q

loc (A1) we have

‖D(l)T ‖L p
−τ0−l (A1)

≤ C‖D(l)T ‖L p
−p/n(A1)

≤ C
(‖D(k)T ‖θ

Lq
−q/n(A1)

‖T ‖1−θ
Ls−s/n(A1)

+ ‖T ‖Lt−t/n(A1)

)

≤ C
(‖D(k)T ‖θ

Lq
−τ1−k (A1)

‖T ‖1−θ
Ls−τ2

(A1)
+ ‖T ‖Lt−τ3

(A1)

)
,

for some constant C > 0 that depends only on (n, τ0, τ1, τ2, τ3, p, q, s, t, k, l, θ). Applying
the above inequality to each term in the sum on the right-hand side of (2.6) then yields

‖D(l)v‖L p
−τ0−l

≤ C
∞∑
i=0

(
Rτ0
i ‖D(k)(vRi )‖θ

Lq
−τ1−k (A1)

‖vRi ‖1−θ
Ls−τ2

(A1)
+ Rτ0

i ‖vRi ‖Lt−τ3
(A1)

)
,

(2.7)

where the constant C above now depends on the parameter τ0 as well. We note that in [18,
Equation 2.2], the constant C depends on the domain as well. However, here the domain is
always A1. We use the chain rule again to conclude that D(k)(uρ) = ρk(D(k)u)ρ , so we find
that

‖D(k)(vRi )‖Lq
−τ1−k (A1)

= Rk
i ‖(D(k)v)Ri ‖Lq

−τ1−k (A1)
≤ CRk−τ1−k

i ‖D(k)v‖Lq
−τ1−k (ARi )

,

(2.8)

where we have used (2.5) in the last inequality, with w = τ1 + k and Q = q . Two more
applications of (2.5), once with w = τ2 and Q = s and once with w = τ3 and Q = t , imply
the bounds

‖vRi ‖Ls (A1) ≤ CR−τ2
i ‖v‖Ls−τ2

(ARi )
, ‖vRi ‖Lt (A1) ≤ CR−τ3

i ‖v‖Lt−τ3
(ARi )

. (2.9)

Combining (2.7), (2.8), and (2.9) we arrive at

‖D(l)v‖L p
−τ0−l

≤ C

( ∞∑
i=0

Rτ0−θτ1−τ2(1−θ)
i ‖D(k)v‖θ

Lq
−τ1−k (ARi )

‖v‖1−θ
Ls−τ2

(ARi )
+ Rτ0−τ3

i ‖v‖Lt−τ3
(ARi )

)
.

Recalling that τ0 < min(θτ1 + (1 − θ)τ2, τ3) we find

‖D(l)v‖L p
−τ0−l

≤ C
∞∑
i=0

R−ε
i ‖D(k)v‖θ

Lq
−τ1−k (ARi )

‖v‖1−θ
Ls−τ2

(ARi )
+ C

∞∑
i=0

R−ε
i ‖v‖Lt−τ3

(ARi )
,

for some ε > 0. An application of the Hölder inequality yields

‖D(l)v‖L p
−τ0−l

≤ C

( ∞∑
i=0

R−ε
i ‖D(k)v‖Lq

−τ1−k (ARi )

)θ( ∞∑
i=0

R−ε
i ‖v‖Ls−τ2

(ARi )

)1−θ

+ C
∞∑
i=0

R−ε
i ‖v‖Lt−τ3

(ARi )
.

(2.10)

If q = ∞, the first factor of the first term in the right hand side of (2.10) can be bounded as

∞∑
i=0

R−ε
i ‖D(k)v‖Lq

−τ1−k (ARi )
≤ C‖D(k)v‖L∞−τ1−k (R

n\BR)

∞∑
i=0

R−ε
i < C‖D(k)v‖L∞−τ1−k (R

n\BR),
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and if q < ∞, then by the Hölder inequality we have

∞∑
i=0

R−ε
i ‖D(k)v‖Lq

−τ1−k (ARi )
≤ C

( ∞∑
i=0

‖D(k)v‖q
Lq

−τ1−k (ARi )

)1/q

= C‖D(k)v‖Lq
−τ1−k (R

n\BR).

A similar argument shows that for all 1 ≤ s ≤ ∞ and all 1 ≤ t ≤ ∞ we have

∞∑
i=0

R−ε
i ‖v‖Ls−τ2

(ARi )
≤ C‖v‖Ls−τ2

(Rn\BR),

∞∑
i=0

R−ε
i ‖v‖Lt−τ3

(ARi )
≤ C‖v‖Lt−τ3

(Rn\BR).

In conclusion, (2.10) together with the above bounds implies

‖D(l)v‖L p
−τ0−l (R

n\BR) ≤ C
(‖D(k)v‖θ

Lq
−τ1−k (R

n\BR)
‖v‖1−θ

Ls−τ2
(Rn\BR)

+ ‖v‖Lt−τ3
(Rn\BR)

)
,

which is nothing but (2.4). Thus (2.2) and hence also (2.1) holds. ��

2.3 Properties of asymptotically Euclideanmetrics

Using the results of the previous section we now derive some results on asymptotically
Euclidean metrics that are needed in Section 3 and Section 4. The following result tells us
that if g is asymptotically Euclidean in the smooth sense, then g is indeed asymptotically
Euclidean in the weak sense as well.

Proposition 2.12 If g is a Ck-asymptotically Euclidean metric on M of order τ > 0, then g
is Wk,p

−w -asymptotically Euclidean for all p ∈ [1,∞] and w < τ .

Proof The asymptotic conditions of Definition 2.7 imply C−1h ≤ g ≤ Ch. By Lemma 2.8
we have for e:=g − h that D(l)e ∈ L p

−w−l for all integers 0 ≤ l ≤ k. Hence e ∈ Wk,p
−w . ��

Given a Wk,p
−τ -asymptotically Euclidean metric g on M , in addition to the tensor field

e = g − h in Definition 2.6 we make frequent use of the tensor field

f :=g−1 − h−1, (2.11)

where h−1(α, β):=h(α�h , β�h ) and �h is the musical isomorphism induced by h. In local
coordinates, the components of e and f are given by ei j = gi j − hi j and f i j = gi j − hi j .
The following lemma is useful for bounding terms involving f .

Lemma 2.13 Suppose that p ∈ [1,∞], that τ ∈ R and that g is a W 1,p
−τ -asymptotically

Euclidean metric on M. Then in any local coordinate chart the components of e and f
satisfy

Di f
jk = −g jpgkq Di epq . (2.12)

Moreover, there is a constant C > 1 such that

| f |h ≤ C |e|h, (2.13)

and we also have

e, f ∈ W 1,p
−τ ∩ L∞

0 . (2.14)
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Proof Equation (2.12) and (2.13) and can be derived using exactly the same argument as in
the derivation of [9, equation 2.5, equation 2.3]. Next, due to the fact that h, h−1 ∈ L∞

0 , the
bound C−1h ≤ g ≤ Ch shows that g, g−1 ∈ L∞

0 . We thus find that e = g − h ∈ L∞
0 and

f = g−1 − h−1 ∈ L∞
0 . To show that f ∈ W 1,p

−τ we note that the inequality (2.13) implies
f ∈ L p

−τ and an application of Lemma 2.9 yields

Di f
jk = − g jpgkq︸ ︷︷ ︸

L∞
0

Diepq︸ ︷︷ ︸
L p

−τ−1

∈ L p
−τ−1,

and so f ∈ W 1,p
−τ . ��

The difference tensor � between ∇g and D is defined as �:=∇g − D. There is a well-
known expression for the components of � that mimics the expression for the connection
coefficients of a metric connection.

Lemma 2.14 Suppose that p ∈ [1,∞], that τ ∈ R and that g a W 1,p
−τ -asymptotically

Euclidean metric. In any coordinate chart the components of the difference tensor � are
given by

�k
i j = gkl

2
(Die jl + Djeil − Dlei j ). (2.15)

In particular, � ∈ L p
−τ−1 and there is a constant C > 0 such that

|�|h ≤ C |De|h .
Proof Equation (2.15) follows froma standard computation. Takingnorms, using theCauchy-
Schwarz inequality and that |g−1|h ≤ C , we find that

|�|h ≤ C |g−1|h |De|h ≤ C |De|h .
��

For the sake of simplicity we now introduce the following standard notation. For two
tensors S and T on M , we denote by S�T any tensor constructed from the tensor product
S⊗T by raising or lowering indices and performing any number of contractions with respect
to the metric h, as well as any linear combination of such tensors.

The proofs of the following two propositions are merely computations. We have chosen
to include them due to the absence of one term in [14, Equation 2.3] only for the sake of
completeness and we note that the missing term does not affect any of the arguments in [14].

Proposition 2.15 Let g be a Riemannian metric on M such that g ∈ W 2,2
loc ∩ L∞

loc and g−1 ∈
L∞
loc. Then the Riemann curvature tensor Rmg and the Ricci curvature tensor Ricg of the

metric g are well-defined and lie in L1
loc. Additionally, in any local coordinate chart on M

we have

Ricgi j = gkl

2
(DkDi gl j + DkD j gli − DkDlgi j − Di D j gkl) + QR

i j ,

where

QR
i j = Richi j + �u

i j�
v
vu − �u

iv�
v
ju + Dugul

2
(Di gl j + Dj gli − Dlgi j )

− Di gul

2
(Dugl j + Dj glu − Dlgu j ).
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Proof In a geodesic normal coordinate chart about a central point p ∈ M , the Christoffel
symbols h�k

i j of the metric h vanish at p. Using the standard formula for the Riemannian
curvature tensor, a calculation shows that

Rmg
i jk

l − Rmh
i jk

l = Di�
l
jk − Dj�

l
ik + �u

jk�
l
iu − �u

ik�
l
ju . (2.16)

Since the right and left hand sides are expressions which only involve tensors, we conclude
that the above equality holds in any coordinate chart, so Rmg = Rmh + D� + ���. But
Rmh ∈ L1

loc and Lemma 2.14 gives the inclusions

�︸︷︷︸
L2
loc

� �︸︷︷︸
L2
loc

∈ L1
loc, D� = De︸︷︷︸

L2
loc

� De︸︷︷︸
L2
loc

+ g︸︷︷︸
L2
loc

� D(2)e︸ ︷︷ ︸
L2
loc

∈ L1
loc,

from which we conclude that Rmg ∈ L1
loc. Since g−1 ∈ L∞

loc we find that Ricg ∈ L1
loc as

well.
Contracting the first and last index of (2.16), we obtain

Ricgi j = Richi j + Dv�
v
i j − Di�

v
v j + �u

i j�
v
vu − �u

iv�
v
ju .

Next, a calculation and a use of (2.12) gives

Dv�
v
i j − Di�

v
v j = gvl

2
(DvDj gli + Di Dlgv j − DvDlgi j − Di D j glv)

+ Dvgvl

2
(Di gl j + Dj gli − Dlgi j ) − Di gvl

2
(Dvgl j + Dj glv − Dlgv j ).

Thus upon defining QR
i j as in Proposition 2.15, we find that

Ricgi j = gkl

2
(DkDi gl j + DkD j gli − DkDlgi j − Di D j gkl) + QR

i j ,

with QR = g−1�g−1�De�De, which we wanted to show. ��
Proposition 2.16 Let g be a Riemannian metric on M such that g ∈ W 2,2

loc ∩ L∞
loc and g−1 ∈

L∞
loc. Then the scalar curvature Scal

g is well-defined and lies in L1
loc. Moreover,

Scalg = divh V + QS,

where the functionQS and the components of the vector field V in any local coordinate chart
are given by

V i = gi j gkl(Dkel j − Djekl) = (gi j gkl − gikg jl)Dke jl ,

QS = Scalh + f i jRichi j + gi j (�u
i j�

v
vu − �u

vi�
v
ju) − (Dvg

i j )�v
i j + (Di g

i j )�v
v j .

Proof Scalg is well-defined since g ∈ W 2,2
loc . By Proposition 2.15 we know that Ricg ∈ L1

loc,
which combined with g−1 ∈ L∞

loc implies that Scalg ∈ L1
loc.

Like in the proof of Proposition 2.15 we can deduce the following equality

Ricgi j = Richi j + Dv�
v
i j − Di�

v
v j + �u

i j�
v
vu − �u

vi�
v
ju,

which holds in any local coordinate chart. Multiplying both sides of the above identity by
gi j and summing the resulting identity over the indices i, j , we find

Scalg = Scalh + f i jRichi j + gi j (�u
i j�

v
vu − �u

vi�
v
ju) + gi j (Dv�

v
i j − Di�

v
v j ). (2.17)
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Next, we note that

gi j (Dv�
v
i j − Di�

v
v j ) = Dv(g

i j�v
i j ) − Di (g

i j�v
v j ) − (Dvg

i j )�v
i j + (Di g

i j )�v
v j

= Di (g
v j�i

v j − gi j�v
v j ) − (Dvg

i j )�v
i j + (Di g

i j )�v
v j .

(2.18)

But using Lemma 2.14 and a change of index, we observe that the first term in the right hand
side of (2.18) is the divergence of V :

gv j�i
v j−gi j�v

v j=gv j g
iu

2
(Dvg ju+Dj gvu−Dugv j )−gi j

guv

2
(Dvg ju−Dj gvu−Dugv j )

= gi j guv(Dugv j − Dj gvu)

= V i .

(2.19)

Combining (2.17), (2.18) and (2.19), we arrive at

Scalg = divh V + (
Scalh + f i jRichi j + gi j (�u

i j�
v
vu − �u

vi�
v
ju) − (Dvg

i j )�v
i j + (Di g

i j )�v
v j

)
.

Comparing terms, we see that Scalg − divh V = QS , which is what we wanted to show. ��

The following lemma relates the volume forms of two metrics on M .

Lemma 2.17 Let g1, g2 be two Riemannian metrics on M satisfying C−1
0 h < gi < C0h for

i = 1, 2 in the sense of bilinear forms, where C0 > 0 is some constant. Then

|√det(g1) − √
det(g2)| < C |g1 − g2|h,

for some constant C > 0 depending only on C0, h and the dimension n.

Proof The function det : GL(Rn) → R is smooth and for any constant C0 > 0 the set
SC0 :={L ∈ GL(Rn) : C−1

0 IRn ≤ L ≤ C0 IRn } is compact. Hence there is a constant C > 0
depending only on the dimension n and the constant C0 such that for all L1, L2 ∈ SC0 we
have

|√det(L1) − √
det(L2)| ≤ C |L1 − L2|δ,

where |L|δ:=
∣∣∑n

i, j=1 L
2
i j

∣∣1/2. Working in an orthonormal frame with respect to g1, the
above implies that there is a constantC > 0, depending only on n andC0 such that whenever
C−1
0 g1 < g2 < C0g1, we have

|√det(g2) − √
det(g1)| ≤ C |g2 − g1|g1 .

But since C−1
0 h < g1 < C0h it follows that |g2 − g1|g1 < C |g2 − g1|h as well. ��

The following technical result is needed in Section 4, c.f. [9, Lemma 4.8].

Proposition 2.18 For all τ ∈ R there is a constant C, depending only on n, τ and the
background metric structure (h, r), such that for all u ∈ W 2,2

loc we have

‖Du‖L3−1−τ
≤ C‖Du‖W 1,2

−1−τ
when 3 ≤ n ≤ 6, and

‖Du‖L3
−1− 2τ

3

≤ C
(‖u‖W 2,2

−τ
+ ‖u‖L∞

0

)
when n ≥ 7.
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Proof First, let 3 ≤ n ≤ 6. Arguing as in the proof of Lemma 2.10 and Proposition 2.11, we
may apply the Sobolev inequality [6, Theorem 1.2, iv)] to Du to conclude that

‖Du‖
Lnp/(n−p)

−τ−1
≤ C‖Du‖

W 1,q
−τ−1

< ∞,

for each p and q that satisfy 1 ≤ p < n and p ≤ q ≤ np
n−p . But it is easy to see that since

n ≤ 6, these inequalities hold for q = 2 and np
n−p = 3 > 2 = q , since in that case

p = 3n

n + 3
≤ 3 · 6

3 + 6
= 2 = q < 3 = np

n − p
.

Next, let n > 6. In this case, we use Proposition 2.11 with k = 2, l = 1, p = 3, q = t = 2,
s = ∞, τ1 = τ3 = τ and τ2 = 0. With these choices, the constant θ is required to satisfy
1/2 < θ < 1. But here

θ = 2

3

n − 3

n − 4
, (2.20)

so we have 1/2 < θ < 1 precisely when n > 6. Proposition 2.11 therefore implies that

‖Du‖L3−v−1
≤ C

(‖u‖θ

W 2,2
−τ

‖u‖1−θ
L∞
0

+ ‖u‖L2−τ

)
, (2.21)

for every weight v which satisfies v < τ and v < θτ + (1− θ) · 0 = θτ . As θ < 1 it suffices
that the second condition holds. This is satisfied by v = 2τ

3 , since (2.20) and n > 6 imply

v = 2

3
τ <

2

3

n − 3

n − 4
τ = θτ.

With this choice of v, an application of the bound aθb1−θ ≤ θa + (1 − θ)b in (2.21) gives
us

‖Du‖L3
−1− 2τ

3

≤ C
(‖u‖θ

W 2,2
−τ

‖u‖1−θ
L∞
0

+ ‖u‖L2−τ

)

≤ C
(
θ‖u‖W 2,2

−τ
+ (1 − θ)‖u‖L∞

0
+ ‖u‖L2−τ

)
≤ C

(‖u‖W 2,2
−τ

+ ‖u‖L∞
0

)
.

��

3 Themass of asymptotically Euclideanmanifolds in low regularity

In this section, we show that the notion of ADM mass can be generalized to the case of
asymptotically Euclidean metrics in W 1,2

loc ∩ L∞
0 with suitable fall-off. For this, we use the

method introduced by Gicquaud and Sakovich [9] in the asymptotically hyperbolic setting.
The rough idea is to replace the definition of the mass as a boundary integral, which is
potentially ill-defined in this low regularity setting, by a bulk integral using cutoff functions.
This allows us to lower the assumed regularity even further compared to the works of Bartnik
[6], and Lee and LeFloch [14] that are also concerned with asymptotically Euclidean metrics
of weak regularity.

We recall the classical definition of the ADM mass.
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Definition 3.1 Let g be a C1-asymptotically Euclidean metric on M of order τ > n−2
2 as in

Definition 2.7 such that g ∈ C2
loc and Scalg ∈ L1(M) = L1−n . The ADM-mass of (M, g) is

given by

mADM(g):= 1

2(n − 1)ωn−1
lim
R→∞

∫
SR

(
divh(g) − d trh(g)

)
(νh) dμh,

whereωn−1 is the measure of the unit sphere inRn and νh is the outward pointing unit normal
to SR = {p ∈ M : r(p) = R} with respect to h.

In the case when the local regularity of the metric g is merely W 1,2
loc ∩ L∞

0 there are two
points in this definition that need to be addressed. First, the integrand (divh(e)−d trh(e))(νh)
might not be well-defined on SR = {p ∈ M : r(p) = R}, since the (n − 1)-spheres have n-
dimensional Hausdorff measure zero. Similarly to [9], we remedy this with the help of cutoff
functions, more specifically by having integrals over spheres being replaced by integrals over
annuli and unit normals of spheres being replaced by the gradients of cutoff functions. To
deal with the fact that the scalar curvature may not be well-defined in this regularity class,
we define scalar curvature as a distribution, c.f. Lee and LeFloch [14, Definition 2.1].

Definition 3.2 Let g be a Riemannianmetric onM such that g ∈ W 1,2
loc ∩L∞

loc and g
−1 ∈ L∞

loc.
We define the scalar curvature distribution of g as

〈〈Scalg, φ〉〉:=
∫
M

(
V (−φ)+φQS) dμh =

∫
M

(
(gi j gkl −gikg jl)Dke jl(−Diφ)+φQS) dμh,

(3.1)
for any locally Lipschitz function φ : M → R with compact support, where the functionQS

and the vector field V are as in Proposition 2.16.

When g is as in Definition 3.2 we have V ∈ L1
loc andQS ∈ L1

loc. These inclusions combined

with φ ∈ W 1,∞
loc having compact support imply that the integrand in the right hand side of

(3.1) is in L1−n , hence 〈〈Scalg, φ〉〉 is well-defined and finite. Of course, when additionally

g ∈ W 2,2
loc and φ ∈ W 1,∞

loc is compactly supported, then

〈〈Scalg, φ〉〉 =
∫
M

φScalg dμh .

Inspired by the approach of Gicquaud and Sakovich [9, Section 4.1], we use the following
definition of the distributional scalar curvature being integrable.

Definition 3.3 Let g be a Riemannianmetric onM such that g ∈ W 1,2
loc ∩L∞

loc and g
−1 ∈ L∞

loc.
We say that g has distributional scalar curvature in L1 if there is a function Sg ∈ L1−n such
that for all compactly supported and locally Lipschitz functions φ

〈〈Scalg, φ〉〉 =
∫
M

φSg dμh .

Remark 3.4 There are other ways of generalizing the notion of scalar curvature to a low
regularity setting andwe by nomeans claim that Definition 3.2 andDefinition 3.3 are themost
general or appropriate ones.We refer the reader toGicquaud and Sakovich [9, Remark 4.7] for
a more thorough discussion regarding different possible generalizations and what properties
any such generalization should posses. Although their discussion is in the asymptotically
hyperbolic setting, analogous statements are true in the asymptotically Euclidean case.
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If g ∈ W 2,2
loc and (M, g) isW 1,2

−τ -asymptotically Euclidean, then Scalg ∈ L1−n if and only if
(M, g) has distributional scalar curvature in L1 in the sense of Definition 3.3. In this case the
function Sg in Definition 3.3 is nothing but Sg = Scalg . The following example shows that
a metric g with distributional scalar curvature in L1 does not necessarily satisfy g ∈ W 2,2

loc .

Example 3.5 There is a metric g on R
3 which is δW 1,2

−τ -asymptotically Euclidean for all

τ ∈ R, g /∈ W 2,2
loc (R3), and such that g has distributional scalar curvature in L1.

Proof Let α ∈ (0, 1/2) and define ϕ : B2 → R by ϕ(�x) := |�x |α . Since α > 0 we have

ϕ ∈ L∞(B2), ϕ ∈ W 1,2(B2), �δϕ ∈ L1(B2).

Since α < 1/2, it follows that ϕ /∈ W 2,2(B2). We now let ψ : R3 → [0, 1] be a compactly
supported smooth function such that ψ ≡ 1 on B1 while ψ ≡ 0 on R

3 \ B3/2. Then, the
function ϕ1:=ϕψ is compactly supported and satisfies

ϕ1 ∈ δL∞
0 , ϕ1 ∈ δW 1,2

−τ , ϕ1 /∈ W 2,2
loc (R3), �δϕ1 ∈ L1−3,

for all τ ∈ R. We define the metric g:=(1 + ϕ1)δ. Since ϕ1 ≥ 0 and ϕ1 ∈ L∞
0 we have

δ ≤ g ≤ Cδ for some constant C > 0. Due to the equality g − δ = ϕ1δ it follows that
g ∈ δW 1,2

−τ for all τ > 0 while g /∈ W 2,2
loc (R3).

Next we note that on the set R\{�0}, g is smooth and so Scalg is defined, smooth and
satisfies

Scalg = 3

2
(1 + ϕ1)

−3︸ ︷︷ ︸
∈L∞

0

|Dϕ1|2︸ ︷︷ ︸
∈L1−3

− 2(1 + ϕ1)
−2︸ ︷︷ ︸

∈L∞
0

�δϕ1︸ ︷︷ ︸
∈L1−3

∈ L1−3.

To see that g has integrable scalar curvature in the sense of Definition 3.3, we let v ∈ W 1,∞
loc

be compactly supported, V ∈ L1
loc(R

3) andQS ∈ L1
loc(R

3) be as in Proposition 2.16 and we
claim that we may define Sg = Scalg almost everywhere. To see this, we note that∫

R3
vScalg dμδ = lim

ε→0

∫
R3\Bε

vScalg dμδ

= lim
ε→0

(∫
R3\Bε

v divδ(V ) dμδ +
∫
R3\Bε

vQS dμδ

)

= lim
ε→0

(
−

∫
∂Bε

v
V i xi
|�x | dμδ −

∫
R3\Bε

V · v dμδ +
∫
R3\Bε

vQS dμδ

)

= −
∫
R3

V · v dμδ +
∫
R3

vQS dμδ − lim
ε→0

∫
∂Bε

v
V i xi
|�x | dμδ,

(3.2)

where in the first line above we have used that Scalg ∈ L1
loc(R

n) and the dominated con-
vergence theorem, in the second line we have applied Proposition 2.16, in the third line
we have applied the divergence theorem and lastly in the fourth line we have used that
V ,QS ∈ L1

loc(R
3) and applied the dominated convergence theorem once again. On ∂Bε it

holds |V |δ ≤ Cεα−1 for some constant C > 0 independent of ε. Thus

lim
ε→0

∣∣∣∣
∫

∂Bε

v
V i xi
|�x | dμδ

∣∣∣∣ ≤ lim sup
ε→0

Cε3−1εα−1 ≤ lim sup
ε→0

Cε1+α = 0,

where in the last step above we have again used that α > 0. The above limit combined with
(3.2) shows that g has distributional scalar curvature in L1. ��

123



   18 Page 16 of 35 Geometriae Dedicata           (2026) 220:18 

We are now ready to define the weak mass of a W 1,2
−τ -asymptotically Euclidean metric.

Note that the following definition is analogous to [9, Equation 4.5].

Definition 3.6 Let g be a W 1,2
−τ -asymptotically Euclidean metric on M with weight τ ∈ R

and let {χα : M → R}α≥1 be a sequence of compactly supported locally Lipschitz functions
such that

sup
α

‖χα‖W 1,∞
0

= sup
α

sup
M

(|χα| + r |Dχα|) ≤ C,

for some constant C > 0, and such that the sequence {χ−1
α (1)}α≥1 of subsets of M on which

χα ≡ 1 satisfies K ⊆ χ−1
α (1) ⊆ χ−1

α+1(1) for all α ≥ 1 and
⋃

α≥1 χ−1
α (1) = M . We then

define the weak ADM mass of g with respect to � and {χα}α≥1 by

mW
(
g,�, {χα}α≥1

):= 1

2ωn−1(n − 1)
lim

α→∞

∫
M

(
divh(e) − d trh(e)

)
(−Dχα) dμh

= 1

2ωn−1(n − 1)
lim

α→∞

∫
M

(hi j hkl − hikh jl)Dke jl(−Diχα) dμh,

whenever this limit exists. Here we have abused notation slightly by denoting the gradient
of χα with respect to the metric h by Dχα .

Remark 3.7 A typical sequence that satisfies the conditions of Definition 3.6 is given by

χα(p) =

⎧⎪⎨
⎪⎩
1, r(p) ≤ α

2 − r(p)
α

, α < r(p) < 2α

0, r(p) ≥ 2α

,

which means that the integration in Definition 3.6 is carried out on an open subset of the
manifold Mn while in the classical definition of mass, integration is carried out on a sub-
manifold of codimension 1. This contrast might make Definition 3.6 seem unnatural, but we
show that these definitions are equivalent in the higher regularity setting and the condition
supα‖χα‖W 1,∞

0
< ∞ seems to be necessary in order to prove the optimal results.

3.1 Well-definedness of the weak ADMmass

We now show the weak ADM mass is well-defined and equal to the classical ADM mass
when the metric is C2

loc. We begin by showing that the integral in Definition 3.6 converges
and does not depend on the choice of cutoff functions. The following lemma is useful for
showing that many of the integrals we encounter in the arguments below vanish.

Lemma 3.8 Suppose that w ∈ R, that Y ∈ L1
w−n and that {Xα}α≥1 is a sequence of tensor

fields of the same rank as Y such that

sup
α

‖Xα‖L∞−w
≤ C, lim

α→∞ Xα(p) = 0 for all p ∈ M,

for some constant C > 0. Then

lim
α→∞

∫
M

〈Y , Xα〉h dμh = 0.

Proof By assumption, we have point-wise convergence limm→∞〈Y , Xα〉h |p = 0 for every
p ∈ M . Moreover, the bound supα‖Xα‖L∞−w

≤ C together with the inclusion Y ∈ L1
w−n
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imply |〈Y , Xα〉h | ≤ |Y |h |Xα|h ≤ Cr−w|Y |h ∈ L1−n . In other words, the functions 〈Y , Xα〉
are dominated by the integrable function Cr−w|Y |h and converge pointwise to 0. An appli-
cation of the dominated convergence theorem then yields the desired limit. ��

The next theorem is analogous to the first part of [9, Proposition 4.1].

Theorem 3.9 Let g be a W 1,2
−(n−2)/2-asymptotically Euclidean metric that has distributional

scalar curvature in L1 and let {χα}α≥1 be a sequence of cutoff functions as in Definition 3.6.
Then the weak ADM mass of g is finite and independent of the choice of cutoff functions.

Proof We prove existence and independence simultaneously. Let K be the compact set in
Definition 2.1 and let Sg be as in Definition 3.3. Fixing a locally Lipschitz function φ : M →
R that vanishes on K and is equal to 1 outside some compact set that contains K , we define
another sequence of functions {χα}α≥1 by χα :=φχα for each α ∈ N. By construction, each
member χα of this sequence is locally Lipschitz with compact support. Letting the scalar
curvature act on a member χα of this sequence as in Definition 3.2 we have∫

M
χαSgdμh =

∫
M

(gi j gkl − gikg jl)Dke jl(−Diχα) dμh +
∫
M

χαQS dμh .

The supports of Dχα and Dφ are disjoint for all indices α larger than some α0. Thus for
all α ≥ α0 we have Dχα = Dχα + Dφ, after which we can rewrite the above equality as
follows:∫
M

(hi j hkl − hikh jl)Dke jl(−Diχα) dμh

=
∫
M

χαSgdμh −
∫
M

χαQS dμh −
∫
M

(gi j gkl − gikg jl)Dke jl(−Diφ) dμh

−
∫
M

(gi j gkl − hi j hkl + hikh jl − gikg jl)Dke jl(−Diχα) dμh .

(3.3)
In the limit α → ∞ the left-hand side above becomes a constant multiple of the weak
ADM mass. Therefore we study what happens with the right-hand side when α → ∞.
The next to last integral on the right-hand side is independent of α and finite since Dφ has
compact support.Moreover, since g isW 1,2

1−n/2-asymptotically Euclideanwe haveQS ∈ L1−n .
Combining this with the pointwise convergence (χα − φ) → 0 and the bound

sup
α

‖χα − φ‖L∞
0

≤ ‖φ‖L∞
0

+ sup
α

‖χα‖L∞
0

< ∞,

we conclude after an application of Lemma 3.8 that

lim
α→∞

∫
M

χαQS dμh =
∫
M

φQS dμh < ∞. (3.4)

We now consider the leftmost integral in (3.3). Due to φ ∈ L∞
0 and χα ∈ L∞

0 and the
pointwise convergence χα = χαφ → φ, an application of the dominated convergence
theorem shows that

lim
α→∞

∫
M

χαSgdμh =
∫
M

φSgdμh < ∞. (3.5)

Next we note that

gi j gkl − hi j hkl = (gi j − hi j )︸ ︷︷ ︸
L2
1−n/2

gkl︸︷︷︸
L∞
0

+ hi j︸︷︷︸
L∞
0

(gkl − hkl)︸ ︷︷ ︸
L2
1−n/2

∈ L2
1−n/2.
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By a similar argument one finds gikg jl − hikh jl ∈ L2
1−n/2 and so

(gi j gkl − hi j hkl + hikh jl − gikg jl)︸ ︷︷ ︸
L2
1−n/2

Dke jl︸ ︷︷ ︸
L2−n/2

∈ L1
1−n .

Due to the point-wise convergence Dχα → 0 and the bound supα‖Dχα‖L∞−1
< ∞ we

conclude after another application of Lemma 3.8 that

lim
α→∞

∫
M

(gi j gkl − hi j hkl + hikh jl − gikg jl)Dke jl(−Diχα) dμh = 0. (3.6)

Letting α → ∞ in (3.3) and using (3.4), (3.5) and (3.6) we conclude that

2(n − 1)ωn−1mW
(
g,�, {χα}α≥1

)

=
∫
M

φSgdμh −
∫
M

φQS dμh −
∫
M

(gi j gkl − gikg jl)Dke jl(−Diφ) dμh .

(3.7)
This equality implies that the weak ADM mass of g with respect to the sequence {χα}α≥1 is
well-defined. Moreover the sequence {χα}α≥1 does not appear on the right-hand side, hence
mW(g,�, {χα}α≥1) does not depend on the choice of cutoff functions. ��
Remark 3.10 Note that since the function φ in the proof of Theorem 3.9 is not compactly
supported, the right hand side of (3.7) does not necessarily vanish.

Since the weak mass is independent of the choice of cutoff-functions, we simply denote it
bymW(g,�).When (M, g) isC1-asymptotically Euclidean, as inDefinition 2.7, Proposition
2.12 implies that g isW 1,2

−(n−2)/2-asymptotically Euclidean.Moreover if g ∈ C2
loc and Scal

g ∈
L1−n , then due to the discussion below Definition 3.3, g has distributional scalar curvature
in L1 with Sg = Scalg , where Sg is as in Definition 3.3. By Theorem 3.9, the weak ADM
mass of such a metric g is well-defined and independent of the choice of cutoff-functions.

We now show that in this case, mW(g,�) = mADM(g,�), see also the second part of [9,
Proposition 4.1] for an analogous result in the asymptotically hyperbolic setting.

Theorem 3.11 Let g be aC1-asymptoticallyEuclideanmetric of order τ > n−2
2 with g ∈ C2

loc
and Scalg ∈ L1−n. Then weak ADM mass equals the classical ADM mass:

mW(g,�) = mADM(g,�).

Proof For integers α ≥ 1, we define the cutoff functions χα as in Remark 3.7. We note in
particular that Dχα = −1{α<r<2α}α−1Dr . By Definition 3.6 we find that

mW(g,�) = 1

2ωn−1(n − 1)
lim

α→∞

∫
M

(
divh(e) − d trh(e)

)
(−Dχα) dμh

= 1

2ωn−1(n − 1)
lim

α→∞
1

α

∫
α≤r≤2α

(
divh(e) − d trh(e)

)
(Dr) dμh .

Since the outward pointing unit normal to SR = {p ∈ M : r(p) = R} with respect to h is
νh = Dr

|Dr |h = Dr and since the classical ADM mass of (M, g) is well-defined, the above
can be written as

mW(g,�) = lim
α→∞

1

α

∫ 2α

α

(
1

2ωn−1(n − 1)

∫
Ss

(
divh(e) − d trh(e)

)
(Dr) dμh

)
ds
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= lim
α→∞

1

α

∫ 2α

α

(
mADM(g,�) + o(1)

)
ds

= mADM(g,�).

��

3.2 Coordinate invariance of the weakmass

In this section we provide conditions under which the weak ADM mass does not depend on
the choice of chart at infinity. Our starting point is the following reformulation of a result
due to Bartnik [6] in terms of weighted Sobolev spaces on R

n , recall Remark 2.5 for the
definition of δWk,p

−τ . We also refer the reader to [8, Lemma 1] for a related result.

Proposition 3.12 Suppose that n < p < ∞, that τ > 0, that (M,�) and (M, �̃) are
background manifolds with background metric structures (h, r) and (h̃, r̃), respectively and
that g is a Riemannian metric on M that is both W 1,p

−τ (h, r) and W 1,p
−τ (h̃, r̃)-asymptotically

Euclidean. Then there is an isometry G : Rn → R
n such that for i = 1, . . . , n we have

∇δ(Fi − xi ) ∈ δW 1,p
−τ , ∇δ

(
(F−1)i − xi

) ∈ δW 1,p
−τ ,

where F :=G ◦ �̃ ◦ �−1 and xi is the i th Euclidean coordinate function.

Remark 3.13 Weare abusing notation slightly since themaps F, F−1 are only defined outside
of compact subsets ofRn and so really the above should be phrased using the maps (1−ψ)F
and (1 − ψ)F−1 instead, where ψ is as in Remark 2.5. For the sake of brevity, we ignore
this technicality.

Proof Recall that (M,�), (h, r) and (M, �̃), (h̃, r̃) induce structures at infinity as defined
in [6, Definition 2.1] since both �∗g − δ and �̃∗g − δ lie in δW 1,p

−τ . We can thus apply [6,
Corollary 3.2] with (M, �̃) and (M,�) in place of (M,�) and (M, �) to obtain an isometry
G : Rn → R

n such that, defining F :=G ◦ �̃ ◦ �−1, we have

Fi − xi = (G ◦ �̃ ◦ �−1 − id)i ∈ δW 2,p
1−τ ,

and hence also∇δ(Fi −xi ) ∈ δW 1,p
−τ for i = 1, . . . , n.We now prove that∇δ((F−1)i −xi ) ∈

δW 1,p
−τ for i = 1, . . . , n as well.
Applying [6, Corollary 3.2] again, but interchanging the roles of � and �̃, we conclude

that there is an isometry G̃ : Rn → R
n such that, defining F̃ :=G̃ ◦ � ◦ �̃−1, we have

F̃ i − xi = (G̃ ◦ � ◦ �̃−1 − id)i ∈ δW 2,p
1−τ . (3.8)

Letting d denote the total derivative and ( · )ij the entries of the matrix corresponding to an

element in GL(Rn), we now prove that dG̃ = dG−1. We start by noting that Lemma 2.10
implies that Fi − xi and F̃ i − xi are in δW 1,∞

1−τ , so(
d(F − id)

)i
j = (dG ◦ d�̃ ◦ d�−1 − id)ij ∈ δL∞−τ(

d(F̃ − id)
)i
j = (dG̃ ◦ d� ◦ d�̃−1 − id)ij ∈ δL∞−τ ,

for all 1 ≤ i, j ≤ n. Since τ > 0, these inclusions imply

lim
p→∞(dF)ij = lim

p→∞(d F̃)ij = δij . (3.9)
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Now, since inversion is continuous as a map GL(Rn) → GL(Rn), it follows that

lim
p→∞(d�̃ ◦ d�−1 ◦ dG̃−1)ij = lim

p→∞(d F̃−1)ij = (δ−1)
j
i = δij .

Moreover, since function composition ◦ : GL(Rn) ×GL(Rn) → GL(Rn) is continuous, the
above implies

lim
p→∞(d�̃ ◦ d�−1)ij = lim

p→∞(d F̃−1 ◦ dG̃)ij = (id ◦ dG̃)ij = dG̃i
j . (3.10)

We can therefore calculate as follows:

(dG ◦ dG̃)ij = (dG)ik(dG̃)kj = lim
p→∞(dG)ik(d�̃ ◦ d�−1)kj = lim

p→∞(dF)ij = δij ,

where we have used (3.10) in the second equality and (3.9) in the last. It follows that dG̃ =
dG−1 as claimed. But then (3.8) implies

(dG−1 ◦ d� ◦ d�̃−1 − id)ij = (dG̃ ◦ d� ◦ d�̃−1 − id)ij = (
d(F̃ − id)

)i
j ∈ δW 1,p

−τ

Summing up, we have

(dF−1 − id)ij = (d� ◦ d�̃−1 ◦ dG−1 − id)ij

= (
dG ◦ (dG−1 ◦ d� ◦ d�̃−1 − id) ◦ dG−1)i

j

= (dG)ik︸ ︷︷ ︸
δW 1,∞

0

(dG−1 ◦ d� ◦ d�̃−1 − id)kl︸ ︷︷ ︸
δW 1,p

−τ

(dG−1)lj︸ ︷︷ ︸
δW 1,∞

0

∈ δW 1,p
−τ ,

which we wanted to show. ��
In the view of the above result, in order to understand how the mass might differ between

different background metric structures, we need to understand how the mass is affected if the
chart at infinity � : M \ K → R

n \ BR is composed with an isometry G : Rn → R
n or with

an almost identity F : Rn \ BR → R
n .

Remark 3.14 We note that whenever (M,�) is a reference manifold and � : Rn \ BR → R
n

is a diffeomorphism such that Rn \ image(�) is compact, then (M, � ◦ �) is a reference
manifold. This is because in this case the composition� ◦� is a diffeomorphism as well and
we can choose a bigger compact set K ′ ⊃ K and a radius R′ > R such that (�◦�)(M\K ′) =
R
n \ BR′ .

We need the following technical result, which shows that comparable background metric
structures give rise to the same weighted Sobolev spaces.

Proposition 3.15 Let p ∈ [1,∞] and τ ∈ R. Suppose that (M,�) and (M, �̃) are back-
ground manifolds and that (h, r) and (h̃, r̃) are corresponding background metric structures
such that h̃ is a W 1,p

−τ (h, r)-asymptotically Euclidean metric and such that for some constant
C ≥ 1, we have C−1r ≤ r̃ ≤ Cr on all of M. Then

L∞
0 (h, r) ∩ W 1,p

−τ (h, r) ⊆ L∞
0 (h̃, r̃) ∩ W 1,p

−τ (h̃, r̃).

Proof Let T ∈ L∞
0 (h, r)∩W 1,p

−τ (h, r). SinceC−1h ≤ h̃ ≤ Ch, it follows that |T |h̃ ≤ C |T |h
and that det(h̃) ≤ C det(h). As C−1r ≤ r̃ ≤ Cr as well, when p < ∞ we have the estimate

‖T ‖L p
−τ (h̃,r̃) =

(∫
M
r̃ pτ−n |T |p

h̃
dμh̃

)1/p

≤ C

(∫
M
r pτ−n |T |ph dμh

)1/p

= C‖T ‖L p
−τ (h,r).
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By a similar calculation, ‖T ‖L∞
0 (h̃,r̃) ≤ C‖T ‖L∞

0 (h,r), so T ∈ L∞
0 (h̃, r̃)∩L p

−τ (h̃, r̃). Since h̃

is aW 1,p
−τ (h, r)-asymptotically Euclidean metric, we can apply Lemma 2.14 to the difference

tensor �k
i j :=h̃�k

i j − h�k
i j to conclude that � ∈ L p

−τ−1(h, r). Due to the inclusions

DT ∈ L p
−τ−1(h, r), ∇ h̃ T − DT = �︸︷︷︸

L p
−τ−1(h,r)

� T︸︷︷︸
L∞
0 (h,r)

∈ L p
−τ−1(h, r),

and the calculation in the first part of the proof, we conclude that ∇ h̃ T ∈ L p
−τ−1(h̃, r̃) as

well. In conclusion we find that T ∈ L∞
0 (h̃, r̃) ∩ W 1,p

−τ (h̃, r̃). ��
Proposition 3.16 Suppose that (M,�) and (M,G ◦ �) are reference manifolds equipped
with background metric structures (h, r) and (h̃, r̃), where G : Rn → R

n is an isometry.
Then the following holds.

1. Outside a compact subset of M we have h = h̃, and for a constant C ≥ 1 we have
C−1r < r̃ < Cr on all of M.

2. If p ∈ [1,∞], τ ∈ R and g is a W 1,p
−τ (h, r)-asymptotically Euclidean metric on M, then

the metric g is W 1,p
−τ (h̃, r̃)-asymptotically Euclidean as well.

3. Let {χα}α≥1 be a sequence of cutoff functions with respect to (h, r), as in Definition 3.6. If
the weak mass mW(g,�, {χα}α≥1) is well-defined and independent of the choice of cutoff
functions, then the weak mass mW(g,G ◦ �, {χα}α≥1) is also well-defined, independent
of choice of cutoff functions and satisfies

mW(g,G ◦ �) = mW(g,�).

Note that we do not claim that (M, g) has distributional scalar curvature in L1 in either
chart or that τ ≥ n−2

2 , as needed in order to apply Theorem 3.9.

Proof Since (M,�) is a reference manifold there is a compact set K ⊆ M and a radius
R > 0 such that �(M \ K ) = R

n \ BR . Similarly since (M,G ◦ �) is a reference manifold
there is a compact set K ′ ⊆ M and a radius R′ > 0 such that (G ◦ �)(M \ K ′) = R

n \ BR′
and without loss of generality we may assume that on M \ K ′ we have

h = �∗δ, r = |x | ◦ �, h̃ = (G ◦ �)∗δ, r̃ = |x | ◦ G ◦ �.

Thus on M \ K ′ we have

h = �∗δ = �∗(G∗δ) = (G ◦ �)∗δ = h̃,

where in the second equality we use that G is an isometry with respect to δ. Thus h = h̃
outside of the compact set K ′. Since any isometry of Rn can be written as an orthogonal
transformation followed by a translation we find

lim
p→∞

r̃(p)

r(p)
= lim

x→∞
|G(x)|

|x | = 1.

Thus there exists a compact set E ⊆ M outside ofwhichwe have r/2 < r̃ < 2r . Furthermore,
since the functions r : M → R and r̃ : M → R are positive and the set E is compact, there
is a constant C > 1 such that C−1r < r̃ < Cr on E . Thus C−1r < r̃ < Cr on all of M and
we have proven the first part of the proposition.

Let p ∈ [1,∞] and τ ∈ R and suppose that g is a W 1,p
−τ (h, r)-asymptotically Euclidean

metric on M . Since h = h̃ outside of a compact set and C−1r ≤ r̃ ≤ Cr on all of M , the
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metric h̃ isW 1,p
−τ (h, r)-asymptotically Euclidean. Moreover, g−h ∈ W 1,p

−τ (h, r)∩ L∞
0 (h, r)

so Proposition 3.15 implies that g − h ∈ W 1,p
−τ (h̃, r̃), and h − h̃ is compactly supported so

h − h̃ ∈ W 1,p
−τ (h̃, r̃). Thus

g − h̃ = (g − h) + (h − h̃) ∈ W 1,p
−τ (h̃, r̃).

This inclusion together with the inequalities

C−2h̃ ≤ C−1h ≤ g ≤ Ch ≤ C2h̃,

implies that g is a W 1,p
−τ (h̃, r̃)-asymptotically Euclidean metric, which is the second part of

the proposition.
Finally, ifmW(g,�, {χα}α≥1) iswell-defined and independent of cutoff functions {χα}α≥1

as in Definition 3.6, we have

mW(g,G ◦ �, {χα}α≥1)

= 1

2(n − 1)ωn−1
lim

α→∞

∫
M

(h̃i j h̃kl − h̃ik h̃ jl)∇ h̃
k (g jl − h̃ jl)(−Diχα) dμh̃

= 1

2(n − 1)ωn−1
lim

α→∞

∫
M

(hi j hkl − hikh jl)Dk(g jl − h jl)(−Diχα) dμh

= mW(g,�),

where we recall that ∇ h̃ is the Levi-Civita connection with respect to h̃. Here we used the
fact that the supports of the Dχα are contained in M \ K ′ for large enough α, at which point
h = h̃ and ∇ h̃ = ∇h = D. ��

We now show that composing a chart at infinity with an almost identity does not change
the mass. Due to the length of the argument we split the proof into two parts. Recall that we
are abusing notation slightly, see Remark 3.13.

Proposition 3.17 Suppose that (M,�)and (M, F◦�)are referencemanifolds equippedwith
backgroundmetric structures (h, r) and (h̃, r̃), where F : Rn \BR → R

n is a diffeomorphism
for some R > 0, such that for some p ∈ (n,∞] and τ > 0 we have ∇δ(Fi − xi ) ∈
δW 1,p

−τ (h, r) for all i = 1, . . . , n. Then h̃ is aW 1,p
−τ (h, r)-asymptotically Euclideanmetric and

for a constant C ≥ 1we have C−1r ≤ r̃ ≤ Cr. Moreover, if g is a W 1,p
−τ (h, r)-asymptotically

Euclidean metric, then g is also a W 1,p
−τ (h̃, r̃)-asymptotically Euclidean metric.

Proof Lemma 2.10 implies that for each index i we have ∇δ(Fi − xi ) ∈ δL∞−τ . Fixing any
x0 ∈ R

n \ BR , this in turn implies that |(F(x) − x) − (F(x0) − x0)|δ ≤ C |x |1−τ for any
x ∈ R

n \ BR and hence

lim
p→∞

r̃(p)

r(p)
= lim

x→∞
|F(x)|

|x | = 1.

Thus there exists a compact set E ⊆ M outside of which we have r/2 < r̃ < 2r . Since
the functions r : M → R and r̃ : M → R are positive and the set E is compact, there is a
constant C > 1 such that C−1r < r̃ < Cr on E , thus C−1r < r̃ < Cr on all of M .

We now make the following observation:

(F∗δ)i j = (Di F
u)(Dj F

v)δuv = (Di F
u − δui )︸ ︷︷ ︸

δL p
−τ

(Dj F
v)δuv︸ ︷︷ ︸

δL∞
0

+ (Dj F
v − δv

j )︸ ︷︷ ︸
δL p

−τ

δui δuv︸ ︷︷ ︸
δL∞

0

+δui δv
j δuv,
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so that F∗δ − δ ∈ δL p
−τ . At the same time we have

Dk(F
∗δ − δ)i j = (DkDi F

u)︸ ︷︷ ︸
δL p

−τ−1

(Dj F
v)δuv︸ ︷︷ ︸

δL∞
0

+ (Di F
u)︸ ︷︷ ︸

δL∞
0

(DkD j F
v)︸ ︷︷ ︸

δL p
−τ−1

δuv︸︷︷︸
δL∞

0

∈ δL p
−τ−1.

Thus F∗δ − δ ∈ δW 1,p
−τ . An application of Lemma 2.10 implies that F∗δ − δ ∈ δL∞−τ and

hence
|F∗δ − δ|δ < C |x |−τ .

It follows that C−1δ ≤ F∗δ ≤ Cδ and due to the equality �∗δ = h we find

h̃ − h = (F ◦ �)∗δ − �∗δ = �∗(F∗δ − δ) ∈ W 1,p
−τ (h, r),

h = �∗δ ≤ C�∗(F∗δ) = C(F ◦ �)∗δ = Ch̃,

h̃ = �∗F∗δ ≤ C�∗δ = Ch.

In the first line we recalled Remark 2.5, stating that a tensor T ∈ W 1,p
−τ (h, r) if and only if

�∗T ∈ δW 1,p
−τ and in the second and third line we use that B1 ≤ CB2 as bilinear forms if

and only if �∗B1 ≤ C�∗B2 as bilinear forms. The above three inequalities imply that h̃ is
a W 1,p

−τ (h, r)-asymptotically Euclidean metric.

Finally, let g be someW 1,p
−τ (h, r)-asymptotically Euclidean metric. Applying Proposition

3.15 we see that g ∈ W 1,p
−τ (h̃, r̃). Moreover, since

C−2h̃ ≤ C−1h ≤ g ≤ Ch ≤ C2h̃,

we find that g is W 1,p
−τ (h̃, r̃)-asymptotically Euclidean. ��

With Proposition 3.17 and Proposition 3.15 in hand we now show that composing a chart
at infinity with an “almost identity” does not change the mass.

Proposition 3.18 Suppose that (M,�)and (M, F◦�)are referencemanifolds equippedwith
backgroundmetric structures (h, r) and (h̃, r̃), where F : Rn \BR → R

n is a diffeomorphism
for some R > 0, such that for some real numbers n < p < ∞, τ > n−2

2 we have for all
i = 1, . . . , n

∇δ(Fi − xi ) ∈ δW 1,p
−τ , ∇δ

(
(F−1)i − xi

) ∈ δW 1,p
−τ .

Let {χα}α≥1 be a sequence of cutoff functions with respect to (h, r), as in Definition 3.6. If
the weak mass mW(g,�, {χα}α≥1) is well-defined and independent of the choice of cutoff
functions, then mW(g, F ◦ �, {χα}α≥1) is also well-defined, independent of the choice of
cutoff functions and satisfies

mW(g, F ◦ �) = mW(g,�).

Once again, we do not claim that (M, g) has distributional scalar curvature in L1 in either
chart. We merely show that as soon as mW(g,�) exists, then mW(g, F ◦ �) also exists and
the two masses agree.

Proof Since (M,�) and (M, F ◦�) are reference manifolds there are compact sets K , K ′ ⊆
M and radii R, R′ > 0 such that �(M \ K ) = R

n \ BR and (F ◦ �)(M \ K ′) = R
n \ BR′ .

Without loss of generality we may assume that K ⊃ K ′ and R > R′, so that on M \ K we
have

h = �∗δ, r = |x | ◦ �, h̃ = (F ◦ �)∗δ, r̃ = |x | ◦ F ◦ �.
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Let {χ̃α}α≥1 be a sequence of cutoff functions with respect to the backgroundmetric structure
(h̃, r̃), as inDefinition 3.6.We choose the indexα0 so thatwe have χ̃−1

α (1) ⊃ K for allα ≥ α0

and define two more sequences of cutoff functions, {χα}α≥α0 and {χα}α≥α0 , which we make
use of in the proof. We define

χα :=
{

χ̃α ◦ (F ◦ �)−1 ◦ �, on M \ K

1, on K
,

χα :=
{

χα ◦ �−1, on R
n \ BR

1, on BR
,

and note that each χα : M → R and χα : Rn → R is locally Lipschitz and compactly
supported. By definition we have

⋃
α≥α0

χ−1
α (1) = M,

⋃
α≥α0

χ−1
α (1) = R

n .

Since the functions χα and χα are identically equal to 1 on the compact set K respectively
BR , we have the equalities

‖χα‖W 1,∞
0 (h,r) = ‖χ̃α ◦ (F ◦ �)−1‖δW 1,∞

0
= ‖χ̃α‖W 1,∞

0 (h̃,r̃) < ∞,

‖χα‖δW 1,∞
0

= ‖χα ◦ �−1‖δW 1,∞
0

= ‖χ̃α ◦ (F ◦ �)−1‖δW 1,∞
0

= ‖χ̃α‖W 1,∞
0 (h̃,r̃) < ∞.

In particular,

sup
α

‖χα‖W 1,∞
0 (h,r) = sup

α
‖χα‖δW 1,∞

0
= sup

α
‖χ̃α‖W 1,∞

0 (h̃,r̃) < ∞ (3.11)

and hence {χα}α≥α0 is a sequence of cutoff functions on M with respect to the background
metric structure (h, r) as in Definition 3.6. We now show that the difference

D:=2ωn−1(n − 1)
(
mW(g, F ◦ �, {χ̃α}α≥α0) − mW(g,�, {χα}α≥α0)

)

= lim
α→∞

∫
M

(h̃i j h̃kl − h̃ik h̃ jl)∇ h̃
k g jl(−∇ h̃

i χ̃α) dμh̃

−
∫
M

(hi j hkl − hikh jl)Dkg jl(−Diχα) dμh,

vanishes. Using a change of variables x = (F ◦ �)(p) in the first integral and x = �(p) in
the second, and recalling that supp(∇ h̃ χ̃α) and supp(Dχα) are contained in M \ K we find

D = lim
α→∞

∫
Rn

(δi jδkl − δikδ jl)∇δ
k

(
(F ◦ �)∗g

)
jl

(−∂i (χ̃α ◦ (F ◦ �)−1)
)
dμδ

− lim
α→∞

∫
Rn

(δi jδkl − δikδ jl)∇δ
k (�∗g) jl

(−∂i (χα ◦ �−1)
)
dμδ.

We now define

ḡ:=
{

�∗g, on R
n \ BR

δ, on BR
,

so that after recalling the definitions of χα and χ̄α we find that

D = lim
α→∞

∫
Rn

(δi jδkl − δikδ jl)∇δ
k (F∗ḡ − ḡ) jl(−∂iχα) dμδ.
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Defining A:=F−1 so that A∗ = F∗ and ē:=ḡ − δ, the above can be written as follows:

D = − lim
α→∞

∫
Rn

(δi jδkl − δikδ jl)∇δ
k (A

∗δ − δ) jl(−∂iχα) dμδ

+ lim
α→∞

∫
Rn

(δi jδkl − δikδ jl)∇δ
k (A

∗ē − ē) jl(−∂iχα) dμδ.

(3.12)

Next we note that

(A∗ē − ē) jl = (
(∂ j A

u)(∂l A
v) − δui δv

l

)
ēuv = (∂ j A

u − δuj )(∂l A
v)ēuv + δuj (∂l A

v − δv
l )ēuv.

By Remark 2.5 we have ē ∈ δW 1,p
−τ ⊆ δW 1,2

1−n/2 and since g is an asymptotically Euclidean

metric we have ē ∈ δL∞
0 . By assumption we have ∇δ(Ai − xi ) ∈ δW 1,p

−τ ⊆ δW 1,2
1−n/2 and

due to Lemma 2.10 it follows that ∇δ(Ai − xi ) ∈ δL∞−τ , hence

∇δ
k (A

∗ē − ē) jl = (∂ j A
u − δuj )︸ ︷︷ ︸

δL2
1−n/2

(∂l A
v)︸ ︷︷ ︸

δL∞
0

∂k ēuv︸ ︷︷ ︸
δL2−n/2

+ δuj︸︷︷︸
δL∞

0

(∂l A
v − δv

l )︸ ︷︷ ︸
δL2

1−n/2

∂k ēuv︸ ︷︷ ︸
δL2−n/2

+ (∂ j A
u − δuj )︸ ︷︷ ︸

δL2
1−n/2

(∂k∂l A
v)︸ ︷︷ ︸

δL2−n/2

ēuv︸︷︷︸
δL∞

0

+ 0︸︷︷︸
δL2−n/2

(∂l A
v − δv

l )︸ ︷︷ ︸
δL2

1−n/2

ēuv︸︷︷︸
δL∞

0

+ (∂k∂ j A
u − 0)︸ ︷︷ ︸

δL2−n/2

(∂l A
v)︸ ︷︷ ︸

δL∞
0

ēuv︸︷︷︸
δL2

1−n/2

+ δuj︸︷︷︸
δL∞

0

(∂k∂l A
v − 0)︸ ︷︷ ︸

δL2−n/2

ēuv︸︷︷︸
δL2

1−n/2

∈ δL1
1−n .

This inclusion together with the bound (3.11) allows us to apply Lemma 3.8 to conclude that
the second limit of (3.12) vanishes. Thus

D = lim
α→∞

∫
Rn

(δi jδkl − δikδ jl)∇δ
k (A

∗δ) jl(−∂iχα) dμδ. (3.13)

The tensor A∗δ satisfies

(A∗δ) jl = (∂ j A
u)(∂l A

v)δuv, ∇δ
k (A

∗δ) jl = (
(∂k∂ j A

u)(∂l A
v) + (∂ j A

u)(∂k∂l A
v)

)
δuv.

Hence we have the inclusion

∇δ
k (A

∗δ) jl − (δul∂k∂ j A
u + δv j∂k∂l A

v)

= (
(∂k∂ j A

u)(∂l A
v) + (∂ j A

u)(∂k∂l A
v)

)
δuv − (

(∂k∂ j A
u)δv

l + δuj (∂k∂l A
v)

)
δuv

= (
(∂k∂ j A

u)︸ ︷︷ ︸
δL2−n/2

(∂l A
v − δv

l )︸ ︷︷ ︸
δL2

1−n/2

+ (∂ j A
u − δuj )︸ ︷︷ ︸

δL2
1−n/2

(∂k∂l A
v)︸ ︷︷ ︸

δL2−n/2

)
δuv︸︷︷︸
δL∞

0

∈ δL1
1−n .

The above combined with δi jδkl − δikδ jl ∈ δL∞
0 implies

(δi jδkl − δikδ jl)(∇δ
k (A

∗δ) jl − (δul∂k∂ j A
u + δv j∂k∂l A

v)) ∈ δL1
1−n . (3.14)
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The second term in (3.14) can be rewritten as follows:

(δi jδkl − δikδ jl)(δul∂k∂ j A
u + δv j∂k∂l A

v)

= (δi jδkl − δikδ jl)δul∂k∂ j A
u + (δi jδkl − δikδ jl)δv j∂k∂l A

v

= (δi jδku − δikδ
j
u )∂k∂ j A

u + (δivδ
kl − δikδlv)∂k∂l A

v

= δi j∂k∂ j A
k − δik∂k∂ j A

j + �δAi − δik∂k∂l A
l

= �δAi − δi j∂ j∂k A
k,

where �δAi :=δ jk∂ j∂k Ai is the Laplacian of Ai with respect to δ. Substituting, (3.14) now
reads

(δi jδkl − δikδ jl)∇δ
k (A

∗δ) jl − (�δAi − δi j∂ j∂k A
k) ∈ δL1

1−n .

Due to this inclusion and (3.11), we can apply Lemma 3.8 once more to conclude that (3.13)
can be written as

D = lim
α→∞

∫
Rn

(�δAi − δi j∂ j∂k A
k)(−∂i χ̄α) dμδ

+ lim
α→∞

∫
Rn

(
(δi jδkl − δikδ jl)∇δ

k (A
∗δ) jl − (�δAi − δi j∂ j∂k A

k)
)
(−∂iχα) dμδ

= lim
α→∞

∫
Rn

(�δAi − δi j∂ j∂k A
k)(−∂i χ̄α) dμδ.

We now show that each integral

Iα:=
∫
Rn

(�δAi − δi j∂ j∂k A
k)(−∂iχα) dμδ

vanishes. Since (F ◦�)(M \K ′) = R
n \ BR′ , we know that A is defined outside of a compact

subset ofRn . We can thus let φ : Rn → [0, 1] be a compactly supported smooth function that
equals 1 on a large enough compact set and the map φid + (1 − φ)A is then defined on all
of Rn . Replacing the map A in the definition of Iα with φid+ (1− φ)A does not change D,
since φid+ (1− φ)A = A outside of a compact set. Thus we may without loss of generality
assume that A : Rn → R

n . For the moment we assume that each Ai ∈ C3
loc(R

n \ BR). In
this case we may define the vector field X ∈ C1

loc(R
n \ BR) by Xi :=�δAi − δi j∂ j∂k Ak and

calculate that

divδ(X) = ∂i (�
δ Ai−δi j∂ j∂k A

k) = ∂i (δ
jk∂ j∂k A

i−δi j∂ j∂k A
k) = δ jk∂i∂ j∂k A

i−δi j∂k∂i∂ j A
k = 0,

where in the last line we have used that higher order partial derivatives with respect to δ

commute. The divergence theorem implies

Iα = −
∫
Rn

〈X ,∇δχα〉δ dμδ = −
∫
Rn

χα divδ(X) dμδ = 0.

A standard approximation argument shows that Iα = 0 even when we only have Ai ∈ δW 2,p
loc .

Thus D = 0 and hence

mW
(
g, F ◦ �, {χ̃α}α≥1

) = mW
(
g,�, {χα}α≥1

)
,

where χα = χ̃α ◦ (F ◦ �)−1 ◦ �. Since the right hand side is independent of the sequence
{χα}α≥1, the left hand side is independent of the chosen sequence {χ̃α}α≥1. ��
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We conclude this section with the following theorem, which tells us that the ADM mass
of a W 1,p

−τ (h, r)-asymptotically Euclidean metric with p > n and τ > n−2
2 does not depend

on the background metric structure (h, r). We note that in this case W 1,p
−τ ⊆ W 1,2

−(n−2)/2
and that in the conditions described below, Theorem 3.9 implies that mW(g,�, {χα}α≥1) is
well-defined and independent of the choice of cutoff functions, cf. Bartnik [6, Theorem 4.2]
and Chru?ciel [8, Theorem 2].

Theorem 3.19 Suppose that p > n and τ > n−2
2 are real numbers, that (M,�) respectively

(M, �̃) are reference manifolds equipped with background metric structures (h, r) respec-
tively (h̃, r̃) and that g is both a W 1,p

−τ (h, r) and a W 1,p
−τ (h̃, r̃)-asymptotically Euclidean

metric. If mW(g,�, {χα}α≥1) is well-defined, independent of the choice of cutoff functions
then so is mW(g, �̃, {χα}α≥1) and

mW(g, �̃) = mW(g,�).

Proof Let G be the isometry given by Proposition 3.12. Then for F :=G ◦ �̃ ◦ �−1 we have

∇δ(Fi − xi ) ∈ δW 1,p
−τ , ∇δ

(
(F−1)i − xi

) ∈ δW 1,p
−τ .

We now have three background manifolds equipped with background metric structures,
namely (M,�) equippedwith (h, r), (M, �̃) equippedwith (h̃, r̃) and (M, F◦�) = (M,G◦
�̃) equipped with (h̃, r̃). By assumption, the mass mW(g,�, {χα}α≥1) is well-defined and
independent of the choice of cutoff functions. An application of Proposition 3.18 implies that
themassmW(g, F◦�, {χα}α≥1) = mW(g,G◦�̃, {χα}α≥1) is alsowell-defined, independent
of the choice of cutoff functions and satisfies

mW(g,�) = mW(g,G ◦ �̃).

Applying Proposition 3.16 with (M,G ◦ �̃) in place of (M,�) and G−1 in place of G shows
that mW(g,G−1 ◦ G ◦ �̃, {χα}α≥1) is well-defined, independent of cutoff functions, and
satisfies

mW(g, �̃) = mW(g,G−1 ◦ G ◦ �̃) = mW(g,G ◦ �̃).

All in all, we obtain mW(g, �̃) = mW(g,�) as desired. �� ��

4 Ricci style definitions in low regularity

We recall that the Einstein tensor of a Riemannian manifold (M, g) is defined as

Gg:=Ricg − Scalg

2
g.

We also recall the Ricci version of the ADM mass, cf. Herzlich [10, Definition 1.4].

Definition 4.1 Let g be a C2-asymptotically Euclidean metric of order τ > 0 in the sense
of Definition 2.7 and let X be the radial vector field X :=�∗(r∂r ). The Ricci version of the
ADM mass of g is defined as

mR(g,�):= −1

(n − 1)(n − 2)ωn−1
lim
R→∞

∫
SR

Gg(X , νh) dμh,

where νh is the outward pointing unit normal to SR = {p ∈ M : r(p) = R} with respect to
h, whenever the above limit exists.
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In [10, Theorem 2.3] it is shown that for a C2-asymptotically Euclidean metric g of order
τ > n−2

2 which has integrable scalar curvature and additionally satisfies g ∈ C3
loc, the Ricci

version of the ADMmass of g is well-defined and agrees with the classical ADMmass as in
Definition 3.1. Motivated by this result, we show that the weak ADMmass of anW 2,2

−(n−2)/2-
asymptotically Euclidean metric g can be expressed in terms of the Einstein tensor Gg . We
begin by making the following definition, analogous to Definition 3.6.

Definition 4.2 Suppose that g is a W 2,2
−τ -asymptotically Euclidean metric for some τ ∈ R as

in Definition 2.6 and let {χα}α≥1 be a sequence of cutoff functions as in Definition 3.6. Then
the Ricci version of the weak ADM mass of g is defined as

mRW
(
g,�, {χα}α≥1

):= −1

(n − 1)(n − 2)ωn−1
lim

α→∞

∫
M
Gg(r Dr ,−Dχα) dμh

= −1

(n − 1)(n − 2)ωn−1
lim

α→∞

∫
M
hikh jlGg

kl(r Dir)(−Djχα) dμh

whenever this limit exists. Here we have abused notation slightly by denoting the gradients
of χα and r with respect to the metric h by Dχα and Dr .

The following technical lemma follows from Proposition 2.18, see also [9, Lemma 4.8].
In this section, we often use Lemma 4.3 in place of Lemma 2.9 in order to conclude that a
product, where one of the factors is the Einstein tensor Gg , lies in a certain weighted Sobolev
space.

Lemma 4.3 Let g be a W 2,2
−τ -asymptotically Euclidean metric and let X ∈ L2

w−τ ∩ L3
w−2τ/3

for some τ,w ∈ R. Then Gg�X ∈ L1
w−2−2τ .

Proof Since Scalg = g−1�Ricg and g−1 ∈ L∞
0 , it suffices to show that Ricg�X ∈ L1

w−2−2τ .
To this end we recall Proposition 2.15, which states that

Ricg = g−1�DDe + Rich + g−1�g−1�De�De.

When 3 ≤ n ≤ 6, Proposition 2.18 implies

‖De‖L3−1−2τ/3
≤ C‖De‖L3−1−τ

≤ C‖De‖W 1,2
−1−τ

≤ C‖e‖W 2,2
−τ

< ∞,

and when 7 ≤ n, Proposition 2.18 implies

‖De‖L3−1−2τ/3
≤ C

(‖e‖W 2,2
−1−τ

+ ‖e‖L∞
0

)
< ∞.

All in all we have that De ∈ L3−1−2τ/3, for all n ≥ 3. All in all

Ricg�X = (Rich + g−1�DDe)︸ ︷︷ ︸
L2−τ−2

� X︸︷︷︸
L2

w−τ

+ g−1�g−1︸ ︷︷ ︸
L∞
0

� De�De︸ ︷︷ ︸
L3/2

−2−4τ/3

� X︸︷︷︸
L3

w−2τ/3

∈ L1
w−2−2τ ,

which is what we wanted to show. ��

The following proposition plays a similar role as Definition 3.2. See also [9, Section 4.2,
Equation 4.24]. We recall that the difference tensor � is given by � = g∇ − D, see also
Equation (2.15).
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Proposition 4.4 Let g ∈ W 2,2
loc be a metric and let X be a conformal Killing vector field for

the metric h on the open set U ⊆ M. Then for all locally Lipschitz functions φ : M → R

with compact support in U we have
∫
M
Gg(X ,∇gφ) dμg = −

∫
M

φgi j gklGg
ik

(
divh(X)

n
h jl + �u

jl guvX
v

)
dμg.

Proof Without loss of generality, we can assume that g is smooth. The general case follows
from a standard approximation argument, cf. the proof of [9, Equation 4.18]. We define a
one-form w:=φGg(X , · ) and calculate as follows:

divg(w) = gi j
(
(∇g

j φ)Gg
ki X

k + φ(∇g
j G

g
ki )X

k + φGg
ki (∇g

j X
k)

)
= gi j

(
(∇g

j φ)Gg
ki X

k + φGg
ki (∇g

j X
k)

)
= Gg(X ,∇gφ) + gi j gklφGg

ki (∇g
j Xl),

where in the second equality we have used thatGg is divergence free and in the third equality
we have lowered one of the indices of ∇g X using g. Integrating the above over M with
respect to dμg and noting that w is locally Lipschitz and compactly supported in U , we
conclude after an application of the divergence theorem that

0 =
∫
M
Gg(X ,∇gφ) + φgi j gklGg

ki (∇g
j Xl) dμg.

Since Gg is symmetric and since gi j gkl = gkl gi j , we find that

∫
M
Gg(X ,∇gφ) dμg = −

∫
M

φgi j gklGg
ik

∇g
j Xl + ∇g

l X j

2
dμg. (4.1)

Since X is a conformal Killing vector field for the metric h we conclude that

∇g
j Xl + ∇g

l X j

2
= 1

2
(Dj Xl + Dl X j + �u

jl Xu + �u
l j Xu) = divh(X)

n
h jl + �u

jl guvX
v,

where we have now raised the index of X using g. Substituting the above equality into (4.1)
we arrive at the formula∫

M
Gg(X ,∇gφ) dμg = −

∫
M

φgi j gklGg
ik

(
divh(X)

n
h jl + �u

jl guvX
v

)
dμg,

which is what we wanted to prove. ��
We now show that the Ricci version of the weak ADM mass is well-defined, see also [9,

Proposition 4.9].

Theorem 4.5 Let g be a W 2,2
−(n−2)/2-asymptotically Euclidean metric such that Scal

g ∈ L1−n
and let {χα}α≥1 be a sequence of cutoff functions as in Definition 3.6. Then the Ricci version
of the weak ADM mass, mRW

(
g,�, {χα}α≥1

)
, is well-defined and independent of the choice

of cutoff functions.

Proof We recall that in the chart at infinity� : M \K → R
n \BR we have�∗h = δ, that xi∂i

is a conformal Killing vector field on R
n \ BR and that divδ(xi∂i ) = n. Thus we can define

the vector field X :=r Dr and note that outside the compact set K , we have X = �∗(xi∂i ) and
so X is a conformal Killing vector field for h and divh(X) = n. We also note that X ∈ L∞

1 .
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Similarly to the proof of Theorem 3.9, we let φ : M → [0, 1] be a locally Lipschitz
function that equals 1 outside of some compact set and vanishes on K . We define another
sequence of functions {χα}α≥1 as χα :=φχα . By construction, each member of this sequence
is a locally Lipschitz function with compact support. Using Proposition 4.4 with χα in place
of φ we find∫

M
Gg(X ,∇gχα) dμg +

∫
M

χαg
i j gklGg

ik(h jl + �u
jl guvX

v) dμg = 0. (4.2)

Since ∇gφ is compactly supported, there is some index α0 such that for all α ≥ α0 we have
∇gχα = ∇gχα + ∇gφ. Thus for α ≥ α0

Gg(X ,∇gχα) = Gg(X ,∇gφ) + Gg(X ,∇gχα)

= Gg(X ,∇gφ) + gi jGg
ik X

k∇g
j χα

= Gg(X ,∇gφ) + hi jGg
ik X

k D jχα + f i j Gg
ik X

k D jχα

= Gg(X ,∇gφ) + Gg(X , Dχα) + f i j Gg
ik X

k D jχα.

Combining the above equality with (4.2) we conclude that∫
M
Gg(X ,−Dχα) dμg =

∫
M
Gg(X ,∇gφ) dμg + Iα + IIα, (4.3)

where the integrals Iα and IIα are given by

Iα :=
∫
M

f i jGg
ik X

k D jχα dμg, IIα:=
∫
M

χαg
i j gklGg

ik(h jl + �u
jl guvX

v) dμg.

We now consider (4.3) in the limit α → ∞. First, we claim that Iα vanishes as α → ∞.
To show this, we start by noting the inclusion L2

−(n−2)/2 ∩ L∞
0 ⊆ L3

−(n−2)/3, which follows
from direct computation using Definition 2.4. Applying Lemma 2.13, we then find that
e, f ∈ L2

−(n−2)/2 ∩ L3
−(n−2)/3. It thus follows that

f︸︷︷︸
L2

− n−2
2

∩L3
− n−2

3

� X︸︷︷︸
L∞
1

∈ L2
1− n−2

2
∩ L3

1− n−2
3

,

so by applying Lemma 4.3 with w = 1 and τ = n−2
2 , we have f i j Gg

ik X
k ∈ L1

1−n . Finally,
the bound supα‖Dχα‖L∞−1

< ∞ and the point-wise convergence Dχα → 0 allows us to
apply Lemma 3.8 to conclude that

lim
α→∞ Iα = 0. (4.4)

In order to evaluate limα→∞ IIα , we first use (2.15) to write

h jl + �u
jl guvX

v = (g jl − e jl) + Xv

2
(Djelv + Dle jv − Dve jl).

Recalling that Gg = Ricg − Scalgg
2 , the above implies

gi j gklGg
ik(h jl + �u

jl guvX
v)

= gi j gklGg
ikg jl − gi j gklGg

ik

(
e jl − Xv

2
(Djelv + Dle jv − Dve jl)

)

= −n − 2

2
Scalg − g−1�g−1�Gg�(e + X�De).
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We claim that the above is an element of L1−n . To see this we note first that Scal
g ∈ L1−n by

assumption. Next we note that e ∈ L2
−(n−2)/2 ∩ L3

−(n−2)/3 and since e ∈ W 2,2
−(n−2)/2 we can

argue as in the proof of Lemma 4.3 to find De ∈ L1,3
−1−(n−2)/3. All in all, g−1 ∈ L∞

0 and

e︸︷︷︸
L2

− n−2
2

∩L3
− n−2

3

+ X︸︷︷︸
L∞
1

� De︸︷︷︸
L2

−1− n−2
2

∩L3
−1− n−2

3

∈ L2
− n−2

2
∩ L3

− n−2
3

. (4.5)

Lemma 4.3 with w = 0 and τ = n−2
2 implies g−1�g−1�Gg�(e + X�De) ∈ L1−n . This

together with the uniform bound supα‖χα − φ‖L∞
0

≤ C and the point-wise convergence
(χα − φ) → 0 allows us to apply Lemma 3.8 with w = 0 to conclude that

lim
α→∞ IIα =

∫
M

φgi j gklGg
ik(h jl + �u

jl guvX
v) dμg. (4.6)

Finally, we show that dμg can be replaced by dμh in the integral on the left-hand side of
(4.3). Noting that dμg = √

det(g)/det(h) dμh , Lemma 2.17 and the bound det(h) ≥ C−1

gives

|√det(g)/det(h) − 1|= |√det(g) − √
det(h)|√

det(h)
≤ C |√det(g) − √

det(h)|≤ C |e|h,

which implies
√
det(g)/det(h) − 1 ∈ L2

−(n−2)/2 ∩ L3
−(n−2)/3. As X ∈ L∞

1 , it follows from

Lemma 4.3 with w = 1 and τ = n−2
2 that

gi j︸︷︷︸
L∞
0

(
√
det(g)/det(h) − 1)Xk︸ ︷︷ ︸

L2
1− n−2

2
∩L3

1− n−2
3

Gg
ik ∈ L1

1−n .

Thus a final application of Lemma 3.8 with w = 1 implies

lim
α→∞

∫
M
Gg(X ,−Dχα) dμh = lim

α→∞

∫
M
Gg(X ,−Dχα) dμg. (4.7)

Combining (4.3), (4.4), (4.6) and (4.7), we arrive at the equality

lim
α→∞

∫
M
Gg(X ,−Dχα) dμh

=
∫
M
Gg(X ,∇gφ) dμg +

∫
M

φgi j gklGg
ik(h jl + �u

jl guvX
v) dμg.

Recalling Definition 4.2 we find

− (n − 1)(n − 2)ωn−1mRW
(
g,�, {χα}α≥1

)

=
∫
M
Gg(X ,∇gφ) dμg +

∫
M

φgi j gklGg
ik(h jl + �u

jl guvX
v) dμg.

(4.8)

Just like in the proof of Theorem 3.9, we conclude that mRW(g,�, {χα}α≥1) is well-defined
and independent of choice of cutoff functions {χα}α≥1. ��

As the Ricci version of the weak ADMmass of g does not depend on the choice of cutoff
functions we from now on use the notation mRW(g,�). We now show that the Ricci version
of the weak ADM mass of g agrees with the weak ADM mass of g, see also [9, Proposition
4.9].
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Theorem 4.6 Let g be aW 2,2
−(n−2)/2-asymptotically Euclideanmetric withScal

g ∈ L1−n. Then

mW(g,�) = mRW(g,�).

If, in addition, g is W 2,p
−τ -asymptotically Euclidean for some p > n and τ > n−2

2 , then
mRW(g,�) is independent of the choice of chart at infinity.

Proof Since� : (M \K , h) → (Rn \BR, δ) is an isometry, it suffices to prove the theorem in
the special case when the reference manifold is (Rn, id), the background metric structure is
(δ, ψ +(1−ψ)|x |) for some smooth functionψ : Rn → [0, 1)which is compactly supported
in B1 and satisfies ψ(0) > 0, see Remark 2.5. We suppose that g is some δW 2,2

−(n−2)/2-
asymptotically Euclidean metric on Rn .

We now let {χα}α≥1 be a sequence of cutoff functions on Rn satisfying

χα(x) ≡ 1 for |x | < α,

χα(x) ≡ 0 for |x | > 2α,

and

sup
α

‖Dχα‖δW 1,∞
−1

< C .

We note that such a family of cutoff functions satisfies the conditions of Definition 3.6. Since
xi∂i is a conformal killing vector field for h = δ on R

n , we can apply Proposition 4.4 with
X :=xi∂i and −χα in place of φ to find

Iα :=
∫
Rn

Gg(X ,−∇gχα) dμg =
∫
Rn

χαg
i j gklGg

ik(δ jl + �u
jl guvX

v) dμg −: IIα. (4.9)

We now turn to analysing the integral Iα on the left hand side above. We have

Iα

∫
Rn

Gg(X ,−Dχα) dμδ +
∫
Rn

Gg(X ,−Dχα)(
√
det(g) − 1) dμδ

+
∫
Rn

gi j f klGg
ik x j∇δ

l χα

√
det(g) dμδ.

(4.10)

Arguing as in the proof of Theorem 4.5 we obtain the inclusions

f , (
√
det(g) − 1) ∈ δL2

− n−2
2

∩ δL3
− n−2

3
.

Applying Lemma 4.3 with w = 1 and τ = n−2
2 twice, we obtain the inclusions

Gg� X︸︷︷︸
δL∞

1

� (
√
det(g) − 1)︸ ︷︷ ︸

δL2
− n−2

2
∩δL3

− n−2
3

∈ L1
1−n, Gg

ik f kl︸︷︷︸
δL2

− n−2
2

∩δL3
− n−2

3

x j
√
det(g)︸ ︷︷ ︸

δL∞
1

∈ δL1
1−n .

Two applications of Lemma 3.8 show the last two integrals in (4.10) vanish as α → ∞. So

lim
α→∞ Iα = lim

α→∞

∫
Rn

Gg(X ,−Dχα) dμδ = −(n − 1)(n − 2)ωn−1mRW(g,�).

(4.11)

Next we turn to analysing IIα . This integral can be rewritten as follows:

IIα

∫
Rn

χαg
i j gklGg

ikg jl dμδ +
∫
Rn

χαg
i j gklGg

ikg jl(
√
det(g) − 1) dμδ

+
∫
Rn

χαg
i j gklGg

ik(−e jl + �u
jl guvX

v) dμg.

(4.12)
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Combining Lemma 2.17 and Lemma 4.3 with w = 0 and τ = n−2
2 we conclude that

gi j gkl︸ ︷︷ ︸
δL∞

0

Gg
ik g jl︸︷︷︸

δL∞
0

(
√
det(g) − 1)︸ ︷︷ ︸

δL2
− n−2

2
∩δL3

− n−2
3

∈ L1−n .

Recalling (4.5), we can once again apply Lemma 4.3 with w = 0 and τ = n−2
2 to find

gi j gkl︸ ︷︷ ︸
δL∞

0

Gg
ik(−e jl + �u

jl guvX
v

︸ ︷︷ ︸
δL2

− n−2
2

∩δL3
− n−2

3

)
√
det(g)︸ ︷︷ ︸
δL∞

0

∈ L1−n .

Thus two applications of Lemma 3.8 show that the last two two integrals in (4.12) vanish as
α → ∞, hence

lim
α→∞ IIα = lim

α→∞

∫
Rn

χαg
i j gklGg

ikg jl dμδ = −n − 2

2
lim

α→∞

∫
Rn

χαScal
g dμδ. (4.13)

Combining (4.9), (4.11) and (4.13), as well as applying Proposition 2.16, we now find

2(n − 1)ωn−1αRW(g,�)

= lim
α→∞

∫
Rn

χαDi
(
gkl gi j (Dke jl − Djekl)

)
dμδ +

∫
Rn

χαQS dμδ. (4.14)

whereQS is of the form g−1�g−1�g−1�De�De ∈ L1−n . The point-wise convergenceχα → 0
combined with QS ∈ L1−n and supα‖χα‖L∞

0
< ∞ allows us to apply Lemma 3.8 to find

lim
α→∞

∫
Rn

χαQS dμδ = 0.

An application of the divergence theorem to the first term in the right hand side of (4.14),
which is justified since each χα has compact support, yields

mRW(g,�) = 1

2(n − 1)ωn−1
lim

α→∞

∫
Rn

(−Diχα)gkl gi j (Dke jl − Djekl) dμδ = mW(g,�),

where the second equality is a consequence of Theorem 3.9.
When g is W 2,p

−τ -asymptotically Euclidean for p > n and τ > n−2
2 , then it is also W 1,p

−τ -
asymptotically Euclidean. Theorem 3.19 then implies that mW(g,�) is independent of the
choice of chart at infinity and hence also mRW(g,�). ��
Finally we show that when g has the regularity needed in Definition 4.2, then the Ricci
version of the weak ADM mass and the Ricci version of the ADM mass of (M, g) agree.

Theorem 4.7 Let g be a C2-asymptotically Euclidean metric of order τ > n−2
2 as in Def-

inition 2.7 with Scalg ∈ L1−n and g ∈ C3
loc(M). Then mR(g,�),mADM(g,�),mW(g,�)

and mRW(g,�) are all independent of the choice of chart at infinity. Moreover we have the
equalities

mR(g) = mADM(g) = mW(g) = mRW(g).

Proof The first equality follows from [10, Theorem 2.3], the second from Theorem 3.11 and
the last from Theorem 4.6. By Theorem 3.19,mW(g,�) is independent of the choice of chart
at infinity and hence so are mR(g,�), mADM(g,�) and mRW(g,�) as well. ��
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