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Abstract
In this paper, we solve the velocity-pressure formulation of the incompressible Navier-Stokes
equations by utilizing high-order finite difference operators that satisfy a summation-by-parts
property on multi-block curvilinear domain discretizations. We apply the projection method
to connect the interior multi-block interfaces, and we show the stability of the discretiza-
tion through a discrete version of the energy method. Analytical test cases reveal that the
discretization achieves good accuracy and high-order convergence. We also explore the effi-
ciency of increasing the discretization order, showing that, in certain instances, a higher-order
discretization provides greater accuracy while using fewer degrees of freedom. Additionally,
our method reaches a good agreement with benchmark data for a well-studied benchmark
problem.
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Multi-block · SBP-Projection · Pressure Poisson · High-order · Velocity-Pressure
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1 Introduction

The incompressible Navier-Stokes equations have been solved by numerical methods for
decades, as they are of key importance in computational fluid dynamics (CFD). Among the
most popular methods are fractional step projection methods [1], which, when used together
with staggered grids [2], have seen much success in the past. These methods, however,
exhibit some issues with boundary conditions and temporal accuracy. More recent methods
include discontinuous Galerkin methods (DG) [3, 4] and the finite volume method (FV). The
DG method can be constructed to be high-order accurate and handle complicated geometry
because of its inherent unstructured nature. The FV method is robust and geometrically
flexible; however, it is usually restricted to at most second order. In general, high-order
methods tend to bemore efficient than lowordermethods in the sense that high-ordermethods
aremore accurate per degree of freedom. Thismeans that for a given error tolerance, a coarser
grid can be used for the computations, lowering the overall computational cost of a simulation.
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High-order methods are also often better at resolving complex flow structures such as those
arising from turbulence. They do, however, come with drawbacks. More often than not, high-
order methods are intricate in their construction, leading to problems with robustness and
stiffness, and are often more complicated to implement for a given problem. In this study,
we use high-order finite difference methods with summation-by-parts (SBP) properties [5–
7]. These are essentially standard finite difference operators with special boundary closures
such that the discrete operators satisfy an equivalent to the continuous integration-by-parts
property. This property of the operators greatly simplifies the discrete stability analysis since
many of the continuous proofs that rely on integration-by-parts can be mimicked in the
discrete setting. Even though SBP finite difference operators have special boundary closures,
the interior is just regular stencil-based finite differences. This has two benefits. First of
all, it is relatively straightforward to construct high-order operators (in the interior using
Taylor expansion analysis and for the boundary closures, typically numerical optimisation).
Secondly, being based on stencil calculations, SBP finite differences are easy to implement
and reap many benefits of modern computational hardware, such as GPUs for parallelisation.
The operators that are used in this paper were derived in [8] and use optimised boundary
closures to achieve more accurate operators.

Imposing boundary conditions using SBP finite differences is, however, non-trivial. His-
torically, the most common method is the simultaneous approximation term (SAT) method
[9]. This method adds specifically tuned (for stability) penalisation terms to the equations to
weakly enforce the imposed boundary conditions. Another method for imposing boundary
conditions when using SBP schemes is the projection (P) method. This method utilises a pro-
jection operator to restrict the solutions to those where the boundary conditions are fulfilled,
thus imposing the boundary conditions strongly (exactly). Both of thesemethods usually lead
to provably stable high-order schemes [10]. Because of the inherent grid structure of finite
difference methods, when dealing with complicated geometry, one needs to discretise in a
curvilinear, multi-block fashion, dividing the domain into several blocks and utilising coordi-
nate transformations. This introduces non-physical interface boundary conditions within the
computational domain that must be treated stably. SBP-SAT and SBP-P schemes have proven
successful when applied to complicated geometry before. See, for example [11], where the
SBP-SAT method was used to solve the nonlinear Euler equations, or [12], where projection
and SATs are compared in coupling multi-block domains for the wave equation.

Connections between the DG and SBP methods have been made in the past, for example,
in [13], where a certain class of DG schemes was shown to be equivalent to SBP-SAT
schemes. A suitable general method for solving CFD problems could be to combine the
DG method close to complex objects, such as objects that are hard to model using smooth
coordinate transformations, with SBP finite difference methods further away in free space.
Such a coupling of the methods has been constructed before for the second order wave
equation in [14]. One step towards such a method is constructing an SBP finite difference
method that is able to accurately and with high-order, couple multiple curvilinear blocks,
such as the method constructed in this paper.

For the CFD problem in this paper, we consider the velocity-pressure formulation of the
incompressible Navier-Stokes equations in 2D, as it allows for discretisation methods with
high-order accuracy and can easily be extended to 3D. The discretisation method used in this
paper is the SBP-Pmethod. It was shown in [15] that imposingDirichlet boundary conditions,
such as the common no-slip and no-penetration boundary conditions, using the projection
method was more efficient at developing fine-structure phenomena in fluid flow simulations
compared to the SATmethod. Additionally, the strong imposition of the projection method is
also useful for strictly enforcing the divergence-free criterion in the incompressible Navier-
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Fig. 1 Example transformation in
2D

Stokes equations. In this work, we impose the interface boundary conditions between blocks
using the projection method. The main purpose of this paper is to extend the methodology in
[15] to handle complicated geometry by using curvilinear multi-block discretisations, which
are, due to the projection method, stable, accurate, and high-order.

The paper is organized as follows: in Section 2, we briefly describe the coordinate trans-
formation used for the curvilinear coordinate mappings. The summation-by-parts framework
using curvilinear grids is then explained in Section 3. Furthermore, in Section 4, we present
the continuous analysis of the incompressible Navier-Stokes equations, followed by the dis-
crete analysis in Section 5. In Section 6, the numerical experiments are presented together
with the results, and conclusions are drawn in Section 7.

2 Definitions

In this section, we define concepts and notations on coordinate transformations and SBP-FD
methods necessary for the analysis. Throughout the paper, we use implicit summation over
repeated indices, e.g., Ai xi = ∑N−1

i=0 Ai xi . Where A and x are vectors of size N .

2.1 Coordinate Transformations

We start by explaining some notations on coordinate transformations that will be used in this
paper, see, for example, [16] for similar notation. Let

x j = x j (ξ1, ..., ξd), j = 1, ..., d, (1)

be a smooth, affine transformation from a curvilinear domain Ω of dimension d , with Γ

as its boundary, to a rectangular domain Ω ′ with boundary Γ ′, see Fig. 1 for an example in
2D. Let J denote the Jacobian matrix with elements Ji j = ∂x j/∂ξi andK denote the matrix
with elements K j i = ∂ξi/∂x j and let J = det(J ). We assume a one-to-one mapping, hence
J > 0.

For functions u, v ∈ Ω , let (u, v)Ω denote the L2 inner product
∫
Ω
uv dΩ and (u, v)Γ

denote the boundary integral
∫
Γ
uv dΓ . Then, the following relations hold:

(u, v)Ω = (u, Jv)Ω ′ ,

(u, v)Γ = (u, γ v)Γ ′ ,
(2)

where J and γ are the surface and line element scale factors, respectively, such that dΩ =
JdΩ ′ and dΓ = γ dΓ ′. The outward facing normals on Γ and Γ ′, denoted nx j and νξi
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respectively, can be related through Nanson’s formula [17]:

nx j = J

γ
K j iνξi . (3)

To simplify the notation going forward in the paper, we will denote partial derivatives:
∂

∂x j
= ∂x j and

∂
∂ξi

= ∂ξi . By the use of the chain rule, we can see that the derivatives on the
domains are connected through:

∂x j = K j i∂ξi . (4)

A useful metric relation is
JK j i∂ξi = ∂ξi JK j i . (5)

With the use of (3), (4) and (5) the normal derivative on Γ ′ can be written as

∂

∂n
= nx j ∂x j = νξl

J

γ
K jlK jk∂ξk . (6)

2.2 Summation-By-Parts

Wewill briefly give an introduction to the SBP finite difference operators that are used in this
paper, see for example [7] for more details. Let a one-dimensional domain Ω ′ be discretized
by N points at nodal points x = [x0, x1, ...xN−1]. Let u and v be discrete functions that
approximate continuous functions u and v on Ω ′ on the grid points.

The first and second derivative SBP operators used in this paper were first derived in [5,
18], with the following definitions:

Definition 1 A difference operator D1 = H−1Q approximating ∂/∂x is a first order deriva-
tive SBP-operator if H = HT > 0 and Q + QT = B = diag(−1, 0, ..., 0, 1).

Definition 2 Let D1 be a first derivative SBP operator. A difference operator D2(c) ≈
∂
∂x c(x)

∂
∂x is said to be a compatible second derivative SBP operator, if for the norm H ,

the relation
HD2(c) = DT

1 Hc̄D1 − R(c) + B(c) D̂, (7)

where R(c) = R(c)T ≥ 0, c̄ = diag(c), where c is a vector of c(x) evaluated on the grid
x, B(c) = diag(−c0, 0..., cN−1) and D̂ approximates the first-derivative operator at the
boundaries holds.

Using Definition 1 we see that

vT HD1u = −(D1v)T Hu − u0v0 + uN−1vN−1, (8)

whichmimics the continuous integration byparts, discretely. In [19], itwas shown that only
diagonal-norm operators can guarantee stability for curvilinear mapped problems; therefore,
we restrict our analysis to diagonal-norm SBP operators, where H is a diagonal matrix.

The 1D SBP operators can be extended from one to multiple dimensions by the use
of the Kronecker product. A difference operator for dimension ξi , i = 1, 2, ..., d , can be
constructed as

Dξi = Iξ1 ⊗ · · · ⊗ Iξi−1 ⊗ D1 ⊗ · · · ⊗ Iξd ≈ ∂ξi , (9)

where Iξi is the identity matrix of size Nξi × Nξi and Nξi is the number of grid points in the
ξi direction. Similarly, the multidimensional quadrature over a d-dimensional domain, Ω ′,
can be expressed as

HΩ ′ = Hξ1 ⊗ · · · ⊗ Hξd , (10)
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and the quadrature over an edge, Γ ′
ξi
, can be expressed as

HΓ ′
ξi

= Hξ1 ⊗ · · · ⊗ Hξi−1 ⊗ Hξi+1 ⊗ · · · ⊗ Hξd . (11)

We can now express discrete inner products using the notation

(u, v)HΩ′ = uT HΩ ′v ≈ (u, v)Ω ′ , (12)

for domain integration together with the notation

(u, v)HΓ ′ =
∑

ξi

(eTξiu)T HΓξi
(eTξi v) ≈ (u, v)Γ ′ , (13)

for boundary integration, where eξi are restriction operators extracting the elements of u and
v on boundary Γ ′

ξi
. The restriction operators are constructed as [1, ..., 0] and [0, ..., 1] on the

left and right boundary, respectively, for the one-dimensional case. These can be extended to
higher dimensions similarly to the SBP-operators using the Kronecker product, e.g., in two
dimensions IN ⊗ [0, ..., 1].

To extend the operators to non-rectangular domains, we use the transformations defined
in Section 2. Similarly to the continuous transformation, we define

Dx j = K̄ j i Dξi ≈ ∂x j , (14)

where K̄ j i is a diagonal matrix that has the discretized values ofK j i on the diagonal, approx-
imated using the operators Dξ j on the coordinates x j . We can also define, using the metric
relation in (5),

D̃x j = Dξi K̄ j i ≈ ∂x j . (15)

Following the inner product definitions in (2) we define the SBP norms on the domain Ω

and Γ as
HΩ = JHΩ ′ ,

HΓ = γ HΓ ′ ,
(16)

where J and γ are diagonal matrices with J and γ evaluated on the grid points. We can now
show the SBP property of the first-derivative curvilinear SBP operators Dx j and D̃x j on the
domain Ω as

(v, Dx ju)HΩ + (D̃x j v,u)HΩ =
∑

Γ

(v,u)HΓ . (17)

Laplace operators with SBP properties on curvilinear grids have been derived on multiple
occasions in the past, see, for example, [16]. An SBP Laplace operator on the domain Ω is

DL =
{
Dξi ξ j (αi j ) i = j,

Dξi αi j Dξ j i �= j,
(18)

where we define αi j = Kki JKk j . This operator satisfies the SBP property

(v, DLu)HΩ =
{

−(Dξi v, αi j Dξ ju)HΩ + ∑
Γ (v, νiαi j Dξiu)HΓ − vT Ri ju, i = j

−(Dξi v, αi j Dξ ju)HΩ + ∑
Γ (v, νiαi j Dξiu)HΓ , i �= j,

(19)
which is the discrete analogue to the continuous integration by parts. The term Ri j is a positive
definite matrix and is constructed such that uT Ri ju = 0 up to the order of accuracy, see [20]
for more in-depth on the construction of the matrices.
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Remark 1 The Laplace operator defined in (18) makes use of the compatible second deriva-
tive SBP operators for the case i = j and applies the first derivative SBP operators unto
themselves for the case i �= j . The analysis of the paper does not rely on the use of these
compatible operators and one could apply first derivative operators unto themselves for all
cases. However, the use of the compatible operators has been shown to have better numerical
properties, [21].

This paper confines itself to two-dimensional problems. As such, from now on, x1, x2 cor-
responds to the physical coordinates x, y respectively, and ξ1, ξ2 correspond to the reference
coordinates ξ, η respectively. The theory and analysis in the upcoming sections have clear
extensions to three dimensions.

3 Continuous Analysis

The non-dimensional form of the incompressible Navier-Stokes equations is given by

Vt = − (V · ∇)V − ∇ p + εΔV, (x, y) ∈ Ω, t ≥ 0,

∇ · V = 0, (x, y) ∈ Ω, t ≥ 0,

B (V, p,∇V) = G, (x, y) ∈ Γ , t ≥ 0,

V = T, (x, y) ∈ Ω, t = 0,

(20)

whereV =
[
u
v

]

is the velocity field, p is the pressure, ε is the kinematic viscosity parameter,

B (V, p,∇V) is a function defining the boundary conditions, G is the boundary data, and T
is the initial data.

3.1 Velocity-Pressure Formulation

We refer to the form of the incompressible Navier-Stokes in (20) as the velocity-divergence
formulation, as it describes the system using the velocity field V and the divergence of said
velocity field. The velocity-pressure formulation is found by taking the divergence of the
momentum equation, the first equation in (20),

∇ · (Vt ) + ∇ · (V · ∇)V = ∇ · (−∇ p) + ∇ · (εΔV) , (21)

and applying the divergence free condition, ∇ · V = 0, resulting in the pressure Poisson
equation (PPE),

Δp = − (∂xu)2 − 2∂yu∂xv − (∂yv)2. (22)

As shown in [22], boundary conditions for the divergence are required for the divergence to
be non-growing in time, as well as divergence free initial data. This leads to the full velocity-
pressure formulation of the incompressible Navier-Stokes equations where the divergence
free condition has been replaced by the PPE togetherwith divergence free boundary condition
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and divergence free initial condition. The resulting form of the equations are

Vt = − (V · ∇)V − ∇ p + εΔV, (x, y) ∈ Ω, t ≥ 0,

Δp = − (∂xu)2 − 2∂yu∂xv − (∂yv)2. (x, y) ∈ Ω, t ≥ 0,

∇ · V = 0, (x, y) ∈ Γ , t ≥ 0,

B (V, p) = G (x, y) ∈ Γ , t ≥ 0,

V = T, (x, y) ∈ Ω, t = 0,

∇ · V = 0, (x, y) ∈ Ω, t = 0.

(23)

3.2 Energy Analysis

Taking the L2 inner product of the momentum equation, first row in (23), with V,

(V,Vt )Ω = (V,− (V · ∇)V − ∇ p + εΔV)Ω , (24)

and grouping the terms with u and v,

(u, ∂t u)Ω + (v, ∂tv)Ω = − (u, u(∂xu) + v(∂yu) + ∂x p)Ω − (v, u(∂xv) + v(∂yv) + ∂y p)Ω

+ +ε(u,Δu)Ω + ε(v,Δv)Ω.

(25)

Then, with the use of the following identity for smooth functions a(x) and b(x):

a∂xb = 1

2
(a∂xb + ∂x (ab) − ∂xab) (26)

for the nonlinear advection terms, noting u∂xu = ∂xuu and v∂yv = ∂yvv. We can show
using integration by parts that

d

dt

(||u||2Ω + ||v||2Ω
) + 2ε

(||∇u||2Ω + ||∇v||2Ω
) = BT + RT . (27)

On the left hand side we have the energy term, which is the norm of the velocity field, and
the viscous dissipation term, which is the norm of the gradient of the velocity field. On the
right hand side we group the remaining terms as BT , boundary terms, that are

BT = −
∫

Γ

(
u2 + v2 + 2p

) (
unx + vny

) + 2ε

(

u
∂u

∂n
+ v

∂v

∂n

)

ds (28)

and RT , remainder term, which is an indefinite inner product term containing the divergence
of the solution:

RT = (
2p + u2 + v2,∇ · V)

Ω
. (29)

The energy equation (27) shows that the energy, given by ||u||2Ω + ||v||2Ω , is bounded and
decreasing if the boundary terms are handled correctly such that BT ≤ 0, and if the divergence
of the solution is zero, such that RT = 0.

The boundary terms, BT , can be written in the following way [22]:

BT = −
∫

Γ

wT Aw dΓ , (30)

where
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Fig. 2 Example of multi-block
domain consisting of two blocks,
Ω(1) and Ω(2) sharing an
interface

w =

⎡

⎢
⎢
⎢
⎢
⎣

u
v

p
ε ∂u

∂n
ε ∂v

∂n

⎤

⎥
⎥
⎥
⎥
⎦

and A =

⎡

⎢
⎢
⎢
⎢
⎣

wλ 0 nx −1 0
0 wλ ny 0 −1
nx ny 0 0 0
−1 0 0 0 0
0 −1 0 0 0

⎤

⎥
⎥
⎥
⎥
⎦

. (31)

Herewλ = unx +vny , is the normal velocity, andwτ = uny −vnx is the tangential velocity.
In this paper, we prescribe Dirichlet boundary conditions at no-slip and inflow boundaries,

and characteristic boundary conditions (CBC) at outflow boundaries. Energy estimates when
using Dirichlet boundary conditions are easily obtained. Assuming divergence-free velocity
field, ∇ · V = 0 and homogeneous boundary conditions, G = 0, leads to BT = 0 and
RT = 0, giving the energy estimate

d

dt

(||u||2Ω + ||v||2Ω
) + 2ε

(||∇u||2Ω + ||∇v||2Ω
) = 0. (32)

With the purpose of being concise, in this paper, we will only present the idea and the
stability result for the CBC. Details on the derivations can be found in [22]. They were also
used in [15] as outflow boundary conditions. The idea of the CBC is such thatwT Aw ≥ 0. By
diagonalising the matrix A and using the signs of the eigenvalues λwe find that the following
are the characteristic boundary conditions:

C2 =λ2wτ − nyε
∂u

∂n
+ nxε

∂v

∂n
= 0,

C4 = − λ4wλ − p + nxε
∂u

∂n
+ nyε

∂v

∂n
= 0,

(33)

where

λ2 =
wλ −

√
w2

λ + 4

2
,

λ4 =
wλ −

√
w2

λ + 8

2
.

(34)

These conditions guarantee that the boundary terms stay negative and only contribute with
dissipation to the energy. Together with a divergence-free velocity field this means that we
can show

d

dt

(||u||2Ω + ||v||2Ω
) + 2ε

(||∇u||2Ω + ||∇v||2Ω
) ≤ 0, (35)

ensuring stability of the scheme.
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3.2.1 Multi-Block Energy Analysis

Now we turn to the analysis of a multi-block domain. Here we will illustrate the analysis
using a simple example, the two block domain seen in Fig. 2. The analysis can easily be
generalised to more complex domains.

Let the superscripts (1) and (2) denote the blocks of the multi-block domain defined by
Ω = Ω(1) ∪ Ω(2) with the interface ΓI = Ω(1) ∩ Ω(2), see Fig. 2. By deriving the energy
equations (27) for both blocks and summing the resulting terms, assuming the outer boundary
terms (the terms BT) are taken care of by suitable boundary conditions, Dirichlet for example,
we obtain the following energy equation for the full domain:

d

dt

(
||u(1)||2

Ω(1) + ||v(1)||2
Ω(1) + ||u(2)||2

Ω(2) + ||v(2)||2
Ω(2)

)

+2ε
(
||∇u(1)||2

Ω(1)+||∇v(1)||2
Ω(1) ||∇u(2)||2

Ω(2)+||∇v(2)||2
Ω(2)

)
= RT (1) + RT (2)+I T ,

(36)
where the terms RT (1) and RT (2) are given in (29) for the two blocks. The term I T ,the
interface terms, corresponding to the boundary ΓI , for both block discretisations are given
by

I T = −
(
u(1)u(1) + v(1)v(1) + 2p(1), n(1)

x u(1) + n(1)
y v(1)

)

ΓI

+ 2ε

((

u(1),
∂u(1)

∂n(1)

)

ΓI

+
(

v(1),
∂v(1)

∂n(1)

)

ΓI

)

−
(
u(2)u(2) + v(2)v(2) + 2p(2), n(2)

x u(2) + n(2)
y v(2)

)

ΓI

+ 2ε

((

u(2),
∂u(2)

∂n(2)

)

ΓI

+
(

v(2),
∂v(2)

∂n(2)

)

ΓI

)

.

(37)

If we impose continuity for p, u, v, ∂u
∂n , and

∂v
∂n over the interfaces, i.e for (x, y) ∈ ΓI :

p(1) = p(2), u(1) = u(2), v(1) = v(2),

∂u(1)

∂n
= ∂u(2)

∂n
,

∂v(1)

∂n
= ∂v(2)

∂n
,

(38)

then I T = 0, since the normals, n(1) and n(2), are antiparallel. With this, we arrive at an
energy estimate for the multi-block discretisations similar to that of the single block energy
estimate. Meaning that we have a bounded and decreasing energy for the multi-block system.
The analysis for more blocks follows easily from this.

Remark 2 It should be noted that the estimates derived in this section are not, by themselves,
a proof of nonlinear well-posedness for the incompressible Navier-Stokes equations. Nonlin-
ear well-posedness is typically established via linearistion and localisation arguments; see,
for example [23]. Nevertheless, assuming suficient smoothness of the underlying solution,
the nonlinear energy estimate obtained here directly yields an energy estimate for the corre-
sponding linearised problem. The analysis of the nonlinear problem with non-homogeneous
boundary conditions is non-trivial and is beyond the scope of the present paper. We refer the
reader to [24, 25] for such analysis.
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4 Discrete Analysis

We will now turn to the discretisation, showing the construction and stability of the scheme.
We spatially discretize the system (23) by using SBP operators. As an illustrative example,
we discretize the two block domain shown in Fig. 2 by constructing a multi-block grid of
N × N grid points in each block, where N is the number of grid points per dimension. We
keep to this simple case for brevity of the notation, but the methodology easily extends to
different grid sizes in each block as well as dimensions. The spatially discretized system is
given by

Vt = D (V,p) , t ≥ 0,

DLp = F, t ≥ 0,

LmV = gm, t ≥ 0,

L pp = gp, t ≥ 0,

V = V0, t = 0,

(39)

where V = [V(1),V(2)]T , V(1) = [u(1), v(1)]T and V(2) = [u(2), v(2)]T . The superscripts
correspond to variables connected to that numbered block. In order to reduce notation, the
derivative operators will be assumed to correspond to the same block as the vector it is
connected to, e.g. Dxu(1) = D(1)

x u(1). The operators Lm and L p are the boundary operators
for themomentumandpressure equations, respectively, definedbydiscretising the continuous
boundary conditions, the exact form of which depends on the problem at hand. The vectors
gm and gp are the boundary data for the momentum and pressure equations, respectively.
The vector V0 is the given initial data for the velocity. The right-hand side of the momentum
equation is given by

D(V,p) =

⎡

⎢
⎢
⎢
⎣

(−D(s)
x − D(s)

y + εDL)u(1) − Dxp(1)

(−D(s)
x − D(s)

y + εDL)v(1) − Dyp(1)

(−D(s)
x − D(s)

y + εDL)u(2) − Dxp(2)

(−D(s)
x − D(s)

y + εDL)v(2) − Dyp(2)

⎤

⎥
⎥
⎥
⎦

. (40)

where the operators in (40) are

D(s)
x (u) = 1

2

(
U D̃x + DxU −Ux

)
and D(s)

y (v) = 1

2

(
V D̃y + DyV − Vy

)
. (41)

These are skew-symmetric split advection operators using the definition of (14) and (15) for
Dx , Dy and D̃x , D̃y respectively. TheU andUx are diagonal matrices with entries u and D̃xu
respectively, and equivalently for V and Vy . For the pressure Poisson equation, the second
row in (39), the right-hand side is given by

F = −Ux (Dxu) − 2Uy(Dxv) − Vy(Dyv). (42)

To impose the boundary conditions, we use the projection method. For more details on
the projection method, see, for example, [26] where the projection was first introduced. The
projection operator P is constructed such that it projects the solution so that the boundary
conditions, defined by the operator L , are fulfilled. For stability, P is also constructed such
that it is self-adjoint with respect to the discrete inner product, H . Fulfilling these criteria
results in

P = I − H−1LT
(
LH−1LT

)−1
L. (43)
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We then construct operators Pm, Pp that are projection operators to impose boundary con-
ditions for the momentum and pressure equation respectively, using the boundary condition
operators Lm and L p .

The boundary condition operators Lm and L p together with the boundary data gm and gp
are constructed as:

Lm =
⎡

⎣
L(1)
m 0
0 L(2)

m

LmI

⎤

⎦ , with data g(m) =
⎡

⎢
⎣

g(1)
(m)e,w,n

g(2)
(m)e,w,s
0

⎤

⎥
⎦ , (44)

and

L p =
⎡

⎣
L(1)
p 0
0 L(2)

p

L pI

⎤

⎦ , with data g(p) =
⎡

⎢
⎣

g(1)
(p)e,w,n

g(2)
(p)e,w,s
0

⎤

⎥
⎦ . (45)

The operators L(1)
m/p and L

(2)
m/p handle the outer boundary conditions for the first and second

block respectively, while LmI/pI handles the interface conditions between the blocks. Here
we focus on the part concerning the interface conditions.We assume that the outer boundaries
are handled in a stable manner, as in [15] where the projection method is used for the one
block case. For the momentum equations, LmI is constructed as

LmI =

⎡

⎢
⎢
⎢
⎣

e(1)
s 0 −e(2)

n 0
0 e(1)

s 0 −e(2)
n

e(1)
s Dx 0 −e(2)

n Dx 0
0 e(1)

s Dy 0 −e(2)
n Dy

⎤

⎥
⎥
⎥
⎦

. (46)

Where e(1)
s , e(2)

n are restriction operators, extracting the values on the boundaries to the
south and north (up and down) respectively, for each block. The boundary operator (46)
corresponds to imposing the continuity that we found in (38) for the velocities. The pressure
boundary operator for the interface is constructed in the following way:

L pI =

⎡

⎢
⎢
⎢
⎣

e(1)
s −e(2)

n

e(1)
s −e(2)

n

e(1)
s Dx −e(2)

n Dx

e(1)
s Dy −e(2)

n Dy

⎤

⎥
⎥
⎥
⎦

. (47)

This ensures continuity of the pressure and the normal derivative of the pressure on the
interface, required from the continuity conditions (38), and the PPE. With the projection
operators Pm and Pp , constructed using Lm and L p , we can now impose the boundary
conditions on our discretisation and write the scheme

Vt = PmD
(
V̂,p

)
+ (I − Pm)g̃(m)t , t ≥ 0

HPpDL(Ppp + (I − Pp)g̃(p)) − σH(I − Pp)(p − g̃(p)t ) = HPpF, t ≥ 0

V = V0, t = 0.

(48)

Where V̂ = PmV − (I − Pm)g̃m . The term σH(I − Pp)(p − g̃(p)t ) is a term necessary to
remove a zero eigenvalue introduced to the problem from the projection operator, see [27].
In the computations we use σ = 1/h2, h being the distance between grid points.

123



   32 Page 12 of 21 Journal of Scientific Computing           (2026) 107:32 

Remark 3 The value of σ should be proportional to 1/h2. We have done extensive numerical
testing and found that that when varying the scaling factor C , σ = C/h2, between 10−2 and
106 the iterations of the PPE solver is decreased for larger values of C . There is most likely
a sweet spot, or interval, for the value of C that minimizes the number of iterations required
for the PPE, but we have not found it. The difference was not large enough to warrant further
investigation.

Lemma 1 Assuming that the outer boundary conditions are implemented in a stable manner,
the SBP-P scheme (48) is a stable approximation to (23).

Proof We prove stability of the scheme using the energy method. Assuming gm = 0 and
taking the inner product of the momentum equation with V,

(V,Vt )H̄Ω
=

(
V, PmD

(
V̂,p

))

H̄Ω

, (49)

where H̄Ω = HΩ ⊗ I2. Using H̄Ω Pm = Pm H̄Ω , expanding the operator D, and similarly to
the continuous case grouping the terms with u and v gives

(
u(1),u(1)

t

)

HΩ

+
(
v(1), v(1)

t

)

HΩ

+
(
u(2),u(2)

t

)

HΩ

+
(
v(2), v(2)

t

)

HΩ

= −
(
û(1), D(s)

x û(1) + D(s)
y û(1) + Dxp(1)

)

HΩ

−
(
v̂(1), D(s)

x v̂(1) + D(s)
y v̂(1) + Dyp(1)

)

HΩ

−
(
û(2), D(s)

x û(2) + D(s)
y û(2) + Dxp(2)

)

HΩ

−
(
v̂(2), D(s)

x v̂(2) + D(s)
y v̂(2) + Dyp(2)

)

HΩ

+ ε
(
û(1), DL û(1)

)

HΩ

+ ε
(
v̂(1), DL v̂(1)

)

HΩ

+ ε
(
û(2), DL û(2)

)

HΩ

+ ε
(
v̂(2), DL v̂(2)

)

HΩ

.

(50)
Applying the skew-symmetry (41) to the advection terms, and using the SBP property of the
operators, again assuming the outer boundaries are handled stably, we can show that

d

dt
(E (1) + E (2)) + DI (1) + DI (2) = RT (1) + RT (2) + I T , (51)

where

E (1,2) = ||u(1,2)||2
H (1,2)

Ω

+ ||v(1,2)||2
H (1,2)

Ω

,

DI (1,2) =2ε
(
(D̃x û(1,2), Dx û(1,2))

H (1,2)
Ω

+ (D̃y û(1,2), Dy û(1,2))
H (1,2)

Ω

)

+ 2ε
(
(D̃x v̂(1,2), Dx v̂(1,2))

H (1,2)
Ω

+ (D̃y v̂(1,2), Dy v̂(1,2))
H (1,2)

Ω

)

+ û(1,2)T RL û(1,2) + v̂(1,2)T RL v̂(1,2)

RT (1,2) =
(
û(1,2), (ū(1,2)

x + v̄(1,2)
y )û(1,2)

)

H (1,2)
Ω

+ 2(Dx û(1,2) + Dy v̂(1,2),p(1,2))HΩ

+
(
v̂(1,2), (ū(1,2)

x + v̄(1,2)
y )v̂(1,2)

)

H (1,2)
Ω

(52)
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and
I T = −

(
ū(1)û(1), û(1)

)

HΓI

−
(
v̄(1)û(1), û(1)

)

HΓI

+ 2
(
û(1),p(1)

)

HΓI

+ 2ε

((
û(1), n(1)

x Dx û(1)
)

HΓI

+
(
û(1), n(1)

y Dx û(1)
)

HΓI

)

−
(
ū(1)v̂(1), v̂(1)

)

HΓI

−
(
v̄(1)v̂(1), v̂(1)

)

HΓI

+ 2(v̂(1),p(1))HΓI

+ 2ε

((
v̂(1), n(1)

x Dy v̂(1)
)

HΓI

+ 2
(
v̂(1), n(1)

y Dy v̂(1)
)

HΓI

)

+
(
ū(2)û(2), û(2)

)

HΓI

+
(
v̄(2)û(2), û(2)

)

HΓI

− 2
(
û(2),p(2)

)

HΓI

− 2ε

((
û(2), n(2)

x Dx û(2)
)

HΓI

−
(
û(2), n(2)

y Dx û(2)
)

HΓI

)

+
(
ū(2)v̂(2), v̂(2)

)

HΓI

+
(
v̄(2)v̂(2), v̂(2)

)

HΓI

− 2(v̂(2),p(2))HΓI

− 2ε

((
v̂(2), n(2)

x Dy v̂(2)
)

HΓI

− 2
(
v̂(2), n(2)

y Dy v̂(2)
)

HΓI

)

.

(53)

Since LmV = Lm PmV = 0 and L pp = L p Ppp = 0 and by the definition of Pm and Pp ,
we have that

û(1) = û(2), v̂(1) = v̂(2), Dx û(1) = Dx û(2),

Dy v̂(1) = Dy v̂(2), and p(1) = p(2)
(54)

on ΓI , meaning the term I T = 0. The ū, v̄ are here diagonal matrices with û, v̂, respec-
tively, on the diagonal. As shown in [15], the discrete divergence is zero if the initial data is
divergence free, meaning RT = 0. This leads to the energy estimate

d

dt
(E (1) + E (2)) = −DI (1) − DI (2) ≤ 0, (55)

which is a discrete equivalent to the continuous energy estimate, proving stability of (39). �


The skew symmetry and the summation by parts property mean we can mimic the contin-
uous energy method discretely step-by-step, replacing integration by parts with summation
by parts and cancelling the skew symmetric terms. Thus, ensuringwe reach the same estimate
discretely as we did for the continuous case.

We can now use the system of ODEs (48) to compute the solution. The pressure in the
momentum equations is, in essence, replaced by the linear system of equations given by the
PPE, fully given by the momentum variables u, v.

5 Numerical Experiments

To verify the convergence and accuracy of the discretisation, two problems are considered.
First, we solve the analytic Taylor-Green vortex problem to show the convergence of the
schemes. The second problem is a well-studied benchmark problem for incompressible flow,
the flow around a cylinder [28]. The PPE system is solved using the iterative conjugate
gradient method, as implemented by the Matlab command pcg, with an error tolerance of
10−9, with modified incomplete Cholesky preconditioning with a drop tolerance of 10−10.
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Fig. 3 Multi-block domain
consisting of 5 blocks used to
discretise a circle. Red lines
indicate the boundaries of blocks
and blue lines indicate the
gridlines in each block

For time integration, the classical 4th order Runge-Kutta method is used with timestep Δt ∝
εh2, meaning proportional to the spatial discretisation step-size squared times the viscosity
coefficient, ε, for the given problem.The time-step is chosen small enough so that the temporal
errors are negligible compared to the spatial errors. For the tests, we use the boundary
optimised SBP operators derived in [8].

5.1 Taylor-GreenVortex Problem

The Taylor-Green vortex problem has an analytical solution given by

u = − cos(α) sin(β) exp(−2π2εt) + u∞ cos(θ),

v = sin(α) cos(β) exp(−2π2εt) + u∞ sin(θ),

p = −1

4
(cos(2α) + cos(2β)) exp(−4π2εt),

α = π (x − u∞ cos(θ)t) , β = π (y − u∞ sin(θ)t) ,

(56)

in two dimensions. Here u∞ is the speed of the vortices, and θ is the angle at which
they move. We use the analytic solution as the boundary and initial data with the parameters
θ = π/3 and ε = 0.01. The errors are measured in the H -norm, (12), of the difference
between the analytic and approximate solutions.We solve the problem on the circular domain
shown in Fig. 3.

In Fig. 4 we show a snapshot plot of the pressure as well as the error using a 10th order
operator with 51005 grid points at time T = 2. One can clearly see where the interfaces
between the blocks are, as the error is higher there due to the decreased accuracy of the
boundary stencils in the SBP operators.

In Fig. 5 the error in velocity and pressure is plotted against the number of degrees of
freedom for theTaylor-Green vortex problemusing operators of order 6, 8, 10, and12, denoted
by the order of the interior stencil. The operator’s boundary closures are of lower order than the
interior stencil. The operators used in this paper of order p have a boundary closure of order
p/2−1 [8], without affecting the overall convergence rate of the scheme [29].Theoretical rate
of convergence for linear incompletely parabolic problems for the operators used is limited
to min(p, p/2+1) [30]. While this is not the exact type of problem considered herein, it can
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Fig. 4 Solution of the pressure field and the magnitude of the error of the 10th order scheme on a circular
multi-block domain at time T = 2 with 51005 grid points

Fig. 5 Convergence for the velocity and pressure for amulti-block circular domain for the Taylor-Green vortex
problem

serve as a guideline to what might be expected. The results in Fig. 5 show convergence rates
that are p/2. One can assume that the couplingwith the pressure equation, the non-linearities,
and the curvilinear grids have an impact on the order of convergence. The use of multi-block
domains also increases the impact of the boundary closures. The results still clearly show
high-order convergence of the discretisation in both pressure and velocity.

The results from the Taylor-Green vortex problem also show an increase in efficiency as
we increase the order of the scheme. For example, the 10th order shows a significant decrease
in degrees of freedom (DOF) for the same error compared to the 6th and 8th order schemes,
while staying on par with the 12th order scheme until the end. To further investigate the
efficiency increase, Fig. 6 shows the error against the runtime, measuring efficiency as time
to solution for a given error. To give the schemes a fairer comparison, the time-step was
chosen as roughly 1/2 of an experimentally found, stable limit for each of the schemes. From
the results, it can be seen that the efficiency of the schemes tends to increase with the order
of the scheme. The code is a MATLAB implementation and is not parallelised. The runtime
is therefore not optimal, but the trends are still clear.
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Fig. 6 Runtime versus error for
6th, 8th, 10th and 12th order
operators

Fig. 7 Multi-block discretisation using 21 blocks for the domain of the cylinder in a flow benchmark compu-
tation

5.2 Flow Around Cylinder

A benchmark that is often used for incompressible flow solvers is the flow around a cylinder,
referred to as the benchmark 2D-3 in [28]. Accurate reference solutions have been devel-
oped in [31]. The domain is a long, thin channel with a circular obstruction inside it. The
flow is introduced from the left with an inflow velocity that is sinusoidal in time. For our
discretisation, the domain is constructed in a multi-block fashion as seen in Fig. 7, showing
the interface locations and boundary types. The simulation is run until T = 8.

The inflow boundary is set as a Dirichlet BC with an analytic flow profile (57) as data.
The outflow boundary is a homogeneous characteristic boundary condition. The upper and
lower walls, as well as the circle obstruction, are set as Dirichlet no-slip BC. The interfaces
are handled using the projection method to ensure continuity over the blocks.

We elicit a dynamical flow using the flow profile on the inflow boundary

u|I n f low = − sin(
π

8
t)

6

0.412
(y + 0.2)(y − 0.21). (57)

Using the kinematic viscosity ε = 10−3, the flow parameters lead to a flowwith Reynolds
number varying between 0 to 100 over the simulated time.

Remark 4 For t > 8 the boundary data in (57) would not constitute an inflow boundary
condition anymore, but simply dirichlet boundary conditions for the velocity with negative
velocity.Meaning the flowwould be going out of the domain at the left boundary.As t > 8 this
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Fig. 8 Snapshots of solution at different times, showing different behaviour at different Reynolds numbers.
6th order operator with 22896 DOFs

boundary condition may not be physically relevant, however the imposition of the boundary
condition using the projection method is still stable and the solution would be well defined.

As seen in Fig. 8 the flow evolves from laminar to vortex shedding as the Reynolds number
of the flow increases over time.
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Table 1 Maximum drag and lift coefficient over the simulation time, and difference of pressure at front and
back of the cylinder at T=8 for the 6th order operator. The benchmark drag, lift and pressure difference values
are given in intervals together with a reference value from [4]

Order DOFs CD CL Δp

13125 2.9909 0.45215 -0.0267

6th 18900 2.9785 0.48244 -0.0394

22896 2.9736 0.48893 -0.0447

10th 13125 2.9559 0.4839 -0.071

18900 2.9540 0.4749 -0.069

Benchm. [2.93, 2.97] [0.47, 0.49] [-0.115, -0.105]

[4] 2.9509 0.4778 -0.111

To compare the computations to the benchmark data we calculate the lift and drag coef-
ficients on the surface, S of the cylinder:

CL(t) = − 2

V 2
ML

∫

S
(
∂Vτ

∂ n̂
nx − pny) ds,

CD(t) = 2

V 2
ML

∫

S
(
∂Vτ

∂ n̂
ny − pnx ) ds.

(58)

Here VM = 1 is the mean velocity of the incoming velocity field, L = 0.1 denotes the
characteristic length, here the diameter of the cylinder, and Vτ is the normal velocity on the
cylinder.We also measure the pressure difference, denotedΔp, on the leftmost and rightmost
points of the cylinder at T = 8. The normal derivatives and integrals are calculated using the
SBP operators and norms.

Figure 9 shows the behaviour of the lift and drag coefficients over time for an increasing
number of degrees of freedom. Table 1 shows the results compared to the benchmark using
6th order operators and 10th order operators. The solutions agree well with the benchmark
for the coefficients of drag and lift but differ for the pressure difference, Δp. The pressure
difference does not seem to have converged for the resolution of the solutions. The handling
of the outflow boundary seems to have a strong effect on the pressure solution; further refining
the grid would most likely keep the trend of lowering the pressure difference closer to the
benchmark value. Increasing the domain length could have a similar effect on the pressure
solution. This was not tested due to the large computational resources required. In accordance
with the previous result on efficiency, we can also see that the 10th order operators show
better agreement with the benchmark than the 6th order operators, while using fewer degrees
of freedom.

6 Conclusions

Ahigh-order SBP finite difference method is developed for the velocity-pressure formulation
of the incompressible Navier-Stokes equations in two dimensions for curvilinear multi-block
discretisations. The method is proven stable using the energy method. The result holds for
any scheme with diagonal norm and that fulfills the SBP-property.

The method is evaluated on two problems on multi-block non-cartesian grids: the Taylor-
Green vortex flow in a circular domain and a benchmark problem modeling the flow over
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Fig. 9 Lift and drag coefficients over time for the cylindrical obstruction using 6th order operators, with
different degrees of freedom

a cylinder. For the Taylor-Green vortex problem, we show that high-order convergence and
high-order accuracy are achieved using the scheme. For the more physically relevant bench-
mark problem, flow over a cylinder, the scheme achieves good agreement with data. In
this study, we use boundary optimised SBP-operators of interior order 6, 8, 10, 12. These
high-order schemes show increased computational efficiency (accuracy versus computational
time) for the Taylor-Green vortex problem as we increase the order of the operators. This
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provides a justification and interest for the use of high-order methods, as we can achieve the
same accuracy as lower order methods using coarser grids.

The results from the study take steps towards closing the gap between coupling high-order
finite difference methods and other discretisation methods for incompressible flow by using
the projection method for exact interface couplings using SBP operators. Further extensions
would be to extend the scheme to three dimensions and an implementation making use of
the highly parallelisable nature of finite difference schemes to speed up the computations.
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