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Abstract

We propose a new definition of the ADM mass for asymptotically Euclidean manifolds
inspired by the definition of mass for weakly regular asymptotically hyperbolic manifolds by
Gicquaud and Sakovich. This version of the mass allows one to work with metrics of local
Sobolev regularity W]L’CZ N L° and we show, under suitable asymptotic assumptions, that the
mass is finite, invariant under a change of coordinates at infinity and that it agrees with the
classical ADM mass in the smooth setting. We also provide an expression in terms of the
Ricci tensor that agrees with the Ricci version of the ADM mass studied by Herzlich.

Keywords ADM-mass - Asymptotically Euclidean manifolds - Riemannian geometry in
low regularity
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1 Introduction

The notion of mass is a central concept in mathematical general relativity. Depending on the
setting the definition of mass might differ but one of the most well-known of these is the
so-called ADM mass of an asymptotically Euclidean metric, given by Arnowitt, Deser, and
Misner [1-4], see also [4].

An asymptotically Euclidean manifold is, roughly speaking, a complete non-compact
Riemannian manifold (M", g) such that outside of a compact set M is diffeomorphic to the
complement of a closed ball in R" and such that g approaches the Euclidean metric é at
infinity. The ADM mass of such an asymptotically Euclidean metric g is defined as

1
m =—— lim div, —dtr vs)dus,
ADM(8) 30— Dans R—>00/5R( 5(8) 5(2)) (vs) d s
where divs and trs are the divergence respectively the trace with respect to §, Sg is the (n — 1)-
sphere of radius R with outward pointing unit normal vs and w,—1 is the (n — 1)-dimensional
volume of the unit sphere S| € R”.
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The positive mass conjecture states that if the scalar curvature Scal® of (M, g) is non-
negative, then mapm(g) > 0 with equality if and only if (M, g) is isometric to Euclidean
space (R",§). In 1979 Schoen and Yau [19, 20] proved the positive mass conjecture for
asymptotically Euclidean manifolds of dimension n = 3 using methods from the theory of
minimal surfaces and in 1981 Witten [21] proved the conjecture for all dimensions n > 3
under the assumption that the manifold M be spin. Recently the positive mass theorem has
been proven using different methods, see for example Bray, Kazaras, Khuri and Stern [7] and
Agostiniani, Mazzieri and Oronzio [5] for proofs involving so-called level set methods. To
date, there are other generalizations of these results, for example the positive mass theorem
has been proven to hold for manifolds M having other asymptotic ends, in addition to a
distinguished asymptotically Euclidean end, see Lesourd, Unger and Yau [16].

Recently, the field of mathematical general relativity has seen a surge of activity in the study
of low regularity metrics. Progress in this area would allow the theory to describe (impulsive)
gravitational waves, cf. [13], and other geometric singularities. Yet another reason to study
low regularity metrics is related to the question of stability of the positive mass theorem,
see for example Lee and Sormani [15]. Thus, there is a need for generalizations of classical
concepts, including the notion of ADM mass, so that they might be applied in this low
regularity setting. A notable result in this direction was obtained by Lee and LeFloch [14]
where they defined the notion of mass for metrics of local regularity WI})’C" N € and proved
a positive mass theorem in this setting. This in turn generalizes the earlier classical work of
Bartnik [6], where the mass was defined for metrics of local regularity Wé’cp , for p > n.

The aim of this text is to generalize the notion of ADM mass to allow for asymptotically
Euclidean metrics g € Wli)’f N L®°, a lower regularity than earlier definitions for asymptoti-
cally Euclidean metrics of Sobolev regularity. We do so by adapting the work of Gicquaud
and Sakovich [9] carried out in the setting of weakly regular asymptotically hyperbolic man-
ifolds. Using a suitable family of cutoff functions {xq}s>1, we define the weak ADM mass
to be the following limit:

1 . .
mw(g)i==———— lim (divs(g) — d trs(2))(—V° xa) d s,
2(n — Dwy—1 @=> Jrn\ g,

where By is the open ball of radius R and V4 x4 denotes the gradient of x, with respect to
the Euclidean metric §. In Theorem 3.9 we prove that mw(g) is finite and independent of
the choice of {x4}«>1 and in Theorem 3.11 we show that it agrees with mapm(g) for C 2
asymptotically Euclidean metrics. In Theorem 3.19 we show that the weak ADM mass does
not depend on the choice of coordinates at infinity. In addition, we show that our definition
of mass can be expressed in terms the Ricci tensor as in Miao and Tam [17] and Herzlich
[10]. More specifically, in Theorem 4.5 and Theorem 4.6 we prove the identity

-1 ]
= l R 8 __ 7S lg a ; —V(S d ’
mw () n—1Dn—2)w,-1 Pl /R"\BR( 1C > ca g) (ro, Xo) dits

where Ricé respectively Scal® is the Ricci tensor respectively the scalar curvature of g and
r = |x| is the radial function on R”. In Theorem 4.7, we show that in the C2 N Cﬁm-setting
this expression of the weak ADM mass agrees with the Ricci version of the ADM mass in
Miao and Tam [17] and Herzlich [10].

We would like to point out that we have not yet investigated the relation of our notion of
mass to the notion of isoperimetric mass originally defined by Huisken in [11], see also [12]
for further references, as this would presumably require methods that are very different from
the ones used in this article.
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The outline of the paper is as follows. In Section 2 we recall standard facts about weighted
Sobolev spaces and asymptotically Euclidean metrics. In Section 3 we define and study the
weak ADM mass of an asymptotically Euclidean metric of Sobolev regularity. In Section 4
we show that our weak mass can be expressed in terms of the Ricci tensor.

2 Preliminaries

Throughout this paper we will consider Riemannian manifolds (M", g) of dimension n > 3.
We denote the Lebesgue measure induced by g on M by du,. The covariant derivative with
respect to g is denoted by V# and all tensor norms with respect to g are denoted by | - |. The
kth application of the covariant derivative V& to a tensor T is denoted by (V&)®) T We will
also occasionally abuse notation slightly and write V& f in place of grads(f). In Euclidean
space, the sphere respectively the closed ball of radius R > 0 are denoted by Sk respectively
Bpg, thatis Sg:={x € R" : |x| = R} respectively Br:={x € R" : |x| < R}. The Euclidean
metric is denoted by §.

2.1 Asymptotically Euclidean manifolds

We now define reference manifolds and weighted Sobolev spaces on reference manifolds, as
well as what it means for a metric to be asymptotically Euclidean. For this we mainly follow
Lee and LeFloch [14] and refer the reader there for further details.

Definition 2.1 Let M" be a smooth manifold, K € M a compact set, R > 1 a radius and
®: M\ K — R"\ By adiffeomorphism. The pair (M, ®) is then called a reference manifold
and @ a chart at infinity.

A reference manifold can be equipped with background metric data, defined as follows.

Definition 2.2 Let (M", ®) be a reference manifold with ®: M \ K — R" \ Bp its chart
at infinity. A smooth metric 2 on M and a smooth function r: M — (0, oo) are said to
be a background metric structure for (M, ®) if ® is an isometry between (M \ K, i) and
(R™\ Bg, ) and if for all x € R" \ Bg

(ro® H(x) = |x|.

Because the set K in Definition 2.1 is compact, it follows that every reference manifold
(M, ®) equipped with a background metric structure (/, r) is complete as a metric space.

Remark 2.3 From now on, in all definitions and results we assume, unless otherwise stated,
that (M", @) is a reference manifold of dimension n > 3 with chart at infinity ®: M \ K —
R™ \ Bg for some R > 1 and is equipped with a background metric structure (&, r). We
denote the covariant derivative with respect to the metric 4 by D.

For k > 0 an integer and p € [1, oo], a tensor T defined on M is said to belong to the
local L? space L? _ if for any compact subset E C M its L? norm

loc
1/p
</|T|ﬁduh) , P <00
T LrEy:= E

ess sup |7 |, p =00
E
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is finite. Similarly, T is said to belong to the local Sobolev space Wl]f)’cp if DOT ¢ Lf:,c for
all 0 <[ < k. These spaces are independent of the choice of reference metric 7. We now
recall the notion of weighted Sobolev spaces, cf. Bartnik [6] and Lee and LeFloch [13].

Definition 2.4 Let k > 0 be an integer, p € [1,00] and T € R. We define the weighted
Sobolev space W*? (h, r) to be the set of tensors T € Wllf)’cp whose weighted Sobolev norm

k 1/p

Z(/ rp(r-&-l)—n'D(l)T'fth) , p<o0
_ Ji=0 M

Zess sup(rT+I|D(l)T|h), p =00

= M

is finite. The weighted L? space L’it(h, r) is then defined as L’_’T(h, r)::WE’rp (h,r).

If no confusion can arise we write L”
k,
WEP (h, ).

) kp .
. in place of L” (h,r) and W7 in place of

Remark 2.5 At times we argue using tensors defined on R”. For this reason we note that
(R", id) is a reference manifold that can be equipped with a background metric structure
S, ¥ + (1 —)|x|), where ¢y : R* — [0, 1) is any smooth function supported in By such
that ¥ (0) > 0. We fix one such function i once and for all, and for k¥ > 0 an integer,
p €[1,00] and t € R, we define

SWEL=WEP (8, + (1 — ¥)x]).

Foratensor T € Wllz)’cp which is supported on M \ K, the tensor &, T is a priori only defined

on R" \ Bg. However, after extending @, 7 by O to all of Bg we have ®,T € ‘SWl]f)’Cp and

1Tyt = 19T syt
. . kp - . syk-p
so that in particular T € WZ[ if and only if ®,7 € *W_[.
We now give the definition of asymptotically Euclidean metrics in low regularity.

Definition 2.6 Let k > 0 be an integer, p € [1,00] and t € R. A complete Riemannian
metric g on M is called Wfrp -asymptotically Euclidean if

g.g e Ly, e=g—he wkr

—T

and for some constant C > 1 we have

c'h<g=cnh,

in the sense of quadratic forms. Here g~ ! is the inverse of g, defined by g~ (e, B):=g ("¢,

B%) for all 1-forms o and B, with g1 T*M — T M the musical isomorphism induced by g.

Because of the equivalence at the end of Remark 2.5, a reference manifold (M", ®)
equipped with a background metric structure (%, r) and an asymptotically Euclidean metric
g induces a structure at infinity as defined in [6]. Lastly, we recall the standard definition of
a C*-asymptotically Euclidean metric.

@ Springer
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Definition 2.7 Let k > 0 be an integer and t > 0 a real number. A Riemannian metric
g € C{;C(M) is called C*-asymprotically Euclidean of order t if there is some constant
C > 0 such that for ex=g — h and all 0 <[ < k we have

IDVel, < Cr 7L,

2.2 Properties of weighted Sobolev spaces

We now present weighted versions of certain standard results for Sobolev spaces. The reader
is referred to [6, Theorem 1.2] for further details and results. The following lemma, which is
a straightforward consequence of Definition 2.4, guarantees that functions of certain fall-off
rates lie in Sobolev spaces with corresponding weights.

Lemma 2.8 If f: M — Risa continuous function that satisfies | f| < Cr~" for some C > 0
andt € R, then f € L” , N L™, forall p € [1,00) and w < 7.

—w —

The following weighted version of the Holder inequality is a straightforward consequence
of the classical Holder inequality and Definition 2.4, and can be proven by considering the
cases k = 0 and k > O separately. See also [6, Theorem 1.2 ii)].

Lemma 2.9 Suppose that k > 0 is an integer, that t1, 7y € R and that p1, p2,q € [1, 00]
are such that py' + p;' = g7 Ifu; € Wf’r’? and uy € Wf'gz, then u; @ uy € Wf’,ql,m
and

U Qu k. <Cllu kopy || U k,
s @ 2llyry = Cllatlye uzly i,

for some constant C > 0 depending only on k.

The next proposition is a special case of the Sobolev inequality.
Lemma 2.10 For an integer k > 0 and 7, p € R such that p > n we have
WwhHhe ok,

Proof Denote the compact set of Definition 2.1 by K, so that ®: M \ K — R" \ Bg. We
first consider the case k = 0. Letu € Wl’rp andlet¢: M — [0, 1] be a compactly supported
smooth function such that ¢ = 1 in a neighbourhood of K. The tensor u1:=(1 — ¢)u then lies
in W"? and has support in M \ K . Extending ®,u, by 0 to all of R", we have ®,u; € *W"”
by Remark 2.5. An application of [6, Theorem 1.2, (iv)] shows that ®,u; € ‘SLEOT and
again by Remark 2.5 it follows that u; € L. Next, we consider uz:=¢u € WIL’CP . Since

up € Wl%)’cp , the Sobolev embedding theorem implies that us € L. and since u3 is compactly
supported it follows that up € L, as well. We thus conclude that u = u; +up € L™..

For the general case we let u € Wftl’p , so that DDu e Wft:l’p C Wi’rpfl for

0 <! < k. But having just shown that Wl’fpfl C L, _,, we conclude that DOy € L>
forl =0,...,kandsou € Wf’roo, which is what we wanted to show. O

Lastly, we need a weighted version of the Sobolev-Gagliardo-Nirenberg inequality. Our
argument is based on the proof of [9, Lemma 4.8], which is an analogous result in the

asymptotically hyperbolic setting.
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Proposition 2.11 Suppose that p € [1, 00), that q, s, t € [1, o0], thatk > | > 0 are integers
and that there is 6 € [%, 1] such that

1 l 1k 1-6

—=—40(-—=)+ :

p n qg n s
Ifk—1— g is a non-negative integer, then we additionally require that 0 < 1. Furthermore,
suppose that 7y, 71, T2, 73 € R satisfy

T0 < min(@rl + (1 -=0)1, 1.'3).

Then there is a constant C > 0, depending only on the parameters (n, 19, 71, T2, 13, P, 4, S, t,
k, 1, 0) and the background metric structure (h, r), such that for any u € W{;’Cq we have

1—
IDPullye = Cl e ||u||L.§j2 + el ). 2.1)

w.

1 -

Proof Like in the proof of Lemma 2.10 we let K be the compact set of Definition 2.1. We
letp: M — [0, 1] be a fixed compactly supported smooth function such that ¢ = 1 on K.
We can choose ¢ in such a way that for all £ > 0:

k
lpllyre = DDVl < € < oo,
=0

for some constant C > 0 depending only on the background metric structure (&, r).
Defining u:=(1 — ¢)u and ur:=¢u, so that u = u| + u», we note that it suffices to show
that the following two inequalities hold:

(O] 0 1-6

IDPurlpr, = CQnlle Ioenlls? + el ). (2.2)
0] 0 1-6

1D M2||L/j,0_, < C(Iluzllwk,q ||u2||L.1T2 + ||uz||Lr_13). (2.3)

-1

Indeed, if the above estimates hold, then for each non-negative integer m < k we have

m m
ID™ullya =YD V@D Vulyy <€Dl 1DDulpa
i=0 i=0 o

m
<C p® .
< ;)n ullgs
1=l

The rightmost sum above is nothing but C|u|| ;,m.¢. Summing over 0 < m < k we find that
e
Izl < Cllaly i

for some constant C depending only on the parameters (71, ¢, k) and the background metric
structure (4, 7). A similar argument shows that ||u ||Wk,q < C”M”Wk,q and that
! !

luillzs, = Cllullzs, o Nuillp =< Clluliz:
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for i = 1, 2 and some constant C > 0 depending only on (g, s, t, T1, T2, 73) and the back-
ground metric structure (%, r). Thus

IDPull,r < IDPurll,r + 1DV usl»
—19—1 —19—! —10—1

0 1-6
< €l g Muenls? + Nl

-1

0 1-6
ot a7 kg IILtzllL.iT2 + ||u2||L,_T3)

-1

0 1-6
< 20 (Ml Il + el )

-7

which is nothing but (2.1).

Since u; is compactly supported, the Sobolev-Gagliardo-Nirenberg inequality [18, Equa-
tion 2.2] together with a standard argument using a partition of unity subordinate to a
collection of local coordinate charts that cover the support of ¢ implies (2.3), with the constant
C depending only on the parameters (n, 19, 71, 72, T3, P, ¢, S, t, k, [, 6) and the background
metric structure (4, ). We now turn to proving (2.2).

In the remainder of the proof we let A,:={x € R" : |x| € (p,2p]} for each p > 0. We
also define v, (x):=v(px) and use the weighted Lebesgue norms

1/p
(/ lep“’*”lvlé’dM[s) , p<o©
E

”v”L” (E)'=
2 ess sup(1xula). p =0
E

for tensors v on subsets E € R” \ Bj. Since ] is supported in M \ K, Remark 2.5 implies
that in order to show (2.2) it suffices to prove that for any tensor v € ° W{;’Cq whose support
lies in R" \ Bgr we have

l k). 10 1-6
IDDvllr oz = CID" )U”L'irlfk(]R"\BR)”v”LiQ(R”\BR) + vl @nse)-
24
For such a v, the following scaling inequality holds, see [6, equation 1.4]:
C_]pw ||U,U ”ng(Al) S “U”ng(Ap) S pr ”U,U ”ng(Al)’ (25)

the constant C depending only on the parameters w and Q but crucially not on v nor on
p > 0. Defining R;:=2'R fori > 0, it follows that

o oo
(O] O] o+ )
IDDvllr @nme = 21D 0r 4y = C X RETID ORI 4y
i=0 i=0

where we have used the triangle inequality in the first inequality and (2.5) with w = 79 + [
and Q = p in the second. The chain rule implies that (DO v)g = RI'DD(vg), so

o0
; To+l—1 1
IDDvlr g < € Z RPTIDO@r) e ayy
i=0 (2.6)

o0
1
=C Z R;0||D( )(UR")llLfro—l(Al)'
i=0

We now note that for any 7' € Ll%c (A1) we have

-1
C Tl e (a)) = IITIILgn/Q(AI) =CITN e (4,
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for a constant C > 0 depending only on (Q, w, n). In the view of this, the unweighted
Sobolev-Gagliardo-Nirenberg interpolation inequality [18, Equation 2.2] implies that for

each T € Wl/f)’cq (A1) we have

/ )
IDOTNr ay <CIDOTIe

(k) 6 1-6
< CUDOTIe T, ap F 1T, a)

k) 7110 1-6
= C(”D T”L‘ir,—k@l)”T”LLZ(AI) + ”T”Lirz(/“))’

for some constant C > 0 that depends only on (n, 1, 71, T2, T3, P, ¢, S, t, k, [, 6). Applying
the above inequality to each term in the sum on the right-hand side of (2.6) then yields

oo
O} 70 y(k) 0 1-6 70
1DPvllpr = €Y (RPIDO@RING ) I0R LT (a) + R NR L a):
i=0
2.7
where the constant C above now depends on the parameter 7y as well. We note that in [18,
Equation 2.2], the constant C depends on the domain as well. However, here the domain is
always A1. We use the chain rule again to conclude that D® (up) = pk(D(k)u)p, so we find
that
k—11—k
"D(")(sz)||L‘i,,,k<A1> = Rz{(”(D(k)”)Ri”L‘i,],k(Al) <CR™™ ||D(")””L‘if,fk<AR,->’
(2.8)

where we have used (2.5) in the last inequality, with w = 71 4+ k and Q = ¢. Two more
applications of (2.5), once with w = 72 and Q = s and once with w = 73 and Q = ¢, imply
the bounds

g llzscay < CR,»_T2||U||L‘L,2(ARI.), v llzica,) < CR ™ ”U”LLIS(ARI,)- (2.9

Combining (2.7), (2.8), and (2.9) we arrive at

[e ]
—0t1—12(1-0
||D<”v||Lgr07,SC(ZRI" 1R phy g,

1-6 0—13
D 0 VI gy T R ||v||Lgt3<ARl>>.
i=l

Recalling that 79 < min(@t; + (1 — 0)712, 73) We find
oo o0
”D(Z)U”L‘i,o_, <CY R IID(k)vllgLZ”_k(ARi)IIvIIILZfZ(ARi) +C ZRi—GHUIILQB(ARi),
i=0 i=0
for some € > 0. An application of the Holder inequality yields

o0 6 , 00 1-6
I - k) -
”D()U”Lﬂw < C<E R; €| D¢ v”l“irl—k(ARi)) (EORi E||v”LS_Q(AR;)) (2.10)
1=

i=0

o
+CY Rl ag,)-
i=0

If ¢ = o0, the first factor of the first term in the right hand side of (2.10) can be bounded as

o0 e ¢]
Z R;E ||D(k)v||L’i,],k(AR,-) < C”D(k)U”Liorl _(R™\Bg) Z R;e < C“D(k)v“LiOTl L (R™\Bg)>
i=0 i=0
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and if ¢ < oo, then by the Holder inequality we have

°° ° 1/q
;RFGHD(“UHL‘L]_AAR;) < C(;"”")””Zulkm&.)) = C||D(k)”||L‘i,l_k(R”\BR)'
A similar argument shows that forall 1 <s <ooandall 1 <t < co we have

o0 oo

DRl gy < Clvllzs @ DRl ag) < ClIvlee @nse-

i=0 i=0
In conclusion, (2.10) together with the above bounds implies

1DPvlr g < DOV o g VUL, oy + 102 @v)-

which is nothing but (2.4). Thus (2.2) and hence also (2.1) holds. ]

2.3 Properties of asymptotically Euclidean metrics

Using the results of the previous section we now derive some results on asymptotically
Euclidean metrics that are needed in Section 3 and Section 4. The following result tells us
that if g is asymptotically Euclidean in the smooth sense, then g is indeed asymptotically
Euclidean in the weak sense as well.

Proposition 2.12 If g is a C¥-asymptotically Euclidean metric on M of order T > 0, then g
is Wf’zf])-asympmtically Euclidean for all p € [1,00] and w < t.

Proof The asymptotic conditions of Definition 2.7 imply C~'h < g < Ch. By Lemma 2.8
we have for e:=g — h that DWVe ¢ wa_l for all integers 0 </ < k. Hence e € Wf’uf. O

Given a Wfrp -asymptotically Euclidean metric g on M, in addition to the tensor field
e = g — h in Definition 2.6 we make frequent use of the tensor field

f=g ' —n"" .11

where ! (a, B):=h(a®, B%) and t, is the musical isomorphism induced‘ by hIn loqal
coordinates, the components of e and f are given by ¢;; = g;; — h;j and f" = g"/ — h'/.
The following lemma is useful for bounding terms involving f.

Lemma 2.13 Suppose that p € [1,00], that t € R and that g is a Wi’rp-asymptotically
Euclidean metric on M. Then in any local coordinate chart the components of e and f

satisfy
D f* = —g/P g Djep,. 2.12)
Moreover, there is a constant C > 1 such that
|f1n = Cleln, (2.13)
and we also have

e, fe WP L. (2.14)
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Proof Equation (2.12) and (2.13) and can be derived using exactly the same argument as in
the derivation of [9, equation 2.5, equation 2.3]. Next, due to the fact that A, h=! e LS, the
bound C~'h < g < Ch shows that g, g~ ! € Lg°. We thus find thate = g — h € L§° and
f=g¢g'=h'le L§°. To show that f € Wl‘rp we note that the inequality (2.13) implies
felLl . and an application of Lemma 2.9 yields

jk ip k
Dif/* = —g/Pg" Dieyg € LY .
— e —
Lgc Lﬁr—l

andso f € W'’ O

The difference tensor I between V8 and D is defined as I':=V& — D. There is a well-
known expression for the components of I" that mimics the expression for the connection
coefficients of a metric connection.

Lemma 2.14 Suppose that p € [1,00], that T € R and that g a Wl’fp-asymptotically
Euclidean metric. In any coordinate chart the components of the difference tensor T' are
given by
k gkl
l“ij = 7(Di€j[+Dj€[l _Dleij)- (2.15)

In particular, T € Lft_] and there is a constant C > 0 such that
ITln < C|Delp.

Proof Equation (2.15) follows from a standard computation. Taking norms, using the Cauchy-
Schwarz inequality and that [g~!|;, < C, we find that

IT|x < Clg~"InIDely < C|Delp.

m}

For the sake of simplicity we now introduce the following standard notation. For two
tensors S and T on M, we denote by SxT any tensor constructed from the tensor product
S®T by raising or lowering indices and performing any number of contractions with respect
to the metric &, as well as any linear combination of such tensors.

The proofs of the following two propositions are merely computations. We have chosen
to include them due to the absence of one term in [14, Equation 2.3] only for the sake of
completeness and we note that the missing term does not affect any of the arguments in [14].

Proposition 2.15 Let g be a Riemannian metric on M such that g € Wl%)’cz N LY and g le
L{>.. Then the Riemann curvature tensor Rmé and the Ricci curvature tensor Ricé of the
metric g are well-defined and lie in Llloc. Additionally, in any local coordinate chart on M
we have

kl

. 8
RIij = (DrDigij + DiDjgii — DiDygij — DiDjgr) + QS,
where
R - h u v u v Dugul
Qj = Ricy; + Iy, = T Ty, + ———(Digij + Djgii — Digij)

D;g!
- T(Duglj + nglu - Dlguj)-
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Proof In a geodesic normal coordinate chart about a central point p € M, the Christoffel
symbols hl"lkj of the metric / vanish at p. Using the standard formula for the Riemannian
curvature tensor, a calculation shows that

Rmfjkl —Rm} | = DiTy = DT}, + T T}, — TiTY,. (2.16)
Since the right and left hand sides are expressions which only involve tensors, we conclude
that the above equality holds in any coordinate chart, so Rm¢ = Rm” 4+ DT" + I'sI". But
Rm” LllOC and Lemma 2.14 gives the inclusions

I' « T elLl., DI'= DexDe+ g sDPeclL],,
~—— = I N N —)
L, L? L2 L? L?

loc loc loc loc

L2

loc

from which we conclude that Rmé € Llloc' Since g7! € Ls we find that Ricé € Llloc as
well.
Contracting the first and last index of (2.16), we obtain

Ricf, = Ric); + D, — DTy + Ty, — T4 T

vt ju-

Next, a calculation and a use of (2.12) gives

!
gU
DuTjj = Dily; = =5~ (DuDjgii + DiDigyj — DuDigij — DiDjgiv)
D vl D: vl
+ v2 (Digij + Djgii — Digij) — 12 (Dvgij + Djgiv — Diguj)-

Thus upon defining QS as in Proposition 2.15, we find that

Kl
. 8
RIij = T(DkDiglj + DiDjgii — DiDigij — DiDjgr) + QS,

with QR = g_l*g_l*De*De, which we wanted to show. O

Proposition 2.16 Let g be a Riemannian metric on M such that g € Wli’cz NLy and g !

L{>. Then the scalar curvature Scal® is well-defined and lies in Llloc. Moreover,

S

Scal® = div,, V + O,

where the function Q5 and the components of the vector field V in any local coordinate chart
are given by

Vi = g g (Dreij — Djen) = (878" — g™ g/ Dye,

QF = Scal" + fURic); + g (N Y, — TTY,) — (Dyg" )T} + (Dig )T,

vu

Proof Scal® is well-defined since g € Wli’cz. By Proposition 2.15 we know that Ric® € L]IOC,
which combined with g=! € L implies that Scal® € L} .
Like in the proof of Proposition 2.15 we can deduce the following equality

Ricf, = Ric); + DI}, — DTy, + TETY, — 4T,

which holds in any local coordinate chart. Multiplying both sides of the above identity by
g" and summing the resulting identity over the indices i, j, we find
Scal® = Scal” + fY/Ric); + g" (T T, — TTY,) + g (D, T}, — D;iTY).  (2.17)
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Next, we note that
gi-/(DUF;}j B Dirﬁj) _ Dv(gijrlyj) _ D,'(g”Fv ) — (Dvgl/)r + (ngU) vj (2.18)
= D;(g"'T}; — 8T} — (Dug")TY; + (Dig Ty

But using Lemma 2.14 and a change of index, we observe that the first term in the right hand
side of (2.18) is the divergence of V:

8"/T =8 Ty=g" g =5~ (DugjutDjguu—Dugyj)=8" . =5 (Dugju=Djguu=Dugy))

= g”g (Dugyj — Djguu) (2.19)
=vi

Combining (2.17), (2.18) and (2.19), we arrive at

Scal® = divy V + (Seal” + fURicl + g (DY, — T4V, ) — (Dyg )TV, + (D )TY)).

ijvu vi® ju

Comparing terms, we see that Scal® — div;, V = Q5, which is what we wanted to show. O
The following lemma relates the volume forms of two metrics on M.

Lemma 2.17 Let g1, g2 be two Riemannian metrics on M satisfying Co_lh < gi < Coh for
i =1, 2 in the sense of bilinear forms, where Coy > 0 is some constant. Then

ly/det(g1) — v/det(g2)| < Clg1 — g2ln,

for some constant C > 0 depending only on Cy, h and the dimension n.

Proof The function det: GL(R") — R is smooth and for any constant Cy > 0 the set
Sco:={L € GL(R") : Calan < L < Colpn} is compact. Hence there is a constant C > 0
depending only on the dimension n and the constant Cy such that for all Ly, L, € Sc, we
have

lv/det(L1) — v/det(La)| < C|L1 — Lals,

where |Ll|s: —‘Zl =1 Lizj ’l/ 2, Working in an orthonormal frame with respect to g1, the
above implies that there is a constant C > 0, depending only on n and Cq such that whenever
Cy'g1 < g2 < Cogi, we have

y/det(g2) — /det(g1)| < Clgz — gl
But since Calh < g1 < Coh it follows that |g2 — g1lg, < Clg2 — g11n as well. O
The following technical result is needed in Section 4, c.f. [9, Lemma 4.8].

Proposition 2.18 For all t € R there is a constant C, depending only on n,t and the
background metric structure (h, r), such that for all u € leof we have

||Du||L3 < C||Du||W1,z when3 <n < 6, and
—l-t —1-1
IDullys = C(Ilullwg.g + llull o) whenn > 7.

=5
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Proof First, let 3 < n < 6. Arguing as in the proof of Lemma 2.10 and Proposition 2.11, we
may apply the Sobolev inequality [6, Theorem 1.2, iv)] to Du to conclude that

Du n-p < C||Dul|, 1.4 < 00,
Il ”L}iﬁr/jl »n =C| ||W7:171

. np . .
for each p and ¢ that satisfy 1 < p <nand p < g < - But it is easy to see that since

np - . .
h—p = 3 > 2 = ¢, since in that case

3 3-6
n+3 7 346 n—p

Next, let n > 6. In this case, we use Proposition 2.11 withk =2,l=1,p=3,9g =t =2,
s =00, 11 = 13 = T and 1o = 0. With these choices, the constant 6 is required to satisfy
1/2 < 6 < 1. But here

2n—3

=3, (2.20)

so we have 1/2 < 6 < 1 precisely when n > 6. Proposition 2.11 therefore implies that

1Dulls, = CQlulaalull iz + 2 ). 221

for every weight v which satisfiesv < tandv < 0t + (1 —0) -0 =671. As 0 < 1itsuffices
that the second condition holds. This is satisfied by v = %T, since (2.20) and n > 6 imply

2 2n—3
V= -7
3 3n—4

=0t.

With this choice of v, an application of the bound a?b'~? < 6a + (1 — 0)b in (2.21) gives
us

IIDMIIL% ) < C(llull? 22”“” +||u||L2)

W=
C(9||M||Wz2 + A =Oullgg +llull,2 )
C(Ilullwzz + lullrg)-

3 The mass of asymptotically Euclidean manifolds in low regularity

In this section, we show that the notion of ADM mass can be generalized to the case of
asymptotically Euclidean metrics in WIL’CZ N L§° with suitable fall-off. For this, we use the
method introduced by Gicquaud and Sakovich [9] in the asymptotically hyperbolic setting.
The rough idea is to replace the definition of the mass as a boundary integral, which is
potentially ill-defined in this low regularity setting, by a bulk integral using cutoff functions.
This allows us to lower the assumed regularity even further compared to the works of Bartnik
[6], and Lee and LeFloch [14] that are also concerned with asymptotically Euclidean metrics
of weak regularity.
We recall the classical definition of the ADM mass.
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Definition 3.1 Let g be a C!-asymptotically Euclidean metric on M of order v > % as in

Definition 2.7 such that g € C12OC and Scal® € L'(M) = Ll_n. The ADM-mass of (M, g) is
given by

1
mapm(g) 30— Dan Sm SR( ivy(g) 142(8)) (vn) dpun
where w, 1 is the measure of the unit sphere in R” and vy, is the outward pointing unit normal
toSg ={p € M : r(p) = R} with respect to .

In the case when the local regularity of the metric g is merely Wlf)’cz N L° there are two
points in this definition that need to be addressed. First, the integrand (divy, (e) —d try, (e)) (vy)
might not be well-defined on Sg = {p € M : r(p) = R}, since the (n — 1)-spheres have n-
dimensional Hausdorff measure zero. Similarly to [9], we remedy this with the help of cutoff
functions, more specifically by having integrals over spheres being replaced by integrals over
annuli and unit normals of spheres being replaced by the gradients of cutoff functions. To
deal with the fact that the scalar curvature may not be well-defined in this regularity class,
we define scalar curvature as a distribution, c.f. Lee and LeFloch [14, Definition 2.1].

andg™! e LY®

Definition 3.2 Let g be a Riemannian metric on M such that g € WIL’CZ NLX Toe-

loc
We define the scalar curvature distribution of g as

(Scal?, g) = /M (V(—6)+$Q%) duy = /M (575" — g™ gy Dye 1 (— D) + Q%) dpup.
3.1

for any locally Lipschitz function ¢: M — R with compact support, where the function Q%
and the vector field V are as in Proposition 2.16.

When g is as in Definition 3.2 we have V € LllOC and Q° € Llloc. These inclusions combined

with ¢ € WIL’COO having compact support imply that the integrand in the right hand side of
(3.1)is in L', hence (Scal?, ¢)) is well-defined and finite. Of course, when additionally

—n»

g€ Wli’cz and ¢ € Wll)’coo is compactly supported, then

{Scal®, @) = Ad¢Scalg duy.

Inspired by the approach of Gicquaud and Sakovich [9, Section 4.1], we use the following
definition of the distributional scalar curvature being integrable.
Definition 3.3 Let g be a Riemannian metric on M suchthat g € WIL’CZ MLy and g e LY.
We say that g has distributional scalar curvature in L' if there is a function S¢ € L, such
that for all compactly supported and locally Lipschitz functions ¢

(Scal®, ¢) = / $5% dyu.
M

Remark 3.4 There are other ways of generalizing the notion of scalar curvature to a low
regularity setting and we by no means claim that Definition 3.2 and Definition 3.3 are the most
general or appropriate ones. We refer the reader to Gicquaud and Sakovich [9, Remark 4.7] for
a more thorough discussion regarding different possible generalizations and what properties
any such generalization should posses. Although their discussion is in the asymptotically
hyperbolic setting, analogous statements are true in the asymptotically Euclidean case.
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Ifg e Wé’f and (M, g)is Wi’rz-asymptotically Euclidean, then Scal® € L' if and only if
(M, g) has distributional scalar curvature in L' in the sense of Definition 3.3. In this case the
function S in Definition 3.3 is nothing but S¢ = Scalé. The following example shows that
a metric g with distributional scalar curvature in L' does not necessarily satisfy g € Wl%)’cz.

Example 3.5 There is a metric g on R which is ‘SWl’Iz -asymptotically Euclidean for all

TteR, g¢ le’2

o (R?), and such that g has distributional scalar curvature in L.

Proof Leta € (0, 1/2) and define ¢ : By — R by ¢(X) := |X|%. Since « > 0 we have
¢ e L¥(By), ¢ eW'(By, AgpelLl(By).

Since a < 1/2, it follows that ¢ ¢ W>2(B,). We now let ¥ : R® — [0, 1] be a compactly
supported smooth function such that # = 1 on B; while ¥ = 0 on R3 \ Bj /2. Then, the
function ¢1:=¢1 is compactly supported and satisfies

o1 €LY, @1 €W g ¢ WEER?), AdgrelLl,,

C

for all T € R. We define the metric g:=(1 + ¢1)3. Since ¢; > 0 and ¢; € L we have
8§ < g < C§ for some constant C > 0. Due to the equality g — § = ¢4 it follows that
g € W2 forall T > 0 while g ¢ W22(R3).

Next we note that on the set R\{()}, g is smooth and so Scal® is defined, smooth and

satisfies 3
Scal® = = (1 +¢1) 7 [Dgi > —2(1 + ¢1) 2 A’p € L' 5.
2 —— e — e
eLy’ eL1_3 eLy eL‘_3
To see that g has integrable scalar curvature in the sense of Definition 3.3, we let v € WIL’COO

be compactly supported, V € Llloc (R3) and Q5 € Llloc (R3) be as in Proposition 2.16 and we
claim that we may define S = Scal® almost everywhere. To see this, we note that

/ vScal® dus = lim vScal® dus
R3 e—0 R3\ B,

= lim (/ vdivs(V) dus +f v0’ d;u;)
e—0 R3\ B, R3\ B,
Vix
:lim(—/ vﬁdua—/ V-vd,ua—i-/ UQSdpL5>
e—0 9B, |x| R3\ B R3\ B,

Vi .
:—/ V~vdm+/ vQSdug—lim/ vfxldus,
R3 R3 e~0Jyp, x|
(3.2)

where in the first line above we have used that Scal® € LlloC (R™) and the dominated con-
vergence theorem, in the second line we have applied Proposition 2.16, in the third line
we have applied the divergence theorem and lastly in the fourth line we have used that
V,05 ¢ LlloC (IR3) and applied the dominated convergence theorem once again. On 9 B, it
holds |V |5 < Ce®~! for some constant C > 0 independent of €. Thus

Vi
/ vt dus
9B, x|

where in the last step above we have again used that « > 0. The above limit combined with
(3.2) shows that g has distributional scalar curvature in L!. O

< limsup Ce3~ e~ ! < limsup Ce! ™ =0,

e—0 e—0

lim
e—0
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We are now ready to define the weak mass of a erz -asymptotically Euclidean metric.
Note that the following definition is analogous to [9, Equation 4.5].

Definition 3.6 Let g be a erz -asymptotically Euclidean metric on M with weight 7 € R
and let {x,: M — R}y>1 be a sequence of compactly supported locally Lipschitz functions
such that

Sup|l X Il yy1.00 = supsup(| xe| + 1D xal) < C,
a 0 o M

for some constant C > 0, and such that the sequence {x, ! (1)}g>1 of subsets of M on which
Xa = 1 satisfies K S xg '(1) € x (1) foralle > 1and [y~ x4 '(1) = M. We then
define the weak ADM mass of g with respect to ® and {xq}a>1 by

1 . .
mw(g, D, {Xa}azl):=m alirgo M(leh(é’) —d U"h(e))(_DXoc) dpn
1

T 20, 1 (n—1) Jim /M(hUhH — h"*n") Dreji(=D; xo) d i,
(=

whenever this limit exists. Here we have abused notation slightly by denoting the gradient
of xo with respect to the metric 4 by D xq.

Remark 3.7 A typical sequence that satisfies the conditions of Definition 3.6 is given by

L, r(p) <a
Xa(p)=12-"2 o <r(p) <2a,
0, r(p) > 2a

which means that the integration in Definition 3.6 is carried out on an open subset of the
manifold M" while in the classical definition of mass, integration is carried out on a sub-
manifold of codimension 1. This contrast might make Definition 3.6 seem unnatural, but we
show that these definitions are equivalent in the higher regularity setting and the condition
supg [l e ll Lo < 00 seems to be necessary in order to prove the optimal results.

3.1 Well-definedness of the weak ADM mass

We now show the weak ADM mass is well-defined and equal to the classical ADM mass
when the metric is Clzoc. We begin by showing that the integral in Definition 3.6 converges
and does not depend on the choice of cutoff functions. The following lemma is useful for
showing that many of the integrals we encounter in the arguments below vanish.

1

w—n

Lemma 3.8 Suppose that w € R, that Y € L
fields of the same rank as Y such that

and that {X 4 }a>1 is a sequence of tensor

sup[| Xellze, < C,  lim Xo(p) =0forallp e M,
o -w o—>00
for some constant C > 0. Then
oa— 00

lim / (Y, Xe)nduyp = 0.
M

Proof By assumption, we have point-wise convergence lim, oo (Y, Xo)1|p, = O for every
p € M. Moreover, the bound sup,, || X, || e, =< C together with the inclusion Y € Ll

w—n
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imply [(Y, Xo)n| < Y| Xaln < Cr="|Y], € LLn. In other words, the functions (Y, Xy)
are dominated by the integrable function Cr~"|Y|;, and converge pointwise to 0. An appli-
cation of the dominated convergence theorem then yields the desired limit. O

The next theorem is analogous to the first part of [9, Proposition 4.1].

Theorem 3.9 Let g be a Wl‘(i—z) /Z—asymptotically Euclidean metric that has distributional

scalar curvature in L' and let { Xata>1 be a sequence of cutoff functions as in Definition 3.6.
Then the weak ADM mass of g is finite and independent of the choice of cutoff functions.

Proof We prove existence and independence simultaneously. Let K be the compact set in
Definition 2.1 and let S¢ be as in Definition 3.3. Fixing a locally Lipschitz function ¢: M —
R that vanishes on K and is equal to 1 outside some compact set that contains K, we define
another sequence of functions {),}o>1 by X :=¢ X« for each o € N. By construction, each
member ¥, of this sequence is locally Lipschitz with compact support. Letting the scalar
curvature act on a member ¥, of this sequence as in Definition 3.2 we have

/M)Tasgduh = /M(gijgk[ — g% g/ Dyeji(—Dixy) dpn + /M X QS dp.

The supports of Dy, and D¢ are disjoint for all indices « larger than some «. Thus for
all « > ap we have D, = Dy, + D¢, after which we can rewrite the above equality as
follows:

/ IR — W31 Dye i (=D o) s
M
= / FKaSSduy, — f 0 QS duy — / (g g — g™* g/ Dyeji(—Digp) dyu
M M M

- / (8" ¢! = h - h I — g™ ¢ /") Dieji(~Dixa) dpu.

" (3.3)

In the limit @« — oo the left-hand side above becomes a constant multiple of the weak

ADM mass. Therefore we study what happens with the right-hand side when o« — o0.

The next to last integral on the right-hand side is independent of « and finite since D¢ has

compact support. Moreover, since g is W, %, /z-asymptotically Euclidean we have Q5 € L! .
Combining this with the pointwise convergence (X, — ¢) — 0 and the bound

supllXe — dllzge < Il + suplFallzg < oo,
o o

we conclude after an application of Lemma 3.8 that

lim [ %,Q%dw, = f ¢Q% duy < oo. (3.4)
M M

o—> 00

We now consider the leftmost integral in (3.3). Due to ¢ € L§° and ¥, € Lg° and the
pointwise convergence ¥, = xo® — ¢, an application of the dominated convergence
theorem shows that

o—>00

lim KaSEduy =f ¢SEduy, < 0. (3.5)
M M
Next we note that
gl gkl — Rk = (glf — iy gkl L pil (ghl — pkly ¢ L%—n/Z'
— N ———

2 00 00 2
Ll—n/Z Ly Lg LI—n/Z
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By a similar argument one finds g'¥g/! — h'*hi! e L%fn/Z and so

(g,"/'gkl — B R kil gikgﬂ) Dyej € L}—n'
5\/-“

2
Ll —n/2 —n/2

Due to the point-wise convergence Dy, — 0 and the bound sup, || D x|l L% < 00 we
conclude after another application of Lemma 3.8 that

lim (g'f M R R 4 pikpit — g% gi'y Dye ;i (— D xo) dpn = 0. (3.6)

oa—>00
Letting « — oo in (3.3) and using (3.4), (3.5) and (3.6) we conclude that
2(n — Dap—1mw(g. P, {Xa}a=1)

= [ ostaun — [ 605 aus — [ e — ™" Dies(- D19 dy.

3.7

This equality implies that the weak ADM mass of g with respect to the sequence { x4 }oa>1 1S
well-defined. Moreover the sequence {xq}o>1 does not appear on the right-hand side, hence
mw (g, P, {xa}oa>1) does not depend on the choice of cutoff functions. O

Remark 3.10 Note that since the function ¢ in the proof of Theorem 3.9 is not compactly
supported, the right hand side of (3.7) does not necessarily vanish.

Since the weak mass is independent of the choice of cutoff-functions, we simply denote it
by mw(g, ®). When (M g)isC 1 -asymptotically Euclidean, as in Definition 2.7, Proposition
2. 12 implies that g is W (i _2 -asymptotically Euclidean. Moreoverif g € Cloc and Scal® €

7,1, then due to the discussion below Definition 3.3, g has distributional scalar curvature
in L' with 88 = Scal®, where S¢ is as in Definition 3.3. By Theorem 3.9, the weak ADM
mass of such a metric g is well-defined and independent of the choice of cutoff-functions.

We now show that in this case, mw (g, ) = mapm(g, P), see also the second part of [9,
Proposition 4.1] for an analogous result in the asymptotically hyperbolic setting.

Theorem 3.11 Let g be a C'-asymptotically Euclidean metric of order v > ”

and Scal® € Ll_n. Then weak ADM mass equals the classical ADM mass:

wzthg eC?

loc

my (g, ®) = mapm(g, P).

Proof For integers o > 1, we define the cutoff functions yx, as in Remark 3.7. We note in
particular that Dy, = —1{a<,<2a]a_1 Dr. By Definition 3.6 we find that

1
mw (g, ®) = m ali)m (dth (e) —dtry (6))(—DXa) dn

1

2a),, 1(n—1) oz—>oo o

/ leh (e) —dtry (e))(Dr) duy.
<r<2a

Since the outward pointing unit normal to Sg = {p € M : r(p) = R} with respect to / is
Vh =g grrl = Dr and since the classical ADM mass of (M, g) is well-defined, the above

can be written as

1 [ 1
mw (g, ®) = aleoo — /a (72(0,._1 = /g (divy(e) — dtrh(e))(Dr)du,h> ds

o
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20
= lim 1/ (mapm(g, @) + o(1)) ds

oa—00

=mapm(g, P).

3.2 Coordinate invariance of the weak mass

In this section we provide conditions under which the weak ADM mass does not depend on
the choice of chart at infinity. Our starting point is the following reformulation of a result
due to Bartnik [6] in terms of weighted Sobolev spaces on R", recall Remark 2.5 for the

definition of ¢ Wffp . We also refer the reader to [8, Lemma 1] for a related result.

Proposition 3.12 Suppose that n < p < oo, that T > 0, that (M, ®) and (M, 5) are
background manifolds with background metric structures (h,r) and (il 7), respectively and
that g is a Riemannian metric on M that is both W (h r) and W (h r)-asymptotically
Euclidean. Then there is an isometry G: R" — R” such that fori = l ,n we have

VO(F —xly edwhP, VA((FY —x) € W“’

v
where F:=G o ® o ®~! and x' is the ith Euclidean coordinate function.

Remark 3.13 We are abusing notation slightly since the maps F, F~! are only defined outside
of compact subsets of R” and so really the above should be phrased using the maps (1 — ) F

and (1 — ) F~! instead, where ' is as in Remark 2.5. For the sake of brevity, we ignore
this technicality.

Proof Recall that (M, ®), (h,r) and (M, 55) (fz 7) induce structures at infinity as defined
in [6, Definition 2.1] smce both &, g — § and <I>*g — § lie in 8W . We can thus apply [6,
Corollary 3.2] with (M, <I>) and (M, ®) in place of (M ®) and (M, \I/) to obtain an isometry
G : R" — R" such that, defining F:=G o ® o @ !, we have

Flex' = (Godod ! —id) e’W”,

and hence also VO (F! —x1) € ‘SWi’Tp fori = 1,..., n. Wenow prove that Ve (F~1) —x') €
5W1pfor1_l ,n as well.

Applying [6, Corollary 3.2] again, but interchanging the roles of ® and <1> we conclude
that there is an isometry G: R" — R” such that, defining F:=G o®o® !, we have

Flexl=(Godod ! —id) W, 2. (3.8)

Letting d denote the total derivative and (- )j. the entries of the matrix corresponding to an

element in GL(R"), we now prove that d G = dG~'. We start by noting that Lemma 2.10
implies that F' — x* and F' — x' are in ‘SWll’_of, SO

(d(F — id))i/. = (dG 0d® odd™! —id), € °L,

(d(F - id))l"/. = (@G od®odd™! —id)i €L,
forall 1 <i, j <n.Since t > 0, these inclusions imply

lim (dF). = lim (dF). = §". (3.9)
p—00 ] p—oo J J

@ Springer



18  Page20of 35 Geometriae Dedicata (2026) 220:18

Now, since inversion is continuous as a map GL(R") — GL(R"), it follows that

lim (d®od®~' 0dG™"), = lim @F~"), = (57" = s,
p—>00

p—>00

Moreover, since function composition o : GL(R") x GL(R") — GL(R") is continuous, the
above implies

lim (d® od®™ "), = lim (dF ' 0dG); = (id 0 dG); = dG',. (3.10)
p—00 p—00
We can therefore calculate as follows:
(dG 0dG); = (dG)(dG)\ = lim (dG)(dPod® "\ = lim (dF); =4,
P p—>0o0 E pP—>X0

where we have used (3.10) in the second equality and (3.9) in the last. It follows that d G =
dG~" as claimed. But then (3.8) implies

dG ™ od®odd™ —id)} = (dG o d® 0dd™" —id); = (d(F — id)); edwhr
Summing up, we have
dF~' —id); = P od® ' 0dG™" —id)]
= (dG o (@G 0d®0dd~' —id)0dG™")
= (dG), (G~ 0d® 0 d®~" —id)f (4G, e WY

—T
—— ——
sz l.o0 l,p syl.o0
Wy Sw_! Wy

which we wanted to show. O

In the view of the above result, in order to understand how the mass might differ between
different background metric structures, we need to understand how the mass is affected if the
chart at infinity ®: M \ K — R" \ Bp is composed with an isometry G : R” — R" or with
an almost identity F: R" \ Bg — R".

Remark 3.14 We note that whenever (M, ®) is a reference manifold and W : R"” \ Bg — R”
is a diffeomorphism such that R” \ image(W¥) is compact, then (M, ¥ o ®) is a reference
manifold. This is because in this case the composition W o ® is a diffeomorphism as well and
we can choose a bigger compactset K’ O K and aradius R” > R suchthat (Wo®)(M\K') =
R"\ Bgr.

We need the following technical result, which shows that comparable background metric
structures give rise to the same weighted Sobolev spaces.

Proposition 3.15 Let p € [1, o0] and} € R. Suppose that (M, ©) and (M, 5) are back-
ground manifolds and that (h, r) and (h, ¥) are corresponding background metric structures

such that h is a Wirp (h, r)-asymptotically Euclidean metric and such that for some constant
C>1,wehave C™lr <7 < Cronall of M. Then

LEMh.yNW P (h,r) € LEGh. 7)) N WP (R, 7).

Proof LetT e Lg°(h, r)ﬂWl’Tp(h, 7). Since C~'h < h < Ch, it follows that IT|; < CIT|n
and that det(ﬁ) < Cdet(h). As C~1r < 7 < Cr as well, when p < oo we have the estimate

1/p 1/p
s iy = ([, 7o) < ([ rrnimiiam ) = Ui
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By asimilar caleulation, ||| o 7y < CIIT lzgoqnry 50 T € L¥(h,F)NLP (h, 7). Since h
isa Wi,p (h, r)-asymptotically Euclidean metric, we can apply Lemma 2.14 to the difference
tensor Ffj =h Ffj — th‘j to conclude that I € LfPl (h, r). Due to the inclusions

DT e L’ [(h,r), V'T-DT= T« T elL”  (hr),
LY (hr) L (h.r)

and the calculation in the first part of the proof, we conclude that VIT € L? r71(5, 7) as
well. In conclusion we find that T € Lg° (h,F) N Wltp (h, 7). O

Proposition 3.16 Suppose that (M, ®) and (M, G o ) are reference manifolds equipped
with background metric structures (h,r) and (h,7), where G: R" — R" is an isometry.
Then the following holds.

1. Outside a compact subset of M we have h = h, and for a constant C > 1 we have
C~'r <7< Cronallof M.

2. Ifpell,ool, t €eRandgisa Wi’,p (h, r)-asymptotically Euclidean metric on M, then
the metric g is Wl’rp (h, 7)-asymptotically Euclidean as well.

3. Let {xa}a>1be a sequence of cutoff functions with respect to (h, r), as in Definition 3.6. If
the weak mass mw (g, @, {xa}oa>1) is well-defined and independent of the choice of cutoff
functions, then the weak mass mw (g, G o @, {xq}a>1) is also well-defined, independent
of choice of cutoff functions and satisfies

mw(g, G o ®) =mw(g, D).

Note that we do not claim that (M, g) has distributional scalar curvature in L' in either

chart or that T > ”52, as needed in order to apply Theorem 3.9.

Proof Since (M, ®) is a reference manifold there is a compact set K € M and a radius
R > O such that ®(M \ K) = R" \ Bg. Similarly since (M, G o ®) is a reference manifold
there is a compact set K’ € M and a radius R’ > 0 such that (G o ®)(M \ K’) = R" \ Bg/
and without loss of generality we may assume that on M \ K’ we have

h=®*8, r=|x|o®, h=(Go®*s, F=|x|]oGo®d.
Thus on M \ K’ we have
h=®* = *(G*8) = (G o ®)*s = h,

where in the second equality we use that G is an isometry with respect to §. Thus & = h
outside of the compact set K’. Since any isometry of R” can be written as an orthogonal
transformation followed by a translation we find

o B 1G]
im = lim =1
p=oor(p)  x—oo x|

Thus there exists acompactset E € M outside of whichwehaver /2 < 7 < 2r. Furthermore,
since the functions r: M — R and 7: M — R are positive and the set E is compact, there
isaconstant C > 1 suchthat C~!'r <7 < Cron E. Thus C~!'r < 7 < Cr on all of M and
we have proven the first part of the proposition.

Let p € [1, 00] and T € R and suppose that g is a whr (h, r)-asymptotically Euclidean
metric on M. Since & = h outside of a compact set and C~ 'y <7 < Cronall of M, the
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metric /i is W (h, r)-asymptotically Euclidean. Moreover, g — h € Wirp (h,rYNLF (h,r)
so Proposition 3.15 implies that g — h € Wi’rp (h,7),and h — h is compactly supported so
h—he WP (i, 7). Thus

g—h=(g—h+h—heWwlhp.
This inclusion together with the inequalities
C?h<C'h<g<Ch<C,

implies that g is a Wi’tp (h, )-asymptotically Euclidean metric, which is the second part of
the proposition.

Finally, if mw (g, ®, {xa}a>1) is well-defined and independent of cutoff functions { xo }o>1
as in Definition 3.6, we have

mw(g, G o ®, {on}ozzl)
_ 1 : Tijrkl _ TikT jlygh Pt
= mahﬁmoo/M(h h* —h'"h YV (gji _h_/l)(_DtXa)dth
1 » o
= lim / (WM — W RN Dy (g1 — hji) (= Di xo)) d i
2(n — Dawy—1 e~ Jy

=mw(g, D),

where we recall that V" is the Levi-Civita connection with respect to h. Here we used the
fact that the supports of the D x,, are contained in M \ K’ for large enough «, at which point

h=hand V! = V" = D, O

We now show that composing a chart at infinity with an almost identity does not change
the mass. Due to the length of the argument we split the proof into two parts. Recall that we
are abusing notation slightly, see Remark 3.13.

Proposition 3.17 Suppose that (M, ®) and (M, F o®) are reference manifolds equipped with
background metric structures (h, r) and (h, 7), where F : R"\ Bg — R" is a diffeomorphism
for some R > 0, such that for some p € (n,00] and t > 0 we have V3 (F' — x') €
8 Wi,p (h,r)foralli =1,...,n.Then hisa Wi’p(h, r)-asymptotically Euclidean metric and
fora constant C > 1 we have C~'r <7 < Cr. Moreover, if g isa Wl’rp (h, r)-asymptotically

Euclidean metric, then g is also a Wl’rp (h, 7)-asymptotically Euclidean metric.

Proof Lemma 2.10 implies that for each index i we have V®(F' — x’) € 9 L>°. Fixing any
xo € R" \ Bg, this in turn implies that [(F(x) — x) — (F(xg) — x0)|s < Clx|'~7 for any
x € R"\ Bg and hence
. r(p) . F(x)|
lim = lim =1
p—>0 r(p) x—o0o x|

Thus there exists a compact set E € M outside of which we have r/2 < 7 < 2r. Since
the functions r: M — R and 7: M — R are positive and the set E is compact, there is a
constant C > 1 such that C~'r <7 < Cron E, thus C"'r <7 < Cr on all of M.

We now make the following observation:

(F*a)ij = (DiFM)(DjFU)guv = (DiFu - S,u) (DjFU)Suv + (DjFU - 5}))5:‘48141) +5?5;5uv7
——

5Lfr 51‘80 aLfr 6L80
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so that F*§ —§ € °L”_. At the same time we have

Di(F*8 = 8)ij = (DkDi F*) (D F")8uy + (Di F*) (DD FY) 8, €°L”

—T7—1"

Thus F*§ — § € ‘SWl’Tp . An application of Lemma 2.10 implies that F*§ — § € ‘SLCLOr and
hence
|F*8§ — 8ls < Clx|".

It follows that C~!'8 < F*§ < C§ and due to the equality ®*§ = h we find
h—h=(Fo®)*s—d*=o*(F*s—08) e W' (hr),
h=®*§ < CO*(F*8) = C(F o ®)*8 = Ch,
h=®*F*s < Cd*§ = Ch.

In the first line we recalled Remark 2.5, stating that a tensor 7' € Wi’rp (h, r) if and only if
o, T € ‘SWl’Tp and in the second and third line we use that B; < C B, as bilinear forms if
and only if ®*B; < C®* B, as bilinear forms. The above three inequalities imply that 7 is
a Wl’rp (h, r)-asymptotically Euclidean metric.

Finally, let g be some Wl’rp (h, r)-asymptotically Euclidean metric. Applying Proposition
3.15 we see that g € Wirp (ﬁ, 7). Moreover, since

C?h<C'h<g<Ch<C?,
we find that g is Wl’rp (h, 7)-asymptotically Euclidean. O

With Proposition 3.17 and Proposition 3.15 in hand we now show that composing a chart
at infinity with an “almost identity”” does not change the mass.

Proposition 3.18 Suppose that (M, @) and (M, F o ®) are reference manifolds equipped with
background metric structures (h, r) and (h, 7), where F : R"\ Bg — R" is a diffeomorphism
for some R > 0, such that for some real numbersn < p < 0o, T > ”—52 we have for all
i=1,....n

VI(F —xly e Whr V(P —x) e Swly

—T

Let {xa}a=1 be a sequence of cutoff functions with respect to (h, r), as in Definition 3.6. If
the weak mass mw (g, ®, {xa}a>1) is well-defined and independent of the choice of cutoff
Sfunctions, then mw (g, F o @, {xy}ax>1) is also well-defined, independent of the choice of
cutoff functions and satisfies

mw(g, Fo®)=mw(g, D).

Once again, we do not claim that (M, g) has distributional scalar curvature in L' in either
chart. We merely show that as soon as mw (g, ®) exists, then mw (g, F o ®) also exists and
the two masses agree.

Proof Since (M, ®) and (M, F o ®) are reference manifolds there are compact sets K, K’ C
M and radii R, R’ > 0 such that ®(M \ K) = R" \ Bg and (F o ®)(M \ K') = R" \ Bp.
Without loss of generality we may assume that K D K’ and R > R’, sothaton M \ K we
have

h=®", r=|x|lo® h=(Fod)"s, F=]|x|oFod.

@ Springer



18  Page24of 35 Geometriae Dedicata (2026) 220:18

Let {Xa }o>1 be a sequence of cutoff functions with respect to the background metric structure
(ﬁ, 1), as in Definition 3.6. We choose the index ¢ so that we have 5('071 (1) D Kforalla > «
and define two more sequences of cutoff functions, { X« }o>« and {X 4 }a>ay, Which we make
use of in the proof. We define

)

[;’zao(Foq»—loab, on M\ K
Xa:=
I, on K

)

_ Yo 0 @7, on R" \ Bp
“ 1, on Bp

and note that each y,: M — R and ¥,: R" — R is locally Lipschitz and compactly
supported. By definition we have

Ux'®o=m Jz'®=R"

az=aq a=aq

Since the functions x, and ), are identically equal to 1 on the compact set K respectively
Bpg, we have the equalities

— 5 -1 — Iy _
”XO‘”WOI‘OQ(h,r) - ”XO[ o (F o (D) ”‘SW(;'OO - ”X"‘”Wé’w(hi) < o0,
— 1 ~ -1 ~
Xl = Ixa © @ lsytoe = 1% © (F 0 @) e = 1 Fallyyioe s ) < 00
In particular,

Sup”XOl”WOI-OO(h’r) = Sup”?a”éwol-bo = Sup”’iol”wolvoc(ﬁy;) < 0 (311)
o o o

and hence {xq }o>«, is a sequence of cutoff functions on M with respect to the background
metric structure (2, r) as in Definition 3.6. We now show that the difference

D:=2w,_1(n — 1)(mw(g, Fod, {)?a}azao) —mw(g, ®, {th}azao))

= tim [ RIRY — BRIV (—V %) duy

oa—>00 M

. ikl pikpjl .
(1™ — h'""h'") Drgji(—Di xo) dith,
M

vanishes. Using a change of Variables~x = (F o ®)(p) in the first integral and x = ®(p) in
the second, and recalling that supp(V" %) and supp(D x,) are contained in M \ K we find

D= lim | (878 —§%8/)V((F o ®).g). (—8i(Xu o (Fo® ™) dpus

o—>00 R ]l

— lim | (876" — 6™V (®ug) j1(—0i (xa 0 D7) dpis.

o—>00 Jpn

We now define

g :

_ P8, onR"\ Bg
N S, on By

so that after recalling the definitions of y, and ), we find that

D= lim [ 8V —§* 8V} (Fg — 2)j1(—8i %) duss.

o—>00 R~
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Defining A:=F~!so0that A* = F, and e:=g — §, the above can be written as follows:

D= — lim [ (8985 — 5% s/ )V (A*S — 8) ji(—8: %) dis (3.12)

o—>00 R

+ lim | (8YsK — 5k eIV (A*e — &) ;1 (—0iT,) dus.

o—>00 R

Next we note that
(A%e = &) j1 = ((0;A") (D A") — 818] ey = (9 A" — 84) (Y A")euy + 84 (DAY — 8])eu.

By Remark 2.5 we have e € ‘SWl’Tp c? Wll’_zn 2 and since g is an asymptotically Euclidean
metric we have e € 5L8°. By assumption we have V(AT —x1) e ‘sz’Tp - ‘SWI]’_Zn/2 and
due to Lemma 2.10 it follows that V? (A’ — x7) € 8L hence

—T

Vi(A%e =)0 = (354" — 8%) (GA") ey + 8% (A" = 8}) Dl
——— e e S e e e
EL%—M/Q SLSQ 5L2—n/2 51‘80 ISL%—H/Z 6L2—n/2

+(9;A" =8 (kA A") ey + 0 (A" —8]) eu

—_— = —

SL%—n/Z 8L2— ELSO 8L2—n/2 SL%—n/Z ELSO

+ (A" = 0) (YA”) ey + 8% (RIA" —0) & €°’Li,
— = ~—————— =

572 §yoo  §r2 S0 812 8§12
L—n/2 LO Ll—n/2 LO L—n/2 Ll—zz/Z

n/2

This inclusion together with the bound (3.11) allows us to apply Lemma 3.8 to conclude that
the second limit of (3.12) vanishes. Thus

D= lim [ (876" — %87V (A*8) j1(—8 %) dts- (3.13)

a—00 Jpn
The tensor A*§ satisfies

(A*8)j1 = (9, A") QA" )Sup, Vi (A*8)j1 = ((9r0;A") (D A”) + (3 A) (k1 AY)) 1o
Hence we have the inclusion

VP (A*8) ji — (Budkdj A" + 8,; 3 AY)
= ((%d; A") (D A”) + (B A") Bk AY))Suv — (9D A)S] + 87 (9 A”)) 8w
= ((9k0;A") (1 AY — 8}) + (0 A" — 8%) (9 A")) 8uv €L}

1-n-*
—— —— -

512 572 872 572 50
Lfn/2 Llfn/2 Llfn/Z Lfn/2 LO

The above combined with 87/ 8K — §iks7! e 5L8° implies

(8% 8K — 55TV (VI (A*8) j1 — (81100 A" 4 8,3 AY)) € ° L} (3.14)

1—n-
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The second term in (3.14) can be rewritten as follows:
(8 8K — 57§ (8,100 A + 8, 9D AY)
= (878 — 558,100, A" + (8764 — 6™ 671)8,; 0.0, A
= (8985 — 5 8])0,0; A" 4 (815" — 675! )ordy A
=670, A" — 890, AT + A°AT — 5y A
= APAT — 579 A,
where A% A":=8/%3;3; A" is the Laplacian of A’ with respect to 8. Substituting, (3.14) now

(878K — 5§V (A*8) ;i — (APAT — 87 9;9,A%) €°L}_,.

Due to this inclusion and (3.11), we can apply Lemma 3.8 once more to conclude that (3.13)
can be written as

D= lim | (A*A" = 578,00 AF)(=8; Xo) d s

o—>00 R®

o—>00

+ lim / (8" 8K — 8Tk §IYVI(A*8) 1 — (AP AT — 8198k AR)) (0K o) d1is

= lim | (A°A" —878;3AF)(—8; %a) d 5.

o—>00 R

We now show that each integral

L= [ (A°A" — 8798, AN)(—8; %) d s
Rn

vanishes. Since (F o ®)(M \ K') = R"\ Bg/, we know that A is defined outside of a compact
subset of R". We can thus let ¢ : R" — [0, 1] be a compactly supported smooth function that
equals 1 on a large enough compact set and the map ¢id + (1 — ¢)A is then defined on all
of R". Replacing the map A in the definition of I, with ¢id + (1 — ¢) A does not change D,
since ¢id+ (1 — ¢) A = A outside of a compact set. Thus we may without loss of generality
assume that A: R” — R”. For the moment we assume that each A’ € C13OC (R™\ Br). In
this case we may define the vector field X € C]IOC(]R” \ Br) by X\:=A% Al — 51/ 9; ax AK and
calculate that

divs(X) = 8; (A° A5 9; 3, A%y = 8; (87590 A" 5" 90, A) = 87588, 0, AT~ 87 9.9, AF = 0,

where in the last line we have used that higher order partial derivatives with respect to &
commute. The divergence theorem implies

I, = —/ (X, V%a)sdus = —/ Xo divs(X)dpus = 0.
n Rn

A standard approximation argument shows that I, = 0 even when we only have A’ € ¢ Wli’cp .
Thus D = 0 and hence

mw(g, F o ®, {Xala=1) = mw(g. @, {xataz1).

where x4 = Xa 0 (F o ®)~! o ®. Since the right hand side is independent of the sequence
{Xa}a>1, the left hand side is independent of the chosen sequence { X }o>1- O
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We conclude this section with the following theorem, which tells us that the ADM mass
of a Wi,p (h, r)-asymptotically Euclidean metric with p > n and v > "_2 does not depend
on the background metric structure (%, r). We note that in this case W p - W_(n —22
and that in the conditions described below, Theorem 3.9 implies that mw(g, D, {xa)a=1) is
well-defined and independent of the choice of cutoff functions, cf. Bartnik [6, Theorem 4.2]
and Chru?ciel [8, Theorem 2].

Theorem 3.19 Suppose that p > nand t > % are real numbers, that (M, ®) respectively

(M, <T>) are reference manifolds equipped with background metric structures (h, r) respec-
tively (ﬁ, 7) and that g is both a Wi’rp (h,r) and a Wl’fp (iz, F)-asymptotically Euclidean
metric. If mw (g, @, {xa}a=1) is well-defined, independent of the choice of cutoff functions
then so is mw (g, EI;, {Xa}a=1) and

mw (g, ®) = mw(g, ®).
Proof Let G be the isometry given by Proposition 3.12. Then for F:=G o ® o d~! we have
VO(F —xly e SWhP, V(P —xf) e Swhr.

We now have three background manifolds equipped with background metric structures,
namely (M, ) equlpped with (h, r), (M, CD) equipped with (h ryand (M, Fo®) = (M, Go
<I>) equipped with (h, 7). By assumption, the mass mw (g, ®, {xa}a>1) is well-defined and
independent of the choice of cutoff functions. An application of Proposition 3.18 implies that
themassmw (g, Fo®, {xy}a>1) = mw(g, GoE), {Xa}>1) is also well-defined, independent
of the choice of cutoff functions and satisfies

mw (g, ®) = mw(g, G o ).

Applying Proposition 3.16 with (M, G o &3) in place of (M, ®) and G~! in place of G shows
that mw (g, GloGo 5, {Xa}a>1) is well-defined, independent of cutoff functions, and
satisfies

mw(g, 5) =mw(g, G 'oGo 5) =mw(g,G o 5).

Allin all, we obtain mw (g, ®) = mw(g, ®) as desired. O O

4 Ricci style definitions in low regularity

We recall that the Einstein tensor of a Riemannian manifold (M, g) is defined as

G3:=Ric® — Scal®

g.
We also recall the Ricci version of the ADM mass, cf. Herzlich [10, Definition 1.4].

Definition 4.1 Let g be a C2-asymptotically Euclidean metric of order ¢ > 0 in the sense
of Definition 2.7 and let X be the radial vector field X:=®*(rd,). The Ricci version of the
ADM mass of g is defined as

,d):= li G4(X, vp) dun,
mr(g, ®) =D = Do RmeLR (X, vp)dup

where vy, is the outward pointing unit normal to Sg = {p € M : r(p) = R} with respect to
h, whenever the above limit exists.

@ Springer



18  Page28of 35 Geometriae Dedicata (2026) 220:18

In [10, Theorem 2.3] it is shown that for a C2-asymptotically Euclidean metric g of order
7> 1 52 which has integrable scalar curvature and additionally satisfies g € C13OC, the Ricci
version of the ADM mass of g is well-defined and agrees with the classical ADM mass as in
Definition 3.1. Motivated by this result, we show that the weak ADM mass of an WE’(%FZ) s
asymptotically Euclidean metric g can be expressed in terms of the Einstein tensor G¢. We
begin by making the following definition, analogous to Definition 3.6.

Definition 4.2 Suppose that g is a WEE -asymptotically Euclidean metric for some 7 € R as
in Definition 2.6 and let { x4 }o>1 be a sequence of cutoff functions as in Definition 3.6. Then
the Ricci version of the weak ADM mass of g is defined as

—1

R 3 8 _
mRW(gs D, {th}azl)-— = 1)(n — 2)m_1 all)ngo y G8(rDr,—Dyxq) dup

-1 : ik jl
- n—1Dn—2)w,—1 alggo M new Gf,(rDir)(—Djxa)duh

whenever this limit exists. Here we have abused notation slightly by denoting the gradients
of x, and r with respect to the metric 4 by D x, and Dr.

The following technical lemma follows from Proposition 2.18, see also [9, Lemma 4.8].
In this section, we often use Lemma 4.3 in place of Lemma 2.9 in order to conclude that a
product, where one of the factors is the Einstein tensor G, lies in a certain weighted Sobolev
space.

Lemma4.3 Let g bea Wg’rz—asymptotically Euclidean metric and let X € sz_r N Li,_zt/3
for some T, w € R. Then G8xX € Lllu—2—21:'

Proof Since Scal® = g~ !'«Ricé and g ! € L, it suffices to show that Ric¥xX e LL , , .

To this end we recall Proposition 2.15, which states that
Ric® = g~ '*DDe + Ric" + g7 'xg '« DexDe.
When 3 < n < 6, Proposition 2.18 implies
IDells, , = ClDels, = ClDellyz = Clellyzz < oc,
and when 7 < n, Proposition 2.18 implies

1Dells , . =< Cllelly2a + lellzge) < oo.
Allin all we have that De € L? | ,_ 5, foralln > 3. All in all

Ric’xX = (Ric" + g7 '«DDe)» X +g 'xg '« DexDex X €Ll , , .
L§® Li/22,4r/3 L?072r/3

2
Lw—r

2
L—r—2

which is what we wanted to show. O
The following proposition plays a similar role as Definition 3.2. See also [9, Section 4.2,

Equation 4.24]. We recall that the difference tensor I is given by ' = 8V — D, see also
Equation (2.15).
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Proposition4.4 Let g € leo’cz be a metric and let X be a conformal Killing vector field for
the metric h on the open set U C M. Then for all locally Lipschitz functions ¢: M — R
with compact support in U we have

/ Gg(X,V8¢)dﬂg:_/ ¢gijgk1G$k<divh(X)
M ” ;

hj + l"?lg,wX”> dpg.

Proof Without loss of generality, we can assume that g is smooth. The general case follows
from a standard approximation argument, cf. the proof of [9, Equation 4.18]. We define a
one-form w:=¢G8 (X, -) and calculate as follows:

divg(w) = g ((Vi®)Gf X" + ¢ (VEGiH X" + G (v xh))
= ¢/ ((V§$)G X" + 6 G, (VEX"))
= G8(X, V4¢) + g gp G, (VEX)),
where in the second equality we have used that G¢ is divergence free and in the third equality
we have lowered one of the indices of V&X using g. Integrating the above over M with

respect to du, and noting that w is locally Lipschitz and compactly supported in U, we
conclude after an application of the divergence theorem that

0:/ GH(X, VE¢) + ¢g" g G, (VEX)) dg.
M

Since G¢ is symmetric and since g/ g = gkl g/ we find that

VEXI + ViX;

AfmwimM=—Ayw¢%i’ 5 dpg. @1

Since X is a conformal Killing vector field for the metric 2 we conclude that
g g
V j Xl + Vl X j
2

where we have now raised the index of X using g. Substituting the above equality into (4.1)
we arrive at the formula

/M GH(X, Vi) dpg = — /M ¢gi-’g"lG§k<

which is what we wanted to prove. O

divy (X)

1
= (D X1+ DX + T Xy + Tj; Xu) = hji + T 8w X",

div, (X)
n

hjl + F;’;gquU> dﬂgv

We now show that the Ricci version of the weak ADM mass is well-defined, see also [9,
Proposition 4.9].

Theorem 4.5 Let g be a WE’(Zn_z)/z-asymptotically Euclidean metric such that Scal® € LLn
and let { Xy }a>1 be a sequence of cutoff functions as in Definition 3.6. Then the Ricci version
of the weak ADM mass, mrw (g, D, {Xa}azl), is well-defined and independent of the choice
of cutoff functions.

Proof We recall that in the chart at infinity ®: M\ K — R"\ Bg we have ®,.h = §, that x9;
is a conformal Killing vector field on R" \ Bg and that divs (x'9;) = n. Thus we can define
the vector field X:=r Dr and note that outside the compact set K, we have X = &* (x'9;) and
so X is a conformal Killing vector field for 4 and divj, (X) = n. We also note that X € L‘fo.
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Similarly to the proof of Theorem 3.9, we let ¢: M — [0, 1] be a locally Lipschitz
function that equals 1 outside of some compact set and vanishes on K. We define another
sequence of functions {4 }a>1 as X, :=¢ x«. By construction, each member of this sequence
is a locally Lipschitz function with compact support. Using Proposition 4.4 with , in place
of ¢ we find

[ 6t Ve ditg + [ Tag G+ T X0 ditg 0. (42
M M
Since V8¢ is compactly supported, there is some index ¢ such that for all @ > oy we have
V8% o = VExa + V8. Thus for o > ag
G35 (X, VEXy) = G5(X, VE9) + GE(X, V8 xq)
= GH(X, V4¢) + gV G5 X VS xo
= G8(X, VE) + hV GS, X Dy + 7G5, X*Dj xa
= G4(X, VE¢) + G¥(X, Dxa) + f7 G5, X D e

Combining the above equality with (4.2) we conclude that

/ G¥(X. — D) dtg = / GE(X. VE¢) dpug + Iy + L, 43)
M M

where the integrals I, and I, are given by
Ia:=f fIGHX"Djxadpsg. IIa:=f Xa8" 8" Gl (hji + Tjygun X") dpe.
M M

We now consider (4.3) in the limit « — o0. First, we claim that I, vanishes as ¢ — 0.
To show this, we start by noting the inclusion Lz_(n_z) P NL S L3 (n=2)/3* which follows
from direct computation using Definition 2.4. Applying Lemma 2.13, we then find that
e, f € LQ_(n_z)/2 N L3_(n_2)/3. It thus follows that

f * X € L2 n—2 mL3 n—=2»
L n—2 nL? n=2 LCI)C
- T3

so by applying Lemma 4.3 with w = l and 7 = ”52, we have fi/ Gigka € L}_n. Finally,
the bound sup, || D x«|| L < 0 and the point-wise convergence Dy, — 0 allows us to
apply Lemma 3.8 to conclude that

lim I, =0. 4.4

o—>00

In order to evaluate limgy_ oo I, we first use (2.15) to write

v

hji+T5guwX" = (gji —eji) + %(DjEIU + Djejy — Dyejp).
Recalling that G& = Ric8 — ScaTlgg, the above implies
g7 e G (hji + T2, X")
= gijglefkgjl - gijglefk (ejz - %U(Djelv + Diejy — Duejz)>

Scal® — g7 xg ' xGé*(e + XxDe).
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We claim that the above is an element of L! . To see this we note first that Scal® € L' by
assumption. Next we note that e € Lz_(n_z)/2 N Li(n—2)/3 and since e € Wz’(Qn—z)/z we can

argue as in the proof of Lemma 4.3 to find De € LE?—(n—Z)/S' Allinall, g7 ! € Lg° and

e + X x De elL? a2 N L} no2 - 4.5)
= = = - T3
L2 n—2 ﬂL} n—2 L?o L2 n—=2 ﬂL} n—=2
- 3 LR R s

Lemma 4.3 with w = 0 and 7 = 52 implies g~'xg~'*GSx(e + X*De) € L!,. This

together with the uniform bound sup, [|x, — @Il Le = C and the point-wise convergence
(Xo — ¢) — 0 allows us to apply Lemma 3.8 with w = 0 to conclude that

o—>00

tim T = [ 987" GE 1+ Tl X di. (46)
M

Finally, we show that dug can be replaced by du, in the integral on the left-hand side of
(4.3). Noting that dju, = +/det(g)/det(h)duy, Lemma 2.17 and the bound det(s) > c!
gives

d — Jdet(h
| /det(g)/detlh) — 1]= ¥ et(f/)dew V)et( ) < ¢1/detle) — v/det)| < Clels,

which implies v/det(g)/det(h) — 1 € L* , 5 » NL>, 5 5. As X € L{, it follows from
Lemma 4.3 withw =l and t = ”—;2 that

g (Vdet(g)/det(h) — NX* G e L}_,.

0 2 3
Ly Ll_uml_

n=2
3

Thus a final application of Lemma 3.8 with w = 1 implies

lim / G8(X,—Dyxg)duy = lim / G8%(X, —Dxq) dug. 4.7)
M oa—>00 M

o—>00

Combining (4.3), (4.4), (4.6) and (4.7), we arrive at the equality

lim G8(X, —Dxq) dpn
M

a—00
- /M G4 (X, Vég) dyug + fM 08 ¢ G, (hjy + T, g X7 .
Recalling Definition 4.2 we find
— (=D —2)w,—1mrw (8. P, {Xa}ax1)

g g ij kil ~8 u v (4.8)
= G3(X,Vép)dug + $87 8" Gy (hji + 1-‘j[gqu Ydug.
M M
Just like in the proof of Theorem 3.9, we conclude that mrw (g, @, {Xa}e>1) is well-defined
and independent of choice of cutoff functions { x4 }a>1. m]

As the Ricci version of the weak ADM mass of g does not depend on the choice of cutoff
functions we from now on use the notation mrw (g, ®). We now show that the Ricci version
of the weak ADM mass of g agrees with the weak ADM mass of g, see also [9, Proposition
4.9].
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Theorem 4.6 Letgbea WE’(ZH_2)/2-asympt0tically Euclidean metric with Scal® € Lﬂn. Then
mw (g, ) = mrw(g, P).

If, in addition, g is WE’I‘" -asymptotically Euclidean for some p > n and © > %, then
mprw (g, ®) is independent of the choice of chart at infinity.

Proof Since ®: (M\ K, h) — (R"\ Bg, §) is an isometry, it suffices to prove the theorem in
the special case when the reference manifold is (R”, id), the background metric structure is
(8, ¥+ (1 —1)|x|) for some smooth function ¢y : R” — [0, 1) which is compactly supported
in By and satisfies ¥(0) > 0, see Remark 2.5. We suppose that g is some : WE’(zn_z)/z-
asymptotically Euclidean metric on R”.

We now let {xq}o>1 be a sequence of cutoff functions on R” satisfying

Xo(x) = 1for |x| < «,
Xo(x) = 0 for |x| > 2¢,
and

SUPI| D sy < €
u !

We note that such a family of cutoff functions satisfies the conditions of Definition 3.6. Since
x'9; is a conformal killing vector field for & = § on R", we can apply Proposition 4.4 with
X:=x'0; and — x, in place of ¢ to find

Iyi= / GE(X, = V& xa) dpg = /R Xa8” €M GH 81 + T2 X)) dug — Ty (4.9)
We now turn to analysing the integral I, on the left hand side above. We have
L [ G4 =Dy dus + [ 640X Do) (/dets) ~ 1) dus
n R’l
+ /R 871G V] xa/det(9) dpss.

Arguing as in the proof of Theorem 4.5 we obtain the inclusions

fodet@ =1 e’L?, ,nLY .
Tu2 MLy

(4.10)

n—2

Applying Lemma 4.3 with w = 1 and T = *5= twice, we obtain the inclusions
; 1 Kl syl
G8x X *(ydet(g) — 1) eLi_,, G% f xjy/det(g) € °Li_,.
D e e ; g
LI sLi n—2 m61‘37;1—2 81‘2, nEZ mgLingZ lSL:l)O
2 3

Two applications of Lemma 3.8 show the last two integrals in (4.10) vanish as « — 00. So

lim I, = lim G4(X,—Dxo)dus = —(n — D(n — 2)w,—1mrw(g, ®).

o—> 00 o—> 00 R®
4.11)
Next we turn to analysing II,. This integral can be rewritten as follows:
I, / Xa8’ " GS gj1 dus + / X8 g" G%, gj1(\/det(g) — 1) dus
R R 4.12)

+/R Xa8" 8" G (—eji + T g X ") dig.
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Combining Lemma 2.17 and Lemma 4.3 with w = 0 and t = % we conclude that

¢e" G% gy (Vdet(g) —1) e L,
— —— — —

SLye Spge sL? L3
-7

n=2
3
Recalling (4.5), we can once again apply Lemma 4.3 with w =0 and t = % to find

g7 g" G (—eji + T 8un XY) Vdet(g) € LL,.
—— —_———— ) —
SLEe sp2

573 L
7/1720 L7n72 0
2

Thus two applications of Lemma 3.8 show that the last two two integrals in (4.12) vanish as
o — 00, hence

- , -2
lim I, = lim X8 g"G¥ gjidus = ! lim xaScal® dus. (4.13)
o n

o— 00 —00 Jpn 2 a—o0 R

Combining (4.9), (4.11) and (4.13), as well as applying Proposition 2.16, we now find
2(n — Dawp—10rw (g, P)
= lim | xaDi(g" " (Dreji — Djen)) dpus + / %@ dps.  (4.14)
n RV[

o—> 00 R
where Q3 is of the form g ~'xg~!'xg~!xDexDe € L! . The point-wise convergence yo — 0
combined with @5 € L' and sup, || x| Ly < oo allows us to apply Lemma 3.8 to find

lim X Q5 dps = 0.
o—> 00 R~
An application of the divergence theorem to the first term in the right hand side of (4.14),
which is justified since each x, has compact support, yields

lim f (_DiXa)gklgij(Dkejl — Djey)dps = mw(g, ),
Rn

mrw(g, @) = 20— Doy %

where the second equality is a consequence of Theorem 3.9.

When g is W>?-asymptotically Euclidean for p > n and > 22 then it is also whp.
asymptotically Euclidean. Theorem 3.19 then implies that mw (g, ®) is independent of the
choice of chart at infinity and hence also mrw (g, ®). O

Finally we show that when g has the regularity needed in Definition 4.2, then the Ricci
version of the weak ADM mass and the Ricci version of the ADM mass of (M, g) agree.

Theorem 4.7 Let g be a C*-asymptotically Euclidean metric of order T > ”52 as in Def-
inition 2.7 with Scal® € L', and g € C}, (M). Then mg(g, ®), mapm(g, ®), mw (g, ®)
and mrw (g, ©) are all independent of the choice of chart at infinity. Moreover we have the

equalities
mr(g) = mapm(g) = mw(g) = mrw(g).

Proof The first equality follows from [10, Theorem 2.3], the second from Theorem 3.11 and
the last from Theorem 4.6. By Theorem 3.19, mw (g, ®) is independent of the choice of chart
at infinity and hence so are mr (g, ®), mapm(g, ®) and mrw(g, ®) as well. O
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