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tify growing modes associated with baroclinic instability. The classical Eady
result is recovered on the f-plane. However, on the f-plane, significant devia-
tions from both the Eady solution and the two-layer Phillips model are observed,
affecting growth rates and modal structures. Numerical simulations reveal the
emergence of unstable lobes and the presence of a stable region at very large
wavelengths, the extent of which depends on the g-effect. The critical shear pre-
dicted by the two-layer model is not observed; instead, peak instability shifts
toward shorter wavelengths as the system approaches the Equator. A compari-
son of linear and nonlinear simulations under different initial conditions shows
consistent behavior, suggesting that nonlinear interactions do not alter the insta-
bility growth significantly. Furthermore, in more realistic scenarios that account
for variations in density stratification and surface friction, the unstable regions
exhibit a broader spatial distribution, while the growth rate is reduced.
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a semi-infinite atmosphere (Charney, 1947). While this
approach provides a general framework, its mathemati-
cal complexity makes analyzing baroclinic instability and
understanding the underlying mechanisms challenging.
Furthermore, the Charney problem requires an upper

1 | INTRODUCTION

Baroclinic instability is one of the primary drivers of
large-scale dynamics in the atmosphere and oceans

(Moon et al., 2022), amplifying disturbances by converting
available potential energy from the mean state into the
kinetic energy of growing eddies (Pierrehumbert & Swan-
son, 1995). These instabilities arise due to the presence of
vertical shear in the basic state (Merkine, 1982), leading
to the development of slanted wave-like disturbances that
facilitate this energy conversion (Read et al., 2020).

One of the earliest theoretical treatments of baroclinic
instability was introduced by Charney, who incorporated
the meridional variation of the Coriolis parameter f in

boundary condition describing stratospheric motions,
introducing significant freedom in its formulation, which
hinders its adoption as a canonical theoretical case.
Shortly after Charney, Eady (1949) proposed a simplified
model that characterized fundamental instability mecha-
nisms in a more transparent way. This model assumes an
incompressible, uniformly stratified fluid with constant
density, p, and Brunt-Vdisidld frequency, N, under the
f-plane approximation, where the Coriolis parameter f; is
constant.
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Both the Charney and Eady problems are analyzed
formally under the quasi-geostrophic (QG) approxima-
tion, which exploits geostrophic balance and potential
vorticity (PV) conservation (Miiller, 1995;Wu & Blu-
men, 1995). In this framework, buoyancy is directly related
to the pressure gradient, enabling PV inversion (Hoskins
et al., 1985), since the vortex-stretching term is provided
explicitly by buoyancy gradients. This reduces the gov-
erning equations to PV conservation alone, while filter-
ing out inertial gravity waves (Dewar & Killworth, 1995),
which are not relevant for synoptic-scale phenomena
(Holton & Hakim, 2013). QG models serve as fundamen-
tal tools for understanding large-scale atmospheric and
oceanic dynamics, particularly in midlatitude extratropi-
cal regions, where stratification and Earth’s rotation play
dominant roles (Bennett & Kloeden, 1980).

The classical Eady (1949) problem considers a linear
zonal velocity shear, U = Upaxz/H, where Up,y is the max-
imum zonal wind at the tropopause (z = H), which is
assumed to be at a constant height. Here, z represents
the vertical coordinate (Vallis, 2017). Baroclinic instabil-
ity arises from the interaction of two boundary-trapped
Rossby waves (Chen et al., 2020) at the top and bottom
boundaries, due to the sloping advection of PV between
the upper and lower troposphere. Synchronization of these
Rossby waves at the boundaries drives the instability.

Considering the QG PV framework, instability can-
not occur at all scales. If L > Ly = NH/f,, meaning
horizontal structures are much larger than the Rossby
deformation length, vortex stretching dominates and can-
not be balanced by relative vorticity, leading to ver-
tically uniform disturbances, that is, the barotropic
limit. Conversely, when L <« L4, relative vorticity dom-
inates over vertical stretching and the layers become
decoupled. When L = Lg4, relative vorticity and vor-
tex stretching are comparable, allowing synchroniza-
tion between two layers and leading to baroclinic insta-
bility. The Eady solution identifies the most unstable
mode as a zonal wave with wavenumber ky.x = 1.6/Lg
and growth rate opmax = 0.31Upax/Lq. Small-scale insta-
bilities are absent, while large-scale instabilities grow
more slowly. While this simplified model captures key
aspects of baroclinic growth, it neglects important effects
such as variable density stratification, friction, and the
p-effect. Several studies have examined the influence of
the p-effect on baroclinic instability growth rates and
modal structures (Garcia & Norscini, 1970; Geisler & Gar-
cia, 1977; Kuo, 1979; Kalashnik et al., 2022), though most
analyses are based on Charney’s model, which assumes
a semi-infinite atmosphere. Notably, Lindzen (1994)
extended the Eady model by considering a non-zero
p-effect, identifying a long-wave cutoff in addition to
the traditional short-wave cutoff. Other comprehensive
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overviews of modified Eady models include discussions
of Ekman pumping effects (Boutle et al, 2015), non-
linear interactions (Yamazaki et al., 2017;Stamper &
Taylor, 2017), and the influence of shear, stratification,
and boundary conditions (Drazin, 1978; Weng & Bar-
cilon, 1987) on classical Eady dynamics.

Many QG studies utilize two-layer models, in which
p-plane approximations introduce cutoff phenomena at
certain scales (Panayotova, 2011) and asymmetric wave
propagation (Liu & Mu, 2001). However, two-layer models
cannot capture higher-order baroclinic modes or realis-
tic continuous stratification profiles accurately, leading to
an oversimplification of fine-scale turbulence and insta-
bility dynamics. While these models provide analytical
tractability and closed-form dispersion relationships char-
acterizing wave instabilities, their reliability is limited, as
they approximate the interaction between layers poorly
using finite differences.

This study aims to characterize baroclinic instabil-
ity while avoiding the oversimplifications of models like
Eady’s or the two-layer Phillips model, as well as the
excessive complexity of Charney’s framework, which com-
plicates the interpretation of instability mechanisms. To
achieve this, an extended Eady model is solved using a
spectral approach, allowing a continuous vertical repre-
sentation and focusing on how the f-plane approximation
influences baroclinic instability growth rates and modal
structures. Additionally, the effects of different density
profiles and surface friction are explored to assess their
impact on instability growth. The article is structured as
follows: Section 2 details the mathematical formulation
and the spectral numerical method used for solving the
problem. Section 3 demonstrates that f-effects introduce
significant qualitative changes to baroclinic instability,
altering both growth-rate maps and instability patterns
compared with the Eady and two-layer models, particu-
larly in low midlatitudes. The impact of density strati-
fication variations and surface friction is also discussed.
Finally, Section 4 summarizes the key findings and their
implications based on the simulation results.

2 | NUMERICAL MODEL

The QG equation is solved using the PV formulation (Val-
lis, 2017), where PV conservation is expressed as

Deg _oqg 99 %

= — +Ug— +Vvg— =0, 1
Dt o %ox T gy )
with
15 a p oy
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Here, 5 represents the reference density field, which varies
only in the vertical direction, and N? = —g(d1n j/dz) is
the Brunt-Viisidld frequency. The Coriolis parameter is
given by f = fo + fy, where at the reference latitude ¢
(or y = 0) it takes the value fy. The term g = df/dy rep-
resents the linear variation of the Coriolis parameter in
the p-plane approximation. The variable y denotes the
streamfunction for the non-divergent velocity field (ug, vg),
where the geostrophic velocity components are related to
the streamfunction as

oy oy
ug—_a’ Vg = x (3)

The problem is completed with boundary conditions.
At the rigid, frictionless top boundary, the condition is

Dy dy

— =0, 4
Dt 0z @)

top

while at the frictional bottom boundary the condition is

Dg oy
Dt o0z

N?r

bottom ﬁ)

where r is the friction coefficient, relating the bottom ver-
tical velocity to the relative vorticity through wyottom =
Cbottom = VVZW-

Similarly to the modal approach, the two horizon-
tal directions are assumed to be periodic, while the ver-
tical direction remains non-homogeneous. The periodic
approximation allows the application of the Fourier trans-
form, providing a highly efficient spectral approach. How-
ever, certain terms in the PV and streamfunction are not
inherently periodic, such as the overall streamfunction
at the north-south boundary, as it is associated with the
total mass flow at that level. To address this, the fields
are decomposed into a non-periodic component and a
periodic perturbation. Specifically, the streamfunction is
expressed as ¥y + y’, where ¥, represents the background
streamfunction, given by ¥, = —Uy, and y/ is the periodic
perturbation. Here, U denotes the integral horizontal aver-
age of the initial velocity field (assumed to be zonal with
zero average in the meridional component). This quan-
tity is assumed to be constant in time (Vallis, 1985), as
changes in U exceed the level of approximation of the QG
formulation.

The background and perturbation PV fields are then
obtained as

o5 oU
= - -0\ = 6
Qo =Py ﬁaz<N2 aZ>y (6)
and P
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Rewriting Equation (1), the governing equation for the
perturbation PV becomes

/ 2 ~ \TT
ng :Vgl_ﬂ+f0 0 < P 6U>]' (8)
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In the classical Eady (1949) problem, where the back-
ground profile is linear with constant density and
Brunt-Viisdld frequency, the right-hand side simplifies
to —pv,.

The corresponding boundary conditions simplify to

Dg oy’ oU
_g _ = vg _— N (9)
Dt ()Z top az top
and
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Equation (8), subject to the boundary conditions in
Equations (9) and (10), was solved using a spectral lin-
ear code to determine the instability growth rate and
linear behavior. Additionally, a pseudo-spectral code
was developed for nonlinear simulations. The code is
parallelized under the Message Passing Interface (MPI)
standard and leverages the Fast Fourier Transform library
(FFTW) (Frigo & Johnson, 1998) to compute the 2D
Fourier transform efficiently at each vertical level. In
the vertical direction, Chebyshev polynomials were used
(Peyret, 2002; Segalini et al., 2024). A collocation approach
was implemented by solving Equation (8) at the inte-
rior points while enforcing the boundary conditions in
Equations (9) and (10) at the closest grid points to the
surface boundaries. The vertical levels were distributed
following a Gauss-Lobatto scheme (Peyret, 2002), which
facilitates transformation between grid and spectral space.

At each timestep, Equation (8) and the boundary con-
ditions in Equations (9) and (10) were integrated using
the leapfrog method (Peyret, 2002) with a fixed timestep
of 1 hour, which was sufficiently small to ensure numer-
ical stability. The inversion problem in Equation (7) was
then solved in spectral space to determine the stream-
function perturbation, y’, across the domain. From the
streamfunction, the geostrophic velocity was obtained via
Equation (3). It is evident from this process that the per-
turbation does not modify the background flow at the
zeroth wavenumber, U, which must therefore be assumed
constant or prescribed (Vallis, 1985).

The initial perturbation was introduced at the lower
boundary as

oy’

= e cos(kx + Iy), (11)
aZ bottom
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where k and [ are the zonal and meridional wavenumbers,
respectively, and ¢ denotes the small initial amplitude of
the disturbance. Some simulations were also conducted
with random uniform white noise instead of a harmonic
signal to evaluate the instability growth in the presence of
wave-wave interactions. This aspect is relevant only for the
nonlinear simulations, as linear simulations do not permit
interactions between different waves.

For the simulations used to determine the growth
rate, a relatively coarse horizontal resolution was adopted.
The domain sizes L, and Ly, along with the number of
grid points N, = N, = 4, were selected to excite specific
wavenumbers relevant to the instability analysis selec-
tively, allowing for characterization of the instability maps
(the few nonlinear simulations performed in this project
used instead N, = N, = 128 grid points in the horizontal
directions). In the vertical direction, 15 Chebyshev poly-
nomials were employed, with tests confirming that even
10 polynomials were sufficient to estimate the growth
rate to machine precision due to the rapid convergence
properties of Chebyshev expansions. At each timestep, the
horizontal variance of the meridional velocity was com-
puted at each height and its maximum value was stored.
These data were later used to estimate the growth rate of
the instability by fitting an exponential curve to the max-
imum horizontal variance over time, starting from day
21 of the simulation. The physical simulation parame-
ters are now listed, such as the radius of the Earth, Rz =
6371 km; Earth’s rotation, Q = 7.2921 x 107> s7}; grav-
ity acceleration, g = 9.80665 m - s72; domain height, H =
10 km; maximum zonal velocity, Uyax = 10 m - s71; and
Brunt-Viisild frequency, N = 0.01 s~1. The total simula-
tion time was set to 100 days, by which point the pertur-
bation amplitude exceeded realistic values. However, this
was not considered problematic, since the Fortran code
utilized double-precision arithmetic, ensuring numerical
robustness.

Figure 1 presents a comparison between the growth
rate obtained from the present linear model and the analyt-
ical solution of Eady (1949). The numerical model shows
strong agreement with the analytical results, even with just
15 Chebyshev polynomials. The mean error and standard
deviation of the growth rate are 0.0008 and 0.003, respec-
tively. The minor discrepancies between the numerical
estimates and theoretical predictions likely stem from the
fitting scheme, which does not isolate individual modes
and their associated growth rates as an eigenvalue problem
would (Segalini et al., 2024). Nevertheless, the agree-
ment is deemed sufficiently accurate to proceed with the
initial-value approach. It is important to note that, in this
study and the subsequent analyses, the growth rate and
wavenumbers are normalized by Up,x/Lq and Ly, respec-
tively. The present simulations were validated further by
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FIGURE 1
present numerical model in the k-I plane. Black contour lines

indicate the analytical solution (Eady, 1949), while the dashed black
line represents the neutral stability curve. The square symbol results

Nondimensional growth rate computed from the

from an eigenvalue analysis on a wavenumber pair with a
non-dimensional growth rate of 0.25.

means of an eigenvalue code developed for the project
using a similar Chebyshev discretization in the vertical
direction (Segalini & Camarri, 2019; Segalini et al., 2024).
The eigenvalue code is much faster than the spectral code
used, but does not provide the temporal evolution of the
vorticity field directly and is not able to perform nonlin-
ear analyses. Nevertheless, we have used the eigenvalue
method selectively to verify some results.

3 | RESULTS

The inclusion of the g-effect modifies stability character-
istics by altering growth rates and shifting the wavenum-
ber ranges where instabilities develop. This effect can be
assessed by comparing the f- and f-plane approximations
in Figure 2, which presents the corresponding growth
rates. Figure 2a illustrates the stronger g-effect at a lati-
tude of ¢ = 30°, where even a small variation in f via the
p-effect impacts both the onset of instability and its asso-
ciated growth rate significantly. The f-plane growth-rate
curves appear dampened, with a maximum growth rate of
0.28, shifted from k = 1.6 to k = 3.2. At ¢ = 45°, the influ-
ence of the #-effect decreases, resulting in a less spread-out
pattern and a maximum growth rate closer to the f-plane
case (k = 2.17), with a clear cutoff at large wavelengths.
As the latitude increases, the f-effect decreases due to the
vanishing of cos ¢ near the poles. However, higher-order
terms in the expansion of the Coriolis parameter, as
stated by Harlander (2005) and Drotos and Tél (2015),
can become significant. These terms account for spherical
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FIGURE 2
different latitudes: f-plane results (thin contours), #-plane results

Growth-rate contours in the k-I plane for

(thick contours), and analytical neutral stability curve of the Eady
problem (dashed line). (a) ¢ = 30°, (b) ¢ = 45°, and (c) ¢ = 75°.
The parameter m (shown on the top axis) represents the Earth’s
azimuthal wavenumber at the associated latitude

(m = R, cos ¢ k/Ly). The triangle and square symbols result from
an eigenvalue analysis for wavenumber pairs with non-dimensional
growth rates of 0.1 and 0.25, respectively.

curvature effects beyond the standard f-plane approxima-
tion. In this study, such higher-order curvature correc-
tions are neglected due to the nature of the simulations,
where a Cartesian f-plane approximation is used. The
growth-rate contours begin to align with the no-f sce-
nario when latitude increases, though a large-wavelength
cutoff remains evident even at ¢ = 75°. Interestingly, the
large-wavelength cutoff is absent at ¢ = 30°, where a sec-
ondary instability lobe, weaker than the primary one,
appears: the presence of this secondary lobe is also veri-
fied by the eigenvalue analysis. Across all three latitudes,
the primary instability occurs predominantly for zonal per-
turbations that are meridionally independent (i.e., around
[=0).

Beyond its effect on growth rates, the f-effect also
influences the structure of baroclinic waves. Figure 3
illustrates this impact at ¢ = 45°. In the f-plane case
(Figure 3a) the classical Eady wave pattern is observed,
whereas in the f-plane case (Figure 3b) the wave pat-
tern becomes asymmetric: it is enhanced near the top of

the domain and stretched and dampened near the bot-
tom. This alteration not only affects the growth rate but
also breaks the symmetry between the Rossby waves at
the top and bottom boundaries. The modal shape shown
in Figure 3 corresponds to the final state of the linear
simulation after 100 days, normalized by its maximum
amplitude.

A well-known consequence of the g-effect is a suppres-
sion of instability at small wavenumbers, preventing the
growth of very large planetary-scale structures. This effect
is evident at ¢ = 45° and ¢ = 75°. However, in Figure 2a,
the growth rate remains positive at large wavelengths
beyond the expected f-induced cutoff.

To investigate this unexpected behavior further,
Figure 4 explores how the growth rate varies with lat-
itude and the nondimensional parameter Upx /(Lflﬁ).
The resulting growth-rate contours differ from those pre-
dicted by the two-layer model of Phillips (1954), with
discrepancies most pronounced in tropical and extratrop-
ical regions (|@| < 45°). The neutral stability curve from
Phillips (1954) is indicated in the figure, but both small-
and large-scale instabilities deviate significantly from the
two-layer model predictions. As latitude decreases, the
most unstable wave shifts toward higher wavenumbers.
While the growth rate also decreases, it does so gradually,
allowing unstable waves to persist at all latitudes. Notably,
the instability region, which appears as a single lobe at
high latitudes, becomes more intricate at lower latitudes,
featuring multiple lobes at both small and large scales.
This complexity is especially visible around ¢ = 23°,
where an additional peak emerges at k = 2.

A representation of the wavenumber with the max-
imum growth rate as a function of latitude is shown in
Figure 5. The general trend indicates that the wavenum-
ber with maximal growth rate shifts toward smaller
wavelengths when f-effects are present. While the
Eady (1949) solution corresponds to a constant wavenum-
ber (as f-effects are absent), the two-layer solution by
Phillips (1954) exhibits a similar trend of decreasing
wavelengths with stronger f-effects. Although qualita-
tively consistent with the present results, the agreement
is neither quantitative nor detailed. Notably, plot-
ting the same curve using the azimuthal wavenumber
m = R.Q/(NH) sin(2p) k ~ 4.64sin(2p) k (where m is
inherently nondimensional) reveals that the most unstable
wave occurs near m = 4 at ¢ = 75° and increases mono-
tonically up to ¢ = 45°. The analytical/f-plane results and
the present calculations begin to have a clear divergence
beyond ¢ = 60°, with the discrepancy becoming more pro-
nounced at ¢ = 45°. Specifically, our calculations suggest
that the peak instability migrates toward smaller scales.

The previous figures demonstrate that the p-effect
influences both large and small scales. To visualize this
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FIGURE 3
pattern for the meridional velocity at
@ = 45° in (a) the f-plane and (b) the
p-plane.

Most unstable wave

28)

Latitude ¢ (°)

Umux / (L

0.00 0.05 0.10 0.15 0.20 0.25 030
Growth Rate

FIGURE 4  Growth rate versus Up,x/ (LCZl p) (or latitude ¢

€ [19°, 89°], logarithmic scale on the y-axis) for different zonal
wavenumbers k, with [ = 0. The dash-dotted curve represents the
neutral stability curve from the two-layer model of Phillips (1954).
Crosses indicate locations used in Figure 7 for wave pattern analysis.

instability better at low latitudes and high wavenumbers
(i.e., small scales), Figure 6 extends Figure 2a,b to k,l <
6, corresponding to a minimum wavelength of approxi-
mately 1000 km, beyond which three-dimensional effects
may become significant (Gage & Nastrom, 1986). Baro-
clinic instability emerges at small wavelengths for ¢ = 30°
and 45°. Notably, no long-wavelength cutoff is observed at
@ = 30°, where an unstable lobe akin to that in Figure 4
appears. Thus, the p-effect not only dampens instabilities
but also modifies the stability map and emergent baro-
clinic wave patterns.

Beyond altering dispersion relations and the location
of maximally unstable wavenumbers, f-effects also mod-
ify the vertical structure of modes. Figure 7 highlights
wave-pattern changes induced by the p-effect, particu-
larly at subtropical latitudes, where asymmetric energy

Latitude ¢ (°)

11 14 18

FIGURE 5
corresponding to the maximum growth rate from Figure 4 for (a)
zonal and (b) azimuthal wavenumbers. Analytical (f-plane) growth
rate (dashed curve); growth-rate contours for the two-layer

Latitudinal variation of the wavenumber

Phillips (1954) model (dash-dotted curves); growth-rate contours
from the present f-plane calculations (solid curves). Thin gray
dash-dotted and solid lines represent some growth-rate contours for
the two-layer model and the f-plane model presented.

distributions between the top and bottom layers occur
across both long and short wavelengths. The most unstable
wave at ¢ = 25° (k = 5) exemplifies this, with its structure
governed predominantly by the bottom boundary Rossby
wave, while the upper Rossby wave remains compara-
tively weak.

The mode associated with the new low-latitude lobe
(@ = 25°, k = 2) also exhibits altered modal structure, with
Rossby waves of comparable amplitude in the top and bot-
tom layers but a significantly larger phase difference than
in the standard Eady problem.

The results presented thus far derive from a linear
solver initialized with the single-wave bottom boundary
condition in Equation (11). Employing a nonlinear solver
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FIGURE 6  f-plane growth-rate 0 4 8 12 16 22 240 5 9 1 19 23 R
contours in the k-1 plane at (a) ¢ = 30° 6
and (b) ¢ = 45°, corresponding to the
horizontal black dashed lines in 0.05 0.05 0

/ :

Figure 4. The dashed line denotes the
analytical neutral curve for the
Eady (1949) problem, while m

-
N

—

— 92
represents Earth’s azimuthal °
wavenumber. The circle and square 9 )
symbols result from an eigenvalue
analysis for wavenumber pairs with 1
non-dimensional growth rates of 0.1
and 0.25, respectively. 0

FIGURE 7

Most unstable wave patterns in the f-plane for
@k=2,¢=25;0b)k=5,¢=25(c)k=3.5¢=30°%
(dk=18,¢p=75.

did not alter these conclusions, but increased computa-
tional costs due to the higher resolution required to resolve
energy transfers between forcing and larger wavenumbers.
Consistent with quasi-geostrophic simulations at synop-
tic scales (Vallgren & Lindborg, 2010; Vallis, 2017), the
inverse cascade directs energy toward larger scales, obviat-
ing the need for dealiasing. However, varying the forcing
conditions highlights differences in instability evolution
timescales. Figure 8 illustrates how this timescale depends
on initial conditions: a single harmonic wave attains
exponential growth faster than white-noise perturbations
(with equivalent total variance), where dominant modes
require longer to emerge. Additionally, the g-effect damp-
ens growth rates by dispersing energy via traveling Rossby

—— Wavy f-plane (0.31)
1034 === Wavy S-plane (0.29)
= Random f-plane (0.29)
3 — — Linear
gb Nonlinear) Vs
o Random S-plane (0.26) S
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P
2101 o
g
=
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FIGURE 8 Maximum meridional velocity variance during

simulations at ¢ = 45°. Initial wave-like forcing (Equation 11) with
lorcing = 0 and Kioreing = 1.61, 2.17 for f- and f-plane, respectively,
(solid and dot-dashed lines). White-noise initial forcing (dashed
and dotted lines), with gray and black for nonlinear and linear,
respectively. Growth rates (reported within parentheses) were
evaluated over the final 20 simulation days.

waves, consistent with prior linear analysis. The structural
modifications induced by the f-effect, especially the asym-
metry between top and bottom Rossby waves (Figure 7)
and the shift in modal energy toward lower levels, are rem-
iniscent of the mechanisms described by Lindzen (1994),
who reports a long-wave cutoff and a lowering of the pri-
mary level of instability due to the decoupling of edge-wave
phase speeds. A similar concentration of energy at lower
levels and reduced activity near the upper boundary is
evident, particularly for high-wavenumber modes at low
latitudes. Furthermore, the presence of multiple instabil-
ity lobes and persistent growth on smaller scales (e.g.,
Figure 6) may reflect resonant f-induced responses similar
to those identified in the present study.
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Growth-rate
contours for the (a0-c0) f-plane and

(al-cl) p-plane with different density
profiles at ¢ = 45°. (a0-al) Constant
density profile; (b0-b1) exponentially
stratified profile, p(z) = exp(=N?/g);
(c0-c1) standard atmosphere profile,
p(2) = po(T/Tp)** with

T = Ty — 0.0065z. The dashed line
indicates the analytical neutral curve

for the Eady (1949) problem.

(b0) (bl)

k

It is worth mentioning that both linear and nonlin-
ear simulations yielded very similar wave-growth results
for the same initial conditions (as indicated in Figure 8).
This suggests that saturation mechanisms are absent in
the equation set used: since the background flow remains
unaffected by perturbations, the thermal wind supplies
energy continuously to the perturbation field, resulting in
sustained energy growth. Addressing this requires moving
beyond the quasi-geostrophic framework, incorporating a
damping term (as in Segalini et al., 2024), or prescribing an
evolution for the background flow.

3.1 | Influence of background density
distribution and surface friction

Several degrees of freedom can be explored with the pro-
posed model. For instance, custom density profiles could
be imposed to assess their influence on baroclinic instabil-
ity. The Brunt-Viisild frequency was maintained at N =
0.01 s7! as in the constant-density analysis. Three density

profiles were investigated: (1) the constant profile dis-
cussed earlier, (2) a profile with constant Brunt-Viisdld
frequency (p(z) = exp(—N?/g)) exhibiting mild density
variations, and (3) a profile based on the international
standard atmosphere (p(z) = po(T/To)>? with T = T, —
0.0065z), which shows more pronounced density changes
in the troposphere.

In the f-plane approximation, Figure 9a0,b0 shows
that instabilities concentrate in a small region around low
wavenumbers, with minimal deviations from the Eady
theory for the exponential density profile. For the stan-
dard atmospheric profile (Figure 9c0), the growth rate
exhibits a broader distribution, where stronger density
variations correlate with a wider instability region. Intro-
ducing the fg-effect modifies the instability structure (as
seen in Figure 6), broadening the unstable region to higher
wavenumbers. Notably, the standard atmosphere profile
becomes more unstable at larger wavenumbers compared
with the other cases. A stability band present in the con-
stant (al) and exponential (b1) density scenarios disap-
pears in the standard atmospheric profile (c1), resulting
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contours for the f- and f-planes (thin 6
and thick contours, respectively) for (a) @
@ = 30° and (b) ¢ = 45°, with surface 5
friction (r = 70 m). The dashed line
denotes the analytical neutral curve for
the Eady (1949) problem, while m
represents Earth’s azimuthal
wavenumber.

(b)

in a wider range of unstable wavenumbers spanning most
of the spectrum except for a long-wavelength cutoff below
k=1.6.

Surface roughness effects were also examined by set-
ting ¥ =70 m in the bottom boundary condition. This
value was derived from vertical velocity and relative vor-
ticity analyses at 950 hPa in ERAS5 data, revealing a lin-
ear dependence consistent with Ekman pumping phe-
nomenology (Vallis, 2017). The proportionality coefficient
was rounded to » = 70 m globally (rising to » = 90 m for
Southern Hemisphere midlatitudes). Growth-rate curves
with surface friction are shown in Figure 10 for latitudes
matching Figure 6. As expected, surface friction attenuates
baroclinic instability growth. Note that friction here acts
solely through the Ekman layer at the surface and does not
dissipate energy in the domain interior.

4 | CONCLUSIONS

This study analyzes the effects of the g-plane approxi-
mation on baroclinic instability. Numerical solutions of
the QG equation reveal significant deviations from the
instability patterns predicted by the Eady and Philips
models when fg-effects are included. The results demon-
strate a shift of the most unstable modes toward smaller
scales at lower latitudes, a behavior documented by Ull-
rich et al. (2015). However, while their work reports
an increase in baroclinic instability under the f-plane
approximation, our results show reduced growth rates
with p-effects. Additionally, we identify an unexpected
secondary instability lobe and a long-wavelength cutoff,
challenging classical assumptions. These findings sug-
gest that the p-effect alters the instability mechanism
identified for p =0, potentially linked to Rossby-wave
resonance. Although similar large-scale patterns have
been reported in studies of barotropic Rossby-wave reso-
nance (Petoukhov et al., 2013; Kornhuber et al., 2017), the
mechanisms differ fundamentally. Those studies involve

quasi-resonant amplification of barotropic waves trapped
in latitudinal waveguides, whereas the instabilities ana-
lyzed here are baroclinic in nature, driven by vertical shear
and stratification without requiring waveguide dynamics.
A stable region for very long wavelengths in the midlati-
tudes is also observed, possibly due to Rossby-wave stabi-
lization, where rapid phase speeds inhibit energy exchange
between layers (Wirth et al., 2018). These results are also
consistent with the interpretation of baroclinic instabil-
ity as counter-propagating Rossby waves, as described by
Heifetz et al. (2004). In this framework, instability arises
from the mutual amplification of two counter-propagating
Rossby waves localized in regions of opposite meridional
PV gradients. The observed asymmetries in modal struc-
ture and the emergence of stable regions at long wave-
lengths align with this view, where phase locking and
energy exchange depend on the spatial distribution of PV
gradients and wave activity. Notably, such wave dynam-
ics have also been observed in some experimental setups,
as reviewed in Harlander et al. (2024), where transitions
between wave modes and symmetry-breaking reflect the
underlying Rossby-wave interactions. Further investiga-
tion of mode-specific phase speeds is required to clarify
these dynamics.

Unlike the classical Eady solution, which exhibits sym-
metry between top and bottom Rossby waves, subtrop-
ical regions display pronounced asymmetries. At large
wavenumbers, the bottom Rossby wave dominates while
the top wave becomes significantly weaker, leading to
reduced coupling. However, this does not eradicate baro-
clinic instability. Methven et al. (2005) demonstrated,
through nonlinear life-cycle simulations, that instabil-
ity can persist even when one Rossby wave becomes
much weaker, as long as there is sufficient phase coher-
ence between the waves. Comparisons between linear and
nonlinear simulations in the present study confirm that
nonlinear interactions do not alter the overall instability
structure fundamentally. Nonlinearities primarily redis-
tribute the potential energy (provided by the shear) across
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wavenumbers, playing a critical role in the later stages of
baroclinic development. A time-invariant shear acts as a
continuous potential energy source, maintaining the insta-
bility in its early stages and validating the linear model’s
ability to capture initial baroclinic growth.

The influence of surface friction and background
density profiles was also investigated. Realistic density
gradients, particularly the standard atmospheric profile,
broaden the distribution of unstable modes. This broaden-
ing may arise from the tropopause acting as a stabilizing
layer, permitting a wider range of baroclinic modes. Sur-
face friction (r = 70 m) attenuates overall growth rates
via Ekman damping, consistent with Lin and Pierrehum-
bert (1988), by reducing low-level shear and surface energy
conversion.

The p-induced modifications to instability patterns
suggest that simplified layered models (e.g., the Phillips
model with rigid lids) capture latitudinal variations
in baroclinic growth inadequately. Future work should
explore realistic interactions between time-varying back-
ground shear and baroclinic instability, potentially incor-
porating forcing terms to enable shear evolution. Such
investigations could refine predictions of growth rates
and instability structures under dynamically evolving
conditions.
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